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EXAM PAPERS PRACTICE

Polynomial Functions Mark Schemes

Question 1

Below is the graph of a function f(x) = ax® + bx? + cx + d, passing through the points

og) Points P, Q, and R tell us that -3, -2, and "I P
P(=3,0), Q(~2,0), RG,U) and S(2, 60).

rools of F(x) — thecefore (7“"3)_, (X“'L\, ond
y s ('Lx—- \) st be factoes,

y=fG) Foxy = pxe3)(x+2)(2x-1)

p(x"+ 5%+ 6)(2x-1)

o
=]
(=]
E]
=
"

n

p(2x7+9x + Tx-0)

(a) Find the values of a, b, cand d. Aad Fo;“t S tells v that $(2)=6GO

[4]
)
. f2)= p (2@ +9@"+ 1) -6) = 60
The function is translated vertically by the vector (k) so that it passes through the point
(3,190). = ©Op = GO = p=)
(b) Find the value of k. :> 'F(K) - /Z.xg*' Rk & P = fa

a=2 b=9 =717 d=-06

Below is the graph of a function f(x) = ax® + bx? + cx + d, passing through the points

(o] : . .
P(=3,0), Q(=2,0), R(%.O) and S(2,60). \D) (kj 15 o Vart1cm\ tronslmtnon Ly ‘( unils.

y w-coordinales are unu?%ecte_i.

F()= 23 +9@ + 10) - 6 = 150

P Q\ 0 R X
And F(?3)+k =190, so:

150 + k = 1490
(a) Find the values of a, b, cand d.
a=72 b=9 =7 d=-06

g k=40
The function is translated vertically by the vector (g) so that it passes through the point
(3,190).
(b) Find the value of k.
[2]

For more help, please visit www.exampaperspractice.co.uk


http://www.exampaperspractice.co.uk

=

EXAM PAPERS PRACTICE

Question 2

- - " — . ' o .
(a)}(::";zlilbtl}:l]tatll:lzseg?::lon 2x% + 4x —m = 0 has two real solutions, find the set of ) Two caal solulicns means The 4} veerminants 16

3fe_n.t£’_(‘ t\—\mn zevro.

1
(b) Given that the function f(x) = x? — 5x + 2c has repeated roots, find c. (l—f) -4 (')_) (— m) > 0

[2]

8m * 16 > O
() Given that the function g(x) = 2x2 + 2kx + @ = k) has no real roots, find the set of -

possible values of k.

B > -0
[4]
m>-727
Discriminant ~ A=5b" —4ac
i i 2 — = i . . .
[a]leex'lthattheequatmn 2x* + 4x —m = 0 has two real solutions, find the set of ‘0) Re‘ze.o-te_c] ceolE Eaemn t\«e_ A‘S’_”m.momt ts
possible values of m.

QCLUD\\ tO zevro.

(b) Given that the function f(x) = x? — 5x + 2¢ has repeated roots, find c. (_ 5) ¥ o Y ( |) (’)_ L) =0

[2]
25-8c =0

() Given that the function g(x) = 2x? + 2kx + (% - k) has no real roots, find the set of

possible values of k.

4] Sc: 25
- 25
%= g

Discriminant A=b"—4ac
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(a) Given that the equation 2x? + 4x —m = 0 has two real solutions, find the set of C) N o ram\ roots T -t\ﬂ_ A"suam;n&ﬂt g
possible values of m.
\ess Than zero.
[2]
. . 2 3
(b) Given that the function f(x) = x? — 5x + 2¢ has repeated roots, find c. (’2_k) it (’)_)(i—k) £ 0
[2] 2
Yk + 8k - 12 4 0

(c) Given that the function g(x) = 2x? + 2kx + @ = k) has no real roots, find the set of aQ
k'+2k-3 40

possible values of k.
[4] (k+3)(k-1) 4 O Foctorise
~—_
This 13 &Lum\ to zeco for k=-3 o k=1

To see where it's less than zere, o skalcl
con \.\a.\r:

r yekierk-d
]

v [y

Discriminant ~ A=4%—4ac -3< k<

Question 3

Let a function f be defined by f(x) = 2x® + 7x? — 3x — 18. _)
(1

2(-3)+ 13- 3(-3) - 18
-S4 + L3+ -8 = O

f(-3)

(i) Show that (x + 3) is a factor of f(x).

n

(ii) Hence factorise f (x) fully.

'F(‘3> = 0, 50 ‘:7 the 'Fo.t.tof theorem
[6] b(" 3) = (X - ('3)) 5 o J\:oc-tur oF "'.(X)

(iii) Write down all the solutions to 2x® + 7x? — 3x — 18 = 0.

Foctorise by inspaction, oc
7 " i
G F®) = (x+3)(2x™+ % - G) by vsing pelynemiol or

5rnILut i division

Then faclorise the

F) = (x+3) (2x-3)(x+2) qedratic focter

p|w

(\]l) X="3,"1, or
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Question 4

(a) Factorise fully 6x* +x* — 12x + 5.

(b) f(x) = ax®+ (5a—2)x? + (4a + 2)x — 2a
(i) Given that (x + 3) is a factor of f(x), find a.

(ii) Hence factorise f(x) fully.

(a) Factorise fully 6x* +x% — 12x + 5.

(b) f(x) = ax®+ (5a — 2)x? + (4a + 2)x — 2a
(i) Given that (x + 3) is a factor of f(x), find a.

(ii) Hence factorise f (x) fully.

o.) Nole thal The sum of the coetfienls is zero,
B \ G*\=-12+S=0. This meons thaot

.e.

I 15 & cool of Gx°* x"-12x*+5= 0.
9 a
(9(') *(') —l'Z_(l)"S = O, t"‘ﬂ"e%ar& (’("\) '\5 o
7 faclor oFf Gx+ x*~12%x +5 by the factor thesrem

. X . Foctorise L7 ‘mapla'tloﬂ,
badt xt =120+ 5 = (3o 1 e s Tx=5) or by wriny plpanmial

ar syntlatic division

= (x- 1) (3x+ 5)(2a- 1) | Th T e

B) () Tf (x+3) s o foctor, then by The Factor

. Hheoram we know thot §(-3)= 0 :
a-3) * (5a-2)(3) ¢ (Ha*2)(-3) - 20 = O
S27at%Sa-18-120-6-20= 0O

. Ya-24=0 = |a=0

OGx>+28x*+ 2% - 12

n

() = §)
Foctorise LT 'ms‘:l.r.t:u-\,
s 3)((”1 +10x - W) oc by using pelynemial

or synlhetic divisien

2 (x+3)(3x*+ 5x-2)

Tlen Foaclorise the

{-‘ (x) = 2 (x + 3)(’3x = \)(7“ 7-) quadeatic foctae
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Question 5

Consider the polynomial g(x) = 3x° — 25x* + 72x% — 72x? — 16x + 48.
(a) Show that 2 is a root of g(x).

[2]

(b) Given that 2 is a root of g(x) with multiplicity 3, factorise g(x) fully and hence state
the other two roots.

(5]

Consider the polynomial g(x) = 3x° — 25x* + 72x% — 72x? — 16x + 48.

(a) Show that 2 is a root of g(x).

(b) Given that 2 is a root of g (x) with multiplicity 3, factorise g (x) fully and hence state
the other two roots.

This means that (x-2)° s o 5]
'Fa.;tor af 3(1)

"

a) | 92) 3(2)° - 25(2) +12(2)’- 12 (2)* - 16(2) + 48

n

96 - 400 +STL-2383-232+ 43

120- 720 = O

"

3(7_): Ol 50 2 .\5 o \'ODt of 5()()

b) (x-2)" = (x-2)(x-2)(x-2)
(" -x+ 4 ) (x-2)

xjdtvxl*\’)_x—g

Foc‘tor‘-sc.l \n7 'm:reatinm,
ac \77 using rn\,ng.—\:m\

or syniletic divisien

So gl = (x*- bx* ¢ 120 - 8)(3x" - Tx - &) o

Then foclorise the

=(x3-(ax1+ \'2.x-8)(3x*1)(7<'3) geodvatis Fackoe

9(x) = (x- 7_)3 (3x + 2)(x-3)

i B
TLQ Ot\v\ﬁf roa'ts ace 3 o.-\A "E‘
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Question 6

Consider the function f(x) = 4x® + 6x% — 7x + 2. A
(l) 67 the (‘Qmm;r\Al\‘ Thescas The camsiader s

(i) Find the quotient and remainder when 4x* + 6x% — 7x + 2 is divided by 3 N
Gx=2). F)= 4(2) * 6@) - T(2)+ 2 = uy

(i) Hence write 4x* + 6x? — 7x + 2 inthe form (x — 2)(ax? + bx + c) + d, where
a, b, c and d are constants to be determined.

So F(x)= Ux’+lbox-Tx -2 * 44
\__V._J

(q...a}qala_r

(5]
(x-2) times :Luot'\nnt

actocise b
Yot e xt-Tu - W2 = (- 2)(ad + ks 21) o M

‘ms‘:a.ctlu—\

.Luo‘tlznt

1oot;gnt = "§x1+ 4%+ 2\ rama;néqf = 44

(i)
Y2t - Tx - 42 = (x-2)(Ux* 4x+ 21) + 4Y

Nole : Folrno—.'.e.‘ division or Syﬂt\nlt;: division covld

alse be vsed Lo amswar this fest;orh

Question 7

The function f(x) = 2x% — 5x2 + ax + b has (2x + 3) as a factor, and when f (x) is

divided by (x — 2) the remainderis 7. ck) Tf 2x+3 = 1()&* %_) S 'Fo.ctn{'/ Ihen Lr the
(a) Show that a and b must satisfy the simultaneous equations: ?:}d’. or Theorem F(‘ %) =0
2a+b=11 7_(_}_)3,5(_1 L (-1)+)°- o
3a—2b=-36 z z Gl T i
-
(5] —i—q—%-%a»f\,:o

(b) Hence find a and b.
[2]
T_‘F ‘F()()'E‘(X")_) Lms Few\o:néq_r _" t\ﬁqu Ly t\-uz,
camainder theorem ‘F(’L) =7

2(2)°-5(2) va(2)* b = 1
1 - 20 + Lo+ L =77

2oa+b-Y=T = 2a+b =1\
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The function f(x) = 2x% — 5x? + ax + b has (2x + 3) as a factor, and when £ (x) is
divided by (x — 2) the remainderis 7.

(a) Show that a and b must satisfy the simultaneous equations:

2a+b=11 @
3a-2b=-36 (2

[5]
(b) Hence find a and b.
[2]
Question 8
Given that 3 + 2i is one of the roots of the equation x> — 3x% — 5x + 39 = 0, find the
other two roots.
[5]

b) 2:@  Ya+2b =22
@ +(3a- 2k =-26)
To = =14 =y a=-72

sebslitufe valve For o tate @
2(-2)*b = 1l => p=15

oa=-72 %

15

: Complax roots of polynemials
3-21 is ancther ool always ocevs in complax
Caﬂjuj&te \mirs.

TL\Z‘E{O‘“Q (X' (3+1‘))(X'(3‘1})) s o fo.t.tur n‘?
x’-3x"-5x + 39,

(x- (3+2))(x- (3-20))

xP- (3v2 4 3-2)x ¢ (3+23)(3-20)
—

2 & . 2
x - x + 13 2961 ¥ Gy =3

=> x*-3x*-5x+39 = (x*-6x+13)(x+3)
e

You should Le abla 1o §iad
This facter by ansfzdlm.

-3 s the t‘n:fa roat
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Question 9

(a) For each of the following polynomials, find the sum of the roots and the product of the n
roots. . P loct V-2 o 2
a) ()| sum = q f“ vel = q = S
B f)=9x*+7x>*—3x+2
(i) gx)=7x%—x*+2x>+x2—5x+ 14
(iii) h(x) = 2x® — 5x% — 3x
- ) \ (4)5.\4
(iv) jx) = =3x* +2x* +5x - 3 (W) [ sum=—5=7 froéut e Y ]
[5]
(b) Consider the equation 6x° — (4a)x? — (a + 2)x = 0. S0 Barr—tha casitalil
Given that the sum of the roots is %, find the three roots of the equation.
3
[5] -(-5) _ © (-n-0
(iii) Sum = 2~ T ?roc\uc't ® =55 0

og= 0 here — be careful !

[ :
-0 V- 63)
(iv) sum = FA_)' =0 ?rocl\.m't = -1 =1

Sum & product of the
roots of polynomial
equations of the form - -1)'a
9 sumis —%=L: productis ('
a

.
Yax =0 "
r=0

n
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(a) For each of the following polynomials, find the sum of the roots and the product of the

= —“ka.) 2o ] Use Suwm af rnots
roots. b) -—————'((p = ) = = = a=4 formula to find &
) fG)=9x*+7x*—3x+2
(i) g(x) =7x%—x*+2x% +x2 —5x + 14
) gx x x X x X (jx3-\(_°x"_(ox:0
(iii) h(x) = 2x3 — 5x% — 3x
(iv) j(x) = =3x*+2x2+5x -3 3x°-8x"-3x =0

5] X(3x1'3X'3):O

(b) Consider the equation 6x° — (4a)x? — (a + 2)x = 0. " (3 o x ) ( x- 3 ) =0

Given that the sum of the roots is %, find the three roots of the equation.

|
x=0,-73,3

)

Note that O+ (-3)*3 =% as axpected

Sum & product of the
roots of polynomial

equations of the form - -1
9 Sumis —%=L: productis ()4
3 r a, a,

Za,x =0
r=0

Question 10

For the function f(x) = ax* + bx® — x2 — 24x — (5b + 1), thesumoftherootsis% Use sum .| ‘)\’oAuLt {arnu\aﬁ y ¥2n4 gimu | Lanesus
and the product of the roots is —18. Find the values of a and b.

Eiuo-t;or\s in o o.nA \:"

-b
(=9

-7
= => Ta-2b:=0 @

0 Cben) | sead |
- a« -

18 =) 18a-Sb=1 @

7—"@ 36!\ = ‘Ob = ?_ Or _snl-vz
_5‘® _(35“_\0\: - O) u52«3 &DC
a=727 = b=T1

a=72 b=1

Sum & product of the
roots of polynomial

equations of the form = —1Y)
q Sumis —%r-L product is (1) 4
9 r a, a,
Zarx =0

r=0
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Question 11

The function f (x) = (x — 3)(x? + 3x — 4)(ax? + bx + c) has three real and two complex &)
roots.

xTt3x -4 = (x-1)(x+ \-})) so
(a) Find the three real roots. 'F(’() - (X' 3)(,‘__ l)(x*— L*)(mx1+ bx + c)
(2]

A : 3 .
Itis given for f(x) that the sum of the roots is -3 and the product of the roots is —60. T"‘Q ce m\ root s ace 3 , \ , on A - 4.

(b) Find the two complex roots, giving your answers in exact form.

(c) Given that f(2) = —144, find the values of @, b and c.

The function £ (x) = (x = 3)(x? + 3x — 4)(ax? + bx + ) has three real and two complex L,) Let the twe woails X o Maki e b 8 and B.
roots.
) Then
(a) Find the three real roots. ”
3,\,“‘&—“\. 3+\+('L’)+’L+ﬁ:'2 => d“'ﬁ:—%ﬁ)
[2]
o.f\A

It is given for f(x) that the sum of the roots is——g and the product of the roots is —60. 5
(DO () = -60 => ap=5 = - @

(b) Find the two complex roots, giving your answers in exact form.

(5] Substitote @ inte @ :
(c) Given that f(2) = —144, find the values of @, b and c. => A+ é_ = - % =5 ,L'*'L +3.+10=0
[4]
- . -3t [t -w@0) | 4, AT
&~ 'L(?—) Y 7 ¢ b

If we choose the 'P‘usl version of thol for &, then we 3zt

. = b+ / 2_4 . .
gghu;{(i)ol']:ofﬂquﬂdrﬂtlc ax’ +bx+c=0 = x:—b ; = ,a#0 — the ‘minvs’ version for B (a»cl vice VQrsa}A Thwis s
a

exfe:tecl, as A ond ﬁ must be o Lomr\ex .:onjujoig rm\r.

—‘3—""[?.\ om(l —%—-J_::_'\
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The function f(x) = (x — 3)(x? + 3x — 4)(ax? + bx + ¢) has three real and two complex
roots.

(a) Find the three real roots. 31, and -4

Itis given for f(x) that the sum of the roots is —% and the product of the roots is —60.

(b) Find the two complex roots, giving your answers in exact form.

Ll G

(c) Given that f(2) = —144, find the values of @, b and c.

Question 12

a and 8 are non-real roots of the equation x? + 3kx + 2k + 1 =0, where k>0 isa
constant.

(a) Find a + B and af, in terms of k.

(b) Given that @* + 8% = 3, show that (@ + f8)* =4k +5.

(c) Hence find the value of k.

Sum & product of the
roots of polynomial

equations of the form — -1)"q
o Sumis =l product is (=) @
S a, a,
Za‘,x =0

r=0

2
¢) ax +bx +c

o(x*+ 2 x s %)

=a (- CF T (- 03 F)) M

Expond brackels and simplify

<
, & =5

f@) = (2-3) @'+ 3(1)-%)(a.((1)1+ 91-(1%5)) = - 14y

= ()(6)(12a) = - 724 = -4y

= a=12

[N
n

= S-%, %°5
b=3 =10

A) USQ Suwn an(\ ‘JruAu(t J raots %ge«\vko‘qz
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« and B are non-real roots of the equation x? + 3kx + 2k + 1 = 0, where k > 0 isa
constant.

\a) (o<+[3)1=akl+’la§+ g"

(a) Find a + B and af, in terms of k.

A =-3k LB = 2k = 2(«p) + (a4 p")
[2]
= 2(2k+1) 3
(b) Given that a? + 82 = 3, show that (e + 8 )? = 4k + 5.
= Yk+ 2~
[2] 3
(c) Hence find the value of k. =4k +5

a and § are non-real roots of the equation x? + 3kx + 2k + 1 =0, where k>0 isa
constant.

C) Combine results Feom rorts (0) omd (b):

(a) Find a + B and af, in terms of k. T ﬁ B d? S ERR (d‘} ﬁ)l e v E

=> N
(b) Given that a® + 2 = 3, show that (a + f ) = 4k + 5. — (_ 3‘() = HkeS
=> 9k -4k-5=0

(c) Hence find the value of k.

(3] => (9k+5)(k-1)= 0 Feclecise

For more help, please visit www.exampaperspractice.co.uk
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Question 13
Consider the function f(x) = kx® + 3x% + 11x + 3k, where k is a constant. a) If (7_,(_ ') s o &)Ltorl then “’)’ tLq $m(t“_

Itis given that (2x — 1) is a factor of f(x). theorem we know that F(x)=0:

Nax-1=20 = x=%
(a) Find the value of k. 4 *
[2] 3 2 .
k() *+3(x) +1(x)*3k=0
(b) Fully factorise f(x).
| k) |
—k + =+ — +3k=0
3] 4 S
(c) Hence sketch the graph of y = f(x). Clearly label the coordinates of any points where ks b+t 24k=0
the graph intersects the coordinate axes.
25k +50=0
[3]
Consider the function f(x) = kx® + 3x% + 11x + 3k, where k is a constant, :
kS
\3) “2x 4 3xP k-6 = (2x- 1)(04\ T c.)
Itis given that (2x — 1) is a factor of f(x).
(a) Find the value of k. = k = - 2.
= Lax’+ (2\:'5-))(1 v (2c- \s)x =g
[2]
(b) Fully factorise f(x). =7 az -1 b=, =6
[3]
Foy @ (e Oat s x00)
(c) Hence sketch the graph of y = f(x). Clearly label the coordinates of any points where
the graph intersects the coordinate axes. = - (2x-1 )(xi g/ )

[3]

fx) = -(2x-1)(x-3)(x+2)

Note i You ¢ould alse use Ye\r«nm‘lo\\ division

To Find the -x*+x+6 faclor.
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- 3 =
Consider the function f(x) = kx® + 3x% + 11x + 3k, where k is a constant. c) ‘F(x) = -2x"+ 35 4 k-6 = - (2x- ‘)("'3)(’“7—)

Itis given that (2x — 1) is a factor of f(x).

= X-\nter(efts ol %= _\{43 dad &2

(a) Find the value of k. = |c = - 2.

2] = y- 'mtert.o.ft o1 y* {(0) =-0
(b) Fully factorise f(x). | f (x) = - (22~ 1)(x-3)(x+ 2) The -2x° teem tells us thal Fix) will be:
[3] \‘""jl and fositlvz when x is lmrjt and neja.thz
. . ‘Arjg anJ ngDA'tive when % s lan‘ja o.v\A ?nsi't;vq
(c) Hence sketch the graph of y = f(x). Clearly label the coordinates of any points where

the graph intersects the coordinate axes.

[3]
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