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Transformations of Graphs Mark Schemes
Question 1
The point P(—1, 4) lies on the curve with equation y = f(x). p \/E(LT[ cAL. TRANSLATION \j CHANGES
1 +3

State the coordinates of the image of point P on the curves with the following equations:

M =3 (-—l’ 7)

(i) y=f(x+3)
(iil) y =3f(x) H> HowlZzonN TAL TRANSLATION OC CHANGES
(iv) y = f(3x) o S
[4]
(u,4)
CHANGES
CRTICAL STRETCH j
HI) VERTIC <3

(-),12)

E
N> UoR\Z oNTAL STRETCH O &rANAES

[
=2

(1,9

Question 2

The point P(—3,—4) lies on the curve with equation y = f(x).

MU orlizenTalL RERECTION yAx(g
; OC CHANGES
I)

State the coordinates of the image of point P on the curves with the following equations:

®) y=1f(==x)

(3, k)

[2]

REFLECTION DCAXIS
‘j CARNGES

,‘, ) \/gzﬂcﬁ; L
|

(-3, %)
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Question 3

The point P(3, 2) lies on the curve with equation y = f(x).

\VERT(cA L T(Z_AMSLA’HGM CHAN GEY
(i) Onthe graph ofy = f(x) + a, where a is a constant, the point P is mapped to the ( “+a
point (3,—5). Determine the value of a. C > > (g €> 7
% 2)= - A=~
(ii) On the graph of y = f(x'+ b), where b is a constant, the point P is mapped to the J ¥/
point (—1,2). Determine the value of b. T On
(iii) On the graph of y = cf(x), where c is a constant, the point P is mapped to the CHAN G
. 4 €1
point (3, 1). Determine the value of c. I J ) H C)—Q[ Z({)MTAL TRAWS LAT e o b
(iv) On the graph of y = f(dx), where d is a constant, the point P is mapped to the b
point (1,2). Determine the value of d. 3 ) 2) :> s \ ] ! =
141 ¥_~/b
CHANG
[I‘J'> VERTICAL STRETCH J i "
%

o) [

r

; W orizonml STReTU D¢ CHAN GEY
v)

T
(%@'2> o= 3

bk
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Question 4

The diagram below shows the graph of y = f(x). The two marked points A(—1,5) and 9\.)
B(3,-3) lie on the graph.

P A (O,S)

h N

Q(L{‘/‘?>

B(3.-3)

(a) In separate diagrams, sketch the curves with equation TQQ NS LA’TI onN S | A (, l y ?)
) y=fx=1) HoRlZoNTAL X CHRAMNGES &) .
() y = &3 \[ERT(CcAL U CHANGES +73 H)

On each diagram, give the coordinates of the images of points A and B under the
given transformation.

[4]

(b) On the graph of y = f(x + a) the image of one of the two marked points has an
x coordinate of 2. Find the two possible values of a. g (3 ; O}

[2]
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Question 5

The diagram below shows the graph of y = f(x). The marked point B(4, 8) lies on the ﬁ
graph, and the graph meets the origin at the marked point A. A (g,o)
B8

Bk%,-8)

0 \‘

AY 1, €)
(a) In separate diagrams, sketch the curves with equation g ( J ?
0 y=gfw YERTICAL REFLECTON Y CHanaes (s nxis) :
(i) y = fax) HeRI2ozn STRETUY 2 CHBNGES X Ll’: “

On each diagram, give the coordinates of the images of points A and B under the
given transformation.

[4]

(b) On the graph of y = af(x) the image of one of the two marked points has a
y coordinate of 4. Find the value of a.

Alo:0)

[2]
The diagram below shows the graph of y = f(x). The marked point B(4, 8) lies on the b) \) E‘,Q_T( CAL S TRETCH CHANGES
graph, and the graph meets the origin at the marked point A.
xX O
B(4.8) A: (@{ O) WONT CHANGE
B-(k8) = (&, )
KON a - —L
A
0 \ y
(a) In separate diagrams, sketch the curves with equation
M y=-fx
(ii) y = f(4x)
On each diagram, give the coordinates of the images of points A and B under the
given transformation.
(4]
(b) On the graph of y = af(x) the image of one of the two marked points has a
¥ coordinate of 4. Find the value of a.
[2]
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Question 6

The diagram below shows the graph of y = f(x). The graph intersects the coordinate d) |
axes at the two marked points A(0, 6) and B(3, 0). The graph has two asymptotes as | : j -

. ! _20 _lo J =
shown,w1thequat10nsy—3andx—S. [ | . .-

i A (o, 0) :

20 o \

y=3 \

== [ _
A(0.6) \

) B(3.0)

[

I
|
I
(a) In separate diagrams, sketch the curves with equation | o _l_ e
@) y=fx)c6h VERTICAL TRANSLAT (oW S CHANGES - §

@y=fE) HuR\zoWTAL REFLECTIoW  ICCHANGES H)

On each diagram, give the coordinates of the images of points A4 and B under the ij A)C[§)
given transformation, as well as stating the equations of the transformed

(6] | B 3 [
| B(-30) |
(b) The graph of y = f(x + @) has an asymptote at one of the coordinate axes. Find the |
value of a. L0 | |
c- |

2 Sl

l

l

I

I
asymptotes. |
!

l

I

!

|

|
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The diagram below shows the graph of y = f(x). The graph intersects the coordinate
axes at the two marked points A(0, 6) and B(3,0). The graph has two asymptotes as b H (Y‘R[Zm BL TRANSLATLIIW
20 10
| i 1 == nnRN
shown, with equations y = = and x = 3 ] C?ES
A lE =Sy =0
. 20 3
3
e ~______—7
A0.6)
| @

w
a
wl|o

) B(3.0)

_ 10

(a) In separate diagrams, sketch the curves with equation

D) y=fx)—6

(ii) y = f(=x)
On each diagram, give the coordinates of the images of points A and B under the
given transformation, as well as stating the equations of the transformed
asymptotes.

(6]

(b) The graph of ¥ = f(x 4 @) has an asymptote at one of the coordinate axes. Find the
value of a.

[2]

Question 7

Describe, in order, a sequence of transformations that maps the graph of y = f(x) onto

the following graphs: DEBLWITH WSIDE BRACIKETS FIRST

i) y = 3f(x + 2),

(i) y = f(—x) - 1. Tpsine = NAZI2ZonwTAL

i OUTSIDE = VERTICAL

') TRANSLATION BY ("o?‘)

VERTIcAL STRETCH 3F. 3

)| Rereciow IV YA (v x=0)
TeAawsLtATion  BY (3)
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Question 8

Given that f(x) = 3x? — 2x find an expression for g(x), where g(x) is obtained by

applying the following sequence of transformations to f(x). l . [ (x) :> ﬁ (DC = 2)
1. Translation by (2) ) 2 ( _ )
2. Vertical stretch of scale factor 4 8 DCZ - Zx :> 3 (QC -2 e 2 xX -2
3. Translation by (*,)

(4 3(9C2‘L""*’+) -2ty

3o -l +1b
2 [(x-2) > Lf(x-2)

4(3952-1er HE)

120¢2 _Sbo + bl
3. 4 [(c-2) = 4f(x-2)-3
[2c%-SLoc +6L -3

j(x) =122 —Sboc 44
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Question 9

(a) (i) Sketch the graph of y = p(x), where p(x) = 3x — 4.
(i) On the same set of axes, sketch the graph of y = p~"(x).
Label the coordinates of the points where each graph crosses the coordinate
axes.

[4]

(b) (i) Find an expression for p~*(x).
(ii) Find an expression forj—)[p(x) + 16].
(iii) What can you deduce about the sequence of transformations given
bY%[p(x) +16]?

4

(@) (i) Sketch the graph of y = p(x), where p(x) = 3x — 4.
(ii) On the same set of axes, sketch the graph of y = p~1(x).
Label the coordinates of the points where each graph crosses the coordinate
axes.

(b) (i) Find an expression for p~*(x).
(ii) Find an expression for:-;[p(x) + 16].
(iii) What can you deduce about the sequence of transformations given
by [p(x) + 16]2

[4]

wm;g.—_ ReFlecigw (W d =9C

b) l) LET d:gDC-/—f RenevRANG £
jw:'i:c

j_’ﬁ:i)c

3
P(x)-= Y on () =3 (>4

”) al[ (Boc~1+) +|6]
—l'—( 3oc HZ)

|
peet s |3l
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Question 10

The equation y = f(x), where f(x) = (x =@)?, witha > 1, is shown below. m) RoTH PoINTS om AXES S@
| :j lfll
4 A X=0 ((9(1):(0‘0\?
(=)
, J: a?.
A= (0,°)
B J: o G = (I‘O\)1

(b) Sketch the graph of y = —f(—x), labelling the images of the points A and B and MX-C = (@]
stating their coordinates in terms of a.

o X =0

The points A and B are the points where the graph intercepts the coordinate axes.

(a) Write down, in terms of a, the coordinates of A and B.

P

[2]

o0 = &
[3]
(c) Write down the value of a such that the point 4 is three times as far from the origin
as the point B. B - q ] O
(1
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The equation y = f(x), where f(x) = (x — a)?, with a > 1, is shown below. b) [(_x) QE,FLeCT ;,JJ . ﬁ (x) Q Eﬁ]_E CT v De

(S

o)

(0.5)

_ pra. —~ —_—
The points A and B are the points where the graph intercepts the coordinate axes.
(a) Write down, in terms of a, the coordinates of A and B. ) [ \ o a7->
% * A /
[2]
(b) Sketch the graph of y = —f(—x), labelling the images of the points A and B and
stating their coordinates in terms of a.
[3]
(c) Write down the value of a such that the point A is three times as far from the origin
as the point B.
(1
The equation y = f(x), where f(x) = (x — a)?, with a > 1, is shown below. c) BOTH onN AxE S So MO |1 2ew24 L 4 Nn
’ VERTICAL DISTANCES TRoMNRIGIN

A A=3RB
(0, = (229

0 - ¥ O\L:SCX

a=3

The points A and B are the points where the graph intercepts the coordinate axes.
(a) Write down, in terms of a, the coordinates of A and B.
[2]

(b) Sketch the graph of y = —f(—x), labelling the images of the points A and B and
stating their coordinates in terms of a.

[3]

(c) Write down the value of a such that the point 4 is three times as far from the origin
as the point B.

(1]
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Question 11

The function f(x) is to be transformed by a sequence of functions, in the order detailed

Belsws |. MorI12owzAL = |NSIDE BRALKET S
(Scae FAcToR = =)

1. Ahorizontal stretch by scale factor 2
2. Areflection in the x-axis

3. Atranslation by (J) StreETCH = MULTIPLY

(32

2. VERTIcAL REFECTION = OUTIIDE

- {:(l,zpc) (NEGATIVE)

3. VERTICAL TEANSLATI ON = oUTSIDE
|
()2
2-f(5)

Write down an expression for the combined transformation in terms of f(x).
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Question 12

The diagram shows the graph of y = f(t), where f(t) = sin 2¢, 0° < x < 180°. 7\)

\ CAL STRETC F
3 ‘) Veetica S "H SF 3
MAX oF Sinv2E =)

| — . max 3(sim2t)=3
J=3

o ',]) VER TICAL STRETCH Wow'T AFLECT

o5

(a) (i) Write down the maximum value of y when y = 3f(t).
(ii) Write down the first value of t for which this maximum occurs.

(b) (i) Write down the minimum value of y when y = 5f(t + 30°). H C}\Q | 2oL \/A LV (=

(ii) Write down the first value of t for which this minimum occurs.

[2]

E=45S°
(¢) Find, in terms of f(t), the combination of transformations that would map the graph
of y = f(t) onto the graph of y = 2 + sint, 0° < x < 180°.

[2]

The diagram shows the graph of y = f(t), where f(t) = sin2¢, 0° < x < 180°.

\’) T OANSLATION (’z:’) owLy AFTECs €

y

VERTICHL STRETCH SFS ONL‘/AFT—E(_TSJ

., . N ]) Min Sin2E=-)
. Min S(Sm&*?‘?):'s

—_ -
-

(a) (i) Write down the maximum value of y when y = 3f(t).
(ii) Write down the first value of t for which this maximum occurs.

2] H) T LANSLATION (°f:)

(b) (i) Write down the minimum value of y when y = 5f(t + 30°).
(ii) Write down the first value of t for which this minimum occurs.

2] t:|35-30

(c) Find, in terms of f(t), the combination of transformations that would map the graph
of y = f(t) onto the graph of y = 2 +sint, 0° < x < 180°, t - I O S 4

[2]
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The diagram shows the graph of y = f(t), where f(t) = sin 2, 0° < x < 180°.

05

(a) (i) Write down the maximum value of y when y = 3f(t).
(ii) Write down the first value of t for which this maximum occurs.

[2]

(b) (i) Write down the minimum value of y when y = 5f(t + 30°).
(ii) Write down the first value of t for which this minimum occurs.

[2]

(c) Find, in terms of f(t), the combination of transformations that would map the graph
of y = f(t) onto the graph of y = 2 + sint, 0° < x < 180°.

[2]

Question 13

Let f(x) = 3x2 + 18x + 27.

(a) Write down the value of f(—3).
[1]

The function f can be written in the form of f(x) = a(x — h)? + k.
(b)Find the values of a, h and k.
[3]

The graph of g is obtained from the graph of f by a reflection in the x-axis followed by a

translation by the vector ( (1) )

(c) Find g (x), giving your answer in the form of g(x) = rx? + sx + t.

[4]

C) ﬂ({) = S 2E
f(ét) = Sivt
ﬁ(ét)Q ~ Q+Sint

[ }lt))rl

Py

a) svg v oe=-3
3(-3)* +1€(-3) +27

27 - 54 +27 = o

f(-3) =0
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Let f(x) = 3x% + 18x + 27.

(a) Write down the value of f(—3).

The function f can be written in the form of f(x) = a(x — h)? + k.

(b)Find the values of @,k and k.

The graph of g is obtained from the graph of f by a reflection in the x-axis followed by a

translation by the vector ( (1] )

(c) Find g(x), giving your answer in the form of g(x) = rx? + sx + t.

Let f(x) = 3x% + 18x + 27.

(a) Write down the value of f(—3).

The function f can be written in the form of f(x) = a(x — h)* + k.

(b)Find the values of @, h and k.

The graph of g is obtained from the graph of f by areflection in the x-axis followed by a
translation by the vector ( g )

(c) Find g(x), giving your answer in the form of g(x) = rx® + sx + t.

b) FACTORISE 3 FRom o€ TERMS

i fl)= 3(oc2+6x) +27

COMPLETE THE SOUARE on Xt +boc

f(x) = 3 [Coc+3)7-_32] +27
£(x) = 3[ee+3)*-497] +27

EXPAND AND SIMPLIFY INTe Fokm o (s-h)2+k

[lx): 3 (e +3317ﬁ%§
F(x)= 3(ox+3Y

b\=—3 k=0

[3]

[4]

a= 23

a (DC’.— h)l-)—k

oot - Qohoe +o ht+k

ALTERNATE M ETHOD Expanvp

a(oe-h)*+k =
compARE CoEFFICIENTS To 3oc +|8oc +27

aoct: 2t = | a=3

2ahx = 1Loc = -2(Dh=1¢ = | h=-3

ah*ele =27 = 3(R)*+k=27=k=0

-F09)
(1] TRANSLATION BY [ol—] D= f(x) +)
j(x)= =) )

j(ac): - [39:1 +18€oc +7_7) +1

¢) Rertection oF [(>X) v ¢ -Axis

[3]
= - 23— 18 -27 +)

3(3:):-39:1 - 18x -26
[4]
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Question 14

The graph of f is shown below. The points A(—2, 10) and B(4, —10) lie on the curve. (a) (\‘,) Tra-ns‘a‘bm ( | ) o) FQ“M bﬂ j'\oft.%Ov\bm\
y Stretd« OF f‘O\CL'Of ./2

U

A A(’La./ lO)

0] %
6(<,-10)
B (C{) Trms\ﬂ%:on QF (' 3 ) 0) ‘FONOUJQA bj fQFlQC‘D\cn i'\ H'\ﬁ
Y-axis
(a) Sketch the graph of: v
A(€e,10)
0 y=fQx-1),
(i) ¥=FE=2), )
Clearly indicate the new coordinates of the images of the points A and B. /
(7]
&(0,-10)
Question 15
Describe a sequence of transformations that map the graph of y = In x onto the graph of
- lhx =& Sa4bnflx+ l..)
y=5+In(ix+4) 2

(4]

Fx) — F(%_x+4)+ S

Trms\at:;o.n oF (‘Lt) fo“oueA Elj
S

horizonkal strebch OF factor 2

OoR
Horizontal stretch o facter 2

followed b\j branslabion (-3)
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Question 16

The function f is defined by

ax +1
x2—2x+1

ifx<7,

f(")={ if x> 7.

(a) Find the value of a such that the graph of f is continuous at x = 7.

(31
The graph of the function g is obtained by translating the graph of f by the vector (_11),
followed by a reflection in the x-axis.
(b) Find g(x).

[4]

The function f is defined by

ax+1
x2—2x+1

ifx<7,

f(x)={ if x> 7.

(a) Find the value of a such that the graph of f is continuousat x = 7.

a =95 (3]

The graph of the function ‘g is obtained by translating the graph of f by the vector (_11),
followed by a reflection in the x-axis.

(b) Find g(x).

4
(b) Translabion of f(x) by e

F(x) = f(x- i) -1 % Tix Bvmiation
5(1—!) +1 -1

LA
(-1 - 2(x-1) +1 -1

F(x—l)'i _ x<3

x>8

Sx—=9 x<8

fle-) ot -

x*-4x+3 x>8

(a) F(?) must have the same value for both packs
of the pecewise funchiom if b is to be continuous
at x=71

a(1)+) = (1) - 2(7) +

TJa = 35

a =95

Reflechion in the x-axis

Fle-)-1 = = (flx-1)-1)

S(x)= —(Sx—S) x<8
—(x1~qx+3) x>8

S-95x x<d

3(x)= _xz_._q“x_g x>8
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Question 17

Let f() =% and jgx) = 5. Rewribe S(x) so that x appears Jﬁujt i~ the

A&hovm;nﬂtor
Explain fully, the transformations of the graph of f to obtain the graph of g.

x4l =(x-2)+3
(5]

= x+| — (x-2)+3
xXx-2 x-2
= 2=2' + 3
x~2! o 2ok
x-2

= f(x) » 9()

4 - 4+ _3
X x -2

Translabion of (1) , then a stretdh with
(o]
SF=3 Ia ) direckion followed 53 a

Eranslabion ((l;))
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