EXAM PAPERS PRACTICE

Extended Questions (Section B, HL)

Question 1

Mark Schemes

The function f is defined by f(x) = %, forx ER, x#m, x #n.

(a) Find the values of m and n.

() f(i) 5 undefined when the denominaker = 0.

Solve " +3x -4 =0
[2] xt +3x -4 =0
(b) Find an expression for f'(x). (‘x = l,.)(;x - |> =0
(3] L fy =
The graph of ¥ = f(x) has exactly one point of inflection.
m=—l¢-, n=I| * m=1 and n=-4
(c) Find the x-coordinate of the point of inflection. is olso Correch.
[2]
(d) Sketch the graph of y = f(x) for —6 < x < 6, showing the coordinates of any axis
intercepts and local maxima and local minima, and giving the equations of any
asymptotes.
[4]
243xy—
The function g is defined by g(x) = %, for xER, x # %
(e) Find the equation of the oblique asymptote of the graph of y = g(x).
[3]
(f) By considering the graph of y = f(x) — g(x), or otherwise, solve g(x) < f(x) for
x €R.
[4]
. . 2x—1
The function f is defined by f(x) = i d forx €ER, x #m, x #n. (b) formuloy book : S o ﬁz\-‘“\‘. qfi‘\'
v e
(a) Find the values of m and n.
2] Let w=2x-1 and v=x*+3x -4
(b) Find an expression for f’(x). w=2, v' =2x+3
[3]
Substitute into quotient vule:
The graph of y = f(x) has exactly one point of inflection.
(c) Find the x-coordinate of the point of inflection. -F(x) - (7—1 +3x - 4)(2) - (2 -0)(2x +3)
z
xP+3x -4
2 ( )
(d) Sketch the graph of y = f(x) for —6 < x < 6, showing the coordinates of any axis = 7_(17- +3%x-4) _@.x‘?- + b - 3)
intercepts and local maxima and local minima, and giving the equations of any Z
asymptotes. (17‘+ 39:.—4)
[4] )
= —2x” +2x -5
243x—
The function g is defined by g(x) = %, for x ER, x # % (x*+ Ela:.—l,,)z
(e) Find the equation of the oblique asymptote of the graph of y = g(x).
The quesbion dwes not
2 9
3] Pl = TEX T 2X 75 | sk for £ ko ke
2 & 2 simplified, so a'wins any
(f) By considering the graph of y = f(x) — g(x), or otherwise, solve g(x) < f(x) for (1' +3x - ) correct  Unsimplified
x €R. expression for £7() is fine,
[4]
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%, forx ER, x #m, x #n. (c) Use GDC to raph F(x) ond Ffind the =x-coordinate
of the local moaximum.

The function f is defined by f(x) =

(a) Find the values of m and n.

(-0.623,-0234)
(b) Find an expression for f'(x).

£
The graph of y = f(x) has exactly one point of inflection.

(c) Find the x-coordinate of the point of inflection.

[2]
(d) Sketch the graph of y = f(x) for —6 < x < 6, showing the coordinates of any axis
intercepts and local maxima and local minima, and giving the equations of any

x =-0.623
asymptotes.

2 —
The function g is defined by g(x) = %, for xeR, x # %

(e) Find the equation of the oblique asymptote of the graph of y = g(x).

[3]
(f) By considering the graph of y = f(x) — g(x), or otherwise, solve g(x) < f(x) for
x €R.

(4]

_ k. Al s
The function f is defined by f(x) = 1 forx e R, x #m, x #n. (d”) Use MG GDC o sketdh bhe groph

T
#Sxd Draw and Lobel os:jmp{:ok-_es ot ==& and x =1,
(a) Find the values of m and n. Lobel the = owxis y=0 os ths & also an asymptate .

2 Lobel the oxes ot the wtercepts (0,%) and (7,0)
(b) Find an expression for f'(x). Draw K R Cp\(e'huj-

The graph of ¥ = f(x) has exactly one point of inflection.
(c) Find the x-coordinate of the point of inflection.

[2]

(d) Sketch the graph of y = f(x) for —6 < x < 6, showing the coordinates of any axis
intercepts and local maxima and local minima, and giving the equations of any

asymptotes.
=1
[4] =2 6 J
24 30—
The function g is defined by g(x) = %, for x€R, x # %
(e) Find the equation of the oblique asymptote of the graph of y = g(x).
[3]
(f) By considering the graph of y = f(x) — g(x), or otherwise, solve g(x) < f(x) for x==-4 x=|
x €R.
[4] ¥ There are no local moxima or minima.

For more help, please visit www.exampaperspractice.co.uk
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2x—1

The function f is defined by f(x) = ey

forxeR, x#m, x #n.

(a) Find the values of m and n.
(b) Find an expression for f’(x).

The graph of y = f(x) has exactly one point of inflection.

(¢) Find the x-coordinate of the point of inflection.
[2]
(d) Sketch the graph of y = f(x) for —6 < x < 6, showing the coordinates of any axis

intercepts and local maxima and local minima, and giving the equations of any
asymptotes.

x+3x—4

1
1 ,for xeR, x #

The function g is defined by g(x) = 5

(e) Find the equation of the oblique asymptote of the graph of y = g(x).
[3]

(f) By considering the graph of y = f(x) — g(x), or otherwise, solve g(x) < f(x) for
x €R.

2x-1

The function f is defined by f(x) = Ty

forx e R, x#m, x #n.

(a) Find the values of m and n.
(b) Find an expression for f'(x).

The graph of ¥ = f(x) has exactly one point of inflection.

(c) Find the x-coordinate of the point of inflection.
[2]
(d) Sketch the graph of y = f(x) for —6 < x < 6, showing the coordinates of any axis

intercepts and local maxima and local minima, and giving the equations of any
asymptotes.

*+3x—4

1
1 , for xE[R{,x#:E.

The function g is defined by g(x) =
(e) Find the equation of the oblique asymptote of the graph of y = g(x).
[3]

(f) By considering the graph of y = f(x) — g(x), or otherwise, solve g(x) < f(x) for
x €R.

[4]

(e) Numecokoe is \q\gker order Hon  denominctor S0 find the oblique
asympkote b3 wriking the numerator in the  form

CZI.- I)CPDL -\—q/) v

Use po\‘jv-\om‘\o.\. division:

2T +%
21-||3:.7'+3:>L -4
e
7
Frandat
2 3
z* "%
il
N
q
L \y_a =
o g . @ )Ex02)-3 | gaei o_®
-
2> -1 5
a
4

As 2 — *eo, — o0,

2x -1

+H

oblique asymptote 1S ak 5=-'ix+

5:‘12'x+

+|4

(F) use your GOC to groph (=) on tre some set of axes os f(=).

5:?(—"-)

y=9=)

(.303, 1)
Ty

(-2.303,1) N85, -1)

ot=-h |§—=I
=3

Fiad the points of intersection of the two grophs.
Consider the parts of the an\p\'\ where \t](t)<“1)
3<% <0854, |<x<)303

x < 5884 , —4& <X <-2303,

x <-585, -4<x<-230, 0.5< x<0%85, I<x<l|.30

For more help, please visit www.exampaperspractice.co.uk
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Question 2

The function f has a derivative given by f'(x) = m, x€R, x #0, wherekisa () ) _ a . b
positive constant. 3x (k, ) 3 k-x
(a) The expression for f'(x) can be written in the form — + b where p,q € R. Find a Multiply Hacough by tihe denominokor to  eliminoke frackions
3x T k—x Y d
and b in terms of k.
[3] I = alk-x) + b(3x)
(b) Hence find an expression for f(x). Choose values of = *o sulbstitute nto Yhe {de;\l-_"k,:s thok
- willl eliminake esch conskont
R is the population of rabbits on an island. The rate of change of the population can be let ==0: | = a.(k— 0)+b(3x0)
modelled by the differential equation i—’i = ?’i?(f_k—R) where tis the time measured in (eliminotes b) | = ak
years, t = 0, and k is the maximum population that the island can support. e
Tk
The initial population of the rabbits is 20. Lok ‘2im fod | = ale- K+b(@xl)
3, 1 =3b
. . . : 20ked
(€) By solving the differential equation, show that R = ———-.
k—20+20e%" b= 1
3k
[7]
After two years, the population of rabbits has risen to 70. 1 |
QA= I P b= ﬁ‘-

(d) Find k.
[3]

(e) Find the value of t at which the population of rabbits is growing at its fastest rate.

1
The function f has a derivative given by f'(x) = z———=, x € R, x # 0, wherek isa ,
3x(k—x) (b) |ﬂl—,eﬂro&.& £ L:x)/ use bBre form found in Porl'. (o).

positive constant.

(a) The expression for f'(x) can be written in the form ;—x+ % where p,q € R. Finda J'{'(_x) dx = ‘J- % - k‘jx doe
and b in terms of k.

[3] Supstitute o ond b from pavk @

(b) Hence find an expression for f(x). J{'LX)A:A _ j S‘Lx = 3k_(‘l‘_x) de  Foctorise, 3|_k % o Cadin
[3]

\ formulan book
R is the population of rabbits on an island. The rate of change of the population can be J(,‘ (x)de = — J(J_ ooy S ) doe. Standard integrals Ill de=ln|x|+C
) ) . dR _ 3R(k—R) ) ) ) 3k J\x= k- X
modelled by the differential equation Py where t is the time measured in

years, t > 0, and k is the maximum population that the island can support. |

= [|v\ el + (-1)In| k—:z:l:| + C'\Cov\smn\: -

The initial population of the rabbits is 20. in\-,exjvohian.

I
3, =_[|n|.z|—|r\|k—.’x‘-|:| ol ]
- . . - 20ked k
(c) By solving the differential equation, show that R = ————

3,
k—20+20e%
[7]

! x
%) = o (In |—| +C
After two years, the population of rabbits has risen to 70. .FC ) 3k ( k-

(d) Find k.

(e) Find the value of t at which the population of rabbits is growing at its fastest rate.

For more help, please visit www.exampaperspractice.co.uk
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. o 1 ) drR _ [ 3R(k-R) 4¢
The function f has a derivative given by f'(x) = k=l x€R, x#0, wherekisa (c) J-M K = 5 T

positive constant. . .
Szpwo«l:& te voriobles to bring R to ore side

(a) The expression for f'(x) can be written in the form =4 b where p,q € R. Find a ! _ |
3x  k—x dR = | — 4k
and b in terms of k. 3R(k-R) Ak
31 Rf.caJr\'nse. ot  this © the some expression os 1) in port (o),
(b) Hence find an expression for f(x). so “substibube  omswer from (b).
| R =
[3] 3k ["1 R ] - H_t *C R new conskont of

inbesro\;'\m needed .

R is the population of rabbits on an island. The rate of change of the population can be W L ¢
_ h = 0 (inibial lation) , R =20,
modelled by the differential equation i—’i — 3 fk R , where tis the time measured in “ e s
ears, t = 0, and k is the maximum population that the island can support. il 20 \]1= L . iR Z0
y pop pp — [“‘(k.-ZO w@*c . oc=gin(fro

The initial population of the rabbits is 20.
Substitube. < and rmrrw:je_ for R.

3
(c) By solving the differential equation, show that R = Lez:; L |n| R ‘ = L+ L (l_%o)
k—20+20e4" 3k " k-R Lk 3k
R| = 32 20
i ] = ¢ e n (@)
After two years, the population of rabbits has risen to 70. 3 R 20
=%t =1In —’ = In KTZO)
L k-R
(d) Find k.
: R . 20
3] Wt = "“ kR k-20
3y [ RE-20)
(e) Find the value of t at which the population of rabbits is growing at its fastest rate. 4= "o (k-R)
3
[2] R(K-T-O) _ eTb
20 (k-R)

2
R(k-20) = 200 *" (k-R)
3
Rk-20R = 20ke " - 20Re

4t
Rk-20R + 20Re*” = 20ke

Rk -20+ ZOe%L) = 20ke™

2t
20ke *
k -20 + 20e%t

For more help, please visit www.exampaperspractice.co.uk
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The function f has a derivative given by f'(x) = m, x€R, x#0, wherekisa (d)
positive constant.

a

(@) The expression for f'(x) can be written in the form e

and b in terms of k.

b )
= where p,q € R. Finda

(3]
(b) Hence find an expression for f(x).
(3]
R is the population of rabbits on an island. The rate of change of the population can be
dR _ 3R(k—R)

modelled by the differential equation Ty where t is the time measured in

years, t > 0, and k is the maximum population that the island can support.

The initial population of the rabbits is 20.

3
3t
4
(c) By solving the differential equation, show that R = _ 20kel

3;°
k—20+20e4
[7]
After two years, the population of rabbits has risen to 70.

(d) Find k.

(e) Find the value of t at which the population of rabbits is growing at its fastest rate.

The function f has a derivative given by f'(x) = m, x€R, x#0, wherekisa (e)

positive constant.

i+L where p,q € R. Finda

(a) The expression for f'(x) can be written in the form ETR

and b in terms of k.
(3]
(b) Hence find an expression for f(x).
(3]

R is the population of rabbits on an island. The rate of change of the population can be
dR _ 3R(k—R)

modelled by the differential equation Py e where t is the time measured in

years, t > 0, and k is the maximum population that the island can support.

The initial population of the rabbits is 20.

3
20ket

(c) By solving the differential equation, show that R = 3,
k—20+20e%

After two years, the population of rabbits has risen to 70.

(d) Find k.

(e) Find the value of t at which the population of rabbits is growing at its fastest rate.

\When t=2, R=7F0

Substitute in ond  solve for k.

3
ZDk&"(z)

o - —lke
7 k -20 + 20e3®

Solve using GDC, solver.

k = 248 2b64...

k = 248 (3s£)

Use Your GDC b0 §ind when ';:—z' s ok o maximum.

3R (248.2642 - R)

Groph dR —
de 4 (248.2642)

(124.132, 46:55)

AR s of s moximum when R = 124,132
ok
Substitute in ond  solve for L.

20 (24,2642 * )

12432 =
2482642 20 + 2065

b = 3.25 years

For more help, please visit www.exampaperspractice.co.uk
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Question 3

A particle is moving in a vertical line and its acceleration, in ms‘z, attime t seconds,

t=0, isgivenby a = -1;_11’ where v is the velocity in meters per second and v < 1.

The particle starts at a fixed origin O with initial velocity v, ms™'.

(a) By solving a suitable differential equation, show that the particle’s velocity at time t is

givenby v(t) =1— e_§(1 = 1),
[6]

The particle moves down in the negative direction, until its displacement relative to the
origin reaches a minimum. Then the particle changes direction and starts moving up, ina
positive direction.

(b) (i) Ifthe initial velocity of the particle is =3 ms™?, find the time at which the
minimum displacement of the particle from the origin occurs, giving your
answer in exact form.

(ii) If Tis the time in seconds when the displacement reaches its smallest value,
show that T = 2 In(1 — vy).

[4]
(¢) (i) Find ageneral expression for the displacement, in terms of t and vy.
(ii) Combine this general expression with the result from part (b)(ii) to find an
expression for the minimum displacement of the particle in terms of v,.
[5]

Let v(T — k) represent the particle’s velocity k seconds before the minimum displacement

and v(T + k) the particle’s velocity k seconds after the minimum displacement.

(d) (i) Showthatv(T —k)=1- e%‘

K
(ii) Giventhat v(T +k) =1—e"2, showthat v(T —k) + v(T +k) 2 0.
(m) o= dv = _l=v

-1 4
I-v 2

Inki ate
ed b= (L
|-v 2

inh=vl = -& +¢
2

Find ¢, when t=0, v=1y

Lnll‘\hl = C
Substitube n|1 =vel for ¢
nli=vl = =% & tall = vel
-
th=vl=tali-v] = -%
2
n ll=vl = =%
[1-v. 2
-
l-v = e 2
| = Ve
-t
l-v = 7% (I-v)
-t
vie) = 1 = (1-vo)e?

For more help, please visit www.exampaperspractice.co.uk
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A particle is moving in a vertical line and its acceleration, in ms ™2, attime ¢ seconds,
1-v

5 where v is the velocity in meters per second and v < 1.

t>=0, isgivenby a=—

The particle starts at a fixed origin O with initial velocity v, ms~".

(a) By solving a suitable differential equation, show that the particle’s velocity at time t is

t
givenby v(t) =1 —e 2(1 — vy).
(6]

The particle moves down in the negative direction, until its displacement relative to the
origin reaches a minimum. Then the particle changes direction and starts moving up, ina
positive direction.

(b) (i) Ifthe initial velocity of the particle is =3 ms™?, find the time at which the
minimum displacement of the particle from the origin occurs, giving your
answer in exact form.

(ii) If Tis the time in seconds when the displacement reaches its smallest value,
show that T = 21In(1 — v).

[4]
(c) (i) Find ageneral expression for the displacement, in terms of t and vy.
(ii) Combine this general expression with the result from part (b)(ii) to find an
expression for the minimum displacement of the particle in terms of v,.
[5]

Let v(T — k) represent the particle’s velocity k seconds before the minimum displacement
and v(T + k) the particle’s velocity k seconds after the minimum displacement.

(d) () Showthatv(T —k)=1- .
(ii) Giventhat v(T+k)=1— e_g, show that v(T —k) +v(T +k) = 0.
[5]
(b) The displacement will be at a minimum whea v= 0

(i) substitute ve=-3, v@t)=0

o = I—e’%(w(—s))

0 = I—[,,e_.%
-£
Ge® = |

e

4

S
N

& - &

t = lng

2

t= Zlv\ﬁ.

(i) substitute t =T, v{&) = O and fidd an expression for T in termas of v
o
0=1-e7(-w)
=
(i-ve)e™® = |
.
T =
1= Ve
A=
e% = Ve
%
eZT = | =ve
T = n(1-ve)
V]
T = 2tn(l-w)

For more help, please visit www.exampaperspractice.co.uk
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A particle is moving in a vertical line and its acceleration, in ms ™2, attime ¢ seconds,

t>=0, isgivenby a = _lg_v’ where v is the velocity in meters per second and v < 1.

The particle starts at a fixed origin O with initial velocity v, ms~".

(a) By solving a suitable differential equation, show that the particle’s velocity at time t is

t
givenby v(t) =1 —e 2(1 — vy).
[6]

The particle moves down in the negative direction, until its displacement relative to the
origin reaches a minimum. Then the particle changes direction and starts moving up, ina
positive direction.

(b) (i) Ifthe initial velocity of the particle is =3 ms™?, find the time at which the
minimum displacement of the particle from the origin occurs, giving your
answer in exact form.

(ii) If Tis the time in seconds when the displacement reaches its smallest value,
show that T = 2In(1 — vy).

T = 2Wn(l-w)
[4]
(c) (i) Find ageneral expression for the displacement, in terms of ¢t and v,.
(ii) Combine this general expression with the result from part (b)(ii) to find an
expression for the minimum displacement of the particle in terms of v,.
[5]

Let v(T — k) represent the particle’s velocity k seconds before the minimum displacement
and v(T + k) the particle’s velocity k seconds after the minimum displacement.

(@ () Show thatv(T — k) = 1— ez.
(ii) Giventhat v(T+k) =1— e_g, show that v(T — k) + v(T + k) =2 0.
[5]
(c) (i) Inkegrate v(t) to find s(t)
@ = [v@® at = [(1-e¥(1-w) &

%
st) =t +2ez (1-w) +¢

Substitute t=0, s5(0) =0 oand solve to find ¢

0 = 0+2e2(1-v) +¢
0 = 2(1-v.) + ¢

-201 - Vo)

n
]

s(t) = t + Ze.-g (1-vo) - 2(1 -ve)

(i) Subskitube the expression for T wnto s(t)

1 (1-ve)
s(T) = 2W(i-v) + 2e T (-v) - 2(1-vo)

= 2m(l-v) + —2  (-v) - 2(1-ve)

tn (1=ve)
e

2 {>w) - 201-ve)
MI 201

= 2n(l-ve) 4

[

2n(l-v) + 2 - 2(1-v.)

s(T) = 2(tn(1-v6) - (1-vo) +1)

For more help, please visit www.exampaperspractice.co.uk
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A particle is moving in a vertical line and its acceleration, in ms ™2, attime t seconds,

1-v

t =0, isgivenby a = — R where v is the velocity in meters per second and v < 1.

The particle starts at a fixed origin O with initial velocity v, ms™.

(a) By solving a suitable differential equation, show that the particle’s velocity at time t is

givenby v(t) =1— e'%(l = 1),
[6]

The particle moves down in the negative direction, until its displacement relative to the
origin reaches a minimum. Then the particle changes direction and starts moving up, ina
positive direction.

(b) (i) Ifthe initial velocity of the particle is —3 ms™?, find the time at which the
minimum displacement of the particle from the origin occurs, giving your
answer in exact form.

(ii) If Tis the time in seconds when the displacement reaches its smallest value,
show that T = 2In(1 — v).

[4]
(c) (i) Find ageneral expression for the displacement, in terms of t and vy.
(ii) Combine this general expression with the result from part (b)(ii) to find an
expression for the minimum displacement of the particle in terms of v,.
[5]

Let v(T — k) represent the particle’s velocity k seconds before the minimum displacement
and v(T + k) the particle’s velocity k seconds after the minimum displacement.

k
(d) (i) Show thatu(T —k) =1—ez.
k
(ii) Giventhat w(T+ k) =1—e 2, showthat ¥(T —Kk) + v(T + k) = 0.

[5]
(d) (i) Substitute t= T-k into the mris]na\ expression  for V(t)
T-k

v(T-kK) = 1 - €= (1-v)

_an(i-w) -k
=l-e 3

(1= vo)

k
- _)_
=1 - e teI(1-y,)

k

=l-_1__ _e*(1-w)

el-n(l-'h)

k

=1-_1 eZ(I-ve)

|- Ve

k

2

v(T-k) = 1-e

(i) Substitube v(T-K) and v(T+k) indo the LHS of Bhe inequaliby
to get o expression For the Sumn of the wvelocities in bernns of k

(I—e§)+(|-e-%)>,0

-k
2

k
2-e% -¢ z 0

Differentioke LHS with respeck ko k to geb on expression for the
accelerakion in termas of k

LY LY
2 {3

€

|

-k
dfa-e? -¢77) = —lo7+
dk *

NI

E%MJ,—: the derivative to zero to FmA the value oF k for whick

bre sum of the velocities k secomds before and after T is at a
L1 -3
0= ~lel +1e 2
2 2
3 -k
e = e 2
k= -k = k=0

Substitute k= 0 iato expression for bre sum of bhe velocities +o

find the minimurm value

0 -]
2-¢e -¢ = 0

The semallest value for v(T-k) + v(T+E) is o

v(T-K) + v(T+E) 2 o

For more help, please visit www.exampaperspractice.co.uk
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Question 4

The diagram below shows the graph of f(x) = arctan(x), x € R. The graph has
rotational symmetry of order 2 about the origin.
)
y

N

f(x) = arctan(x)

-1 1 X

(a) A different function, g, is described by g(x) = — arctan(x — 1), x € R.
(i) Describe the sequence of transformations that transforms f(x) to g(x).
(ii) Sketch the graph of g(x) on the axes above.

(iii) Using your answers to parts (i) and (ii) to help you, describe the relationship
between _fol arctan(x) dx and fol —arctan(x — 1) dx.

. - p—q
(b) (i) Provethatarctanp — arctan q = arctan (1+pq)'
" 1 .
(ii) Show that arctan (xz—x+1) can be written as arctan(x) — arctan(x — 1).
(6]

(¢) Using the results from parts (a) and (b), evaluate ful arctan (ﬁ) dx, leaving your

answer in exact form.

71

(=) (i)
Reflection in the x-axis

Translation ( (1) )

() f(x) ond g(x) intersect ab the widpsiak of the integral interval

and as one is o refleckion of the olher in the x-oxis b orea

mder Hae turves wmust be eq'umﬂ

l_[arcbo.nx dx = 'Sl- orcton(x-1) dx
° o

For more help, please visit www.exampaperspractice.co.uk
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The diagram below shows the graph of f(x) = arctan(x), x € R. The graph has
rotational symmetry of order 2 about the origin.

f(x) = arctan(x)

(a) A different function, g, is described by g(x) = —arctan(x — 1), x € R.
(i) Describe the sequence of transformations that transforms f (x) to g(x).

(ii) Sketch the graph of g(x) on the axes above.

(iii) Using your answers to parts (i) and (ii) to help you, describe the relationship

between _ful arctan(x) dx and j'u1 —arctan(x — 1) dx.

[5]

(b) (i) Prove that arctan p — arctan ¢ = arctan (f%:q)
(ii) Show that arctan (;1_1 ) can be written as arctan(x) — arctan(x — 1)
—x+1. J

(6]

(¢) Using the results from parts (a) and (b), evaluate fnl arctan (;ﬁ) dx, leaving your
answer in exact form.

(71

(&) () Let a = arcton p = tana = p
b= mhanq’ = tanb = q
= arcbanp - arctang = a-b

Take the ban of a-b and use Hhe compound m\sze fornaula, to simplify

Compound angle sin(A4 + B)=sin Acos B+ cos Asin B
identities
cos(A+ B)=cos Acos B ¥ sin Asin B
+
fan(A+ B)= tan 4+ tan B
1¥tan Atan B
tan (a-b) = Ekana — tanb

| + tana tank

Toke arcbon of both sides

a-b = arctanftoano - hu\b)

I+ tana banb

Substitube p and q back into the equabion using the relabionthips between
a,b, p and q listed albove

arctanp - arcktang = arctan L"v)

1+ pq

(i) write Bhe denominabor in the forma l-pg , and Find p and g

in terms of =
x*-x +1| =

I+ x(x-1)

= p=x, q'=(x—l)

| + pq
I +p9q

n

Check Ehat the expressions for p and q, result in the nomerabors
keing equivalent

p-9q = X-— (x “1)

g = |

llil can be written 1 the 'Fnrm
x* - x +

P-9
|+ pq

e = (lx f‘(?;_'?))

The arcbon ef the expressl\av\ ean therefore be re-written M;r\g E(C)

e (I + x|(x-|5) = archan (x) = arcton (1-x)

For more help, please visit www.exampaperspractice.co.uk
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The diagram below shows the graph of f(x) = arctan(x), x € B. The graph has
rotational symmetry of order 2 about the origin.

¥

f(x) = arctan(x)

=1 1 X

(a) A different function, g, is described by g(x) = —arctan(x — 1), x € R.
(i) Describe the sequence of transformations that transforms f(x) to g(x).
(ii) Sketch the graph of g(x) on the axes above.
(iil) Using your answers to parts (i) and (ii) to help you, describe the relationship

between J'Dl arctan(x) dx and ful —arctan(x — 1) dx.

I‘[urctnn:: dx = 'I-nrr_bn.nf::-l) dx [5]
o o

(b) (i) Prove thatarctanp — arctan ¢ = arctan (-l;t;a)

(ii) Show that arctan (ﬁ) can be written as arctan{x) — arctan(x — 1).

(6]

) 1 1 .
(c) Using the results from parts (a) and (b), evaluate J; arctan (m dx, leaving your
answer in exact form.

(71

(<) Ifli dx = I(o.rr.lmn(x.} - arcbm(x—l)) dx
5 xt - =+

L]

Using port @ (i)

n

T(arclm.n(:.) - o.r:bm{::—l)) dx

[

T(arc ban(x) + arctan(x)) dx

o

L}

2]-ur-: bon (:r.) dx

Integration by parks

Integration by parts u%d.t=uv—]’v%dl ar judv=uv—jvd#

arctan x f(x)=arctanx = f'(x)= .
15
u = arckon(x) = du = |
dx e
v = | = v= x
dac

2]-:::{.&:-(1) dx = 2|:x arcban(x) - T II . d:c.]l
(] (]

+X
(-]
Integrabe this part by .s\.n'ushtut‘onJ
u= l+x* = du = 2a
dax
du = 2x dx
Ldw = x dx
2
T x _ dx = T x dx
lex? o W
o
1
= IL:_' duw
2 u
o
]
= 1 (L du
< [u\

!
Aln| 1+ x?
2 s

For more help, please visit www.exampaperspractice.co.uk
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Lock ot the whde inbegrated expression onmd substitute in the

boumds to evaluate it

2Tarr. ban(x) dx = 2|:ac arcbon(xt) — T x d:n’.]

l+x®

= E[x arcbon(x) - % o1+ x’ﬂ
o

= 1(((0&.-.:17.”\(0 -4 [ *(')'l) N

((a]arc&an(o) - Aln|i +(0)z|))

E3

= 1((%—%&\1) - (0-0))

I -Lln2
2

x?-x +|

For more help, please visit www.exampaperspractice.co.uk
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Question 5

Paola is modelling a small vase from her house for her maths project. To model the edge (o) Substitute f(x) ond the limits nto the volume of revolubion forwula
of the vase in cross-section, she decides to use a function f of the form
In43
qe% vV = Tl'(zizi)1 dx
= te
) Z+er o
s LW
wherex € R,x 2 0 and g € R*. N j’q' (2+e’)
o
The function and the vase are represented in the diagrams below. i3 =
= Q"Tl' J ( e ) dx
2+e*
A
In&3 x
- = e
y=f(x) 9 e
o - Integrote by substibubion
= 2+¢"
du = e*
5 dx
B du = ¥ dx
Substibute into the iv\l:eara\
The vertical height of the vase, OB, is measured along the x-axis. The radius of the vase’s
. . s, . . ng3
opening is OA, and its base radius is BC. Vo= g ‘—,_ iz
w
To model the vase, she will rotate by 2w radians about the x-axis the region enclosed by i
the graph of y = f(x), the x-axis, the y-axis, and the line x = In43. = T ]’ ot Ju
]
2
(a) Show that the volume of the solid of revolution thus formed is lﬁ; T \nits®. lnbegra.l:e s
= g [-u]
a 6] o
Volume of revolution R — [P [
about the x or y-axes = J’n ZHdeoti = L 2ac
Substitube 2 +e* for w
In4d
= ar 1
i |: 2+ ez]

Evaluate

For more help, please visit www.exampaperspractice.co.uk
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Paola is modelling a small vase from her house for her maths project. To model the edge
of the vase in cross-section, she decides to use a function f of the form

x
qu
2+e*

fl) =
wherex € R,x = 0and q € R*.
The function and the vase are represented in the diagrams below.

A
y=r

[g]

In43

The vertical height of the vase, OB, is measured along the x-axis. The radius of the vase's
opening is OA, and its base radius is BC.

To model the vase, she will rotate by 2 radians about the x-axis the region enclosed by
the graph of y = f(x), the x-axis, the y-axis, and the line x = In43.

2
(a) Show that the volume of the solid of revolution thus formed is 14:5 T units?.

[e]

Paola is modelling a small vase from her house for her maths project. To model the edge
of the vase in cross-section, she decides to use a function f of the form

x
qe?

f(x)=2+e"

wherex € R,x > 0and g € R*.

The function and the vase are represented in the diagrams below.

A

y=f(

o

In43

The vertical height of the vase, OB, is measured along the x-axis. The radius of the vase’s
opening is OA, and its base radius is BC.

To model the vase, she will rotate by 2r radians about the x-axis the region enclosed by
the graph of y = f(x), the x-axis, the y-axis, and the line x =1n43.
(c) Find the cross-sectional radius of the vase

(i) atits base,

(i) atits widest point. q = l0-115032...

(4]

The volume of the actual vase is 100 cm?®.

(b) Use this information to find the value of q.

(2]

(b) Substitute 100 for V in the omswer to part (o)

100 = 14a’T
45
q = %&é Only toke the + coot

as g ER*
9 = 10-1150312...

q = 0]

@ () Find the rodivs ab te base by substibubing x = a3 iabe fx)

nas
8¢ = f(n43) = 10-115032..e°?2
2+ ewps
L
= 10-15031..."*)*
ngd
2+¢
= 10-115032 ...x43*
2+ 43
= 1473970
BC = 147 em

(i) First find B coordinates uF the maximon pont i fx) by 5(-,4;\,\'.,\5
f(x) on  yowr CDC and D.wa.lljﬁ'\tz) the curve

fe) mox is ot (0-6a3147.., 3:576203..)

Mox radius = 3-58
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Paola is modelling a small vase from her house for her maths project. To model the edge
of the vase in cross-section, she decides to use a function f of the form

B
qe?

f(x)=2+e"

wherex € R,x > 0and q € R*.

The function and the vase are represented in the diagrams below.

A

y=f

(]

In43

The vertical height of the vase, OB, is measured along the x-axis. The radius of the vase’s
opening is OA, and its base radius is BC.

To model the vase, she will rotate by 2r radians about the x-axis the region enclosed by
the graph of y = f(x), the x-axis, the y-axis, and the line x = In43.
Paola wants to investigate how the cross-sectional radius of the vase changes.

(d) Sketch a graph of the derivative of f, and use it to find the value of x at which the
cross-sectional radius of the vase is decreasing most rapidly.

@) Graph f(x) on your 6DC, analyse the aro\z{?lvxt along the
curve ond use bo skebdn ()

(0, 0-562)
(0643, 0)

(3-76, -0 611)

(2-46, -0-344)

Cross-sectional area is decreasing

most mp.ui\ﬁ at x=2-46
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