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Integral calculus

The process of integration reverses the process of differentiation.
In differentiation, if f (x)= 2x2 then f’(x) =4x. Thus the integral of 4x is 2x2
i.e. integration is the process of moving fromf’(x) to f(x)- Hence:

In integration the variable of integration is shown by adding d (the variable)
after the function to be integrated

Thus / 4x dx means ‘the integral of 4x (J. O. Bird 2017)
with respect to x’

n

the differential coefficient of 2x2+7 is also 4x. To allow for the possible
presence of a constant, whenever the process of integration is performed, a

constant ‘¢’ is added to the result.
=]
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Thus /4xdx:2x2—|—c



The general solution of integrals of the form ax" I LITE Regal
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The general solution of integrals of the form [ ax"dx,
where a and n are constants 1s given by:

axn+1
/ax"dx: +c
n+1
Using this rule gives:
, A 34 3 5
(1) /3x dx = A1 +C=§x +c (J. O. Bird 2017)
5 2x—2t]
1 —dx= | 2x “dx= C
i) o= | =+
2x~ ! -2
= +c=—+c¢, and
—1 X
| 3
1 x2t! x2
(111) /ﬁdx:/xZ dx = T —I—CzT—I-C FEI
__|_1 —
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When a sum of several terms is integrated the result is the sum of o
. a2 LITE Regal
the integrals of the separate terms. For example: MNATY coucation

/(3x+2x2 — 5)dx

_ /3xdx n /szdx B /de (Obtained from J. O. Bird 2017)

3x? 2P
=5t 5 - S+ \\ MMM
2 3 Integration is the reverse process differentiation
4] the standard integrals listed in below table
(1) /ax” dx = +c . ]
n+1 (v1) cosec ax cotaxdx = —— cosecax + ¢
(except whenn=—1) | &
(vi1) /sec axtanaxdx = —secax +c¢
. : a
(11) [ cosaxdx= —sinax +c |
da - -
| (viii) /ew‘ dx = - e +c
(111) /sin axdx=——cosax+c
a

1
(1X) /—dx: Inx+c
1

|
(1v) /seczaxdx:;tanax+c FEI

|
(V) / cosec? axdx = —— cotax + ¢ EXAM PAPERS PRACTICE
- a
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Problem 1. Determine / (4 -+ 7x — 6x2 dx 27 EDlliloFieggl

o<

2+1

Solution: 3\ x!+l X
=4 =~ 6
- x+(7)1+1 o m v e
3% 22 i \ .
— 4x + 7 5 (6)§ +c (Obtained from J. O. Bird 2017)

Problem 2. Determine /(1 . [)2 dt

Solution:

—

f(1—2t+t2)dt

l'_
l1+1 241

+c

212 1
[——+ 5 +C¢C

2 3 FE
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Problem 3. Determine (a b —5 20N
ne® [3/xdx @ [ = @)
Solution (a): 9\/t_3
|
1 3x2 1
3X2d)€:1 IC:Z x3+C
—+1
2

: e
S\t 4 fe 5\ /4 t% N EXAM PAPERS PRACTICE
U 9)T 779/ .

(Obtained from J. O. Bird 2017)



Problem 4. Determine (@) f4 cos3xdx (b) f5 sin 26 df
Solution: (a) From Table 37.1(i1),

|
f4cos Ay = (4)(§> sin 3x + ¢

LITE
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4'3+
= —sin3x +c¢
3

(b) From Table 37.1(111),

1
—> fs sin 20d6 = (5) (—5) c0s 26 + ¢

5
— ——c0s 20 +c

2
F=
(Obtained from J. O. Bird 2017)

EXAM PAPERS PRACTICE



LITE Regal

EDUCATION

Problem 5. Determine (a) /5e3xdx (b)/ e‘”
(a) From Table 37.1(viii),

Solution:

1 5
f563xdx:(5) —Je¥ b= — 8 4e

3 3

9 1
(b) /3 4[dt—/ ~Hdr = (3)(—2) e ¥ +c
1 1
_ —4 _
=-—ze g — pri

2m? + 1
Problem 6. Determine (a) / dx (b) / dm

Solution: (a)/ dx — /( )(1) =—lnx+c .
x (J. O. Bird 2017)

(from Table 37.1(ix))
2
mm) © /()
m

[Cr3)e
[ (2 am FE
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2m
T—I—lnm—l—c



Definite integrals

Integrals containing an arbitrary constant c in their results are
called indefinite integrals since their precise value cannot be
determined without further information. Definite integrals are those in which

LITE Regal
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limits are applied. If an expression is written as [x]Z :
‘b’ 1s called the upper limit and ‘a’ the lower limit.
The operation of applying the limits is defined as

[x];, = (b) — (a).
The increase in the value of the integral x* as x

increases from 1 to 3 1s written as f | x2 dx.

Applying the limits gives:

/3 , 3 3 33 13 FEI
Y idi= | = +l| =l 538 — = 18
I 3 1 3 3 EXAM PAPERS PRACTICE
O+0) (2 +c)=82
B
(Obtained from J. O. Bird 2017)
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Problem 7. Determine / 3 sin 2x dx &Y coucaton
Solution: 0
- 1 7 3 7
= (3)(——) COS 2x:| = [—— COS 2x]
_ 2 0 0
3 T 3
— ——cosZ(—) — { ——=cos 2(0)
2 2 2
— 3 3
= {——cosSmTy —3——cos(
2 2
3 (— 1) 3 ) 3 3 3
— { ——| — — — — — —
2 2 2 2

(Obtained from J. O. Bird 2017)

g'gsigmg'g LITE Regal



Algebraic substitutions

With algebraic substitutions, the substitution usually made is to let
u be equal to f(x) such that f(u)du is a standard integral.
It is found that integrals of the forms,

"G

/ [FCOT'f'(0) dx and k / L

(where k and n are constants) can both be integrated by substituting u for f (x).

LITE Regal
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Problem 8. Determine f cos(3x +7)dx
Solution: [Cos(3x +7)dx isnota standard integral

Let u=3x+7 then % =3 and rearranging gives

du
ar— e Hence,

1
/cos(3x+7)dx=/(cosu)—:/Ecosudu

which 1s a standard integral

|
=§sinu+c FEI

Rewriting u as (3x + 7) gives: EXAM PAPERS PRACTICE

1
/ cos(3x +7)dx = 3 sin(3x +7) +c,
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Problem 9. Find | (2x — 5)7 dx

Solution: it vk
Letu=2x—5)then — =2 and dx = —
et i ={2x ) then an >

Hence

Rewriting u as (2x —5) gives:

/(2x—5)7dx=%(2x—5)8+c

FEI (J. O. Bird 2017)
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Problem 10. Find / m dx

Solution: du du
Letu=(05x—3)then —=S5anddx=—
dx 5
Hence
4 4d 4 1
— [as o= [1%=2 [ a
(5x — 3) w5 5 u

4 4
— glnu+c: gln(Sx—3)+c

Problem 11. Evaluate fol 201 dx

du du

Letu=6x—1then — =6 anddx= —

\ dx 6
Solution: Hence

/266x1dx /Ze—_ /edu
3 3

Thus

1 1 1
2e%Ldx = —[¥ 1)l = Z[¢®> — e 11 = 49.35,
g 3 073
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Problem 12.  Evaluate f 24 sin” @ cos 6 d6. Y
0

) LITE Regal

N\
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MW d d
Seldtion: et u = sin @ then = — cos @ and d6 = :
do cos #
o .5 5 du
Hence | 24sin” 8cosB8df = | 24u’ cosb
cos 6

=24 / u du, by cancelling

u 6 . NG
=24€+c:4u +e—=4(sinB8)* -+

T aan (J. O. Bird 2017)

T
6 .5 A 66
Thus 24 sin” 6 cos0 df = [4sin” 6]
0

=4 (sin %)6 — (sin 0)6:|

FE 4:<1)6_0} :%oro.%zs
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Change of limits

When evaluating definite integrals involving substitutions
it is sometimes more convenient to change the limits of
the integral as shown in Problems 13

Evaluate | 13 5xy/(2x2 +7)dx,  solution:
du
4x

It is possible in this case to change the limits of inte-
gration. Thus when x =3, u= 2(3)> +7=25 and
whenx=1,u=2(1>4+7=09.

LITE Regal
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du
Let u=2x> + 7, then a—4x and dx = —

Hence o .
Thus the limits have been changed, and it is unnece:

¥=13 =95 dy S to change the integral back in terms of x.
/ 5xv/(2x2 + T dx = / 5x/t— 5 =8
x=1 =0 4x S

x=3
5 2
Thus / 56/ + Ty dx = "
X

3/2

5 25 x=1 :
= Z ’ \/Edl/t
5 25 5
= 3] = 2 Ve - o]
g #o3 1 6 9 6
EXAM PAPERS PRACTICE — Z / u7 du 5 2
9 g(125 — = 815



Integration using trigonometric

and hyperbolic substitutions
Following Table gives a summary of the integrals that require
the use of trigonometric and hyperbolic substitutions

f(x) [ fx)dx
| > l N sin 2x N
COS“ X > X 5 C
) .9 ] sin 2x
2. SIN“Xx 5 X — 5 +c
3. tan®x tanx —x + ¢

4. cot?x —cotx—x+c FEI

. . : EXAM PAPERS PRACTICE
3. COST ESInT X (a) If either m or n is odd (but not both), use

2 2

cos“’x +sin“x =1

(b) If both m and n are even, use either

2 2

x—lorcos2x=1—2sin“x

cos2x = 2 cos

(Obtained from J. O. Bird 2017)



10. sin” - —+¢c¢
(a2 —x2) a
11. (a® — x2) a—sm + \/ 2 _xH)4+e¢
) 1 1
12. 2 +x2 Etan Z +c
1 1 ¥
13. sinh™" — 4+ ¢
Vx* +a?) a
[x +/(x% +a?) ]
or In +c
a
_ a* X X _
14. /(x? 4+ a?) 7sinh_l —+3 (x2 4+a?)+c
2 a 2
1 1 X
15. _ cosh™ —+¢
V@2 —a?) a
2 2
X++(xc—a
or lnl \/( ) ] +c
a
_ , x - a? 1
16. /(x2 —a?) ;\/(x2 —a?) — 7cosh_

X
_+C
a

EXAM PAPERS PRACTICE

(J. O. Bird 2017)
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Problem 14. Evaluate/ 2 cos? 4t dt.
0

Solution:

.

Since cos 2t =2 cos’t — 1

then cos®t = %(l + cos 2¢) and

1
cos? 4t = 5(1 + cos &)

i,
Hence 2.eas-4drds
0

T

4 1
= 2/ —(1 + cos 81) dt
6 2

i T
i P sin 8¢ | 4
- s |,

~ 4
4 R

sin 8 G) . [0 )

sin 0
8

]

G LITE Regal
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Problem 15. Find 3 [ tan® 4x dx i) - TE Regal

2 2

Solution:  Since 1+ tan? x = sec x, then tan? x = sec?x — 1

and tan? 4x = sec? 4x — 1.

Hence 3/tan24xdx:3/(sec24x—l)dx

tan 4x
=3( 2 —x) +c

Determine [ sin’ @ dé.
Problem 16. . 5 5 5 - 5
Since cos“ 6 + sin“ 8 = 1 then sin“ 6 = (1 — cos” 6).

Hence / sin° 6 d6

- = / sin O( sin” 0)? d6 = / sin (1 — cos” )% do

= f sin@(1 — 2 cos? 6 + cos* 0) do

=
=/(sin9 — 2sinf cos® H + sinf cos” 0) db /j

EXAM PAPERS PRACTICE

)

Solution:

2c0s°0 cos’ 6
3 5

(J. O. Bird 2017)

= —cos 0 + +c
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Problem 17. Determine [ sin 3¢ cos 2t dt.
Solution: sinA cos B Use %[ sin(A + B) + sin(A — B)]

cosAsinB  Use %[ sin(A + B) — sin(A — B)]

|
— / E[sin (3t + 21) + sin (31 — 21)] dt,

|
— Ef(sin51+sinr)dr

1 (—cos St

By 5

— t
7 COS ) +c

A

(Obtained from J. O. Bird 2017) EXAM PAPERS PRACTICE
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Problem 18. Determine / '
\/(az — x2) S

Solution: Letx = a sin 6. then 35 =4 cos fanddx =a cos 6 dé.

|
Hence / dx
V(@ —x2)

1
i ./ V(a? — a? sin? 6)

B / acos 6 do
VIa2(1 — sin? 6)]

acos 6 df , =i )
o , since sin“6 +cos 6 =1
V(@2 cos? 9)

acos B dé
acost

. . . X B ]
Since x=asin®, then sind == and § =sin~! =, FE
d

a

1 _
Hence/ dx =sin~! l +c

acos 6 de

EXAM PAPERS PRACTICE

) LI TE Regal



Problem 19.

’;
E | : LITE Regal
Evaluate / dx. NG coucarion
0 V(9 —x2) =

Solution: From Problem 18

-1 X 3 2
sin=  —| , sincea=3

340
- = (sin~! 1 —sin~! 0) = > or 1.5708
, |
Problem 20. Determine /
J(x2 4 a?)

Solution: . X _ ,
— sinh~1 = + ¢, since x = a sinh 6

a
o=
Problem 21. Evaluate/

vV (Y2 . 13 4 EXAM PAPERS PRACTICE
2

_ |einn—t X
= |sinh 2]0 or (Obtained from J. O. Bird 2017)

_ln {x+\/(;2 +4)”2 _ {m (2 +2J§) - (0 +2ﬂ>]

=1n2.4142 —In1 = 0.8814,

Solution:




Integration by parts BN\ LITE Regal
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From the product rule of differentiation: =

(uv) du+ dv
—(uv) =v— 4+ u —,
dx dx dx

where 1 and v are both functions of x.

R , . dv B d (uv) du
earranging gives: udx = I uv vdx

Integrating both sides with respect to x gives:

dv d du
u—dx = | —(uv)dx — | v—dx
dx dx dx

, dv du
1.€. /u—dxzuv—/v—dA
dx dx
]
or /udv:uv— /vdu

EXAM PAPERS PRACTICE




Problem 22 Determine [ x cos x dx.
Solution:

From the integration by parts formula,

/udv:uv—/vdu

Let u =x, from which a =1, 1.e. du =dx and let

dv = cosx dx, from which v= [ cosxdx = sinux.
Expressions for u#, du and v are now substituted
into the ‘by parts’ formula as shown below.

]u G i= 1l ® —/ .
o=
ixiicos x dxi = (x)ii(sinx)i — f i(sin x):i(dx):

EXAM PAPERS PRACTICE
1.€. /xcosxdx = xsinx — (—cosx) + ¢
— xsinx 4+ cosx +c Obtained from J. O. Bird 2017



Problem 23 Find [ 3te? dr.

1 LITE Regal

’4
X7
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. .. du .
Solution: et y = 3¢, from which, = =3.i.e.du=3dr and
|

let dv =e* dr, from which, v= [ e* dr = 562’

Substituting into [ udv=uv— [ vdu gives:

/ 3te? dr = (31) (%e”) - / (%62’) (3 dr)

- g

EXAM PAPERS PRACTICE
/ teX dt = %eZt (t — %) +c,

which may be checked by differentiating. J- O. Bird 2017



Problem 24. Find fx In x dx.

The logarithmic function is chosen as the ‘u part’.

du 1 . dx
Thus when u = Inx, then — = —,1.e. du=—
S X

x2

Letting dv=xdx gives v= fld-ng

Substituting into [udv=uv — [ vdu gives:

J (3)-1()%
xinxdy= (lax)] — }— ==
2 . %

x2 1
Hence /xlnxdx = ? (lnx— 5)+c or

2
?(Zlnx —1)+4c

G LITE Regal
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Some applications of integration

There are a number of applications of integral calculus
in engineering. The determination of areas, mean and
r.m.s. values, volumes, centroids and second moments of area.

Areas under and between curves
In Fig 1

b c
total shaded area = / fx)dx — / f(x)dx
a b

d
+/ S (x)dx

y=1f(x)

J. O. Bird 2017
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Problem 25. Determine the area between the curve

3 ) LI TE Regal
y = x> — 2x? — 8x and the x-axis. L) EouCATION

y = ¥ —=2x2—8x = x(x2—=2x—8) = x(x+2)(x —4)

Wheny=0,x=0o0or(x+2)=0o0r(x —4) =0,
i.e. wheny = 0, x = 0 or —2 or 4, which means that
the curve crosses the x-axis at 0, —2, and 4. Since
the curve is a continuous function, only one other
co-ordinate value needs to be calculated before a
sketch of the curve can be produced. When x = 1,
y = —9, showing that the part of the curve between
x = 0 and x = 4 1s negative. A sketch of

y = x> — 2x? — 8x is shown in Fig. 38.2. (Another
method of sketching Fig. 38.2 would have been to
draw up a table of values).

Shaded area
0 4
=/ (x3—2x2—8x)dx—/ (x> — 2x? — 8x)dx
-2 0

B ¥ 2x3 8x2 x4 2x3 8x2 G
| 4 3 2 | s 4 3 2 s

2 2 1
— <6—) — (—42;) = 493 square units

10
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