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EXAM PAPERS PRACTICE

Complex Numbers Mark Schemes

Question 1

Considerw:i—:, where 7, = 2 + 2V/3i and 7, = 2 + 2i. (a) 6 & 24 ZEL x 2-20 > .
(a) Express'w in the form w = a + bi. 2+2i 2-2i z"\):li\pla L*:-}F
3] = ¢ +40E -4+ 403 o\ejoi:mtor b
(b)Write the complex numbers z, and z, in the form re®, r > 0, —1 < 8 <. bt4i-4c+ 4 ancel ¢
14 = 4(14+43) +4.(F3—|)L
g

() Express w in the form re®®, r >0, -1 < 0 < 1.
[3]

w=(+7) + -1),
2 2

Consider w =2, where z; =2 + 2V3i and 2, = 2 + 2i. (b) Find the MDAM.‘\AS and wjuw\t 1%(‘ 2, ond Z,

2z

(a) Express w in the form w = a + bi. |2|| = \/21+—(er—)1.‘ e' - b#\-' (Zﬁ)
13] 4
=JV§+12

Trig exack values
= & l?am"_g =J3

(b)Write the complex numbers z; and z, in the formre®®, r >0, -7 < 8 < .

=T
14] 3

(c) Express w in the form 7e®®, r >0, -1 < 6 < .
(R 2/ N3
L
3] 2 . 4 e ( 3)

l2,| =/ 2%+ 2* e, = tm"(%)q?

212

= I Tr[s Qxack values
& tan T = |
¢

ZJ_Z— ei'(%) ﬁ ]

Z,
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Consider w = -z-:-, where z, = 2+ 2V3i and z, = 2 + 2i. (C) w= g ei]}
(a) Express w in the form w = a + bi. ZEEL]£
3] s & e'*(?'%
. . , 5
(b)Write the complex numbers z, and z, in the formre'®, r >0, -t <8 <.
. (=
2, = 4e‘(—g) " - l““z.ﬁ & >
(c) Expressw in the form7e®®, r >0, ~-m1 <6 < 1.
&)
2,522t (3] i
w=J2e ™
Question 2
Solve the equation'z® = 27i, giving your answers in the form a + bi. As Wt s a CIALiC., 'H'\Efe sL\ou\J\ L& 3 .Solu{)‘M, FI/\A 2 ’Fﬂ"
k=0,1, 2
(6] ( )
- (T
. e =0: = el - T 4 is T) = |
Write the number 270 \n Poiar forwa REMS 5% 3(0)5? ez 3 ‘% 'r?"
Skekdwng on Aggard dingrom s U= =T, 2T 2=303 +3.
con help 2 ™ 2 2 2
for mulbiple solubons
a iz +zt1r) . /SE .
2 = 2-’3(2 kE=1: == Sel(") =3(cosﬂ+£sinﬂ)=3-_3-r_'t
4 4 2 2
;(% * aur),,%
2 = 3e
(%~ 24T) 2=-33 + 3
z = 3e : ‘ 2 2
T+ 4k)
z = 3e ()

Lene mber exact tr\;j values and the sine and cosve 3(0@@

Exact Enﬂ valugs : Sinx’ Lol v 3

™ .

cos T =3 sin = |
¢ = ¢ 2 | S b :
cos X 2="-3
T™=0 inTC = |
e 7 ™~ ..

[ S
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Question 3

e i(Z i X
L = i () o . = B ) ) 2,2, = 6e®x 3@
(a) Giving your answers in the form reis@, find = 18{2e (F+E)
O] 2123
5
. 2z = 1802 e l(T)
(i) =
2
[4] :
2,2, = 180Z is (s
(b)Write z, and z, in the form a + bi.
[2]
(c) Find z; + z,, giving your answer in the form a + bi. ( )
i(m
i=
- (@) 2 = _6e™
2, i(E)
3{Ze'
Itis given that z{ and z; are the complex conjugates of z; and z, respectively.
I . . . 2 .ED
(d)Find z; + z;, giving your answer in the form a + bi. = 5 e
\F2
[2]
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Letz, = Scis(%) and z, = Bﬁe'(f). l:M 1 = 2 Exo.r.t l?ﬂj vo]ue,s: X /l
Givi in the form rcisd, find 6 o b"‘(l)zl E
(a) Giving your answers in the form rcis#, fin 6 {-3- |
M) =@z | - 4 |
(ii) 4 ﬁ- o o Z 3 iS a v\-\uallﬂ D-F _I_
2, ~_ \r3—
oC
M o y X
(b)Write z; and 2 in the form @ + bi. ﬁ
2 Find the wodulus, 6 in teras of x and Yy
(c) Find z, + z,, giving your answer in the form a + bi. C = }x ‘L+ 51-

Sdve  simultone ous equa’dans

It is given that z; and z; are the complex conjugates of z; and z, respectively.

= / 2 x \*
(d)Find z; + z3, giving your answer in the form a + bi. 6 x -+ ( E )

[2] SQ = ixl
3
(b) al=x+5i" x = 35 = 523
Express {qv\e in term~s OFI and 3 :
Z' - Sﬁ -+ 3(.

2,= x4yt
Express tanB in terms OFJ’. and Yy

EME _ i) ok fxactﬁl?r‘ij v]a\ue&‘.
on =
« (= @' A
= 3: b l

Find the modulus, 312 (A trms of x and Yy
312 = Jx*+ 3"

Solve  Simultane ous e_quafdcms
312 =yx 4 x°
g8 = 2x*

x:3 ==>3:.3

For more help, please visit www.exampaperspractice.co.uk


http://www.exampaperspractice.co.uk

=

EXAM PAPERS PRACTICE

Letzl=5cis(§)andz2:3‘/iei(§), (c) Z2, +2, = ¢ (cosl + Lsia E) + 3T (“51 & Thadt
. . G 4 4 4
(a) Giving your answers in the form rcisé, find Exoct k“ﬂ values :
M 2z cos® =3 sinE =1 P o= (T + 1 L) + 35('_ + Li)
6 2 6 2 2 2 Z Nz
W% T T
cos N =1 sl =1 _ . g
¢ iz ¢ Jz 4] -3J_3_+3L1‘ 3+ 3L

(b)Write z; and z, in the form a + bi.

[2]
(c) Find 2, + z,, giving your answer in the form a + bi.

[2]
Itis given that z; and z; are the complex conjugates of z; and z, respectively.
(d)Find z; + z3, giving your answer in the form a + bi.

[2]

Question 3d

Letizg = écis(%) and z, = 3vzeils). (A) 27‘ = 33 - 3L

2. t2,= 3(1+{3)+ 61

2% = 3-3

(a) Giving your answers in the form rcisé, find )
2y 2,b= (SE-SL)+(3’SL)
0] 2z
() 2 =33 +3-3 -3
[4]
2r+2X=3(T40)-60

(b)Write z; and z, in the form a + bi.
2,= 3J3 + 3¢

(c) Find z, + z,, giving your answer in the form a + bi.

2, 34+ 3 2]

Itis given that z; and z; are the complex conjugates of z; and z, respectively.

(d)Find 2y + z3, giving your answer in the form a + bi.

[2]
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Question 4a

Letz = 2cis(2) and iz, = 2 4 20, (a) (”) 2,= 2 (‘°5 % + “5;“1?‘—) 2 Trigexact values
cos 1_r = L
(a) Express 3 2 2 E
(i) 2 in the forma + bi =2 (l + El) ) |
2 2 sin U= E
(ii) 2y in the form rcis@. 3 3
[2] "
2,= | +J31
(b)Find wy = 2, + z,, giving your answer in the form a + bi.
[2]
(¢) Find w, = 2,2,, giving your answer in the form rcis. (ll) | le _ Zz N Zz =2 J’Z_

[3]
7 S Tris exact valaes

(d)Sketch w; and w;, on a single Argand diagram.

@
Ry
"
(au
®
3|
—
[3)
N
"

5
4

2 tc\n(%)’l %.

By ® Zﬁcis(l) !
m

Let21:2cis(§) and z; = 2 + 2i. (b) W, = (] +ﬁi) & (?_ + Zi)
(a) Express
(i) z inthe form a + bi 2[ = | +J€|, W, = 34 (Z-}-\ri)b

(ii) 2, in the form rcis6.
[2]
(b)Find wy = 2, + z,, giving your answer in the form a + bi.
[2]
(c) Find w, = z,z,, giving your answer in the form rcisé.
[3]
(d)Sketch w; and w;, on a single Argand diagram.

[2]
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Let zy = 2¢is (Z) and z, = 2+ 2i. () w,= (zcig (%))(ZJ'Z" cis (%))

(a) Express
(i) z, inthe form a + bi - Zei(%)x ZJ—Z'e-(TT:')
(ii) 2 in the form rcis@. . T T
2,= ZECLS(E) - 4T E)
4 [2]
(b)Find wy = z; + z,, giving your answer in the form a + bi.
W, = 42 cis(IK
[2 12
(c) Find w, = 2,2, giving your answer in the form rcis.
[3]

(d) Sketch w; and w;, on a single Argand diagram.

[2]

([ .
Let z, = 2cis (;) and z, = 2 4+ 2i. (o\)
(a) Express
(i) 2z inthe forma + bi W,
(ii) 2, in the form rcis6. |w.| =Q—ﬁ

(b)Find wy = 2, + z,, giving your answer in the form a + bi.
w3+ (24930 12
(c) Find w, = z,z,, giving your answer in the form rcisé.
W, = 42cis E) (3]
12
(d)Sketch w, and w, on a single Argand diagram.

[2]
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Question 5

Itis given that that z, = 2¢1G) and Z3—13cls ('1'—’2') , nEZ* (6\)

(a) Find the value of 2,2, forn = 3.

[3]

. + 5
(b)Find the least value of n such that z,z, € R*. _ 6 o i ( o )
[3]

T
- _ o iE i (AT (E+ "——)
Itis given that that z; =266 andz2—3c1s(1—2). n €zt (': R, 8,5 68 (3 =
(a) Find the value of z,z, forn = 3. - ¢ E ((Lw‘nz)'l\'
- e

[3]
For 2,2, to ke IR+, it must lie on the pesitive,, real
oaxis and O must therefore be o mulbple of 2T

(b)Find the least value of n such thatz;z, € R*.
The smallest valve <F°( n il be when @=2T

(4+n) T = 2%

VR

i}

G4n = 224

n= 20
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Question 6

Consider the complex number w = 2 where'z; =3 — V3iand z, = 2cis (z?") (q) ﬂewri t?. <, ;n U'\e Forua o]/: rc LSG
(a) Express w in the form rcisé. |% I =J3%*+ ( E)l = Zﬁ
= / - =

[5]
0, = tan" (‘_\‘.—5_) = tM“(__|>°LTrIS exack valves
3 3

(b)Sketch z,, z; and w on the Argand diagram below.

Im(z)

=N
6

e Zﬁeb(-?)
Re(z) 22,(%)

Z_B_ei(-—z:—%>
2

[3]

w= V3 cis (—56_1\')

(c) Find the smallest positive integer value of n such that w" is a real number.

[2]

Consider the complex number w = :—‘ where z;, =3 — V3iand z; = 2cis (z?n)
2

(a) Express w in the form rcisé.
[5]

(b)Sketch z;, z; and w on the Argand diagram below.

(b) Im(z)

4
3

Z2

— - Re(z)
g et :r 3 4
2

£ Tl

2
»

. {
&4

[3]
(c) Find the smallest positive integer value of n such that w" is a real number.

[2]
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(SN
Consider the complex number w = :—’ where z, = 3 —v3iand z, = 2cis (2?") (C) w = \ri e "( 6 )
(a) Express w in the form rcis6. w = E Ci S (_ ﬂ'\'
6

5] wh = J_S-nei(_%)

(b) Sketch zy, z; and w on the Argand diagram below.

Re(z) -5 H’,\ = -kJ)(’.
6

For k to be an ;'\teg;( value

-
[3]

(c) Find the smallest positive integer value of n such that w" is a real number.

[2]

Question 7

Consider the complex numberz = —1 + \/§i. (& r= /(_') 2 4 (ﬁ) 2! -

(a) Express zin the form rcis 8, wherer > 0Oand —w < 8 < .

4 0 = ban"(J_'s') = 2%
b 3

(b) Find the three roots of the equation z> = —1 + /3i, expressing your answers in the
formrcis 8, wherer > 0and -7 < 0 < m.

[4]

For more help, please visit www.exampaperspractice.co.uk
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Consider the complex number z = =1 + V3i. k=0
-3 ALY .- FALY
(a) Express z in the form rcis 8, wherer > 0 and - < 8 < 7. 2, = H (OS( 3+ 0 ) + LSI'\( 3+ 0 ))
: 3 3
2= 2cus (ﬂ) [4]
3
3 .. 3 .
= 20 . ™ =
(b) Find the three roots of the equation z* = —1 + V/3i, expressing your answers in the H (COS (T) + tun (l—q )) 2 J-Z- cis (%‘-)
formrcis 8, wherer > 0and —m < 0 < m.
[4]
=1
el cain N = o noind _ o 3 2m .. P
|De Moivre's theorem [r(COSB-HsmS)] =r"(cosnf +isinn@) =r"e" =r cnsn9| 2, = H (COS (—3 + 2“) + 5"\(_3 + Z]))
3 3

L Formula  booklet

() f 2%= -1+05(=2 (m(%vr)+ cs;a(%rr))

Then &= (—-I+Ef.)y3

D) '/
= 1’:(<os(g+ zm:) + Ls;ﬂ(ng zﬁk))’
3 3

= 15(:05(%1— Zﬁk) + I:sif\(%-k Zﬁk))
3 3

k=o0,1,2..,n-1

= N7 (cos(S_:) + as:n(s_g)) 2= ¥7 cis (%r)

k=2
V2 (cos(%+ q.ﬂ) + len(%+ q.i\'))
3 3

(i) () oo

z;

n
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Question 8
(a) 24%-1= 18 = 2%= le

Consider the equation z*—1=15 wherez € C.
(a) Find the four distinct roots of the equation, giving your answers in the form a + bi,
Define @ new complex nomber, w

wherea, b ER.
4
4] let 2= w =2 w* =16

(b) Represent the roots found in part (a) on the Argand diagram below.

Im(z)

2t =4 2t = -4

Re(z)

[2]

(c) Find the area of the polygon whose vertices are represented by the four roots on the

Argand diagram.

(3]

Consider the equation z* =1 =15 wherez € C.

(a) Find the four distinct roots of the equation, giving your answers in the form a + bi,

wherea,b e R.
z, = 2 2,= 2: 237 Z.l- 2,,—'2.‘
' [l]

(b) Represent the roots found in part (a) on the Argand diagram below.

(b) Im(z2)
f th
Z3
2, z,
% Re(z)
- Z rz (z)
2.
Y-21
[2]
(c) Find the area of the polygon whose vertices are represented by the four roots on the
Argand diagram.
[3]
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Consider the equation z* — 1 = 15, where z € C. (c) The SL\QPQ €MM€J\ S a squore
Leagth, L =27+ 2% = 2J2

(a) Find the four distinct roots of the equation, giving your answers in the form a + bi,
wherea,b € R.
(4] -
Acea, A = (247
(b) Represent the roots found in part (a) on the Argand diagram below.
N 2
A = 8 units

Im(z)

(2]

(c) Find the area of the polygon whose vertices are represented by the four roots on the

Argand diagram.

Question 9
Consider the complex numbers w = 3(cos§—isin§) and z=3—3i (Q) w= 3 (COS T - isin 1‘—)
3 u spot the negative '
-51n@ = 5"\(*6)

cosB = ccS(—e)

(a) Writew and z in the form rcis 8, wherer > 0and -7 < 8 < m.
(4]
(b) Find the modulus and argument of zw. w = 2 cis (- 1)
2 N
(c) Write down the value of zw.
2] 2] = JV3*+ (-3)"°

2/3'

6 = l:an‘|(—\/_‘i) Exack values:
3
y 4 \ERS S
6

e =-T
: 2)

For more help, please visit www.exampaperspractice.co.uk
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T

Consider the complex numbers w = 3 (cosg — isin 3) and z = 3 —3i. (b) | 2 Wl

2/3"x 3

(a) Write w and z in the form rcis 8, wherer > 0and —7 < 6 < m.

e 3“(.%) 2 = 2J7 cis(‘%) 4] |z w]|

6J3’

(b) Find the modulus and argument of zw.

[2) arg (2w) = -X + - T
d 6 3
(c) Write down the value of zw.
(2 arg (w)= - &
2
Consider the complex numbers w = 3((:05%— ising) and z =3 —V3i. (c,) zw= 6 \/? (COS (—E) + LSin (—E))
2 2

(a) Write w and z in the form rcis 8, wherer > 0and —7 < 6 < m.
4] 2w = GE(O—L)
(b) Find the modulus and argument of zw.

Iz“I:GE ora(&u)=‘% [2] 2W = 6\/?L

(¢) Write down the value of zw.

(2]
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Question 10
Letz = 12 + 16i, where a,b € R. (Q) (q+ ZL)Z - |(;+ gt ¥ 8[, _ 4

(a) Verify that 4 4 2i and —4 — 2i are the second roots of z.

[2] 12 + \61t

(b)Hence, or otherwise, find two distinct roots of the equation w? + 4w + (1 — 4i) = 0, where
w € C. Give your answer in the form a + bi, where a,b € R.

(4 (4-2)°= 16+8i+8 -4

12 + 16t

/ 2 '&rv\« \a
(B) x:w (’5— \go:klet

Letz =12 + 16i, where a,b € R.
2a
(a) Verify that 4 + 2i and —4 — 2i are the second roots of z.
2l w= -4 /4> 4 ()(1-4i)
2(1)
4 =12+ 16,
2

(b)Hence, or otherwise, find two distinct roots of the equation w? + 4w + (1 — 4i) = 0, where
w € C. Give your answer in the form a + bi, where a,b € R.

[4]

-4+ (4+20)

2
O

=0 +2 w=-8-2
2 2
(»J=i. W="‘|-‘i.
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Question 11

The complex numbers @, = 3 and w, = 2 — 2i are roots of the cubic equation (&) ‘nr\e u\lréx root L«JII\ b& ﬁr\e Com P(Q_X <on A\Aﬂﬂ\&
@® + pw? + qw + 1 = 0, wherep,q,r ER. J
iy
(a) Write down the third root, w;, of the equation.
W, = 2 +2,

[1]

(b)Find the values of p,q and r.
[4]

(c) Express wy, w, and ws in the form rcisf.
[4]

The complex numbers @, = 3 and w, = 2 — 2i are roots of the cubic equation w?* kerm:

@® + pw? + qw +r = 0, wherep,q,r €R.
PT "W~y Tl
(a) Write down the third root, w3, of the equation.

Wy = 2 +21 0 P:'(3)'(2'2‘)_(2*2‘)
(b)Find the values of p,q and r.

p="1

[4]

(c) Express w,, w, and w3 in the form rcisé. w bterm:
[4] al= (w. W, + W,y +LI, bds)
(b) If W, w, and w, ore the rocts, then a= () (2-2)+ ) (2+2) + (z-2)(2+ 2:)

S el g = -l Kglfes i) 4= 6 -6l + 6460 + h-biski+b
= &5

w (’un-(“)l—wl)“l + (L.J. We ¥ W, 1'LJ-,_I—J3)bJ — Wy

Substitube Hthe values for W, W, Ak wy e frd
the coeffcient of each termn and equate it o the

consbont :
corresPOv\Al/\j cefficient or constant p,q o v eren

T -, W, W,y

r:-(s)(z—?.;)(2+25.) =-5(q+4-)

F=-24
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The complex numbers @; = 3 andw, = 2 — 2i are roots of the cubic equation (c) (,J’ — 3 'd iS 0
w* + pw? + qw + 1 = 0,wherep,q,r €R.

(a) Write down the third root, w,, of the equation.

Wy = 2+ 2,

[1] =
' lwl =J2%+ ()" = 202

4] B = taw\"(’i) =T < _ Trig exact values
2 4

(c) Express @;, @, and @y in the form rcis@. to.n (E) = | \'E : 0
[4] 4

W, = 2J2 cis(—l) [
4

(b)Find the values of p,q and r.

ILJ3| = |Uz|: 2z
9, = o™ Z:) =TT
2 4

W, = 22 c{s(ﬁ)

4
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