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Reference Frames (HL)

Reference Frames

= Thetermrelativeis used oftenin Physics to make it clear which point of view we are referring to
= Forexample, the velocity of a carrelative to someone stationary is different to the velocity
measured by another car travelling alongside the initial car at the same speed
= Areference frame, or a frame of reference, refers to the position of an object, itis defined as:
A set of coordinates to record the position and time of events

= Forexample, you currently sitting on your chair at your desk is your current reference frame
= Youfeelasif you are stationary, despite the fact the Earthis revolving onits axis and orbiting the
sun
= |tisthe point of view where an object, at a specific co-ordinate, is atrest

Examples of Reference Frames

= Aneveryday exampleis the direction of an object from your point of view in comparison to someone
else
= |nthis example, a caris driving down aroad and two people are standing on opposite sides of that road
= Despite the carmovingin one direction, each person will view its direction relative to them differently
= Thepersononone side of the road would say the caris moving to the right, and the person on the
otherside of the road would say the caris moving to the left
= Bothare correct, but they are viewing the car's motion from different points of reference

= Anothercommon example is of a train pulling out of a station, where Person Ais on the platform and
PersonBis onthe train
= Asthetrain beginsto move, Person A, on the platform, views Person B, on the train, moving to the right
= Therefore, according to Person A, they, themselves, are stationary and Person B is moving to the
right
= Thingslookallittle different from Person B's perspective
= Asthetrain begins to move (to the left from Person B's perspective), Person B, on the train, views
Person A, on the platform, moving to the right
= Therefore, according to Person B, they, themselves, are stationary (as they cannot feel the train
moving to the left) and Person Ais moving to the right
Diagram demonstrating different reference frames for a train leaving a station
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Inertial Frames of Reference

= Aninertial reference frameis
Areference frame that is non-accelerating

= Therefore, allinertial reference frames are moving at constant velocity with respect to each other
= Thereisnosuchthing as anabsolute reference framein our Universe

= |notherwords, thereisno place in the Universe thatis completely stationary

= Everythingis always moving relative to everything else
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@ Worked example

Astudentis cycling to school with their friend who is also cycling exactly in line. As they cycle past a bus
stop, they wave to theiraunt whois stationary at the bus stop as she waits for her bus.

The student's aunt estimates the speed of the studentstobe 5ms.
At what speed would the friend measure the student to be travelling?
A 5ms™!

B -5ms!

C Oms™!

D 2ms™!

Answer:
The correct answeris C because:

= We must think about the friend's reference frame for this question, in which they are stationary
(according to them)

= Since the friendis cyclinginline with the student, this means they measure the student to be
travelling at 0 ms~1relative to them
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Galilean Relativity (HL)

Newton's Postulates of Time & Space

= Weuseinertialreference frames because Newton's laws of motion are the same in all of them
= Thisis known as Galilean Relativity
= Forexample, anobjectinaninertial reference frame will continue moving in a straight line with constant
velocity unless acted upon by a force
= Thisisinaccordance with Newton's first law of motion
= This means that the same laws of Physics apply, regardless of one's frame of reference relative to
another, as long as they are moving in a straight line at a constant velocity
= Foranobject moving with constant velocity in one reference frame, it will still have a constant (but
different) velocity in anotherreference frame
= The Cartesian coordinate systemis generally used forreference frames
Cartesian co-ordinatesin 3D and 2D diagram

Xyz — axis

Xy — axis

r 3

Cartesian coordinates are used to represent a point in space

= Although there are an infinite number of inertial frames of reference in the Universe, there are ways to
move between them
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Galilean Relativity Equations

Galilean Transformation Equations

= Galilean transformation equations are used to convert between coordinates of space and time inone
frame of reference to another foran event
= Thisis because the velocity, position and time of an event appear differently from different
reference frames
= Forexample, Person Dis on a skateboard travelling at 4 m s~ when they throw a ballin a straight line at a
constant velocity of 2ms~!. Person C is a stationary observer of the event.
= InPersonD'sreference frame, the ballis travellingat 2 ms!
= InPerson C'sreference frame, the ballis travellingat4+2=6éms"!
= Sowhatisthe speed of the ball? Well, it depends!

= Mathematically, the position and time of an eventin onereference frame, S, isrepresented by the
coordinates (x,y, t)
= The position andtime of an eventin a second reference frame, moving relative to the first one, S', is
represented by the co-ordinates (x', y', t)
= Remember from the train example in Reference Frames, both Person A and Person B view the other
as moving because they are viewing the event from two different frames of reference
= Now consider another example:
= Person Cis stationary whilst Person D is moving away from Person C at velocity v
= BothPerson C and Person D witness a balloon pop at some distance away
= PersonD,inreference frame S', measures the balloon pop at a distance x' away
= PersonC,inreference frame S, measures the balloon pop at a distance x = x' + vt away
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= |[nsummary:

Table of the Galilean relativity equations for a stationary and moving reference frame

Stationary Moving Transformation
reference frame reference frame
X' =x-vt
X X'
X=x'+vt
y y y=y
z z z=7
¢ t' t=t'

= Co-ordinatesyandzare also the sameinbothreference frames because the relative motionis only in
the x direction
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@ Worked example

Atrain travels through a station at a constant velocity of 15 ms=!. One observer s sitting inside the train
and another sits on the platform. As they pass each other, they start their stopwatches and watch a
child onthe trainrun at a constant speedin the same direction as the motion of the train. The observer
on the train measures the speed of the childtobe 2m s,

(a) According to the observer on the train, how far has the child moved after 10 s?
(b) According to the observer on the platform, how far has the child moved after 10 s?

Answer:
Draw a quick sketch of the situation

= | abelthe stationary (x, t) and moving (x', t') reference frames

x, t)

f —’j (x, 1)

(a) Calculate the distance the child travels according to the observer on the train

= The observer measures the child to be travelling away at 2ms™!
= Therefore, using the equation

distance (x) = speed x time

= Thedistance, x'is:
X'=2x10=20m

(b) Calculate the distance the child travels according to the observer on the platform

= This observeris stationary in theirreference frame, so we use the equation
X=X'+vt

x=20+(15x10)=170m

= visthe speed of the wholereference frame
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Velocity Addition Equation

= Galileantransformations can also be used to transform velocities
= Thisis known as velocity addition
= Velocity additionis used when there are multiple velocities in the scenario
= |et'sgobacktothe example of Person D on a skateboard throwing a ball directly in front of themina
straightline
= |nthisexample:
= yisthe speed of the ballmeasuredinframe S (by Person C)
= y'isthe speed of the ball measuredinframe S' (by Person D)
= visthe speedof PersonD

= Therefore:
= PersonD (frame S') measures the velocity of the ballto be u'
= Whilst Person C (frame S) measures the velocity of the balltobeu = v + u'

= Hence, the velocity of the ball from Person D's reference frame in terms of speedsvanduis
= u'zu-v

= Velocities are vectors, so their direction must be takeninto account
= |et'ssayPersonD now throws the ball directly behind themin a straight line at constant velocity
= y,u'andvstillreferto the same objects
= Thistime, since u'isin the opposite directiontoyv, itisnow -u'
= Therefore:
= Person D (frame S') measures the velocity of the ballto be -u’
= Whilst Person C (frame S) measures the velocity of the balltobeu = v -u'
Diagram showing velocity addition for two objects moving in opposite directions

= |nsummary:
Table of the velocity addition equations for a stationary and moving reference frame

Stationary Moving

reference frame reference ﬁame T fO tion
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@ Worked example

Two travellers X and Y walk past each other at an airport. Traveller X walks at 1.5 m s~ whilst Traveller Y
walksat2.1ms.

Calculate the velocity of:

(a) TravellerY relative to Traveller X
(b) Traveller X relative to Traveller Y

Traveller X now walks onto a travelator walkway in the airport at the same speed. The travelator moves
at0.3ms!. Traveller Y decides to take a seat facing the travelator.

Calculate the velocity of:

(c) Traveller X relative to Traveller Y when they are walking in the same direction as the travelator
(d) Traveller X relative to Traveller Y when they are walking in the opposite direction to the travelator
(justforfun)

Answer:

(a) The velocity of Traveller Y relative to Traveller Xis:

= Xisthereference frame atrest

= Yisthereference frame thatis moving

= Therefore, fromTraveller X's perspective, Traveller Y is moving at:
21-15=0.6ms™

= FromTraveller X's frame of reference, Traveller Y is moving at a speed of 0.6 ms™
» TravellerY is moving faster than TravellerXby 0.6 ms™

(b) The velocity of Traveller Xrelative to Traveller Yis:

= Yisthereferenceframe atrest
= Xisthereference frame thatis moving
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= Therefore, fromTravellerY's perspective, Traveller Xis moving at:
15-21=-0.6ms"!

= FromTraveller Y's frame of reference, Traveller Xis moving at a speed of -0.6 ms™!
= Traveller Xis moving slower than Traveller Y by 0.6 ms™!

(c) The velocity of Traveller Xrelative to Traveller Y when walking in the same direction as the travelator

= Yisthereferenceframe atrest
= Xisthereference frame thatis moving with the travelator
= y=velocity thatY measures Xto be
= y'=velocity of the travelator
= v=velocity of X
= Therefore, they are moving at:
u=u'+v=0.3+15=1.8ms"!

(d) The velocity of Traveller Xrelative to Traveller Y when walking in the opposite direction to the
travelator

15mst<—

—=> 0.3 ms™

= Yisthereference frame atrest
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= Xisthereference frame thatis moving against the travelator
= y=velocitythatY measures Xto be
= y'=velocity of the travelator
= -—v=velocity of X
= Therefore, they are moving at:
u=u'-v=0.3-15=-12ms"!
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Postulates of Special Relativity (HL)

The Postulates of Special Relativity

= Galileanrelativity states that Newton's laws of motion are the same in all inertial reference frames
= Newtonthentreated space and time as fixed and absolute
= This means the timeinterval between two eventsin one frame (x, y) is the same as the time interval
between anotherframe (x', y')
= However, thisis not what happens whenwe are close to the speed of light
= Space andtime become relative, meaning, the length of an object or a time interval depends on
the frame of reference
Velocity addition works with speeds muchlower than the speed of light (¢)
It doesn't work for objects travelling closer to the speed of light
= According to Galileanrelativity, if arocket ship travels at 0.7c and releases a probe directly in front
ofitat 0.5¢, a stationary observer would view thisat 0.7c + 0.5c =1.2¢
= However, we know that nothing can travel faster than the speed of light, so thisis not possible
= FEinstein's two postulates of special relativity are:

First Postulate

The laws of physics are the same in all inertial frames of reference

= |nourownreference frame, we are always stationary
= Thismeansin practice, we should not be able to tell whether we are moving or not
= Someone conducting a physics experiment on a moving train versus on a stationary platform
should produce the exact same results

Second Postulate

The speed of light, c, in a vacuum, is the same in all inertial frames of reference

= Two different observers will always measure the speed of light to be the same value, cin theirreference
frame
= |tmakesno difference whether they are travelling or not. If it did, you would know whetheryou are
moving, which counteracts the first postulate
= Forexample, arunnerholding a flashlight in front of them will measure the speed of the light as ¢
= However, someone stationary observing the runner will also see the speed of light as c and not ¢ +
the velocity of the runner
= This only works for the speed of light, not any other speed
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Lorentz Transformations (HL)

Lorentz Transformation Equations

= Torelate measurements from one reference frame to anotherin Galilean relativity, we used Galilean
transformations
= However, Galilean transformations can no longer be used to describe distances, times and speeds for
objects travelling close to the speed of light
= FEinstein's postulates of special relativity lead to the Lorentz transformation equations for the
coordinates of an eventintwo inertial reference frames
The Lorentz Factor

= Lorentztransformations are a correction of the Galilean transformations for speeds close to the speed
of light, by multiplying by a scaling factor called the Lorentz factor, ¥

3 1
V= 2
-2

= Asvwillalways beless than c (since nothing can travel faster than the speed of light), this means that ¥
will always be greater than 1
= Thisis especiallyimportant for time dilation and length contraction

Lorentz Transformation Equations

= Againwe have the reference frame S measuring with co-ordinates (x, y, t), and S' with co-ordinates (x/,
y.t)
= PersonFis moving away from Person E in theirrocket ship at speed vwhichis close to the speed of
lightc
= PersonEisastationary observeronEarth
= BothPerson EandPersonF witness aloud bang some distance away
= PersonF measures the loud bang to be adistance x' away
= Person Emeasures theloud bang to be adistance x = y(x' + vt') away
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Galilean vs. Lorentz Transformations

Lorentz (v=c) Galilean (v<<¢)

z=Z z=7

= Notice that timeis different betweenreference frames t and t' for objects travelling close to the speed
of light, whilst in Galilean transformations, time was absolute (it doesn't change) between reference
frames
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@ Worked example

Arocket of properlength 150 m moves to the right with speed 0.91c relative to the ground.

Back Front
1

Rocket 091¢c

Probe
0.45¢c

Ground

Aprobeisreleased fromthe back of the rocket at speed 0.45c relative to the rocket.
Determine the time it takes the probe to reach the front of the rocket according to an observer
(a) Atrestintherocket.

(b) Atrestonthe ground.

Answer:

(a)
Step 1: List the known quantities

= |engthoftherocket,/=150m
= Speedofthe probe,v'=0.40c

Step 2: Analyse the situation

= Inthereference frame of an observeratrestintherocket, they are stationary
= Therefore, the probe travels at a constant speed 0.45c across the full length of the rocket of 150
m

y 1150 150
Y 0.45¢  0.45 x (3 x 108)

t =1.11 x 1076

= t'andV'are usedbecause they are the times and velocity of the moving object in the reference
frame of the observer atrest
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(b)
Step 1: List the known quantities

= | engthoftherocket,/=150m
» Speedoftherocket,v=0.91c
= Time taken forthe probe to reach the front of the rocket, t'=1.11x107¢s

Step 2: Analyse the situation

= |nreference to anobserveratrest onthe ground, they will see the probe takinglonger to reach the
front of the ship

= Since objectin question, the probe, ismovinginbothreference frames, we need to use a Lorentz
transformation

Step 3: Calculate the gamma factor

1 1
7/ = —_
V2 (0.91¢)2

=2 ' a

= 2.412

1
y _— T e
J1—=0.912
Step 3: Substitute values into the Lorentz transformation

= Since the observeris atrest, the Lorentz equation for time t must be used

t= 7/(1" + VC—Xz')

(0.91¢)(150)
Cz

(0.91)(150) )

= 2. 11x1076) +
t 2412((1 11X 1076) 3 % 108

) = 2.412((1.11 X 1076) +

t=3.8x10"°s
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Velocity Addition Transformations (HL)

Velocity Addition Transformations

Similar to velocity addition to Galilean transformations, the Lorentz transformation equations lead to
relativistic velocity addition equations
These are again used when there are multiple velocities in the scenario but now some are close to the
speed of light
Let's goback to the example of Person F in the rocket ship. They now release a missile in front of them
In this example:

= uisthe speed of the missile measuredinframe S (by PersonE)

= y'isthe speed of the missile measuredinframe S' (by PersonF)

= visthe speedof frame S' (PersonF)

In Galilean velocity addition, whenv << c, these were:
¥ 4 — !
= The speed of the missile as measuredby PersonE: 1 = U + Vv
!
= O = U~V
If vand u' are close to the speed of light, we have to use Lorentz velocity addition transformations

instead
These equations are:

! u-—v
U:—
. uv

cz

I

u +v

u= ,
| uv
+—

cz

Where:
= y=thevelocity of an object measured from the stationary reference frame
= U'=thevelocity of an object measured from a moving reference frame
= v=thevelocity of the moving reference frame
= c=thespeedoflight
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@ Worked example

Arocket moves to the right with speed 0.60c relative to the ground.

Back Front
1 [
1 [
[
[
[
Rocket 060¢c
0.82
=
Probe

Ground

Aprobeisreleased fromthe back of the rocket at speed 0.82c relative to the rocket.

Calculate the speed of the probe relative to the ground.

Answer:
Step 1: List the known quantities

= Speedoftherocket,v=0.60c
= Speed of the proberelative to therocket,u'=0.82¢c

Step 2: Analyse the situation

= We have multiple velocities in this scenario in terms of ¢, so we need to use the Lorentz velocity
addition equations

= The probeistravelling in the opposite direction to the rocket, soits velocity is -0.82¢

= We want the speedrelative to the ground, whichis areference frame atrest, so thisisu

Step 3: Substitute values into the equation

u +v
u = p
uv
b
—0.82¢ + 0.60c  (=0.82 + 0.60)c
u . (=0.820)(0.60¢) 1 +(~0.82)(0.60)
02

u= —0.43c
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Space-Time Interval (HL)

Space-Time Interval

Einstein discovered that time and distance changes when moving from one inertial reference frame to
anotherwhen travelling at speeds close to the speed of light
= |notherwords, these reference frames are not absolute
However, some quantities are the same in all inertial frames. These are called invariant
These are:
= Propertime,tq
= Properlength, Ly
= Space-timeinterval, As
These are a product of Einstein's second postulate
In Galileanrelativity:

= Space and time are the same in all reference frames, i.e. At = At and Ax = Ax'
In specialrelativity:
= Thesearereplaced with a space-timeinterval, as space and time are connected togetheras 4
coordinates (x, y, z, t) foran event
= Motion canbe represented as spanning both space and time using this coordinate system
The diagram below shows a person moving in both space xandzandin time t
= Theycanalsomoveintheydirection, but 4 dimensions are not possible to draw accurately here (in
3-dimensional space)

Anintervalin space-time is aninvariant quantity in all inertial reference frames and is defined as:

(As)?2 = (cAD)? = (Ax)?

Where:
u At:timeinterval/separation(s)
= C=thespeedoflight
s Ax-= spacial separation (m)
= As= space-time interval (m)
This means that in two inertial reference frames, although At and AX will be different in both frames,

AS willbe the same
These willbe used in space-time diagrams
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@ Worked example

Aninertial reference frame S' moves relative to S with a speed close to the speed of light. When clocks
in both frames show zero the origins of the two frames coincide.

Anevent Phascoordinatesx =2 mandct = Oinframe S,andx=2.3minframe S'. Show that the time
coordinate of eventPinframe S'is -1.1m.

Answer:

Step 1: List the known quantities:

= Spacial separationinframe S, Ax=2m

= Timeseparationinframe S, CAt=0

= Spacial separationinframe S', Ax'=23m

Step 2: Calculate the space-time interval in frame S
(As)? = (cAr)? — (Ax)?
(a5)2 = (0) - (22 = -4

Step 3: Substitute values into the space-time interval for S'

s ASisthesame (invariant) in both reference frames
(As)? = (cAl)? - (Ax')?
(caf)? = (As)? + (Ax')?

(cAf)? = -4 + (2.3)2 = 1.29

cAt = \/1.29 = +1.14
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Proper Time & Length

= |nspecialrelativity, we have found that distances and times are relative
= This means the length of an object and the time interval of an event changes when observed in frames
that are moving relative to that object
= Moreonthisis exploredinlength contraction and time dilation
= We needto define the difference mathematically between the time and lengths measured between
each frame, to know which one is being referred to

What s Proper Time and Proper Length?

= Propertimeinterval, Atgpis defined as:
The time interval between two events measured from within the reference frame in which
the two events occur at the same place

= Properlength, Lgis defined as:
The length measured in areference frame where the objectis at rest (relative to the
observer)

= These canbe measured eitherinthe moving frame S' or arest frame S
= Thisdepends onthereference frame you are calculating the length and time from
= Forexample, if apersoninmoving frame S' (e.g. on a train) measures the length of abook, they are at
restrelative to the book
= They measure the distance between points x2' and x7'
= Thisisthe properlength, Lo although they are technically moving (but they don't know this -
otherwise it would go against Einstein's first postulate)
= However, foranobserverinframe S, atrest(e.g. onaplatform
= Theywillmeasure the distance between points x and x;
= Thisashortenedlength, L
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Time Dilation (HL)

Time Dilation

= When objects travel close to the speed of light, to an observer moving relative to that object, it looks
asif the object has slowed down
= Thisis best demonstrated by clocks
= ObserverHisinarocket moving close to the speed of light
= Theywill see their clock ticking at aregular pace, say, itis reading 15:00
= Observer G atrest on Earth, with remarkable eyesight, willmeasure the clock as ticking slower
= They will observe that time has slowed down in the spaceship from their reference framei.e. they
may see the time as14:45 instead of 15:00
= However, the same occurs the other way around
= ForobserverHontherocket,itis observer G thatis moving relative to them
= Therefore, observer Hwillmeasure observer G's clock as ticking sloweri.e. they see time slow
down on Earth from their reference frame
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Time Dilation Equation

= Consideralight clock. This consists of two mirrors facing each other with a beam of light travelling up
and down between them

= Anobserveris atrestrelative to the clock on a train platform and watches the light reflect between the
mirrors

= Thedistance betweenthe mirrorsis L and thelight travels ata speedc

= Therefore, the time interval for the light to travel from the top mirror back down to the bottomis:

2L
Mo =7

LA Mirror

N 2L

L \A Afu=?
Light beam
[ 707777

= Anotherlight clockis onamoving train, relative to the initial observer on the platform, travelling at
constantvelocity v

= The stationary observer on the platform sees the light clock on the train and watches the reflection of
the rays between the mirrors

= |tappearsthatthelight rays travel to the right at an angle to the direction of motion

777777777 >
Mirror position 1 Mirror position 2
o< >e
vAL

= The observeron the train platform sees the mirror at:
= Position 1, when the light leaves the bottom mirror
= Position 2, whenthelightreturnstoit
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The length of the light path as seen by the stationary observeris notL, they see the longer path, D
The distance travelled by the lightray is now 2D, and the time observed between the reflections is now

2D
At="—
c

The apparent distance horizontally travelled by the mirroris vAtwhere visthe speed of the train
Notice that thisis part of aright-angled triangle, so using Pythagoras' theorem we can see that:

D?=12+ (Vst)z

cAt
2

We want to find A £, the time taken for the light ray to travel up and down in the reference frame of the

Where: D =

stationary observer on the train platform, who is moving relative to the light clock on the train
= Remember, althoughitis the train thatis moving, in the reference frame of an observer on the train
itis the observer on the platform that is moving

Rememberthe gamma factor y =

Therefore:

Where:

= At =thetimeinterval measured from an observer moving relative to the time interval being
measured (s)

s A tO =the proper time interval (s)
As ¥ > 1, this means that the At > A tO

= |notherwords, aclock observed from areference frame moving relative to it will be measured to
tick slowerthan aclock thatis atrestinits frame of reference
The observer on the platform will view the train clock as moving slower
The observer on the train will view the platform as moving slower
You may be wondering why it's the time that slows down for the light beam, and not the light beam just
speeding up to hit each mirror at the same frequency
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= Thisis due to Einstein's second postulate
= Both Observers G and Hmust measure the speed of light to be ¢, so it doesn't slow down or speed
up according to eitherreference frame
= |tisimportant to note that the time has been measured at the same position
= |notherwords, the timeintervalis the position at which the light leaves the first mirror and at which
it returns to the second mirrorin the reference frame of the mirror
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@ Worked example

Alex's spacecraftis onajourney to astartravellingat 0.7 c. Emmais onaspace station on Earth atrest.
According to Emma, the distance from the base station to the staris 14.2ly.

Show that Alex measures the time taken for her to travel from the base station to the star to be about
14.5 years.

Answer:
Step 1: List the known quantities:

= Distance of space stationaccordingtoEmma=14.21ly
= Speed of Alex's spacecraft,v=0.7c
Step 2: Analyse the situation

= We are trying to find the time that Alex measures for her traveli.e. the time she would measure on
herown clockin the spaceship which she is stationary relative to
= Thisisthe propertime, Atg
Step 3: Calculate the time taken according to Emma, At

= Jly(lightyear)is the distance, s, light (at speed c) travelsina year
= Thereforeit takes thelight14.2 years (time) to travel the distance at speed ¢

s = speed X time = 14.2¢cm

= Therefore, the time taken according to Emmaiis:

s 142c 142

= T 07~ 07 T 20.29 years
Step 4: Substitute values into the time dilation equation
_ _ At
At = yA t, = Ato— 7
Af = 20.29 3 20.29 145
to— 1 = 1 = 14.5 years
| (0.7¢)2 V1 =(0.7)?

cz
Step 5: Check whether your answer makes sense

= Since Emma (whois stationary)is viewing Alex's clock (whichis moving) she would measure a
longer time for Alex to reach the star than Alex will
= AsEmmarecords 20.29 years, but Alex only records 14.5 years, this time makes sense
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Length Contraction (HL)

Length Contraction

= When objects travel close to the speed of light, to an observer moving relative to that object, it looks
asif the object has become shorter
= Thisis best demonstrated usingrulers
= ObserverH,intheirrocket moving close to the speed of light, measures the length of their pencil to be
14 cm
= Observer G, atrest on Earth, would measure (with remarkable eyesight) the length of the pencil to be
shorter
= Theywill see lengths contracted in the spaceship from theirreference frame, e.g. the length may
appeartobel0cminstead of 14cm
= However, the same occurs the other way around
= ForobserverHontherocket, itis observer G that is moving relative to them
= Therefore, observer Hwould measure the length of observer G's pencil as shorteri.e observerH,
ontherocket, seeslengths contracted on Earth from theirreference frame
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Length Contraction Equation

The length of an object is the difference in the position of its ends

Consider the observers G and H measuring the length of a pencil, which is stationary in reference frame
S' (forobserverH)

As observerHisinthe moving frame S', they measure the length of the ruler as:
Ax'=x'"-x"=1L
2 1 0
Thisis the proper length, Ly as the pencil is not moving relative to observer H
= Boththe penciland observer H are, however, moving relative to observer G
Observer G needs to measure the length of the pencil by measuring the position of its ends at the
same time (just like observer H did)

They measure the length of the ruler to be:
Ax = X, —Xx = L

Thisis the observed length, L as the pencil is moving relative to observer G
= Lorentztransformations tellus how the xand x' are related

We want to find A X, the length measured in the reference frame of the stationary observer on Earth
(G), whois movingrelative to the observer on the rocket (H)
Transforming these distances gives:
r
X, y(xl Vt)

!
X, 7(X2 Vt)
These are then substitutedinto the equation for the properlength, Ly

X, =x = yx, vl - ox, T vE) = :7(X2_ X))
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Therefore:

Where:
» L =thelength measured by an observer moving relative to the length being measured (m)

. LO = the proper length (m)

As ¥>1,thismeansthatthe L < LO

= |notherwords, lengths measured from areference frame moving relative to the object will be
measured as shorter than the lengths measured at rest from within their frame of reference
Similar to time dilation, length contractionis also due to Einstein's second postulate
= Bothobservers Gand H must measure the speed of lighttobe c
= Since the time for observer H will run slower, according to observer G (i.e. tincreases), then for c to
stay the same, the length of the object, L must decrease
Itisimportant to note that the length has been measured at the same time
= Thislengthis the difference between the ends of the pencil, with both ends measured at the same
time
Therulerusedinbothreference frames is stationary in theirown reference frame
= Otherwise, observer Gwould see the ruler on observer H's rocket contracting as well and wouldn't
measure any differenceinlength
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@ Worked example

Aspacecraftleaves Earth and moves towards a planet.

The spacecraft moves at a speed of O.75c relative to the Earth. The planetis a distance of 15 ly away
according to the observer on Earth.

Spacecraft

O 0.75¢

-

L

< ~
"“\‘ /

15 ly

The spacecraft passes a space station thatis atrest relative to the Earth. The properlength of the
space stationis 482 m.

Calculate the length of the space station according to the observerin the spacecraft.

Answer:
Step 1: List the known quantities

= Speed of the spacecraft,v=0.75¢c
= Properlength of the space station, Lo =482m
Step 2: Analyse the situation

= We are trying to find the length of the space stationin the reference frame of the observerin the
spacecraft
= |nthis observer'sreference frame, itis the space station thatis moving away fromthemat 0.75¢

= Therefore, we ameasuring alength in the moving reference frame (relative to the spacecraft) - this
isthelength, L

Step 3: Substitute values into the length contraction equation
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0 0
L= B 1
VZ
==
482 482
L= = =319m
1 1
| (0.75¢)? J1 - (0.75)2

02
Step 4: Check whether your answer makes sense

= Astheobserverinthe spacecraftis stationary, the length of the space station they measure
should be shorter than the properlength

= Asthelengthrecorded fromthe spacecraftis 319 years, and the properlengthis 482 m, this length
makes sense
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Simultaneity in Special Relativity (HL)

Simultaneity in Special Relativity

= Theterm 'simultaneous' means to occur at the same time

= Therelativity of simultaneity states that
Whether two spatially simultaneous events happen at the same time is not absolute, but
depends on the observer's reference frame

= Thismeansthatin onereference frame, two events that occur at different pointsin space seemto
happen at the same time, whilstin anotherreference frame moving relative to the first the events seem
to happen one afteranother
= Thiswas not the case in Galilean relativity, where simultaneity was absolute

= Thisis best showninthe following example

= PersonBisinatrain carriage moving to the right at constant velocity

= They switch onalamp above them and they observe that the light from the lamp reaches the two ends
of the carriage, points Xand Y, at the same time

= Meanwhile, Person Ais stationary on a platform and observes the train travel past
= PersonAwill still see the light from the lamp move to both ends of the carriage at the same speed (c)
= Thisisinline with Einstein's second postulate
= However, Person Awill see the lightreach point Xbefore it reaches pointY
= Thisisbecause the whole carriage is moving to the right (relative to Person A), so the left side of the
carriage is moving towards the light ray and the right side of the carriage is moving away from the
lightray
= This means that Person A will see the light ray reach point Y slightly later
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Space-Time Diagrams (HL)

Space-Time Diagrams

= Spacetime (or Minkowski) diagrams represent an object's motionin spacetime
= They help tovisualise
= Timedilation
= |engthcontraction
= Simultaneity
= Since4D(x, y, z, t)diagrams cannot be drawn on a 2D page, we collapse 3D space (x, y, z) into 1 spacial
dimension and keep time as its own dimension
= This gives a spacetime diagram
= Linesdrawnonaspacetime diagram are called world lines
= |nstead of the usual distance-time graphs, we plot
= The horiztonal axis as x
= Thevertical axisasct

= Note thatboth axes have dimensions of length
= This makes it easy to compare values on one axis and another
= This means the worldlines have a gradient of

cAt c Ax

. = — wherethevelocityisV = ——
1% Y At

Ax

= Thismeans:
= The steeper the gradient, the slower the objectis moving
= The shallower the gradient, the faster the objectis moving
= ctwasfirst seenwhenthe spacetime interval wasintroduced, and c is chosen deliberately so our
diagramis oriented around the speed of light
= ctisasortof 'distanceintime’
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Multiple Reference Frames

Every point on a spacetime diagram represents an event, for example, an object moving
More than one inertial reference frame can be represented on a spacetime diagram
= ctandxrepresent the co-ordinate axes foran observerinframe S
= ct'andx'represent the co-ordinate axes foran observerinframe S' (moving at speed v with
respect toframe S)
Therefore, we can combine two separate spacetime diagrams for different inertial reference frames
moving at constant speed relative to each other
= Theaxesforthect'andx'areatanangle
The worldline T shows the equivalent worldline of P, but now in the S' reference frame
= Thisrepresents anobject atrestinits own co-ordinate system

The axes are tilted because the ct'reference frameis travelling at speed vrelative to the ctreference
frame

= Thex'axis must also be tilted in order for the speed of light (the dashed line in the middle) to be the

same in bothreference frames

The scales onthe time axes ct and ct' and on the space axes x and x' of two inertial reference frames
moving relative to one another are not the same and are defined by lines of constant spacetime
interval
If an event occurs (such as a flash of light), both reference frames will measure a different time and
different position with respect to each other

= Thiscanbe seenonaspacetime diagram

Simultaneity

We can now see that simultaneous events in one frame are not simultaneous in another moving inertial
reference frame
Let'sgobackto Observers Aand Bin Simultaneity in Special Relativity
= We cansee that Observer B sees the light reach points Xand Y at the same time, whilst Observer A
(inthe ct'-x'co-ordinate system) sees the light from the lamp reach point X before point Y on a
spacetime diagram
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Time Dilation

= Considertwo flashes of light at x= O in the S reference frame that occur one afteranother
= Whenthese flashes are observedinthe S' frame, we can see the time between the flashesis longer
= Thetime between them hasincreased (dilated)
= Anotherdifferenceis thatinthe S'reference frame, the first flash now occurs on the -x axis
= Thisjust meansit takes place to the left of the observer
Length Contraction

= Considerarod measuredin the Sreference frame where the rod movingrelative to S

= Therodhasthe same speedasit doesinthe S'reference frame (whichis also movingrelative to S)
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@ Worked example

The spacetime diagram shows the axes of aninertial reference frame S and the axes of a second
inertial reference frame S' that moves relative to S with speed 0.6432c. When clocks in both frames
show zero the origins of the two frames coincide.

ct /N
ct’
S frame
*
S frame
* >
E X

EventEhas co-ordinatesx = 1.5 mandct = OinframeS.
(a) Label, onthe diagram,
(i) the space co-ordinate of event Einthe S' frame. Label this event with the letter Q.
(ii) the event that has co-ordinates x' = 1.5 mand ct' = O. Label this event with the letter R.

(b) Arodatrestinframe Shas aproperlengthof 1.5 m. Att = O, the left-hand end of the rod is at x
= Oandtheright-handendisatx =1.5m.

Using the spacetime diagram, outline without calculation, why observersin frame S' measure
the length of therod tobelessthan1.5 m.

Answer:

(a)

(i) Draw aline parallel to the ct' axis
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ct /\

ct’

S frame

S frame

(i)
Step 1: List the known quantities

= Speed of the spacecraft,v=0.6432c
= Positionof eventinframe S, x=1.5m

Step 1: Calculate the x' co-ordinate of point Q

= To convert between a position (or time) from one co-ordinate system and another, we can use
Lorentz transformations

x' = yx - vt)
1

x' = (1.5-0)=1959 =2.0m
| (0.6432¢)?

02

= Since there are no other objectsinvolved, speedv=0
Step 2: Label this point on the axes asR

= Theco-ordinatesarex' =1.5mandct' =0

2
= PointR(at1.5m)isroughly 75~ of the distance of Q (at 2.0 m)

3
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ct /N

(b)
Step 1: Outline why observersin frame S' measure the length of therod to be less than1.5 m

= The ends of therod must be recorded at the same timeinframe S'
= Thisis shown onthe spacetime diagram:

ct /\
ct’
S frame

I X'
I

_ 1

/x—t5m\! R
I

I
:
I
I
: S frame
o >
E X
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= Theright-hand side of the rodintersects the x' axis at a co-ordinate thatislessthan1.5m

ot /N

ct

S frame
I X'
I
S frame
>
-

X
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Velocity on a Space-Time Diagram

The worldline fora moving particle on a spacetime diagram using the x-ct axis is a diagonal line

The velocity of the particle can be calculated by the angle of the moving particle's worldline with the ct
axis
When we are using the x-ct axis, we can see that:

opposite  Ax

tanf = adjacent ~ cAt

From mechanics, we know that velocity is the rate of change of displacement:

Ax
- =V
At
Therefore:
Vv
tanf = —
C
Where:

= f=angle between the worldline and the ct axis (°)
» v=velocity of the object (ms™)
= c=speedoflight
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@ Worked example

A spaceship travels away from Earthin the direction of a nearby planet. A spacetime diagram for the
Earth'sreference frame shows the worldline of the spaceship. Assume the clock on the Earth, the
clock onthe planet, and the clock on the spaceship were all synchronized whenct = O.

/N
20 -
A Spaceship
worldline
ct/ly 10 -
0 | T I | | | | T T —>
0 10 20

Show, using the spacetime diagram, that the speed of the spaceship relative to the Earthis 0.80c.
Answer:

Method 1: Using the gradient

Step 1: Choose a co-ordinate pair

= Choose any correspondingvalue of ctandxe.g.ct=10,x=8
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N
20
| Spaceship
worldline
ct/ly 10
0 | T I 1 | | I T —>
0 8 10 20

x/ly

Step 2: Calculate the gradient

c
= The gradient of aspacetime graphis —
\%4
di c 10
radient = — = ——
£ v 8
Step 3: Calculate the velocity, v
v=—7c=038c

10

Method 2: Measure the angle

Step 1: Measure angle O using a protractor
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/N
20
. Spaceship
worldline
ctlly 104 90°-51°=39°
400 80
'ﬂgﬁ QI% 80 % ’:g @?
&
4 NP
)
@‘%
U | T &= | | | T T —>
0 10 20
x/ly
= 6=39°

Step 2: Substitute into the velocity equation
|4
tanf = tan(39) =0.8 = =

v=0.8¢c
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Muon Lifetime Experiment (HL)

Muon Lifetime Experiment

Muon decay experiments provide experimental evidence for time dilation and length contraction
Muons are unstable, subatomic particles that are around 200 times heavier than an electron and are
producedinthe upper atmosphere as aresult of pion decays produced by cosmic rays
Muons travel at 0.98c and have a half-life of 1.6 us (or mean lifetime of 2.2 us)

= Thedistance they travelin one half-lifeisaround 470 m
A considerable number of muons can be detected on the Earth's surface, whichis about 10 km from
the distance they are created

= Therefore, according to Newtonian Physics, very few muons are expected to reach the surface as

thisis about 21 half-lives!

The detection of the muonsis a product of time dilation (orlength contraction, depending on the
viewpoint of the observer)

Muon Decay From Time Dilation

According to thereference frame of an observeron Earth, time is dilated so the muon's half-life is
longer
We can see this from the time dilation equation

At = yAtO

Where:
1
= The gammafactor, ¥ = =35

/1 = (0.98)2

= At =thehalf-life measured by an observer on Earth

= A tO =the proper time for the half-life measured in the muon'sinertial frame

Therefore, inthe reference frame of an observer on Earth, the muons have a lifetime of
At=5x1.6=8ps

The time to travel 10 km at 0.98c is 33 us or 4.1 half-lives, so a significant number of muons remain
undecayed at the surface

Muon Decay From Length Contraction

= According to the muon'sreference frame, lengthis contracted so the distance the need to travel is

shorter

= \We cansee this fromthe length contraction equation
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0
L = —
14
Where:
] Lozthe properlength for the distance measured in the muon'sinertial frame

» L = thedistance measured by an observer on Earth
Therefore, in the reference frame of the muons, they only have to travel a distance:

10000
L= T = 2000 m

2000
0.98¢

significant number of muons remain undecayed at the surface

To travel this distance takes a time of = 6.8 us whichis about 4.3 half-lives again, so a
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@ Worked example

Muons are created at a height of 4250 m above the Earth’s surface. The muons move vertically
downward at a speed of 0.980c relative to the Earth’s surface. The gamma factor for this speed is
5.00. The half-life of amuoninitsrest frameis 1.6 us.

(a) Estimate the fraction of the original number of muons that will reach the Earth’s surface before
decaying, from the Earth's frame of reference, according to:

(i) Newtonian mechanics

(ii) Special relativity

(b) Demonstrate how an observer moving with the same velocity as the muons, accounts for the
answer to (a)(ii).

Answer:
(a) (i)
Step 1: List the known quantities

= Height of muon creation above Earth's surface, h=4250m
= Speedofmuons,v=0.980c
= Lifetime of muon,t=1.6us=1.6x10"¢s

Step 2: Calculate the time to travel for the muon

) distance h
time = ————— = —

speed 1%
t= 429 = 1.45 x 107°
T 0.98 x (3.0 x 108) °
Step 3: Calculate the number of half-lives
1.45 X 107> 9 it i
1.6 x 10-6 = Y half-lives

Step 4: Calculate the fraction of the original muons that arrive

1
29 X 100 % = 0.2 %

(a) (ii)
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Step 1: List the known quantities

] Timeforthemuontotravel,AtO: 1.45x10 s
Step 2: Calculate the time travelled in the muons rest frame
At = yA t,
At=5x (1.6 x 1076) = 8 x 1076
Step 3: Calculate the number of half-lives

1.45 x 1073
8 X 1070

= 1.8 half-lives

Step 4: Calculate the fraction of the original muons that arrive

1
F X 100 % = 29 %

(b)
Step 1: Analyse the situation

= Anobserver moving with the same velocity as the muons will measure the distance to the surface

9

ﬁ) =5 ORlength contraction occurs

to be shorter by afactor of (

Step 2: Calculate the distance travelled in the muon's rest frame

L

L=—
14

4250

=——— =850m
5
Step 3: Calculate the time to travel
distance 850
time taken = = =29 x10°¢

speed 0.98 x (3 x 108)

Step 4: Calculate the number of half-lives
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2.9 X 1076
1.6 X 1076

= 1.8 half-lives (same as (b))
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