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Vector functions

Some physical quantities are entirely defined by a numerical value

and are called scalar quantities or scalars. Examples of scalars include time, mass,
temperature, energy and volume. Other physical quantities are defined by both a
numerical value and a direction in space and these are called vector quantities or
vectors. Examples of vectors include force, velocity, moment and displacement.

Vector addition

A vector may be represented by a straight line, the length of line being directly
proportional to the magnitude of the quantity and the direction of the line being in the
same direction as the line of action of the quantity. An arrow is used to denote the
sense of the vector, that is, for a horizontal vector, say, whether it acts from left to
right or vice-versa. Figure 1 shows a velocity of 20 m/s at an angle of 45- to the
horizontal and may be depicted by oa=20 m/s at 45- to the horizontal.

a

20 m/s

(Obtained from J. O. Bird 2017) EXAM PAPERS PRACTICE




To distinguish between vector and scalar quantities, various ways b lEDlLiciegOl

are used. These include: (i) two capital letters with an arrow above —

them to denote the sense of direction, e.g. A_é where A is the starting point and B the
end point of the vector, (ii) a line over the top or letters AR or &

(iii) letters with an arrow above, e.g 7 A

(iv) xi+jy, where | and j are axes at right-angles to each other; for example, 3i+4j
means 3 units in the i direction and 4 units in the j direction, as shown in Fig 2
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2 i
Fig 2 (Obtained from J. O. Bird 2017)

- s ol i
(vil) a column matrix ( b ); for example, the vector

OA shown 1n Fig. 21.2 could be represented FEI

3
by (4) , EXAM PAPERS PRACTICE
—~> = : . :
Thus, in Fig.2 OA=0A=0A=3i+4 = (4>



The resultant of adding two vectors together, say V1 at an angle 61
and V2 at angle (—62), as shown in Fig. 3a, can be obtained by
drawing oa to represent V1 and then drawing ar to represent V2. The resultant of V1
+V2 is given by or. This is shown in Fig. 3b, the vector equation being oa+ar=or.
This is called the ‘nose-to-tail’ method of vector addition.

(a) (b)
Fig 3. (Obtained from J. O. Bird 2017)
Alternatively, by drawing lines parallel to V7 and V2 from the noses of V2 and V7,
respectively, and letting the point of intersection of these parallel lines be R, gives
OR as the magnitude and direction of the resultant of adding V7 and V2, as shown in
Fig.3c. This is called the ‘parallelogram’ method of vector addition.
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Problem 1. Aforce of 4N is inclined at an angle of 45- to a second IR\ LITE Regal
force of 7 N, both forces acting at a point. Find the magnitude of N EoucaTon
the resultant of these two forces and the direction of the resultant with respect

to the 7N force by both the ‘triangle’ and the ‘parallelogram’ methods?

Solution: Scale in Newtons
0.2, 5.9

o 45°
e

Fig 4 (J. O. Bird 2017)

Using the ‘nose-to-tail’ method, a line 7 units long is drawn horizontally to give
vector oa in Fig 4(b). To the nose of this vector ar is drawn 4 units long at an angle of
45- to oa. The resultant of vector addition is or and by measurement is 10.2 units
long and at an angle of 16- to the 7N force.

Fig 4c uses the ‘parallelogram’ method in which lines are drawn parallel to the 7N
and 4N forces from the noses of the 4N and 7N forces, respectively. These intersect
at R. Vector OR gives the magnitude and direction of the resultant of vector addition
and as obtained by the ‘nose-to-tail’method is 10.2 units long at an angle of 16- to
the 7N force.



Resolution of vectors

A vector can be resolved into two component parts such that the
vector addition of the component parts is equal to the original
vector. The two components usually taken are a horizontal component and a vertical

component. For the vector shown as F in Fig. 5, the horizontal component is F cos 6 and
the vertical component is F sin 6.

}
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FsinO

Fig 5 (Obtained from J. O. Bird 2017)

—3»-
Fcoso V‘

For the vectors F1 and F2 shown in Fig. 6, the
horizontal component of vector addition is:

H = F|cosf@; + F>cos b

-
the vertical component of vector addition is: &
Ty

F» sin 0o

V = F;sin6; + F>sin6,

| .
F EI Fig 6 . . ke
F2c0s 62
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Having obtained H and V, the magnitude of the

resultant vector R is given by /(H? + V?2) and its
angle to the horizontal is given by tan™!(V/H).

EDUCATION

Problem 2. Resolve the acceleration vector of 17 m/s2 at an angle of 120- to the
horizontal into a horizontal and a vertical component?

Solution:
+V
Using Fig7, for a vector A at angle 6 to the horizontal,
the horizontal component is given by A cos 6 and the
vertical component by A sin 6. Any convention of signs
may be adopted, in this case horizontally from left to -
right is taken as positive and vertically upwards is “H

17 m/s?

14.72 m/s?

g 2
taken as positive. 8.50 m/s

Horizontal component:

H =17 cos 120> =—8.5 m/s2,

acting from left to right Vertical component:
V =17 sin 120~ =14.72m/s2, acting vertically upwards. =¥

Fig 7 (J. O. Bird 2017)
]
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Problem 3. Calculate the resultant force of the two forces
given in Problem 17
Solution:

ZED\ LI TE Regal

~
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H = 7cos0°4+4 cos45° = 7+2.828 = 9.828 N
Vertical component of force,
V =7sin0°+45sin45° = 042.828 = 2.828 N
The magnitude of the resultant of vector addition
= V(H? + V2) = /(9.8282 + 2.8282)
= /(104.59) = 10.23N

The direction of the resultant of vector addition

a4V g f 2:828 "
= tan — | ‘= tan ——— | =16.05
H 9.828
Thus, the resultant of the two forces is a single
vector of 10.23 N at 16.05° to the 7 N vector.



Vector subtraction

In Fig. 21.11, a force vector F is represented by oa.

The vector (—oa) can be obtained by drawing a vector from o in
the opposite sense to oa but having the same magnitude, shown
as ob in Fig 8, i.e. ob=(—oa)

LITE Regal
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x=
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b

For two vectors acting at a point, as shown in Fig 9a, the resultant of vector addition
is os=oatob. Fig 9b shows vectors ob+(-oa), that is, ob-oa and the vector
equation is ob—oa=od. Comparing od in Fig 9b with the broken line ab in Fig 9a
shows that the second diagonal of the ‘parallelogram’ method of vector addition
gives the magnitude and direction of vector subtraction of oa from ob.

Fig 9




Problem 4. Accelerations of a1 =1.5 m/s2 at 90- and
a2 =2.6 m/s2 at 145- act at a point. Find a1 + a2 and
a1—az2 by (i) drawing a scale vector diagram and (ii) by calculation.

Solution:;

(i) Thescale vectordiagramisshowninFig. (jj) Resolving horizontally and vertically gives:

By measurement,
a1 +az = 3.7m/s* at 126°
ar —az = 2.1m/s* at 0°

1 2
1 1

Scale in m/s?

Horizontal component of ay + a3,

H=1.5¢c0s90°+2.6cos 145°=-2.13

Vertical component of ay + a3,

V =1.5sin90° 4 2.6 sin 145° =2.99

Magnitude of aj + a3 = v/(—2.132 + 2.992)
— 3.67 m/s*

2.99
Direction of = tan— 1]
irection of a1 + a» an (_2.13)

and must lie in the second quadrant since H 1is

negative and V is positive.

EXAM PAPERS PRACTICE



Solution:

2.99
Tan—l( ) — —54.53°, and for this to be ({29 TE Regal

=3 13 NPT eoucaTion

in the second quadrant, the true angle is 180°
displaced, i.e. 180° —54.53° or 125.47°.

Thus a; +a> =3.67 m/s2 at 125.47°.
Horizontal component of @y — a5, that is,
a; + (—az)
= 1.5¢c0s890° 4 2.6 cos (145° — 180°)
— 2.6¢05(—35°y=2.13

Vertical component of @y — a5, that is,

ay+ (—az)=1.5sin90° 4+ 2.6 sin (—35°) =0

Magnitude of a; —a; = V(2.132 4+ 02)
= 2.13 m/s?

0 ]
Direction of a; — a; = tan ™! (ﬁ) — F =l

2 5 EXAM PAPERS PRACTICE
Thus ay —a; =2.13m/s* at 0°.



Problem 5. Calculate the resultant of (i) v1 =v2 +v3 and
(i) v2 =v1 =v3 when v1 =22 units at 140-, v2 =40 units at 190- and
v3 =15 units at 290-.

+V
22
140°
190° s
-H +H
40 290°
15
Solution: _V

The horizontal component of vy — v2 + v3

= (22 cos 140°) — (40 cos 190°)
+ (15 c0s 290°)

) LITE Regal
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= (—16.85) — (—39.39) + (5.13)
= 27.67 units
[he vertical component of vy — vy + v3
= (22 sin 140°) — (40 sin 190°)
+ (155in290°)
= (14.14) — (—6.95) 4+ (—14.10)
= 6.99 units

[he magnitude of the resultant, R, which can
e represented by the mathematical symbol for
the modulus of” as |v; — vy + v3] is given by:

IR| = v/(27.67% + 6.992) = 28.54 units

The direction of the resultant, R, which can
be represented by the mathematical symbol
for ‘the argument of’ as arg (vi — vy +v3) is
given by:

6.99
arg R =tan™' [ —— ) = 14.18°
27.67

Thus vy — v + v3 =28.54 units at 14.18°.

) LITE Regal
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(11) The horizontal component of vy — vy — v3

) LITE Regal
= (40 cos 190°) — (22 cos 140°) WLLFY eoucation
— (15¢0s290°)
= (—39.39) — (—16.85) — (5.13)

= —27.67 units
The vertical component of vz — v; — v3

= (40 sin 190°) — (22 sin 140°)
— (15 51n 290°)

= (—6.95) — (14.14) — (—14.10) [ —6.99
Tan

—6.99 units —27.67
angle 1s 180° 4 14.18° =194.18°.

Thus vy — vy — v3 =28.54 units at 194.18°.

= 14.18°, hence the required

LetR=vy) —v] —v3

then |R| = v/[(=27.67)2 + (—6.99)2]
This result is as expected, since

= 28.54 units ‘
6.0 v =V —v3= —(v — V2 +3)
and arg R = tan™"' (_27' 67) and the vector 28.54 units at 194.18° i1s minus
' times the vector 28.54 units at 14.18°.
and must lie in the third quadrant since both H
and V are negative quantities. F = I

EXAM PAPERS PRACTICE
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Application of vectors in Mechanics and physics

Concept of Equilibrium-Concurrent
Force System:

For static equilibrium, the resultant
of the force system must be a null
vector.

R=Fi+F +F =0  EQ

3
Y Fix=Fix+Fy+F3,=0
=1

3
ZFII‘Y:F].Y'*‘FZ‘Y'*'F:;,Y = () Eq (2)
i=1

3
(Connor and Faraji 2012) EFI-; =F,+Fy.,+F;,=0
i=1
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Application of vectors in Mechanics and physics

Concept of Equilibrium: Non-concurrent Force System

For static equilibrium, Here the forces tend to rotate the body as well as
translate it. Static equilibrium requires the resultant force vector to vanish and,
in addition, the resultant moment vector about an arbitrary point to vanish

> > > —>
R=F|+F2+F3:0
I o
My = 0
3
Y Fix=0 )
i=1
3

(Connor and Faraji 2012)

(Connor and Faraji 2012)
i
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Application of vectors in Mechanics and physics

Example 1.2 Equilibrium equations
Given: The rigid body and force system shown in Fig. E1.2a. Forces A, Ay, and By

are unknown.

> <

40 kN
1.5m

200 kN

2m

Fig. E1.2a

Determine: The forces Ay, Ay, and By

(Connor and Faraji 2012)

LITE Regal
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Application of vectors in Mechanics and physics

Solution: We sum moments about A, and solve for By

S My = —40(1.5) — 200(2) + By(5) =0

By = 4+92 = By =92KkN |

Next, summing forces in the X and Y directions leads to (Fig. E1.2b)

Y Fi—t =A 4200 =0= A, = —200 = A, =200 kN —

Y FyIt=Ay+92-40=0= Ay = —52= Ay = 52kN |

A

EXAM PAPERS PRACTICE

(Connor and Faraji 2012)



The unit triad oa

In general, the unit vector for oa is, |0a|'
the oa being a vector and having both magnitude and direction
and |oa| being the magnitude of the vector only

One method of completely specifying the direction of a vector in space relative to
some reference point is to use three unit vectors, mutually at right angles to each
other, as shown in Fig 12 Such a system is called a unit triad

Fig 12 (J. O. Bird 2017)

A £

EXAM PAPERS PRACTICE

X K r .
In Fig. 13, one way to get from

o to ris to move x units along i to

point a, then y units in direction j to

get to b and finally z units in direction

k to get to r. The vector or is specified as:

or=xi+y| +zk




Problem 6. With reference to three axes drawn mutually at right ’ LITE Regal
angles, depict the vectors (i) op=4i+3j —2k and (ii) or=5i—-2j +2k. B coucation
Solution: The required vectors are depicted in Fig. 14, op
being shown in Fig. 14a and or in Fig 14b.

Fig 14

(Obtained from J. O. Bird 2017)
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The scalar product of two vectors LITE Regal

20 9) coucATION
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When vector oa is multiplied by a scalar quantity,
say k, the magnitude of the resultant vector will be
k times the magnitude of oa and its direction will
remain the same. Thus 2 X (5N at 20°) results in a
vector of magnitude 10 N at 20°.

One of the products of two vector quantities 1s
called the scalar or dot product of two vectors
and 1s defined as the product of their magnitudes
multiplied by the cosine of the angle between them.
The scalar product of oa and 0b 1s shown as oa « 0b.

For vectors oa =o0a at 01, and ob = ob at 6> where
6, > 01, the scalar product is: F EI

EXAM PAPERS PRACTICE

oa+ob = oa ob cos(6, —0)

Vq

For vectors v1 and v2 shown in Fig. 15, the scalar
product is: 0

VieVy = V|V CcOSH Fig 15



The angle between two vectors can be expressed in terms of the

vector constants as follows: Because a*b=a b cos 6, 4y )gg,. EDIl/El(ieggl
th g 40
cn COSU = [
ab (1)

Let a=ay+axj+ azk
and b=b1i—|—b2j—|—b3k

a*b = (aji +axj+ ask) < (byi + byj + bsk)
Multiplying out the brackets gives:

a*b = abisi + a\byiej + a\bzi-k
+ axbijei + arbrjej + arbzjok
+ azbik«i + azbrk+j + azbzk-k

However, the unit vectors i, j and k all have a
magnitude of 1 and i«i=(1)(1) cos 0° =1, i+j =
(1)(1)c0s90° =0,i«k = (1)(1)cos 90° =0 and sim-
ilarly jej = 1,j+k =0 and k<k = 1. Thus, only terms

containing i-i, jej or k+k in the expansion above
will not be zero. F B
Thus, the scalar product

EXAM PAPERS PRACTICE

asb = ajb) 4+ axby + azbs (2)



Both a and b in equation (1) can be expressed in terms of
al, b1, a2, b2, a3 and b3.

From the geometry of Fig. 16, the length of diagonal OP in terms of side lengths a, b
and ¢ can be obtained from Pythagoras’ theorem as follows:

l OP? = OB? + BP* and

i OB* = OA* + AB’

E ’ ° Thus, OP? = 0OA? 4+ AB? + BP?
i =a* +b* + ¢,

>

in terms of side lengths

of vector OP is given by:

Fig 16 ( J. O. Bird 2017)

OP = \/(a® + b2 + ¢2)

A

EXAM PAPERS PRACTICE

Thus, the length or modulus or magnitude or norm

(3)



Relating this result to the two vectors aji +ayj +

aszk and byi + Dy j + b3k, gives:

az\/(a%+a§+a§)

and b= /(b3 + 3 + b3)

That is, from equation (1),

aiby + axb, + aszbs

COSO =

\/(a% + a3 + a%)\/(b% + b3 + b3)

(Obtained from J. O. Bird 2017)

(4)

) LI TE Regal
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Problem 7. Find vector a joining points P and

Q where point P has co-ordinates (4, -1, 3) and point Q has
co-ordinates (2, 5, 0). Also, find |a|, the magnitude or norm of a?
Solution:

ZED\ LITE Regal
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Let O be the origin, 1.e. its co-ordinates are (0, 0, O
The position vector of P and Q are given by:

OP=4i —j+3kand 00 =2i+ 5
By the addition law of vectors OP + PQ = 0Q.
Hence a=PQ = 0Q —OP
1.E. a=PQ = (2i + 5) — (4i —j + 3k)
= =2+ 6 — 3k

From equation (3), the magnitude or norm of a,

la| = V(@ + b2 + c2)

= V22 + 62+ (=3)2] = V49 =7




Problem 8. If p=2i+j -k and g=i-3j +2k determine: ZIN\LITE Regal

\/g, Y4
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(1) peq (i) p+q
(iii) |p+q| (iv) |p|+lq]

Solution:

(1) From equation (2),

if p = ail +ay + azk
and q = bii + by + b3k
then  peq = a1by + ax2b> + azb3
When  p = 2i+4+j—k,
ai = 2, @.= 1 and a5=—1

and when ¢ = i — 3j + 2k,
by =1, b =—3and b3 =2
Hence p.q = (2)(1) + (1)(=3) + (—=D(2)
1. peq = -3
1) p+q=Qi+j—k)+ @ —3j +2k) FE

=3i—-2+k EXAM PAPERS PRACTICE



Solution:
(i) |p+q|=131—2j + k|

From equation (3),

LITE
BN LITE Regal
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P+ql=VI[R+(-22+11]=V14
(1v) From equation (3),
Pl = 12i +j — k|
=VI22+ 124+ (-1)21 =6
Similarly,
gl =1t = 35 + 2]
= V[12+ (=32 +22] = V14
Hence |p|+ |q| = V6 + /14 =6.191, correct FE

to 3 decimal places. EXAM PAPERS PRACTICE




Problem 9. Determine the angle between vectors oa and ob when
oa =1+ 2] — 3k
Solution: and ob =2i —j+ 4k.

An equation for cos @ 1s given in equation (4)
aiby + axbr + azbs
\/(a% +ai+ a%)\/(b% + b3 + b3)
Since oa =1+ 2j — 3k,
a; = 1,ap =2 and a3 = =3

Cosf =

Since ob = 2i —j + 4k,
b =2.b» = —land bz =4

Thus,
e UIXDHCx—D+(=3x4)
V(12422 4 (=3)2),/(22 + (—1)2 4+ 42)
—12
— = —(0.6999
AV 144/21

1.e. & = 134.4° or 225.6°.

-\ LI TE Regal
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Vector products

A second product of two vectors is called the vector or cross product

and is defined in terms of its modulus and the magnitudes of the

two vectors and the sine of the angle between them. The vector product of vectors
oa and ob is written as oa x ob and is defined by:

oa X ob| =o0a ob sin 6

where 6 is the angle between the two vectors. The direction of oa x ob is
perpendicular to both oa and ob, as shown in Fig 17

S b

A

oax ob b
Fig 17 a
(J. O. Bird 2017)

o) 6 ob x oa

a A\V) FE

(a) (b) EXAM PAPERS PRACTICE
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The vector product of two vectors may be expressed
in terms of the unit vectors. Let two vectors, a and
b, be such that:

a = ai + ayj + azk and
b =Dbii+ by + b3k
Then,
axb= (aji+ayj+ azk) x (byi + brj + b3k)
=a1byi xXi+aiby xj
+a1b3i X k+ axbyj x i+ axbrj xj
+arbyj X k+ azb1k x i1+ azbrk xj

+ashsk x k F’E

EXAM PAPERS PRACTICE
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But by the definition of a vector product,

iXj=k, jxk=iandk xi=j
Alsoixi=j xj=k xk=(1)(1)smn0*>=0.
Remembering thata x b = —b x a gives:
axb=abk—abyj—abik + aybzi
+azby j — azbot
Grouping the i, j and k terms together, gives:
axb = (axb3 — azby)i + (a3by — a1b3)j
+ (a1by — axby)k

A

EXAM PAPERS PRACTICE



The vector product can be written in determinant

form as:

where

&)

-\ LI TE Regal
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a;
b b F EI
EXAM PAPERS PRACTICE
Note:
la x b| = v/[(a-a)(b+b) — (a+b)?]

[ k
axb=|a a a3
by by bj
A k
The 3 x 3 determinant (a1 a> a3| 1s evaluated as:
by by bs
ay djy .| dl dj3
by by |77 b1 b |+"
Zi Zz = axbz — azby,
Zl Zz = a1b3y — azby and
ay a
bi bi =ai1by —ayb




Problem 10. Problem 7. For the vectors a=i+4j —2k and b=2i—j +3k find zmx
G LITE Regal
axband |axb]|? N2 coucation

-

(1) From equation (9),

L i ik
axb=|a a a3
by by bs
__.|42 az .41 a3 a»
=tb, by| by bs|tE b] b,
Hence
Pk (p
axb=|1 4 =2
2 =1 3 (b) (2r
. 4 =2 1 =2
-1 3|72 3
1 4
+k'2 _1|

— {l2— DL L R —-T—8) FEI

= 10i - 7j — 9k Hence EXAM PAPERS PRACTICE



Solution:;

(11) From equation (7)

@ x b| = /[(@-a)(b+b) — (a+b)?]
Now aca=(1)(1)+ 4 x4)+(-2)(-2)

=21
beb =(2)2)+ (=D(=1) +(3)3)
=14
and a-b =(1)2)+ 4)(—1)+ (—2)(3)
= —8
Thus |a x b| = /(21 x 14 — 64)
= /230 = 15.17

LITE
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Problem 11. Find the moment and the magnitude of the moment
of a force of (i+2j —3k) newtons about point B having co-ordinates
(0, 1, 1), when the force acts on a line through A whose co-ordinate are (1, 3, 4)?

LITE Regal

7475
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The moment M about point B of a force vector F
which has a position vector of r from A is given by:

M=rxF

Solution: . _
r is the vector from Bto A.1.e.r=BA.

But BA=BO+ OA =0A — OB (see Problem 8,
Chapter 21), that is:

r=0G+31+4k)—( 1+ k)
=i+2j+ 3k
Moment,

M=rxF=0+2+3k)x(@+2 — 3k)

ik
] 3 3
1 2 -3

=3(—6—=6) —j(—3 —3)
50 —=9)
= —12i + 6/ Nm



The magnitude of M, EY) LI TE Regal
NNFJ EDUCATION
M| = |r x F|

= VI(r+r)(F+F) = (r-F)?]
rer = (1)(1)+(2)2)+3)(3) =14
FF =(1)()+2)2)+(=3)(—-3)= 14
reF = (1)(1) + (2)(2) + (3)(—3) = —4
M| = /[14 x 14 — (—4)2]
= +/180Nm = 13.42Nm

o

EXAM PAPERS PRACTICE



Vector equation of a line I\ LITE Regal
\A127

In fig 18 If r=a+ AP and AP =Ab, where A is a scalar quantity Hence LY FOUCATION
r=a+A b

\7

If, say, r=xi + yj + zk, a = ayi + ayj + azk and
b = b1i + byj + b3k, then from equation (8),

xt +yj + zk = (a1t + ayj + azk)
+ X(b1i + byj + bzk)

Hence x =aj + Ab1,y=az + Abs and z=as3 + Abs.
Solving for A gives:

Fig 18
x —ir —d —d

S i (9)

by b b3

-

Equation (9) 1s the standard Cartesian form for the

vector equation of a straight line.
]
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Problem 11. (a) Determine the vector equa- (b) Find the point on the line corresponding to

tion of the line through the point with position A =3 in the resulting equation of part (a).
vector 2i 4 3j — k which 1s parallel to the vector
i —2i+3k. (c) Express the vector equation of the line in

(a) From equation (8), standard Cartesian form.

r=a+ b
ie. r=02i+3—k)+r(i—2j+3k)
or r=Q2+A)i+B@-21y+Br-1k
which is the vector equation of the line.
(b) WhenA=3, r=>5i—3j+8k.

(¢) From equation (9),

X—a_y-@ _z1-6 _,
by — by by

Since a =2+ 3j —k, thena; = 2,
a» =3 and a3 = —1 and
b=i—2+ 3k, then

by =1,bp = —2and b3 =3

Hence, the Cartesian equations are:

x—2_y—3_z—(—1')_)L
I 2 8 E:EQI
3=y z+1

ie. x—2 EXAM PAPERS PRACTICE
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