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Differential calculus

1- The gradient of a curve
If a tangent is drawn at a point P on a curve, then the gradient of this tangent is said to
be the gradient of the curve at P. In next figure, the gradient of the curve at P is equal to

the gradient of the tangent PQ. 1
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Figure 1

0 X
For the curve shown in next figure let the points A and B have co-ordinates (x7, y7) and
(x2, y2), respectively. In functional notation, y1 =f (x1) and y2 =f (x2) as shown.

f(x)

—

(Obtained from J. O. Bird 2017)

flxg) Figure 2




The gradient of the chord AB
- _BC_BD—CD_f()Cz)—f()Cl)
~AC  ED  (xp—x))

For the curve f (x) = x? shown in the following figure

f(x) (1) the gradient of chord AB
T (=52 _f@ - _9-1_,

8 3—1 2

. (i1) the gradient of chord AC
_f@-f@ _4-1_,

2—1 1
ii1) the gradient of chord AD

_fAS)—f1) 225-1

2:5
0 X 1.5—-1 0.9
Figure 3 (iv) if E is the point on the curve (1.1, f(1.1)) then
the gradient of chord AE
f(1.1)—f(1) 1.21 -1
(Obtained from J. O. Bird 2017) = = o



(v)if Fis the point on the curve (1.01, f(1.01)) then the gradient of
chord AF
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1.01 —1 0.01
Thus as point B moves closer and closer to point A the gradient of the chord approaches

nearer and nearer to the value 2. This is called the limiting value of the gradient of the
chord AB and when B coincides with A the chord becomes the tangent to the curve.

Differentiation from first principles

In following Figure, A and B are two points very close together on a curve, dx (delta x)
and Oy (delta y) representing small increments in the x and y directions, respectively.

y

B(x +8x, y +8Y)

f(x+5x)

Figure 4
(Obtained from J. O. Bird 2017)
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Gradient of chord AB = S—y; however,
X
oy =f(x+0x)—f(x).

oy  fx+dx) —f(x)
Sx Sx ’

Hence

%)
As dox approaches zero, 5—y approaches a limiting

X
value and the gradient of the chord approaches the
gradient of the tangent at A.

When determining the gradient of a tangent to a curve there are two notations used. The
gradient of the curve at A in Figure 4 can either be written as

{f (x + 0x) — f(x) }
ox

f'(x) = limit

ox—0

coefficient or the derivative. The process of finding
the differential coefficient is called differentiation.  Exam PAPERS PRACTICE

d
=Y is the same as f’(x) and is called the differential
; ]



Problem 1. Differentiate from first principle I\ LITE Regal

f(x) =x? and determine the value of the gradient AMEDFJ EDUCATION
of the curve at x =2.

To “differentiate from first principles’ means ‘to find
f’(x)’ by using the expression

{f(x + 8x) — f(x) }
OX

f'(x) = limit

dx—0

Fg)i=n®

Substituting (x + dx) for x gives
f(x+x)=(x+dx 2 = x2 4 2x8x + 8x2, hence

s 2 2
<4+ 2x4 0x<) — (x°
f,()C) TR (%6 2000 =i05") — (X% )}

éx—0 | ox
o (2x8x + 8x?)
= 1M1t +
6}r—>10 L ox F E I
= (lsirgi(t) [2x + 6x] EXAM PAPERS PRACTICE

AS &x e O, [zx +8x] Ly [zx +0] Thus fl(x) =2x’ (Obtalned from J. O. Bird 2017)
i.e. the differential coefficient of x* is 2x. At x = 2.
the gradient of the curve, f'(x) =2(2) =4.
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Differentiation of common functions

From differentiation by first principles of a numher ~f ﬂxamples such as in Problem
1 above, a general rule for differentiating Y L% emerges, where a and n are

constants. The rule is;

if y =ax" then e p—_—
dx

(or, if f (x) = ax" then f’(x) = anx"~1) and is true for
all real values of a and n.
For example, if y =4x> then a =4 and n =3, and

d y
= anx” ! = @WB)x>~! = 12x?

dx

If y=ax" and n =0 then y = ax" and

i‘; = (@)(0)x"~' =0, FE
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Figure 5(a) shows a graph of y= sin x. The gradient is continually N EDUCATION

changing as the curve moves from 0 to Ato B to C to D.

The gradient, given. dy | may be plotted in a corresponding position below y= sin x, as

shown in Fig 5(b).  {x . o N o

(1) AtO,the gradientis positive and is at its steepest.
Hence 0’ is a maximum positive value.

A | (i1)) Between O and A the gradient is positive but
y=sinx is decreasing in value until at A the gradient is
zero, shown as A’

B . o/ (ii1) Between A and B the gradient is negative but

w pro xm is increasing in value until at B the gradient is at

| its steepest negative value. Hence B’ is a maxi-

| mum negative value.
|
|

(iv) If the gradient of y= sinx is further investi-
b’ gated between B and D then the resulting graph

dy . .
of — 1s seen to be a cosine wave. Hence the
rate of change of sinx is cos x,

. ; dy
ie. ify=sinx then — =cosx
dx

3m /2 2n X rac

if y=sin ax then hcs =a cos ax
Figure 5 dx



If graphs of y= cos x, y=eX and y= In x are plotted and their gradients investigated,
their differential coefficients may be determined in a similar manner

to that shown for y= sin x. The rate of change of a function is a measure of the derivative.
The standard derivatives summarised below may be proved theoretically and are true for
all real values of x

dv Note:

yorf(x) | = orf'(x)
dx The differential coefficient of a sum or difference
n—1 1s the sum or difference of the differential coeffi-

n

ax anx cients of the separate terms.

S1Nn dx ad COS dX .

COS ax —a sin ax Thus, if f(x) =p(x) + g(x) — r(x), |

N g (where f,p,q and r are functions),
1 then  f'(x) =p'(x) +¢'(x) — r'(x)

In ax —
X

=

EXAM PAPERS PRACTICE



Problem 2. Find the differential coefficients of

12
(a) y=12x° b)y= 3.

dy
If y = ax" then — = anx"~!
Y dx

(a) Since y=12x’, a=12 and n=3 thus

d
& (12)3)3—1 =36x2
dx

12
(D) Y= = is rewritten in the standard ax” form as

e
y=12x"7 and in the general rule a =12 and
=0
dy 36
Thus — =(12)(Bx >~ = 36x 4 =-—
us - =(12)3) A
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Problem 3. Find the derivatives of
Solution: (@) y=3/x (b)y=

s LI TE Regal

\Z \7
Y oucaTion

5
Ve =

(a) y=3./x is rewritten in the standard differential
|

form as y =3x2.

|
In the general rule, a =3 and n = 5

d 1) 1 3, 4
Thus = = 3)| = %2 1 —=—x2
dx 2 2

RN
> ]

— 5x 3 in the standard differen-

(b) y=

EXAM PAPERS PRACTICE

5 —
I

tial form. i i < 4) 4, —20 _7
B % 2 3
’3

W

In the general rule,a=5and n = — 3
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Problem 4. Differentiate, with respect to x,

| |
y — 844 _ -
y=ox"+4x 2 x2 T ﬁ 3. Solution:
|
P= 5x* + 4x — 72 + «/E — 3 1s rewritten as

S S S
y=35%x" +4x 2x +x 2 -3

When differentiating a sum, each term is differenti-
ated in turn.

ﬂ_ 4—1 f=1 l _Ay.—2—1
Thus — (5)(4)x + (4)(1)x 2( 2)x

+(1)<—%) 3710

3

1
=008 Sl — Ex 2

% =20x3 44 + 1 a3 1 (Obtained from J. O. Bird 2017)

x3 2.3

1.e.
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Problem 5. Find the differential coefficients of (a) y=3 sin 4x A7) eoucation
(b) f (t)=2 cos 3t with respect to the variable. Solution:
, d
(a) When y = 3 sin 4x then d—y — (3)(4 cos 4x)
X
=12 cos 4x

(b) When f(r) =2 cos 3t then
/(1) =(2)(—3 sin 3¢t) = —6 sin 3¢

2
Problem 6. Determine the derivatives of (a) y = 3e>* (D) [16)= — (€) ¥y =ioln 2%
Solution: C

d
(a) When y=3e™ then ay — (3)(5)e> =155

(b) £(60)= i — 26 thus

—6

f1(O)= (2)(—3)6_30 = —6e" = =
€

d 1 6
(¢) When y=61n2x then —y=6 (-) — —
dx % %

(Obtained from J. O. Bird 2017)



Problem 7. Determine the co-ordinates of the point on
the graph y=3x2 -7x +2 where the gradient is —1.
Solution:

The gradient of the curve 1s given by the derivative.

)

When y = 3x? — 7x + 2 then di:6x—7

Since the gradient 1s —1 then 6x —7=—1, from
which, x =1

Whenx=1,y=3(1)>-7(1)+2=-2
Hence the gradient is —1 at the point (1, —2).

A
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Differentiation of a product G LITE Regal
When y=uv, and u and v are both functions of x, then N8 eoucarion

dy udv+vdu
dx  dx | dx

This is known as the product rule.
Problem 8. Find the differential coefficient of v = 3x2 sin 2x

3x? sin 2x is a product of two terms 3x* and sin 2x

Let u=3x? and v= sin 2x
Using the product rule:

dy y dv 1 du
—_— — 1) o
dx dx dx
; b s ! J
gives: di)c = (3x?)(2 cos 2x) + (sin 2x)(6x)
ie. dy _ 6x% cos 2x + 6x sin 2x

= 6x(xcos 2x + sin 2x)



Problem 9. Find the rate of change of y with I\ LITE Regal

respect to x given y=3x In 2x. A7) coucarion
Solution: The rate of change of y with respect to x is given
dy
by —
Y dx

|
y=3./x1n2x=3x2 In2x, which is a product.

|
Letu=3x2 and v= In2x
dy dv du
Then —= u — 4+ v =
dx dx dx

|l

%)

><I

M| —
N

[—

+

| —

=

)

o
N——
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Problem 10. Differentiate y =x> cos 3x In x.

Solution:

AT
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Let u =x" cos 3x (i.e. a product) and v = Inx
dy dv du

Th =u— —
en udx + vdx
du 3 : 2
where i = (x7)(—3 sin 3x) + (cos 3x)(3x7)
dv
and — =-—
dx x
d}" '; 1 ’% .
Hence o =(x7cos3x)| — | + (Inx)[—3x” sin 3x
X

F EI + 3x? cos 3x]

EXAM PAPERS PRACTICE =x2cos3x 4+ 3x%1n x(cos 3x — x sin 3x)

d
1.e. Ey = x2{cos 3x + 3 Inx(cos 3x — x sin 3x)}
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Differentiation of a quotient
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When y = —, and u and v are both functions of x
v
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du dv

V— —uU—

dx dx
v2

d
then ol =
dx

This 1s known as the quotient rule.

4 sin Sx

Problem 11 Find the differential coefficient of y = 1

S5x

4 sin Sx . . . 4
= a is a quotient. Let u =4 sin Sx and v =35x
X

=
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Solution:;

where

and

Hence

1.€.

du dv
d} Ua = L{a
a — 2

v—

AT
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du
au = (4)(5)cos 5Sx = 20 cos Sx

W _ 5y = 2007
— = x° = N
dx

dy (5x*)(20 cos 5x) — (4 sin 5x)(20x3)

dx (5x4)2
B 100x* cos 5x — 80x7 sin 5x
B 25x8
B 20x3[5x cos 5x — 4 sin 5x]
B 25x8 FE
dy = g = (5x cos 5x — 4 sin 5x) Ij
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dx Sx



Problem 12. Determine the differential coefficient of y= tan ax LITE Regal
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sinax . o :
y = tan ax = ——. Differentiation of tan ax 1s thus

COS ax
treated as a quotient with # = sin ax and v = cos ax

du dv

dx

_ (cosax)(acosax) — (sinax)(—a s ax)

(cos ax)?

2

acos- ax + a sin?

ax  a(cos® ax + sin? ax)

(cos ax)? - cos? ax

ax + sin? ax = 1 FEI

l EXAM PAPERS PRACTICE

a ) )
= 5 , SINCE COS
COS=dX

dy 2 - 2
Hence — =asec“ax since sec ax—

dx cos2 ax




Problem 13. Find the derivative of y= sec ax LITE Regal

Solution: ..)zg}’ EDUCATION
. .
y = secax = —— (1.e. a quotient). Let u=1 and
COS dX
V= COS ax
du dv
dy _ “dr ~ "dr
dx v2

(cosax)(0) — (1)(—asin ax)
(cos ax)?

a sin ax | SIN ax
—a| —— _—
COS2 ax COS aX COS dx

: dy FEI
1e a =qa sec ax tan ax
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Problem 14. Differentiate y =

Solution:

te2t
2cost
tezt

‘ 2cost
is a product.

Let u=te? and v="2cost then

The function

is a quotient, whose numerator

du dv
— = (1)(2e* 26)(1) and — = —2sin¢
i (1)(2e~") + (e“")(1) an a sin
du dv
d , V— — U—
Hence Y _ _dx dx
dx v2
_ (2cosn[2te? + ] — (1e*')(—2sin1)
- (2 cost)?
_ 4te? cost + 2e* cost + 2te* sint
N 4cos?t
_ 2e2[2t cost + cost + £ sint]
B 4cos?t
. dy e2t .
1.e. (2t cost+cost+tsint)

dx - 2 cost

LITE Regal
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Problem 15. Determine the gradient of the curve ZR\ LI TE Regal
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ey

~

S 3
y= 2x21 2 at the point (ﬁ %)
Solution: Let y=5xand v=2x>+4
du dv
dy Y& @& @2 44)5) — (5x)(4x)
e 2 212 + 42

10x* +20 — 20x* 20 — 10x
2x2+4> (22447

3
At the point (ﬁ %—) .x=4/3,

. dy 20— 10(+/3)?
hence the gradient = — =
dx  [2(+/3)% + 4]2 FE
. 20-30 1
100 10
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Function of a function I\ LITE Regal
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It is often easier to make a substitution before differentiating. If =
yis a function of x then
dy dy du

= X —
dx du dx

This is known as the ‘function of a function’ rule (or sometimes the chain rule).

For example, if y=(3x— 1)’ then, by making
the substitution u=3x— 1), y= u”, which is of the
‘standard’ form.

dy du
Hence — = 94% and — = 3
du dx
dy dy du
= — x — =9u®)(3)=27u®
dx du dx
Rewriting u as (3x — 1) gives: S 27(3x —1)8
. S e T =]
Since y 1s a function of u#, and u 1s a function of x, EXAM PAPERS PRACTICE

then y is a function of a function of x.



Problem 16. Differentiate y = 3 cos (5x? + 2)
Solution: Let u = 5x* 42 then y=23 cos u

du y ,
Hence — = 10x and — = —3 sin u.
dx du

Using the function of a function rule,

dy dy du

LITE
GBI LITE Regal
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— = — X — = (—3sinu)(10x) = —30xsinu

dx du dx
Rewriting u as 5x* + 2 gives:

. A —30x sin(5x% +2)
dx

A
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Problem 17. Find the derivative of y = (41> — 37)°

Solution: et y = 4> — 3¢, then y = u®

Hence % =12¢> — 3 and d_y = 6u°
dr du
Using the function of a function rule,
d d du
L = 2 = (e)128 - 3)

dx du dx

Rewriting u as (41> — 31) gives:

d
ay — 6(483 — 30°(1242 — 3)

— 18(4¢% — 1) = 3¢)°

ATIEN
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Problem 18. Determine the differential coefficient of

y=1/(3x2 +4x—1)

Solution:

|
y=vBx2+4x—1)=CBx*+4x—1)2

1
Let u=3x>+4x—1theny=u2

g‘gmhg‘; LITE Regal
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enoe & = e+ ana 2 = Ly7b o
encedx_x an du_2u =37
Using the function of a function rule,
d d d 1 3x +2
L (g i X+
dr  du  dx 2/t Ju

dy 3x + 2

l.e. — =

A

dx \/(3x - + 4x 1) EXAM PAPERS PRACTICE
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Problem 19. leferentlate y p— 3 tan4 3x ‘figgzgl:” EDUCATION
Solution:
Let u = tan 3x then y = 3u*
d
Hence _u = 3 sec? 3x, (from Problem 12 and
d
. 124°
du
dy dy du
Then — =-— x — = (12u’)(3sec?3x
— 12( tan 3x)>(3 sec? 3x)
, d
e e g 36 tan>3x sec? 3x

A
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Problem 20. Find the differential coefficient of y =
Solution: (283 — 5)*

=201 —5"% TeEt m=(@r—5)

YT 28 =5y
then y = 2u~*
] d —8
Hence C— — 612 and — 4 — —8u ™ = —
dr du U
| d d —8
Then C—y y . — ( )(6[2)
F du dr U

—48¢2

T 2P=5)° FE
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