=

EXAM PAPERS PRACTICE

Further Integration Mark Schemes

Question 1

(a) Find the indefinite integral for

g 5fn>( JX = =co5 X ¥ c } Slondacd '\v\tEj(m\
fsinx dx

[1]

(b)Find the exact value for 0\> —co0s X *+ ¢C

[3]

(c) Find the indefinite integral for

[2]

(a) Find the indefinite integral for

S —)lT’ Ax = \n ‘.X\ *+ c } Stondacd intejﬁx\
fsinx dx
[1] L 1 \ 1 3
(b)Find the exact value for ) S‘ *x x = [\f\ \7‘(\]‘
1
e NN
B lad -\
= " - lal l{\ 1=0
(c) Find the indefinite integral for
J"/e’"dx = 1 - \*

[2]
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(a) Find the indefinite integral for

jsinx dx

[1]

(b) Find the exact value for

[3]

() Find the indefinite integral for

f’/e”‘ dx

[2]

£(x) = ol = {:l(x) = e % Devination of &

y* g(v) where u= f)

s :1_7_ ) dy xj:’_ Chain rule
Jx AU cl»x
Question 2
(a) Integrate
J’c052x dx

[2]

(b)Find the definite integral
2
f (3x —1)? dx
0

[4]
(c) Find an expression for y given that

&

dx

[2]

-F()g) = gin x = —F‘(x) = COoS X% /i Decivalive of sinx

7=3(‘J) where u='{:(ﬁ)

A Chain role

®

dx dv  dx

C) Let 722_1)‘. TLen7=eu and u="Ix, so

\1\0—

L o N
el o 00 6 R DR T

as antiderivative

H“& S% B 7 e ('\“Aeh.ﬁtq ;..teﬂr.\\)' .

& ]
S"le1 dx = e "+ c

. d .
a) 87 the chain cule, g7y (sm 'Lx) = 2 cos Ix

r&cljust
S cos Lx dx = _"L_ g 2eos 2x dx
LCOMFQ“$&t€

indefinite integral )

o3 ontiderivative

=-:Z5in’2.x+c (
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(a) Integrate [SUBst;tutiun
J’co52xdx \3) Let u=23x-1. Then:
| Find do in
(2) i—:= 3 =>dv=3dx => dx3dv 4 s,

(b)Find the definite integral

"

fz . x=72 => uv=3()-\
Gx—1)? dx

5 ‘\'rav\sfarm
x=0 => U= '3(0)_‘ 'mttjro.tﬂon limits

[4]

(c) Find an expression for y given that

12 3 5 a0
Ca-n'dx = {0 (54)
d_y_ sx 9 =]
ax ¢ s
& )
[2] =) S—l v c‘au
s
LN P ER
=2 [w . 1‘\
sl eyt N
(5 )
_ L fw2s vV _ 624
o3 ( ‘4 w) 2 52
nt
n ol Totegral of x" (n#-1)
b e X = n_\_l + C n earo. ) x n
(a) Integrate A
a ] S
J’c052xdx C,) 87 tL\e chain ru\a, —cl:' (e_ . ) = Se )
2] ro.cl_just
Sx» _ o Sx
ind the definite integral 7’ = g e AK -5 S Se dx
fz(Sx—1)3 d - compensate
0
[4]
A 5= indefinite integral
Ind an expression for y given that 7 Y e ® & (M antiderivative )
dy .,
ik

[2]

-F(x) = ex :> -Fr(x') = e‘ ’% Derivalive of E*

7: S(U) where u='€(ﬁ)
Ay Ay i Chain ru‘a

= ®

dx dv  dx
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Question 3

Using a suitable substitution, show that

[Substitution

2 x .
Lx+4dx=1+4ln§ Lgt U= X*‘L‘. Then -
iwd do i
7) dv _ | = - Fiad du i
T | > du = dx ferms oF x

x=1 = y=1+4=5

x=1 = u=1+*4Y=6 Teonsfocm
}nt&jra‘t;on lismits

U= x+4 => x=vu-4
(ot u =5 0-2) 4
[:U-‘-Hnl»‘\]:
(6-%1n6)-(5-11.5)
1+ 4 (1n5-1a6)

1+ 4 \nt

(8}
»
’»f‘x
¥
[- 9
®
I

1] 0 "

n

A E,(‘,a.\ents ond

| H —_= -
S—;— -:17( - \n lxl ik } Sto«-claré mfey‘ml loaa 7 loﬁ"‘x loso‘ )/ } \Ojarl'ﬂr\mﬁ

Question 4

Given that cos 26 = 2 ¢cos?  — 1, find the exact value of

z cos 2B = 2eostB -1 = c0519=—‘1—_'+ T‘L'e_as'le
2cos28d9
f% h 2 L P \
- S\T/ cos B 46 = S"/ (; + = cos 7_9) Je
4 4
37 the dkeila (u\&’_, TAB— (5;1\,}_9) = 2 cos 26
2 st
= Gy (5 (2ees2e) do
(!
I‘—cnm‘:o_nso.'te
L/
= {_f‘,;e +%s;nza:| *
,
= (@) F 502@) - (FF) ¥ si02(®))
I = l—I- Lo e =l a
'F(X) =ginx = f (x) =cosx } Derivalive of sinx == g Y o - sieg
‘“- 1 s;n’n—= (o]
=5(U) where u="(:(x) - — - — L
7 3 4 RO
s Ay ) A)’ Al Chain rule

dx' du = .
For more help, please visit www.exampaperspractice.co.uk



http://www.exampaperspractice.co.uk

=

EXAM PAPERS PRACTICE

Question 5

(a) Given that f(x) = 2x® + 4x, find f'(x).

(b) Hence, or otherwise, find

3x2+2
j dx

2x3 4 4x

i = 2x3 /
(a) Given that f(x) = 2x® + 4x, find f'(x). GLx*+ 4
(b)Hence, or otherwise, find

3x2+2

ﬁ wrax

The key here is To spel that the
nomeraleor 15 o mu‘tlr\e of the

derivolive of the denominatar.

axte 2 = A (6xieu)

g—:(' 4217( = la lxl +c } Slondacd intesro.l

[2]

[4]

[2]

[4]

FOO =% = 100 = nx™" ] perivative of <7

A> ‘F‘(X)=7_(’5xl)+"’r =l lx*+ 4
Substitution
b) Let o= 2x’+4x. Then:

O

o= x4

X

= do = (bx*+4) dx

feom pact (o)

p—

Fiad du in

1 Terms oF x

-—-.> T A,u=(’3xl+’)-) Ax

’Jxl*l
2>+ % dx —S
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Question 6

The diagram below shows a sketch of the curves with equations

and y=4-—x%+2x

y=x2=3x+4

(a) Find the x-coordinates of the intersections of the two graphs.

(b) Show that the area of the shaded region labelled R is given by

H
j (5x — 2x?) dx
0

(c) Find the area of the shaded region labelled R.

The diagram below shows a sketch of the curves with equations

and y=4-—x%+2x

y=x*-3x+4

(a) Find the x-coordinates of the intersections of the two graphs.

x=0 and X‘—;’:

(b)Show that the area of the shaded region labelled R is given by

S
] z(Sx —2x?) dx
o

(c) Find the area of the shaded region labelled R.

[2]

[2]

[2]

[2]

a)

1o Bx Y4 = 4o xTr2x

"t xT-Bx-2x+tH-4Y4 =0

1
o

'Lx1 - 5x

x(2x-5)=0

So x=0 o¢ 1x-5=0 =>x=‘%_‘
X=O anc‘ X’-—%_—'

b) TL\\S ;5 .th oo Bgtween -tu-lo cucves

belween x=0 and x‘éf, 50 ¢

H"EA

%A
SO [(Tor r_urvz)-(‘oottom Lurve)] A

I

h
S [(‘Jr'x1'+'2_x)-(x1—'3x+"l'):( dx

Sh,

5,
Sh

g (Sx-2x*) dx

o

(‘~|~Ui +Lx+3x -x"-x") dx

n
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The diagram below shows a sketch of the curves with equations

y=x*-3x+4

and y=4-—x%+2x

(a) Find the x-coordinates of the intersections of the two graphs.

[2]

(b) Show that the area of the shaded region labelled R is given by

H
j (5x — 2x?) dx
0

(c) Find the area of the shaded region labelled R.

Question 7

[2]

The diagram below shows the graphs of the line y = 6 — x and the curve y = x?.

X

Point P is the point of intersection of the curve y = x? with the x-axis. Point Q is the point of
intersection of the curve y = x? with the line y = 6 — x for which x > 0. Point R is the point of

intersection of the line y = 6 — x with the x-axis.

(a) Work out the x-coordinates of points P, @ and R.

(b) Work out the area of the shaded region.

[3]

&

C) Hrea of R = S: (Sx—q.xl) Ax

125

2
= units from GDC

you coulcl olio \..mfk this oot \57 L\o.nA via

%h ) %h
[, (sx-2) 4 = (34723 7]

0

S (- 22)- (0-0) -

&) X"- =0 :> =0 Yy=0 on the x-oxis

The x-coordinate of P =0

xPE -k = x +x-6=0
(x+3)(x-2)=0
X=’3 o 7(=7_

But x>0, so:
The x-coordinate of QA = 2
G-x =20

= x=06 y=0

on the x-oxis

T"\Q X—COOfJ'lnn.tQ a{ R

n

b
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The diagram below shows the graphs of the line y = 6 — x and the curve y = x?. of y = L-2=4

\

b) When x=72, 7:(1)2»{ => @ 15 the poinl (2,4)

= Area of o tr;anjle
A= z (b\n) z (b=‘u<~se) helheight)

feeght wth —;_— (q;q) = ‘_7_ (l(‘,) = g ocea of Tha feiangle
I \’wus“\ o
S ® ‘!" \"'_'\S\nt"‘*
-]

F\ B Sb J Aceo belween o curve 7='f(v.) ond
- o y X the x-o-x;s' whece $(x) > 0

i}
LRSI il LN W G A 3
SOX dx = 3 O-T 2 3 )

Jou could also evoluvate the infejrn.l wiih yuul‘ &DC.

Point P is the point of intersection of the curve y = x? with the x-axis. Point Q is the point of
intersection of the curve y = x? with the line y = 6 — x for which x > 0. Point R is the point of
intersection of the line y = 6 — x with the x-axis.

(a) Work out the x-coordinates of points P, Q and R. 12

H(Qa of R= 8+—83_: T
[3]

(b)Work out the area of the shaded region.

<x3 4
[4] Rcea of R= S units
n+ )
S g w e dad } Tategral of x” (n#-1)
N« |
Question 8
Consider the function h(x) such that b
o Peopecty of
=t P Y
fsh(x)dx=2. go. foodx = Sb f o dx {c\qf;«;ta '\ntejc‘m‘s]
(a) Find !

flh(x)dx a) S L) dx = ‘55 W dx =1 = 2
s 5 1

[2]
(b) Find
[3]
() Find
f] s(h(x) +2x) dx

[3]

For more help, please visit www.exampaperspractice.co.uk
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Consider the function h(x) such that

J;sh(x) dx = 2.

(a) Find
1
J. h(x) dx
s
(b)Find
Shix) +1
d.
[FF=e
(c) Find
H
f (h(x) + 2x) dx
1
n+
X
S x" c\x -
n=+|

Consider the function h(x) such that

J;sh(x) dx = 2.

(a) Find
1
f h(x) dx
s
(b)Find
Sh(x) +1
=4
e
(c) Find
5
f (h(x) + 2x) dx
1
nt

[2]

[3]

[3]

+C % Inte5,ro.l oF %" (r\:f-‘—l)

[2]

[3]

[3]

+C } Totegral of x" (n#-1)

b b
SA k fx)dx = kg f) dx definite integrals

?roFgrt.les oF

: (feo x g) dy = “foodx £ 57 40 d
S& o (-3 5

1

. s
-_TSL (moo + 1) dx

gf \ .h)

S
:—lf(Sl L) dx +

5 x) * 5\
b) (Tl a2 [T d (b 1) de

Aad gfux =[x]f=5-\
5 +
R N SO E

§" (S0t 900) Iy = §* 500 dx

+

S‘: 9(x) dx

[Pre?erty of definite 'mtejro.\s]

s S

And (2w da = (21] = 5™ M= 25122y

5
So g‘ (\-\(x)“' ’Lx) A% = 2% 24

For more help, please visit www.exampaperspractice.co.uk
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Question 9

Consider the function f(x) = In (2x2 + 1).
(a)Find f'(x).
3]
(b)Hence, find

f ZxeT dx

[3]

_F(X) = Xr\ = -F'(x) = ﬁxn-l ?S Decivalive of x"

E Decivalive of |n x

%|-

FO=lnx = fio-=

Consider the function f(x) = In (2x? + 1).

(a)Find f'(x). m
' x
F6)=7an 3l

(b)Hence, find
x
f prarei

[3]

7=3(U) w\«ere U='F(7‘)

,_‘_—> _i_)l_ = Ay *
dx dv  dx

Au C\na"n rule

a) § () = —— (4x)

2Zxt x|

' Y4 x
)= Lx*+ |

ro&just
X _A Y x
b> S Lxr+ dx = Kl 2xr+ dx

'\— comim.nsoﬁte

o e

A}’ indefinite integral

S5 de = yre (UEEED)

X
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Question 10

7:5](\(0) i
Let f'(x) = x? cos(x® + 1). /4 o= e
7 . S~
Find f(x) given that f(—1) = 1. Let 7 = i (X:‘ % \>‘ Tlea:
[5] |
d g
oo = S {:’(X) dx IKL e "—JT = (cos (x*+ 1)) (3x*) = 3x* cos (x*+1)

rmljus’r
fx)= S x“cos (x*+ ) dx = %’S 3x* cos (x*+1) dx
t comPe_nso.‘tz

Cl)’ indefinite integral
S —&— Ax = 7 ¥ C (ms antidecivative )
= 'F(x)=‘:‘,—sln(x°+\)+c

BoT F(-1) =1, 5o

7,: 3(\1) w\nere U='E(7‘) —‘,‘.’—5;0 ((—\)',4- \)‘\'C =1
s A}' ) ‘47 Jo Chain rule
T F:I:_FI\T*:: +sin(0)rc =\ = c=) sin(0)=0

L. .8
F(x)=sinx => £(x) =cosx % Decivatlive of sinx FO)=Fsin(x"+ DER
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