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PURE MATHEMATICS

Arithmetic series
n=a+n-1)d
Sp=nn(a+)=2n[2a+(n-1)d]

Geometric series

_n1
u,=ar

a(1-r"
1-r

S,=

S ——for| |<1

o 1-r

Summations

M=

r=%n(n + 1)
,

1

n
Z =<n(n+1)(2n +1)

2

n+1)

4>|_x

Trigonometry — the Cosine rule

a?=b?+ c?- 2bc cos A

Binomial Series

(a+b)'=d"+ (:lj A" b+ [nj A ST (n] a b+, +b"

n _n . n!
where (rj = Cr— A=)

nn-1) 2

(1+x)" =1 +nx+ ) 3+

1%x2 o 1x2%. . .xr

Logarithms and exponentials

x _ _xlna

a =¢€

Complex numbers
[r(cos O + isin 0)]" = ¥" (cos nf + isin nd)

e’ =cos O + isin O
2nki

The roots of z" =1 are given by z=e " for k= 0,1, 2,
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cnn=1) . )y

n—1

(ne N)

(|x|<1, ne]R)
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Maclaurin series

2

f(x) = f(0) + x '(0) + ’2‘—' £0) + ... + ’;—' £0) + ...

2 r
e =exp(x)=1+x+2—+...+%X+... forallx
2! r!
2 3 r+1 7
=X X _ X _
In(1+x)=x 5 + 3 =1 PR (for -1<x<1)
3 5 x2r +1
sin x=x—-"—+2——...+(-1) +... forallx
3! 5! (2r+1)!
2 b 2"
cos x=1-2—+2—— 4+ (1) +... forallx
21 41 2!
Hyperbolic functions
cosh® x — sinh® x = 1
sinh 2x = 2sinh x cosh x
cosh 2x = cosh® x + sinh® x
cosh " x=In(x /X =1) (x>1)
sinh™'x = In(x X+ 1 )
_ 1+x
tanh™' x =%In[1—_g (|x|<1)
Conics
. Rectangular
Ellipse Parabola Hyperbola hyperbola
Standard x_2+ ﬁ: V2 = 4ax x_2_ )2 _ xy =2
form a2 ' p2 a2 b2
Asymptotes none none % —+ % x=0,y=0

Trigonometric identities
sin (A + B)=sin 4 cos B+ cos A4 sin B

cos (A £ B)=cos A cos B ¥sinA sin B

tan (4 = B)

sin 4 + sin B = 2sin

sin 4 — sin B = 2cos

cos A + cos B = 2cos

cos A — cos B=—2sin
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:tanA +tan B
1Ftan 4 tan B

A+ B oS

(for 4+ B# (k+3)n)

A-B

2

2

A+ B sin A-B

2

2

2
A+B i

n

A+Bcos A-B

2
A-B

2

2




Vectors

The resolved part of a in the direction of b is ?i

bl
The position vector of the point dividing AB in the ratio A:u is %
i aq by aybs - azb,
Vector product: ax b =[a|b|sindn= |j ay by |=| azbq-aibs
k a3 bj aqby - asby

If A is the point with position vector a = a4i + asj + ask and the direction vector b is given by
b = b4i + byj + b3k then the straight line through A with direction vector b has Cartesian equation

X —aq :y—az B zZ—ds3

by by bs

The plane through A with normal vector n = n4i + nyj + ngk has Cartesian equation

n4x + noy + nzz =d where d = a.n

The plane through non-collinear points A, B and C has vector equation
r=a+Alb-a)+u(c—a)=(1-4—1wa+ib + uc

The plane through the point with position vector a and parallelto b and ¢ has equation

r=a+sb+tc

Matrix transformations

Anticlockwise rotation through @ about O: |“°° g —smé
sin 6 cos 0

20 in 20
Reflection in the line y=(tan 6)x: {COS Sin }

sin 26 —c0s 20

The matrices for rotations (in three dimensions) through an angle 6 about one of the axes are

1 0 0 |
0 cos@ —sin@| for the x-axis

0 sind cos 0 |

cos® 0 sind |
0 1 0 for the y-axis

—sinf 0 cos@ |

cos —sinf 0
sin @ cos & 0| forthe z-axis

0 0 1

Turn over »
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Differentiation
f(x)

sin 'x
-1
cos 'x
tan ' x
tan kx
cosec X
S€C X
cot x
sinh x

cosh x

tanh x

sinh 'x

cosh 'x

tanh ' x

Integration

1+ x?

k sec? kx
—COSecC x cot x
sec x tan x
—cosec? x
cosh x

sinh x

sech? x

f(x)g(x) - £(x) g'(x)
(g(x))?

(+ constant; a > 0 where relevant)

f(x)
tan x

cot x
cosec x

S€C X

sec? kx
sinh x
cosh x

tanh x

G/9660/9665

J’f(x)dx
In|sec x|

In|sin x|

~In|cosec x + cot x |=In|tan (%x)|

In|sec x + tan x| = In | tan (Jx + Jm)|

%tan kx
cosh x
sinh x

In cosh x



¥ (3] (bi<a)

1 1 -1 x
a®+x? atan (Ej
1
—— cosh™’ gj orln (x +Vx2—42) (x>a)
1 1(x
> sinh™ —j or In (x+\/x2+a2)
a“t+x a
! BN B (|x|<a)
a® —x? 2a a—x_aa a
1 _
2 2 iIn r—d
X —a 2a |x+a
dv du
D gr= —I L
U uv= | v

Area of a sector
A :% Irzde (polar coordinates)

Arc I(gngth

_ dy\? : :
s= [+ o dx (Cartesian coordinates)

o

-
2 2
s= \/(dxj J{d_yj dr (parametric form)

dr dr

Surface area of revolution
("

2
S, =2n |y 1+[%) dx (Cartesian coordinates)

r

2 2
S, =2n yJ[%) +(%j dr (parametric form)

Numerical integration

The trapezium rule: J'by dx:%h[(yo +3 ) +2(y,+y,+...+y )], where h:b;a
a n —

b
The mid-ordinate rule: Ly dx = h(y +y

1
2

where hzb;na and # is even.

Turn over »
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Numerical solution of differential equations
dy

For —=1f(x, y):
& (x, )

Euler's method: y,.4 =y, + hf(x,, »,)

Numerical solution of equations

£(x,)
f(x,)

The Newton—Raphson iteration for solving f(x) =0: x,11 = x,

MECHANICS

Motion in a circle

Transverse velocity: v =r6

Transverse acceleration: v =r0

: : :2 v2
Radial acceleration: —r8~ = — -

PROBABILITY and STATISTICS
Probability
P(AUB)=P(4)+P(B)-P(4AnB)
P(AnB)=P(4)xP(BIA)

P(d;)x P(B4;)
P(4;|B)=—

> P(4,;)xP(B|4;)
i=1
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Expectation algebra
E(aX+b)=aEX)+ b

Var(aX + b) = a2Var(X)

Covariance: Cov(X, ¥) = E((X — u)(Y — 1)) = E(XY) — peypay

Var(aX + bY) = a?Var(X) + b2Var(Y) + 2abCov(X,Y)

Product moment correlation coefficient: p =

Ox Oy

For independent random variables X and Y

E(XY) = E(XE(Y)

Var(aX + bY) = a?Var(X) + b2Var(Y)

For independent random variables X;

E(Xaii) - Y )
Var(ZaiXi) — > a%Var(X;)

Discrete distributions

Cov(X)Y)

For a discrete random variable X taking values x; with probabilities p;

Expectation (mean): E(X) =u = inpi

Variance: Var(X) = 62 = (i — #)?p; = lez,pi—,uz =E(X?) -2

For a function g(X): E(g(X)) = zg(xi)pi

Standard discrete distributions:

Distribution of X P(X=x) Mean | Variance
2_
Uniform on [1, 1] o nti n?-1
n 2 12
n
Binomial B(n, p) {x]pxﬁ —p)y>x np np(1 —p)
Poisson Po(A) e i—): A A
. 1 1-p
Geometric Geo(p)on 1, 2, ... p(1—p)x1 > —
p
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10

Continuous distributions

For a continuous random variable X having probability density function f(x)
Expectation (mean): E(X)=u = Ixf(x) dx
Variance: Var(X) =2 = j (r— u)2 f(x) dx = j x2f(x) dx — p2 = E(X2) — 12

For a function g(X): E(g(X)) = j g(x)f (x) dx

X
Cumulative distribution function: F(x)=P(X <x) = I_OO f(¢) de

Standard continuous distributions:

Probability

density function Mean Variance

Distribution of X

Rectangular on [a, b] % (a+b) % (b—a)?

b—a
N | N (1, 02) 1 2= T 2
orma U, o e 2\ 7 U o
o\ 27
: - 1 A
Exponential Aex ) 72

Generating functions

For a discrete random variable X taking values x; with probabilities p;, then

Probability generating function: Gy (r) = E(¢*) = "I,
Vi

txi

Moment generating function: My (?) = E(etX) = Ze 'D;

Vi

For a continuous random variable X having probability density function f(x), then
¢ o0
Moment generating function: M (z) = E(e™) :I,w e™f(x) dx

Mean: u=G'y(1) or u=MY(0)

Variance: 62=G'y(1) + u—u2 or ¢2=MY(0)— u?

My +px(0) = € My (b)

G/9660/9665
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Sampling distributions

For a random sample Xj, Xo, ..., X, of n independent observations from a distribution having
mean u and variance o2
2

X is an unbiased estimator for x, with Var(x)= -

X, —1X)2= % {EX? (ZXZ')Z)

S2 is an unbiased estimator for 062, where S2=

For a random sample of n observations from N(u, 02)

—Hu
o N(O, 1)
\n
X—u . R
—g - t, 4 (also valid in matched-pairs situations)
\n
(n-1)8> 2
o2 Xn 1

If X is the observed number of successes in n independent Bernoulli trials in each of which the

probability of successis p, and Y= )ﬁ( then

E(Y)=p and Var(nzw

n

For a random sample of n, observations from N(ux,, 62) and, independently, a random sample
of n, observations from N(u,, a;)

(X-Y) — (1, — 1)

~N(0, 1)
aj o2
Xy
ne o,

S2/a?
~F
S;/ 0'; n—1, ny—‘l
If 0f=0}= o® (unknown), then

YY) (1 _ (n.—1)S2+ (n,—1)S2
(X Y) (1ux 1uy) ~t where S; _ X X Y Y
] ey, nx+ny—2
Al LI
P(ner ny]

G/9660/9665
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Approximate sampling distributions

For goodness of fit tests and contingency table tests, then

. F)2
z (Oi—E)* 4g approximately distributed as »2
E;

Fora 2 x 2 contingency table test, Yates’ correction uses

z (10;— £;|-0.5)2
E.

1

Other statistical formulae
P(Type I error) = P(reject H, | H, true)
P(Type 1I error) = P(accept H, | H false)

Power =1 — P (Type II error)

1
Var(Estimator A)

Efficiency of Estimator A relative to Estimator B = ]

Var(Estimator B)

G/9660/9665
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TABLE 5 PERCENTAGE POINTS OF THE STUDENT’S #-DISTRIBUTION

The table gives the values of x satisfying P(X < x) = p, where X is a random variable
having the Student’s #-distribution with v degrees of freedom.

P
0 «x

p 0.9 0.95 0.975 0.99 0.995 P 0.9 0.95 0.975 0.99 0.995
Vv v

1 3.078 6.314 12.706 31.821 63.657 29 1311 1.699 2.045 2462 2.756
2 1.886 2.920 4.303 6.965 9.925 30 1.310 1.697 2.042 2457 2.750
3 1.638 2.353 3.182 4.541 5.841 31 1.309 1.696 2.040 2453 2.744
4 1.533 2132 2776 3.747 4.604 32 1.309 1.694 2.037 2449 2738
5 1476 2.015 2571 3.365 4.032 33 1.308 1.692 2.035 2445 2.733
6 1440 1.943 2447 3.143 3.707 34 1.307 1.691 2.032 2441 2728
7 1415 1.895 2365 2998 3.499 35 1.306 1.690 2.030 2438 2.724
8 1.397 1.860 2306 2.896 3.355 36 1.306 1.688 2.028 2434 2.719
9 1.383 1.833 2262 2821 3.250 37 1.305 1.687 2.026 2431 2715
10 1.372 1812 2228 2764 3.169 38 1.304 1.686 2.024 2429 2.712
11 1.363 1.796 2201 2718 3.106 39 1.304 1.685 2.023 2426 2.708
12 1.356 1.782 2179 2.681 3.055 40 1.303 1.684 2.021 2423 2.704
13 1.350 1.771 2160 2.650 3.012 45 1.301 1.679 2.014 2412 2.690
14 1.345 1.761 2145 2624 2977 50 1.299 1676 2.009 2403 2.678
15 1.341 1.753 2131 2.602 2.947 55 1.297 1.673 2.004 2396 2.668
16 1337 1.746 2121 2583 2.921 60 1296 1.671 2000 2.390 2.660
17 1.333 1.740 2110 2.567 2.898 65 1.295 1.669 1.997 2385 2.654
18 1.330 1.734 2101 2552 2.878 70 1.294 1.667 1994 2381 2.648
19 1.328 1.729 2.093 2539 2.861 75 1.293 1.665 1.992 2377 2.643
20 13256 1.725 2.086 2528 2.845 80 1.292 1.664 1990 2374 2.639
21 1.323 1.721 2.080 2518 2.831 85 1.292 1.663 1.998 2371 2.635
22 1321 1.717 2.074 2508 2.819 90 1.291 1.662 1.987 2.368 2.632
23 1.319 1.714 2.069 2500 2.807 95 1.291 1.661 1.985 2.366 2.629
24 1.318 1.711 2.064 2492 2.797 100 | 1.290 1.660 1.984 2364 2.626
25 1316 1.708 2.060 2.485 2.787 125 | 1.288 1.657 1.979 2357 2616
26 1315 1.706 2.056 2.479 2.779 150 | 1.287 1.655 1.976 2.351 2.609
27 1.314 1.703 2.052 2473 2.771 200 | 1.286 1.653 1.972 2.345 2.601
28 1.313 1.701 2.048 2467 2.763 o0 1.282 1.645 1960 2326 2.576
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2
TABLE 6 PERCENTAGE POINTS OF THE y -DISTRIBUTION

2
The table gives the values of x satisfying P(X < x) = p, where X is a random variable having the y -distribution
with v degrees of freedom.

P
0 X

p 0.005 0.01 0.025 0.05 0.1 0.9 095 0975 099 0995 | p
\% \%
1 0.00004 0.0002 0.001 0.004 0.016] 2.706  3.841 5.024 6.635 7.879| 1

2 0.010 0.020 0.051 0.103 0.211] 4.605 5.991 7.378 9.210 10.597| 2

3 0.072 0115 0.216 0.352 0.584| 6.251 7.815 9.348 11.345 12.838| 3

4 0.207 0.297 0484 0.711 1.064| 7.779 9.488 11.143 13.277 14.860| 4
5 0412 0.554 0.831 1.145 1.610| 9.236 11.070 12.833 15.086 16.750| 5
6 0.676 0.872 1.237 1.635 2.204| 10.645 12592 14449 16.812 18.548| 6
7 0989 1239 1690 2.167 2.833| 12.017 14.067 16.013 18.475 20.278| 7

8 1.344 1646 2180 2.733 3.490| 13.362 15.507 17.535 20.090 21.955| 8

9 1.735 2.088 2.700 3.325 4.168| 14.684 16.919 19.023 21.666 23.589| 9

10 2.156  2.5568 3.247 3940 4.865| 15.987 18.307 20.483 23.209 25.188| 10
11 2.603 3.0563 3.816 4.575 5578| 17.275 19.675 21.920 24.725 26.757| 11
12 3.074 3,571 4404 5226 6.304| 18.549 21.026 23.337 26.217 28.300| 12
13 3.565 4107 5.009 5.892 7.042| 19.812 22.362 24.736 27.688 29.819| 13
14 4.075 40660 5.629 6.571 7.790] 21.064 23.685 26.119 29.141 31.319| 14
15 4.601 5229 6.262 7.261 8.547| 22.307 24.996 27.488 30.578 32.801| 15
16 5142 5812 6.908 7.962 9.312| 23.542 26.296 28.845 32.000 34.267| 16
17 5,697 6.408 7.564 8.672 10.085| 24.769 27.587 30.191 33.409 35.718| 17
18 6.265 7.015 8.231 9.390 10.865| 25.989 28.869 31.526 34.805 37.156| 18
19 6.844 7.633 8.907 10.117 11.651| 27.204 30.144 32.852 36.191 38.582| 19
20 7434 8260 9591 10.851 12.443| 28.412 31.410 34.170 37.566 39.997| 20
21 8.034 8.897 10.283 11.591 13.240| 29.615 32.671 35479 38.932 41401 21
22 8.643 9542 10.982 12.338 14.041| 30.813 33.924 36.781 40.289 42.796| 22
23 9.260 10.196 11.689 13.091 14.848| 32.007 35.172 38.076 41.638 44.181| 23
24 9.886 10.856 12.401 13.848 15.659| 33.196 36.415 39.364 42.980 45.559| 24
25 10.520 11.524 13.120 14.611 16.473| 34.382 37.652 40.646 44.314 46.928| 25
26 11.160 12198 13.844 15379 17.292| 35.563 38.885 41.923 45.642 48.290| 26
27 11.808 12.879 14.573 16.151 18.114| 36.741 40.113 43.195 46.963 49.645| 27
28 12.461 13.565 15.308 16.928 18.939| 37.916 41.337 44.461 48.278 50.993| 28
29 13.121 14.256 16.047 17.708 19.768| 39.087 42.557 45.722 49.588 52.336| 29
30 13.787 14953 16.791 18.493 20.599| 40.256 43.773 46.979 50.892 53.672| 30
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p 0.005 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99 0995 p

31 14.458 15.655 17.539 19.281 21.434| 41.422 44985 48.232 52.191 55.003| 31
32 15.134 16.362 18.291 20.072 22.271| 42.585 46.194 49480 53.486 56.328| 32
33 15.815 17.074 19.047 20.867 23.110| 43.745 47.400 50.725 54.776 57.648| 33
34 16.501 17.789 19.806 21.664 23.952| 44.903 48.602 51.996 56.061 58.964| 34
35 17.192 18.509 20.569 22.465 24.797| 46.059 49.802 53.203 57.342 60.275| 35
36 17.887 19.223 21.336 23.269 25.643| 47.212 50.998 54.437 58.619 61.581| 36
37 18.586 19.960 22.106 24.075 26.492| 48.363 52.192 55.668 59.892 62.883| 37
38 19.289 20.691 22.878 24.884 27.343| 49.513 53.384 56.896 61.162 64.181| 38
39 19.996 21426 23.654 25.695 28.196| 50.660 54.572 58.120 62.428 65.476| 39
40 20.707 22164 24433 26.509 29.051| 51.805 55.758 59.342 63.691 66.766| 40
45 24311 25901 28.366 30.612 33.350| 57.505 61.656 65410 69.957 73.166| 45
50 27991 29.707 32.357 34.764 37.689| 63.167 67.505 71.420 76.154 79.490| 50
55 31.735 33.570 36.398 38.958 42.060| 68.796 73.311 77.380 82.292 85.749| 55
60 35.534 37.485 40.482 43.188 46.459| 74.397 79.082 83.298 88.379 91.952| 60
65 39.383 41.444 44.603 47.450 50.883| 79.973 84.821 89.177 94.422 98.105| 65
70 43.275 45.442 48.758 51.739 55.329| 85.527 90.531 95.023 100.425 104.215| 70
75 47.206 49.475 52942 56.054 59.795| 91.061 96.217 100.839 106.393 110.286| 75
80 51.172 53.540 57.153 60.391 64.278| 96.578 101.879 106.629 112.329 116.321| 80
85 556.170 57.634 61.389 64.749 68.777|102.079 107.522 112.393 118.236 122.325| 85
90 50.196 61.754 65.647 69.126 73.2911107.565 113.145 118.136 124.116 128.299| 90
95 63.250 65.898 69.925 73.520 77.818]|113.038 118.752 123.858 129.973 134.247| 95
100 | 67.328 70.065 74.222 77.929 82.358]|118.498 124.342 129.561 135.807 140.169| 100
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