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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

e Rigorous and consistent approach throughout

e Notation boxes explain key mathematical language and symbols

e Dedicated sections on mathematical proof explain key principles and strategies

e Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
e Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
e Problem-solving boxes provide tips and strategies interpret results
) ) collect information

e Structured and unstructured questions to build confidence
e Challenge boxes provide extra stretch process and

represent information

3. Mathematical modelling
e Dedicated modelling sections in relevant topics provide plenty of practice where you need it

e Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics

Finding your way around the book Access an online
digital edition using
the code at the

Equations and front of the book.
3 inequalities

Each chapter starts with
a list of objectives

The real world applications
of the maths you are about
to learn are highlighted at
the start of the chapter with
links to relevant questions in
the chapter

The Prior knowledge check
helps make sure you are
ready to start the chapter

e —
Vet



Overarching themes

Exercise questions are
carefully graded so they 4 Ssb e oo s

Exponentiais and fogarithms.

Iy 34 bogrvm 2 B o 12— kg e w3 Lo} Hove v logieithems ¥ou tae sobe moee cenmpicatd equations by Yaking logs”of beth sides
. . . =3 2 i e 5 = B e s side i, . Whenever = -
increase in dlﬂ:lculty and FRABISIVIRE  d Togtrs Dadloptiv-11a1 | iduietiamint 40 = Bich b Fx) =g, iz
. [OEN Citvem that bogy (x + 132 1+ Jhog, x ~ 11, show that 3! = Ty + 16 S marks :-.—. wpi
gradua“y brlng you up \ ¥ Hence, or ceberwise, sobve bogy (x4 1= 1+ gy v - 1) :z:n\:: ——
to exam standard ® ¢ Guen s st oo s e i ]
that > b, golve he ssmaanons equotions

Pty canetul stoention 10 the cusiniens oy k
et " This stes s called ‘taking logs of both s’ The
and b ghoe. in the queshion it 0 both sides must be 1o the same basa

Here Tog i nes 10 represent log.,

b o fogy ba 2

Challenge boxes e
give you achance to _— s i e )
tackle some more @D sobing equations using logarithms

. . lbuvnwo“ogwl\ma-dha cakulator o sl quations of the kv a* = b,
difficult questions
Solee the foflowing equations. giving vour anwers 10, 3 decimal phices,

a¥ado b SRl L6

Vet papwes b

Howe ol the ot i « b or s e foctorise,

4 4= 100
imbs b Poiasg

L iint } Flul wieiny
-
2 Yi~dat

= = L Conuder these squasions a funttions
DAL Y~ T0 | hncions. Pam b et
#obis el wWithan e

Each section begins
with explanation and
key learning points

Lo the BT btton on your cobtutator

_ You can eviltiate the Bral aviser in oo v o
your cafabiion

Step-by-step worked

(D 3 sebveche Followlng equarions, giving your aawwers so 3 significans Hipures whese,

—
* 3000
exam pleS fOCUS on the Solve the equation 5° - I35} 4 20 = 0, giving Yot aniswer £0.3 sipeificant fipares b logair=3pa -1 ;:::
e - - - MINMMM!(MIMBMHHM E
. . # apmdestic binction. of 5« qustien €3) 4 2 Sherch he gragh of 1= 41, st
i e o8 the graph ol 1= 4%, stating the coardingges
key types of questions A Lo =5t i e e e mey QY
,“ d t t Ckle R b Sebve tho equativn 47 ~ 14) + (6=, 4 marka) e
you'll neea to ta sl mm’:’;‘;‘“‘“?v:::ﬂ:-w . Solve the following syuatiann, giving your amwwers 1 four decimad )
firud irruaeer A Ha el b Viag € P e
Tebe logs of both et
m
325

Exam-style questions

are flagged with (£) - .
Each chapter ends .
broblemssalving with a Mi)?ed exercise ~ EXercisesare packed

uestions are flagged with exam-style questions  proplem-solving boxes provide
&ith ® - ngsofﬁtf:mafy of to ensure you are ready hints, tips and strategies, and
for the exams Watch out boxes highlight
areas where students often
lose marks in their exams

Every few chapters a Review exercise
helps you consolidate your learning
with lots of exam-style questions

Pearson Edexcel Level 3 GCE
Mathematics

Advanced Subsidiary
Paper 1: Pure Mathematics

You must have:

Mathematical Formuloe and st tisti
bisemi atistical Tables

Practice paper
Time: 2 hours

12 Given that 4= 64, find the adac of .

& Write 'S5 in th farm 2 & s an integer 1o be determined.

Review exercise 1

n
[]

1 Find ihe equation of the
Gt your atisw i the,

¢ PARIE 50 2 = 35 0 4 o 0 chan pagses throwgh the poins (5, 6).

By wax e bwherea wnd bage farionad number, (L)
3 Astuden is asked 1o evaluate the (w2

& o itogral [

@ T a Writo down the vabes of § "‘-’k’@ T T L2 o bl -

¥ +2)de
b Find the valuc of B (E marks) Al

- Sectien 1.4 I
2 a Find the value of 1241 2 marks)
b Simplify 240° + 1541, (2 marks)
T
@ 3 a Expres 8 im the form o 3.
whete imicger (2 wmarks)
b Express 4 - /51 in the form b + 3,
when: band care iegers  (2marks)
~Sactient s Clinise integeal, giving your sommer corsadt 1o 3 @
Sect iving ) T €Ot 0 sigmiicant fguncs @
() 4 » Expand and simgiity @ % Civenthuip=3-3% 4 ohaioas o the ilerval 0 & 1 & (5 of
(ST TR Y 12 marks) (i3] cosl)- fma
tind the sabee of &
b Expross = in the forma + b3 A i i
MY d Give your answe in the form @

whore rand baeintegere (3 marka) where o and  are rational m
 Toctim LY. 18 fouau).

24 5k and 2 EB) 9 » Factoring the suprcssion
Given thas & i.a powitive inkegor, find: ¥ - A1 marky
& the meas of the throe b Hence, or otherwise, salve the equation
nambees. (2 marks) LE U LR R 2 marksy
b the range of the three o= Sations 1.3, 2.1 %2
numbers. 11 mark)
whebnil () W0 o -ne- 22 + b, where a and &
1 ane 1

(D) & Given thas ¥ = o, cxpress cach of the i
e valuc of o and e vl

Bollwig in 1 " where & il of b, 12 marksy

e o P Mo e b dom e A full AS level practice paper at

B T ——— the back of the book helps you
£ prepare for the real thing



Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are

available in SolutionBank.

Download all the solutions
as a PDF or quickly find the
solution you need online
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Extra online content

GeoGebra interactives

Explore topics in more detail,
visualise problems and
consolidate your understanding
with GeoGebra-powered
interactives.

m Explore the gradient of the

chord AP using GeoGebra.

y=a"—3x+1
2r4ly=3

Sohsions: (2,-1) (-1.5)

Interact with the maths
you are learning using
GeoGebra's easy-to-use
tools

CASIO.

Casio calculator support

Our helpful tutorials will guide
you through how to use your
calculator in the exams. They
cover both Casio's scientific and
colour graphic calculators.

@ Work out each coefficient

quickly using the "C. and power
functions on your calculator.

Finding the value of the first derivative

to access the function press:

(uew) @ (o) @

_

P Pearson

See exactly which
buttons to press and
what should appear on
your calculator's screen

Access all the extra online content for FREE at:

www.pearsonschools.co.uk/plmaths

You can also access the extra online content by scanning this QR Code:

vii
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Algebraic expressions

After completing this chapter you should be able to:
® Multiply and divide integer powers - pages 2-3

® Expand a single term over brackets and collect like
terms -> pages 3-4

® Expand the product of two or three expressions —> pages 4-6

® Factorise linear, quadratic and simple cubic expressions - pages 6-9

® Know and use the laws of indices - pages 9-11
e Simplify and use the rules of surds - pages 12-13
® Rationalise denominators - pages 13-16

Simplify:
a 4mPn + 5mn? — 2mén + mn? — 3mn?

b 3x2-5x+2+3x2-7x-12 F
< GCSE Mathematics

Write as a single power of 2:
a 2°x2? b 26+ 22
c (232 « GCSE Mathematics

N

_ A
/5

= ol

2

Expand:
a 3(x+4) b 5(2-3x)
c 6(2x—5y) « GCSE Mathematics

Write down the highest common factor of:

> _ a 24and16 b 6xand8x?
Computer scientists use indices to describe ¢ 4xy?and 3xy « GCSE Mathematics
very large numbers. A quantum computer with
1000 qubits (quantum bits) can consider 2109
values simultaneously. This is greater than a 10x ¢ 40x

the number of particles in the observable 24
universe. <« GCSE Mathematics

Simplify:




Chapter 1

@ Index laws

® You can use the laws of indices to simplify powers of the same base.

Y am X an= am+n
catsa'=a""
° (am)n =qm
* (ab)"=ab

Simplify these expressions:

a x2xx> b 2r2 x 33

a X2 xXx°=x2+%=x7

d 6x° = 3x3

b 2r2x3r3=2x3xr2xr3
=6 xr2t3=¢rs

c lb)iz=b7*4=b3

5
d 6y s3xd=2x

3 X3 L

=2 x x2 =2x°

Example e

Expand these expressions and simplify if possible:
a -3x(7x-4) b »2(3-2y%)
¢ 4x(3x—2x%+ 5x3) d 2x(5x +3)-52x +3)

Jr— This is the base.
This is the index, power or
exponent.

e (a®)* x 2a? f (3x?)3+x*

Use the rule a™ x a™ = a™ *" to simplify the index.
Rewrite the expression with the numbers
together and the r terms together.

2x3=6

P2 p3=p2+3

Use the rule @ + a" = a™~ " to simplify the index.
P2 =3P =2

Use the rule (@™ = a to simplify the index.

aSx a2 =qb+2= g8

Use the rule (ab)" = a"b" to simplify the numerator.
(x2)3 = x2%3 = x6
x6

_4=x6—4=x2
X

m A minus sign outside

brackets changes the sign of
every term inside the brackets.



a -3x(7x-4)=-21x2+12x

Algebraic expressions

BxxTx=-21x1*1=-21x2

—-3x x (=4) = +12x

b Y33 - 2y°) = 3y? - 2)°

c 4x(3x—-2x?+ 5x3)
=12x2 — 8x3 + 20x*

L P2 x (=2)3) = —2)2+3 = =25

Remember a minus sign outside the brackets

d 2x(5x+ 3)-5@2x+ 3)
=10x2 + 6x-10x-15
=10x2 - 4x-15

I

changes the signs within the brackets.

Example o

Simplify these expressions:

Simplify 6x — 10x to give —4x.

x7+ x4 b 3x2—6x3 c 20x7 + 15x3
X3 2x 5x2
7 4 7 4
& +3x = x—3 x—a Divide each term of the numerator by x3.
X X X
=x7"24+x" "3 =x%+x
|— x1is the same as x.
b 3x? - 6x° _ 3x2 6x°
2x  2x 2x I_ o
Divide each term of the numerator by 2x.
3 .. B 3x
=-x?71=3x5" " ==~ -3x"
2 2
Simplify each fraction:
c 20x7 + 15x3 _ 20x7 15x3 3x2 3 x2 3 Al
5x2 5x2  5x2 e e
=4x7"2 4 3x372 = 4x° + 3x _6x_ 6 X 5 s
2x 2 x
Divide each term of the numerator by 5x2.
1 Simplify these expressions: o
a x3xx* b 2x3 x 3x? ¢ 3
4p3 3x3
d —— = f (12)
2p 3x2 o)
g 10x°+2x3 h (p3)?+p* i d%)?=2d°
. 21a3b7
i 8pt = 4pd k 2a* x 3a° 1 ﬁ

n 3x3 x 2x2 x 4x°

q 243 + 3a* x 6a°

m 9x2 x 3(x2)3

p (49 +2)y°

Ta* x (3a*)?

3a* x 2a° x a?



Chapter 1

2 Expand and simplify if possible:

a 9(x-2) b x(x+9) ¢ -3y(4-3y)

d x(y +9) e —x(3x+5) f -5x(4x+1)

g (4x + 5)x h -3y(5 - 2)?) i —2x(5x—4)

i Bx-=5)x? k 3(x+2)+(x=17) I 5x-6-(03x-2)
md4(c+3d?)-3Q2c+d?» n (2+32+9)—-(2r2+32-4)

0o x(3x> - 2x+5) p 7’2 -5y + 3)?) q -2’(5-"Ty+3)?
r 7(x—2)+3(x+4)-6(x-2) s 5x-34-2x)+6

t 3x2-x(3-4x)+7 u 4x(x+3)-2x(3x—17) v 3x22x + 1) = 5x*(3x - 4)

3 Simplify these fractions:

a 6x% + 10x° b 3x5—x7 c 2x4 —4x2
2x X 4x

d 8x3+ 5x o Tx7 + 5x2 f 9x3 —5x3
2x S5x 3x

@ Expanding brackets

To find the product of two expressions you multiply each term in one expression by each term in the
other expression.

Multiplying each of the 2 terms in the first expression by each of the

v x 3 terms in the second expression gives 2 x 3 = 6 terms.

(x+5)(4x—-2y+3)=x(bx—2y+3) +5(bx -2y +3) il
=4x*-2xy+3x+20x-10y + 15J
5 x = 4x2—2xy + 23x— 10y + 15

Example e

Expand these expressions and simplify if possible:
a (x+5(x+2) b (x-2y)(x*+1) ¢ (x—-yp)? d (x+y)3x-2y-4)

Simplify your answer by collecting like terms.

a (x+5)x+2) Multiply x by (x + 2) and then multiply 5 by (x + 2).
=x? +2x + 5x,+ 10

=x?+7x+10 o o
Simplify your answer by collecting like terms.

b (x—-2yx2+1)
= X3+ X - 2x% — 2ye——

-2y X X% = —=2x%y

There are no like terms to collect.




c (x —y?
=x-ykx-y

=Xx% - Xy - Xy +)°

= X% — 2xy + )?

d x+y3Bx-2y-4)

=xBx-2y-4) +yBx—-2y-4)
=3x% - 2xy — 4x + 3xy — 2y° — 4y
=3x%2+xy —4x -2y -4y

Expand these expressions and simplify if possible:
b x(5x-3y)2x -y +4)

a x2x+3)(x-7)

a x2x+3)(x-7)
= (2x%2 + 3x)(x = 7)
= 2x3% = 14x? + 3x? - 21x
=2x3 - 1x? - 21x

b x(5x —3))2x -y + 4)
= (5x% = 3xp)2x —y + 4)
=5x°2Cx -y +4)-3xy2Cx -y + 4)
=10x2 — 5x%p + 20x% — 6x°y + 3x)?
- 12xy
= 10x3 — 11x%y + 20x? + 3xy° — 12xy

c Xx—=4x+3)(x+1)
=(x2-x-12)(x + 1)
=x2(x+ D —-x(x+1)-=-12(x + 1)
=x2+x2-x2—-x—-12x-12

= X3 —13x - 12

Exercise @

1 Expand and simplify if possible:

Algebraic expressions

(x — y)> means (x — y) multiplied by itself.
—Xy — Xy =—2xy

Multiply x by 3x — 2y — 4) and then multiply y by
(Bx —2y — 4).

c (x=4)x+3)Hx+1D

Start by expanding one pair of brackets:
x(2x + 3) = 2x2 + 3x

You could also have expanded the second pair of
brackets first: 2x +3)(x—7) =2x2-11x-21
Then multiply by x.

Be careful with minus signs. You need to change
every sign in the second pair of brackets when
you multiply it out.

Choose one pair of brackets to expand first, for
example:
(x=4)(x+3)=x2+3x—-4x-12
=x?-x-12

You multiplied together three linear terms, so the
final answer contains an x3 term.

a (x+4d)(x+7) b (x-3)(x+2) c (x-2)?

d (x-y)(2x+3) e (x+3y)dx-y) f 2x-4y)(3x+y)

g 2x-3)(x-4) h (3x +2y)? i 2x+8y)2x+3)

i +5C2x+3y-9) k (x-1)3x—-4y-5) I (x-4y)2x+y+5)

m (x +2y—1)(x+3)
p 4y+50Bx-y+2)

n 2x+2y+3)(x+06)
q Sy=-2x+3)(x-4)

=]

(4-y)@dy-x+3)
(4y-x-2)5-y)

-
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2

® 4
EP) 5

Expand and simplify if possible:

a S(x+1)(x-4) b 7(x -2)2x+5) ¢ 3(x-3)(x-3)

d x(x-p)(x+y) e x2x+y)3x+4) f y(x-5x+1)

g y(3x —2y)(4x +2) h y(7-x)2x-5) i x2x+y)(5x-2)

i x(x+2)(x+3y-4) k y2x+y—-1)(x+)9) I yBx+2y-3)2x+1)
m x2x +3)(x+y-15) n 2xBx-1)@x-y-3) o 3x(x-2y)2x+3y+5)
p (x+3)(x+2)(x+1) q (x+2)(x-4)(x+3) r (x+3)(x-1)(x-5)

s (x=95(x-4)(x-3) t Cx+D(x=2)(x+1) u 2x+3)Bx-1D(x+2)
v Bx-2)2x+1)3x-2) w(x+p)(x—p)(x-1) x (2x - 3y)?

The diagram shows a rectangle with a square cut out. Problem-solving
The rectangle has length 3x — y + 4 and width x + 7.

The square has length x — 2.
Find an expanded and simplified expression
for the shaded area.

Use the same strategy as you would use
if the lengths were given as numbers:

6cm

3cm

x+7

10cm

x-2

3x-y+4

A cuboid has dimensions x + 2¢cm, 2x — 1 cm and 2x + 3 cm.
Show that the volume of the cuboid is 4x3 + 12x2 + 5x — 6 cm?.

Given that (2x + 5y)(3x — y)(2x + y) = ax3 + bx?y + ¢xy? + dy3, where a, b, ¢ and d are
constants, find the values of a, b, ¢ and d. (2 marks)

Challenge .
. You can use the binomial expansion to expand

Expand and simplify (x + y)*. expressions like (x + »)4 quickly. - Section 8.3

@ Factorising
You can write expressions as a product of their factors. —

® Factorising is the opposite of expanding

4x(2x + ) = 8x% + 4xy
(x+5)3=x3+15x%2+75x + 125
(x + 2y)(x = 5y) = x> = 3xy — 10y?

© aonsng

brackets.



Algebraic expressions

Factorise these expressions completely:

a 3x+9 b x2-5x ¢ 8x2+20x d 9x%y + 15x)? e 3x2-9xy
a 3x+9=3Kx+3) 3 is a common factor of 3x and 9.
b x2-5x=x(x - 5) x is a common factor of x2 and —5x.

4 and x are common factors of 8x2 and 20.x.
So take 4x outside the brackets.

c 8x2 + 20x =4x(2x + 5)

3, x and y are common factors of 9x2y and 15x)2.
So take 3xy outside the brackets.

Q

Ox%y + 15xy? = 3xy(3Bx + 5)

x and =3y have no common factors so this
expression is completely factorised.

e 3x? — 9xy = 3x(x — 3y)

" Aquadratic expression has the form m Real numbers are all the positive and
2
ax?+ bx + c where 4, b and c are real negative numbers, or zero, including fractions
numbers and a = 0. c17E QUi

To factorise a quadratic expression:

i 2 — =——6 =—
« Find two factors of ac that add up to b For the expression 2x* + 5x =3, ac =-6 = -1 x 6
and-1+6=5=h.

» Rewrite the b term as a sum of these two 2% — x + 6x 3

factors
 Factorise each pair of terms =x(2x—-1) +3@2x-1)
» Take out the common factor =(x+3)@2x-1)

B x2—p2=(x+y)(x-y) m An expression in the form x2 -2 is

called the difference of two squares.
Example 0

Factorise:
a x2-5x-6 b x2+6x+8 ¢ 6x2—11x-10 d x>2-25 e 4x2-9)?
a x2-5x-0G Herea=1,b=-5and c=-6.
ac=—6G and b = -5 (1) Work out the two factors of ac = -6 which add
SoX2 —5x—GC=x24x—Cx -G togiveyoub=-5.-6+1=-5
=x(x+1) = 6(x+1) (2) Rewrite the b term using these two factors.
=(x+ 1)(x - 6) L (3) Factorise first two terms and last two terms.
I— @ x + 1is a factor of both terms, so take that
outside the brackets. This is now completely
factorised.
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b x?+6x+8
=x?+2x+4x+ 8
=x(x+2)+4(x+2)
=(x+ 2)x+4)

c 6x2 - 11x-10
=6x%2 - 15x + 4x - 10
=3x(2x-5)+ 2@2x - 5)
=2x-538x+ 2)

d x2 - 25
- x2 _ 52

=(x+5)(x-D5)

e 4x2-9y?
= 22x2 — 32)2
=2x+ 3y)2x - 3y)

Factorise completely:
b x3-25x

a x3—2x2 ¢ x>+ 3x2-10x

a x3-2x2=x%x-2)

b x3 - 25x=x(x? - 25)
= x(x2 - 59)

=x(x+ 5)(x -5

c X3+ 3x%2 - 10x = x(x2 + 3x — 10)

=x(x+ 5)kx - 2)

1 Factorise these expressions completely:

]

a 4x+38 b 6x—24

d 2x?+4 e 4x2+20

g xX>-7x h 2x2 +4x

i 6x2—2x k 10y?-5y

m x> + 2x n 3)?+2y

p 5)2-20y q 9x)?+ 12x%y
s 5x2—25xy t 12x% + 8x)?
v 12x2-30 w x)? = X%

ac=8and2+4=6=5h.
Factorise.

ac=-60and 4 —-15=-11=5h.

Factorise.

This is the difference of two squares as the two
terms are x% and 52

The two x terms, 5x and —5x, cancel each other out.

This is the same as (2x)? — (3y)2.

You can't factorise this any further.

x is a common factor of x3 and —25x.
So take x outside the brackets.

x% — 25 is the difference of two squares.

Write the expression as a product of x and a
quadratic factor.

Factorise the quadratic to get three linear factors.

¢ 20x+15
6x2 — 18x

i 3x2-x

I 35x%2-28x

0 4x?+12x

r 6ab — 2ab?

u 15y —20yz?

X 12)?—4yx



2 Factorise:

a x> +4x b 2x? + 6x
d X>+8x+12 e X>+3x-40
g X2+5x+6 h x?-2x-24
i x2+x-20 k 2xX2+5x+2
m 5x% —16x + 3 n 6x>—-8x -8
0 2x?+7x-15 p 2x*+ 14x2 + 24
q x*-4 r x>—49
s 4x2-125 t 9x?-—25y?
v 2x2-50 w 6x2—10x + 4
3 Factorise completely:
a x3+2x b X -x>+x
d x*-9x e x?—x?—12x
g x> —7x%+ 6x h x3 - 64x
i 2x3+13x2 + 15x k x3-4x
@ 4 Factorise completely x* — y*. (2 marks)

@ 5 Factorise completely 6x3 + 7x% — 5x.

Challenge

Algebraic expressions

c X2+ 11x+24

f x2-8x+12
i x2-3x-10
1 3x2+10x-38

@ For part n, take 2 out as a common
factor first. For part p, let y = x2.

u 36x2-4
X 15x2+42x-9

¢ x3-5x
f X3+ 11x2+30x
i 2x3—5x2-3x

1 3x3+27x%+ 60x

Problem-solving

Watch out for terms that can be written as a
function of a function: x* = (x?)?

(2 marks)

Write 4x* — 13x? + 9 as the product of four linear factors.

m Negative and fractional indices

Indices can be negative numbers or fractions.

[Ny
Ny
[N

Xix xr=xiti=xl=x,

. 1 1 1 1.1 1
similarly x#x x7x ... x xn=xn*at-+n=xl=x

n terms

(D rationat

numbers are those that
can be written as % where

a and b are integers.

® You can use the laws of indices with any rational power.

e an="la
. an="ar
. a-m=a_];n
e a’=1

 Notation JRRZIRTS

positive square root of a.

For example 9:=/9 =3
but 9z = -3.
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Simplify:
3 1 3 2 2
X 1 2 3 2x%?—x
a — b x*xx’ c (x3)° d 2x!5 + 4x7025 e V125x¢ f 5
X
x3 Use the rule " + a" = a™~".
a —5=x3"F=xe
X
. . This could also be written as Vx.
b x?xx2=x7"72=x? L Use therule a” x a" = am+™.

-

m\n — mn
. (x3)%=x3X%=x2 Use the rule (@) = a™.

| Usetherulea”+a"=a”-"

. — 1 — (= 1
d 2x1,5 — 4x 0.25 — §x1,5 (-0.25) = Ex1.75 15— (_025) -1.75
e V125x¢ = (125x6)3 Using am = Va.
= (125)5(x5)% = V125 (x6*3) = 5x?
¢ 2x2—x=2x2_i
x5T x°  x° o
Divide each term of the numerator by x°.
=2xx2°5-x"%2=2x3-x+"
2 N
=3 Using a =
Example @
Evaluate:
a 9 b 645 c 49 d 25
1 Using am ="a. 95 =9
a 92=/9=3 2

This means the cube root of 64.

Using am = "Va".

3= (/49)?
c 49:=(/49) This means the square root of 49, cubed.
7% =343
. 1
Usinga™ =—
PP Jup —— ST
252 (\/ 25 )3 pr—
_ 1 _ 1 m Use your calculator to enter .g?
5% 125 negative and fractional powers. —

10



Algebraic expressions

Given that y = %xz express each of the following in the form kx”, where k and n are constants.

a

y2 b 4y-!
I - Substitute y = %xz into yz.
a y* = (7ex?) L
_L 2x§_£ i2:L 2%: Zx%
yird =Z (16) mand(x) X

(1_16)—1=16and 2X-1 = -2

= G4x~2 .
* Problem-solving

Check that your answers are in the correct form.
If k£ and n are constants they could be positive or
negative, and they could be integers, fractions or

surds.
1 Simplify:
a x3+x? b X3+ X ¢ X2x x>
d (XZ)% e (x3)§ f 3x%5x4x703
g 9x3 + 3x% h 5x%+x3 i 3x*x2x™
¥
i VExiE K (/) x (3 e
Vx
2 Evaluate:
a 25 b 81 ¢ 275
d 472 e 92 f (=573
g (3)° h 1296 i (2):
. (27)2 6)_ 343) -2
3 Simplify: NP s
1 Sx° —2x 1 X +4x
a (64x1%) b X ¢ (125x12) d N
e 2x + x? f (ix“)% 9x2 — 15x3 h 5x +3x?
x4 9 3x3 15x3
@ 4 a Find the value of 81 (1 mark)
b Simplify x(2x3). (2 marks)
@ 5 Given that y = %x3 express each of the following in the form kx”, where k and n are constants.
a y% (2 marks)
b %y-z (2 marks)

11
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@ Surds

If nis an integer that is not a square number, then any multiple of vz is called a surd.

Examples of surds are v2, /19 and 5/2.
P m Irrational numbers cannot be written
Surds are examples of irrational numbers. in the form %where a and b are integers.

The decimal expansion of a surd is never-ending

Surds are examples of irrational numbers.
and never repeats, for example v2 = 1.414213562...

You can use surds to write exact answers to calculations.

® You can manipulate surds using these rules:

« Jab=Vax/b
o F:Q
b /b
Example @
Simplify:
V20
a V12 b — c 5/6 —2/24 +294
2 12 =y x3) Look for a factor of 12 that is a square number.
=Mx\é=2@ Use the rule Vab = Va xVb. V4 =2
, V20'_ /4 x5 L V20 =VE x5
2 2 L
_ 2 x \/g =\E L \/Z=2
2
c 5/6 - 2/24 + /294 Cancel by 2.
=5/6 - 2/6/4 + /6 x /49 B
_ V6 is a common factor.
=/6(5 - 2/4 +/49)
=/6(5-2x%x2+7 L
Vel xexs Work out the square roots v4 and v49.
=/6(8)
=&le L 5-4+7=8

12



Algebraic expressions

Expand and simplify if possible:

a V2(5-13) b (2-V3)5+V3)

a V2(5 -V3) V2 x5-yV2xV3
=5/2 -/2V3
=5/2 —-JE Using Va x Vb =Vab

b (2-V3)5+/3) r Expand the brackets completely before you simplify.
=2(5+V3)-V3(5 +V3)
=10+ 2/3 = 5/3 =/9 Collect like terms: 2v3 — 5/3 = =3/3
=7-3/3

Simplify any roots if possible: V9 =3

Exercise @

1 Do not use your calculator for this exercise. Simplify:

a /28 b V72 ¢ /50
W) e V90 ¢ 2
g 127 h /20 + /50 i /200 + /T8 72
i V175 +V63 +2/28 k V28 -2/63 +V7 1 /80 —2/20 +3V45
SRR FECERE o VT2 +3/38 +/T5
2 Expand and simplify if possible:
a V32+V3) b V53 -V3) c V2(4-9)
d 2-V2)3+/95) e 2-V3)3-V7) f 4+/52+/5)
g (5-V3)(1-V3) h 4+V3)2-V3) i (7-VID2+/11)
@ 3 Simplify V75 — V12 giving your answer in the form @/3, where a is an integer. (2 marks)

@ Rationalising denominators

If a fraction has a surd in the denominator, it is sometimes useful to rearrange it so that the
denominator is a rational number. This is called rationalising the denominator.

® The rules to rationalise denominators are:

 For fractions in the form %, multiply the numerator and denominator by /a.
a

* For fractions in the form , multiply the numerator and denominator by a - /b.

a+
* For fractions in the form

1 > multiply the numerator and denominator by a + /b.
a —

13
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Rationalise the denominator of:

aL b !
V3 3+V2
aL—1X\/§
V3 V3 x /3
_V3
-3
b 1 B 1% (3 -V2)
3+V2 3 +V2)3-/2)
B 3-12
T 9-3/2+3/2-2
_3-V2
-7

L /542 _ (/5425 +V2)
V5 —V2 (/5 - V2)W/5 +V2)

_5+V5/2+/2/5+2
- 5-2

7 + 2/10
=—a |_

1 1

d =
(1 - Bﬁ (1-V3)1 -V3)

_ 1
TI-B-B+e

4-2/3

_ 1x(4+2/3)
T (4 - 2/3)4 + 2/3)
1

B 4 +2/3
16 +8/3 - 8/3 - 12

_4+2/3 2+/3
-4 2

14

cﬁ+f2 d 1
V5 -V2 (1-V3)

Multiply the numerator and denominator by v/3.

V3 xV3=(/3)?=3

Multiply numerator and denominator by (3 —v2).

V2 xV2 =2

9-2=7,-3/2+3/2=0

Multiply numerator and denominator by v5 + V2.

—/2V/5 and V/5v2 cancel each other out.

V5v2 =10

Expand the brackets.

Simplify and collect like terms. V9 =3

Multiply the numerator and denominator by
4+2/3.

V3 xV3=3

16 —12=14,8/3 -8/3 =0



Algebraic expressions

Exercise @

1

Simplify:
1 1 1 V3
a ﬁ b ﬁ C E d TS
e NS L .
/48 80 V156 63
Rationalise the denominators and simplify:
a I b ! c ! d 4 e I
1+V3 2+V5 3-V7 3-V5 V5-V3
¢ 3- V2 o 5 b 5/2 L u i V3-V1
4-V5 2+V5 V8 =T 3+/11 V3 +V7
V17 = V11 | V41 +/29 o V2-V3
V17 +V11 V41 V29 V3-V2
Rationalise the denominators and simplify:
g L R c 4
(3-V2)? (2+5)? (3-V2)2
d 3 e ! f 2
(5+v2)? (5+V2)(3-V2) (5-V3)2+V3)

Simplify 3 J% 2\/13 giving your answer in the Problem-solving

form p + ¢/5, where p and ¢ are rational You can ch(.ec.k that your answer is in the correct
numbers. (4 marks) form by writing down the values of p and ¢ and

checking that they are rational numbers.

Mixed exercise °

1

2

3

Simplify:
a )3 x> b 3x? x 2x3 c (4x%)3 +2x° d 4b% x 3b3 x b*
Expand and simplify if possible:

a (x+3)(x-95) b 2x-7)3x+1) ¢ 2x+50Cx—y+2)

Expand and simplify if possible:
a x(x+4)(x-1) b (x+2)(x-3)(x+7) ¢ 2x+3)(x-2)3x-1)

4 Expand the brackets:

a35y+4) b 5x3-5x+2x») ¢ 5x(2x+3)-2x(1 - 3x) d 3x%(1 +3x) - 2x(3x -2)

15
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@

oo B

10

11

12

13

14

15

16

17

18

19

16

Factorise these expressions completely:

a 3x2+4x b 4y? + 10y ¢ X2+ xy+x)? d 8xy* + 10x%y
Factorise:
a x2+3x+2 b 3x2 + 6x ¢ x2-2x-35 d 2x2-x-3

e 5x2-13x-6 f 6-5x-x2

Factorise:
a 2x3 + 6x b x3-36x ¢ 2x3 4+ 7x%-15x
Simplify:
a 9x3 = 3x73 b (43)3 ¢ 3x2x 2x* d 3x5+6x3
Evaluate:

8y 225
a <27 b (289)
Simplify:

3
a — b V20 +2/45 - /80

/63

a Find the value of 35x2 + 2x — 48 when x = 25.

b By factorising the expression, show that your answer to part a can be written as the product
of two prime factors.

Expand and simplify if possible:

a V2(3+V5) b 2-V5)(5+V3) ¢ (6-V2)4-V7)

Rationalise the denominator and simplify:

T L N Fo A SO
V3 V2 -1 V3-2 V23 +V/37 2+/3)? 4-V7)

a Given that x> — x> — 17x — 15 = (x + 3)(x? + bx + ¢), where b and ¢ are constants, work out

the values of b and c.
b Hence, fully factorise x3 — x> — 17x — 15.

Given that y = é}ﬁ express each of the following in the form kx”, where k and » are constants.
a y’ (1 mark)
b 4y-! (1 mark)
5 . . .
Show that ————— can be written in the form Va + Vb, where a and b are integers. (5 marks
75 /50 gers. - (Smarks)
Expand and simplify (V11 — 5)(5 = V11). (2 marks)
Factorise completely x — 64x3. (3 marks)
Express 272*+ 1 in the form 37, stating y in terms of x. (2 marks)
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Algebraic expressions

. 8x
Solve the equation 8 + xv 12 =—
! 3

Give your answer in the form a/b where a and b are integers. (4 marks)

A rectangle has a length of (1 ++v3)cm and area of V12 cm?.
Calculate the width of the rectangle in cm.
Express your answer in the form a + b/3, where a and b are integers to be found.

(2-/x) . . .
Show that T can be written as 4x 77— 4 + x=. (2 marks)
X
Given that 243/3 = 3¢, find the value of a. (3 marks)
. 4x3 + x* . . .
Given that T can be written in the form 4x“ + x?, write down the value of a
X

and the value of b. (2 marks)

Challenge

b

Simplify (Va +vb)(Va —/b).
1 aF L 3 1 +...+;=4
VI+V2 V2+V3 V3 +V4 V24 +25

Hence show that

Summary of key points

1

i N W N

You can use the laws of indices to simplify powers of the same base.

® g"xa'=ag"t" ® g"-a'=q""

® (am)'=am ® (ab)'=a"b"

Factorising is the opposite of expanding brackets.

A quadratic expression has the form ax? + bx + ¢ where @, b and ¢ are real numbers and a # 0.
X2 =y2=(x+))(x =)

You can use the laws of indices with any rational power.

1
® agn="a ® gn="aq"
1
) a—m=a—m e ¢°=1

You can manipulate surds using these rules: P
o Jab=Jaxib . ﬁ _Va

b Vb
The rules to rationalise denominators are:

® Fractions in the form i, multiply the numerator and denominator by va.

Va

® Fractions in the form 1 , multiply the numerator and denominator by a — V.
a+Vb

® Fractions in the form #\/3 multiply the numerator and denominator by a + V.
a f—

17



Quadratics

After completing this chapter you should be able to:

® Solve quadratic equations using factorisation, the quadratic
formula and completing the square - pages 19 - 24

® Read and use f(x) notation when working with
functions - pages 25 - 27

® Sketch the graph and find the turning point of a quadratic
function - pages 27 - 30

® Find and interpret the discriminant of a quadratic
expression -> pages 30 - 32

® Use and apply models that involve quadratic
functions - pages 32 - 35

Prior knowledge check

Solve the following equations:
a 3x+6=x-4
b 5(x+3)=6(2x-1)
¢ 4x?=100
d (x-8)?2=064 « GCSE Mathematics
2 Factorise the following expressions:

a x2+8x+15 b x2+3x-10
€ 3x2-14x-5 d x2-400
< Section 1.3

Sketch the graphs of the following
equations, labelling the points where each
graph crosses the axes:

a y=3x-6 b y=10-2x
C x+2y=18 dy=x?
< GCSE Mathematics )

# Quadratic functions are used to model
ﬁ projectile motion. Whenever an object
“# is thrown or launched, its path will
—7s<2(x-1) d4-x<Il | approximately follow the shape of a
¢ GCSE Mathematics parabola. - Mixed exercise Q11

4 Solve the following inequalities:
a x+8<11 b2x-5=13

N .




@ Solving quadratic equations

A quadratic equation can be written in the form ax? + bx + ¢ = 0, where 4, b and ¢ are real constants,
and a # 0. Quadratic equations can have one, two, or no real solutions.

m The solutions to an

equation are sometimes called
the roots of the equation.

= To solve a quadratic equation by factorising:
» Write the equation in the form ax?2+ bx +c=0

» Factorise the left-hand side

Quadratics

» Set each factor equal to zero and solve to find the value(s) of x

Solve the following equations:
a x>’-2x-15=0 b x?>=9x
¢ 6x2+13x-5=0 d x>-5x+18=2+3x

a x2-2x-15=0
x+3)x-5=0

—— Factorise the quadratic. < Section 1.3

~ Ifthe product of the factors is zero, one of the
factors must be zero.

m The symbol = means ‘implies that'.

This statement says ‘If x + 3 =0, then x = -3".

Then either x + 3 =0 = x=-3
x-5=0=x=5
So x = =3 and x = 5 are the two solutions

or

~Aquadratic equation with two distinct factors has
two distinct solutions.

of the equation.

m The signs of the solutions are

opposite to the signs of the constant terms in
each factor.

b X2 = 9x
x2-9x=0
X(x =9 =0

Then either x = O
X — 9 = o = X = 9
The solutions are x = O and x = 9.

or

c Ex2+13x-5=0

Be careful not to divide both sides by x, since x
may have the value 0. Instead, rearrange into the
form ax?+ bx + ¢=0.

Factorise.

Bx-1N2x+5)=0
Then either3x—1=O:>x=%
2x+5=0=x= —%

The solutions are x = % and x = —g

or

X2 —5x+186=2 + 3x

—

Factorise.

Solutions to quadratic equations do not have to
be integers.

X2 -8x+16=0
x—-4)(x-4)=0

The quadratic equation (px + ¢)(rx + ) = 0 will

Then eitherx —4=0=x=4
x—-4=0=x=4
=x=4

or

. q s
have solutions x = ~ and x = ==

Rearrange into the form ax? + bx + ¢ = 0.

—— Factorise.

m When a quadratic equation has

exactly one root it is called a repeated root. You
can also say that the equation has two equal roots.
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In some cases it may be more straightforward to solve a quadratic equation without factorising.

Solve the following equations

a 2x-3)2=25 b (x-3)2=7
a (2x — 3)2 =25
2x — 3 =25
2x=3+5 L

Then either 2x=3 + 5= x=4
2x=3-5=x=-1
The solutions are x = 4 and x = —1

_

or

b x-32=7
xX-3=%/7
x=3+/7
The solutions are x = 3 + /7 and
x=3-V7

Exercise @

1 Solve the following equations using factorisation:
b x>+5x+4=0
f x2-9x+20=0

a x2+3x+2=0
e x2-8x+15=0

2 Solve the following equations using factorisation:
b x?=25x
f 6x2-7x-3=0

a x2=4x
e 2x2+7x+3=0

3 Solve the following equations:

a 3x2+5x=2 b 2x-3)>=9
f (x-3)2=13 g Bx-12=11
i 6x2-7=11x i 4x2+17x =6x —2x?

c x2+7x+10=0
g X2-5x-6=0

¢ 3x2=6x
g 6x2-5x-6=0

c (x=7)2=36
h 5x2-10x2=-7+ x + x?

m The symbol = lets you write two

statements in one line of working. You say
‘plus or minus’.

Take the square root of both sides.
Remember 52 = (=5)2 = 25.

Add 3 to both sides.

Take square roots of both sides.

You can leave your answer in surd form.

d x2-x-6=0
h x2-4x-12=0

d 5x%2=30x
h 4x2-16x+15=0

d 2x2=38 e 3x2=5

Problem-solving

® 4 ThiZS}}llape {135 3;1 area of 44m”. < xm—] Divide the shape into two sections:
Find the value of x.
(x+3)m
«—2xym—>

Solve the equation Sx + 3 =v3x+7.
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Some equations cannot be easily factorised. You can also solve quadratic equations using the
quadratic formula.

® The solutions of the equation m You need to rearrange the equation
ax? + bx + ¢ = 0 are given by the formula: into the form ax? + bx + ¢ = 0 before reading off
-b+/b? - hac the coefficients.
- 2a

Solve 3x? — 7x —1 = 0 by using the formula.
a=3,b=-7and c¢=-1.

—(=7) £ /(=7)2 = 4(3)(—1) F

X = Put brackets around any negative values.
2x3

x=7i‘19+12 —4x3x(=1)=+12

_ 7 =xVel

- 6

+/61 7 — /61
Then x = orx=——-—
6 6

Orx =247 (3 sf)orx=-0135 (3 s.f)

Exercise @

1 Solve the following equations using the quadratic formula.
Give your answers exactly, leaving them in surd form where necessary.

a x2+3x+1=0 b x2-3x-2=0 ¢c x2+6x+6=0 d x2-5x-2=0
e 3x>+10x-2=0 f 4x?-4x-1=0 g 4x>-Tx=2 h 1Ix*?+2x-7=0

2 Solve the following equations using the quadratic formula.
Give your answers to three significant figures.

a x>’+4x+2=0 b x>-8x+1=0 ¢ X>’+1lx-9=0 d x?-7x-17=0
e 5x2+9x-1=0 f 2x?2-3x-18=0 g 3x>+8=16x h 2x%+ 11x=5x>- 18

3 For each of the equations below, choose a suitable method and find all of the solutions.
Where necessary, give your answers to three significant figures.

a x2+8x+12=0 b x2+9x-11=0

¢ 2-9x—-1=0 d 222 +5x+2=0 mYoucanuseanymethod
5 5 B you are confident with to solve

e (2x+8)>=100 f 6x2+6=12x these equations.

g 2x>—-11=7x h x=V8x-15
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4 This trapezium has an area of 50 m?.
Show that the height of the trapezium is equal to 5(V5 — 1)m.

“«— Xxm-—>
Problem-solving

2xm Height must be positive. You will have to discard
l the negative solution of your quadratic equation.

«— (x+10)m—>

Challenge m Write the equation in the form

ax?®+ bx + ¢ = 0 before using the quadratic
formula or factorising.

Given that x is positive, solve the equation
1 1 28

+ —_
X X+ 27195

@ Completing the square

It is frequently useful to rewrite quadratic expressions by completing the square:

2) - (3)

| 2 = ( — [ b
x2+bx=(x+ > > : b
You can draw a diagram of this process when x and b .

are positive: x ! = X

«——x——>«)Hh>

The original rectangle has been rearranged into the
shape of a square with a smaller square missing.
The two areas shaded blue are the same.

Example e m A quadratic expression in the

form p(x + ¢)% + r where p, g and r are real
constants is in completed square form.

X%+ bx

Complete the square for the expressions:

a x2+8x b x?-3x ¢ 2x2+ 12x

Begin by halving the coefficient of x. Using the
a X2+ 8x=(x+ 47 - 42 ) b
rule given above, b = 8 so > =4.

=x+4)7-16
_ 3)\2 3 2 2
b x2 - 3x= (x - 2) - (E) Be careful if 2 is a fraction, Here @) |
i B 2 2) "2 4
— (x _ 2) _9
2 4
c 2x% — 12x = 2(x2 — GX) i Here the coefficient of >f2 is 2, so take out a factor
. of 2. The other factor is in the form (x2 + bx) so
2(x-3) 39) you can use the rule to complete the square.
2((x = 3)7 - )
=2(x — 3)? - L Expand the outer bracket by multiplying 2 by 9 to

get your answer in this form.
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u axz+bx+c=a<x+i) +<c i)

2a " 4a?

Quadratics

Write 3x2 + 6x + 1 in the form p(x + ¢)* + r, where p, ¢ and r are integers to be found.

3x% + 6x + 1
=3(x°+ 2x) + 1
=3(x+ 12 -1 +1
=3x+ 17 -3+1
=3x+1)°-2
Sop=3,g=1andr=-2.

Exercise @

1 Complete the square for the expressions:

a x2+4x b x? - 6x ¢ x2—-16x

2 Complete the square for the expressions:

a 2x2+16x b 3x2—-24x ¢ 5x2+20x d 2x2-5x e 8x—2x2

d x2+x e x2-14

m This is an expression, so you can't

divide every term by 3 without changing its value.
Instead, you need to take a factor of 3 out of
3x? + 6Xx.

You could also use the rule given above to
complete the square for this expression, but it is
safer to learn the method shown here.

m In question 3d,

write the expression as
—4x? — 16x + 10 then
take a factor of —4 out
of the first two terms
to get —4(x? + 4x) + 10.

3 Write each of these expressions in the form p(x + ¢)> + r, where p, ¢ and r are constants

to be found:
a 2x2+8x+1

b 5x2-15x+3 ¢ 3x2+2x-1

d 10-16x—-4x* e 2x—-8x2+10

@ 4 Given that x> + 3x + 6 = (x + a)> + b, find the values of the constants « and b. (2 marks)

@ 5 Write 2 + 0.8x — 0.04x? in the form 4 — B(x + C)?, where 4, B and C are constants to

be determined.

(3 marks)

Solve the equation x? + 8x + 10 = 0 by completing the square.

Give your answers in surd form.

X2 +8x+10=0
x2 + &x =-10

(x + 42 — 42 = ~10

(x + 42 =-10+ 16

(x+ 42 =6
(x +4) = +/6
x=-4=+/6

So the solutions are
xX=-4+V6 and x = -4 - /G.

Check coefficient of x2 = 1.

Subtract 10 to get the LHS in the form x? + bx.
Complete the square for x? + 8x.

Add 42 to both sides.

Take square roots of both sides.
Subtract 4 from both sides.

Leave your answer in surd form.
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Solve the equation 2x2? — 8x + 7 = 0. Give your answers in surd form.

Problem-solving

This is an equation so you can divide every term
by the same constant. Divide by 2 to get x2 on its

2x2 -8x+7=0

x2 — 4x = _% . . . ..
e own. The right-hand side is 0 so it is unchanged.
(x=-2P-22=—5
_ o2 - _Z
(x -2y = e + 4 [ Complete the square for x2 — 4x.
_ 2 — L
(x=-27=3 Add 22 to both sides.

=

|

N

Il

I+
~E

— Take square roots of both sides.

=
Il
N
H+

n|=

So the roots are L Add 2 to both sides.
1

x=2+iandx=2——
V2 V2
Use your calculator to check
solutions to quadratic equations quickly.

1 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a x>+6x+1=0 b x>+ 12x+3=0 ¢ X?+4x-2=0 d x>-10x=5

2 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a 2x2+6x-3=0 b 5x2+8x-2=0 c 4x2-x-8=0 d 15-6x-2x2=0
@ 3 x2—14x+ 1= (x+ p)* + ¢, where p and ¢ are constants.
a Find the values of p and g¢. (2 marks)

b Using your answer to part a, or otherwise, show that the solutions to the equation
x2 = 14x + 1 = 0 can be written in the form r + s/3, where r and s are constants
to be found. (2 marks)

4 By completing the square, show that the solutions to Problem-solving

the equation x? + 2bx + ¢ = 0 are given by the formula

x=—bxVb2-c. (4 marks)

Challenge

a Show that the solutions to the equation

Follow the same steps as you would
if the coefficients were numbers.

ax? + 2bx + ¢ = 0 are given by x = - g o 2 m Start by dividing the whole
a equation by a.
b Hence, or otherwise, show that the solutions to the
equation ax? + bx + ¢ = 0 can be written as m You can use this
b +/b2 - hac method to prove the quadratic
*= 2a : formula. - Section 7.4
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@ Functions

A function is a mathematical relationship that maps each value of a set of inputs to a single output.
The notation f(x) is used to represent a function of x.

® The set of possible inputs for a function is called the domain.  Pomain f3)=9 Range
® The set of possible outputs of a function is called the range.

This diagram shows how the function f(x) = x> maps five
values in its domain to values in its range.

® The roots of a function are the values of x for which f(x) = 0.

The functior;s f and g are given by f(x) = 2x — 10 m If the input of a function,
and g(x) = x* -9, x €R. X, can be any real number the

a Find the values of f(5) and g(10). domain can be written as x € R.

b Find the value of x for which f(x) = g(x). The symbol € means ‘is a member

of” and the symbol R represents the

a f(5)=2(5)-10=10-10=0 real numbers.
g(10) = (102 — 9 =100 - 9 = 91
To find f(5), substitute x = 5 into the function f(x).

b f(x) = g(x)
2x -10=x°-9
-2x+1=0 Set f(x) equal to g(x) and solve for x.
(x-12=0
x =1

Example

The function f is defined as f(x) = x> + 6x - 5, x € R.

a Write f(x) in the form (x + p)? + ¢.

b Hence, or otherwise, find the roots of f(x), leaving your answers in surd form.

¢ Write down the minimum value of f(x), and state the value of x for which it occurs.

a (x)—x2+6x—5 _I
(x + 3)? Complete the square for x? + 6x and then
(x + 32 14 J simplify the expression.
b f(x) =0 To find the root(s) of a function, set it equal to zero.
x+3°-14=0
(x + 37 =14 | You can solve this equation directly. Remember to
X+3==xy14 write + when you take square roots of both sides.
x=-3=*x/14

f(x) has two roots:

-3 + /14 and -3 - /14.
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c (x+3°2=0 A squared value must be greater than or equal to 0.

So the minimum value of f(x) is =14, ——
This occurs when (x + 3)2 = O,
(x+3)2=0s0(x+3)2—-14=-14

so when x = =3

Find the roots of the function f(x) = x¢ + 7x* - 8, x € R.

Problem-solving

O

X+ 7x3-8=0 f(x) can be written as a function of a function.
&5=0
O

The only powers of x in f(x) are 6, 3 and 0 so you

3)2 3) _
()7 + 7(x7) can write it as a quadratic function of x3.

(x> =Nx2+8) =

Sox?=1orx’>=-8 Treat x3 as a single variable and factorise.
X3=1=x=1
xX3=-8=x=-2 Solve the quadratic equation to find two values

2 .
The roots of f(x) are 1 and —2. for x3, then find the corresponding values of x.

Alternatively, let u = x3. You can simplify this working with a substitution.
fx) = x4+ 7x3-8

(x%2 +7(x3) - 8
u> + 7u - &
u—-"Nu+ 8)

So whenf(x) =0, u=1o0ru=-8.

fu=1=x3=1=x=1 _ .
m The solutions to the quadratic

fu=-8&=x"=-86=x=-2 equation will be values of u. Convert back to
The roots of f(x) are 1 and -2. values of x using your substitution.

Exercise @

1 Using the functions f(x) = 5x + 3, g(x) = x> — 2 and h(x) =Vx + 1, find the values of:

Replace x> with u and solve the quadratic
equation in u.

a f(1) b 23) ¢ h(®) d f(1.5) e g(V2)
4
f h(-1) g f(4)+g(2) h £(0) + g(0) + h(0) %

(P) 2 The function f(x) is defined by f(x) = x* - 2x, x € R. Problem-solving

Given that f(a) = 8, find two possible values for a. Substitute x = a into the function and

. . . t th [ti i [ to 8.
3 Find all of the roots of the following functions: SIS SRS e S

a f(x)=10- 15x b gx)=(x+9)(x-2) ¢ h(x)=x>+6x-40
d j(x)=144 — x2 e k(x)=x(x+35)x+7) f m(x)=x3+5x?-24x
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4 The functions p and q are given by p(x) = x> — 3x and q(x) =2x - 6, x € R.
Find the two values of x for which p(x) = q(x).

5 The functions f and g are given by f(x) = 2x* + 30x and g(x) = 17x%, x € R.
Find the three values of x for which f(x) = g(x).

(E) 6 The function f is defined as f(x) = x> = 2x + 2, x ER.

a Write f(x) in the form (x + p)? + ¢, where p and ¢ are constants to be found. (2 marks)
b Hence, or otherwise, explain why f(x) > 0 for all values of x, and find the minimum
value of f(x). (1 mark)
7 Find all roots of the following functions:
a f(x)= x5+ 9x3 + 8 b g(x) = x* — 12x2 + 32 @D 1 function in
¢ h(x)=27x%+26x3-1 d j(x)=32x10-33x+ 1 part b has four roots.
e k(x)=x-7Tx+10 f m(x)=2x3+2x3—12

8 The function f is defined as f(x) = 32 — 28(3*) + 27, x € R. '
Problem-solving

a Write f(x) in the form (3* — 4)(3* — b), where @ and b are
real constants. (2 marks)

b Hence find the two roots of f(x). (2 marks)

@ Quadratic graphs

When f(x) = ax?® + bx + ¢, the graph of y = f(x) has a curved shape called a parabola.

Consider f(x) as a
function of a function.

You can sketch a quadratic graph by identifying key features.
The coefficient of x? determines the overall shape of the graph.
When « is positive the parabola will have this shape: \/

When « is negative the parabola will have this shape: /\

@ The graph crosses the y-axis when

VA x = 0. The y-coordinate is equal to c. o B
@ The graph crosses the x-axis when y = 0. The @
@ x-coordinates are roots of the function f(x).

(3) Quadratic graphs have one turning point.
This can be a minimum or a maximum.
0 N Since a parabola is symmetrical, the turning 0 >
© ©) ® point and line of symmetry are half-way ®/ \®
between the two roots.

=Y

® You can find the coordinates of the turning point @ The graphof y =a(x + p)2 + ¢
of a quadratic graph by completing the square. is a translation of the graph of

If f(x) = a(x + p)? + ¢, the graph of y = f(x) has a y=ax?by ( ;’). -» Section 4.5
turning point at (-p, ¢).

27



Chapter 2

Sketch the graph of y = x2 — 5x + 4, and find the coordinates of its turning point.

As a = 1is positive, the graph has a \V
shape and a minimum point.

When x = O, y = 4, so the graph crosses
the y-axis at (O, 4).

When y = O,
X2 -5x+4=0
x-1Nx-4=0

Use the coefficient of x? to determine the general
shape of the graph.

This example factorises, but you may need to use

x =1orx =4, so the graph crosses the
x-axis at (1, O) and 4, O).

the quadratic formula or complete the square.

Complete the square to find the coordinates of

Completing the square:
x2—5x+4=(x—%)2—24—5+4

- (-3

So the minimum point has coordinates
-3
2 " 4)

Alternatively, the minimum occurs when
X is half-way between 1 and 4,

1+4 s
SO X = > = >
y= (3 -5x(3)+a=-2
so the minimum has coordinates (g —%),

The sketch of the graph is:
Ay

N

QS
= <
NI

|
INTU)
=
o)

28

the turning point.

m If you use symmetry to find the

x-coordinate of the minimum point, you need to
substitute this value into the equation to find the
y-coordinate of the minimum point.

You could use a graphic calculator or substitute
some values to check your sketch.

Whenx=5,y=52-5x5+4=4,

@ Explore how the graph of

y = (x + p)? + g changes as the values of p
and ¢ change using GeoGebra.
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Sketch the graph of y = 4x — 2x2 — 3. Find the coordinates of its turning point and write down the
equation of its line of symmetry.

Quadratics

As a = =2 is negative, the graph has a N\
shape and a maximum point.

When x = O, y = =3, so the graph
crosses the y-axis at (O, =3).

When y = O,
—-2x2+4x-3=0
Using the quadratic formula,

—4 + /42 — 4(=2)-3)
X =

It's easier to see that a < 0 if you write the
equation in the form y = —=2x? + 4x — 3.

a=-2,b=4and c=-3

2 X (=2)

v = -4 V-5
-4
There are no real solutions, so the graph
does not cross the x-axis.
Completing the square:
—2x2+4x -3
=-2x2—-2x) -3

You would need to square root a negative
number to evaluate this expression. Therefore
this equation has no real solutions.

=—2((x—17-1-3
=—2x-17+2-3
= —2(x — 1?2 -1
So the maximum point has coordinates
(1, =1.
The line of symmetry is vertical and goes

through the maximum point. It has the
equation x = 1.

VA

=Y

0 (1, 1)

The coefficient of x? is —2 so take out a factor of —2

m A sketch graph does not need to be

plotted exactly or drawn to scale. However you

should:

® draw a smooth curve by hand

® identify any relevant key points (such as
intercepts and turning points)

® label your axes.
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Exercise @

1 Sketch the graphs of the following equations. For each graph, show the coordinates of the point(s)
where the graph crosses the coordinate axes, and write down the coordinate of the turning point
and the equation of the line of symmetry.

a y=x>-6x+8 b y=x>+2x-15 c y=25-x2 d y=x>+3x+2
e y=—x2+6x+7 f y=2x>+4x+10 g y=2x>+7x-15 h y=6x>-19x+ 10
i y=4-"Tx-2x? i ¥y=0.5x2+0.2x +0.02

@ 2 These sketches are graphs of quadratic functions of the form ax? + bx + c.
Find the values of a, b and ¢ for each function.

a  ya b YA Problem-solving
y=g(x) Check your answers
15 10 by substituting values
= () into the function. In
part ¢ the graph passes
- -2 - through (0, —18), so h(0)
™N—"s x ! s\ x should be —18.
c VA d VA
-3 3/ >

=Y
L
.

-18

3 The graph of y = ax? + bx + ¢ has a minimum at (5, —3) and passes through (4, 0).
Find the values of @, b and c. (3 marks)

@ The discriminant

If you square any real number, the result is greater than or equal to 0. This means that if y is negative,
J/y cannot be a real number. Look at the quadratic formula:

If the value under the square root sign is negative, x cannot be
-b+vb?-bac —n — — d & . &
X = ——r a real number and there are no real solutions. If the value under
a

the square root is equal to 0, both solutions will be the same.

® For the quadratic function f(x) = ax? + bx + ¢, the expression b? — 4ac is called the
discriminant. The value of the discriminant shows how many roots f(x) has:

o If b2 — 4ac > 0 then f(x) has two distinct real roots.
 If b2 — 4ac = 0 then f(x) has one repeated root.
o If b2 — 4ac < 0 then f(x) has no real roots.
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You can use the discriminant to check the shape of sketch graphs.

Below are some graphs of y = f(x) where f(x) = ax? + bx + .

VA

=Y

a>0 0 \/

b% —t4ac >0
Two distinct real roots

/N

VA

=Y

a<O0 0

VA VA

0 X 0 X
b?—tac=0 b? —bac <0

One repeated root No real roots

YA VA

0 X 0 X

Find the values of & for which f(x) = x> + kx + 9 has equal roots.

X +kx+9=0
Herea=1,b=kand c=9

For equal roots, b — 4ac = O
k?-—4x1x9=0

Problem-solving

Use the condition given in the question to write a
statement about the discriminant.

k?—-36=0
k? = 36
so0 k = +6

L Substitute for @, b and ¢ to get an equation with
one unknown.

L Solve to find the values of k.

Find the range of values of k for which x? + 4x + k = 0 has two distinct real solutions.

X +4x+k=0

Here a =1, b =4 and c = k.

For two real solutions, b2 — 4ac > O
42 -4 x1xk>0

16 -4k >0

16 > 4k
4 >k
Sok < 4

__ This statement involves an inequality, so your
answer will also be an inequality.

For any value of k less than 4, the equation will
have 2 distinct real solutions.

m Explore how the value of the

discriminant changes with k using GeoGebra.
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Exercise @

1 a Calculate the value of the discriminant for each of these five functions:
i f(x)=x>+8x+3 i gx)=2x2-3x+4 iii h(x)=-x>+7x-3
iv j(x)=x2-8x+16 v k(x)=2x-3x2-4
b Using your answers to part a, match the same five functions to these sketch graphs.

VA i 4 VA : YA A
i ii f iii iv v
-, 0 >
X
0] X
0] X 0—>

X

2 Find the values of k for which x2 + 6x + k = 0 has two real solutions. (2 marks)
3 Find the value of ¢ for which 2x2 — 3x + ¢ = 0 has exactly one solution. (2 marks)
4 Given that the function f(x) = sx? + 8x + s has equal roots, find the value of the positive

constant s. (2 marks)
5 Find the range of values of k for which 3x?— 4x + k = 0 has no real solutions. (2 marks)
6 The function g(x) = x> + 3px + (14p — 3), where p is an integer, has two equal roots.

a Find the value of p. (2 marks)

b For this value of p, solve the equation x> + 3px + (14p — 3) = 0. (2 marks)

7 h(x)=2x%+ (k + 4)x + k, where k is a real constant. Problem-solving

a Find the discriminant of h(x) in terms of k. (3 marks) If a question part says ‘hence or

b Hence or otherwise, prove that h(x) has two distinct otherwise’ it is usually easier to use your
real roots for all values of k. (3 marks) answer to the previous question part.

Challenge

a Prove that, if the values of @ and ¢ are given and non-zero, it is always possible to choose a value
of b so that f(x) = ax? + bx + ¢ has distinct real roots.

b Is it always possible to choose a value of b so that f(x) has equal roots? Explain your answer.

@ Modelling with quadratics

A mathematical model is a mathematical description of a real-life situation. Mathematical
models use the language and tools of mathematics to represent and explore real-life patterns and
relationships, and to predict what is going to happen next.

Models can be simple or complicated, and their results can be approximate or exact. Sometimes a model
is only valid under certain circumstances, or for a limited range of inputs. You will learn more about how
models involve simplifications and assumptions in Statistics and Mechanics.

Quadratic functions can be used to model and explore a range of practical contexts, including
projectile motion.
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A spear is thrown over level ground from the top of a tower.
The height, in metres, of the spear above the ground after ¢ seconds is modelled by the function:

h(r)=12.25+14.7t =492, t =0
a Interpret the meaning of the constant term 12.25 in the model.

Quadratics

b After how many seconds does the spear hit the ground?
¢ Write h(¢) in the form 4 — B(t — C)?, where A, B and C are constants to be found.

d Using your answer to part ¢ or otherwise, find the maximum height of the spear above the
ground, and the time at which this maximum height is reached.

a The tower is 12.25 m tall, since
this is the height at time O.

b When the spear hits the ground,
the height is equal to O.

12.25 + 147t — 4912 = O
Using the formula, where a = —=4.9,
b =147 and ¢ = 12.25,

14T * V14.72 — 4(=4.9)12.25)
- (2 x —4.9)
—14.7 = J456.19
=
—-9.86
t= —0.679 ort=3.65 (to 3 s.f)

T

Ast =0, t = 3.66 seconds (to 3 s.f). -—L

c 12.25 + 147t — 4.9¢?

-4.9(t? - 31) + 12.25

-4.9((t - 1.5)? — 2.25) + 12.25
—4.9((t — 1.5)? + 11.025 + 12.25)
23.275 — 4.9(t — 1.5)?
S50A4=23275 B=49and C=15.

d The maximum height of the spear is
23.275 metres, 1.5 seconds after
the spear is thrown.

m Explore the trajectory of the

Problem-solving

Read the question carefully to work out the
meaning of the constant term in the context of
the model. Here, 7 = 0 is the time the spear is
thrown.

To solve a quadratic, factorise, use the quadratic
formula, or complete the square.

Give any non-exact numerical answers correct to
3 significant figures unless specified otherwise.

Always interpret your answers in the context
of the model. ¢ is the time after the spear was
thrown so it must be positive.

4.9(t — 1.5)> must be positive or 0, so h(f) < 23.275
for all possible values of .

The turning point of the graph of this function
would be at (1.5, 23.275). You may find it helpful
to draw a sketch of the function when working

through modelling questions.

spear using GeoGebra.
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Exercise @

@D 1

34

The diagram shows a section of a suspension bridge carrying a road over water.

Problem-solving

For part a, make sure your
answer is in the context of
the model.

\ /
N\ /

Dl

The height of the cables above water level in metres can be modelled by the function
h(x) = 0.000 12x? + 200, where x is the displacement in metres from the centre of the bridge.

a Interpret the meaning of the constant term 200 in the model. (1 mark)
b Use the model to find the two values of x at which the height is 346 m. (3 marks)

¢ Given that the towers at each end are 346 m tall, use your answer to part b to calculate the
length of the bridge to the nearest metre. (1 mark)

A car manufacturer uses a model to predict the fuel consumption, y miles per gallon (mpg),
for a specific model of car travelling at a speed of x mph.

y=-0.01x>+0.975x + 16, x > 0

a Use the model to find two speeds at which the car has a fuel consumption of

32.5mpg. (3 marks)
b Rewrite y in the form 4 — B(x — C)?, where A, B and C are constants to be found. (3 marks)
¢ Using your answer to part b, find the speed at which the car has the greatest fuel

efficiency. (1 mark)

d Use the model to calculate the fuel consumption of a car travelling at 120 mph.
Comment on the validity of using this model for very high speeds. (2 marks)

A fertiliser company uses a model to determine how the amount of fertiliser used, f'kilograms
per hectare, affects the grain yield g, measured in tonnes per hectare.

¢ =6+0.03f = 0.000 062

a According to the model, how much grain would each hectare yield without any
fertiliser? (1 mark)

b One farmer currently uses 20 kilograms of fertiliser per hectare. How much more fertiliser
would he need to use to increase his grain yield by 1 tonne per hectare? (4 marks)

A football stadium has 25 000 seats. The football club know from past experience that they will
sell only 10 000 tickets if each ticket costs £30. They also expect to sell 1000 more tickets every
time the price goes down by £1.

a The number of tickets sold 7 can be modelled by the linear equation ¢ = M — 1000p,
where £p is the price of each ticket and M is a constant. Find the value of M. (1 mark)



Quadratics

The total revenue, £7, can be calculated by multiplying the number of tickets sold by the price of
each ticket. This can be written as r = p(M — 1000p).

b Rearrange r into the form 4 — B(p — C)?, where A, B and C are constants to be found. (3 marks)

¢ Using your answer to part b or otherwise, work out how much the football club should
charge for each ticket if they want to make the maximum amount of money. (2 marks)

Challenge m Start by setting up three

simultaneous equations. Combine
two different pairs of equations to
eliminate ¢. Use the results to find
the values of a and b first.

Accident investigators are studying the stopping distance
of a particular car.

When the car is travelling at 20 mph, its stopping distance
is 6 feet.

When the car is travelling at 30 mph, its stopping distance
is 14 feet.

When the car is travelling at 40 mph, its stopping distance
is 24 feet.

The investigators suggest that the stopping distance in
feet, d, is a quadratic function of the speed in miles per
hour, s.

a Given that d(s) = as? + bs + ¢, find the values of the
constants a, b and c.

b At an accident scene a car has left behind a skid that is
20 feet long.
Use your model to calculate the speed that this car was
going at before the accident.

Mixed exercise e

1 Solve the following equations without a calculator. Leave your answers in surd form where necessary.
a)»’+3y+2=0 b 3x2+ 13x-10=0 ¢ 5x2-10x=4x+3 d 2x-52=7

2 Sketch graphs of the following equations:

a y=x>+5x+4 b y=2x>+x-3 ¢ y=6-10x—4x? d y=15x-2x2
@ 3 f(x) = x2 + 3x — 5and g(x) = 4x + k, where k is a constant.
a Given that f(3) = g(3), find the value of k. (3 marks)
b Find the values of x for which f(x) = g(x). (3 marks)
4 Solve the following equations, giving your answers correct to 3 significant figures:
a k>+11k-1=0 b 22-5t+1=0 c 10-x-x*=7 d Bx-172=3-x?
5 Write each of these expressions in the form p(x + ¢)* + r, where p, ¢ and r are constants to be found:
a x2+12x-9 b 5x2-40x+ 13 ¢ 8x—2x2 d 3x2—(x+1)?
@ 6 Find the value k for which the equation 5x? — 2x + k = 0 has exactly one solution. (2 marks)
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@ 7 Given that for all values of x:
3+ 12x+5=p(x+q)* +r
a find the values of p, ¢ and r. (3 marks)
b Hence solve the equation 3x? + 12x + 5=0. (2 marks)

8 The function f is defined as f(x) = 22 — 20(2) + 64, x € R.

a Write f(x) in the form (2* — a)(2* — b), where a and b are real constants. (2 marks)
b Hence find the two roots of f(x). (2 marks)

9 Find, as surds, the roots of the equation:
2x+ 1) (x—4) - (x-2)*=0.

10 Use algebra to solve (x — 1)(x + 2) = 18.

11 A diver launches herself off a springboard. The height of the diver, in metres, above the pool
t seconds after launch can be modelled by the following function:

h(z) =5t =102 +10,1=0

a How high is the springboard above the water? (1 mark)
b Use the model to find the time at which the diver hits the water. (3 marks)
¢ Rearrange h(7) into the form 4 — B(¢t — C)? and give the values of the constants

A, Band C. (3 marks)
d Using your answer to part ¢ or otherwise, find the maximum height of the diver, and

the time at which this maximum height is reached. (2 marks)

12 For this question, f(x) = 4kx? + (4k + 2)x + 1, where k is a real constant.

a Find the discriminant of f(x) in terms of k. (3 marks)
b By simplifying your answer to part a or otherwise, prove that f(x) has two distinct
real roots for all non-zero values of k. (2 marks)
¢ Explain why f(x) cannot have two distinct real roots when k = 0. (1 mark)
13 Find all of the roots of the function r(x) = x8 — 17x* + 16. (5 marks)

14 Lynn is selling cushions as part of an enterprise project. On her first attempt, she sold 80
cushions at the cost of £15 each. She hopes to sell more cushions next time. Her adviser
suggests that she can expect to sell 10 more cushions for every £1 that she lowers the price.

a The number of cushions sold ¢ can be modelled by the equation ¢ = 230 — Hp, where
£p is the price of each cushion and H is a constant. Determine the value of H. (1 mark)

To model her total revenue, £r, Lynn multiplies the number of cushions sold by the price of
each cushion. She writes this as r = p(230 — Hp).

b Rearrange r into the form 4 — B(p — C)?, where A, B and C are constants to be

found. (3 marks)
¢ Using your answer to part b or otherwise, show that Lynn can increase her revenue by £122.50
through lowering her prices, and state the optimum selling price of a cushion. (2 marks)
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Challenge

a

b

The ratio of the lengths a: b in this line is the same as the ratio
of the lengths b: c.

a

< b < ¢ >

Show that this ratio is Lo @: 1.

Show also that the infinite square root

/1+¢1+J1+v1+v1+... :14'\/§

2

Summary of key points

1

To solve a quadratic equation by factorising:
o Write the equation in the form ax? + bx + ¢ =0
« Factorise the left-hand side

 Set each factor equal to zero and solve to find the value(s) of x

The solutions of the equation ax? + bx + ¢ = 0 where a # 0 are given by the formula:

—b +Vb? - 4ac
B 2a

X%+ bx = <x+§)2— (g)z

b \? b?
2 — -
ax +bx+c—a<x+2a) + <c 4a2>

The set of possible inputs for a function is called the domain.
The set of possible outputs of a function is called the range.

The roots of a function are the values of x for which f(x) = 0.

Quadratics

You can find the coordinates of a turning point of a quadratic graph by completing the

square. If f(x) = a(x + p)? + ¢, the graph of y = f(x) has a turning point at (-p, ).

For the quadratic function f(x) = ax? + bx + ¢ = 0, the expression b? — 4ac is called the

discriminant. The value of the discriminant shows how many roots f(x) has:
o If b2 —4ac > 0 then a quadratic function has two distinct real roots.
o If b — 4ac = 0 then a quadratic function has one repeated real root.

o If b2 —4ac < 0 then a quadratic function has no real roots

Quadratics can be used to model real-life situations.
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Equations and
inequalities

osecves

After completing this chapter you should be able to:

® Solve linear simultaneous equations using elimination or

substitution - pages 39 - 40
® Solve simultaneous equations: one linear and one

quadratic - pages 41 - 42
® |Interpret algebraic solutions of equations graphically - pages 42 - 45
® Solve linear inequalities -> pages 46 — 48
® Solve quadratic inequalities —> pages 48 - 51
® |Interpret inequalities graphically - pages 51 - 53
® Represent linear and quadratic inequalities graphically - pages 53 - 55

Prior knowledge check

A = {factors of 12}

B = {factors of 20}
Write down the 9

numbers in each

11 13 S
of these sets:
a ANB b (4U B)’

< GCSE Mathematics

Simplify these expressions.
a /75 b NEZ 332

< Section 1.5

Match the equations to the correct graph. Label
the points of intersection with the axes and the
coordinates of the turning point.

a y=9-x° b y=x-272+4

¢ y=(x-=-T7)2x+5)

A

< Section 2.4

B Food scientists use regions on
graphs to optimise athletes’
nutritional intake and ensure
they satisfy the minimum dietary
requirements for calories and
vitamins.




m Linear simultaneous equations

Equations and inequalities

Linear simultaneous equations in two unknowns have one set of values that will make a pair of
equations true at the same time.

The solution to this pair of simultaneous equationsis x =5,y =2

x+3y=11
4x -5y =10

5+3@)=5+6=11V

4(5)-5(@2) =20-10=10 v

= Linear simultaneous equations can be solved using elimination or substitution.

Solve the simultaneous equations:

First look for a way to eliminate x or y.

|— Multiply equation (2) by 3 to get 3y in each equation.

Number this new equation (3).

I_ Then add equations (1) and (3), since the 3y terms
have different signs and y will be eliminated.

a2x+3y=8 b 4x-5y=4
3x-y=23 6x +2y=25
a 2x+3y=56 (1)
3x - y=23 @)
9x — 3y =69 (3)
MNx =77
x=7
14+3y=56
3y=8-14
y=-2

b 4x-5y=4
6x + 2y =25
12x — 15y =12
12x + 4y = 50

-19y = =38
y=2

4x =10 =4

The solutionis x = 7,y = =2

L Substitute x = 7 into equation (1) to find y.

I— Remember to check your solution by substituting

into equation (2).3(7) - (-2) =21+2=23 v

Note that you could also multiply equation (1)
by 3 and equation (2) by 2 to get 6x in both
equations. You could then subtract to eliminate x.

|_ Multiply equation (1) by 3 and multiply equation (2)
by 2 to get 12x in each equation.

Subtract, since the 12x terms have the same sign

(both positive).

4x =14

— 2l
X =33

The solution is x = 3%, y=2.

Substitute y = 2 into equation (1) to find x.
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Solve the simultaneous equations:

2x-y=1
4x +2y=-30
ox - y=1 0 Rearrange an equation, in this case equation (1),
togeteitherx=...ory=... (herey=...).
4x + 2y = -30 2) F
y=2x-1 Substitute this into the other equation (here into

equation (2) in place of y).
—

4x + 2(2x = 1) = =30

— Solve for x.
4x +4x - 2 =-30
8x = -28 Substitute x = —31 into equation (1) to find the
X = _3% ’/ value of y.
=2(-30)-1=-8
y =2t ?) . ! Remember to check your solution in equation (2).
The solution is x = =35, y = =& 4(=35) +2(-8) = —14— 16 = —30 v

Exercise @

1

@ 4

@ s

Solve these simultaneous equations by elimination:

al2x-y=6 b 7x+3y=16 c Sx+2y=6
4x +3y =22 2x+9y =29 3x - 10y =26
d 2x-y=12 e 3x—2y=-6 f 3x+8y=33
6x +2y =21 6x+3y=2 6x =3+ 5y
Solve these simultaneous equations by substitution:
a x+3y=11 b 4x-3y=40 ¢ 3x—-y=7 d 2y=2x-3
4x-Ty="6 2x+y=5 10x+3y=-2 3y=x-1
Solve these simultaneous equati20ns: @ First rearrange
x —_— . .
a3x-2y+5=0 b Y -4 ¢ 3y=5(x-2) both equations into
3 the same form
S(x+y)=6(x+1) 2x+3y+4=0 3x-1)+y+4=0 eg.ax+by=c.
3x+ky=28
x-2ky=5 Problem-solving
are simultaneous equations where & is a constant. k is a constant, so it has the
a Show that x = 3. (3 marks) same value in both equations.
b Given that y = % determine the value of k. (1 mark)
2x—-py =75
4x+5y+q=0

are simultaneous equations where p and ¢ are constants.
The solution to this pair of simultaneous equationsis x = ¢, y = —1.
Find the value of p and the value of ¢. (5 marks)
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@ Quadratic simultaneous equations

Equations and inequalities

You need to be able to solve simultaneous equations where one equation is linear and one is quadratic.

To solve simultaneous equations involving one linear equation and one quadratic equation, you need
to use a substitution method from the linear equation into the quadratic equation.

= Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

The solutions to this pair of simultaneous equations are x =4, y =-3 and x = 5.5, y =-1.5.

x-y=17 (1)

Yo+ xy+2x=5

Solve the simultaneous equations:
x+2y=3
x?+3xy=10

xX+2y=3
x? + 3xy =10
x=3-2y
(3 = 2y)2 + 3p(3 — 2y) = 10

9 —12y + 492 + 9y — 6y =10
—2y2 =3y -1=0

22+ 3y+1=0
Ey+0y+10=0

(1
)

1
y=-zory=-I

Sox=4orx=5

Solutions are x =4, y =

1
2
-1

—
|

]
]

and x =5,y =

Exercise @

1 Solve the simultaneous equations:

a x+y=11 b 2x+y=1
xy =30 x2+y?=1
d 3a+bH=8 e 2u+v=7
3a> + b* =28 uv="6
2 Solve the simultaneous equations:
a2x+2y=7 b x+y=9
x?—4y?=38 x?=3xy+2y°=0

4—(-3)=7v and55-(-15) =7V

@ (3 (4)(-3)+2(4)=9-12+8=5V and

(-1.5)%+ (5.5)(-1.5) + 2(5.5) =2.25-825+ 11 =5V

The quadratic equation can contain terms
involving y2 and xy.

Rearrange linear equation (1) to get x = ... or
y=...(herex=...).

Substitute this into quadratic equation (2) (here in
place of x).

(3 —2y)2 means (3 —2))(3 — 2y)

< Section 1.2

Solve for y using factorisation.

Find the corresponding x-values by substituting
the y-values into linear equation (1), x =3 —2y.

There are two solution pairs for x and y.

¢ y=3x
22— xy=15

f 3x+2y=7
x>+y=28

¢ Sy—-4dx=1

x2 -2+ 5x =41
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3

@P 4

@ s

Solve the simultaneous equations, giving your answers in their simplest surd form:

ax-y=6 b 2x+3y=13 m Use brackets when you are

_ 2, 2=
xy =4 x4y =718 substituting an expression into an equation.

Solve the simultaneous equations:

x+y=3
X2 -3y=1 (6 marks)
a By eliminating y from the equations
y=2-4x
32+ xy+11=0
show that x> — 2x — 11 = 0. (2 marks)
b Hence, or otherwise, solve the simultaneous equations
y=2-4x
32+ xy+11=0
giving your answers in the form a + b/3, where a and b are integers. (5 marks)
One pair of solutions for the simultaneous equations
y=kx-5

If (1, p) is a solution, then x=1,y=p

2 _ =
axt—xy=6 satisfies both equations.

is (1, p) where k and p are constants.
a Find the values of k and p.
b Find the second pair of solutions for the simultaneous equations.

Challenge

y—x=k

X2+ yt=4
Given that the simultaneous equations have exactly one pair of solutions, show that

k=+2/2

@ Simultaneous equations on graphs

You can represent the solutions of simultaneous equations graphically. As every point on a line or
curve satisfies the equation of that line or curve, the points of intersection of two lines or curves
satisfy both equations simultaneously.

The solutions to a pair of simultaneous equations represent the points of intersection of
their graphs.

a

42

On the same axes, draw the graphs of:

2x+3y=38

3x-y=23

Use your graph to write down the solutions to the simultaneous equations.



Equations and inequalities

¢

m Find the point of intersection

graphically using GeoGebra.

The point of intersection is the solution to the
simultaneous equations

[ 2x+3y=8

a y
=d 5 A
ONCRE TR /
1
4 | 2 0 2 | 4N_¢ [e~
=1
12
-3
4 :)x—y=43/

b The solutionis (7, =2) or x = 7,y = —2.

a On the same axes, draw the graphs of:
2x+y=3
y=x>-3x+1

3x—y=23

This solution matches the algebraic solution to
the simultaneous equations.

b Use your graph to write down the solutions to the simultaneous equations.

There are two solutions. Each solution will have
an x-value and a y-value.

Check your solutions by substituting into both

j\
8]
U]

/J =x?+3x + 1

N7 2

JIN

equations.
2(-1)+(5)=-2+5=3 v and
5=(-1?2-3(-1)+1=1+3+1=5V
22)+(-1)=4-1=3 v and
-1=02)?%-3@)+1=4-6+1=-1V

3-2 10 >/3 4 5 X
4 o 11y
T {5 —1)
2
2x +y=3
-3
b The solutions are (-1, 5) or x = -1,

y=5and 2, -Norx =2,y =-1

m Plot the curve and the line using O

GeoGebra to find the two points of intersection.

The graph of a linear equation and the graph of a quadratic equation can either:

* intersect twice
* intersect once
* not intersect

After substituting, you can use the discriminant of the resulting quadratic equation to determine the

number of points of intersection.
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® For a pair of simultaneous equations that produce a quadratic equation of the form
ax?+bx +c=0:

e b2—4ac>0 e b2—4ac=0 e b2—4ac<0
two real solutions one real solution no real solutions

YA UN YT

The line with equation y = 2x + 1 meets the curve with equation kx? + 2y + (k — 2) = 0 at exactly
one point. Given that & is a positive constant
a find the value of k

b for this value of k, find the coordinates of @ Explore how the value of k affects O

the point of intersection. the line and the curve using GeoGebra.
a y=2x+1 (1) Substitute y = 2x + 1 into equation (2) and
kx?+2y+(k-2)=0 2) simplify the quadratic equation. The resulting
kx?+2@x+ 1)+ (k=2)=0 quadratic equation is in the form ax® + bx + ¢=0

kx2 + 4x+ 2 4+ k—2=0 witha=k,b=4and c=k.

kx2 +4x+ k=0 Problem-solving

42— Axkxk=0 You are told th?t the line meet:<, th.e c'urve at
exactly one point, so use the discriminant of the
resulting quadratic. There will be exactly one

16 —4k?>=0
solution, so b? — 4ac = 0.
k?-4=0
- 2)kc + 2)= O L— Factorise the quadratic to find the values of k.
k=2ork=-2
Sok=2 — The solution is k = +2 as k is a positive constant.
b 2x?+4x+2=0 Substitute k = +2 into the quadratic equation
X2 +2x+1=0 . kx? + 4x + k = 0. Simplify and factorise to find
(x+ Dx+1)=0 the x-coordinate.
x=-1

Substitute x = -1 into linear equation (1) to find
I_ the y-coordinate.

y=2(1)+1=-

Point of intersection is (-1, =1). I_ Check your answer by substituting into equation (2):
2x2+2y=0
2(-1)%2+2(-1)=2-2=0V
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Exercise @

1 Ineach case:
i draw the graphs for each pair of equations on the same axes
ii find the coordinates of the point of intersection.

a y=3x-5 b y=2x-7 c y=3x+2
y=3-x y=8-3x 3x+y+1=0

2 a Use graph paper to draw accurately the graphs of 2y = 2x + 11 and y = 2x> - 3x — 5 on the same axes.
b Use your graph to find the coordinates of the points of intersection.
¢ Verify your solutions by substitution.

3 a On the same axes sketch the curve with equation x? + y = 9 and the line with equation 2x + y = 6.
b Find the coordinates of the points of intersection.
¢ Verify your solutions by substitution.

4 a On the same axes sketch the curve with equation m You need to use algebra in

PR . . . Ca
y = (x —2)? and the line with equation y = 3x - 2. s A g aeiEes

b Find the coordinates of the point of intersection.

5 Find the coordinates of the points at which the line with equation y = x — 4 intersects the curve
with equation y? = 2x% — 17.

6 Find the coordinates of the points at which the line with equation y = 3x — 1 intersects the curve
with equation y*> = xy + 15.

@ 7 Determine the number of points of intersection for these pairs of simultaneous equations.
a y=6x>+3x-7 b y=4x>-18x+40 ¢ y=3x?-2x+4
y=2x+8 y=10x-9 Ix+y+3=0

8 Given the simultaneous equations
2x-y=1
X2 +4ky +5k=0
where k is a non-zero constant

a show that x> + 8kx + k = 0. (2 marks)
Given that x? + 8kx + k = 0 has equal roots,

b find the value of k (3 marks)
¢ for this value of k, find the solution of the simultaneous equations. (3 marks)

9 A swimmer dives into a pool. Her position, p m, underwater can be modelled  p4
in relation to her horizontal distance, x m, from the point she entered the
water as a quadratic equation p = %xz - 3x.

The position of the bottom of the pool can be modelled by the linear

equation p = 0.3x - 6. X
Determine whether this model predicts that the swimmer will touch the L
bottom of the pool. (5 marks)

45



Chapter 3

m Linear inequalities

You can solve linear inequalities using similar methods to those for solving linear equations.

= The solution of an inequality is the set of all real numbers x that make the inequality true.

Find the set of values of x for which:

asSx+9=x+20 b 12-3x<27 m You can write the solution to this
¢ 3(x-5>5-2(x-298) inequality using set notation as {x:x = 2.75}.
This means the set of all values x for which x is
2 5r+9= x4 20 greater than or equal to 2.75.
4x +9 = 20
4x = N r Rearrange to get x = ...
x =275
b 12-3x<27 Subtract 12 from both sides.
—3x < 15 Divide both sides by —3. (You therefore need to
turn round the inequality sign.)
x>-5

In set notation {x:x > —5}.
c 3x-5>5-2x-8)

3x=15>5-2x+16

5x>5 + 16 + 15 |_ Multiply out (note: —2 x —8 = +16).
5x > 36 Rearrange to get x > ...
— In set notation {x:x > 7.2}.
x>72
You may sometimes need to find the set of m :
In set notation

values for which two inequalities are true
together. Number lines can be useful to find
your solution.

x>-2and x < 4 is written {x: -2 < x < 4}

or alternatively {x: x> -2} N {x:x < 4}
x<-lorx>3iswritten{x:x < -1} U {x:x >3}
For example, in the number line below the

solution setis x > -2 and x < 4.

5 4 _é 0 2 4 )6 0 is used for < and > and means the end value is not
included.
«< @
L ® is used for < and = and means the end value is
o———0
included.

These are the only real values that satisfy both

. equalities simultaneously so the solution is =2 < x < 4.
Here the solution sets are x < —1 or x > 3.

% 4 = 5 > p 5 Here there is no overlap and the two inequalities have
—g O to be written separately as x < -1 or x > 3.



Find the set of values of x for which:

a 3x—-5<x+8andS5x>x-8
b x-5>1-xorl5-3x>5+2x.
¢c 4x+7>3and 17 < 11 + 2x.

a 3x-5<x+8 5x>x-86
2x-5<8 4x >-6
2x <13 X >-2
x<6.5

<€ o) x < 6.5
O » x> -2

So the required set of values is =2 < x < 6.5. «

b x-5>1-x 15-3x>5+ 2x

2x—-5>1 10 = 3x > 2x
2x > 6 10 > 5x
x>3 2>Xx
x<2

-4 -2 0 2 4 G o)
O———» x <3

<<€ O x> 2

The solutionis x > 3 or x < 2.

Exercise @

1 Find the set of values of x for which:
a2x-3<5
c 6x-3>2x+7
e 15-x>4
g 1 +x<25+3x
i 5-05x=1

Equations and inequalities

Draw a number line to illustrate the two
inequalities.

The two sets of values overlap (intersect) where
—-2<x<6.5.

Notice here how this is written when x lies
between two values.

In set notation this can be written as
{x:-2<x<6.5}.

Draw a number line. Note that there is no overlap
between the two sets of values.

In set notation this can be written as
{x:x<2}U{x:x>3}

b 5x+4=39

d Sx+6<-12—-x

f 21 —-2x>8+3x
h 7x-7<7-7Tx
j Sx+4>12-2x
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2 Find the set of values of x for which:

a
d

g

j

3 Use set notation to describe the set of values of x for which:

-e a6 T

g

2x-3)=0 b 8(1-x)>x-1
Ax=3)=(x+12)<0 e 1+112-x) <10(x -4)
12x - 3(x — 3) < 45 h ox—2(5+2x)<11
x5-x)=3+x-x2 k 3x+2x(x—3)<2(5+x?)

3x-2)>x-4and4x+12>2x+ 17
2x—-5<x—-land 7(x+1)>23 - x
2x-3>2and 3(x+2)< 12+ x
I5—x<2(11 =x)and 53x - 1) > 12x + 19
3x+8=<20and2(3x-7)=x+6
Sx+3<9o0r5Q2x+1)>27

4(3x +7) <20 or 2(3x — 5) =

7 - 6x
2

Challenge

{x:3x+5>2) B={x:§+1s3} C={x:11<2x-1}

A=

¢ 3x+7)=8-x

f 2(x-5=34-x)

i x(x—4)=x2+2
4x(x+3)_9

I x2x-95) < >

Giventhat AN (BUC) ={x:p<x<g}U{x:x>r}, find the values of p, g and r.

@ Quadratic inequalities

= To solve a quadratic inequality:
* Rearrange so that the right-hand side of the inequality is 0
* Solve the corresponding quadratic equation to find the critical values

Sketch the graph of the quadratic function
Use your sketch to find the required set of values.

The sketch shows the graph of f(x) = x> - 4x -5

=x+1)(x=-5)
y
The solutions to f(x) =0 Y 5 X
arex=-1and x=5. [ I
These are called the

critical values.
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The solutions to the quadratic inequality
x2—4x-5> 0 are the x-values when
the curve is above the x-axis (the darker
part of the curve). This is when x < -1 or
x > 5. In set notation the solution is {x :
x<-1}U{x:x>5}.

The solutions to the quadratic inequality
x2—4x—5<0are the x-values when
the curve is below the x-axis (the
lighter part of the curve). This is when
x>-landx<5o0r-1<x<b5.Inset
notation the solutionis {x: -1 < x < 5}.



Find the set of values of x for which:
3-5x-2x2<0.

3-5x-2x2=0

2x2+5x-3=0

@x=-Nx+3)=0

1 —
xX=5orx=-3

nl—
=y

So the required set of values is

x<—3orx>%.

a Find the set of values of x for which 12 + 4x > x2.

Equations and inequalities

Quadratic equation.
Multiply by —1 (so it’s easier to factorise).
%and -3 are the critical values.

Draw a sketch to show the shape of the graph
and the critical values.

Since the coefficient of x? is negative, the graph
is ‘upside-down U-shaped’. It crosses the x-axis at
-3 and % « Section 2.4

3 —5x—2x2<0 (y<0) forthe outer parts of the
graph, below the x-axis, as shown by the paler
parts of the curve.

In set notation this can be written as

frix<-3}Uf{x:x>1}

b Hence find the set of values for which 12 + 4x > x?2 and 5x -3 > 2.

a 12 + 4x > x?

O>x2—-4x-12

X2 —4x-12<0

X2 -4x-12=0

x+2x-6)=0

xX=—-2o0orx=6

Sketch of y = x2 — 4x — 12
VA

\ L

-2\0 6 X

X2 —4x-12<0

You can use a table to check your solution.
—-2<x<6

Use the critical values to split the real number
line into sets.

=2 6
< O O >
X<-2|-2<x<6| x>6
x+2 = + +
x—6 = = +
(x +2)(x - 6) + - +

Solution: -2 < x < 6

For each set, check whether the set of values
makes the value of the bracket positive or
negative. For example, if x < =2, (x + 2) is
negative, (x — 6) is negative, and (x + 2)(x — 6) is
(neg) x (neg) = positive.

In set notation the solution is {x : -2 < x < 6}.
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b Solving 12 + 4x > x? gives -2 < x < 6.

Solving 5x = 3 > 2 gives x > 1.

4 2 O 2 4 ¢ &
O O 2 <x<6

oO—>» x>

The two sets of values overlap where
I<x<é6.

So the solutionis 1 < x < 6.

Problem-solving

This question is easier if you represent the
information in more than one way. Use a sketch
graph to solve the quadratic inequality, and
use a number line to combine it with the linear
inequality.

In set notation this can be written as {x: 1 < x < 6}.

Find the set of values for which g >2,x#0 m x could be either positive or negative,
so you can't multiply both sides of this inequality

c by x. Instead, multiply both sides by x2.

T X Because x? is never negative, and x # 0 so x? # 0,

the inequality sign stays the same.

6x > 2x2
6x - 2x2>0
6x—2x2=0 Solve the corresponding quadratic equation to
x6-2x)=0 find the critical values.
x=0o0orx=3
YA \\ x =0 can still be a critical value even though

x # 0. But it would not be part of the solution set,
even if the inequality was = rather than >.

Sketch y = x(6 - 2x). You are interested in the
values of x where the graph is above the x-axis.

@) 3\ k3

The solution is O < x < 3.

Exercise @

1 Find the set of values of x for which:
a x2-11x+24<0 b 12-x-x*>0 ¢ x2-3x-10>0
d X2+7x+12=0 e 7+13x-2x2>0 f 10+x-2x2<0
g 4x2-8x+3=<0 h -2+ 7x-3x2<0 i x2-9<0
i 6x2+11x-10>0 k x>2-5x>0 I 2x2+3x<0

2 Find the set of values of x for which:
b 11 <x2+10
d x(x+11)<3(1 - x?)

a x2<10-3x
c x3-2x)>1
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3 Use set notation to describe the set of values of x for which:

a x2-Tx+10<0and3x+5<17 b x2-x-6>0and 10-2x<5
¢ 4x>-3x-1<0and4(x+2)<15-(x+7) d 2x?-x-1<0and 14<3x-2
e x?—x—-12>0and3x+17>2 f x2-2x-3<0and x*-3x+2>0

@ 4 Given that x = 0, find the set of values of x for which:

a%<1 b5>§ c%+3>2
5_ 8 1 6 7
d 6+§>§ e 25>; f ;‘F}ﬁ?)

5 a Find the range of values of k for which the m The quadratic equation ax? + bx + ¢ = 0
equation x? — kx + (k + 3) = 0 has no real roots.

has real roots if b° — 4ac = 0. < Section 2.5
b Find the range of values of p for which the
roots of the equation px? + px — 2 = 0 are real.
@ 6 Find the set of values of x for which x2 — 5x — 14 > 0. (4 marks)
@ 7 Find the set of values of x for which
a 2(3x-1)<4-3x (2 marks)
b 2x2-5x-3<0 (4 marks)
¢ both2(3x—-1)<4-3xand 2x>-5x-3<0. (2 marks)

<9 Problem-solving

Multiply both sides of the
(6 marks) inequality by (x — 3)2.

8 Given that x # 3, find the set of values for which

9 The equation kx? — 2kx + 3 = 0, where k is a constant, has no real roots.
Prove that & satisfies the inequality 0 < k < 3. (4 marks)

m Inequalities on graphs

You may be asked to interpret graphically the solutions to inequalities by considering the graphs of
functions that are related to them.

= The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality
f(x) < g(x).

= The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).
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f(x) is above g(x) when x < 2 and when x > 5.
These values of x satisfy f(x) > g(x).

: y=g() f(x) is below g(x) when 2 < x < 5. These values of
5 X x satisfy f(x) < g(x).

QS
rodemm e

—e

The solutions to f(x) = g(x) are x =2 and x = 5.

. — ) y
L, has equation y = 12 + 4x P/ Liy=12+ 4x

L, has equation y = x2.

The diagram shows a sketch of L, and L, on the same axes.
. . . . . Lz: y= .XZ
a Find the coordinates of P, and P,, the points of intersection. »

b Hence write down the solution to the inequality 12 + 4x > x2. 7 0

a X2 =12 + 4x7) Equate to find the points of intersection, then
X2 —4x-12=0 i rearrange to solve the quadratic equation.

(-l + 2 =0 | Factorise to find the x-coordinates at the points

x=6andx=-2 of intersection.
substitute into y = x?

whenx =6,y =36 P, (6, 36)
whenx =-2,y=4 P, (-2,4) This is the range of values of x for which the

b 12 + 4x > x2 when the graph of L, is graph of y = 12 + 4x is above the graph of y = x?

above the graph of L, i.e. between the two points of intersection.
-2<x<6 In set notation this is {x: -2 < x < 6}.
1 L, hasequation 2y + 3x = 6. 7
L, has the equation x — y = 5. \ Lyx-y=3

The diagram shows a sketch of L, and L,.

4

a Find the coordinates of P, the point of intersection.

b Hence write down the solution to the inequality Li2y+3x=6
2y +3x>x-y.
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Equations and inequalities

2 For each pair of functions:

i Sketch the graphs of y = f(x) and y = g(x) on the same axes.
ii Find the coordinates of any points of intersection.
iii Write down the solutions to the inequality f(x) < g(x).

a f(x)=3x-7 b f(x)=8-5x ¢ f(x)=x2+5
g(x)=13-2x g(x)=14-3x g(x)=5-2x
d f(x)=3-x2 e f(x)=x2-5 f fx)=7-x2
g(x)=2x-12 g(x)=Tx+13 g(x)=2x-38

@ 3 Find the set of values of x for which the curve with equation y = f(x) is below the line with
equation y = g(x).

a f(x)=3x2-2x-1 b f(x)=2x*—-4x+1 ¢ f(x)=5x-2x2-4
gx)=x+5 g(x)=3x-2 g(x)=-2x-1
2 3 4
d f(x)=5,x#0 ef(x):;—;,x?ﬁo f f(x):x+1,x¢—1
gl =1 g(x)=-1 o(x) =8
Challenge
The sketch shows the graphs of V4

f(x) =x2—4x - 12 y=1f(x)
g(x) =6 + 5x — x?
a Find the coordinates of the points of intersection. [0) X

b Find the set of values of x for which f(x) < g(x). y=g(x)
Give your answer in set notation.

m Regions

You can use shading on graphs to identify regions that satisfy linear and quadratic inequalities.

= y < f(x) represents the points on the coordinate grid below the curve y = f(x).
= y > f(x) represents the points on the coordinate grid above the curve y = f(x).

A fy =f(x) All the shaded points in this region satisfy the
] inequality y > f(x).
All the unshaded points in this region satisfy the
- inequality y < f(x).
0 X
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= If y > f(x) or y < f(x) then the curve y = f(x) is not included in the region and is represented
by a dotted line.

n If y = f(x) or y < f(x) then the curve y = f(x) is included in the region and is represented by a
solid line.

On graph paper, shade the region that satisfies the inequalities:
y=-2,x<5y=<3x+2and x>0.

x=0 x=5
] Draw dotted lines for x = 0, x = 5.

y=23x+2 Shade the required region.

Test a point in the region. Try (1, 2).
Forx=1:1<5and1>0V
Fory=2:2=-2and2<3+2V

Draw solid lines for y = -2, y =3x + 2.

On graph paper, shade the region that satisfies the inequalities:

2y+x<14
y=x>-3x-4

— xt =
30 @ Explore which regions on O

the graph satisfy which inequalities
using GeoGebra.

wn

o Draw a dotted line for 2y + x = 14 and a

2y +x =14 solid line for y = x2 = 3x - 4.
Ry SdRasuanss sanks ik Shade the required region.
: HEH Test a point in the region. Try (0, 0).
1o 0+0<14and0>0-0-4 v
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Exercise @

1 On a coordinate grid, shade the region that satisfies the inequalities:

y>x-2,y<4xandy<5-x.

2 On a coordinate grid, shade the region that satisfies the inequalities:
x=-l,y+x<4,2x+y=<5Sandy>-2.

3 On a coordinate grid, shade the region that satisfies the inequalities:
y>B-x)2+x)and y + x = 3.

4 On a coordinate grid, shade the region that satisfies the inequalities:
y>x>-2and y <9-x%

5 On a coordinate grid, shade the region that satisfies the inequalities:
y>(x=-32%y+x=5andy<x-1.

=
1l
[

6 The sketch shows the graphs of the straight lines
with equations:

y=x+1

y=x+1l,y=7-xandx=1.

a Work out the coordinates of the points of
intersection of the functions.

b Write down the set of inequalities that
represent the shaded region shown in the sketch.

QN P W BN 0

|
—

7 The sketch shows the graphs of the curves with
equations:

>
>

y=2-5x-x%2x+y=0and x+ y=4.

Write down the set of inequalities that represent the
shaded region shown in the sketch.

D U A1 &\~ 00'<

@ 8 a On a coordinate grid, shade the region that satisfies 1 i
the inequalities

y<x+4,y+5x+3=0,y=-land x < 2.
b Work out the coordinates of the vertices of the shaded region. Problem-solving

¢ Which of the vertices lie within the region identified by the A vertex is only included if
inequalities? both intersecting lines are
included.

d Work out the area of the shaded region.
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Mixed exercise o

(®) 1 2kx-y=4

4kx + 3y =-2

are two simultaneous equations, where k is a constant.

a Show that y = -2. (3 marks)
b Find an expression for x in terms of the constant k. (1 mark)

@ 2 Solve the simultaneous equations:
x+2y=3
x> —4y?=-33 (7 marks)
@ 3 Given the simultaneous equations
x=-2y=1
3xy-)?=8
a Show that 5)? + 3y - 8 =0. (2 marks)

b Hence find the pairs (x, y) for which the simultaneous equations are satisfied. (5 marks)

@ 4 a By eliminating y from the equations

xX+y=2
X2+ xy—y*=-1
show that x> — 6x + 3 = 0. (2 marks)
b Hence, or otherwise solve the simultaneous equations
xX+y=2
X2+ xy-y?=-1
giving x and y in the form a = b V6, where a and b are integers. (5 marks)
@ 5 a Given that 3* =9~ 1 show that x =2y — 2. (1 mark)
b Solve the simultaneous equations:
x=2y-2
x2=y*+7 (6 marks)

@ 6 Solve the simultaneous equations:
x+2y=3
x2=2y+4y?=18 (7 marks)

E/P) 7 The curve and the line given by the equations
kx> =xy+(k+1)x=1

k
—Ex +y= 1
where k is a non-zero constant, intersect at a single point.
a Find the value of k. (5 marks)
b Give the coordinates of the point of intersection of the line and the curve. (3 marks)
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8 A person throws a ball in a sports hall. The height of the ball, #m,

@O

© 0o 6

@ ©

10
11

12

13

14

15

16

17

18

19

can be modelled in relation to the horizontal distance from the
point it was thrown from by the quadratic equation:

—_3,2,.3,,3
h=—5x>+35x+3

The hall has a sloping ceiling which can be modelled with equation

Equations and inequalities

15 1
/’l=7—§x.

Determine whether the model predicts that the ball will hit the ceiling.

Give your answers in set notation.
a Solve the inequality 3x — 8 > x + 13.
b Solve the inequality x> — 5x — 14 > 0.

Find the set of values of x for which (x — 1)(x — 4) < 2(x — 4).

a Use algebra to solve (x — 1)(x + 2) = 18.

b Hence, or otherwise, find the set of values of x for which (x — 1)(x + 2) > 18.
Give your answer in set notation.

Find the set of values of x for which:
a 6x—7<2x+3
b 2x2-11x+5<0

c 5<%

d both 6x-7<2x+3and 2x>-11x+5<0.
Find the set of values of x that satisfy % +1=< %, x#0

Find the values of k for which kx2 + 8x + 5 = 0 has real roots.

The equation 2x? + 4kx — 5k = 0, where k is a constant, has no real roots.
Prove that & satisfies the inequality —% <k<O.

a Sketch the graphs of y = f(x) = x? + 2x — 15 and g(x) = 6 — 2x on the same axes.

b Find the coordinates of any points of intersection.
¢ Write down the set of values of x for which f(x) > g(x).

Find the set of values of x for which the curve with equation y = 2x%> + 3x — 15 is
below the line with equation y = 8 + 2x.

On a coordinate grid, shade the region that satisfies the inequalities:
y>x2+4x—12and y <4 - x2

a On a coordinate grid, shade the region that satisfies the inequalities
y+x<6,y<2x+9,y>3and x> 0.
b Work out the area of the shaded region.

X

(5 marks)

(2 marks)
(4 marks)

(6 marks)

(2 marks)

(2 marks)

(2 marks)
(4 marks)

(4 marks)
(2 marks)

(5 marks)

(3 marks)

(3 marks)

(4 marks)
(3 marks)
(1 mark)

(5 marks)

(5 marks)

(6 marks)
(2 marks)
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Challenge

1 Find the possible values of k for the quadratic equation 2kx? + 5kx + 5k -3 =0
to have real roots.

2 A straight line has equation y = 2x — k and a parabola has equation

¥ =3x%+ 2kx + 5 where k is a constant. Find the range of values of k for which
the line and the parabola do not intersect.

Summary of key points
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1
2

Linear simultaneous equations can be solved using elimination or substitution.

Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

The solutions of a pair of simultaneous equations represent the points of intersection of their
graphs.

For a pair of simultaneous equations that produce a quadratic equation of the form
ax’+bx+c=0:

« b>—4ac>0 two real solutions

« b>—4ac=0 one real solution

« b>—4ac<0 no real solutions

The solution of an inequality is the set of all real numbers x that make the inequality true.

To solve a quadratic inequality:

+ Rearrange so that the right-hand side of the inequality is 0

+ Solve the corresponding quadratic equation to find the critical values
« Sketch the graph of the quadratic function

+ Use your sketch to find the required set of values.

The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality
f(x) < g(x).

The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).

y < f(x) represents the points on the coordinate grid below the curve y = f(x).

y > f(x) represents the points on the coordinate grid above the curve y = f(x).

If y > f(x) or y < f(x) then the curve y = f(x) is not included in the region and is represented by
a dotted line.

If y = f(x) or y < f(x) then the curve y = f(x) is included in the region and is represented by a
solid line.



Graphs and
transformations

After completing this chapter you should be able to:

® Sketch cubic graphs -> pages 60 - 64

® Sketch quartic graphs - pages 64 - 66

® Sketch reciprocal graphs of the form y = % and y = % —> pages 66 - 67
X

® Use intersection points of graphs to solve equations - pages 68 - 71
® Translate graphs - pages 71 - 75
® Stretch graphs - pages 75 - 78
® Transform graphs of unfamiliar functions - pages 79 - 81

|I|=._ I f
\ _...,..._....l.'lll.rlll}]lm'lllllu,'

NN

Prior knowledge check

1 Factorise these quadratic expressions:
a x°+6x+5 b x2—4x+3

;n’_ <« GCSE Mathematics

____: 2 Sketch the graphs of the following functions:
,/; ay=Kx+2)(x-3) b y=x2-6x-7

< Section 2.4

—

— " 3 a Copyand complete the table of values for the
/A function y =x3 + x - 2.

-2 | -15|-1|-05 0 0.5 1.5
Many complicated functions can
be understood by transforming ml ] e R 2 |22
simpler functions using b Use your table of values to draw the graph of
stretches, reflections and y=x’+x-2.
translations. Particle physicists ¢« GCSE Mathematics
compare observed results with / 4 Solve each pair of simultaneous equations:
transformations of known a y=2x b y=x?
functions to determine the xX+y=7 y=2x+1
nature of subatomic particles. « Sections 3.1, 3.2




Chapter 4

m Cubic graphs

A cubic function has the form f(x) = ax3 + bx? + ¢x + d, where a, b, c and d are real numbers and « is
non-zero.

The graph of a cubic function can take several different forms, depending on the exact nature of the
function.

7R

For these two functions a is positive. For these two functions a is negative.

= If pis a root of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at
the point (p, 0).

You can sketch the graph of a cubic function by finding the roots of the function.

Sketch the curves with the following equations and show the points where they cross the
coordinate axes.

ay=-2)(1-x)(1+x) b y=x(x+1)(x+2)

a y=(-2)0-x0+x @ Explore the graph of O

= (x — _ y=(x-p)(x—q)(x—7r) where p,qgand r are
O = bem 2 i constants using GeoGebra.
Sox=2,x=1orx=-1

So the curve crosses the x-axis at
(2, 0), (1, 0) and (-1, O).

Put y = 0 and solve for x.

Whenx=0,y=-2x1x1=-2 Find the value of y when x = 0.
So the curve crosses the y-axis at (O, —2).
X =00,y = —00— Check what happens to y for large positive and
X — =00, y — 00 ] negative values of x.
y
\ T N\ _ The x3 term in the expanded function would be
-\ © T2 X X %X (=x) x x =—x> so the curve has a negative x*
coefficient.
b y=x(x+1Nkx+2) B Put y = 0 and solve for x.
O=xx+MNx+2)
Sox=0,x==1orx=-2
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So the curve crosses the x-axis at
(O, 0), (<1, O) and (-2, O).

—

X — 00,y — 00

X — =00,y — =00 __|

Sketch the following curves.

ay=(x-1>(x+1) b y=x>-2x2-3x

a y=@x-"1%x+1)
O=(x—-1%x+1)
Sox=1lorx = -1

So the curve crosses the x-axis at (-1, O) ~—\_
and touches the x-axis at (1, O).

When x =0,y = (=12 x1=1
S0 the curve crosses the y-axis at (O, 1).
X — 00,y — 00 _|
X — —00,y — —ooJ

y

N

f10 1 X

/

b y=x3-2x3-3x
=x(x2—2x—3)_|
=x(x—3)(x+1)J

O=x(x—-3)(x+1)
Sox=0,x=30rx=-1

— I —r —

So the curve crosses the x-axis at (O, O),
(3, O) and (-1, O).
X —o00,y—00 |

x—>—oo,y—>—ooJ

S—
%

Graphs and transformations

You know that the curve crosses the x-axis at
(0, 0) so you don’t need to calculate the
y-intercept separately.

Check what happens to y for large positive and
negative values of x.

The x3 term in the expanded function would
be x x x x x = x3 50 the curve has a positive x3
coefficient.

¢ y=(x—-2)

Put y = 0 and solve for x.

(x—1) is squared so x = 1 is a ‘double’ repeated
root. This means that the curve just touches the
x-axis at (1, 0).

Find the value of y when x = 0.

Check what happens to y for large positive and
negative values of x.

X —>0,) —> o0
x = 1isa‘double’ repeated root.
X —> —, ) —> —o0

First factorise.

Check what happens to y for large positive and
negative values of x.

This is a cubic curve with a positive coefficient of
x* and three distinct roots.
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cy=Kx-2p7
O=(x-2)?°
So x = 2 and the curve crosses the x-axis
at (2, O) only.

When x =0, y=(-2)3=-8
So the curve crosses the y-axis at (O, —8).

X—00,y— 00 | Check what happens to y for large positive and
X — —00, y — —00_| negative values of x.
y
] / x =2 is a‘triple’ repeated root.

Sketch the curve with equation y = (x — 1)(x? + x + 2).

y=Kx-Nx%+x+2) The quadratic factor x% + x + 2 gives no solutions
O=(x-Nx2+x+ 2) since the discriminant 2 — 4ac = (1)2 - 4(1)(2) = -7.
<« Section 2.5

So x =1 only and the curve crosses the

x-axis at (1, O).
m A cubic graph could intersect the

When x = 0, y = (-1)(2) = -2 X-axis at 1, 2 or 3 points.
So the curve crosses the y-axis at (O, =2).

X —o00y—00 Check what happens to y for large positive and

X — =00,y — —00 | negative values of x.
Y
/ You haven't got enough information y
0 [ * to know the exact shape of the
- graph. It could also be shaped 2
like this:

Exercise @

1 Sketch the following curves and indicate clearly the points of intersection with the axes:

ay=x-3)(x-2)(x+1) b y=x-Dx+2)(x+3)
c y=(x+Dx+2)(x+3) d y=(x+D({I=-x)(x+3)
e y=(x-2)(x-3)4-x) f y=x(x-2)(x+1)
g y=x(x+1)(x-1) h y=x(x+1)(1-x)

i y=(x=2)2x-1)2x+1) i y=xQx-1(x+3)
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Graphs and transformations

Sketch the curves with the following equations:

a y=(x+1>(x-1) b y=(x+2)(x-1)? c y=2-x)(x+1)?
d y=(x-2)(x+1)? e y=x(x+2) f y=(x -1)x

g y=(1-xB+x) h y=(x-1)>*3-x) i y=x22-x)

i y=xi(x-2)

Factorise the following equations and then sketch the curves:

a y=x3+x2-2x b y=x3+5x>+4x c y=x*+2x2+x
d y=3x+2x2-x3 e y=x3-x2 f y=x-x3

g y=12x3-3x h y=x3-x2-2x i y=x3-9x

i y=x3-9x?

Sketch the following curves and indicate the coordinates of the points where the curves cross the
axes:

ay=(x-2)y b y=Q2-x)? c y=(x-1) d y=(x+2)>

e y=—(x+2)> f y=(x+3) g y=(x-3)° h y=(1-x)}

i y=—(x-2) i y=—lx-3p

The graph of y = x3 + bx? + ¢x + d is shown opposite, where b, ¢ and d YA
are real constants.

a Find the values of b, ¢ and d. (3 marks) /

=Y

N O
b Write down the coordinates of the point where the curve . \ /
crosses the y-axis. (1 mark) -
Problem-solving

Start by writing the equation in the form y = (x — p)(x — ¢)(x — 7).

The graph of y = ax® + bx? + cx + d is shown opposite, where a, b, ¢ and d A
are real constants.
Find the values of a, b, ¢ and d. (4 marks) /, \
1.0 DRC

Given that f(x) = (x — 10)(x> - 2x) + 12x
a Express f(x) in the form x(ax? + bx + ¢) where a, b and ¢ are real constants. (3 marks)
b Hence factorise f(x) completely. (2 marks)

¢ Sketch the graph of y = f(x) showing clearly the points where the graph intersects
the axes. (3 marks)
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m Quartic graphs

A quartic function has the form f(x) = ax* + bx? + ¢x? + dx + ¢, where @, b, ¢, d and ¢ are real
numbers and a is non-zero.

The graph of a quartic function can take several different forms, depending on the exact nature of the
function.

YA YA VA o
Thisis a
[ repeated root.
X
X These roots
> are distinct.
For these two For this function
functions a is : ais negative.
positive.
You can sketch the graph of a quartic function by finding the roots of the function.
Example °
Sketch the following curves:
ay=(x+1Dx+2)(x-1(x-2) b y=x(x+2)>3-x) ¢ y=(x-1)>(x-3)
a y=(x+Nx+2x=-1Nx-2) @ Explore the graph of O
O=@x+Nx+2)(x—-Nx-2) y=Kx=-px=-qg)x-r)(x~-s) wherep, g, r

and s are constants using GeoGebra.
Sox=-1,-2,1Tor2

The curve cuts the x-axis at (-2, O), (-1, O),
(1, O) and (2, O). —

When x =0,y =1x%x2 x (1) x (-2) = 4.

Set y = 0 and solve to find the roots of the
function.

So the curve cuts the y-axis at (O, 4). Substitute x = 0 into the function to find the

X—00,y—o00 coordinates of the y-intercept.

X — —00, Y — 00 J

Check what happens to y for large positive and
negative values of x.

We know the general shape of the quartic graph
so we can draw a smooth curve through the
points.
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Graphs and transformations

b y=x(x+ 233 -x)
O=x(x+ 2?23 -x)
Sox=0,-2o0r3
The curve cuts the x-axis at (O, O), (-2, O)
and (3, O)

X — 00,y — —00

X — —00, y — —00

YA The coefficient of x* in the expanded function will
be negative so you know the general shape of the
curve.

/P~ 3\ x
F There is a ‘double’ repeated root at x = —2 so the
1

graph just touches the x-axis at this point.
c y=x-1%x-3)7

O=(x-12%x-23)°

Sox=1or3
The curve touches the x-axis at (1, O) and These are both ‘double’ repeated roots, so the
3. 0). curve will just touch the x-axis at these points.

When x =0, y = 9.
So the curve cuts the y-axis at (O, 9).

X — 00,y — 00

X — =00, y — 00

The coefficient of x* in the expanded function will
be positive.

L There are two ‘double’ repeated roots.

Exercise @

1 Sketch the following curves and indicate clearly the points of intersection with the axes:
ay=x+1Dx+2)(x+3)(x+4) b y=x(x-D(x+3)(x-2)

c y=x(x+1)’(x+2) d y=2x-Dx+2)(x-1)(x=-2)

=x2(4x + 1)(dx -1 f y=—(x-4)>(x-2)?
¢ y=x(dx+Dix-1) y=Ax-x-2) m In part f the coefficient
g y=(x-3(x+1) h y=(x+2)(x-3) of x* will be negative.

i y=-2x-1P>x+5) i yv=(x+4)7

Sketch the following curves and indicate clearly the points of intersection with the axes:

ay=x+2)(x-1D)(x*-3x+2) b y=(x+3)(x*>-5x+06) m N
¢ y=(x—-47(x*-11x + 30) d y=(x*-4x-32)(x* + 5x - 36) quadratic factor first.
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3 The graph of y = x* + bx3 + ¢x? + dx + e is shown opposite, YA
where b, ¢, d and e are real constants. F
a Find the coordinates of point P. (2 marks)
b Find the values of b, ¢, d and e. (3 marks) -~
AV VI

4 Sketch the graph of y = (x + 5)(x — 4)(x2 + 5x + 14). (3 marks)

Problem-solving

Consider the discriminant of the quadratic factor.

Challenge

The graph of y = ax* + bx> + cx*+ dx + e VA
is shown, where a, b, ¢, d and e are real
constants.
Find the values of @, b, ¢, d and e. 3
10 3 ;
@ Reciprocal graphs
You can sketch graphs of reciprocal functions such as y = % y= % and y = —% by considering their
X

asymptotes.

» The graphs of y = % and y = %, where £ is a real constant, have asymptotes at x = 0 and

y=0.
m An asymptote is a line which the

graph approaches but never reaches.

A ) A
y=__2 y=_—§
X X
% 0 % 0 0 *
N N n n
y=§withk>0. y=§withk<0. y = withk>0. y=—withk<0.
X X
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Graphs and transformations

Sketch on the same diagram:

4 12 1 3 4 10
a y=vyandy=-— b y=-yandy=-3 cy:;andy=;
a A @ Explore the graph of y = % for O
different values of a in GeoGebra.
s ,
x This is a y = graph with k > 0
y:% In this quadrant, x >0
> 12 _4

so for any values of x: —=>+

In this quadrant, x <0

so for any values of x: 1z _4
X X

Thisisay= % graph with £ <0

In this quadrant, x <0

so for any values of x: —é> _
Yy : X X

In this quadrant, x >0
so for any values of x: —é< _
Yy : X X

Thisisay= % graph with k& > 0.
5

x? is always positive and k > 0 so the y-values are
all positive.

Exercise @

1 Use a separate diagram to sketch each pair of graphs.

ay:%andyZ% by=%andy=—% cy=—%andy=—%

dy=%andy=§ ey:—%andyZ—%
2 Use a separate diagram to sketch each pair of graphs.

2 5 3 3 2 6
ay=;andy=; by=;andy=—; cy=—;andy=—x—
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m Points of intersection

You can sketch curves of functions to show points of intersection and solutions to equations.

= The x-coordinate(s) at the points of intersection of the curves with equations
y =f(x) and y = g(x) are the solution(s) to the equation f(x) = g(x).

a On the same diagram sketch the curves with equations y = x(x — 3) and y = x3(1 - x).

b Find the coordinates of the points of intersection.

a y
A
y = x(x - 3)
B
0 1 3 X
C
y = x%(1-x)

b From the graph there are three points
where the curves cross, labelled A, B
and C. The x-coordinates are given by the
solutions to the equation.

x(x = 3)=x2(1 — x)
2

X2 — 3x=x2-x3
x3-3x=0
x(x2-3)=0

Sox=0or x?% =
So x=-/3,0,/3

Substitute into y = x%(1 — x)

The points of intersection are:

A(=V/3, 3 + 3/3) ~|

B(O, O) J
C(/3, 3 — 3V3)

A cubic curve will eventually get steeper than a
quadratic curve, so the graphs will intersect for
some negative value of x.

There are three points of intersection so the
equation x(x — 3) = x%(1 — x) has three real roots.

Multiply out brackets.
Collect terms on one side.
Factorise.

The graphs intersect for these values of x, so you
can substitute into either equation to find the
y-coordinates.

L Leave your answers in surd form.

a On the same diagram sketch the curves with equations y = x2(3x — a) and y = % where a and b

are positive constants.

.. . . b
b State, giving a reason, the number of real solutions to the equation x*(3x —a) - =0
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b From the sketch there are only two points
of intersection of the curves. This means
there are only two values of x where

xX2(3x —a) = g

or x2(3x—a)—§=o

So this equation has two real solutions.

Graphs and transformations

3x—a=0when x = %a, so the graph of
y = Xx?(3x — a) touches the x-axis at (0, 0) and

intersects it at (%a, 0)

Problem-solving

You can sketch curves involving unknown
constants. You should give any points of
intersection with the coordinate axes in terms of
the constants where appropriate.

You only need to state the number of solutions.
You don’t need to find the solutions.

a Sketch the curves y = % and y = x?(x — 3) on the same axes.

b Using your sketch, state, with a reason, the number of real solutions to the equation

xH(x-3)-4=0.

3 X
y = x*(x - 3)

b There is a single point of intersection so the
equation x2(x — 3) = iz has one real solution.
X

Rearranging:
xix-3)=4
x*x-3)-4=0

So this equation has one real solution.

Exercise @

1 In each case:

i sketch the two curves on the same axes
ii state the number of points of intersection

Problem-solving

Set the functions equal to each other to form an
equation with one real solution, then rearrange
the equation into the form given in the question.

You would not be expected to solve this equation
in your exam.

iii write down a suitable equation which would give the x-coordinates of these points.
(You are not required to solve this equation.)

69



Chapter 4

(E/P) 10

70

[— -] e & ®

=l

y=xiy=x(x*-1) by=X(X+2),y=—% c y=x%Ly=(x+1)(x-1)
2 1 1
y=x(l-x),y=-% e y=x(x-4),y=7 f y=x(x-4),y=-—%
y=x(x=4),y=(x-2) hy=—x3,y=—% i y=-x,py=x
y==x3y==x(x+2) k y=4,y=x(x-1x+2)? 1 y=x%y=x3(x+1)?

On the same axes sketch the curves given by y = x’(x — 3) and y = %

Explain how your sketch shows that there are only two real solutions to the equation
xX3(x-3)=2.

On the same axes sketch the curves given by y = (x + 1) and y = 3x(x - 1).

Explain how your sketch shows that there is only one real solution to the equation
x3+6x+1=0.

On the same axes sketch the curves given by y = % and y = —x(x — 1)%

Explain how your sketch shows that there are no real solutions to the equation
l+x¥(x-1)=0.

On the same axes sketch the curves given by y = x2(x + a) .
b Problem-solving

dy==wh db both positi
and y ="y where a and b are both positive Even though you don’t know

constants. (S marks) the values of @ and b, you
Using your sketch, state, giving a reason, the number of know they are positive, so
real solutions to the equation x* + ax3— b =0. (1 mark) you know the shapes of the

graphs. You can label the
On the same set of axes sketch the graphs of point @ on the x-axis on your

= x2

y= % and y=3x+7. (3 marks) sketch of y = x*(x + a).
Write down the number of real solutions to the equation % =3x+7. (1 mark)
Show that you can rearrange the equation to give (x + 1)(x + 2)(3x - 2) = 0. (2 marks)
Hence determine the exact coordinates of the points of intersection. (3 marks)

On the same axes sketch the curve y = x* — 3x? — 4x and the line y = 6x.
Find the coordinates of the points of intersection.

On the same axes sketch the curve y = (x2 - 1)(x — 2) and the line y = 14x + 2.
Find the coordinates of the points of intersection.

On the same axes sketch the curves with equations y = (x — 2)(x + 2)?> and y = —x? - 8.
Find the coordinates of the points of intersection.

Sketch the graphs of y= x>+ 1 and 2y = x - 1. (3 marks)
Explain why there are no real solutions to the equation 2x?— x + 3 = 0. (2 marks)

¢ Work out the range of values of a such that the graphs of y = x>+ aand 2y = x -1

have two points of intersection. (5 marks)



Graphs and transformations

11 a Sketch the graphs of y =x2(x—1)(x+ 1)and y = %x3 + 1. (5 marks)
b Find the number of real solutions to the equation 3x*(x — I)(x + 1) = x3 + 3. (1 mark)

@ Translating graphs

You can transform the graph of a function by altering the function. Adding or subtracting a constant

‘outside’ the function translates a graph vertically.
= The graph of y = f(x) + a is a translation of the graph y = f(x) by the vector (g)
Adding or subtracting a constant ‘inside’ the function translates the graph horizontally.

= The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector (_g>°

// y =f(x) + 1 is a translation (O

1), or 1 unitin the
direction of the positive y-axis.

y=f(x+2) is a translation (%) or 2 units in the

direction of the negative x-axis.

12 3 4%
Example o
Sketch the graphs of:
a y=x2 b y=(x-2)? c y=x*+2
a y
o X
b

This is a translation by vector ((2))

axes.

Remember to mark on the intersections with the
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cy=x2+2

y A
This is a translation by vector ((2))
Remember to mark on the y-axis intersection.
o X
'E]NE @
flx) = x3
g(x) = x(x - 2)

Sketch the following graphs, indicating any points where the curves cross the axes:

a y=f(x+1)

b y=gx+1)
@ Explore translations of the O

a The graph of f(x) is
graph of y = x3 using GeoGebra.
y

y = f(x) = x°

O :

So the graph of y = f(x + 1) is
Y

First sketch y = f(x).

This is a translation of the graph of y = f(x) by
vector (_1>

= = 30— O )
Ly =t D=+ You could also write out the equation as

ﬂ 0| x ¥ = (x + 1) and sketch the graph directly.

b gx) =x(x - 2)

The curve is y = x(x — 2)

0= x(x - 2) Put y = 0 to find where the curve crosses the

X-axis.
Sox=0Qorx=2
YAy =9gKx) =x(x-2) First sketch g(x).
0 /é X

72



Graphs and transformations

So the graph of y = g(x + 1) is This is a translation of the graph of y = g(x) by
y =g +1) vector <_1).
A= (x + Dx - 1) 0 _ .
You could also write out the equation and sketch
\ / the graph directly:
y=glx+1)
1 x =(x+1)x+1-2)
=x+1x-1)

= When you translate a function, any asymptotes are also translated.

Given that h(x) = %, sketch the curve with equation y = h(x) + 1 and state the equations of any

asymptotes and intersections with the axes.

The graph of y = h(x) is

First sketch y = h(x).

by
1 \k The curve is translated by vector (2) so the

"""""""""""""""""""""" asymptote is translated by the same vector.

The curve crosses the x-axis once.
1

y=hx)+1=++1
o=141 Put y = 0 to find where the curve crosses the
Cx x-axis.
1
—1 = <
x=—1

So the curve intersects the x-axis at (=1, O).

Remember to write down the equation of the

vertical asymptote as well. It is the y-axis so it has
The vertical asymptote is x = O. _| equation x = 0.

The horizontal asymptote is y = 1]

73



Chapter 4

Exercise @

1

(E/P) 8

74

Apply the following transformations to the curves with equations y = f(x) where:
i flx)=x? i f(x) =x3 iii f(x) :%

In each case state the coordinates of points where the curves cross the axes and in iii state the
equations of the asymptotes.

a f(x+2) b f(x)+2 ¢ flx-1)
d flx)-1 e flx)-3 f f(x-3)
a Sketch the curve y = f(x) where f(x) = (x — 1)(x + 2).

b On separate diagrams sketch the graphs of i y=f(x+2) ii y=1(x)+2.

¢ Find the equations of the curves y = f(x + 2) and y = f(x) + 2, in terms of x, and use these
equations to find the coordinates of the points where your graphs in part b cross the y-axis.

a Sketch the graph of y = f(x) where f(x) = x*(1 - x).
b Sketch the curve with equation y = f(x + 1).

¢ By finding the equation f(x + 1) in terms of Xx, find the coordinates of the point in part b
where the curve crosses the y-axis.

a Sketch the graph of y = f(x) where f(x) = x(x — 2)%.
b Sketch the curves with equations y = f(x) + 2 and y = f(x + 2).
¢ Find the coordinates of the points where the graph of y = f(x + 2) crosses the axes.

a Sketch the graph of y = f(x) where f(x) = x(x — 4).
b Sketch the curves with equations y = f(x + 2) and y = f(x) + 4.

¢ Find the equations of the curves in part b in terms of x and hence find the coordinates of the
points where the curves cross the axes.

a Sketch the graph of y = f(x) where f(x) = x2(x — 1)(x - 2).
b Sketch the curves with equations y = f(x + 2) and y = f(x) — 1.

The point P(4, —1) lies on the curve with equation y = f(x).

a State the coordinates that point P is transformed to on the curve with equation

y=1fx-2). (1 mark)
b State the coordinates that point P is transformed to on the curve with equation
y=1{(x)+3. (1 mark)

The graph of y = f(x) where f(x) = % is translated so that the asymptotes are at x = 4 and

y = 0. Write down the equation for the transformed function in the form y = (3 marks)

X+a

a Sketch the graph of y = x3 - 5x? + 6x, marking clearly the points of intersection with the axes.
b Hence sketch y = (x —2)3 = 5(x — 2)> + 6(x — 2).



Graphs and transformations

i)

Sketch the graph of y = x*(x — 3)(x + 2), marking clearly the points of intersection with the axes.

b Hence sketch y = (x + 2)X(x — 1)(x + 4).
Problem-solving
(6 marks)

Look at your sketch and
picture the curve sliding

® 10
(E/P) 11

Sketch the graph of y = x3 + 4x? + 4x.

0

b The point with coordinates (-1, 0) lies on the curve with

equation y = (x + a)® + 4(x + a)> + 4(x + a) where ais a to the left or right.
constant. Find the two possible values of a. (3 marks)
12 a Sketch the graph of y = x(x + 1)(x + 3)% (4 marks)
b Find the possible values of b such that the point (2, 0) lies on the curve with equation
y=(x+b)(x+b+1)(x+b+3) (3 marks)

Challenge

1 Sketch the graph of y = (x - 3)? + 2 and determine the coordinates of the point of inflection. — Section 12.9
2 The point Q(-5, —7) lies on the curve with equation y = f(x).
a State the coordinates that point Q is transformed to on the curve with equation y = f(x + 2) — 5.
b The coordinates of the point Q on a transformed curve are (-3, —6). Write down the transformation in
the form y = f(x + a) — b.

m Stretching graphs

Multiplying by a constant ‘outside’ the function stretches the graph vertically.

= The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a in the vertical
direction.

VA
/H\y =f(x) 2f(x) is a stretch with scale factor 2 in the

/ y-direction. All y-coordinates are doubled.
y=3f(x)

%f(x) is a stretch with scale factor% in the
y-direction. All y-coordinates are halved.

y=2f(x)

S
=y

Multiplying by a constant ‘inside’ the function stretches the graph horizontally.
= The graph of y = f(ax) is a stretch of the graph y = f(x) by a scale factor of% in the
horizontal direction.

y = f(2x) is a stretch with scale factor £ in the
x-direction. All x-coordinates are halved.

y =f(3x) is a stretch with scale factor 3 in the

x-direction. All x-coordinates are tripled.

=Y
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Example

Given that f(x) = 9 — x?, sketch the curves with equations:

a y=1{(2x) b y=2f(x)

a fx) =9 — x2

So fx)=3 - x)3 +Xx)

The curveis ¥y =3 - Xx)(3 + X)

O0=0B-x03+x)

Sox=3o0rx=-3

So the curve crosses the x-axis at (3, O)
and (=3, O).

When x=0,y=3x3=9
So the curve crosses the y-axis at (O, 9).
The curve y = f(x) is

VA
9

FN
y = f(2x) so the curve is
VA
9
X

7

b y = 2f(x) so the curve is

y
1&

oA
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You can factorise the expression.

Put y = 0 to find where the curve crosses the
Xx-axis.

Put x = 0 to find where the curve crosses the
y-axis.

First sketch y = f(x).

y = f(ax) where a = 2 so it is a horizontal stretch
with scale factor 1.

Check: The curve is y = f(2x).

Soy=(3-2x)(3 + 2x).
Wheny=0,x=-150rx=15.

So the curve crosses the x-axis at (—1.5, 0) and
(1.5, 0).

When x=0,y=9.

So the curve crosses the y-axis at (0, 9).

y = af(x) where a = 2 so it is a vertical stretch with
scale factor 2.

Check: The curve is y = 2f(x).
Soy=2(3-x(3+x).
Wheny =0, x=3orx =-3.

So the curve crosses the x-axis at (-3, 0) and (3, 0).
Whenx=0,y=2x9=18.

So the curve crosses the y-axis at (0, 18).



Graphs and transformations

a Sketch the curve with equation y = x(x — 2)(x + 1).
b On the same axes, sketch the curves y = 2x(2x - 2)(2x + 1) and y = —x(x — 2)(x + 1).

a y‘
= x(x - 2)(x + 1
y = - 2 ) @ Explore stretches of the graph O
of y = x(x —2)(x + 1) using GeoGebra.
10 2 ¥
y=-x(x=2)(x + 1) is a stretch with scale factor
—— =1 in the y-direction. Notice that this stretch has
. the effect of reflecting the curve in the x-axis.
yl

y=—=x(x-2)x + 1) —

y=2x(@2x—-2)(2x + 1) is a stretch with scale
factor 3 in the x-direction.

- x Problem-solving

You need to work out the relationship between
each new function and the original function.

If x(x = 2)(x + 1) = f(x) then

2x(2x—-2)(2x + 1) = f(2x), and

—X(x—=2)(x + 1) = —f(x).

y = 2x(2x — 2)(2x + 1)|e—

y=x(x-2)x+1)

= The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.
= The graph of y = f(-x) is a reflection of the graph of y = f(x) in the y-axis.

Example @ y="f(=x)is y = (-x)(=x + 2) which is y = x* - 2x

or y = x(x — 2) and this is a reflection of the
On the same axes sketch the graphs of y = f(x), original curve in the y-axis.

y =f(=x) and y = —f(x) where f(x) = x(x + 2). Alternatively multiply each x-coordinate by —1
and leave the y-coordinates unchanged.

This is the same as a stretch parallel to the x-axis
y = f=x) scale factor —1.

f(x) = x(x + 2)
y = f(x)
y = —f(x) is y = =x(x + 2) and this is a reflection

of the original curve in the x-axis.
Alternatively multiply each y-coordinate by —1

2 * and leave the x-coordinates unchanged.
This is the same as a stretch parallel to the y-axis
y = —f(x) scale factor —1.

7
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Exercise @

1 Apply the following transformations to the curves with equations y = f(x) where:

i f(x)=x2 i f(x)=x3 iii f(x) :%
In each case show both f(x) and the transformation on the same diagram.
a f(2x) b f(-x) ¢ f(3x) d f(4x) e f(3x)
f 2f(x) g —f(x) h 4f(x) i 1) i )
2 a Sketch the curve with equation y = f(x) where f(x) = x2 — 4. m For part b, rearrange

b Sketch the graphs of y = f(4x), %J’ =f(x), y=f(-x)and y = —f(x).  the second equation into
the form y = 3f(x).

3 a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x + 2)x.
b Sketch the graphs of y = f(3x), y = f(2x) and y = —f(x).

©)

Sketch the curve with equation y = x*(x - 3). Problem-solving

b On the same axes, sketch the curves with equations: Let f(x) = x*(x - 3) and try to
i y=02x)22x-3) ii y=-x%(x-3) write each of the equations
in part b in terms of f(x).

5 a Sketch the curve y = x> + 3x — 4.

b On the same axes, sketch the graph of 5y = x2 + 3x — 4.
6 a Sketch the graph of y = x*(x - 2)%.

b On the same axes, sketch the graph of 3y = —x?(x — 2)%.

@ 7 The point P(2, —3) lies on the curve with equation y = f(x).
a State the coordinates that point P is transformed to on the curve with equation

y =f(2x).
b State the coordinates that point P is transformed to on the curve with equation
y = 4f(x).

@ 8 The point Q(-2, 8) lies on the curve with equation y = f(x).
State the coordinates that point Q is transformed to on the curve with equation
1
v =1(5x).

a etch the graph ot y = (x - 2)(x - 3)~.
9 a Sketch th h of y =(x-2)(x - 3)?
b The graph of y = (ax — 2)(ax — 3)? passes through the point (1, 0).
Find two possible values for a.

Challenge

1 The point R(4, —6) lies on the curve with equation y = f(x). State the coordinates
that point R is transformed to on the curve with equation y = %f(Zx).

2 The point S(=4, 7) is transformed to a point S’(=8, 1.75). Write down the
transformation in the form y = af(bx).
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(1 mark)

(1 mark)

(1 mark)

(4 marks)

(3 marks)



Graphs and transformations

m Transforming functions

You can apply transformations to unfamiliar functions by considering how specific points and features
are transformed.

The following diagram shows a sketch of the curve f(x) VA
which passes through the origin. A4
The points A(1, 4) and B(3, 1) also lie on the curve. ' =0
Sketch the following:
a y=fx+1) b y=f(x-1) c y=f(x)-4
d 2y =f(x) e y—1=f(x) BG3D .
In each case you should show the positions of the images
of the points O, 4 and B.
a fx+1)
YA
4 / Translate f(x) 1 unit in the direction of the
y=1Ht) negative x-axis.
2.1 .
]M 0 X
b f(x -1)
YA /
(2, 4) Translate f(x) 1 unit in the direction of the
y=fx—1 positive x-axis.
(4.1
[9] /1 x
c f(x) -4
VA
1 / - Translate f(x) 4 units in the direction of the
19 X negative y-axis.
y=1fx)-4
74/ (39 73)
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d 2y =1f(x) so y = 2Hx) Rearrange in the form y = ...

YA
(1, 2)

Stretch f(x) by scale factor% in the y-direction.

e y—-T1=1Fx)soy="Hx)+1 Rearrange in the form y = ...

VA
(1..5)
y =fx) +1

Translate f(x) 1 unit in the direction of the
1 (3, 2) positive y-axis.

Exercise @

1 The following diagram shows a sketch of the curve VA
with equation y = f(x). The points A4(0, 2), B(1, 0),
C(4, 4) and D(6, 0) lie on the curve. \
2

Sketch the following graphs and give the coordinates
of the points, 4, B, C and D after each transformation:

afx+1) b f-4 ¢ fx+d) s b,
d f(2x) e 3f(x) £ i) : 6\ ’
g 2f(x) h f(—x)

2 The curve y = f(x) passes through the origin and YA
has horizontal asymptote y = 2 and vertical
asymptote x = 1, as shown in the diagram.

Sketch the following graphs. Give the equations of y=2
any asymptotes and give the coordinatesof ~ —_ | 1
intersections with the axes after each
transformation. 0 =1 X

a f(x)+2 b f(x+1) ¢ 2f(x)
d f(x)-2 e f(2x) f f(3x)
g 5f(x) h —f(x)
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Graphs and transformations

3 The curve with equation y = f(x) passes through the YA

points A(-4, —6), B(-2, 0), C(0, —=3) and D(4, 0)
as shown in the diagram.

=y

Sketch the following and give the coordinates of
the points 4, B, C and D after each transformation.

a f(x-2) b f(x)+6 ¢ f(2x)
d f(x+4) e f(x)+3 f 3f(x)
g 3(v) h f(3x) i —f(x)
i f(=x)
4 A sketch of the curve y = f(x) is shown in the 5 VA

diagram. The curve has a vertical asymptote
with equation x = -2 and a horizontal
asymptote with equation y = 0. The curve

) i I
crosses the y-axis at (0, 1). | \

a Sketch, on separate diagrams, the o X
graphs of: '
i 2f(x) ii f(2x) iii f(x-2)
iv flx)-1 v f(-x) vi —f(x)

In each case state the equations of any
asymptotes and, if possible, points where
the curve cuts the axes.

b Suggest a possible equation for f(x).

5 The point P(2, 1) lies on the graph with equation y = f(x).
a On the graph of y = f(ax), the point P is mapped to the point O(4, 1).

Determine the value of a. (1 mark)

b Write down the coordinates of the point to which P maps under each transformation
i f(x—4) i 3f(x) iii 1f(x) — 4 (3 marks)

@ 6 The diagram shows a sketch of a curve with equation y = f(x). VA
The points A(-1, 0), B(0, 2), C(1, 2) and D(2, 0) lie on the curve.

Sketch the following graphs and give the coordinates of the points
A, B, C and D after each transformation:

B C
1
ay+2=fx) b yy=1f(x Problem-solving
c y=3=f(x) d 3y=£(x) Rearrange each equation PG D x

e 2y—1=1f(x) into the form y = ...
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Mixed exercise o

1

® 2

82

a On the same axes sketch the graphs of y = x*(x — 2) and y = 2x — x2.

b By solving a suitable equation find the points of intersection of the two graphs.

i)

On the same axes sketch the curves with equations y = % andy=1+x.

b The curves intersect at the points 4 and B. Find the coordinates of 4 and B.

¢ The curve C with equation y = x> + px + ¢, where p and ¢ are integers, passes through 4 and B.

Find the values of p and q.
d Add Cto your sketch.

The diagram shows a sketch of the curve y = f(x).

The point B(0, 0) lies on the curve and the point A(3, 4)
is a maximum point. The line y = 2 is an asymptote.
Sketch the following and in each case give the
coordinates of the new positions of 4 and B and

state the equation of the asymptote:

a f(2x) b 1(x) ¢ f(x)-2

d f(x+3) e f(x-3) f fx)+1

The diagram shows the curve with equation

¥ =5+ 2x — x? and the line with equation y = 2.
The curve and the line intersect at the points

A and B.

Find the x-coordinates of 4 and B. (4 marks)

f(x) = x(x = )(x = 3).

=Y

VA

y=5+2x-x2

a Sketch the graph of y = f(x). (2 marks)
b On the same axes, draw the line y =2 — x. (2 marks)
¢ State the number of real solutions to the equation x?(x — 1)(x - 3) =2 — x. (1 mark)
d Write down the coordinates of the point where the graph with equation

y =1f(x) + 2 crosses the y-axis. (1 mark)

The figure shows a sketch of the curve with

equation y = f(x).

On separate axes sketch the curves with equations:

a y=f(-x) (2 marks)

b y=-(x) (2 marks)
Mark on each sketch the x-coordinate of any point,
or points, where the curve touches or crosses the x-axis.




Graphs and transformations

7 The diagram shows the graph of the quadratic function f(x). YA
The graph meets the x-axis at (1, 0) and (3, 0) and the
minimum point is (2, —1).

a Find the equation of the graph in the form y =1(x)
y=ax’*+bx=c (2 marks)
b On separate axes, sketch the graphs of
iy=fx+2) ii y=(2x). (2 marks) 1 3 .
. 0 \/ x
¢ On each graph label the coordinates of the

points at which the graph meets the x-axis and 2.-1)

label the coordinates of the minimum point.

8 f(x)=(x—1)(x-2)(x+1).
a State the coordinates of the point at which the graph y = f(x) intersects the y-axis. (1 mark)
b The graph of y = af(x) intersects the y-axis at (0, —4). Find the value of a. (1 mark)
¢ The graph of y = f(x + b) passes through the origin. Find three possible values of 5. (3 marks)

@ 9 The point P(4, 3) lies on a curve y = f(x).
a State the coordinates of the point to which P is transformed on the curve with equation:
i y=_f(3x) ii %y =f(x) iii y=f(x-5) iv-y=1fx) v20p+2)=1f(x)
b P is transformed to point (2, 3). Write down two possible transformations of f(x).
¢ Pistransformed to point (8, 6). Write down a possible transformation of f(x) if

i f(x)is translated only ii f(x) is stretched only.
10 The curve C; has equation y = —% where « is a positive constant. The curve C, has the

equation y = x>(3x + b) where b is a positive constant.

a Sketch C; and C, on the same set of axes, showing clearly the coordinates of any

point where the curves touch or cross the axes. (4 marks)
b Using your sketch state, giving reasons, the number of solutions to the equation
x*Bx+b)+a=0. (2 marks)
11 a Factorise completely x3 — 6x2 + 9x. (2 marks)
b Sketch the curve of y = x3 — 6x? + 9x showing clearly the coordinates of the
points where the curve touches or crosses the axes. (4 marks)

¢ The point with coordinates (-4, 0) lies on the curve with equation
y=(x—-k)}=6(x —k)>+ 9(x — k) where k is a constant.
Find the two possible values of k. (3 marks)

(E) 12 f(x) = x(x - 2)?

Sketch on separate axes the graphs of:

a y=A{(x) (2 marks)
b y=1f(x+23) (2 marks)
Show on each sketch the coordinates of the points where each graph crosses or meets the axes.
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(E) 13 Given that f(x) =+, x 0,

a
b

Sketch the graph of y = f(x) — 2 and state the equations of the asymptotes. (3 marks)
Find the coordinates of the point where the curve y = f(x) — 2 cuts a coordinate

axis. (2 marks)
Sketch the graph of y = f(x + 3). (2 marks)
State the equations of the asymptotes and the coordinates of the point where

the curve cuts a coordinate axis. (2 marks)

Challenge

The

point R(6, —4) lies on the curve with equation y = f(x). State the coordinates

that point R is transformed to on the curve with equation y = f(x + ¢) — d.

Summary of key points

1

2
3

N 6 N

10

84

If p is a root of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at
the point (p, 0).

The graphs of y = g and y = %, where k is a real constant, have asymptotes at x =0 and y =0.
The x-coordinate(s) at the points of intersection of the curves with equations y = f(x) and

y = g(x) are the solution(s) to the equation f(x) = g(x).

The graph of y = f(x) + a is a translation of the graph y = f(x) by the vector (2)

The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector (_g).
When you translate a function, any asymptotes are also translated.

The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a in the vertical
direction.

The graph of y = f(ax) is a stretch of the graph y = f(x) by a scale factor of% in the horizontal
direction.

The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.
The graph of y = f(-x) is a reflection of the graph of y = f(x) in the y-axis.



Review exercise

Write down the value of 8.
Find the value of 8.

=

a Find the value of 125:.
b Simplify 24x2 + 18x:.

(2 marks)
(2 marks)

« Sections 1.1, 1.4

Express V80 in the form a/5,
where « is an integer. (2 marks)

b Express (4 — V/5)? in the form b + ¢/5,
where b and ¢ are integers. (2 marks)
« Section 1.5

i)

a Expand and simplify

(4 +V3)4 -V3). (2 marks)
b Express 1 _'2_6\@ in the form a + b/3,
where a and b are integers. (3 marks)

<« Sections 1.5, 1.6

Here are three numbers:
1 -Vk,2+5/k and 2Vk
Given that k is a positive integer, find:

a the mean of the three

numbers. (2 marks)
b the range of the three
numbers. (1 mark)

< Section 1.5

Given that y = 21—5x4, express each of the

following in the form kx", where k and n
are constants.
a y!

b 5y:

(1 mark)
(1 mark)

< Section 1.4

(1 mark) 7
(2 marks)

< Section 1.4

@D o

Find the area of this trapezium in cm?.
Give your answer in the form a + b/2,
where « and b are integers to be

found. (4 marks)

< Section 1.5

«—3+V2cm—>

2V2cm

(5 +3V2)cm

Given thatp=3-2/2and ¢=2 -2,
pP+q

P—q

Give your answer in the form m + nv2,

where m and n are rational numbers to be

found. (4 marks)

<« Sections 1.5, 1.6

find the value of

a Factorise the expression
x? = 10x +16. (1 mark)

b Hence, or otherwise, solve the equation
8 —10(8) +16=0. (2 marks)

« Sections 1.3, 2.1

x?=8x—-29=(x+a)*+ b, where a and b
are constants.

a Find the value of a and the value
of b. (2 marks)

b Hence, or otherwise, show that the
roots of x> —8x—-29=0arect d/5,
where ¢ and d are integers. (3 marks)

« Sections 2.1, 2.2
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Review exercise 1

The functions f and g are defined as

f(x)=x(x-2)and g(x) =x+ 5, x eR.

Given that f(a) = g(a) and a > 0,

find the value of «a to three significant

figures. (3 marks)
« Sections 2.1, 2.3

An athlete launches a shot put from

shoulder height. The height of the

shot put, in metres, above the ground

t seconds after launch, can be modelled

by the following function:

h(¢) = 1.7 + 10t - 57 t=0

a Give the physical meaning of the
constant term 1.7 in the context of the
model.

b Use the model to calculate how many
seconds after launch the shot put hits
the ground.

¢ Rearrange h(¢) into the form
A — B(t — C)* and give the values of the
constants 4, B and C.

d Using your answer to part ¢ or
otherwise, find the maximum height of
the shot put, and the time at which this
maximum height is reached.

« Section 2.6

Given that f(x) = x> = 6x + 18, x = 0,

a express f(x) in the form (x — @)’ + b,
where « and b are integers.

The curve C with equation y = f(x),

x = 0, meets the y-axis at P and has a

minimum point at Q.

b Sketch the graph of C, showing the
coordinates of P and Q. (3 marks)

The line y = 41 meets C at the point R.

¢ Find the x-coordinate of R, giving
your answer in the form p + ¢v2,

where p and ¢ are integers. (2 marks)
< Sections 2.2, 2.4

The function h(x) = x2 + 2V2x + k has

equal roots.

a Find the value of k. (1 mark)

b Sketch the graph of y = h(x), clearly
labelling any intersections with the

coordinate axes. (3 marks)
<« Sections 1.5, 2.4, 2.5

(2 marks) 17

15 The function g(x) is defined as

g(x)=x"-"7x% - 8x% x eR.
a Write g(x) in the form x*(x* + a)(x* + b),

where a and b are integers. (1 mark)
b Hence find the three roots
of g(x). (1 mark)
< Section 2.3
Given that

x>+ 10x+36=(x+a)>+b,
where a and b are constants,

a find the value of ¢ and the value
of b. (2 marks)

b Hence show that the equation
x?+ 10x + 36 =0 has no

real roots. (2 marks)

The equation x?> + 10x + k& = 0 has equal
roots.

¢ Find the value of %. (2 marks)

d For this value of k, sketch the graph
of y = x>+ 10x + k, showing the
coordinates of any points at which
the graph meets the coordinate
axes. (3 marks)

< Sections 2.2, 2.4, 2.5

Given that x> + 2x + 3= (x + a)* + b,

a find the value of the constants
aand b (2 marks)

b Sketch the graph of y = x> + 2x + 3,
indicating clearly the coordinates of
any intersections with the coordinate
axes. (3 marks)

¢ Find the value of the discriminant of
x? + 2x + 3. Explain how the sign of
the discriminant relates to your sketch
in part b. (2 marks)

The equation x?> + kx + 3 =0, where k is a
constant, has no real roots.

d Find the set of possible values
of k, giving your answer in surd
form. (2 marks)

< Section 2.2, 2.4,2.5
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@

® 2

a By eliminating y from the equations:
y=x-4,
2x* = xy =38,
show that
x?+4x-8=0.
b Hence, or otherwise, solve the
simultaneous equations:

(2 marks)

y=x-4,

2x* = xy =8,
giving your answers in the form
a + b/3, where @ and b are
integers.

<« Section 3.2

Find the set of values of x for which:

a 32x+1)>5-2x, (2 marks)

b 2x>-7x+3>0, (3 marks)

¢ both3(2x+1)>5-2xand
2x*=Tx+3>0. (1 mark)

<« Sections 3.4, 3.5

The functions p and q are defined as
p(x)=-2(x + 1)and q(x) = x> - 5x + 2,

x € R. Show algebraically that there is no
value of x for which p(x) = q(x). (3 marks)

<« Sections 2.3, 2.5

a Solve the simultaneous equations:

y+2x=5
2x*=3x —y=16. (5 marks)

b Hence, or otherwise, find the set of
values of x for which:

2x2-3x-16>5-2x. (2 marks)

<« Sections 3.2, 3.5

The equation x? + kx + (k + 3) = 0, where
k is a constant, has different real roots.

a Show that k> —4k — 12> 0. (2 marks)

b Find the set of possible values of k.
(2 marks)

« Sections 2.5, 3.5

Find the set of values for which

<2, x#-5. (6 marks)

6
xX+5

<« Section 3.5

(E) 24

(4 marks) 25

(E) 26

Review exercise 1

The functions f and g are defined as

f(x) =9 — x?and g(x) = 14 - 6x, x € R.

a On the same set of axes, sketch the
graphs of y = f(x) and y = g(x). Indicate
clearly the coordinates of any points
where the graphs intersect with each
other or the coordinate axes. (5 marks)

b On your sketch, shade the region that
satisfies the inequalities y > 0 and
f(x) > g(x). (1 mark)

< Sections 3.2, 3.3, 3.7

a Factorise completely x* — 4x. (1 mark)

b Sketch the curve with equation
y = x* — 4x, showing the coordinates of
the points where the curve crosses the
X-axis. (2 marks)

¢ On a separate diagram, sketch the
curve with equation

y=kx-1P-4(x-1)
showing the coordinates of the
points where the curve crosses the
X-axis. (2 marks)
< Sections 1.3, 4.1, 4.5

/.

o 2 4 X

P(3,-2)

The figure shows a sketch of the curve with
equation y = f(x). The curve crosses the
x-axis at the points (2, 0) and (4, 0). The
minimum point on the curve is P(3, -2).
In separate diagrams, sketch the curves
with equation
a y=-f(x) (2 marks)
b y=1{(2x) (2 marks)
On each diagram, give the coordinates of
the points at which the curve crosses the
x-axis, and the coordinates of the image
of P under the given transformation.

< Sections 4.6, 4.7
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Review exercise 1

4
ol 1 \
The figure shows a sketch of the curve
with equation y = f(x). The curve passes
through the points (0, 3) and (4, 0) and
touches the x-axis at the point (1, 0).

=Y

On separate diagrams, sketch the curves
with equations

a y=f(x+1) (2 marks)
b y=2f(x)
¢ y=fl (%x) (2 marks)

On each diagram, show clearly the
coordinates of all the points where the
curve meets the axes.
« Sections 4.5, 4.6, 4.7
Given that f(x) = %, x#0,
a sketch the graph of y = f(x) + 3 and
state the equations of the
asymptotes (2 marks)
b find the coordinates of the point
where y = f(x) + 3 crosses a coordinate
axis. (2 marks)
« Sections 4.3, 4.5

The quartic function t is defined as

tx)=(x?=5x+2)(x*-5x+4), xeR.

a Find the four roots of t(x), giving your
answers to 3 significant figures where
necessary. (3 marks)

b Sketch the graph of y = t(x), showing
clearly the coordinates of all the
points where the curve meets the
axes. (2 marks)

¢« Sections 4.2, 2.1

The point (6, —8) lies on the graph of

y = f(x). State the coordinates of the

point to which P is transformed on the

graph with equation:

a y=-f(x) (1 mark)
b y=1f(x-3) (1 mark)
¢ 2y=_f(x) (1 mark)

< Section 4.7

(2 marks) 32

31 The curve C, has equation y = —%, where
a 1s a positive constant.

The curve C, has equation y = (x — b)%,

where b is a positive constant.

a Sketch C, and C, on the same set of
axes. Label any points where either
curve meets the coordinate axes,
giving your coordinates in terms of a

and b. (4 marks)
b Using your sketch, state the number of
real solutions to the equation
x(x-3572="17. (1 mark)

< Sections 4.3, 4.4

i~

Sketch the graph of y = # -4,

showing clearly the coordinates of
the points where the curve crosses
the coordinate axes and stating
the equations of the

asymptotes. (4 marks)

b The curve with y = — 4 passes

1
(x + k)?
through the origin. Find the two
possible values of k. (2 marks)

< Sections 4.1, 4.5, 4.7

Challenge

1 a Solve the equation x> - 10x+9=0

b Hence, or otherwise, solve the equation
3*-2(3*-10) = -1 « Sections 1.1, 1.3, 2.1

A rectangle has an area of 6 cm? and a perimeter

of 8/2 cm. Find the dimensions of the

rectangle, giving your answers as surds in their

simplest form. < Sections 1.5, 2.2

Show algebraically that the graphs of

y=3x+x*—-xand y=2x(x - 1)(x + 1) have

only one point of intersection, and find the
coordinates of this point. < Section 3.3

The quartic function f(x) = (x> + x - 20)(x2 + x - 2)
has three roots in common with the function

g(x) = f(x — k), where k is a constant. Find the two
possible values of k. < Sections 4.2, 4.5, 4.7



Straight line graphs

After completing this unit you should be able to:

® (alculate the gradient of a line joining a pair of points - pages 90 - 91

® Understand the link between the equation of a line, and its gradient

and intercept

- pages 91 - 93

® Find the equation of a line given (i) the gradient and one point on

the line or (ii) two points on the line

—> pages 93 - 95

® Find the point of intersection for a pair of straight lines

—> pages 95 - 96

® Know and use the rules for parallel and perpendicular gradients

—> pages 97 - 100

® Solve length and area problems on coordinate grids -» pages 100 - 103

Use straight line graphs to construct mathematical models
—> pages 103 - 108

Prior knowledge check

1

Straight line graphs are used in mathematical

modelling. Economists use straight line

graphs to model how the price and availability
of a good affect the supply and demand.

| -> Exercise 5H Q9

1 .
I -
mesiEiIEEIER :

a y=4x+T7and3y=2x-1 I_,M_

Find the point of intersection of the
following pairs of lines.

-
—

b y=5x-1land3x+7y=11

¢ 2x-5y=-land5x-7y=14
< GCSE Mathematics

Simplify each of the following:
a /80 b /200 c V125 '

< Section 1.5 A

Make y the subject of each equation: - i |
a 6x+3y—-15=0 b 2x-5y-9=0

c 3x—-7y+12=0 « GCSE Mathematics &
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You can find the gradient of a straight line joining two points _
by considering the vertical distance and the horizontal distance
between the points.

® The gradient m of a line joining the point with coordinates

(x,,,) to the point with coordinates (x,,y,)
Ya=n1 0
X=X,

@ Explore the gradient O
Example o formula using GeoGebra.

Work out the gradient of the line joining (-2, 7) and (4, 5)

(e y1) X2 = x4

=Y

can be calculated using the formula m =

YA
-2.7)
~
Ll \. (4, 5)
o ;‘c
me 57 _ 2 __1 Usem=;}2:£.Here (x1, y1) =(=2,7) and
4 - (-2) 6 3 (X2, ¥2) = (4, 5)

The line joining (2, —5) to (4, a) has gradient —1. Work out the value of a.

a - (=5) _ Usem = i;z : ));11 Here m = -1, (X1, yl) = (2, -5)
4 -2 and (x,, y,) = (4, a).
a+5
So 5 =1
a+5=-2
a=-7

Exercise @

1 Work out the gradients of the lines joining these pairs of points:

a (4,2),(6,3) b (-1, 3),(5,4) ¢ (-4,5),(1,2)

d (2,-3),(6,)5) e (-3,4),(7,-6) f (-12,3),(-2,8)
g (-2, -4),(10,2) h (32,34 i (533

i (=2.4,9.6),(0,0) k (1.3,-2.2),(8.8,-4.7) 1 (0, 5a), (10a, 0)
m (3b, ~2b), (7b, 2b) n (p, 9. (¢, P)
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Straight line graphs

2 The line joining (3, =5) to (6, @) has a gradient 4. Work out the value of a.

3 The line joining (5, b) to (8, 3) has gradient —3. Work out the value of b.

4 The line joining (¢, 4) to (7, 6) has gradient %. Work out the value of c.

5 The line joining (-1, 2d) to (1, 4) has gradient —%. Work out the value of d.
6 The line joining (-3, =2) to (2e¢, 5) has gradient 2. Work out the value of e.
7 The line joining (7, 2) to (f, 3f) has gradient 4. Work out the value of f.

8 The line joining (3, —4) to (—g, 2g) has gradient —3. Work out the value of g.

(P) 9 Show that the points 4(2, 3), B(4,4) and Problem-solving

C(10,7) can be joined by a straight line. Find the gradient of the line joining the points 4
and B and the line joining the points 4 and C.

(E/P) 10 Show that the points 4(-2a, 5a), B(0, 4a) m . o :
. . Point i fth (l
and points C(6a, a) are collinear. (3 marks) T straci)g”; ts“iree R

e The equation of a straight line can be written in the form
y =mx + ¢, where m is the gradient and c is the y-intercept.

e The equation of a straight line can also be written in the
form ax + by + ¢ = 0, where a, b and c are integers.

S
=Y

Write down the gradient and y-intercept of these lines:
ay=-3x+2 b 4x-3y+5=0

Compare y = =3x + 2 with y = mx + ¢.

Gradient
a braaien From this, m = =3 and ¢ = 2.

-3 and y-intercept = (O, 2).

b y=%x+§

Gradient = 4 and y-intercept = (O, 2). L Rearrange the equation into the form y = mx + c.

From thism:%and c=§

m Use fractions rather than decimals

in coordinate geometry questions.
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Write these lines in the form ax + by + ¢ = 0

ay=4x+3

a 4x-y+3=0

b y=—%x+5

b %x+y—5=O
xX+2y—-10=0

L

Rearrange the equation into the form

ax+by+c¢=0

Collect all the terms on one side of the equation.

The line y = 4x — 8 meets the x-axis at the point P Work out the coordinates of P.

4x-8=0
4x =6
x=2

So P has coordinates (2, O)

Exercise @

1 Work out the gradients of these lines:

ay=-2x+5
d y:%x—2
g 2x—-4y+5=0
i 3x+6y+7=0

by=-x+7

e y:—%x

h 10x-5y+1=0
k 4x+2y-9=0

The line meets the x-axis when y =0, so
substitute y = 0 into y = 4x — 8.

Rearrange the equation for x.

Always write down the coordinates of the point.

- .6
| =

=

+ -l>>|<m
[\]

=+

|

o

I

o

1 9x+6y+2=0

2 These lines cut the y-axis at (0, ¢). Work out the value of ¢ in each case.

ay=-x+4

d y=-3x

g 3x—-4y+8=0
i Ix+4y+12=0

b y=2x-5
6. 7
€ y=7x+73
h 4x-5y-10=0
k 7x-2y+3=0

3 Write these lines in the form ax + by + ¢ = 0.

a y=4x+3
d y=%x—6
g y=2x-3

. 1 1
] y:—§x+§

b y=3x-2
e y=§x+2
hy:—3x+%
ky:%x+§

i 2x+y-9=0

c y=-6x+7
f y=§x

i y=-6x-3
I y=3x+3

4 The line y = 6x — 18 meets the x-axis at the point P. Work out the coordinates of P.
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Straight line graphs

The line 3x + 2y = 0 meets the x-axis at the point R. Work out the coordinates of R.

The line 5x — 4y + 20 = 0 meets the y-axis at the point 4 and the x-axis at the point B.
Work out the coordinates of 4 and B.

A line / passes through the points with coordinates (0, 5) and (6, 7).
a Find the gradient of the line.

b Find an equation of the line in the form ax + by + ¢ = 0.

A line / cuts the x-axis at (5, 0) and the y-axis at (0, 2).
a Find the gradient of the line. (1 mark)
b Find an equation of the line in the form ax + by + ¢ = 0. (2 marks)

Show that the line with equation ax + by + ¢ =0 Problem-solving

has gradient —% and cuts the y-axis at _<

b Try solving a similar problem with numbers
. . . . first:
The line / with gradient 3 and y-intercept (0, 5)
has the equation ax — 2y + ¢ = 0. Find the gradient and y-intercept of the
Find the values of g and c. (2 marks) straight line with equation 3x + 7y + 2 = 0.

The straight line / passes through (0, 6) and has gradient —2. It intersects the line with
equation S5x — 8y — 15 = 0 at point P. Find the coordinates of P. (4 marks)

The straight line /; with equation y = 3x — 7 intersects the straight line /, with equation
ax + 4y — 17 = 0 at the point P(-3, b).

a Find the value of b. (1 mark)
b Find the value of a. (2 marks)

Challenge

Show that the equation of a straight line through (0, @) and (b, 0) is ax + by — ab = 0.

@ Equations of straight lines

You can define a straight line by giving:

- one point on the line and the gradient

two different points on the line

You can find an equation of the line from either of these conditions.

= The equation of a line with gradient m that passes through This is any point
the point with coordinates (x,, y,) can be written as yp Ontheline
Y=yi=m(x - x,). This is the )
point on :y -y
the line
you know Py yl)x—
0 %
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Find the equation of the line with gradient 5 that passes through the point (3, 2).

y—2=5(x-23) m Explore lines of a given gradient
y—2=5x-15 passing through a given point using GeoGebra.

y=5x-13
This is in the form y — y; = m(x — x;). Here m =5
al"ld (xl, yl) = (3, 2).

Find the equation of the line that passes through the points (5, 7) and (3, —1).

First find the slope of the line.

L Yemy _7-(0_b_,
T X T Xy 5-3 27 Here (x;, 1) = 3, -1) and (x,, y,) = (5, 7).
So Y=y =mix - x) (x1, 1) and (x;, y,) have been chosen to make the
y+1=4x-3) denominators positive.

+1=4x-12
Y * You know the gradient and a point on the line, so

y=4x-13 use y — y; = m(x — xy).

Exercise @

1 Find the equation of the line with gradient m that passes through the point (x;, y;) when:

Usem=4,x;=3and y; =-1.

a m=2and (x,y)=(2,5) b m=3and (x,y)=(-2,1)
¢ m=-1and (x,y)=(3,-6) d m=-4and (x, ) =(-2,-3)
e m=1and (x,y;) = (-4, 10) f m=-2and (x,, ;) = (-6, -1)
g m=2and (x,, y;) = (a, 2a) h m= —% and (x,, y;) = (=2b, 3b)

2 Find the equations of the lines that pass through these pairs of points:
a (2,4)and (3, 8) b (0,2)and (3, 5) m In each case
¢ (=2,0)and (2, 8) d (5,-3)and (7, 5) find the gradient m
e (3,-1)and (7, 3) f (=4, -1)and (6, 4) then use
g (-1,-5)and (=3.3) h (=4, 1) and (=3, -9) Y= yr=m = x).
i G9and G5 i (-pand 3

@ 3 Find the equation of the line / which passes through the points A(7, 2) and B(9, -8).
Give your answer in the form ax + by + ¢ = 0. (3 marks)

4 The vertices of the triangle 4 BC have coordinates 4(3, 5), B(-2, 0) and C(4, —1).
Find the equations of the sides of the triangle.
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Straight line graphs

5 The straight line / passes through (a, 4) and Problem-solving

(3a, 3). An equation of /is x + 6y + ¢ =0. It is often easier to find unknown
Find the value of a and the value of c. (3 marks) values in the order they are given
6 The straight line / passes through (74, 5) and (34, 3). i 2 gjuresion, el e valle e ¢
- . first then find the value of c.
An equation of /isx + by — 12 =0.

Find the value of @ and the value of b. (3 marks)

Challenge

Consider the line passing through points (x;, y;) and (x,, ¥,).

a Write down the formula for the gradient, m, of the line.

Y=y _ X-Xx

Va—y1 Xa— X

¢ Use the equation from part b to find the equation of the line passing through the
points (=8, 4) and (-1, 7).

The line y = 3x — 9 meets the x-axis at the point 4. Find the equation of the line with gradient % that
passes through point 4. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

O=3x-9s50x=3. 4is the point (3, O). m Plot the solution on a graph using O

y-0=%x-23) GeoGebra.
3y=2x-6
-2x+3y+6=0

b Show that the general equation of the line can be written in the form

The line meets the x-axis when y =0, so
substitute y = 0into y = 3x — 9.

Use y — y; =m(x — x;). Here m = % and
(xll yl) = (31 0)

Rearrange the equation into the form
Example o ax+by+c=0.

The lines y = 4x — 7 and 2x + 3y — 21 = 0 intersect at the point A. The point B has coordinates (-2, 8).
Find the equation of the line that passes through the points 4 and B. Write your answer in the form
ax + by + ¢ =0, where a, b and ¢ are integers.

—
2x + 3(4x L 7)-21=0 @ Check solutions to simultaneous !g
2x +12x-21-21=0 equations using your calculator. ——
14x = 42
x=3
y=4(3) =7 = 5 50 A is the point (3, 5). Solve the equations simultaneously to find point A.

Substitute y = 4x — 7 into 2x + 3y — 21 =0.
Vo=V 8-5 3 3

Mm=x,-x~"2-37 5775
Find the slope of the line connecting 4 and B.

y-5=-2(x-3)

5y-25=-3x+9 Usey—y1=m(x—x1)withm=—%and
3x+5y-34=0 (xy 1) =3, 5).
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Exercise @

1

96

The line y = 4x — 8 meets the x-axis at the point 4. Find the equation of the line with gradient
3 that passes through the point 4.

The line y = —2x + 8 meets the y-axis at the point B. Find the equation of the line with gradient
2 that passes through the point B.

The line y = %x + 6 meets the x-axis at the point C. Find the equation of the line with gradient%
that passes through the point C. Write your answer in the form ax + by + ¢ = 0, where @, b and
¢ are integers.

The line y = %x + 2 meets the y-axis at the point B. The point C has coordinates (-5, 3).

Find the gradient of the line joining the points B and C.
The line th hroush the points (2. —5) and (7. 4 Problem-solving
¢ line that passes through the points (2, ~5) and (=7, 4) A sketch can help you check whether

meets the x-axis at the point P. Work out the coordinates _
of the point P your answer looks right.

The line that passes through the points (-3, —5) and (4, 9) meets the y-axis at the point G.
Work out the coordinates of the point G.

The line that passes through the points (3, 2%) and (—11, 4) meets the y-axis at the point J.
Work out the coordinates of the point J.

The lines y = x and y = 2x — 5 intersect at the point 4. Find the equation of the line with
gradient % that passes through the point 4.

The lines y = 4x — 10 and y = x — 1 intersect at the point 7. Find the equation of the line with
gradient —% that passes through the point 7. Write your answer in the form ax + by + ¢ =0,
where a, b and ¢ are integers.

The line p has gradient % and passes through the point (6, —12). The line ¢ has gradient —1 and
passes through the point (5, 5). The line p meets the y-axis at 4 and the line ¢ meets the x-axis
at B. Work out the gradient of the line joining the points 4 and B.

The line y = —2x + 6 meets the x-axis at the point P. The line y = %x — 4 meets the y-axis at the
point Q. Find the equation of the line joining the points P and Q.

The line y = 3x — 5 meets the x-axis at the point M. The line y = —%x + % meets the y-axis at the
point N. Find the equation of the line joining the points M and N. Write your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers.

The line y = 2x — 10 meets the x-axis at the point 4. The line y = —2x + 4 meets the y-axis at the
point B. Find the equation of the line joining the points 4 and B.

The line y = 4x + 5 meets the y-axis at the point C. The line y = —=3x — 15 meets the x-axis at
the point D. Find the equation of the line joining the points C and D. Write your answer in the
form ax + by + ¢ =0, where a, b and ¢ are integers.

The lines y = x — 5 and y = 3x — 13 intersect at the point S. The point 7 has coordinates (—4, 2).
Find the equation of the line that passes through the points S and 7.

The lines y = —2x + 1 and y = x + 7 intersect at the point L. The point M has coordinates (-3, 1).
Find the equation of the line that passes through the points L and M.
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@ Parallel and perpendicular lines

= Parallel lines have the same gradient. Y

A line is parallel to the line 6x + 3y — 2 = 0 and it passes through the point (0, 3).
Work out the equation of the line.

Rearrange the equation into the form y = mx + ¢

ex+3y-2=0 to find m.
3y -2 =-6x
3y=-6x+2 Comparey=—2x+§withy=mx+c,som=—2.
y=-2x+% Parallel lines have the same gradient, so the

gradient of the required line = -2.

The gradient of this line is —2.

The equation of the line is y = =2x + 3.«———————— (0, 3) is the intercept on the y-axis, 50 ¢ = 3.

Exercise @

1

® 2
® 3

Work out whether each pair of lines is parallel.
ay=5%-2 b ITx+14y-1=0 ¢ 4x-3y-8=0
I5x-3y+9=0 y:%x+9 3x-4y-8=0

The line r passes through the points (1, 4) and (6, 8) and the line s passes through the points
(5, -3) and (20, 9). Show that the lines » and s are parallel.

The coordinates of a quadrilateral ABCD are A(-6, 2), B(4, 8), m A trapezium has exactly
C(6, 1) and D(-9, -8). Show that the quadrilateral is a trapezium. ~ ©ne pair of parallel sides.

A line is parallel to the line y = 5x + 8 and its y-intercept is (0, 3). m The line will have
Write down the equation of the line. gradient 5.

A line is parallel to the line y = —%x + 1 and its y-intercept is (0, —4). Work out the equation of
the line. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

A line is parallel to the line 3x + 6y + 11 = 0 and its intercept on the y-axis is (0, 7). Write down
the equation of the line.

A line is parallel to the line 2x — 3y — 1 = 0 and it passes through the point (0, 0). Write down the
equation of the line.

Find an equation of the line that passes through the point (-2, 7) and is parallel to the line
y =4x + 1. Write your answer in the form ax + by + ¢ = 0.
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Perpendicular lines are at right angles to each other.
If you know the gradient of one line, you can find the
gradient of the other.

The shaded triangles
are congruent.
b Line [, has gradient
2 =m

b
Line /, has gradient
b__1

a m

= If a line has a gradient of m, a line
perpendicular to it has a gradient of -m

= If two lines are perpendicular, the product
of their gradients is -1.

Work out whether these pairs of lines are parallel, perpendicular or neither:
al3x—-y-2=0 by=%x
x+3y-6=0 2x—-y+4=0

a 3x-y-2=0 Rearrange the equations into the form y = mx + c.
3x-2=y
So y=3x-2
The gradient of this line is 3.
x+3y-6=0
3y -6=—x
3y=-x+6
y= —%x + 2

The gradient of this line is —% Compare y = —%x +2withy=mx+¢,som= —%

So the lines are perpendicular as
3 x(—3) = -1

b y=1x Compare y = 3x with y = mx + ¢, som = 1.
The gradient of this line is %

Rearrange the equation into the form y = mx + ¢

2x-y+4=0
Sx+ 4=y to find m.
So y=2x+4
The gradient of this line is 2. Compare y = 2x + 4 with y = mx + ¢, som = 2.

The lines are not parallel as they have

different gradients.
The lines are not perpendicular as m Explore this solution using O

1
zx2%- GeoGebra.
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A line is perpendicular to the line 2y — x — 8 = 0 and passes through the point (5, 7).

Find the equation of the line.

y:%x+4

Gradient of y=Zx+4 is %

Problem-solving

2l You need to fill in the steps of this problem

yourself:
Y-y =m(x —x;) y = mx + c to find the gradient.
y+7=-2(x-5) ® Use —% to find the gradient of a perpendicular
line.

y+7=-2x+10

® Usey -y, = m(x — x;) to find the equation of

y=-2x+3 the line.

Exercise @

1

Work out whether these pairs of lines are parallel, perpendicular or neither:

a y=4x+2 byz%x—l c y=%x+9
y=—ix—7 yz%x—ll y=5x+9

d y=-3x+2 e y=%x+4 f y=%x
y:%x—7 y=—§x—l y:%x—3

g y=5x-3 h 5x-y-1=0 i y=-3x+8
Sx—yp+4=0 y=-1x 2x-3y-9=0

i 4x-5y+1=0 k 3x+2y-12=0 I Sx-y+2=0
8x—-10y-2=0 2x+3y—-6=0 2x+ 10y —-4=0

A line is perpendicular to the line y = 6x — 9 and passes through the point (0, 1). Find an
equation of the line.

A line is perpendicular to the line 3x + 8y — 11 = 0 and passes through the point (0, -8).
Find an equation of the line.

Find an equation of the line that passes through the point (6, —2) and is perpendicular to the
line y=3x+5.

Find an equation of the line that passes through the point (-2, 5) and is perpendicular to the
line y = 3x + 6.

Find an equation of the line that passes through the point (3, 4) and is perpendicular to the line
4x -6y +7=0.

Find an equation of the line that passes through the point (5, —5) and is perpendicular to the
line y = %x + 5. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.
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8 Find an equation of the line that passes through the point (-2, —3) and is perpendicular to the
line y = —%x + 5. Write your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

@ 9 The line / passes through the points (-3, 0) and (3, -2) Problem-solving

and the line n passes through the points (1, 8) and (=1, 2).  Don’t do more work than you need to.
Show that the lines / and » are perpendicular. You only need to find the gradients of
both lines, not their equations.

@ 10 The vertices of a quadrilateral A BCD have coordinates

A(=1,5), BT, 1), C(5, =3) and D(=3, 1). €D e sides of a rectangle
Show that the quadrilateral is a rectangle. are perpendicular.

11 A line /; has equation 5x + 11y — 7 = 0 and crosses the x-axis at A. The line /, is perpendicular
to /; and passes through A.

a Find the coordinates of the point A. (1 mark)

b Find the equation of the line /,. Write your answer in the form ax + by + ¢ = 0. (3 marks)

12 The points 4 and C lie on the y-axis and the point B lies on the x-axis as shown in the diagram.

y“/
A4(0,4) Problem-solving

B(=3,0) Sketch graphs in coordinate geometry problems
0 > are not accurate, but you can use the graph to
make sure that your answer makes sense. In this
question ¢ must be negative.

i((), 9]

The line through points 4 and B is perpendicular to the line through points B and C.
Find the value of c. (6 marks)

m Length and area

You can find the distance between two points 4 and B by A
considering a right-angled triangle with hypotenuse 4B.

= You can find the distance d between (x4, y,) and (x,,y,)
by using the formula

d= \/(xz - X3)2+ (V2 - y1)?
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Find the distance between (2, 3) and (5, 7).

VA

(5,7)
(2,3) 3 r
0 X
d?=(5 - 28 + (7 - 3)
d? =32 + 42
d=/(3%+ 4?2
=/25
=5

The straight line /; with equation 4x — y = 0 and

Straight line graphs

Draw a sketch.
Let the distance between the points be d.
The difference in the y-coordinatesis 7 — 3 = 4.

The difference in the x-coordinates is 5 — 2 = 3.

d=\(x; = X2+ (y, - y)* with
(xy, y1) = (2,3) and (x,, y,) = (5, 7).

@ Draw both lines and the triangle O

AOB on a graph using GeoGebra.

the straight line /, with equation 2x + 3y — 21 = 0 intersect at point A.

a Work out the coordinates of A.

b Work out the area of triangle 40B where B is the point where /, meets the x-axis.

a Equation of [, is y = 4x
2x+3y-21=0
2x + 3¢#x) - 21=0
14x - 21=0

14x = 21
L3
T2
_ é) _
y=4x (2 —36
So point 4 has coordinates <§ 6).

b The triangle AOB has a height of € units. I
2x+3y-21=0
3x+30)-21=0

2x-21=0
L2
2
The triangle AOB has a base length of %
units.
Area:%xéx%=% [

Rewrite the equation of /; in the form y = mx + c.

Substitute y = 4x into the equation for 4 to find
the point of intersection.

Solve the equation to find the x-coordinate of
point A.

Substitute to find the y-coordinate of point A.
The height is the y-coordinate of point A.

Bis the point where the line /, intersects the x-axis.
At B, the y-coordinate is zero.

Solve the equation to find the x-coordinate of point B.

Area = % x base x height
You don’t need to give units for length and area
problems on coordinate grids.
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Exercise @

1

ONC)

©

102

Find the distance between these pairs of points:
a (Oa 1)7 (67 9) b (4a _6)a (9’ 6) C (39 1)9 (_1: 4)
d (35 S)a (4a 7) € (Oa _4)9 (55 5) f (_2’ _7)3 (59 1)

Consider the points 4(-3, 5), B(-2, -2) and C(3, =7). m S ——
Determine whether the line joining the points 4 and Bis they are the same length.

congruent to the line joining the points B and C.

Consider the points P(11, —=8), O(4, —=3) and R(7, 5). Show that the line segment joining the
points P and Q is not congruent to the line joining the points Q and R.

The distance between the points (=1, 13) and (x, 9) is V65 . QAL lEE V] =

Find two possible values of x. Use the distance formula to
formulate a quadratic equation in x.

The distance between the points (2, ) and (5, 7) is 3V10. Find two possible values of y.

a Show that the straight line /; with equation y = 2x + 4 is Problem-solving JEr™%
parallel to the straight line /, with equation 6x — 3y -9 =0. e P
b Find the equation of the straight line /; that is perpendicular two parallel lines is the
to /; and passes through the point (3, 10). perpendicular distance

¢ Find the point of intersection of the lines /, and /. between them.

d Find the shortest distance between lines /; and /,.

A point P lies on the line with equation y = 4 — 3x. The point P is a distance v34 from the

origin. Find the two possible positions of point P. (5 marks)
The vertices of a triangle are A(2, 7), B(5, —6) and C(8, —6). m Scalene triangles have
a Show that the triangle is a scalene triangle. three sides of different lengths.

b Find the area of the triangle ABC.

Problem-solving

Draw a sketch and label the points A, B and C.
Find the length of the base and the height of the
triangle.

The straight line /, has equation y = 7x — 3. The straight line /,
has equation 4x + 3y — 41 = 0. The lines intersect at the point 4.

a Work out the coordinates of A.

The straight line /, crosses the x-axis at the point B.
b Work out the coordinates of B.

¢ Work out the area of triangle AOB.
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Straight line graphs

The straight line /; has equation 4x — 5y — 10 = 0 and intersects the x-axis at point A4.
The straight line /, has equation 4x — 2y + 20 = 0 and intersects the x-axis at the point B.

a Work out the coordinates of A4.

b Work out the coordinates of B.

The straight lines /, and /, intersect at the point C.
¢ Work out the coordinates of C.

d Work out the area of triangle ABC.

The points R(5, —=2) and S(9, 0) lie on the straight line /; as shown.

a Work out an equation for straight line /. (2 marks) A
The straight line /, is perpendicular to /, ;\
and passes through the point R. l
b Work out an equation for straight line /. (2 marks) 1
¢ Write down the coordinates of 7. (1 mark) [9) S X
d Work out the lengths of RS and TR R

leaving your answer in the form kv5. (2 marks) / ,
e Work out the area of ARST. (2 marks) ’

The straight line /; passes through the point (-4, 14) and has gradient —i
a Find an equation for /; in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (3 marks)
b Write down the coordinates of A, the point where straight line /; crosses the y-axis. (1 mark)

The straight line /, passes through the origin and has gradient 3. The lines /, and /,
intersect at the point B.

¢ Calculate the coordinates of B. (2 marks)
d Calculate the exact area of AOAB. (2 marks)

@ Modelling with straight lines

Two quantities are in direct proportion when they increase at the same rate. The graph of
these quantities is a straight line through the origin.

VA
y=kx
m These mean the same thing:
y is proportional to x

: . yox

K If x increases by y = kx for some real constant k.
[ 1 unit, y increases
! by k units

X
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. . € E
The graph shows the extension, E, of a spring g 251‘
when different masses, m, are attached to the end %D 20-
of the spring. & 154
. . O
a Calculate the gradient, k, of the line. S 10
b Write an equation linking £ and m. é 27
. . . Ll O T T T T >
¢ Explain what the value of k represents in this 0 100 200 300 400
situation. Mass on spring (grams)
| _20-0 Use any two points on the line to calculate the
a slope = 400 - 0O gradient. Here (0, 0) and (400, 20) are used.
_20 _ 1
A;OO 20 L Simplify the answer.
So k = %
b E=km 'y = kx' is the general form of a direct proportion
E=21_Om equation. Here the variables are E and m.
¢ k represents the increase in extension in k is the gradient. When the m-value increases

cms when the mass increases by 1 gram. ————— by 1, the E-value increases by k.

You can sometimes use a linear model to show the relationship between two variables, x and y.
The graph of a linear model is a straight line, and the variables are related by an equation of the
formy =ax + b.

A linear model can still be appropriate even if all the points do not lie directly on the line. In this case,
the points should be close to the line. The further the points are from the line, the less appropriate a
linear model is for the data.

= A mathematical model is an attempt to represent a real-life situation using mathematical
concepts. It is often necessary to make assumptions about the real-life problem in order to
create a model.

A container was filled with water. A hole was made in the bottom of the container. The depth of
water remaining was recorded at certain time intervals. The table shows the results.

Time, 7 seconds 0 10 30 60 100 120
Depth of water, d cm 19.1 17.8 15.2 11.3 6.1 3.5

a Determine whether a linear model is appropriate by drawing a graph.
b Deduce an equation in the form d = at + b.
¢ Interpret the meaning of the coefficients a and b.

d Use the model to find the time when the container will be empty.
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a Depth of water

Depth of water (cm)

O 20 40 60 &0 100 120!
Time (seconds)

The points form a straight line, therefore a

linear model is appropriate.

b 61 =191 —
100 - O
13 ——
=100 " -0.13
The d-intercept is 19.1. So b = 19.1 r
d=at+b
—

d=-0.13t + 19

c ais the change in depth of water in the
container every second.
b is the depth of water in the container at

[

the beginning of the experiment.

d d=-013t + 191
0O =-013t + 191
0.13t = 191
t = 146.9 seconds.

L
|
B

Straight line graphs

Problem-solving

You need to give your answer in the context of the
question. Make sure you refer to the extension in
the spring and the mass.

Pick any two points from the table.
Here (0,19.1) and (100, 6.1) are used.

The d-intercept is the d-value when ¢ = 0.

State the linear equation using the variables in
the question.

Substitute @ = —0.13 and b = 19.1.

a represents the rate of change. Look at the
problem and determine what is changing every
second.

b is the value of d when ¢ = 0. It represents the
starting, or initial, value in the model.

State the linear equation using the variables in
the question.

Substitute d = 0, as we want to know the time
when the depth of water is zero.

Solve the equation to find ¢.

In 1991 there were 18 500 people living in Bradley Stoke. Planners projected that the number of
people living in Bradley Stoke would increase by 350 each year.

a Write a linear model for the population p of Bradley Stoke ¢ years after 1991.

b Write down one reason why this might not be a realistic model.
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a 1991 is the first year, so t = O.

When t = O, the population is 18 500.
18500 is the p-intercept.

The population is expected to increase J

by 350 each year.

350 represents the gradient of the line.

p=at+b

p =350t + 18500

The p-intercept is the population when ¢ = 0.

The gradient is the yearly change in population.

State the linear equation using the variables in

r the question.

b The number of people living in Bradley

Stoke would probably not increase by

exactly the same amount each year.

Exercise @

1 For each graph
i calculate the gradient, k, of the line
ii write a direct proportion equation connecting the two variables.

a

, d (m)

1stance

D

600+
500+
400+
300
200+
100+

0

3

>

0

2

4 6 8
Time, 7 (s)

10

12

b

Substitute @ = 350 and b = 18 500.

Problem-solving

Look at the question carefully. Which points did
you accept without knowing them to be true?
These are your assumptions.

3

Cost of skating, C (£)

Sl AR

10 20 30

Time skating, 7 (mins)

C

—_ e
il

Pages read, p

S £

0 5 10 15 20 25 30
Time reading, ¢ (mins)

2 Draw a graph to determine whether a linear model would be appropriate for each set of data.

a Y P b X y
0 0 0 70
15 2 5 82.5
25 6 10 95
40 12 15 107.5
60 25 25 132.5
80 50 40 170

¢ w l
3.1 45
34 47
3.6 50
39 51
4.5 51
4.7 53

m A'linear model can be

appropriate even if all the
points do not lie exactly in a
straight line. In these cases,
the points should lie close
to a straight line.

3 The cost of electricity, E, in pounds and the number of kilowatt hours, /4, are shown in the table.

kilowatt hours, A

0

15

40

60

80

110

cost of electricity, E

45

46.8

49.8

52.2

54.6

58.2
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Straight line graphs

a Draw a graph of the data. (3 marks)
b Explain how you know a linear model would be appropriate. (1 mark)
¢ Deduce an equation in the form E = ah + b. (2 marks)
d Interpret the meaning of the coefficients a and b. (2 marks)
e Use the model to find the cost of 65 kilowatt hours. (1 mark)

A racing car accelerates from rest to 90 m/s in 10 seconds. The table shows the total distance
travelled by the racing car in each of the first 10 seconds.

time, 7 seconds 0 1 2 3 4 5 6 7 8 9 10
distance, d m 0 4.5 18 40.5 72 112.5 | 162 | 220.5 | 288 | 364.5 | 450

a Draw a graph of the data.
b Explain how you know a linear model would not be appropriate.

A website designer charges a flat fee and then a daily rate in order to design new websites

for companies.

Company A’s new website takes 6 days and they are charged £7100. m Let (d;, C)) = (6, 7100)
Company B’s new website take 13 days and they are charged £9550.  and (d,, C,) = (13, 9550).

a Write an equation linking days, d and website cost, C in the

form C=ad + b. (3 marks)
b Interpret the values of a and b. (2 marks)
¢ The web designer charges a third company £13 400. Calculate the number of days the designer
spent working on the website. (1 mark)

The average August temperature in Exeter is 20 °C or 68 °F. The average January temperature in
the same place is 9 °C or 48.2 °F.

a Write an equation linking Fahrenheit F and Celsius C in the form F=aC + b. (3 marks)
b Interpret the values of a and b. (2 marks)
¢ The highest temperature recorded in the UK was 101.3 °F. Calculate this temperature in Celsius.
(1 mark)

d For what value is the temperature in Fahrenheit the same as the temperature in Celsius?
(3 marks)

In 2004, in a city, there were 17 500 homes with internet connections. A service provider predicts
that each year an additional 750 homes will get internet connections.

a Write a linear model for the number of homes n with internet connections ¢ years after 2004.
b Write down one assumption made by this model.

The scatter graph shows the height /2 and foot length f Height and foot length

of 8 students. A line of best fit is drawn on the scatter 1901‘

graph. e 185 B(27,177)

a Explain why the data can be approximated to a i’/ 180
linear model. (1 mark) %0 1754, L

b Use points 4 and B on the scatter graph to write a £ 170- :
linear equation in the form / = af + b. (3 mark) 1654

¢ Calculate the expected height of a person with a 6020 T35 53 24 35 26 37 2% 29 30
foot length of 26.5 cm. (1 mark) Foot length, /(cm)

107



Chapter 5

9 The price P of a good and the quantity Q of a good are linked.
The demand for a new pair of trainers can be modelled using the equation P = — %Q + 35.
The supply of the trainers can be modelled using the equation P = %Q + 1.
a Draw a sketch showing the demand and supply lines on the same pair of axes.
The equilibrium point is the point where the supply and demand lines meet.
b Find the values of P and Q at the equilibrium point.

Mixed exercise o

1 The straight line passing through the point P(2, 1) and the point Q(k, 11) has gradient —%
a Find the equation of the line in terms of x and y only. (2 marks)

b Determine the value of k. (2 marks)

2 The points 4 and B have coordinates (k, 1) and (8, 2k — 1) respectively, where k is a constant.
Given that the gradient of AB is %

a show that k=2 (2 marks)
b find an equation for the line through 4 and B. (3 marks)

@ 3 The line L, has gradient % and passes through the point A(2, 2). The line L, has gradient —1 and
passes through the point B(4, 8). The lines L, and L, intersect at the point C.

a Find an equation for L, and an equation for L,. (4 marks)

b Determine the coordinates of C. (2 marks)

@ 4 a Find an equation of the line / which passes through the points A(1, 0) and B(5, 6). (2 marks)
The line m with equation 2x + 3y = 15 meets / at the point C.

b Determine the coordinates of C. (2 marks)

@ 5 The line L passes through the points A(1, 3) and B(-19, —-19).
Find an equation of L in the form ax + by + ¢ = 0. where a, b and ¢ are integers. (3 marks)

@ 6 The straight line /; passes through the points 4 and B with coordinats (2, 2) and (6, 0) respectively.
a Find an equation of /. (3 marks)
The straight line /, passes through the point C with coordinate (-9, 0) and has gradient %.
b Find an equation of /,. (2 marks)

7 The straight line / passes through A(1, 3V3) and B2 + 3, 3 + 4/3).
Show that / meets the x-axis at the point C(-2, 0). (5 marks)

@ 8 The points 4 and B have coordinates (—4, 6) and (2, 8) respectively. A line p is drawn through B
perpendicular to AB to meet the y-axis at the point C.

a Find an equation of the line p. (3 marks)

b Determine the coordinates of C. (1 mark)
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Straight line graphs

The line / has equation 2x —y — 1 = 0.

The line m passes through the point 4(0, 4) and is perpendicular to the line /.

a Find an equation of m. (2 marks)
b Show that the lines / and m intersect at the point P(2, 3). (2 marks)
The line n passes through the point B(3, 0) and is parallel to the line m.

¢ Find the coordinates of the point of intersection of the lines / and 7. (3 marks)

The line /; passes through the points 4 and B with coordinates (0, —2) and (6, 7) respectively.
The line /, has equation x + y = 8 and cuts the y-axis at the point C.

The line /; and /, intersect at D.

Find the area of triangle ACD. (6 marks)

The points 4 and B have coordinates (2, 16) and (12, —4) respectively.
A straight line /; passes through 4 and B.

a Find an equation for /; in the form ax + by = c. (2 marks)
The line /, passes through the point C with coordinates (-1, 1) and has gradient %
b Find an equation for /. (2 marks)

The points A(-1, =2), B(7, 2) and C(k, 4), where k is a constant, are the vertices of AABC.
Angle ABC is a right angle.

a Find the gradient of AB. (1 mark)
b Calculate the value of k. (2 marks)
¢ Find an equation of the straight line passing through B and C. Give your answer in

the form ax + by + ¢ = 0, where a, b and c are integers (2 marks)
d Calculate the area of AABC. (2 marks)

a Find an equation of the straight line passing through the points with coordinates
(-1, 5) and (4, -2), giving your answer in the form ax + by + ¢ =0,
where a, b and ¢ are integers. (3 marks)

The line crosses the x-axis at the point 4 and the y-axis at the point B, and O is the origin.
b Find the area of AAOB. (3 marks)

The straight line /; has equation 4y + x = 0.
The straight line /, has equation y = 2x — 3.

a On the same axes, sketch the graphs of /; and /,. Show clearly the coordinates of all
points at which the graphs meet the coordinate axes. (2 marks)

The lines /; and /, intersect at the point 4.
b Calculate, as exact fractions, the coordinates of A. (2 marks)

¢ Find an equation of the line through 4 which is perpendicular to /;.
Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (2 marks)
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The points A4 and B have coordinates (4, 6) and (12, 2) respectively.
The straight line /; passes through 4 and B.

a Find an equation for /; in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (3 marks)
The straight line /, passes through the origin and has gradient —%

b Write down an equation for /,. (1 mark)
The lines /; and /, intersect at the point C.

¢ Find the coordinates of C. (2 marks)
d Show that the lines OA4 and OC are perpendicular, where O is the origin. (2 marks)
e Work out the lengths of 04 and OC. Write your answers in the form kv13. (2 marks)
f Hence calculate the area of AOAC. (2 marks)

a Use the distance formula to find the distance between (44, a) and (—3a, 2a).
Hence find the distance between the following pairs of points:
b (4,1)and (-3, 2) ¢ (12,3)and (-9, 6) d (-20,-5)and (15, -10)

A is the point (-1, 5). Let (x, y) be any point on the line y = 3x.

a Write an equation in terms of x for the distance between (x, y) and A(-1, 5). (3 marks)
b Find the coordinates of the two points, B and C, on the line y = 3x which are a distance

of V74 from (-1, 5). (3 marks)
¢ Find the equation of the line /; that is perpendicular to y = 3x and goes through the

point (-1, 5). (2 marks)
d Find the coordinates of the point of intersection between /; and y = 3x. (2 marks)
e Find the area of triangle ABC. (2 marks)

The scatter graph shows the oil production P and carbon dioxide emissions C for various years
since 1970. A line of best fit has been added to the scatter graph.

Oil production and carbon dioxide emissions

35000
30000
25000
20000 X
15000
10000
5000
0

Carbon dioxide emissions
(million tonnes)

0 500 1000 1500 2000 2500 3000 3500 4000 4500
Oil production (million tonnes)

a Use two points on the line to calculate its gradient. (1 mark)
b Formulate a linear model linking oil production P and carbon dioxide emissions C,

giving the relationship in the form C =aP + b. (2 marks)
¢ Interpret the value of « in your model. (1 mark)

d With reference to your value of », comment on the validity of the model for small
values of P. (1 mark)



Challenge

1 Find the area of the triangle with vertices A(-2, —2), B(13, 8) and C(-4, 14).

2 Atriangle has vertices A(3, 8), B(9, 9) and C(5, 2) as shown in

the diagram.

The line /; is perpendicular to 4 B and passes through C.
The line , is perpendicular to BC and passes through A.
The line 4 is perpendicular to AC and passes through B.

Show that the lines /;, , and 4 meet at a point and find the
coordinates of that point.

A triangle has vertices A(0, 0), B(a, b) and C(c, 0) as shown in
the diagram.

The line /; is perpendicular to 4 B and passes through C.
The line , is perpendicular to BC and passes through A.
The line  is perpendicular to AC and passes through B.

Find the coordinates of the point of intersection of /;, , and L.

VA

VA
B (a, b)
L
F
A(0,0) C(c,0)
x
L

Straight line graphs
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Summary of key points

1

2

10
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The gradient m of the line joining the point with
coordinates (x;, y;) to the point with coordinates
(x,, ¥,) can be calculated using the formula

Yo =

X2 =X

m =

=Y

o

® The equation of a straight line can be written in the form 4
y=mx+¢,
where m is the gradient and (0, ¢) is the y-intercept.

® The equation of a straight line can also be written in
the form

«
d
ax+by+c=0,
where a, b and ¢ are integers.

The equation of a line with gradient m that passes through the point with coordinates
(x1,p1) can be written as y — y; = m(x — x)).

Parallel lines have the same gradient.
If a line has a gradient m, a line perpendicular to it has a gradient of —%
If two lines are perpendicular, the product of their gradients is —1.

You can find the distance d between (x,, y;) and (x,, y,) by using the formula

d=(x; = x1)? + (v — y1)2.

The point of intersection of two lines can be found using simultaneous equations.

Two quantities are in direct proportion when they increase at the same rate.
The graph of these quantities is a straight line through the origin.

A mathematical model is an attempt to represent a real-life situation using mathematical
concepts. It is often necessary to make assumptions about the real-life problems in order to
create a model.



Circles

After completing this unit you should be able to:

® Find the mid point of a line segment - pages 114 - 115
® Find the equation of the perpendicular bisector to a line segment
-> pages 116 - 117
Know how to find the equation of a circle - pages 117 - 120
Solve geometric problems involving straight lines and circles
-> pages 121 - 122
® Use circle properties to solve problems on coordinate grids
—> pages 123 - 128
® Find the angle in a semicircle and solve other problems involving
circles and triangles -> pages 128 - 132

Prior knowledge check

1 Write each of the following in the form
(x+p2+q
a x2+10x+28 b x2—6x+1
¢ x2—12x d x2+ 7x  « Section 2.2
Find the equation of the line passing
through each of the following pairs of
points:
a 4(0, —-6) and B(4, 3)
b P(7,-5) and O(-9, 3)
¢ R(-4,-2) and 7(5, 10) « Section 5.2

Use the discriminant to determine
whether the following have two real
solutions, one real solution or no real
solutions.

a x*—7x+14=0
b x2+11x+8=0
C 4x2+12x+9=0 « Section 2.5

Geostationary orbits are circular orbits Find the equation of the line that passes
around the Earth. Meteorologists use : through the point (3, —4) and is perpendicular
geostationary satellites to provide to the line with equation 6x -5y -1=0
information about the Earth’s surface and ¢ Section 5.3
atmosphere.

113



Chapter 6

@ Midpoints and perpendicular bisectors

You can find the midpoint of a line segment by averaging the y
x-and y-coordinates of its endpoints. (2 y2)
= The midpoint of a line segment with endpoints (x,, y,) and (x,, y,) X X, P+
. (X1t X Yit)e 22
Is ( 2 ' 2 ) m A line segment is a finite part of Ge o)
a straight line with two distinct endpoints. 19) X

The line segment AB is a diameter of a circle, where 4 and B are (-3, 8) and (5, 4) respectively.
Find the coordinates of the centre of the circle.

Bz
A(-3, 8)
(.6 Draw a sketch.
B(5. 4) Remember the centre of a circle is the midpoint of
a diameter.
19) X
. . (-3+5 8+ 4 x1+x2y1+y2)
The centre of the circle is ( 5 % ) Use (T'T .
-(22)-n6
=\>5)= (1,6 Here (x;, 1) = (=3, 8) and (x,, y,) = (5, 4).

The line segment PQ is a diameter of the circle centre (2, —2). Given that P is (8, —5), find the

coordinates of Q.
Problem-solving

y
In coordinate geometry problems, it is often
Qla, b) helpful to draw a sketch showing the information
(2, -2) x given in the question.
P(B-5) (2, —2) is the mid-point of (g, b) and (8, =5).
Let Q have coordinates (a, b). U (xl +x, 4 y2>
S+a -5+ b) € 2 2 ’
2 2 /=@
8+ 54b Here (x;, y1) = (8, =5) and (x,, y,) = (&, b).
So T =2 > = -2 I—
S+a=4 -5+b=-4 Compare the x- and y-coordinates separately.
a = —4 b = 1
So, Q'is (-4, 1). L Rearrange the equations to find a and b.
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Exercise @

1

® 2

®) 4

® 10

® u

Find the midpoint of the line segment joining each pair of points:

a (4,2),(6,8) b (0, 6), (12, 2) ¢ (2,2), (-4, 6)
d (=6, 4), (6, —4) e (7,-4), (=3, 6) f (-5,-5),(-11,8)

g (6a, 4b), 2a, —4b) h (—4u, 0), 3u, -2v) i (a+b,2a-b),(3a-b,-b)
i @2, 1)2/2,7) k (V2 -V3,3V2 +4/3), (3V2 + V3, =/2 + 2/3)

The line segment A B has endpoints 4(-2, 5) and B(a, b). The midpoint of AB is M(4, 3).
Find the values of @ and b.

The line segment PQ is a diameter of a circle, where P and Q are (-4, 6) and (7, 8) respectively.
Find the coordinates of the centre of the circle.

The line segment RS is a diameter of a circle, where R and S Problem:solving

4a %) (2_a 5_b> . . . Your answer will be in terms of
are ( 57 and 54 respectively. Find the coordinates sand b,

of the centre of the circle.

The line segment A B is a diameter of a circle, where 4 and B are (-3, —4) and (6, 10) respectively.
a Find the coordinates of the centre of the circle.

b Show the centre of the circle lies on the line y = 2x.

The line segment JK is a diameter of a circle, where J and K are (%, %) and (—%, 2) respectively.
The centre of the circle lies on the line segment with equation y = 8x + b.

Find the value of 5.

The line segment A B is a diameter of a circle, where 4 and B are (0, —2) and (6, —5) respectively.
Show that the centre of the circle lies on the line x — 2y —10 = 0.

The line segment FG is a diameter of the circle centre (6, 1). Given F'is (2, —3), find the
coordinates of G.

The line segment CD is a diameter of the circle centre (—2a, 5a). Given D has coordinates

(3a, —7a), find the coordinates of C. Problem-solving

The points M(3, p) and N(g, 4) lie on the circle centre Use the formula for finding the midpoint:
(5, 6). The line segment MN is a diameter of the circle. (3 +q p+b
Find the values of p and gq. 2" 2

The points V(-4, 2a) and W(3b, —4) lie on the circle centre (b, 2a). The line segment VIWis a
diameter of the circle. Find the values of @ and b.

)= (5,6)

Challenge You can also

A triangle has vertices at A(3, 5), B(7, 11) and C(p, ). The midpoint of side BC is prove results like this
M8, 5). using vectors.

a Find the values of p and ¢.

- Section 11.5

b Find the equation of the straight line joining the midpoint of 4B to the

C

point M.
Show that the line in part b is parallel to the line AC.
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= The perpendicular bisector of a line segment 4B is the straight line
that is perpendicular to 4 B and passes through the midpoint of 4B.

If the gradient of 4B is m then the gradient
of its perpendicular bisector, /, will be —%

The line segment A B is a diameter of the circle centre C, where 4 and B are (-1, 4) and (5, 2)
respectively. The line / passes through C and is perpendicular to 4 B. Find the equation of /.

V4

A(-1, 4)

B(5, 2)

0

X

L

-1+5 4+2
2 2

The centre of the circle is (

=(2, 3)

The gradient of the line segment AB
2-4 1

S5 CnT T3

)._

Gradient of [ = 3.

The equation of [ is

y—-3=3x-2)
y-3=3x-6
So y=3x-3

Exercise @

Draw a sketch.
[ is the perpendicular bisector of 4AB.
Use (-xl +X; )+ yz)
2 2 '
Here (x;, y1) = (=1, 4) and (x,, y,) = (5, 2).

Vo=
X — Xy

(x2, ¥2) = (5, 2).

Usem = Here (x;, y1) = (-1, 4) and

Remember the product of the gradients of two

perpendicular lines is = -1, so —% x3=-1

The perpendicular line / passes through the point
(2, 3) and has gradient 3, so use y — y; = m(x — xy)
with m =3 and (x;, ;) = (2, 3).

Rearrange the equation into the form y = mx + c.

1 Find the perpendicular bisector of the line segment joining each pair of points:

a A(-5,8)and B(7, 2)
d P(-4,7)and Q(-4, -1)

b C(-4,7)and D(2, 25)
e S, 11)and T(=5, -1)

¢ E(3,-3)and F(13, -7)
f X(13, 11)and Y(5, 11)

2 The line FG is a diameter of the circle centre C, where F and G are (-2, 5) and (2, 9) respectively.

The line / passes through C and is perpendicular to FG. Find the equation of /.

(7 marks)

@ 3 The line JK is a diameter of the circle centre P, where J and K are (0, —3) and (4, —5) respectively.
The line / passes through P and is perpendicular to JK. Find the equation of /. Write your
answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

4 Points A, B, C and D have coordinates A(-4, -9), B(6, -3), C(11, 5) and D(-1, 9).
a Find the equation of the perpendicular bisector of line segment AB.

b Find the equation of the perpendicular bisector of line segment CD.

¢ Find the coordinates of the point of intersection of the two perpendicular bisectors.
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@ 5 Point X has coordinates (7, —2) and point Y has coordinates Problem-solving
(4, g). The perpendicular bisector of XY has equation

y =4x + b. Find the value of ¢ and the value of b.

It is often easier to find unknown
values in the order they are given

Challenge in the question. Find q first, then

find b.
Triangle POR has vertices at P(6,9), O(3, —3) and R(-9, 3).

a Find the perpendicular bisectors of each side of the triangle.
m This point of intersection
b Show that all three perpendicular bisectors meet at a single e allizd e Al mEae of e

point, and find the coordinates of that point. triangle. - Section 6.5

@ Equation of a circle

A circle is the set of points that are equidistant from a fixed point. You can use Pythagoras’ theorem
to derive equations of circles on a coordinate grid.

For any point (x, y) on the circumference of a circle, you can use Pythagoras’ theorem to show
the relationship between x, y and the radius r.

= The equation of a circle with centre (0, 0) and radius r is x2 + y? =12,

When a circle has a centre (, b) and radius r, you can use the following y
general form of the equation of a circle.

= The equation of the circle with centre (a, b) and radius r is
(x —a)?+ (y - b)%=r2

ELUES This circle is a translation of the circle
a q
X%+ y? = r? by the vector (b) < Section 4.5

Write down the equation of the circle with centre (5, 7) and radius 4.

y
@ Explore the general form of the O
(e ) equation of a circle using GeoGebra.
-7
10) x |— Substitute =5, 5 =7 and r = 4 into the equation.
(x =52+ (y—7)P=42
(x=52+(y-7)2=16 Simplify by calculating 4% = 16.
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A circle has equation (x — 3)> + (y + 4)*> = 20.
a Write down the centre and radius of the circle.
b Show that the circle passes through (5, -8).

a Centre (3, =4), radivs V20 = 2/5 ———— 12=20s0r=y20
b (x=-3)72+(y+4)7?=20

Substitute (5, -&) | Substitute x = 5and y = -8 into the equation of
(5 =3P+ (-8+4)2 =22+ (-4)7 the circle.

=4 +16

=20 (5, —8) satisfies the equation of the circle.

So the circle passes through the point
(5, =8).

The line segment AB is a diameter of a circle, where 4 and B are (4, 7) and (-8, 3) respectively.
Find the equation of the circle.

Used = /(x; — x)? + (¥, — y)?
Length of AB = /(4 — (=8)2 + (7 — 3)? —, Here (xy, y1) = (=8, 3) and (xz, y) = (4, 7)

=122 + 42 Problem-solving

=1e0 You need to work out the steps of this problem
=16 x /10 yourself:
= 4/10 + Find the radius of the circle by finding the

length of the diameter and dividing by 2.
+ Find the centre of the circle by finding the
) = (-2, 5). midpoint of AB.
+ Write down the equation of the circle.

So the radius is 2/10.
4+(-8 7+3
2 72
The equation of the circle is
(x + 22 + (y - 5)? = (2/10)

Or (x + 2)? + (y — 5)? = 40.

The centre is <

Remember the centre of a circle is at the
X1+ X )+ yz)

midpoint of a diameter. Use ( >

You can multiply out the brackets in the equation of a circle to find it in an alternate form:

(x—a)l+@y-b2=r?

Xt —2ax +a*+y* = 2by + b*=r? Compare the constant terms with the
xX2+y2—2ax—-2by+b*+a®—-r?=0 equation given in the key point:

b’+a?—r’=csor=\f?+g?-c

® The equation of a circle can be given in the form:
x2+)y?+2fx+2gy+c¢=0

® This circle has centre (-f, —¢) and radius /2 + g2 - ¢
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If you need to find the centre and radius of a circle with an equation given in expanded form it is
usually safest to complete the square for the x and y terms.

Find the centre and the radius of the circle with the equation x* + y? — 14x + 16y — 12 = 0.

Rearrange into the form (x — )2 + (y — b)2 = r2. m You need to complete the square for the
X2 4+ 2 — 14x + 16y — 12 = O terms in x and for the termsin y. ¢ Section 2.2

X2 —14x+y?+16y —12 =0 (1)
Completing the square for x terms and y terms.
X2 —14x = (x - 7)2 - 49
Y2+ 16y =(y + 8)° — 64
Substituting back into (1)
xX=7P-49+(p+8°2-64-12=0 Write the equation in the form
(x =70 + (y + &2 = 125 (x—a?+(y-byr=r2
_7)2 2 - 2

@z@x@:ié) F+ o=z — Simplify v125.
The equation of the circle is

(x =72+ (v +8) = (5/5)°

Group the x terms and y terms together.

Move the number terms to the right-hand side of
the equation.

You could also compare the original equation with:
|— X2+ 2+ 2fx+2gy+c=0
The circle has centre (7, =8) and f=-7,g=28and ¢ =-12 so the circle has centre

radius = 5V5. (7, —8) and radius v (=7)2 + 82 — (<12) = 5//5.

Exercise @

1 Write down the equation of each circle:
a Centre (3, 2), radius 4 b Centre (-4, 5), radius 6 ¢ Centre (5, —6), radius 2/3
d Centre (2a, 7a), radius S5a e Centre (-2v/2, -3v2), radius 1

2 Write down the coordinates of the centre and the radius of each circle:
a (x+52+(y-42=9 b (x-72+(-1?2=16 ¢ (x+4)2+)?=25
d (x+4a2+(y+a)?=144a2 e (x-3/52+ (y+V/5)2=27

3 In each case, show that the circle passes through the given point:

a (x—-2)2+(y->5)>=13, point (4, 8) b (x+7)+ (y—2)>= 65, point (0, -2)
¢ x%+ y*=25% point (7, -24) d (x = 2a)*> + (y + 5a)* = 2042, point (6a, —3a)
e (x-3V/5)%+ (y-5)?=(2/10)? point, (V5, =/5)

@ 4 The point (4, —2) lies on the circle centre (8, 1). m First find the radius of the circle.

Find the equation of the circle.
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5 The line PQ is the diameter of the circle, where P and Q are (5, 6) and (-2, 2) respectively.

Find the equation of the circle. (5 marks)

6 The point (1, —3) lies on the circle (x — 3)*> + (y + 4)> = r%. Find the value of r. (3 marks)
7 The points P(2, 2), O(2 + V3, 5) and R(2 - /3, 5) lie on the circle (x — 2)2 + (y — 4)2 = 2.

a Find the value of r. (2 marks)

b Show that APQR is equilateral. (3 marks)

Show that x2 + 32 — 4x — 11 = 0 can be written in the form (x — a)? + y? =12,

where a and r are numbers to be found. (2 marks) Problem-solving

b Hence write down the centre and radius of the circle with
equation x>+ > —4x-11=0 (2 marks)

i)

EP) 8

Start by writing (x? - 4x)
in the form (x — )2 - b.

9 a Show that x2 + 2 — 10x + 4y — 20 = 0 can be written in the form (x — a)? + (y — b)2 = 12,
where @, b and r are numbers to be found. (2 marks)

b Hence write down the centre and radius of the circle with equation
X2+ 2= 10x+4y -20=0. (2 marks)

10 Find the centre and radius of the circle with each of the following equations.

a x>+)?-2x+8y-8=0

b 24124 12x — 4y =9 m Start by writing the equation
rry+lox-ay= in one of the following forms:

¢ xX2+)?—6y=22x-40 (x—a)?+@-b2=r

d X2+)2+5x-y+4=2y+8 X2+ )2+ 2fx+2gy+c=0

e 2x2+2)2—6x+5y=2x-3y-3

11 A circle C has equation x? + y? + 12x + 2y = k, where k is a constant. Problem-solving

a Find the coordinates of the centre of C. (2 marks) A circle must have a

b State the range of possible values of k. (2 marks) positive radius.

(E/P) 12 The point P(7, —14) lies on the circle with equation x> + y* + 6x — 14y = 17.
The point Q also lies on the circle such that PQ is a diameter.
Find the coordinates of point Q. (4 marks)

13 The circle with equation (x — k)? + y? = 41 passes through the point (3, 4).
Find the two possible values of k. (5 marks)

Challenge

1 Acircle with equation (x — k)% + (y — 2)? = 50 passes through the point (4, —5).
Find the possible values of k£ and the equation of each circle.

2 By completing the square for x and y, show that the equation x? + y% + 2fx + 2gy + ¢ =0
describes a circle with centre (—f, —g) and radius /2 + g2 — c.
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@ Intersections of straight lines and circles

You can use algebra to find the coordinates of intersection one poin'F of Y ?notg’;;”ctjoo:
of a straight line and a circle. Intersecyion X
= A straight line can intersect a circle once, by just

touching the circle, or twice.

Not all straight lines will intersect a given circle. 0 %

|

two points of

Example o intersection

Find the coordinates of the points where the line @ Explore intersections of straight O

y = x + 5 meets the circle x> + (y — 2)? = 29. lines and circles using GeoGebra.
X2+ (y—-2P=29 Solve the equations simultaneously, so substitute
X2+ (x+5-22=29 » = x + 5into the equation of the circle.

< Section 3.2
X2+ (x + 3)2=29

X2+ x2+6x+9=29

2x2+6x-20=0

Simplify the equation to form a quadratic equation.

x>+ 3x-10=0 The resulting quadratic equation has two distinct
(x+5)x-2) =0 solutions, so the line intersects the circle at two
’( distinct points.
Sox=-5and x = 2.

X=-5y=-5+5= O:I Now find the y-coordinates, so substitute the
xX=2:y=2+5=7 values of x into the equation of the line.

The line meets the circle at (=5, O) and (2, 7). T

Show that the line y = x — 7 does not meet the circle (x + 2)> + y*> = 33.

Remember to write the answers as coordinates.

2 2 _
e+ 27+ )5=33 Try to solve the equations simultaneously, so

(Xx+ 27+ (x-7)?=33 I_ substitute y = x — 7 into the equation of the circle.
X +4x+4+x7-14x+49 =33

2x?-10x+20=0 Use the discriminant b2 — 4ac to test for roots of

x2-5x+10=0 the quadratic equation. < Section 2.5
Now b2 —4ac = (=52 -4 x1x 10

=25 -40 Problem-solving

=-15 _
If b2 — 4ac > 0 there are two distinct roots.
b? — 4ac < O, so the line does not meet the If b2 — 4ac = 0 there is a repeated root.
circle. If b2 — 4ac < 0 there are no real roots.
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Exercise @

1

(E/P) 6

(E/P) 7

(E/P) 8

(E/P) 9

E/P) 10

(E/P) 11

(E/P) 12

122

Find the coordinates of the points where the circle m Substitute y = 0 into the equation
(x = 1)2 + (y = 3)? = 45 meets the x-axis. '

Find the coordinates of the points where the circle (x — 2)> + (y + 3)? = 29 meets the y-axis.

The line y = x + 4 meets the circle (x — 3)? + (y — 5)> = 34 at 4 and B.
Find the coordinates of 4 and B.

Find the coordinates of the points where the line x + y + 5 = 0 meets the circle

x2+6x+ >+ 10y -31=0.
Problem-solving

Attempt to solve the equations simultaneously.
Use the discriminant to show that the resulting
quadratic equation has no solutions.

Show that the line x — y — 10 = 0 does not
meet the circle x? — 4x + y* = 21.

a Show that the line x + y = 11 meets the circle with equation x? + (y — 3)?> = 32 at only one
point. (4 marks)

b Find the coordinates of the point of intersection. (1 mark)

The line y = 2x — 2 meets the circle (x — 2)? + (y — 2)> = 20 at 4 and B.

a Find the coordinates of 4 and B. (5 marks)
b Show that AB is a diameter of the circle. (2 marks)
The line x + y = a meets the circle (x — p)*> + (y — 6)> = 20 at (3, 10), where a and p are constants.

a Work out the value of a. (1 mark)
b Work out the two possible values of p. (5 marks)

The circle with equation (x — 4)? + (y + 7)> = 50 meets the straight line with equation

x —y—5=0atpoints 4 and B.

a Find the coordinates of the points 4 and B. (5 marks)
b Find the equation of the perpendicular bisector of line segment AB. (3 marks)
¢ Show that the perpendicular bisector of 4B passes through the centre of the circle. (1 mark)
d Find the area of triangle OAB. (2 marks)

The line with equation y = kx intersects the circle with equation x> — 10x + > — 12y + 57 =0 at
two distinct points. Find a range of possible values of k. Round your answer to 2 decimal places.

a Show that 21k? — 60k + 32 < 0. (5 marks)
b Hence determine the range of possible values for £. (3 marks)
The line with equation y = 4x — 1 does not intersect Problem-solving

the circle with equation x? + 2x + y? = k. Find the If you are solving a problem where

range of possible values of k. there are 0, 1 or 2 solutions (or points of

intersection), you might be able to use

The line with equation y = 2x + 5 meets the circle the discriminant.

with equation x? + kx + y*> = 4 at exactly one point.
Find two possible values of k. (7 marks)



Circles

@ Use tangent and chord properties

You can use the properties of tangents and chords within circles to solve
geometric problems. A tangent to a circle is a straight line that intersects
the circle at only one point.

= A tangent to a circle is perpendicular to the radius of the circle at 9,
the point of intersection.

tangent

A chord is a line segment that joins two points on the

. . erpendicular
circumference of a circle. peip

bisector centre

of circle

= The perpendicular bisector of a chord will go through the
centre of a circle.

@ Explore the circle theorems O

using GeoGebra.

The circle C has equation (x — 2)> + (y — 6)*> = 100.
a Verify that the point P(10, 0) lies on C.

b Find an equation of the tangent to C at the point (10, 0), giving your answer in the form
ax+by+c=0.

Substitute (x, y) = (10, 0) into the equation for the

a (x—2F+(y-6P=(0-2F +g circle.
= 8% + (-6)?

The point P(10, 0) satisfies the equation, so P lies

=64 + 36
on C.
=100 v r

b The centre of circle Cis (2, 6). Find the — Adircle with equation (x — a)*+ (y—b)*=r?has
gradient of the line between (2, €) and P. centre (a, b).

_JYe™h _6-0 6 __3. | Usethe gradient formula with (x,, y;) = (10, 0)

m= — = = =
x2 X1 2 - 10 8 4 and (le y2) — (2’ 6)

The gradient of the tangent is 4
B 3 The tangent is perpendicular to the radius at that
y = yr=mix = x) point. If the gradient of the radius is m then the

4
y-0= g(x -10) gradient of the tangent will be —%
3y =4x - 40 L
Substitute (x,, ) = (10, 0) and m =5 into the
4x -3y -40=0 . . .
equation for a straight line.
Leave the answer in the correct form. Simplify.
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A circle C has equation (x — 5)> + (y + 3)> = 10.

The line /is a tangent to the circle and has gradient —3.

Find two possible equations for /, giving your answers in the form y = mx + c.

Find a line that passes through the centre of
the circle that is perpendicular to the tangents.

L
.

3
The coordinates of the centre of circle are

(5, -3)

The gradient of this line is

y=yi=mx - xy)

y+3 =%(x—5)

_1..5
y+3—3x 3
_1._4
Y=3'"3

(x=5°+(y+32=10
14

(x—5)2+<;x—3+3)2=10'—|_

(x—-5)2+ (ix—é)Z: 10

3 3
1 10 25
2 _ Lo M =2 _
X 1Ox+25+9x 9x+ 5 10
10 _, 100 250 _
9x 5 x+79 =10

10x? — 100x + 250 = 90
10x2 — 100x + 160 = O
x?2=10x +16 =0
x-8x-2)=0

x=8orx=2

y=—§=—2 ory=-4

124

y Problem-solving

Draw a sketch showing the circle and the two
possible tangents with gradient —3. If you are
solving a problem involving tangents and circles
there is a good chance you will need to use the
radius at the point of intersection, so draw this on
your sketch.

This line will intersect the circle at the same
points where the tangent intersects the circle.

The gradient of the tangents is -3, so the

gradient of a perpendicular line will be:—;=%

A circle with equation (x — @)? + (y — b)? = r? has
centre (a, b).

Substitute (x;, y;) = (5, -3) and m = % into the
equation for a straight line.

This is the equation of the line passing through
the circle.

Substitute y = %x - 13—4 into the equation for a

circle to find the points of intersection.

Simplify the expression.

Factorise to find the values of x.

Substitute x =8 and x =2 into y = %x - 13—4



So the tangents will intersect the circle at
(8, -2) and (2, —=4)

Y=y =mx—x)

y+2=-3x-28)

y=-3x+ 22

y=yr=mx - x)

y+4==3(x-2)

y=-3x+2

Circles

Substitute (x;, y;) = (8, =2) and m = =3 into the
equation for a straight line.

This is one possible equation for the tangent.

Substitute (xy,y) = (2, —4) and m = =3 into the
equation for a straight line.

This is the other possible equation for the tangent.

The points P and Q lie on a circle with centre C, as shown in the diagram.

The point P has coordinates (-7, —1) and the point Q has coordinates (3, -95).

M is the midpoint of the line segment PQ.
The line / passes through the points M and C.
a Find an equation for /

Given that the y-coordinate of Cis -8,
b show that the x-coordinate of Cis —4
¢ find an equation of the circle.

a The midpoint M of line segment PQ is:

<X1 tXe It yz) _ (—7 +3 -1+ (—5))
2 7 2 2 7 2

=(-2,-3)

Yo=»i _=5-(=1)

Gradient of PQ = Xo- X, 3 (=7)

_—4__2
~ 10 5
The gradient of a line perpendicular to
.5
PQis >

Y=y =mx-x)

y+3=g(x+2)

y+3:2x+5

y=%x+2

b y:%x+2

—8=%x+2
%x=—10
x=-4

PCT, 1) 0 X

Use the midpoint formula with (x;, y;) = (=7, =1)
and (xl, yl) = (3, _5).

Use the gradient formula with (x;, y;) = (-7, =1)
and (xl, yl) = (3, —5).

Problem-solving

If a gradient is given as a fraction, you can find
the perpendicular gradient quickly by turning the
fraction upside down and changing the sign.

Substitute (x4, y1) = (=2, =3) and m =§ into the
equation of a straight line.

Simplify and leave in the form y = mx + c.

The perpendicular bisector of any chord passes
through the centre of the circle. Substitute y = -8
into the equation of the straight line to find the
corresponding x-coordinate.

Solve the equation to find x.
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e The centre of the circle is (-4, -8). The radius is the length of the line segment CP

To find the radius of the circle: or CO.
cQ = \/(xz - X)% + (yo — »)?

=8 = (=4)? + (=5 = (=8)?" " Substitute (xy, ;) = (~4, —8) and (x», ¥,) = (3,-5).
=V49 + 9 =/58
So the circle has a radivs of v58.

Substitute (a, b) = (—4, —8) and r = V58 into the
The equation of the circle is: equation of a circle.

x—af+(y-b?=r°

(x+472+(y+8°=58

Exercise @

1 The line x + 3y — 11 = 0 touches the circle (x + 1)> + (y + 6)> = r> at (2, 3).

a Find the radius of the circle.

b Show that the radius at (2, 3) is perpendicular to the line.

2 The point P(1, —2) lies on the circle centre (4, 6).
a Find the equation of the circle.
b Find the equation of the tangent to the circle at P.

3 The points 4 and B with coordinates (-1, =9) and (7, —5) lie on the circle C with equation
(x =12+ (y + 3)>=40.
a Find the equation of the perpendicular bisector of the line segment AB.
b Show that the perpendicular of bisector 4B passes through the centre of the circle C.

® 4 The points P and Q with coordinates (3, 1) and (5, —3) lie on the circle C with equation
X2 —4dx+y?+4y=2.

a Find the equation of the perpendicular bisector of the line segment PQ.

b Show that the perpendicular bisector of PQ passes through the centre of the circle C.

@ 5 The circle C has equation x? + 18x + 2 — 2y + 29 = 0. V4
a Verify the point P(-7, —6) lies on C. (2 marks)

b Find an equation for the tangent to C at the
point P, giving your answer in the form
y=mx +b. (4 marks) °

=
=y

P(-7,-6)

¢ Find the coordinates of R, the point of intersection of the tangent and the y-axis. (2 marks)
d Find the area of the triangle A PR. (2 marks)
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Circles

6 The tangent to the circle (x + 4)> + (y — 1)? = 242 at (7, —10) meets the y-axis at S and the x-axis at 7.

a Find the coordinates of S and 7. (5 marks)

b Hence, find the area of AOST, where O is the origin. (3 marks)
7 The circle C has equation (x + 5) + (v + 3)? = 80. \ "t

The line / is a tangent to the circle and has gradient 2.

Find two possible equations for / giving your answers in \ b

the form y = mx + c. (8 marks) 5 >

8 Theli ith tion2x +y—-5=01
e line with equation 2x + y isa e mEee

tangent to the circle with equation
(x-32+(y-pP=5 The line is a tangent to the circle so it must

intersect at exactly one point. You can use

a Find the two possible values of p. (8 marks) N .
) ) the discriminant to determine the values of
b Write down the coordinates of the centre p for which this occurs.
of the circle in each case. (2 marks)

9 The circle C has centre P(11, —5) and passes through the
point Q(5, 3).
a  Find an equation for C. (3 marks)
The line /; is a tangent to C at the point Q.

b Find an equation for /;. (4 marks)

The line /, is parallel to /; and passes through the midpoint
of PQ. Given that /, intersects C at 4 and B

¢ find the coordinates of points 4 and B (4 marks)
d find the length of the line segment A B, leaving your
answer in its simplest surd form. (3 marks)
10 The points R and S lie on a circle with centre C(a, —2), 74
as shown in the diagram. R(2.3) 4
The point R has coordinates (2, 3) and the point S m 5(10, 1)
has coordinates (10, 1). >
M is the midpoint of the line segment RS. P Cla, -2) i
The line / passes through M and C.
a Find an equation for /. (4 marks)
b Find the value of a. (2 marks)
¢ Find the equation of the circle. (3 marks) ’
d Find the points of intersection, 4 and B, of the line / and the circle. (5 marks)
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11 The circle C has equation x? — 4x + y> - 6y =17.
The line / with equation x — 3y + 17 = 0 intersects the circle
at the points P and Q.
a Find the coordinates of the point P and the
point Q.
b Find the equation of the tangent at the point P
and the point Q. (4 marks)

¢ Find the equation of the perpendicular bisector
of the chord PQ. (3 marks)

(4 marks)

V4

RS\

d Show that the two tangents and the perpendicular bisector intersect at a single point

and find the coordinates of the point of intersection.

Challenge

1 The circle C has equation (x — 7)? + (y + 1)>=5.

The line / with positive gradient passes through (0, —2) and is a
tangent to the circle.

Find an equation of /, giving your answer in the form y = mx + c.

VA

=Y

0/,
/‘2 Uc

2 The circle with centre C has equation (x — 2)% + (y — 1)2 = 10.

The tangents to the circle at points P and Q meet at the point R with
coordinates (6, —1).

a Show that CPRQ is a square.

b Hence find the equations of both tangents.

@ Circles and triangles

A triangle consists of three points, called vertices.

It is always possible to draw a unique circle through the three
vertices of any triangle. This circle is called the circumcircle of
the triangle. The centre of the circle is called the circumcentre
of the triangle and is the point where the perpendicular
bisectors of each side intersect.
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(2 marks)

Problem-solving

Use the point (0, —2) to write
an equation for the tangent

in terms of m. Substitute this
equation into the equation for
the circle.

VA
Circumcircle

=Y




For a right-angled triangle, the hypotenuse of the triangle is a

diameter of the circumcircle.

You can state this result in two other ways:

n If ZPRQ =90° then R lies on the circle with diameter PQ.

= The angle in a semicircle is always a right angle.

Circles

N

To find the centre of a circle given any three points on the circumference:

= Find the equations of the perpendicular bisectors

of two different chords.

= Find the coordinates of the point of intersection of

the perpendicular bisectors.

The points A(-8, 1), B(4, 5) and C(-4, 9) lie on the
circle, as shown in the diagram.

a Show that AB is a diameter of the circle.

b Find an equation of the circle.

a Test triangle ABC to see if it is a right-
angled triangle.
AB? = (4-(=8))? + (5 = 1)?

=122 + 42 =160
AC? = (=4=(=8))* + (9 - 1)
=42 + 8 = 80

BC? = (—4 — 42 + (9 - 5)2
= (-8)2 + 42 = 80
Now, 80 + &0 = 160 so AC? + BC? = AB?

So triangle ABC is a right-angled triangle
and AB is the diameter of the circle.

b Find the midpoint M of AB.
(x1 +x2, 1 +J/2> _ <—8+4, T+ 5)
2 2 2 2
=(-2,3)
The diameter is V160 = 4/10
The radius is 2/10
(x —af +(y-bP=r
(x+2)?+(y-3)2=(2/10)°
(x+2)2+(y—-3)?2=40

T T

Perpendicular
bisectors intersect
at the centre of
the circle.

VA

%B(A 5)

4,9

C(-4,9)
s 1)ﬁ
N
Use d? = (x, — x1)> + (y, — y1)? to determine the
length of each side of the triangle ABC.

X

Use Pythagoras’ theorem to test if triangle ABC
is a right-angled triangle.

If ABC'is a right-angled triangle, its longest
side must be a diameter of the circle that passes
through all three points.

The centre of the circle is the midpoint of 4B.

Substitute (x;, y1) = (=8, 1) and (x,, y,) = (4, 5).

From part a, AB? = 160.

The radius is half the diameter.

Substitute (a, b)) = (=2, 3) and r = 2/10 into the
equation for a circle.
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The points P(3, 16), O(11, 12) and R(-7, 6) lie on the circumference of a circle. The equation of the
perpendicular bisector of PQ is y = 2x.

a Find the equation of the perpendicular bisector of PR.

b Find the centre of the circle. @ Explore triangles and O

¢ Work out the equation of the circle. their circumcircles using GeoGebra.
R [ +Xo P+ Vs The perpendicular bisector of PR passes through
a The midpoint o is > o the midpoint of PR.

_(3+(7) 16+6)_ Substitute (xy, y1) = (3, 16) and (x,, y,) = (-7, 6)
B 2 2 =(=2.11) into the midpoint formula.

Ye=»1 &6 -16.,

Xp =Xy =7 -3

The gradient of PRis

_~10 _ 1 | Substitute (xy, y1) = 3, 16) and (x, ;) = (-7, 6)
-10 into the gradient formula.
The gradient of a line perpendicular to
PR s =I. __ Substitute m = -1 and (x,, y;) = (-2, 11) into the
Y=y =mx - x) equation for a straight line.
y =1 =-(x - (-2))
y-MN=-x-2 — Simplify and leave in the form y = mx + c.
y=-x+9
b Equation of perpendicular bisector to
PQ:y=2x T Solve these two equations simultaneously to find
Equation of perpendicular bisector to | the point of intersection. The two perpendicular
PR:y=-x+9 bisectors intersect at the centre of the circle.
2x=-x+9
3x=9 . This is the x-coordinate of the centre of the circle.
x=3
yeex bsti find th dinate of th
y=2@) =6 Substitute x = 3 to find the y-coordinate of the

centre of the circle.
The centre of the circle is at (3, 6).

c Find the distance between (3, &) and '_—l_ The radius of the circle is the distance from the

om. 12). centre to a point on the circumference of the
d=\(x; = x)%+ (o — )2 circle.
d=/(11-3)2+ (12 - 6)2

d=vVe4 + 36 Substitute (xy, y,) = (3, 6) and (x,, ¥,) = (11, 12)

d=v100 =10 — | \\ into the distance formula.

The circle through the points P, O and R

has a radius of 10. Simplify to find the radius of the circle.

The centre of the circle is (3, 6).

The equation for the circle is Substitute (@, b) = (3, 6) and r = 10 into
(x =32+ (y - 6)? =100 (x—a)?+ (y—b2 =1
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1 The points U(-2, 8), V(7, 7) and W(-3, —1) lie on a circle.
a Show that triangle UV'W has a right angle.
b Find the coordinates of the centre of the circle.

¢ Write down an equation for the circle.

2 The points 4(2, 6), B(5, 7) and C(8, —2) lie on a circle.
a Show that AC is a diameter of the circle.
b Write down an equation for the circle.
¢ Find the area of the triangle ABC.

3 The points 4(-3, 19), B(9, 11) and C(-15, 1) lie on the circumference of a circle.
a Find the equation of the perpendicular bisector of
i AB ii AC
b Find the coordinates of the centre of the circle.

¢ Write down an equation for the circle.

4 The points P(-11, 8), O(-6, —=7) and R(4, —7) liec on the circumference of a circle.

a Find the equation of the perpendicular bisector of
i PO ii OR

b Find an equation for the circle.
Problem-solving

Use headings in your working
to keep track of what you are

(P) 5 The points R(-2, 1), S(4, 3) and 7(10, =5) lie on the
circumference of a circle C. Find an equation for the circle.

Circles

(®) 6 Consider the points A3, 15), B(~13, 3), C(~7, -5) and D(8, 0). W EUE E Crel SRR

a Show that ABC'is a right-angled triangle.
b Find the equation of the circumcircle.

¢ Hence show that 4, B, C and D all lie on the circumference of this circle.

(P) 7 The points A(-1,9), B(6, 10), C(7, 3) and D(0, 2) lie on a circle.
a Show that ABCD is a square.
b Find the area of ABCD.

¢ Find the centre of the circle.

Vi

E(-10, b
8 The points D(—12, -3), E(-10, b) and F(2, -5) lie ( }(\
0

on the circle C as shown in the diagram.

Given that ZDEF=90°and b > 0 D(-12,-3)
a show thath =1 (5 marks)
b find an equation for C. (4 marks)

=Y

F(2,-5)
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EP) 9

A circle has equation x? + 2x + 2 =24y - 24 =0

a Find the centre and radius of the circle. (3 marks)
b The points A(-13, 17) and B(11, 7) both lie on the circumference of the circle.

Show that 4B is a diameter of the circle. (3 marks)
¢ The point C lies on the negative x-axis and the angle ACB = 90°.

Find the coordinates of C. (3 marks)

Mixed exercise o

®1

@6

(E/P) 6

(E/P) 7

The line segment QR is a diameter of the circle centre C, where Q and R have coordinates
(11, 12) and (-5, 0) respectively. The point P has coordinates (13, 6).

a Find the coordinates of C.

b Find the radius of the circle.

¢ Write down the equation of the circle.
d Show that P lies on the circle.

Show that (0, 0) lies inside the circle (x — 5)*> + (y + 2)> = 30.

The circle C has equation x> + 3x + )2 + 6y = 3x - 2y - 7.

a Find the centre and radius of the circle. (4 marks)
b Find the points of intersection of the circle and the y-axis. (3 marks)
¢ Show that the circle does not intersect the x-axis. (2 marks)

The centres of the circles (x — 8)2 + (y —8)2 =117 and (x + 1) + (y — 3)> = 106 are P and Q
respectively.

a Show that P lies on (x + 1)> + (y — 3)> = 106.
b Find the length of PQ.

The points 4(-1, 0), B(%, g) and C<%, —@) are the vertices of a triangle.
a Show that the circle x> + y?> = 1 passes through the vertices of the triangle.
b Show that AABC is equilateral.

A circle with equation (x — k) + (y — 3k)? = 13 passes through the point (3, 0).
a Find two possible values of k. (6 marks)
b Given that k > 0, write down the equation of the circle. (1 mark)

The line with 3x — y — 9 = 0 does not intersect the circle with equation x2 + px + y? + 4y = 20.
Show that 42 — V10 <p <42+ 10/10. (6 marks)

The line y = 2x — 8 meets the coordinate axes at 4 and B. The line segment A B is a diameter
of the circle. Find the equation of the circle.

The circle centre (8, 10) meets the x-axis at (4, 0) and (a, 0).
a Find the radius of the circle.
b Find the value of a.
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® 15
E/P) 16

Circles

The circle (x — 5)? + y? = 36 meets the x-axis at P and Q. Find the coordinates of P and Q.

The circle (x + 4)? + (y — 7)? = 121 meets the y-axis at (0, m) and (0, n).
Find the values of m and n.

The circle C with equation (x + 5)? + (y + 2)? = 125 meets the positive coordinate axes at
A(a, 0) and B(0, b).

a Find the values of a and b. (2 marks)
b Find the equation of the line AB. (2 marks)
¢ Find the area of the triangle OA4 B, where O is the origin. (2 marks)

The circle, centre (p, g) radius 25, meets the x-axis at (=7, 0) and (7, 0), where ¢ > 0.
a Find the values of p and ¢.
b Find the coordinates of the points where the circle meets the y-axis.

The point A(-3, —7) lies on the circle centre (5, 1). Find the equation of the tangent to the
circle at 4.

The line segment A B is a chord of a circle centre (2, —1), where 4 and B are (3, 7) and (-5, 3)
respectively. AC is a diameter of the circle. Find the area of AABC.

The circle C has equation (x — 6)? + (y — 5)> = 17. (1

The lines /; and /, are each a tangent to the circle

and intersect at the point (0, 12). 12

Find the equations of /; and /,, giving your

answers in the form y = mx + c. (8 marks) b

The points 4 and B lie on a circle with centre C,
as shown in the diagram.

The point 4 has coordinates (3, 7) and the
point B has coordinates (5, 1).

M is the midpoint of the line segment A4 B.
The line / passes through the points M and C.

a Find an equation for /. (4 marks)

Given that the x-coordinate of Cis —2:

b find an equation of the circle (4 marks)

¢ find the area of the triangle ABC. (3 marks)
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18 The circle C has equation (x — 3)> + (y + 3)? = 52. YA
The baselines /; and /, are tangents to the circle and
have gradient 3 //—\
a Find the points of intersection, P and Q, of the

Q
“Y

tangents and the circle. (6 marks)

b Find the equations of lines /; and /,, giving your
answers in the form ax + by + ¢ = 0. (2 marks)

19 The circle C has equation x> + 6x + 2 — 2y =7.

The lines /; and /, are tangents to the circle.
They intersect at the point R(0, 6).

a Find the equations of lines /; and /,, giving your

answers in the form y = mx + b. (6 marks)
b Find the points of intersection, P and Q, of the
tangents and the circle. (4 marks)
¢ Find the area of quadrilateral APRQ. (2 marks) e

20 The circle C has a centre at (6, 9) and a radius of V50.
The line /, with equation x + y — 21 = 0 intersects the circle at the points P and Q.

a Find the coordinates of the point P and the N
point Q. (5 marks)

b Find the equations of /, and /;, the tangents at the A
points P and Q respectively. (4 marks)

¢ Find the equation of /,, the perpendicular bisector

of the chord PQ. (4 marks)
d Show that the two tangents and the perpendicular

bisector intersect and find the coordinates of R,

the point of intersection. (2 marks)
e Calculate the area of the kite APRQ. (3 marks) 7

(9]

® 21 The line y = —3x + 12 meets the coordinate axes at 4 and B.
a Find the coordinates of 4 and B.
b Find the coordinates of the midpoint of 4B.
¢ Find the equation of the circle that passes through A, B and O, where O is the origin.

22 The points 4(-3, =2), B(-6, 0) and C(1, ¢) lie on the circumference of a circle such that

£2BAC =90°.
a Find the value of g. (4 marks)
b Find the equation of the circle. (4 marks)
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23 The points R(—4, 3), S(7, 4) and T(8, —7) lie on the circumference of a circle.
a Show that RT is the diameter of the circle. (4 marks)
b Find the equation of the circle. (4 marks)

@ 24 The points A(—4, 0), B(4, 8) and C(6, 0) lie on the circumference of circle C.
Find the equation of the circle.

(P) 25 The points A(-7,7), B(1,9), C(3, 1) and D(-7, 1) lie on a circle.
a Find the equation of the perpendicular bisector of:
i 4B ii CD
b Find the equation of the circle.

Challenge VA

The circle with equation (x — 5)2 + (y — 3)? = 20 with centre 4
intersects the circle with equation (x — 10)? + (y — 8)% = 10 with
centre B at the points P and Q. P

a Find the equation of the line containing the points P and O \1
in the form ax + by + ¢ =0.

b Find the coordinates of the points P and Q. )

¢ Find the area of the kite APBQ.

Summary of key points

¥
1 The midpoint of a line segment with endpoints (5 )
21 V2.
(X X )+ Y
(x1, y1) and (x,, p,) is ( ! > SEa > 2)
Nt+X Nt
(x1, y1)
0 X

2 The perpendicular bisector of a line segment 4B is the straight line that is perpendicular to
AB and passes through the midpoint of 4B.

If the gradient of ABism
then the gradient of its
perpendicular bisector, /,

. 1
will be —
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The equation of a circle with centre (0, 0) and radius r is x% + y% = r2.

The equation of the circle with centre (g, b) and radius r is (x — a)? + (y — b)? = r2.

The equation of a circle can be given in the form: x? + y?+ 2fx +2gy +¢c=0

This circle has centre (—f, —g) and radius /% + g - ¢

A straight line can intersect a circle once, by just touching onepointof —_yp MO points of
the circle, or twice. Not all straight lines will intersect a intersection Intersection

N \
given circle. \

™ two points of
intersection

/

A tangent to a circle is perpendicular to the radius of the circle at the
point of intersection.

{J
tangent

The perpendicular bisector of a chord will go through the perpendicular
centre of a circle. bisector

« If ZPRQ =90° then R lies on the circle with diameter PQ.
+ The angle in a semicircle is always a right angle.

N

To find the centre of a circle given any three points:
+ Find the equations of the perpendicular
bisectors of two different chords. Perpendicular
« Find the coordinates of intersection of the bisectors intersect
perpendicular bisectors. at the centre of
the circle



Algebraic methods

After completing this unit you should be able to:
® (ancel factors in algebraic fractions - pages 138-139
® Divide a polynomial by a linear expression - pages 139-142

® Use the factor theorem to factorise a cubic expression
-> pages 143-146

® (onstruct mathematical proofs using algebra - pages 146-150

® Use proof by exhaustion and disproof by
counter-example - pages 150-152

5x3y2
15x%y3

1 Simplify:

a 3x2x5x° b

« Section 1.1

Factorise:
a x>’—2x-24 b 3x2-17x+20

¢« Section 1.3
3 Use long division to calculate:

a 197041223 b 56168 = 34 \

< GCSE Mathematics ‘
|

Find the equations of the lines that pass
through these pairs of points:

a (-1,4) and (5, —14)
b (2,—6) and (8, —3)  « GCSE Mathematics

Proof is the cornerstone of mathematics.
Mathematicians need to prove theorems (such
as Pythagoras’ theorem) before they can use
9 them to solve problems. Pythagoras' theorem
can be use to find approximate values for 7. b a x’-2x-20 b 2x°+4x+15
2 % —-> Mixed exercise challenge Q1

L S 7 )V ] VNN ‘ BN A A

Complete the square for the expressions:

<« Section 2.2 R 4




Chapter 7

m Algebraic fractions

You can simplify algebraic fractions using division.

Qa(,torl.se (‘Q‘\(_()mmO/)}g(~
= When simplifying an algebraic fraction, where & o
possible factorise the numerator and denominator  5x°—245 _5(x+Nx=7) _ 5(x+7)
and then cancel common factors. 2x2=15x+7 (2x-1)(x-7) 2x -1
Example 0
Simplify these fractions:
Tx4 = 203 + 6x (x+7(2x-1) P XHIxH12 o X465 o 224 1lx+12
X 2x-1) (x+3) x2+3x-10 (x+3)(x+4)

7x4 — 2x3 + 6x

X
7x*  2x3  6x -
= "> tx Divide each numerator by x.
=7x3-2x>+6
* . Simplify by cancelling the common factor of (2x — 1).
x+7)2x=1) F
b — " x4+ 7
@x -1 Factorise:
X2+ 7x 412 (x+3)(x+4) |_ X2+ 7x+12=(x+3)(x+4).
c =
(x + 3) (x + 3)
=x+4 — Cancel the common factor of (x + 3).
d x: +6x+5 _ (x+5)(x+1) | Factorise: x2 + 6x + 5 = (x + 5)(x + 1) and
X2+ 3x-10 (x+5)x-2) X2 +3x-10= (x +5)(x - 2).
X+ 1

=x—2

—

Cancel the common factor of (x + 5).

e 2x°2+ 1Mx+12=2x2+3x+8x + 12

=x2x + 3) + 42x + 3) Factorise:
=2x+3)(x+4) 2x2 4+ 11x+12=2x2+3x+8x+12

2x2 + Nx + 12
(x +3)(x + 4)

_ 2x+ 3)(x+ 4)
T x4+ 3)x+4)

_2x+3
T x+3

Exercise @

1 Simplify these fractions:

So

Cancel the common factor of (x + 4).

4x* + 5x? = Tx 7x5 = 5x° 4+ 9x3 + X2 —x*+4x2+6
X b X ¢ X
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d x5 —x3-4 e 8x* —4x3 + 6x f 9x2 — 12x3 - 3x
X 2x 3x
Tx3—x4=2 —4x2 + 6x4 - 2x . X340 —4x3+ 6
—_— h i
5x -2x -2x
—9x% — 6x0 +4x* -2
-3x

2 Simplify these fractions as far as possible:

(x+3)(x-2) (x+4dH3Bx-1) (x +3)?
(x-2) Gx-1) € (x+3)

d x2+ 10x + 21 e X2+ 9x + 20 f X2+ x-12
(x+3) (x+4) (x-3)
x24+x-20 h x24+3x+2 ; xX24+x-12
x2+2x - 15 X2+ 5x+4 x2—9x + 18
2x2+T7x+6 K 2x2+9x - 18 I 3x2-Tx +2
V -5 +2) x+6)(x+1) Gx - D(x +2)
2x2+3x+1 n x24+6x+8 o 2x2-5x-3
x2—x-2 3x24+Tx+2 2x2-9x+9

3 2 _ ax(x +b
3 66);2-'- 33); X fj; = >(c Tc ), where a, b and ¢ are constants.

Work out the values of a, b and c. (4 marks)

@ Dividing polynomials

A polynomial is a finite expression with positive

fol ber indi Polynomials Not polynomials
whole number indices.

2x+4 Vx
= You can use long division to divide a polynomial 4xy? +3x -9 6x-2

by (x % p), where p is a constant. 4
8 —

X
Example o
Divide x* + 2x? — 17x + 6 by (x — 3).
©) X2 Start by dividing the first term of the polynomial
x-3)x3+ 2x2 - 17/x + 6 by x, so that X3 + x = X2
x3 — 3x? Next multiply (x — 3) by x?, so that
5x° — 17x

\_l_J

L x2x (x—3)=x3-3x2

Now subtract, so that (x3 + 2x2) — (x3 — 3x2) = 5x2

L Finally copy —17x.
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® x° + 5x
X=3)x3+2x°-17x+ 6
x3 — 3x?
5x% = 17x |f
5x? — 15x r
-2x + 6 I’
©) X2+ 5x -2
Xx=-3)x3+2x?-17x+6
x3 — 3x?
5x% = 17x
5x? — 15x
-2x+ 6
-2x+ 6
@)
3 2 _
50X + 2x 17x+6=x2+5x—2-——
x-3

f(x) = 4x* — 17x2 + 4

Repeat the method. Divide 5x? by x, so that
5x%+ x =5x.

Multiply (x — 3) by 5x, so that
5x % (x — 3) = 5x°% — 15x.

Subtract, so that (5x% — 17x) — (5x% — 15x) = —2x.
Copy 6.

Repeat the method. Divide —2x by x, so that
=23 & 3% = =1

Multiply (x — 3) by —2, so that
2% (x—=3)=-2x+6.

Subtract, so that (-2x + 6) — (=2x + 6) = 0.
No numbers left to copy, so you have finished.

This is called the quotient.

Divide f(x) by (2x + 1), giving your answer in the form f(x) = (2x + 1)(ax® + bx* + cx + d).

Find (4x% = 17x2 + 4) + 2x + 1)

2x3 —x?-8x+ 4
2x + 1) 4x% + Ox3 - 17x* + Ox + 4

il

4x4 4+ 2x3
—2x3 = 17x?
—2x3 — x?
-16x% + Ox
-16x2 — 8x
&x + 4
Bx + 4

o)

So
Axt = 17x2 + 4 = 2x + 1)2x3 — x2 - 8x + 4).
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Use long division. Include the terms 0x> and Ox
when you write out f(x).

You need to multiply (2x + 1) by 2x3 to get the
4x* term, so write 2x3 in the answer, and write
2x3(2x + 1) = 4x* + 2x3 below. Subtract and copy
the next term.

You need to multiply (2x + 1) by —x? to get the
—2x3 term, so write —x2 in the answer, and write
—x3(2x + 1) = —2x3 — x? below. Subtract and copy
the next term.

Repeat the method.

(bx*=17x2+4) + 2x+ 1) =2x3 — x2 — 8x + 4.



Find the remainder when 2x? — 5x% — 16x + 10 is divided by (x — 4).

2x?+3x -4
x —4)2x3 - 5x? - 16x + 10
2x3 — 8x?
3x% — 16x
3x2 - 12x
—-4x + 10
-4x + 16
-6
So the remainder is —6.

Exercise @

Algebraic methods

(x — 4) is not a factor of 2x3 — 5x2 — 16x + 10 as
the remainder # 0.

This means you cannot write the expression in
the form (x — 4)(ax? + bx + ¢).

1 Write each polynomial in the form (x + p)(ax? + bx + ¢) by dividing:

a X3+6x2+8x+3by(x+1)
¢ X*=x2+x+14by(x+2)
e x*—8x2+ 13x+ 10 by (x - 5)

b
d
f

X3+ 10x2+25x +4 by (x +4)
X3+ x2-Tx-15by (x - 3)
x3=5x2—6x-56by(x-17)

2 Write each polynomial in the form (x + p)(ax? + bx + ¢) by dividing:

a 6x3+27x*+ 14x + 8 by (x +4)
¢ 2xX3+4x>-9x -9 by (x+3)
e —5x3-27x?+23x+ 30 by (x + 6)

3 Divide:
a x*+5x3+2x2-Tx+2by(x+2)
¢ 3x*+9x3-10x2+ x + 14 by (x - 2)

4 Divide:
a 3x*+8x3—11x?+2x + 8 by (3x +2)
¢ 4x*—6x3+10x> - 11x - 6 by 2x - 3)
e 60X —8x*+ 11x3+9x2-25x+7by (Bx - 1)
g 25x*+ 75x3 + 6x2 — 28x — 6 by (5x + 3)

5 Divide:

a x*+x+ 10by (x +2)

¢ -3x3+50x-8by(x—4)
6 Divide:

a x>+ x2-36by(x-3)
¢ -3x3+ 11x2-20 by (x - 2)

b
d
f

e o

= o=, o T

4x3+9x2 - 3x - 10 by (x +2)
2x3 — 15x% + 14x + 24 by (x — 6)
—4x3+9x2-3x+2by(x-2)

4x* + 14x3 + 3x2 — 14x - 15 by (x + 3)
“Sx3+ Tx*+2x3 = 7x2+ 10x -7 by (x — 1)

4x* =33+ 11x2—x-1by(dx+1)

6x° + 13x* —4x3 - 9x% + 21x + 18 by 2x + 3)
8x3 —26x* + 11x3 + 22x% — 40x + 25 by (2x - 5)
21x5 4+ 29x4 — 1053 + 42x — 12 by (7x = 2)

2x3=17x + 3 by (x + 3)

2x3+9x2+ 25 by (x + 5)

m Include Ox when you write out f(x).
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7 Show that x3 +2x2 - 5x — 10 = (x + 2)(x2 = 5)

8 Find the remainder when:
a x°+4x? - 3x + 2is divided by (x + 5) b 3x3—20x% + 10x + 5 is divided by (x — 6)
¢ —2x3+3x2 + 12x + 20 is divided by (x — 4)

9 Show that when 3x3 — 2x? + 4 is divided by (x — 1) the remainder is 5.
10 Show that when 3x* — 8x3 + 10x? — 3x — 25 is divided by (x + 1) the remainder is —1.

11 Show that (x + 4) is a factor of 5x3 — 73x + 28.

3_8x —
12 Simplify w @D oivicesv-sv—sby -2
x —_—
13 Divide x> — 1 by (x - 1). m Write x3 — 1 as x> + 0x? + Ox — 1.

14 Divide x* - 16 by (x + 2).

15 f(x) = 10x3 +43x>-2x - 10
Find the remainder when f(x) is divided by (5x + 4). (2 marks)

16 f(x) =3x"-14x>-47x - 14 Problem-solving

a Find the remainder when f(x) is divided by (x — 3). (2 marks) Wi o T e o

b Given that (x + 2) is a factor of f(x), factorise f(x) (x + 2)(ax? + bx + ¢) then
completely. (4 marks) factorise the quadratic
factor.

17 a Find the remainder when x? + 6x? + 5x — 12 is divided by
i x-2,
ii x+3. (3 marks)

b Hence, or otherwise, find all the solutions to the equation x> + 6x> + 5x—12=0. (4 marks)

18 f(x)=2x3+3x2-8x+3
a Show that f(x) = (2x — 1)(ax? + bx + ¢) where a, b and ¢ are constants to be found. (2 marks)
b Hence factorise f(x) completely. (4 marks)
¢ Write down all the real roots of the equation f(x) = 0. (2 marks)

19 f(x)=12x3 + 5x2 + 2x -1
a Show that (4x — 1) is a factor of f(x) and write f(x) in the form (4x — 1)(ax? + bx + ¢).
(6 marks)

b Hence, show that the equation 12x3 + 5x% + 2x — 1 = 0 has exactly 1 real solution.
(2 marks)
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@ The factor theorem

The factor theorem is a quick way of finding simple linear factors of a polynomial.

= The factor theorem states that if f(x) is a m

polynomial then:
* If f(p) =0, then (x - p) is a factor of f(x).
* If (x — p) is a factor of f(x), then f(p) = 0.

These two statements are not the same.
Here are two similar statements, only
one of which is true:

If x=-2thenx?=4 v/

If x2=4then x=-2 X

You can use the factor theorem to quickly factorise a cubic function, g(x):

1 Substitute values into the function until you find a value p such that g(p) = 0.

2 Divide the function by (x — p). = The remainder will be 0 because (x - p) is a factor of g(x).

3 Write g(x) = (x — p)(ax? + bx + ¢) The other factor will be quadratic.

4 Factorise the quadratic factor, if possible, to write g(x) as a product of three linear factors.

Show that (x — 2) is a factor of x3 + x? — 4x — 4 by:

a algebraic division b the factor theorem
a X2+ 3x+ 2 Divide x> + x2 — 4x — 4 by (x — 2).
X—-2)x3+x%-4x -4
x3 — 2x°

3x? — 4x

3x? — 6x
2x — 4
2x — 4

0 The remainder is 0, so (x — 2) is a factor of

X+ x2—bx — 4
So (x — 2) is a factor of x3 + x2 — 4x — 4.

b fx) = x3+x2 - 4x — 4 Write the polynomial as a function.
f2)=(2P + @272 -4@2) -4 Substitute x = 2 into the polynomial.
=6+4-6-4 Use the factor theorem:
=0 If f(p) = 0, then (x — p) is a factor of f(x).
S0 (x — 2)is a factor of X2 + x2 — 4x — 4. Here p =2, so (x — 2) is a factor of x3 + x2 — 4x — 4.
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a Fully factorise 2x3 + x> — 18x -9

a

fx) =2x3 4+ x2 - 18x - 9

=) =213+ (=12 =18(-1)-9=8
f) =212+ (12 -18(1) - 9 = -24
f2) = 2(2)° + (2)? = 16(2) — 9 = =25
f3) =232 +3)2-183)-9=0

So (x — 3) is a factor of

2x3 4+ x2 - 18x - 9.

2x°+ 7x+ 3
x—3)2x3+ x> -18x -9
2x3 — 6x?
7x? — 18x
7x% = 21x
3x -9
3x -9

o)

2xX2+x2-18x -9 =(x - 3)2x2+ 7x + 3)
=x-3)2x + N)(x + 3)

O=x-3)2x+ )x+ 3)

So the curve crosses the x-axis at (3, O),
(%, 0) and (=3, O).

When x =0,y = (-3)(1)(3) = -9

The curve crosses the y-axis at (O, =9).
X — 00,y — 00

X — —00,y — —00

VA
3 -4\|0 x
-9
y=2x34+x>-18x-9
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b Hence sketch the graph of y =2x% + x> = 18x -9

Write the polynomial as a function.

Try values of x, e.g. -1, 1, 2, 3, ... until you find
f(p) =0.

f(p) =0.

Use statement 1 from the factor theorem:
If f(p) = 0, then (x — p) is a factor of f(x).
Here p = 3.

Use long division to find the quotient when
dividing by (x — 3).

You can check your division here:
(x —3) is a factor of 2x3 + x2 — 18x — 9, so the
remainder must be 0.

2x%+ 7x + 3 can also be factorised.

Set y = 0 to find the points where the curve
crosses the x-axis.

Set x = 0 to find the y-intercept.

This is a cubic graph with a positive coefficient of
x3 and three distinct roots. You should be familiar
with its general shape. « Section 4.1
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Given that (x + 1) is a factor of 4x* — 3x? + a, find the value of a.

f(x) = 4x* — 3x2 + a Write the polynomial as a function.
f=1=0 Use statement 2 from the factor theorem.
A1) = 312 + a = O_‘ — (x —p) is a factor of f(x), so f(p) =0
Herep = -1.
4-3+a=0
1 J Substitute x = —1 and solve the equation for a.
a = — L

Remember (-1)4 = 1.

Exercise @

1

Use the factor theorem to show that:
a (x—1)isafactor of 4x3 - 3x2-1 b (x + 3)isa factor of 5x* —45x2 — 6x — 18
¢ (x—4)isafactor of —=3x3 + 13x% — 6x + 8.

Show that (x — 1) is a factor of x3 + 6x% + 5x — 12 and hence factorise the expression completely.
Show that (x + 1) is a factor of x3 + 3x% — 33x — 35 and hence factorise the expression completely.
Show that (x — 5) is a factor of x3 — 7x% + 2x + 40 and hence factorise the expression completely.
Show that (x — 2) is a factor of 2x3 + 3x? — 18x + 8 and hence factorise the expression completely.

Each of these expressions has a factor (x + p). Find a value of p and hence factorise the
expression completely.

a x3—-10x2+ 19x + 30 b x3+x*-4x-4 ¢ xX3—-4x2-11x+30

i Fully factorise the right-hand side of each equation.
ii Sketch the graph of each equation.

a y=2x>+5x>-4x-3 b y=2x3-17x>+38x-15 ¢ y=3x3+8x2+3x-2
d y=6x3+11x>2-3x-2 e y=4x3-12x2-7x+ 30

Given that (x — 1) is a factor of 5x3 — 9x? + 2x + «, find the value of a.

Given that (x + 3) is a factor of 6x> — bx? + 18, find the value of 5.

Given that (x — 1) and (x + 1) are factors of px3 + gx? - 3x -7, Problem-solving

find the values of p and ¢. Use the factor theorem

to form simultaneous

Given that (x + 1) and (x — 2) are factors of ¢x3 + dx? — 9x - 10, equations.

find the values of ¢ and d.

Given that (x + 2) and (x — 3) are factors of gx* + hx? — 14x + 24, find the values of g and /.

145



Chapter 7

(E) 13 flx) =3x" - 127 + 6x — 24

a Use the factor theorem to show that (x — 4) is a factor of f(x). (2 marks)

b Hence, show that 4 is the only real root of the equation f(x) = 0. (4 marks)
(E) 14 fx)=4x* +4x’ - 11x -6

a Use the factor theorem to show that (x + 2) is a factor of f(x). (2 marks)

b Factorise f(x) completely. (4 marks)

¢ Write down all the solutions of the equation 4x3 + 4x?> — 11x — 6 = 0. (1 mark)
@ 15 a Show that (x — 2) is a factor of 9x*— 18x3 — x2 + 2x. (2 marks)

b Hence, find four real solutions to the equation 9x* — 18x% — x? + 2x = 0. (5 marks)

Challenge

f(x) = 2x% — 5x3 — 42x%2 — 9x + 54
a Show that f(1) = 0 and f(-3) = 0.
b Hence, solve f(x) = 0.

m Mathematical proof

A proof is a logical and structured argument to show that a
. . . A statement that has
mathematical statement (or conjecture) is always true. )
been proven is called a theorem.

A mathematical proof usually starts with previously established
mathematical facts (or theorems) and then works through a
series of logical steps. The final step in a proof is a statement
of what has been proven.

Known facts |:> Clearly shown |:> Statement
or theorems logical steps of proof

A mathematical proof needs to show that something is true in every case.

A statement that has yet to be
proven is called a conjecture.

= You can prove a mathematical statement is true by deduction. This means starting from
known facts or definitions, then using logical steps to reach the desired conclusion.

Here is an example of proof by deduction:

Statement: The product of two odd numbers is odd.
This is demonstration but it is not a proof.

Demonstration: 5 x 7 = 35, which is odd
You have only shown one case.

Proof: p and ¢ are integers, so 2p + 1 and 2¢ + 1 —

You canuse 2p +1and2g+1to
are odd numbers. P 9

represent any odd numbers. If you can
@p+1)x@2g+1)=4bpg+2p+2g+1 show that (2p + 1) x (2¢ + 1) is always an
=2@pg+p+q) +1 odd number then you have proved the

. . ) ) statement for all cases.
Since p and q are integers, 2pg + p + ¢ is also an integer.

So2(@pg + p + q) + 1 is one more than an even number.

So the product of two odd numbers is an odd number. This is the statement of proof.
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= In a mathematical proof you must
» State any information or assumptions you are using
* Show every step of your proof clearly
* Make sure that every step follows logically from the previous step
* Make sure you have covered all possible cases
* Write a statement of proof at the end of your working

You need to be able to prove results involving m The symbol = means ‘s
identities, such as (a + b)(a - b) = a* - b? always equal to’. It shows that two

= To prove an identity you should expressions are mathematically identical.
e Start with the expression on one side

of the identity m Don't try to ‘solve’ an identity

* Manipulate that expression algebraically like an equation. Start from one side and
until it matches the other side manipulate the expression to match the
* Show every step of your algebraic working other side.

Prove that (3x + 2)(x — 5)(x + 7) = 3x3 + 8x2 - 101x - 70

Bx + 2)(x = 5)(x + 7) ztrzztkgti;th the left-hand side and expand the
=3x + 2)(x2 + 2x — 35) )
= 3x3 + 6x2 - 105x + 2x°% + 4x - 70
In proof questions you need to show all your
=3x3%+ &x2-101x - 70 woFr)kingq 4 Y

So
Bx+2)x=5)x+7)=3x3+86x2-101x =70 +— Left-hand side = right-hand side.

Prove that if (x — p) is a factor of f(x) then f(p) = 0.

If (x — p) is a factor of f(x) then

fx) = (x = p) x g(x) g(x) is a polynomial expression.
So f(p) = (p = p) x 9(p)
i.e. f(p) = O x g(p) L
So f(p) = O as required. p-p=0

L Substitute x = p.

—— Remember 0 x anything =0
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Prove that A(1, 1), B(3, 3) and C(4, 2) are the vertices of a right-angled triangle.

VA

B
C
A
0 X
. : _3-1_2_,
ThegradlentoflmeAB——3_1—2—1
. ! _2-3_-1_
The gradient of line BC——4_3— i 1
The gradient of line AC = =1 = 1
d T4-173

The gradients are different so the three
points are not collinear.

Hence ABC is a triangle.
Gradient of AB x gradient of BC =1 x (=)

= -1
—

S0 AB is perpendicular to BC,

Problem-solving

If you need to prove a geometrical
result, it can sometimes help to sketch
a diagram as part of your working.

. . Vo=
— The gradient of a line = % =%

If the product of two gradients is —1 then the two
lines are perpendicular.

Gradient of line AB x gradient of line BC = -1

Remember to state what you have proved.

and the triangle is a right-angled triangle.

The equation kx? + 3kx + 2 = 0, where k is a constant, has no real roots.

Prove that k satisfies the inequality 0 < k < %

kx? + 3kx + 2 = O has no real roots,

50 b2 —4ac < O

State which assumption or information you are

using at each stage of your proof.

(3k)? — 4k(2) <O

Use the discriminant. « Section 2.5

Solve this quadratic inequality by sketching the
graph of y = k(9k — 8) < Section 3.5

The graph shows that when k(9k — 8) <0,
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9k? -8k <O L
k(9k - 8) <O
YA
y = k(9k — 8) —
o g k

8
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O)x?+30x+2=0

So combining these:

8
O<k<s Be really careful to consider all the possible
When k = O: situations. You can't use the discriminant if k=0

so look at this case separately.

2=0

Which is impossible, so no real roots «————————— Write out all of your conclusions clearly.

O=sk< % as required 0<k< % together with k=0, gives0 < k <%

Exercise @

1

2

©@ @@ @ @G0 ® 06

@ O

@ u
@ 1

5
Prove that n? — n is an even number for all values of . m The proofs in this
¥ exercise are all proofs by
Prove that =x/2 - x. deduction.
1+V2
Prove that (x +/y)(x — /y) = x2 - y.

Prove that (2x — 1)(x + 6)(x — 5) = 2x3 + x2 — 61x + 30.

b\> (b\’
Prove that x2 + bx = (x + 5) - (E)

Prove that the solutions of x2+ 2bx +c=0are x = -b = Vb* - c.

3
12 8
Prove that (x—;) Ex3—6x+7—;
I\, s s)_ 1 1
Prove that (x3 - })(xz + X z) = Xz(x4 _ ;)
Use completing the square to prove that 3n> — 4n + 10 is ProBIEmEZoTE

positive for all values of 7. ) _
Any expression that is

. . squared must be =0.
Use completing the square to prove that —n? — 2n — 3 is :

negative for all values of n.
Prove that x2 + 8x + 20 = 4 for all values of x. (3 marks)

The equation kx? + Skx + 3 = 0, where k is a constant, has no real roots. Prove that k satisfies

12 (4 marks)

the inequality 0 < k < 25
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13 The equation px? - 5x — 6 = 0, where p is a constant, has two distinct real roots. Prove that p
satisfies the inequality p > —% (4 marks)

@ 14 Prove that A(3, 1), B(1, 2) and C(2, 4) are the vertices of a right-angled triangle.

® 15 Prove that quadrilateral A(1, 1), B(2, 4), C(6, 5) and D(5, 2) is a parallelogram.

@ 16 Prove that quadrilateral A(2, 1), B(5, 2), C(4, —1) and D(1, —2) is a rhombus.

® 17 Prove that A(-5, 2), B(-3, —4) and C(3, —2) are the vertices of an isosceles right-angled triangle.

18 A circle has equation (x — 1)? + y? = k, where k > 0.
The straight line L with equation y = ax cuts the circle at two distinct points.
2
l+d?

Prove that k > (6 marks)

19 Prove that the line 4y — 3x + 26 = 0 is a tangent to the circle (x + 4)> + (y — 3)>=100. (5 marks)

Problem-solving

Find an expression for the
area of the large square in
terms of @ and b.

@ 20 The diagram shows a square and four
congruent right-angled triangles.

Use the diagram to prove that a? + b* = 2.

Challenge

1 Prove that A(7, 8), B(-1, 8), C(6, 1) and D(0, 9) are points on the same circle.

2 Prove that any odd prime number can be written as the difference of two squares.

@ Methods of proof

A mathematical statement can be proved by exhaustion. For example, you can prove that the sum
of two consecutive square numbers between 100 and 200 is an odd number. The square numbers
between 100 and 200 are 121, 144, 169, 196.

121 + 144 = 265 which is odd 144 + 169 = 313 which is odd 169 + 196 = 365 which is odd
So the sum of two consecutive square numbers between 100 and 200 is an odd number.

= You can prove a mathematical statement is true by exhaustion. This means breaking the
statement into smaller cases and proving each case separately.

This method is better suited to a small number of results. You cannot use one example to prove a
statement is true, as one example is only one case.
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Prove that all square numbers are either a multiple of 4 or 1 more than a multiple of 4.

For odd numbers:

@Cn+12=4n?+4n+1=4nn+ 1) +1

Algebraic methods

Problem-solving

Consider the two cases, odd
and even numbers, separately.

4n(n + 1) is a multiple of 4, so 4n(n + 1) + 1is
1 more than a multiple of 4.

For even numbers:

(2n)? = 4n?
L

L You can write any odd number in the form 2n + 1
where 7 is a positive integer.

You can write any even number in the form 2n

4n?is a multiple of 4.

All integers are either odd or even, so all
square numbers are either a multiple of 4 or 1
more than a multiple of 4.

where n is a positive integer.

A mathematical statement can be disproved using a counter-example. For example, to prove that
the statement 3n + 3 is a multiple of 6 for all values of n” is not true you can use the counter-example
whenn=2,as3 x2+3=9and9is nota multiple of 6.

= You can prove a mathematical statement is not true by a counter-example. A counter-
example is one example that does not work for the statement. You do not need to give more
than one example, as one is sufficient to disprove a statement.

Prove that the following statement is not true:

‘The sum of two consecutive prime numbers is always even.’

2 and 3 are both prime
2+3=5

You only need one counter-example to show that

5 is odd

So the statement is not true.

the statement is false.
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a Prove that for all positive values of x and y: m
You must always
En Y ) start a proof from known facts.
yox Never start your proof with the
b Use a counter-example to show that this is not true when statement you are trying to prove.

x and y are not both positive.

a Jottings: Problem-solving

x Yo 2 Use jottings to get some ideas for a good starting

ros point. These don't form part of your proof, but

X2+ y? =5 can give you a clue as to what expression you can
Xy consider to begin your proof.

x-»2=0

Proot: Now you are ready to start your proof. You know
Consider (x — y)? that any expression squared is = 0. This is a known
(x-p?2=0 fact so this is a valid way to begin your proof.

X2+ 2 =2xy=0
X2 + y2 + 2xy
Xy = @) State how you have used the fact that x and y
This step is valid because x and y are are.posmve in your proof. If xy = 0you couldn’t
divide the RHS by xy, and if xy < 0, then the

direction of the inequality would be reversed.

both positive so xy > O.

This was what you wanted to prove so you have
finished.

Your working for part a tells you that the proof

% + % = —% -2 = —% fails when xy < 0, so try one positive and one
negative value.

This is not = 2 so the statement is not

true.

Exercise @

@ 1 Prove that when nis anintegerand 1 <n < 6,thenm=n+21is m You can try each integer

not divisible by 10. forl<n<6.

@ 2 Prove that every odd integer between 2 and 26 is either prime or the product of two primes.
® 3 Prove that the sum of two consecutive square numbers between 12 to 82 is an odd number.

4 Prove that all cube numbers are either a multiple of 9 or 1 more or 1 less than a multiple of 9.
(4 marks)
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@ 5 Find a counter-example to disprove each of the following statements:
a If nis a positive integer then n* — n is divisible by 4.
b Integers always have an even number of factors.
¢ 2n*> - 6n + 1 is positive for all values of n.
d 2n?> - 2n — 4 is a multiple of 3 for all integer values of n.

6 A student is trying to prove that x* + 33 < (x + y)°. Problem-solving

The student writes: For part b you need to write
down suitable values of x
(X +2)° = X% + 3x%p + 3xp° + p? and y and show that they do
which is less than x2 + y3 since not satisfy the inequality.
3x%y + 3xy? > O

a Identify the error made in the proof. (1 mark)
b Provide a counter-example to show that the statement is not true. (2 marks)

7 Prove that for all real values of x

(x+6)2=2x+11 (3 marks)
(E/P) 8 Given that a is a positive real number, prove that:
m Remember to state how
a+ % =2 you use the condition that a is positive.
(2 marks)

9 a Prove that for any positive numbers p and ¢:
P+q>4pq (3 marks)

b Show, by means of a counter-example, that this R E—

inequality does not hold when p and ¢ are both
Use jottings and work backwards to

negative. (2 marks) i )
work out what expression to consider.

10 It is claimed that the following inequality is true for all negative numbers x and y:
X+y=/x2+)?
The following proof is offered by a student:

X+y=x?+)y°

(x + y)? = x2 + )?

X2 4+ y? + 2xy = x2 +)?
2xy > O which is true because x and
y are both negative, so xy is positive.

a Explain the error made by the student. (2 marks)
b By use of a counter-example, verify that the inequality is not satisfied if both

x and y are negative. (1 mark)
¢ Prove that this inequality is true if x and y are both positive. (2 marks)
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Mixed exercise a

1

E/P) 7
E/P) 8
E/P) 9
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Simplify these fractions as far as possible:

2 3x4-21x
3x

x> —2x—24

x2=Tx+6

2x2+T7x -4

2x2+9x+ 4

b

Divide 3x3 + 12x% + 5x + 20 by (x + 4).

2x3+3x+5

Simplify 1

a Show that (x — 3) is a factor of 2x3 — 2x? — 17x + 15. (2 marks)

b Hence express 2x3 — 2x% — 17x + 15 in the form (x — 3)(4x? + Bx + C), where the values
A, Band C are to be found. (3 marks)

a Show that (x — 2) is a factor of x* + 4x*> — 3x — 18. (2 marks)

b Hence express x3 + 4x? — 3x — 18 in the form (x — 2)(px + ¢)?, where the values p and ¢

are to be found. (4 marks)
Factorise completely 2x3 + 3x? — 18x + 8. (6 marks)
Find the value of k if (x — 2) is a factor of x3 — 3x? + kx — 10. (4 marks)
f(x) = 2x? + px + ¢. Given that f(-3) = 0, and f(4) = 21:
a find the value of p and ¢ (6 marks)
b factorise f(x). (3 marks)
h(x) = x3 + 4x% + rx + 5. Given h(=1) = 0, and h(2) = 30:
a find the values of rand s (6 marks)
b factorise h(x). (3 marks)

g(x) =2x3+9x2 — 6x - 5.
a Factorise g(x). (6 marks)
b Solve g(x)=0. (2 marks)
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Algebraic methods

a Show that (x — 2) is a factor of f(x) = x3 + x> — 5x - 2. (2 marks)
b Hence, or otherwise, find the exact solutions of the equation f(x) = 0. (4 marks)
Given that —1 is a root of the equation 2x? — 5x? — 4x + 3, find the two positive roots. (4 marks)

f(x) = x3 = 2x2 - 19x + 20

a Show that (x + 4) is a factor of f(x). (3 marks)
b Hence, or otherwise, find all the solutions to the equation
x3=2x2-19x +20=0. (4 marks)

fx)=6x3+ 17x>-5x -6

a Show that f(x) = (3x — 2)(ax? + bx + ¢), where a, b and c¢ are constants to be found. (2 marks)
b Hence factorise f(x) completely. (4 marks)
¢ Write down all the real roots of the equation f(x) = 0. (2 marks)

X—=)
Prove that =Vx +/y.
Vx =y v

Use completing the square to prove that n> — 8n + 20 is positive for all values of n.
Prove that the quadrilateral A(1, 1), B(3, 2), C(4, 0) and D(2, —1) is a square.

Prove that the sum of two consecutive positive odd numbers less than ten gives an even
number.

Prove that the statement ‘n> — n + 3 is a prime number for all values of »’ is untrue.

I\ a2 1 1
Prove that (x—;)(xs+x 3):x3(x2—;)_

Prove that 2x3 + x2 — 43x — 60 = (x + 4)(x - 5)(2x + 3).

The equation x? — kx + k = 0, where k is a positive constant, has two equal roots.
Prove that k = 4. (3 marks)

Prove that the distance between opposite edges of a regular hexagon of side length V3 is a
rational value.
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24 a Prove that the difference of the squares of two consecutive even numbers is always divisible
by 4.
b Is this statement true for odd numbers? Give a reason for your answer.

25 A student is trying to prove that 1 + x? < (1 + x)2.
The student writes:

14+ x2=1+2x + x2
So 1+ x2< 1+ 2x + x2

a Identify the error made in the proof. (1 mark)
b Provide a counter-example to show that the statement is not true. (2 marks)

Challenge

1 The diagram shows two squares and a circle.

/N
N7

a Given that 7 is defined as the circumference of a circle of diameter 1 unit,
prove that 2V2 < 7 < 4.

b By similarly constructing regular hexagons inside and outside a circle,
prove that 3 < < 2/3.

2 Prove that if f(x) = ax? + bx? + cx + d and f(p) = 0, then (x — p) is a factor of f(x).
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Summary of key points

1

When simplifying an algebraic fraction, factorise the numerator and denominator where
possible and then cancel common factors.

You can use long division to divide a polynomial by (x = p), where p is a constant.

The factor theorem states that if f(x) is a polynomial then:
« If f(p) =0, then (x — p) is a factor of f(x)
« If (x — p) is a factor of f(x), then f(p) =0

You can prove a mathematical statement is true by deduction. This means starting from
known factors or definitions, then using logical steps to reach the desired conclusion.

In @ mathematical proof you must

- State any information or assumptions you are using

+ Show every step of your proof clearly

- Make sure that every step follows logically from the previous step
+ Make sure you have covered all possible cases

« Write a statement of proof at the end of your working

To prove an identity you should

- Start with the expression on one side of the identity

« Manipulate that expression algebraically until it matches the other side
+ Show every step of your algebraic working

You can prove a mathematical statement is true by exhaustion. This means breaking the
statement into smaller cases and proving each case separately.

You can prove a mathematical statement is not true by a counter-example. A counter-
example is one example that does not work for the statement. You do not need to give more
than one example, as one is sufficient to disprove a statement.
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The binomial
expansion

After completing this chapter you should be able to:

® Use Pascal’s triangle to identify binomial coefficients and use them

to expand simple binomial expressions - pages 159-161
® Use combinations and factorial notation - pages 161-163
® Use the binomial expansion to expand brackets - pages 163-165

® Find individual coefficients in a binomial expansion - pages 165-167

® Make approximations using the binomial expansion - pages 167-169

Prior knowledge check

Expand and simplify where possible:
a 2x-3»)2 b (x-)°® ¢ (2+x)?
< Section 1.2
Simplify
a (-2x)3
2 =3)
¢ (£v) >x)

< Sections 1.1, 1.4

The binomial expansion can be used to
' expand brackets raised to large powers.
It can be used to simplify probability models
| with a large number of trials, such as those

Simplify

| .
|

. used by manufacturers to predict faults.
<« Section1.4 =
|

— Exercise 8E Q9




The binomial expansion

@ Pascal’s triangle

You can use Pascal’s triangle to quickly expand expressions such as (x + 2y)3.

Consider the expansions of (a + b)" forn=0, 1, 2, 3 and 4:

(a+b)°= 1

(a+b)t= la + 1b

(a+b)?= ¢ + 2ab  + 1P° Each coefficient is the sum of the two
(a+b) = 1@+ 321213 + 3ab: o+ 1 coefficients immediately above it.
(a+b)= la* + 4d’b + 64’b>  + bab? + 1p*

Every term in the expansion of (a + b)" has total index n:
In the 6a?h? term the total index is 2 + 2 = 4.
In the 4ab’ term the total index is 1 + 3 = 4.

The coefficients in the expansions form a pattern that is known as Pascal’s triangle.

® Pascal’s triangle is formed by adding adjacent pairs of numbers to find the numbers on the
next row.

Here are the first 7 rows of Pascal’s triangle:
1

1 1
L. . The third row of Pascal’s triangle gives the
\ e coefficients in the expansion of (a + b)2.
1 3 \+/3 1
6
1 5 10 10 5 1
1 6 15 20 15 6 1

® The (n + 1)th row of Pascal’s triangle gives the coefficients in the expansion of (a + b)".

Use Pascal’s triangle to find the expansions of:
a (x+2y) b (2x - 5)*

Index = 3 so look at the 4th row of Pascal’s
triangle to find the coefficients.

a (x +2y)?3
The coefficients are 1, 3, 3, 1 so:
(x + 2p)° = 1x3 + 3x%(2y) + 3x(2y)? + 1(2y)3

This is the expansion of (a + b)* with a = x and
= x>+ 6x%y + 12xy° + &)°

b =2y. Use brackets to make sure you don’t make
a mistake. (2y)? = 4y2.
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Index = 4 so look at the 5th row of Pascal’s

b (2x - 5)* .
triangle.

The coefficients are 1, 4, 6, 4, 1 so:
(ex : 5y =1(2x)* + 4(2x)3(-5) L This is the expansion of (a + b)* with « = 2x and

+ 6(2x)%(=5)? + 4(2x)'(-5)3 b=-5.

+ 1(=5)*

— 16x4 — 160x3 + GOOx2 Be careful with the negative numbers.
— 1000x + 625

Problem-solving
Example e If there is an unknown in the original

expression, you might be able to form

. 5. . ey
The coefficient of x? in the expansion of (2 — ¢x)? is 294. e 1 ey m——

Find the possible value(s) of the constant c.

The coefficients are 1, 3, 3, 1: Index = 3 so use the 4th row of Pascal’s triangle.
The term in x2 is 3 x 2(—cx)? = 6¢2x?
From the expansion of (« + b)? the x? term is 3ab?
So 6¢? =294 where a =2 and b = —cx.
c® =49 L

c=+7 Form and solve an equation in c.

Exercise @

1 State the row of Pascal’s triangle that would give the coefficients of each expansion:

a (x+y)° b (3x— 7)1 ¢ (2x+2) d (y—2x)+*
2 Write down the expansion of:

a (x+y)* b (p+¢q) ¢ (a-0b) d (x+4)

e (2x-3)* f (a+2) g (3x-4)* h (2x - 3y)*
3 Find the coefficient of x3 in the expansion of:

a (4+x)* b (1-x) ¢ (3+2x) d (4 +2x)°

e 2+x) f (4-1x)° g (x+2) h (3-2x)

® 4 Fully expand the expression (1 + 3x)(1 + 2x)3. Problem-solving

Expand (1 + 2x)3, then multiply each
term by 1 and by 3x.

@ 5 Expand (2 + y)*. Hence or otherwise, write down the expansion of (2 + x — x?)3 in ascending
powers of x.

@ 6 The coefficient of x? in the expansion of (2 + ax)? is 54. Find the possible values of the constant a.
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® 7 The coefficient of x? in the expansion of (2 — x)(3 + bx)? is 45. Find possible values of the
constant b.

® 8 Work out the coefficient of x? in the expansion of (p — 2x)3. Give your answer in terms of p.

9 After 5 years, the value of an investment of £500 at an interest rate of X% per annum is given by:

500(1 +WXO)5

Find an approximation for this expression in the form 4 + BX + CX?, where 4, B and C are
constants to be found. You can ignore higher powers of X.

Challenge

3
Find the constant term in the expansion of (x2 - i) .

2x
@ Factorial notation

You can use combinations and factorial notation to help you expand binomial expressions. For larger

indices, it is quicker than using Pascal’s triangle.
g & & m You say n factorial’.
Using factorial notation 3 x 2 x 1 = 3! By definition, 0! = 1.

® You can use factorial notation and your calculator to find entries in Pascal’s triangle quickly.
¢ The number of ways of choosing r items from a group of

n items is written as "C,. or (:,')

"C, = (”) . m You can say

S = ) , . : .
ri(n-r)! n choose ' for "C.,. It is sometimes

° The Vth entry in the Ilth row Of Pascal's triangle iS written without su perscripts and
q _ n-1 i
givenby"-1C._,= (r i 1) subscripts as nCr.
Example e
Calculate:
a Sl b °C, ¢ the 6th entry in the 10th row of Pascal’s triangle
—
a 5l=5x4x3x2x1=120 m Use the ”C, and ! functions on ?g‘
5 120 your calculator to answer this question. e
5 - == _
b Ce=53 = =10
c °C. = 126 You can calculate *C, by using the "C, function on
P’ your calculator.
" o= n! _ 5!

rlm-n!  21(5-2)!

In the expansion of (a + b)° this would give the
term 126a*h>.

L Therthentryinthenthrowis”-1C,_,.
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Exercise

1 Work out:
a 4! b 9! c 10t
) ) 7!
2 Without using a calculator, work out:
4 6 6 5
a (2) b <4> ¢ G d (4)
3 Use a calculator to work out:
15 0 20 20
a (6) b 26 c (1o> d <17)
4 Write each value a to d from 1
Pascal’s triangle using | |
"C, notation:
1 2 1
1 3 3 1

® 9

() 10
(® 1

162

1 6 (o (@@ 15

Work out the 5th number on the 12th row from Pascal’s triangle.

The 11th row of Pascal’s triangle is shown below.
1 10 45
a Find the next two values in the row.

b Hence find the coefficient of x3 in the expansion of (1 + 2x)!°.

The 14th row of Pascal’s triangle is shown below.
1 13 78
a Find the next two values in the row.

b Hence find the coefficient of x* in the expansion of (1 + 3x)'3.

15!
d 13
9
10
e Cg f <5>
e 4G, f 18C;

The probability of throwing exactly 10 heads when a fair coin is tossed 20 times is given by

10
Show that:

" nn-1)
a Cl =n b nC2 = T

. 50 50! .
Given that (1 3) = T3lal write down the value of a.

!
Given that <3PS) = p?ls é,, write down the value of p.

(2())0.520. Calculate the probability and describe the likelihood of this occurring.

(1 mark)

(1 mark)
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Challenge

a Work out 1°Cy and °C,

b Work out “Cs and “C,

¢ What do you notice about your answers to parts a and b?
d Provethat"C,="C,_,

@ The binomial expansion

The binomial expansion is a rule that allows you to expand brackets. You can use (tf) to work out the
coefficients in the binomial expansion. For example,

in the expansion of (a + b)®> = (a + b)(a + b)(a + b)(a + b)(a + b), to find the b* term you can choose

5)a2b3.

multiples of b from 3 different brackets. You can do this in (g) ways so the b3 term is (3

® The binomial expansion is:
(a+b)y"=a"+ ('ll)a"'lb + (:)a”‘zbz e+ (?)a”"b’ +..+b" (neN)

n_,~__n
where (r)_ C’_r!(n_y)! m n € N means that n must be a

member of the natural numbers. This is all
the positive integers.

Use the binomial theorem to find the expansion of (3 — 2x)°.

There will be 6 terms.

5 5
_ 5 _ 25 4(_ 3(_D )2
G-29 =3+ ( 1)3 =20+ (2)3 =2) Each term has a total index of 5.
+ (5>32(_2x)3 + <5>31(_2x)4 Use (a ar b)n where a = 3, b=-2xandn=>5.
3 4
+ (—2x)° 5
There are ( ) ways of choosing two ‘—2x’ terms
= 243 - 810x + 1080x? 2
— 720x3 + 240x% — 32x5 from five brackets.

@ Work out each coefficient quickly @

using the *C, and power functions on your
calculator.

Find the first four terms in the binomial expansion of:

a (1+2x)10 b (10-1x)°
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a (1+2x)0°

— 1104 (110)19(2x) + (15)15(2@2

+ (10)17(2x)3+...

3
— 2 3
= 1+ 20x 18027 + 96027 . m This is sometimes called the
b (10-1x) © expansion in ascending powers of x.
2
G 6 2
= 10+ ($)109(=32) + (§ ) 104(~ 1)
6 1.)3
+<3>1O3(—§x) +...
= 1000000 - 300000x + 37 500x7?
— 2500x3 + ... — Write each coefficient in its simplest form.

Exercise @

1

O
(E) 6
EP) 7

Write down the expansion of the following:
a (1+x)* b B+x)* c (4-x7 d (x+2)° e (1+2x)* f (1-1x)

Use the binomial theorem to find the first four terms in the expansion of:
a (1+x)1° b (1-2x° ¢ (1+3x0° d@-x¢ e (2-2)° f @3-x

Use the binomial theorem to find the first four terms in the expansion of:
a 2x+»)° b 2x+3y)° ¢ (p—¢? d Bx—p)° e (x+2y)? f 2x-3y)

Use the binomial expansion to find the first four terms, in ascending powers of x, of:

8 hN6 X\ 10
a (I+x b (1-2% ¢ (1 * 2) m Your answers should be
d (1-3x) e (2+x) f (3-2x) in the form a + bx + ¢x? + dx?
g (2-3x) h 4+ ) i (24 5x) where a, b, ¢ and d are numbers.
- 3x X i X

Find the first 3 terms, in ascending powers of x, of the binomial expansion of (2 — x)°
and simplify each term. (4 marks)

Find the first 3 terms, in ascending powers of x, of the binomial expansion of (3 — 2x)’
giving each term in its simplest form. (4 marks)

5
Find the binomial expansion of (x + %) giving each term in its simplest form. (4 marks)

Challenge

a Show that (a + b)* — (a — b)* = 8ab(a® + b?).
b Given that 82896 = 174 — 5% write 82896 as a product of its prime factors.
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@ Solving binomial problems

You can use the general term of the binomial expansion to find individual coefficients in a binomial
expansion.

® In the expansion of (a + b)" the general term is given by (';)a"-’br.

a Find the coefficient of x* in the binomial expansion of (2 + 3x)'0.
b Find the coefficient of x3 in the binomial expansion of (2 + x)(3 — 2x).

a x* term = (10)2g(3x)4 Use the general term. The power is 10, so n = 10,
4 and you need to find the x* term so r = 4.
= 210 x 64 x Blx* t
=1088640x* There are (140) ways of choosing 4 3x’ terms

The coefficient of x# in the binomial expansion
of (2 + 3x)'9 15 10868 640.

from 10 brackets.

First find the first four terms of the binomial

b 3 - 2x)
( %) expansion of (3 — 2x)".

=37+ (?)3%—2)0 + (

7

2)35<—2x)2

7\ 24 3

+ (3)3 (=233 + ...

= 2167 — 10206x + 20412x2
_ 22680x% + ...

(2 + x)(2187 = 10206x + 20412x7?

——— Now expand the brackets (2 + x)(3 - 2x)".
- 22680x3% + ..)

3 — _ 3 2
X° term = 2 x (=22 680x)° + x x 20412x There are two ways of making the x3 term:

= —24 9486x° (constant term x x3 term) and (x term x x2 term).
The coefficient of x3 in the binomial

expansion of (2 + X)(3 — 2x)7 is —24 948.

g(x) = (1 + kx)'°, where k is a constant.

Given that the coefficient of x3 in the binomial expansion of g(x) is 15, find the value of k.

I— a=1,b=kx,n=10and r = 3.

x3 term = (13?)17(kx)3 = 15x3

120k3x3 = 15x3 i = %x"‘

k= % 258 = % b
= k=it
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a Write down the first three terms, in ascending powers of x, of the binomial expansion of
(1 + gx)3, where ¢ is a non-zero constant.

b Given that, in the expansion of (1 + ¢x)®, the coefficient of x is —r and the coefficient of x? is 7r,
find the value of ¢ and the value of r.

a (1+gx)? Problem-solving

F) 8 There are two unknowns in this expression. Your
— 18 7 1 3 2
=0 (1 )1 () + <2)1 (Gx)" + ... expansion will be in terms of ¢ and x.

=1+ 8¢gx + 28¢°x? + ...

b 8¢ = —rand 28¢° = 7r Using 2842 = Tr, 1 = 4¢? and —r = —4¢~.
&q = —44¢°
4q% + 8¢ =0
4q(q+2) =0
g=-2,r=16 q is non-zero so g = —2.

Exercise @

1 Find the coefficient of x? in the binomial expansion of:

a 3+x) b (I +2x) ¢ (I -x)° d 3x+2)
e (I +x)0 f (3-2x)° g (1+x)% h (4 - 3x)’
6 7 8 5
i (1-3x) i (3+3x) k (2-3x) 1 (5+3x)
@ 2 The coefficient of x? in the expansion of Problem-solving
(2 + ax)® is 60. Find two possible values a=2,b=ax,n=6.Use brackets when you
of the constant a. substitute ax.

@ 3 The coefficient of x3 in the expansion of (3 + bx)’ is —=720. Find the value of the constant b.

@ 4 The coefficient of x3 in the expansion of (2 + x)(3 — ax)*is 30. Find two possible values of the
constant a.

@ 5 When (1 - 2x)’ is expanded, the coefficient of x?is 40. Given that p > 0, use this information
to find:

a the value of the constant p (6 marks) A il )
b the coefficient of x (1 mark) You will need to usepthe definition of (r) to find
¢ the coefficient of x3 (2 marks) an expression for (2)

6 a Find the first three terms, in ascending powers of x, of the binomial expansion
of (5 + px)*, where p is a non-zero constant. (2 marks)

b Given that in this expansion the coefficient of x? is 29 times the coefficient of x
work out the value of p. (4 marks)
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7 a Find the first four terms, in ascending powers of x, of the binomial expansion
of (1 + ¢gx)'°, where ¢ is a non-zero constant. (2 marks)

b Given that in the expansion of (1 + ¢x)!° the coefficient of x3 is 108 times the
coefficient of x, work out the value of ¢. (4 marks)

8 a Find the first three terms, in ascending powers of x of the binomial expansion

6

of (1 + px)!, where p is a constant. (2 marks)

b The first 3 terms in the same expansion are 1, 77x and ¢gx?, where ¢ is a constant.
Find the value of p and the value of ¢. (4 marks)

Write down the first three terms, in ascending powers of x, of the binomial
expansion of (1 + px)!5, where p is a non-zero constant. (2 marks)

b Given that, in the expansion of (1 + px)', the coefficient of x is (—¢) and the
coefficient of x? is 5¢, find the value of p and the value of g¢. (4 marks)

10 In the binomial expansion of (1 + x)%, the coefficients of x° and x'? are p and ¢ respectively.

Find the value of % (4 marks)

Challenge

8
Find the coefficient of x* in the binomial expansion of: a (3-2x%° b (% + xZ)

@ Binomial estimation

In engineering and science, it is often useful to find simple approximations for complicated
functions. If the value of x is less than 1, then x” gets smaller as n gets larger. If x is small you can
sometimes ignore large powers of x to approximate a function or estimate a value.

Example o

10
a Find the first four terms of the binomial expansion, in ascending powers of x, of (1 - %) .

b Use your expansion to estimate the value of 0.975'%, giving your answer to 4 decimal places.

(-3
<o (D) (D)0
+ (130)17(—§)3 + ...

=1-25x + 2.8125x% - 1.875x% + ...
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5 of x for which the first four terms of this
4" 0O 5J expansion give a good approximation to the

X
b We want (1 - Z> =0.975 —‘ @ Use GeoGebra to find the values
X

x =01 value of the function.

Substitute x = O.1 into the expansion
10
for (1 _E) from part a: Calculate the value of x.

0.9759 =1 - 0.25 + 0.028125
- 0001875

= 0.77625
0.975° = 0.7763 to 4 d.p.

Substitute x = 0.1 into your expansion.

Using a calculator, 0.9751° = 0.776 329 62.
So approximation is correct to 4 decimal places.

Exercise @

1

6
a Find the first four terms of the binomial expansion, in ascending powers of x, of (1 - 1x_0> .

b By substituting an appropriate value for x, find an approximate value for 0.99°.

10
a Write down the first four terms of the binomial expansion of (2 + %) .

b By substituting an appropriate value for x, find an approximate value for 2.11°,

If xis so small that terms of x* and higher m Start by using the binomial expansion to
can be ignored, show that: expand (1 — 3x)°. You can ignore terms of x3 and

2+ x)(1 = 3x)5=2 - 29x + 165x2 higher so you only need to expand up to and
including the x? term.

If x is so small that terms of x* and higher

can be ignored, and Problem-solving

2-x)3+x)*=a+bx+cx? Find the first 3 terms in the expansion of
(2 — x)(3 + x)* compare with a + bx + ¢x? and

find the values of the constants @, b and c.
write down the values of @, b and c.

a Write down the first four terms in the expansion of (1 + 2x)8.

b By substituting an appropriate value of x (which should be stated), find an approximate value
of 1.028,

f(x) = (1 = 5x)*

a Find the first four terms, in ascending powers of x, in the binomial expansion of f(x).

b Use your answer to part a to estimate the value of (0.995)*, giving your answer to 6 decimal places.

¢ Use your calculator to evaluate 0.995% and calculate the percentage error in your answer to
partb.

10
Find the first 3 terms, in ascending powers of x, of the binomial expansion of (3 - 1) ,

giving each term in its simplest form. (4 marks)

]

b Explain how you would use your expansion to give an estimate for the value of 2.981°, (1 mark)



The binomial expansion

@ 8 a Find the first 4 terms, in ascending powers of x, of the binomial expansion of (1 — 3x)°.
Give each term in its simplest form. (4 marks)

b If x is small, so that x> and higher powers can be ignored, show that
(1 +x)(1-3x)>=1-14x. (2 marks)

9 A microchip company models the probability of having no faulty chips on a single production
run as:

P(no fault) = (1 - p)", p < 0.001

where p is the probability of a single chip being faulty, and n being the total number of chips
produced.

a State why the model is restricted to small values of p. (1 mark)

b Given that n = 200, find an approximate expression for P(no fault) in the form
a+bp + cp. (2 marks)

¢ The company wants to achieve a 92% likelihood of having no faulty chips on a production
run of 200 chips. Use your answer to part b to suggest a maximum value of p for this to
be the case. (4 marks)

Mixed exercise o

@ 1 The 16th row of Pascal’s triangle is shown below.
1 15 105
a Find the next two values in the row.

b Hence find the coefficient of x3 in the expansion of (1 + 2x)!3.

!
@ 2 Given that (ﬁ) = %, write down the value of a. (1 mark)

3 20 people play a game at a school fete.
The probability that exactly n people win a prize is modelled as (2110 ) p"(1 - p)?°-", where p is the
probability of any one person winning.

Calculate the probability of:

a 5 people winning when p = %

b nobody winning when p = 0.7

¢ 13 people winning when p = 0.6

Give your answers to 3 significant figures.

4 When (1 - %x)p is expanded in ascending powers of x, the coefficient of x is —24.

a Find the value of p. (2 marks)
b Find the coefficient of x? in the expansion. (3 marks)
¢ Find the coefficient of x? in the expansion. (1 mark)

5 Given that:
2-x)=A4+Bx+Cx*+ ...
find the values of the integers 4, B and C. (4 marks)
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6

Expand (1 — 2x)'° in ascending powers of x up to and including the term in x?,
simplifying each coefficient in the expansion. (4 marks)

Use your expansion to find an approximation of 0.9819, stating clearly the
substitution which you have used for x. (3 marks)

Use the binomial series to expand (2 — 3x)!° in ascending powers of x up to and
including the term in x3, giving each coefficient as an integer. (4 marks)

Use your series expansion, with a suitable value for x, to obtain an estimate for 1.9710,
giving your answer to 2 decimal places. (3 marks)

Expand (3 + 2x)* in ascending powers of x, giving each coefficient as an integer. (4 marks)

b Hence, or otherwise, write down the expansion of (3 — 2x)* in ascending

powers of x. (2 marks)
Hence by choosing a suitable value for x show that (3 + 2v2)* + (3 - 2V2)*is an
integer and state its value. (2 marks)

9 The coefficient of x? in the binomial expansion of (1 + —) , where 7 is a positive

. . 2

integer, is 7.

a Find the value of n. (2 marks)

b Using the value of n found in part a, find the coefficient of x*. (4 marks)
@ 10 a Use the binomial theorem to expand (3 + 10x)* giving each coefficient as

an integer. (4 marks)

Use your expansion, with an appropriate value for x, to find the exact value of
1003%. State the value of x which you have used. (3 marks)

Expand (1 + 2x)'? in ascending powers of x up to and including the term in x3,

simplifying each coefficient. (4 marks)
b By substituting a suitable value for x, which must be stated, into your answer to
part a, calculate an approximate value of 1.02!2, (3 marks)
¢ Use your calculator, writing down all the digits in your display, to find a more exact
value of 1.0212, (1 mark)
d Calculate, to 3 significant figures, the percentage error of the approximation found
in part b. (1 mark)
@ 12 Expand (x - %)5, simplifying the coefficients. (4 marks)

(E/P) 13 In the binomial expansion of (2k + x)", where k is a constant and n is a positive integer, the
coefficient of x?is equal to the coefficient of x3.

a

b

170

Prove that n = 6k + 2. (3 marks)

. 2 : . . :
Given also that k = 3, expand (2k + x)" in ascending powers of x up to and including
the term in x3, giving each coefficient as an exact fraction in its simplest form. (4 marks)
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The binomial expansion

a Expand (2 + x)° as a binomial series in ascending powers of x, giving each coefficient
as an integer. (4 marks)

b By making suitable substitutions for x in your answer to part a, show that
(2 +V3)¢ — (2 — V/3)¢ can be simplified to the form k3, stating the value of the
integer k. (3 marks)

The coefficient of x? in the binomial expansion of (2 + kx)%, where k is a positive constant,
is 2800.

a Use algebra to calculate the value of k. (2 marks)

b Use your value of k to find the coefficient of x3 in the expansion. (4 marks)

a Given that
2+x)P+(2-x)P=4+ Bx?+ Cx*,

find the value of the constants 4, B and C. (4 marks)
b Using the substitution y = x? and your answers to part a, solve
(2 +x) + (2 - x)° = 349. (3 marks)

In the binomial expansion of (2 + px)3, where p is a constant, the coefficient of x3is 135.
Calculate:

a the value of p, (4 marks)

b the value of the coefficient of x* in the expansion. (2 marks)
. . . x2 2)°

Find the constant term in the expansion of <7 - ;) .

a Find the first three terms, in ascending powers of x of the binomial expansion of
(2 + px)’, where p is a constant. (2 marks)

The first 3 terms are 128, 2240x and ¢gx?2, where ¢ is a constant.

b Find the value of p and the value of g. (4 marks)

a Write down the first three terms, in ascending powers of x, of the binomial expansion
of (1 — px)!'2, where p is a non-zero constant. (2 marks)

b Given that, in the expansion of (1 — px)'?, the coefficient of x is ¢ and the coefficient
of x?is 64, find the value of p and the value of g. (4 marks)

a Find the first 3 terms, in ascending powers of x, of the binomial expansion

7
of (2 + %) , giving each term in its simplest form. (4 marks)

b Explain how you would use your expansion to give an estimate for the value of 2.057. (1 mark)

g(x) = (4 + kx)°, where k is a constant.

Given that the coefficient of x3 in the binomial expansion of g(x) is 20,
find the value of k. (3 marks)
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Challenge

1

2

f(x) = (2 — px)(3 + x)°> where p is a constant.
There is no x? term in the expansion of f(x).
Show that p = %

Find the coefficient of x2 in the expansion of (1 + 2x)8(2 — 5x)".

Summary of key points

1

172

Pascal’s triangle is formed by adding adjacent pairs of numbers to find the numbers on the
next row.

The (n + 1)th row of Pascal’s triangle gives the coefficients in the expansion of (a + b)".

nl=nxm-1)xm-2)x...x3x2x1.

You can use factorial notation and your calculator to find entries in Pascal’s triangle quickly.
+ The number of ways of choosing r items from a group of n items is
. n n\ . n~ _ (N\ _ n!
written as "C, or (r) C,= (r> = rln=nl
« The rth entry in the nth row of Pascal’s triangle is given by "~ 1C, _, = (;l: })
The binomial expansion is:
(@+b)"=a"+ (’;)a"‘lb + (g)a"‘zbz +...+ ('z)a""b’ +..+b"meN)
!

h n =nC =L

W ere(r) "ol -r))

In the expansion of (a + b)" the general term is given by (’:)an—rbr.

The first few terms in the binomial expansion can be used to find an approximate value for a
complicated expression.



Trigonometric ratios

After completing this unit you should be able to:

® Use the cosine rule to find a missing side or angle - pages 174-179

® Use the sine rule to find a missing side or angle - pages 179-185
® Find the area of a triangle using an appropriate

formula - pages 185-187
® Solve problems involving triangles - pages 187-192
® Sketch the graphs of the sine, cosine and tangent

functions - pages 192-194
® Sketch simple transformations of these graphs - pages 194-198

Prior knowledge check

1 Use trigonometry to find the lengths of
the marked sides.

a b X
. W
7.3cm ‘

«GCSE Mathematics [

Find the sizes of the angles marked.

E w‘ b /\ 5¢cm
6.2cm 2.7cm ,‘
2

2cm

Trigonometry in both two and three « GCSE Mathematics

dimensions is used by surveyors to work out
distances and areas when planning building
projects. You will also use trigonometry when
d working with vector quantities in mechanics.
—> Exercise 9B Q12 and Mixed exercise Q10, Q11

3 f(x) = x%+ 3x. Sketch the graphs of
a y="f(x) b y=f(x+2)
c y=f(x)-3 dy=f(%x)
« Sections 4.5, 4.6
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m The cosine rule

The cosine rule can be used to work out missing sides or angles in triangles.

= This version of the cosine rule is used to find a missing side if you know two sides and the
angle between them:

az=Db%+ c2-2bccos A

A
m You can exchange the letters depending

b on which side you want to find, as long as each side

B has the same letter as the opposite angle.
a
C

You can use the standard trigonometric ratios for right-angled triangles to prove the cosine rule:

m For a right-angled triangle

ing opposite
e sinf=——
,&(\0" = hypotenuse
) ko]
) 2, adjacent
5 cosf=———
0 u hypotenuse
Adjacent opposite
tan =———
adjacent

h? + x2 = b?
and  h? + (¢ — x)2=a?

So X2 —(c—x)P=5b%-a?

Use Pythagoras’ theorem in ACAX.
Use Pythagoras’ theorem in ACBX.

T

So 2¢x — ¢? = b? - a? Subtract the two equations.
a? =b? + ¢? - 2¢x )
(c— x)2=c?—2cx + x2
but =b A 2
v . co® @) Sox?—(c—x)2=x%—c?+ 2cx — x°
So a®=b?+ ¢® - 2bc cos A

Rearrange.
L Use the cosine ratio cos 4 = % in ACAX.

—— Combine (1) and (2). This is the cosine rule.

If you are given all three sides and asked to find an angle, the cosine rule can be rearranged.
a® + 2bc cos A= b + ¢?
2bccos A =b*+c?—a®
b*+ct-a
2bc
You can exchange the letters depending on which angle you want to find.

Hence c0s A=

® This version of the cosine rule is used to find an angle if you know all three sides:

cosg=re-a@
- 2bc @ Explore the cosine rule using

GeoGebra.
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Calculate the length of the side AB of the triangle ABC in which AC = 6.5c¢cm, BC = 8.7cm and

ZACB=100°.
A
Label the sides of the triangle with small letters
b= 5 em ¢ a, b and ¢ opposite the angles marked.
100°
C
a=567cm

Write out the formula you are using as the first line
of working, then substitute in the values given.

¢ =a®+ b - 2ab cos C
> =87°+652-2 %87 X 65 X cos 100°
=7569 + 4225 - (-19.639..) ’—L Don't round any values until the end of your
=13757... working. You can write your final answer to
So ¢ =11.729... 3 significant figures.
S0 AB =11.7cm (3 s.f.) L

Find the square root.

Find the size of the smallest angle in a triangle whose sides have lengths 3 cm, 5cm and 6 cm.

C Label the triangle ABC.
The smallest angle is opposite the smallest side
so angle C'is required.

6cm
5cm
A
3cm B
_at+b?=c? Use the cosine rule cos C=M
cos C = T oub 2ab
52 + 62 - 32 P
cos C=—F———"—+ Pt
2X5X%X6 @ Use your calculator to work this 00
= 0.8666... out efficiently. 22t
C=299° (@3 sf)
The size of the smallest angle is 29.9°. L C =cos1(0.8666...)
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Coastguard station Bis 8 km, on a bearing of 060°, from coastguard station 4. A ship Cis 4.8 km,
on a bearing of 018°, away from A4. Calculate how far Cis from B.

Problem-solving

If no diagram is given with a question you
should draw one carefully. Double-check that the
information given in the question matches your
sketch.

L— In AABC /CAB = 60° — 18° = 42°.

@2 =b2 + ¢ — 2be cos A You now have b = 4.8 km, ¢ = 8 km and 4 = 42°.
Use the cosine rule a2 = b% + ¢? — 2bc cos A.

a2 =482 482 -2 X 48 X & X cos 42°

= 29.966... If possible, work this out in one go using your
a=547 (3 sf) calculator.

Cis 547 km away from coastquard B.

Take the square root of 29.966... and round your
final answer to 3 significant figures.

In AABC, AB=xcm, BC=(x+2)cm, AC=5cm and ZABC = 60°.

Find the value of x.
A
5cm Use the information given in the question to draw
e a sketch.
B 60
(x + 2)cm

b2 =a? + ¢2 - 2ac cos B
52 = (x + 2)2 + x2 — 2x(x + 2) cos 60°

90 25 = 2x2 4 Ay + 4 — x2 — Dx Carefully expand and simplify the right-hand

side. Note that cos 60° =

Sox?2+2x-21=0 I_
o 2xV88 Rearrange to the form ax? + bx + ¢ = 0.
2
=3.69 (3 s.f) | Solve the quadratic equation using the quadratic

formula. « Section 2.1

x represents a length so it cannot be negative.
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Exercise

Give answers to 3 significant figures, where appropriate.

1 In each of the following triangles calculate the length of the missing side.

a B b B c 4
6.5 2cm
e 4.5cm
DN <& \ioo\
. B
A 8.4cm fem C 5.5cm C
d B e B f B
/ 7 . /n
108°
& fios:)
A C A 4 5.6cm ¢
6cm C
2 In the following triangles calculate the size of the angle marked x:
a B b B c B
2.5cm
4cm 8cm 7cm
3.5cm
25cm A
A
10cm ¢ ¢ 4
cm
24cm C
A
d B e 4 f 3.8cm
4 B
14cm
8cm 7ecm 6cm
6.2cm 6.2cm
¢ 9cm B
A al C
10cm
C
3 A plane flies from airport 4 on a bearing of 040° for 120 km N
and then on a bearing of 130° for 150 km. Calculate the
distance of the plane from the airport.
N

p 120km  150km

A
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10

® u

12

® 13
® 14

178

From a point 4 a boat sails due north for 7km to B. The boat leaves B and moves on a bearing
of 100° for 10 km until it reaches C. Calculate the distance of C from A.

A helicopter flies on a bearing of 080° from A4 to B, where AB = 50 km.
It then flies for 60 km to a point C.
Given that Cis 80 km from A, calculate the bearing of C from 4.

The distance from the tee, 7, to the flag, F, on a particular hole on a golf course is 494 yards.
A golfer’s tee shot travels 220 yards and lands at the point S, where /STF = 22°.
Calculate how far the ball is from the flag.

Show that cos 4 = § 4
4cm S5cm
B 6cm C
Show that cos P = —% 0 2m__P
3cm
4cm
R

In AABC, AB=5cm, BC=6cm and AC =10 cm.
Calculate the size of the smallest angle.

In AABC, AB=9.3cm, BC=6.2cm and AC=12.7cm.
Calculate the size of the largest angle.

The lengths of the sides of a triangle are in the ratio 2: 3 : 4.
Calculate the size of the largest angle.

In AABC, AB=(x—-3)cm, BC=(x+3)cm, AC=8cm and ZBAC = 60°.
Use the cosine rule to find the value of x.

In AABC, AB=xcm, BC=(x—-4)cm, AC=10cm and ZBAC = 60°.
Calculate the value of x.

In AABC, AB=(5-x)cm, BC=(4+ x)cm, ZABC =120° and AC = ycm.
a Show that y? = x> — x + 61.

b Use the method of completing the square to find the minimum value of )2, and give the
value of x for which this occurs.
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(P) 15 In AABC, AB=xcm, BC=5cm, AC = (10 - x)cm.
4x - 15

a Show that cos ZABC =

2x

b Given that cos ZABC = —%, work out the value of x.

@ 16 A farmer has a field in the shape of a quadrilateral as shown.

D .
135m c Problem-solving

You will have to use the cosine rule twice.
60m Copy the diagram and write any angles
or lengths you work out on your copy.

75m

4 120m B

The angle between fences AB and AD is 74°. Find the angle between fences BC and CD.

17 The diagram shows three cargo ships, 4, B and C, which are in N ¢
the same horizontal plane. Ship B is 50 km due north of ship 4
and ship Cis 70 km from ship 4. The bearing of C from A is 020°.
a Calculate the distance between ships B and C, in kilometres

to 3 s.f. (3 marks) 70km

S50k
b Calculate the bearing of ship C from ship B. (4 marks) " 0

@ The sine rule

The sine rule can be used to work out missing sides or angles in triangles.

® This version of the sine rule is used to find the length A

of a missing side: 5 <
a b c B
a

sind sinB sinC c

You can use the standard trigonometric ratios for right-angled triangles to prove the sine rule:

In a general triangle ABC, draw the perpendicular
from Cto AB. It meets ABat X.

’/ The length of CX'is h.

Use the sine ratio in triangle CBX.

m Explore the sine rule using O

. h .
sin B = 7= h=asnB Ceatalba
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and sin 4 = % = h=>bsinA Use the sine ratio in triangle CAX.
So asin B=bsin A
a b - . .
cnAd-onB Divide throughout by sin 4 sin B.

In a similar way, by drawing the perpendicular
from B to the side AC, you can show that:
a c
snd _ sin C
o 4 _ b _ ¢
sind sinB sinC

This is the sine rule and is true for all triangles.

® This version of the sine rule is used to find a missing angle:
sind _sin B _sin C
a b c

Example o

In AABC, AB =8cm, ZBAC =30° and ZBCA =40°. Find BC.

B Always draw a diagram and carefully add the data.
Here ¢ = 8 (cm), C = 40° 4 =30°, a = x (cm).
&cm xcm . R
In a triangle, the larger a side is, the larger the
20° 40° opposite angle is. Here, as C > 4, then ¢ > a, 5o
4 ¢ you know that 8 > x.
a_ _ b
sind  sin B L Use this version of the sine rule to find a missing
v 8 side. Write the formula you are going to use as
oin 30°  sin 40° the first line of working.
So = 82N 30" _ oooos. Multiply throughout by sin 30°.
sin 40°
=6.22cm (3 s.f) Give your answer to 3 significant figures.

In AABC, AB=3.8cm, BC=52cmand ZABC = 35°. Find ZABC.

B

3.8cm 5.2cm Here @ =5.2cm, c=3.8cmand 4 = 35°.
350 You first need to find angle C.
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sin C=5'|r1A UsesinC=sinA

c a L c a

Write the formula you are going to use as the first

sin € _ 5in 357 line of workin
38 52 &
So sin C = 3.8 sin 35° Use your calculator to find the value of Cin a
. r single step. Don't round your answer at this point.
C=24781...

B=180° - (24.781...° + 35°) = 120.21... which
rounds to 120° to 3 s.f.

So B =120° (3 s.f)

Exercise @

Give answers to 3 significant figures, where appropriate.

1 In each of parts a to d, the given values refer to the general triangle. B
a Given that a = 8cm, 4 = 30°, B=72°, find b. a
b Given that a =24cm, A =110°, C =22°, find c. c C
¢ Giventhatbh=14.7cm, A = 30°, C =95°, find a.
d Given that ¢ =9.8cm, B =68.4°, C=83.7°, find a. . b

2 In each of the following triangles calculate the values of x and y.

a 6 b
7.5cm A

‘ £

yem

oo
@]
8
(=%
<
o]
=

m In partscand d,
@ V start by finding the
size of the third angle.

8cm

yem
&,

(S
xcm
5.9cm
==
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In each of the following sets of data for a triangle A BC, B
find the value of x. a

a AB=6cm, BC=9cm, Z/BAC=117°, ZACB=x
b AC=11cm, BC=10cm, ZABC=40°, ZCAB = x
¢ AB=6cm, BC=8cm, Z/BAC =60°, ZACB = x b
d AB=8.7cm, AC=10.8cm, ZABC =28°, ZBAC = x 4

In each of the diagrams shown below, work out the size of angle x.

a B b B c B

V2cem
5.8cm 4.5cm 3v3em

72em 6.2cm &

c 80° C a C
[ /o !

A

A

d B e B f B

<& A’ <\

10.4cm 9.7cm c

In APQR, QR =3 cm, ZPQR = 45° and ZQPR = 60°. Find a PR and b PQ.

In APQR, PQ=15cm, QR =12cm and ZPRQ = 75°. Find the two remaining angles.

In each of the following diagrams work out the values of x and y.

Town B i‘s 6km, on a bearing of 020°, from town A. Problem-solving
Town Cis located on a bearing of 055° from town A

and on a bearing of 120° from town B. Work out the
distance of town C from:
a town 4 b town B

Draw a sketch to show the information.
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9 In the diagram AD = DB = 5cm, ZABC = 43° A
and ZACB =172°.
Calculate:
a AB Scm
b CD
c 72° 43° B
D Scm
10 A zookeeper is building an enclosure for some llamas. A prs B
The enclosure is in the shape of a quadrilateral as shown.
If the length of the diagonal BD is 136 m 76m
a find the angle between the fences AB and BC
b find the length of fence 4B D 98°
80m o

11 In AABC, AB=xcm, BC=(4-x)em,  ESRSPmprryme
/BAC =yand ZBCA = 30°.
You can use the value of sin y directly in your

Given that sin y = %, show that calculation. You don't need to work out the value of y.
2
x=4(/2-1) (5 marks)
12 A surveyor wants to determine the height of a IEE
building. She measures the angle of elevation
of the top of the building at two points 15m LR
apart on the ground. EEN
a Use this information to determine the height LN
of the building. (4 marks) o o EE R
b State one assumption made by the surveyor —
in using this mathematical model. (1 mark) I5m

For given side lengths b and ¢ and given angle B, you can draw the triangle in two different ways.
A

You can draw b
such that the
angle at Cis
obtuse (C).

Alternatively you You can confirm this relationship by
can draw b such considering the graph of y = sin x.

b " that the angle at VA
B Cis acute (C,). 14
B ’ /‘ A /\

C G sing / \

~— : :
Since AC,C, is an isosceles triangle, it follows that the : :
angles AC,B and AC,B add together to make 180°. '

) 18060 18Q° X
® The sine rule sometimes produces two possible '
solutions for a missing angle:

* sin O=sin (180° - 0)

-> Section 9.5 and Chapter 10
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In AABC, AB=4cm, AC =3 cm and LABC = 44°. Work out the two possible values of ZACB.

Problem-solving

Think about which lengths and angles are fixed,
and which ones can vary. The length AC is fixed.
If you drew a circle with radius 3 cm and centre
A it would intersect the horizontal side of the
triangle at two points, C; and C,.

C
Elll C: sin B Use S & _ sl B,whereb=3,c=4,B=44°.
¢ b ¢ b
sin C _ sin 44°
4 = 3
. _ 4 sin 44°
sin C = T
So C=67851...=679°(3 s1)
or C=180 - 67.851... = 112.14...

= 112° (3 o) ————— Assin (180 -6) =sin 6.

Exercise @

Give answers to 3 significant figures, where appropriate.

1 In AABC, BC=6cm, AC=4.5cm and ZABC = 45°.
a Calculate the two possible values of Z/BAC.

b Draw a diagram to illustrate your answers.

2 In each of the diagrams shown below, calculate the possible values of x and the corresponding
values of y.

a A b B C B
/3 42em N\
8cm 21cm 4cm Scm
12cm A @ 4
B yem c A
far em e
C

3 In each of the following cases AABC has ZABC = 30° and AB = 10cm.
a Calculate the least possible length that AC could be.
b Given that AC = 12 cm, calculate ZACB.
¢ Given instead that 4C = 7 cm, calculate the two possible values of ZACB.
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@ 4 Triangle ABC is such that AB =4cm, BC = 6¢cm and ZACB = 36°. Show that one of the possible
values of ZABCis 25.8° (to 3 s.f.). Using this value, calculate the length of AC.

5 Two triangles ABC are such that AB =4.5cm, BC = 6.8 cm and ZACB = 30°. Work out the value
of the largest angle in each of the triangles.

6 a A cranc arm AB of length 80 m is anchored at
point B at an angle of 40° to the horizontal.
A wrecking ball is suspended on a cable of
length 60 m from A. Find the angle x through
which the wrecking ball rotates as it passes the
two points level with the base of the crane arm

at B. (6 marks)
b Write down one modelling assumption you
have made. (1 mark)

@ Areas of triangles

You need to be able to use the formula for finding the area of any triangle when you know two sides
and the angle between them.

® Area=labsin C

m As with the cosine rule, the letters are
b g interchangeable. For example, if you know angle B
B and sides a and ¢, the formula becomes Area = %ac sin B.
a

The perpendicular from 4 to BC'is drawn and it
meets BC at X. The length of AX = A.

B
Area of AABC = Lah ©) Area of triangle = 1 base x height.
But h=bsinC 2) Use the sine ratio sin C = % in AAXC.
So Area = %ab sin C Substitute (2) into (1).
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Work out the area of the triangle shown below.

B
@ Explore the area of a triangle O
42cm using GeoGebra.
75°
A C

6.9cm

Here b =6.9cm, ¢ = 4.2cm and angle 4 = 75°,
Area = %bc sin A SO use:

_1 ;
Area of NAABC = % X 6.9 X 4.2 X sin 75°cm? Area = 3bc sin A.
=140cm? (3 af)

In AABC, AB=5cm, BC=6cm and ZABC = x. Given that the area of AABCis 12 cm? and that
AC is the longest side, find the value of x.

B
5cm 6cm
Here a =6.cm, ¢ =5cm and angle B = x, so use:
A C [ Area= %ac sin B.

1 )
Area = sac sin B

1 )
Area AABC =5 X 6 X 5 X sin xcm? — Area of AABClis 12 cm2.
So 12=1§X66X5X5'mxcm2
1
So sinx=08 sinx=%

x =126.66... .
=127° (3 f) PrOblem-solvmg

There are two values of x for which sin x = 0.8,
53.13...° and 126.86...°, but here you know B is

the largest angle because AC'is the largest side.

1 Calculate the area of each triangle.
a B b 4 c B

80°
6.4cm 6.4cm
8.6cm C 3.5cm

@ 7.8cm C 4 ¢

2.5cm
A
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2 Work out the possible sizes of x in the following triangles.

3 A fenced triangular plot of ground has area 1200 m?. The fences along the two smaller sides are
60 m and 80 m respectively and the angle between them is . Show that 6 = 150°, and work out
the total length of fencing.

A
® 4 In triangle ABC, BC = (x + 2)cm,
AC=xcmand ZBCA = 150°.
Given that the area of the triangle

xXcm
is 5cm?, work out the value of x, 150°
giving your answer to 3 significant figures. B (x+2)em €
5 In APQR, PO = (x + 2)cm, PR = (5 — x)cm and ZOPR = 30°.

The area of the triangle is 4 cm?.
a Show that 4 = (10 + 3x — x2). (3 marks)
b Use the method of completing the square, or otherwise, to find the maximum

value of A4, and give the corresponding value of x. (4 marks)

6 In AABC, AB=xcm, AC= (5 +x)cm Problemsoluing

and ZBAC = 150°. Given that the area of the

triangle is 3% cm? x represents a length so it must be positive.
a Show that x satisfies the equation x> + 5x — 15 =0. (3 marks)

b Calculate the value of x, giving your answer to 3 significant figures. (3 marks)

m Solving triangle problems

You can solve problems involving triangles by using the sine and cosine rules along with Pythagoras’
theorem and standard right-angled triangle trigonometry.

If some of the triangles are right-angled, try to use basic trigonometry and Pythagoras’ theorem first
to work out other information.

If you encounter a triangle which is not right-angled, , ,
. . . The sine rule is often
you will need to decide whether to use the sine rule . ;
easier to use than the cosine rule. If you

or the cosine rule. Generally, use the sine rule when B S
you are considering two angles and two sides and in a triangle, try to use the sine rule to
the cosine rule when you are considering three sides find other missing sides and angles.
and one angle.
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For questions involving area, check first whether you can use Area = % x base x height, before using

the formula involving sine.

 to find an unknown angle given two sides and one opposite angle, use the sine rule

* to find an unknown side given two angles and one opposite side, use the sine rule

+ to find an unknown angle given all three sides, use the cosine rule

« to find an unknown side given two sides and the angle between them, use the cosine rule

* to find the area given two sides and the angle between them, use Area = %ab sin C

The diagram below shows the locations of four mobile

phone masts in a field. BC =75m,
CD = 80m, angle BCD = 55° and angle ADC = 140°.

In order that the masts do not interfere with each
other, they must be at least 70 m apart.
Given that A is the minimum distance from D, find:

a the distance A4 is from B
b the angle BAD
¢ the area enclosed by the four masts

B

Problem-solving

N
70m @

D

80m

a BD? = BC? + CD? — 2(BC)(CD)cos (£/BCD)
BD? =752 + 802 — 2(75)(80)cos 55°
BD? = 5142.08...

BD =/5142.08... = 71.708.=

sin(ZBDC) : sin(ZBCD)

BC BD L
) _sin(55°) X 75
sin(ZBDC) = 1708 - 0.85675...

ZBDC = 58.954...
ZBDA =140 - 56.954... = 61.045...

188

Split the diagram into two triangles. Use the
information in triangle BCD to work out the
length BD. You are using three sides and
one angle so use the cosine rule.

Find BD first using the cosine rule.

Store this value in your calculator, or write down
all the digits from your calculator display.

You know a side and its opposite angle (BD and
/BCD), so use the sine rule to calculate angle
BDC.

Find BDA and store this value, or write down all
the digits from your calculator display.



AB? = AD? + BD? — 2(AD)(BD)cos(£BDA)

AB? =70% + 71.708...2
— 2(70)(71.708...)cos (81.045...)

AB? = 8479.55...
=y6479.55... =92.084...

Trigonometric ratios

You can now use the cosine rule in triangle ABD
to find AB.

ABis a length, so you are only interested in the
positive solution.

=921m (3 s.f)
b sin(ZBAD) _ sin(ZBDA)
BD AB
in(81. L) X7
ein(/BAD) = sin(& 04;52.0)54 71708
= 0.769...
/BAD = 50.28... = 50.3° (3 s.f)

c Area ABCD = area BCD + area BDA

Area ABCD = %(BC)(CD)sin(£BCD)
L(AB)(AD)sin (£ BAD)

Area ABCD = 4(75)(&0)sin (55°)
+ £(92.084...)(70)sin (50.28...°)

Area ABCD = 2457.4...
Area ABCD = 4936.4. ..

Exercise @

+ 2479.0...

= 4940m? (3 s.f)

Use the sine rule to calculate angle BAD.

Alternatively you could have used the cosine rule
with sides 4B, BD and AD.

Use the area formula twice.

m Explore the solution step-by-step O

using GeoGebra.

Try to use the most efficient method, and give answers to 3 significant figures.

1 In each triangle below find the values of x, y and z.

b B
48°

zcem

84°
A

NERNAAN 6

(8]
(@]
8
b
(@)
(o]
=]
(@)
(@)
8
S
W
@)
ﬁ
oo oo
(@]
8

yem
20cm

14.6cm ycm

12cm
cm
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@ O
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In AABC, calculate the size of the remaining angles, the lengths of the third side and the area
of the triangle given that

a ABAC=40°, AB=8.5cmand BC=10.2cm
b ANACB=110°, AC=4.9cm and BC = 6.8cm

A hiker walks due north from 4 and after 8 km reaches B. She then walks a further 8 km on a
bearing of 120° to C. Work out a the distance from 4 to C and b the bearing of C from 4.

A helicopter flies on a bearing of 200° from A to B, where AB = 70 km. It then flies on a
bearing of 150° from B to C, where C is due south of 4. Work out the distance of C from 4.

Two radar stations 4 and B are 16 km apart and A4 is due north of B. A ship is known to be on
a bearing of 150° from 4 and 10 km from B. Show that this information gives two positions for
the ship, and calculate the distance between these two positions.

Find x in each of the following diagrams:

B
8cm & 4
S5cm
xcm
c 7D
xcm D Scm 6cm
e
A 10cm ¢

In AABC, AB=4cm, BC=(x+2)cm and AC =7 cm.
a Explain how you know that 1 < x <9. B

b Work out the value of x and the area of the triangle 4cm
for the cases when c
i ZABC=60°and A 7em
ii ZABC =45°, giving your answers to 3 significant figures.

. C
In the triangle, cos ZABC = %

a Calculate the value of x.
b Find the area of triangle ABC. B

6cm
(x+ 1)cm

2cm
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In AABC, AB =2 cm, BC =3 cm and ZBAC = 60°. Show that ZACB = 45° and find AC.

In AABC, AB=(2-x)cm, BC=(x+ 1)cm Problem-solving

and ZABC = 120°. .
— Complete the square for the expression
a Show that AC? =x* —x +7. X2 — x + 7 to find the minimum value of

b Find the value of x for which AC has a AC? and the value of x where it occurs.
minimum value.

Triangle ABC is such that BC = 5/2 cm, ZABC = 30° and /BAC =6, where sin§ = g

Work out the length of AC, giving your answer in the form a/b, where a and b are integers.

The perimeter of AABC = 15cm. Given that AB =7cm and ZBAC = 60°, find the lengths of
AC and BC and the area of the triangle.

In the triangle ABC, AB=14cm, BC=12cm and CA = 15¢cm.
a Find the size of angle C, giving your answer to 3 s.f. (3 marks)
b Find the area of triangle 4 BC, giving your answer in cm? to 3 s.f. (3 marks)

A flower bed is in the shape of a
quadrilateral as shown in the diagram.

a Find the sizes of angles DAB and BCD.

(4 marks)
b Find the total area of the flower bed.

(3 marks)
¢ Find the length of the diagonal AC.

(4 marks)
ABCD is a square. Angle CED is obtuse. A B
Find the area of the shaded triangle. (7 marks)

10cm E
40°
8cm
C D
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@ Graphs of sine, cosine and tangent

® The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain
interval.

You need to be able to draw the graphs for a given range of angles.

® The graph of y = sin 6:
* repeats every 360° and crosses the x-axis at ..., -180°, 0, 180°, 360°, ...
* has a maximum value of 1 and a minimum value of -1.

sin @ =1 when 6 = 90°, 450°, etc.

y
1- L L
y=sin0 sin @ = 0 when
4 0 =-180°,0°,
180°, 360°,
a8 —90° 90° 18 270° 00 4500 5400 O D40%etc

sin @ = =1 when 0 = =90°, 270°, etc.

® The graph of y = cos 6:
* repeats every 360° and crosses the x-axis at ..., —-90°, 90°, 270°, 4509, ...
* has a maximum value of 1 and a minimum value of —1.

cosf =1 when 6 =0°, 360°, etc.

<

y=cost cos =0 when

1
2 l 6 =-90°, 90°,
270°, 450, etc.

~180° 0° 0 90 180° 0° 360° 4500 5400 6

cosf =-1when # =-180°, 180°, 540°, etc.
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® The graph of y = tan 6:

* repeats every 180° and crosses the x-axis at ..
has no maximum or minimum value
* has vertical asymptotes at x = -90°, x =90°, x = 270°, ...

O B T .

1

. —180°, 0°, 180°, 360°, ...

tan 0 does not have maximum and minimum points but approaches negative or positive
infinity as the curve approaches the asymptotes at —90°, 90°, 270°, etc. tan 6 is undefined
for these values of 6.

-150°-120°-90° —-60° =302

a Sketch the graph of y = cos € in the interval —360° < 6 < 360°.

!
I T T T T I T T
9¢° 120° 15057180° 210° 240° 270° 300° 33027360° O

N

b i Sketch the graph of y = sin x in the interval —180° < x < 270°
ii sin(-30°) =-0.5. Use your graph to determine two further values of x for which sin x = -0.5.

N/

7150°

360°

tan 8 = 0 when 6 = 0°, 180°, 360°, etc.

The axes are # and y.

The curve meets the #-axis at
0 =+270° and 6 = £90°.

The curve crosses the y-axis
at (0, 1).
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b i
¥ ,
" y = sinx
a8 —900 O 900 18 2700 X
71< The line x =-90° is a line of
symmetry.
ii Using the symmetry of the graph:
sin (=150°) = -0.5 The line x =90° is a line of
; 0 symmetry.
sin 210° = -0.5
" You could also find this value by
x = =150° or 210 working out sin (180° — (=30°)).

Exercise @

1 Sketch the graph of y = cos 6 in the interval —180° < 6 < 180°.
2 Sketch the graph of y = tan 6 in the interval —180° < # < 180°.

3 Sketch the graph of y = sin 6 in the interval —=90° < 0 < 270°.

4 a cos30°= g Use your graph in question 1 to find another value of 6 for which cosf = g
b tan 60° = /3. Use your graph in question 2 to find other values of 6 for which:
i tanf=V3 i tanf=-/3
¢ sin45° = % Use your graph in question 3 to find other values of 6 for which:
. . 1
isinf=— ii sinf=-—
V2 V2
@ Transforming trigonometric graphs
You can use your knowledge of transforming graphs to m You need to be able to apply

transform the graphs of trigonometric functions. translations and stretches to graphs

of trigonometric functions.
< Chapter 4

Sketch on separate sets of axes the graphs of:
a y=3sinx, 0=<x =< 360°
b y=-tan6, -180° < ¢ < 180°
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a VA
37 y = 3sinx
0 T T
90° 16Q° 270° 360° X
- =

~180N\-90° O

Sketch on separate sets of axes the graphs of:

a y=—1+sinx, 0=<x=<360°

y= -1+ sinx

|+

1860° 270° 360°

0 T T T T
1] 90oN\ee270° 3600 ¥

Trigonometric ratios

y = 3f(x) is a vertical stretch of the graph

y = f(x) with scale factor 3. The intercepts on the
x-axis remain unchanged, and the graph has a
maximum point at (90°, 3) and a minimum point
at (270°, =3).

y = —f(x) is a reflection of the graph y = f(x) in the
x-axis. So this graph is a reflection of the graph
y =tan x in the x-axis.

b y=%+cosx,Ost360°

y = f(x) — 1is a translation of the graph
y = f(x) by vector (_01)

The graph of y = sin x is translated by 1 unit in
the negative y-direction.

y="f(x) + % is a translation of the graph

0
y = f(x) by vector (l)
2

The graph of y = cos x is translated by % unit in
the positive y-direction.
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Sketch on separate sets of axes the graphs of:
a y=tan(f+45°),0 =<6 =< 360° b y=cos(f-90°), -360° < 6 < 360°

a v ="f(0 + 45°) is a translation of
iy = tan@ + 459 the graph y = f(0) by vector (_%50).
Remember to translate any
asymptotes as well.

o 50 fis° 3608 0
The graph of y = tan 0 is translated
by 45° to the left. The asymptotes
are now at f = 45° and 0 = 225°.

The curve meets the y-axis where

4745

b 1y = cos (0 - 90% f=0soy=1.
— _ o\ i &

_»90 y =f(6—90°) is a translation 8{)

the graph y = f(0) by vector( 0 )
-360° -270° -189° —-90° 90° 270° 30°
The graph of y = cos 6 is translated
by 90° to the right. Note that this
—14 is exactly the same curve as

y =sin 6, so another property is
that cos (# — 90°) = sin 6.

Example @

Sketch on separate sets of axes the graphs of:

a y=sin2x,0<x<360° b y=cos g, —540° <0 < 540° ¢ y=tan(-x), -360° < x < 360°

= f(2x) is a horizontal stretch of the graph

y
1 :
/\ /\ y = sin2x y = f(x) with scale factor 1.
0 The graph of y = sin x is stretched horizontally
abe 180° 27A0° 3d0° X with scale factor
The period is now 180° and two complete ‘waves’
1] are seen in the interval 0 < x < 360°.
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b y y= f(%&) is a horizontal stretch of the graph

y = f(6) with scale factor 3.

y= cos%
\\ The graph of y = cos @ is stretched horizontally
T T T T T T 1 H Q H o
-540° -36¢¢ —180° O 180° \8eo® 540° 0 with scale factor 3. The period of cos 31 1080

and only one complete wave is seen while
=540 < 0 < 540°. The curve crosses the f-axis at
0 = +270°.

¥y = tan(-x) y = f(=x) is a reflection of the graph y = f(x) in

the y-axis.

The graph of y = tan (—x) is reflected in the y-axis.
; : In this case the asymptotes are all vertical so they
P18

{ | 3e0°¥ remain unchanged.

A S

@ Plot transformations of O

trigonometric graphs using GeoGebra.

Exercise

1

Write down i the maximum value, and ii the minimum value, of the following expressions,
and in each case give the smallest positive (or zero) value of x for which it occurs.

a cosx b 4 sinx ¢ cos(—x)

d 3+sinx e —sinx f sin3x
Sketch, on the same set of axes, in the interval 0 < 6 < 360°, the graphs of cos 6 and cos 36.

Sketch, on separate sets of axes, the graphs of the following, in the interval 0 < 6 < 360°.
Give the coordinates of points of intersection with the axes, and of maximum and minimum

points where appropriate.

a y=-—cosf b y=%sin9 c y=sin%9 d y=tan(f -45°

Sketch, on separate sets of axes, the graphs of the following, in the interval —180° < 6 < 180°.
Give the coordinates of points of intersection with the axes, and of maximum and minimum
points where appropriate.

a y=-2sinf b y=tan (6 + 180°) ¢ y=cos4d d y=sin(-0)

Sketch, on separate sets of axes, the graphs of the following in the interval —360° < 6 < 360°.
In each case give the periodicity of the function.

a y=sin%9 b yz—%cosﬁ ¢ y=tan(d - 90°) d y=tan24
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® 6

EP) 9

a By considering the graphs of the functions, or otherwise, verify that:
i cosf=cos(-0)
ii sinf = —sin(-0)
iii sin (# — 90°) = —cos 6.
b Use the results in a ii and iii to show that sin (90° — ) = cos 6.
¢ In Example 14 you saw that cos (6 — 90°) = sin 6.
Use this result with part a i to show that cos (90° — ) = sin 6.

The graph shows the curve

y=cos(x + 30°), =360° < x < 360°.

a Write down the coordinates of \
the points where the curve -360° -X70° —180°/—90° 0°  180° /270°  360°
crosses the x-axis. (2 marks) 1

b Find the coordinates of the )
point where the curve crosses the y-axis. (1 mark)

The graph shows the curve with equation
y=sin(x + k), =360° < x < 360°, L
where k is a constant. \ //\ /
a Find one possible value

for k. (2 marks) ~240° 60°0  120° 300°
b Is there more than one possible —11

answer to part a? Give a reason
for your answer. (2 marks)

The variation in the depth of water in a rock pool can be modelled using the function
vy = sin (307)°, where ¢ is the time in hours and 0 < ¢ < 6.

a Sketch the function for the given interval. (2 marks)

b If 7 = 0 represents midday, during what times will the rock pool be at least half full? (3 marks)

Mixed Exercise o

Give non-exact answers to 3 significant figures.

1

1 Triangle ABC has area 10cm?. AB =6 cm, BC =8 cm and ZA4ABC is obtuse. Find:
a the size of ZABC
b the length of AC

2 In each triangle below, find the size of x and the area of the triangle.

a b c 5cm
2.4cm 1.2cm oo 3cm a’
X q Scm A
3cm
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The sides of a triangle are 3cm, 5cm and 7 cm respectively. Show that the largest angle is 120°,
and find the area of the triangle.

In each of the figures below calculate the total area.

10.4cm c b B
3.9cm
4.8cm
75°
A C

D D<—24cm —>

In AABC, AB=10cm, BC = a/3 cm, AC = 5/13 cm and ZABC = 150°. Calculate:
a the value of «
b the exact area of AABC.

In a triangle, the largest side has length 2 cm and one of the other sides has length v2 cm.
Given that the area of the triangle is 1 cm?, show that the triangle is right-angled and isosceles.

The three points A, B and C, with coordinates A(0, 1), B(3, 4) and C(1, 3) respectively, are
joined to form a triangle.

a Show that cos ZACB = —% (5 marks)
b Calculate the area of AABC. (2 marks)

The longest side of a triangle has length (2x — 1) cm. The other sides have lengths (x — 1) cm
and (x + 1) cm. Given that the largest angle is 120°, work out

a the value of x (5 marks)
b the area of the triangle. (3 marks)
A park is in the shape of a triangle ABC as shown. N
A park keeper walks due north from his hut at 4 until he 0
reaches point B. He then walks on a bearing of 110° to point C. plI0°
a Find how far he is from his hut when at point C. L4km
Give your answer in km to 3 s.f. (3 marks)
b Work out the bearing of the hut from point C. 1.2km c
Give your answer to the nearest degree. (3 marks)
¢ Work out the area of the park. (3 marks)

A

A windmill has four identical triangular sails made from wood. If each triangle has sides of
length 12m, 15m and 20 m, work out the total area of wood needed. (5 marks)

Two points, A and B are on level ground. A church tower at point C has an angle of elevation
from A of 15° and an angle of elevation from B of 32°. 4 and B are both on the same side of
C, and A4, B and C lie on the same straight line. The distance AB = 75m.

Find the height of the church tower. (4 marks)
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Describe geometrically the transformations which map:

a the graph of y = tan x onto the graph of tan %x

b the graph of y = tan %x onto the graph of 3 + tan%x

¢ the graph of y = cos x onto the graph of —cos x

d the graph of y = sin (x — 10) onto the graph of sin (x + 10).

a Sketch on the same set of axes, in the interval 0 < x < 180°, the graphs of y = tan (x — 45°)
and y = =2 cos x, showing the coordinates of points of intersection with the axes. (6 marks)

b Deduce the number of solutions of the equation tan (x — 45°) + 2 cos x = 0, in the interval

0=x=180°. (2 marks)
The diagram shows part of the graph of y = f(x). o
It crosses the x-axis at A(120°, 0) and B(p, 0). c
It crosses the y-axis at C(0, ¢) and has a maximum y 4 /B
value at D, as shown. / 0 ) 2Vp X
Given that f(x) = sin (x + k), where k > 0, write down
a the value of p (1 mark)
b the coordinates of D (1 mark)
¢ the smallest value of & (1 mark)
d the value of g¢. (1 mark)

Consider the function f(x) = sinpx, p € R, 0 < x < 360°.
The closest point to the origin that the graph of f(x) crosses the x-axis has x-coordinate 36°.

a Determine the value of p and sketch the graph of y = f(x). (5 marks)
b Write down the period of f(x). (1 mark)
The graph below shows y =sinf, 0 < 6 < 360°, with one 74
value of (6 = o) marked on the axis. 17

a Copy the graph and mark on the #-axis the positions

of 180° - a, 180° + @, and 360° - a. O ot 1% 2700 Ao 0
b Verify that: L

sin o = sin (180° — @) = —sin (180° + @) = —sin (360° — a).

a Sketch on separate sets of axes the graphs of y = cos#(0 < 6 < 360°) and

y=tanf (0 < 0 < 360°), and on each #-axis mark the point («, 0) as in question 16.
b Verify that:

i cosa=-cos(180° - a)=—cos(180° + a) = cos (360° — a)

ii tan o= —tan(180° — @) = tan (180° + ) = —tan (360° — a)

A series of sand dunes has a cross-section which can be modelled using a sine curve of the form
v = sin (60x)° where x is the length of the series of dunes in metres.

a Draw the graph of y = sin (60x)° for 0 < x < 24°, (3 marks)
b Write down the number of sand dunes in this model. (1 mark)
¢ Give one reason why this may not be a realistic model. (1 mark)
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Challenge

In this diagram AB=BC=CD=DE=1m. m B
AEB back to back.

A

A A
Im

B Im C Im D 1m E B DE B
Prove that ZAEB + ZADB = /ACB.

Summary of key points

1 This version of the cosine rule is used to find a missing A

side if you know two sides and the angle between them: 5 ¢
a®=b?+ > —2bccos A - B

2 This version of the cosine rule is used to find an angle if
you know all three sides:
b’ + c?—a?
2bc

c0s A =

3 This version of the sine rule is used to find the length of a missing side:

a__ b NG
sind sinB sinC

4 This version of the sine rule is used to find a missing angle:
sind _sinB _sinC
a b c

5 The sine rule sometimes produces two possible solutions for a
missing angle:
sin @ = sin (180° — 6)

6 Area of a triangle = 2ab sin C.

7 The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain
interval.

+ The graph of y = sin : repeats every 360° and crosses the x-axis at ..., —180°, 0, 180°, 360°, ...
has a maximum value of 1 and a minimum value of —1.

+ The graph of y = cos 6: repeats every 360° and crosses the x-axis at ..., =90°, 90°, 270°, 450°, ...
has a maximum value of 1 and a minimum value of —1

+ The graph of y = tan 6: repeats every 180° and crosses the x-axis at ... —180°, 0°, 180°, 360°, ...

+ has no maximum or minimum value
has vertical asymptotes at x = —90°, x = 90°, x = 270°, ...
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Trigonometric 1 o
identities and

equations

After completing this chapter you should be able to:

® (alculate the sine, cosine and tangent of any angle - pages 203-208
® Know the exact trigonometric ratios for 30°, 45° and 60° - pages 208-209
® Know and use the relationships tan #= il
o o e cos ¢
and sin?#+ cos? /=1 - pages 209-213
® Solve simple trigonometric equations of the forms sin #=k,
cosfd=kandtanfd=k - pages 213-217

® Solve more complicated trigonometric equations of the
forms sinnd =k and sin (¢ + a) = k and equivalent equations
involving cos and tan - pages 217-219

® Solve trigonometric equations that produce quadratics - pages 219-222

Prior knowledge check

1 a Sketch the graph of y = sin x for 0 < x < 540°.
b How many solutions are there to the equation
sinx = 0.6 in the range 0 < x < 540°?
¢ Given that sin~1(0.6) = 36.9° (to 3 s.f.), write
down three other solutions to the equation
sinx = 0.6. « Section 9.5

2 Work out the marked angles in these triangles.

b
: \i&hm é 6.1cm
163 cm q )

20cm

< GCSE Mathematics

3 Solve the following equations.
a2x-7=15 b3x+5=7x-4
¢ sinx=-0.7 < GCSE Mathematics

Trigonometric equations can be used
to model many real-life situations
such as the rise and fall of the tides
or the angle of elevation of the sun
at different times of the day.

4 Solve the following equations.
a x’-4x+3=0 b x>+8x-9=0
c 2x>-3x-7=0

<« Section 2.1
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@ Angles in all four quadrants

You can use a unit circle with its centre at the origin y
to help you understand the trigonometric ratios. o)
X,V

® For a point P(x, y) on a unit circle such that !

OP makes an angle 0 with the positive x-axis:

c
* X X .
e cos 0= x = x-coordinate of P m A unit

circle is a circle with
a radius of 1 unit.

s

S

* sin 6=y = y-coordinate of P

* tan 0= % = gradient of OP

You can use these definitions to find the values of sine, cosine and tangent for any angle #. You always
measure positive angles # anticlockwise from the positive x-axis.
Ya

P(x.y) When #is obtuse,
NU cos #is negative

: 0
by, X[ v because the
xo x-coordinate of Pis m Use GeoGebra to explore the O
negative. values of sin &, cos #and tan #for any
angle #in a unit circle.

You can also use these definitions to generate the graphs of y = sin #and y = cos .

A VA

To plot y = sin ¢, read off
the y-coordinates as P
moves around the circle.

@ The point P corresponding to an angle ¢
is the same as the point P corresponding to an

angle #+ 360°. This shows you that the graphs
of y =sin #and y = cos #are periodic with period
360°. < Section 9.5

L To plot y = cos 4, read off the

x-coordinates as P moves
oY around the circle.

360°
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Write down the values of:
a sin90° b sin 180° ¢ sin270°
d cos180° e cos(-90)° f cos450°

The y-coordinate is 1 when #= 90°.

d cos180° = —1

y
o, 1)A
a sin90° =1
-0
b sin180° =0 >
(0] ‘J X
c sin270° = -1 Ky
(0, _1)

r If #is negative, then measure clockwise from the

e cos(-90° =0

f cos5450° =0

Write down the values of:
a tan45° b tan 135° ¢ tan225°
d tan(-45°) e tan180° f tan90°

positive x-axis.

An angle of —90° is equivalent to a positive angle
of 270°. The x-coordinate is 0 when #=—90° or
270°.

When #= 45°, the coordinates of OP are

1 1 . .
—,——| so the gradient of OPis 1.
(ﬁ ﬁ) g

a tan45° =1

b tan135° = -1

c tan225° =1

d tan(—=45°) = tan 315° = —1

A
y

(7, )
/ % 45°
]/

e tan180° =0

f tan90° = undefined

When #=-45° the gradient of OP is —1.

m tan #is undefined when #= 270° or any
other odd multiple of 90°. These values of ¢
correspond to the asymptotes on the graph of
y=tané. «Section 9.5

204

When #= 180°, P has coordinates (-1, 0) so the
gradient of OP = % =0.

When #=90°, P has coordinates (0, 1) so the

- gradient of OP = % This is undefined since you
cannot divide by zero.
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The x-y plane is divided into quadrants:
-270°

+90°
yA

Second First
quadrant quadrant Angles may lie outside the range 0-360°, but they
0 will always lie in one of the four quadrants.
—-180°+180° -360° o ;
o X +360° For example, an angle of 600° would be equivalent

Third Fourth
quadrant quadrant

to 600° — 360° = 240°, so it would lie in the third
quadrant.

Find the signs of sin &, cos # and tan #in the second quadrant.

In the second quadrant, #is obtuse,

A or 90° < /< 180°.
P(x, ») . . .
N1 Draw a circle, centre O and radius 1, with P(x;, y)
Vi i i
! h - on the circle in the second quadrant.
X 0 x

As x is —ve and y is +ve in this gquadrant
sind = +ve
cosl =-ve

+ve
—-ve

tand = = -ve

So only sinfis positive.

® You can use the quadrants to determine whether each of the trigonometric ratios is positive

or negative. 90° For an angle #in the first quadrant,

For an angle #in the ra [ sin#, cos #and tan Aare all positive.

second quadrant,only — . sjn All
sin @ is positive.

For an angle #in the fourth

180° 0,360° — . .
For an angle #in the X quadrant, only cos #is positive.
third quadrant, only tan /———— Tan Cos
's positive. m This diagram is often referred to as
270° a CAST diagram since the word is spelled out

from the bottom right going anti-clockwise.
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® You can use these rules to find sin, cos or tan of any
positive or negative angle using the corresponding

acute angle made with the x-axis, 6.

sin (180° — #) =sind ——180° -4 S

sin (180° + &) = —sin 4

Ss)

VA

sin (360° — @) = —sin ¢ 9
tan (180° — ) = —tan ¢

180° + 0
T
tan (180° + ¢#) =tan ¢ —

tan (360° — ¢) = —tan ¢

0 X

C 360° — 0 cos (180° — #) = —cos &
\cos (180° + #) = —cos ¢
cos (360° — ¢) = cos ¢

Express in terms of trigonometric ratios of acute angles:

a sin (—100°) b cos330°

The acute angle made with the x-axis is 80°.

In the third quadrant only tan is +ve,
S0 sin i5 —ve.

So sin (-100)° = —sin 80°
b y
S A

@] 30°) x
+330° p
T ©

The acute angle made with the x-axis is 30°.

In the fourth quadrant only cos is +ve.

S0 cos 330° = +cos 30°

206

¢ tan 500°

For each part, draw diagrams showing the
position of OP for the given angle and insert the
acute angle that OP makes with the x-axis.
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RO A

+500°
40°

NS

The acute angle made with the x-axis is 40°.
In the second quadrant only sin is +ve.

So tan 500° = —tan40°

Exercise @

1

Draw diagrams to show the following angles. Mark in the acute angle that OP makes with the
X-axis.

a —80° b 100° ¢ 200° d 165° e —145°

f 225° g 280° h 330° i —-160° j —280°

State the quadrant that OP lies in when the angle that OP makes with the positive x-axis is:
a 400° b 115° ¢ -210° d 255° e —100°

Without using a calculator, write down the values of:
a sin(-90°) b sin450° ¢ sin 540° d sin (-450°) e cos(—180°)
f cos(-270°) g cos270° h cos810° i tan360° i tan(—180°)

Express the following in terms of trigonometric ratios of acute angles:

a sin 240° b sin(-80°) ¢ sin(-200°) d sin 300° e sin460°

f cosl110° g cos260° h cos(-50°) i cos(-200°) i cos545°

k tan100° I tan325° m tan (-30°) n tan(-175°) o tan 600°

Given that #is an acute angle, express in terms of sin & m The results

a sin(-4) b sin (180° + &) ¢ sin(360° - 4) obtained in questions

d sin(=(180°+ #)) e sin(~180°+¢) f sin(=360° + 4) 5 and 6 are true for all
values of 4

g sin(540° + 4) h sin (720° - 4) i sin(d+ 720°)

Given that #1is an acute angle, express in terms of cos # or tan ¢

a cos(180° - 4) b cos(180° + &) ¢ cos(—0) d cos (—(180° — #))
e cos(d—-360°) f cos(/-540°) g tan(-¢) h tan (180° — #)

i tan(180°+¢) j tan(-180°+¢) Kk tan(540°-¢) 1 tan(d- 360°)
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Challenge Problem-solving

a Prove that sin (180° — #) = sin ¢ Draw a diagram showing the positions of #and
b Prove that cos (—4) = cos ¢ 180° — #on the unit circle.

¢ Prove that tan (180° — #) = —tan ¢

@ Exact values of trigonometrical ratios
You can find sin, cos and tan of 30°, 45° and 60° exactly using triangles.
Consider an equilateral triangle A BC of side 2 units.

Draw a perpendicular from 4 to meet BC at D.

Apply the trigonometric ratios in the right-angled triangle ABD. 4
" sin30°=% c0530°:g tan30° = AD=V22-12=/3
sin 60° = g €0s 60° = % tan 60° =
BD =1 unit
P
Consider an isosceles right-angled triangle POR with %5°
PQ=RQ=1unit vz .
PR=v12+12=y2
U o 1 V2 o wl=2
B sin45°=—=— €0s45°=—=— tan45°=1
2 2 2 2 50 o
R 0
1
Example o
Find the exact value of sin (—210°).
YA
150°
IS N
X
&J / sin (=210°) = sin (150°)
sin (=210°) = sin (150°) = sin (30°) = % —— Usesin(180° - ¢) =sin ¥
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Exercise @

1 Express the following as trigonometric ratios of either 30°, 45° or 60°, and hence find their
exact values.

a sin 135° b sin (-60°) ¢ sin330° d sin420° e sin(=300°)
f cos120° g cos300° h cos225° i cos(-210°) j cos495°
k tan135° 1 tan(-225°) m tan 210° n tan 300° o tan(-120°)

Challenge

The diagram shows an isosceles right-angled triangle A BC.
AE = DE =1 unit. Angle ACD = 30°. B

a Calculate the exact lengths of

i CE i DC il BC iv DB y
b State the size of angle BCD. 1
¢ Hence find exact values for 450 30°
q - A C
i sin15° i cos15° 1 E
@ Trigonometric identities
You can use the definitions of sin, cos and tan, together with o
Pythagoras’ theorem, to find two useful identities.
The unit circle has equation x? + y? = 1. 1 Pxy)
0
o X

m The equation of a circle with radius r and
centre at the origin is x? + y>=r2. & Section 6.2

Since cos #= x and sin #= y, it follows that cos?4 + sin2d= 1. m These results are called

® For all values of 0, sin20 + cos20 = 1. trigonometric identities. You use the
= symbol instead of = to show that
they are always true for all values of
@ (subject to any conditions given).

Since tan #= Y it follows that tan ¢= sin &
X cos ¥

® For all values of 0 such that cos 0% 0, tan 6= > 0

cos 0
You can use these two identities to simplify m tan #is undefined when
trigonometrical expressions and complete proofs. the denominator = 0. This occurs

when cos #=0, so when #= ... —90°,
90°, 270°, 450°, ...
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Simplify the following expressions:

. . in2
a sin’?34+ cos? 34 b 5-5sin?# c _sin20
V1 —sin224
a sin®30+ cos?30="1 sin? @+ cos? #= 1, with #replaced by 3.
b 5-5sin"d=5(- 251”2 9) L Always look for factors.
=5cos?d L sin2@+cos?@=1,50 1 — sin? #= cos? 4.
sin2d _ sin24
VI =sin228  Jcos? 20 sin224+ cos226=1,50 1 — sin2 26 = cos? 26,
_ sin2d
" cos 248
sind sin 24
=tan2d tand= s d S0 cosZﬂ_tan 20.
Example 0
> it cost 0 sin* ¢ _ g Problem-solving
rove tha cos2 g = ~tan When you have to prove an identity like this you

may quote the basic identities like ‘sin? + cos? = 1.

) To prove an identity, start from the left-hand side,
_ cos?l — sin* @

LHS = 5 and manipulate the expression until it matches
cos” the right-hand side. <« Sections 7.4, 7.5
_ (cos? 8 + sin? f)(cos? b — sin? ) ———
B | cos? ¢ The numerator can be factorised as the
(cos? 0 — sin2 ) 'difference of two squares’.
- cos®

) sin? @+ cos? /= 1.
__cos?l  sin?d

T cos?l  costé

Divide through by cos? #and note that
=1 —-tan?d =RHS sin2¢9_(sinﬂ)zztanzé7

cos2d \cosé.
Example °

a Given that cos /= —% and that ¢ is reflex, find the value of sin 4.

. . 2 .
b Given that sina = 5 and that « is obtuse, find the exact value of cos a.
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a Since sin?d + cos? d =1, m If you use your calculator to find

. 3\? cos*(—%), then the sine of the result, you will get
sin® ¢ =1~ (_§> an incorrect answer. This is because the cos!
9 function on your calculator gives results between
=1-%5 0and 180°.
_e
T 25 ‘Gis reflex’ means #is in the 3rd or 4th quadrants,
S0 sind = -+ but as cos #is negative, # must be in the 3rd
5 quadrant. sin 6’=J_r§ but in the third quadrant

sin #is negative.
b Using sin a + cos? a = 1,

cosPa=1- 4 2 Obtuse angles lie in the second quadrant, and
2 2 have a negative cosine
As «ais obtuse, cos a is negative & ’
et
SO cosa =g The question asks for the exact value so leave

your answer as a surd.

Given that p = 3 cos #, and that ¢ = 2 sin #, show that 4p? + 94> = 36.

As p =3cosb, and q = 2 sin b, Problem-solving
cos d = P and sind = 4 You need to elimi.nate dfrom the equations.
3 2 As you can find sin #and cos #in terms of p
Using sin? @ + cos? d = 1, and g, use the identity sin? £+ cos? 4= 1.
2 +(8) =
2 3)
9 p?
SO Z + g =1
4p2 + 9¢2 = 36 Multiply both sides by 36.

Exercise @

1 Simplify each of the following expressions:

a 1-cos?1d b 5sin?34+ 5cos?3¢ ¢ sin?4 -1
d sin 4 . V1 —cos?x f V1 —cos?34
tan ¢ cos.x V1 —=sin?34
g (1 +sinx)?+ (1 —sinx)?>+ 2cos*x h sin*# + sin? #cos? ¢

i sin*éd+ 2sin?dcos? @+ cos*d
2 Given that 2sin = 3 cos ¢, find the value of tan 4.

3 Given that sin x cos y = 3 cos x sin y, express tan x in terms of tan y.
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@ 1

212

Express in terms of sin # only:

a cos?¥ b tan?¢ ¢ cosftand
cos ¢ . .
and e (cosd— sin#)(cos d+ sin b))
. . e sin A
Using the identities sin> 4 + cos> 4 = 1 and/or tan 4 = cos A (cos A #0), prove that:
a (sind+cosfd)?=1+2sinfcosd b @—cosé’zsiné’tanﬁ
¢ tanx + I =— I d cos’A4 —sin?4A =2cos’A—-1=1-2sin’4
tanx — sinx cosx
e (2sind—cosd)?+ (sind+2cosb)y>=5 f 2 —(sin# - cos#)? = (sin £+ cos #)*

g sin’x cos?y — cos? x sin’y = sin’ x — sin? y

Find, without using your calculator, the values of:
a sin#and cos 4, given that tan ¢ = % and #is acute.
b sin #and cos ¢, given that cos ¢ = —% and #1is obtuse.

¢ cos#and tan ¢, given that sin = —% and 270° < 4 < 360°.

Given that sin /= % and that #1is obtuse, find the exact value of: acosd b tan ¢
Given that tan # = —/3 and that #is reflex, find the exact value of: asinéd b cos ¥
Given that cos /= % and that #1is reflex, find the exact value of: asin ¢ b tan ¢

In each of the following, eliminate #to give an equation relating x and y:

a x=sind, y=cosd b x=sind,y=2cos¥ Problem-solving

—q — 2 - —
¢ x=sind,y=cos*d d x=sing,y=tan¢ In part e find expressions for x + y and x — y.
e x=sind+cos¥,y=cosf—sind

The diagram shows the triangle ABC with AB =12 cm, <
BC=8cmand AC=10cm. Sem 10cm

a Show that cos B = % (3 marks)

b Hence find the exact value of sin B. (2 marks) 12¢m 4

m Use the cosine rule: @ = b + ¢> — 2bccos A « Section 9.1

The diagram shows triangle PQR with PR = §cm, 0
OR = 6cm and angle QPR = 30°.
. 2 6cm
a Show that sin O = 3 (3 marks) <
b Given that Q is obtuse, find the exact value r 8cm R
of cos Q (2 marks)
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@ Simple trigonometric equations

You need to be able to solve simple trigonometric equations of the form sin #= k and cos =k
(where =1 < k < 1) and tan #= p (where p € R) for given intervals of 4.

® Solutions to sin 0= k and cos 0 = k only exist m - sl - p
hen -1 < k < 1. e graphs of y = sin #and y = cos
when have a maximum value of 1 and a minimum

® Solutions to tan 60 = p exist for all values of p. value of -1.
The graph of y = tan #has no maximum or
minimum value. « Section 9.5

Find the solutions of the equation sin ¢ = % in the interval 0 < ¢ < 360°.

Method 1

ng= L
sind = >
So ¢ = 30°

A
150° @ @ 30° Putting 30° in the four positions shown gives the
30° 30° _ L angles 30°, 150°, 210° and 330° but sine is only
g positive in the 1st and 2nd quadrants.
T C
20 x=30 . 5 5 You can check this by putting sin 150° in your
or Xx=1560° - 30° =150 clauliern
Method 2
YA

Draw the graph of y = sin # for the given interval.

Use the symmetry properties of the

sind = % where the line y = % cuts the curve. ;
y = sin & graph. « Sections 9.5

Hence 4 = 30° or 150°

® When you use the inverse trigonometric functions on your calculator, the angle you get is
called the principal value.

Your calculator will give principal values in the following ranges: m The inverse
cos~lin the range 0 < #< 180° trigonometric functions

sin~1in the range —90° < @< 90° are also called arccos,

arcsin and arctan.
tan!in the range —90° < ¢ < 90°
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Solve, in the interval 0 < x < 360°, 5sinx = -2.

Method 1
5 sinx = -2 First rewrite in the form sinx = ...
sinx = -04

Principal value is x = -23.6° (3 54) m The principal value will not always
A be a solution to the equation.

4

53 .o 5360 » Sine is negative so you need to look in the 3rd
@ @ and 4th quadrants for your solutions.

x = 203.6° (204° to 3 5”—| You can now read off the solutions in the given
interval.

or  x=3364°(336° to 3 sf) | o , _
Note that in this case, if @ = sin~1(-0.4), the

Method 2 solutions are 180 — awand 360 + «.

Draw the graph of y = sin x starting from —90°

_9'@o/ﬂ:| ----- 90° -~ 1BON 2T OGO since the principal solution given by sin='(=0.4) is
4

negative.

sinT(-0.4) = —-23.578...°
x = 203.576...° (204° to 3 s.f)
or x = 336.421...° (336° to 3 s.f)

Example @
. . . V3 .
Solve, in the interval 0 < x < 360°, cos x = 5 Problem-solving

In your exam you might have to analyse student

working and identify errors. One strategy is to
/3 solve the problem yourself, then compare your

COS_I(?) =30 working with the incorrect working that has been

So x=30° or x =180° —30° =150° given.

Use the symmetry properties of the y = sin & graph.

A student writes down the following working:

a Identify the error made by the student.
b Write down the correct answer.

a The principal solution is correct but the
student has found a second solution in the

second guadrant where cos is negative.
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b x = 30° from the calculator cos x is positive so you need to look in the 1st

5 A and 4th quadrants.
Read off the solutions, in 0 < x < 360°, from your
30° .
T diagram.
Note that these results are avand 360° — «
T C V3
where a = cos—1(7).

x = 30° or 330°

You can use the identity tan /= :'Or;Zto solve equations.

Find the values of #in the interval 0 < # < 360° that satisfy the equation sin #= /3 cos .

sind =3 cosd Since cos #= 0 does not satisfy the equation,
So tand=/3 divide both sides by cos #and use the identity
tan1(/3) = 6O° tang= N7
cos ¢
s L ® t

This is the principal solution.

2\

\\6O° Tangent is positive in the 1st and 3rd quadrants,

/ \ so insert the angle in the correct positions.
C
240° @

d = 60° or 240°

Exercise @
VA

1 The diagram shows a sketch of y = tan x.

a Use ygur.calculatoir to find m The principal solution is 27
the principal solution to et A s e e

the equation tan x = -2.

b Use the graph and your answer
to part a to find solutions to the
equation tan x = —2 in the range 0 < x < 360°.

2 The diagram shows a sketch of y = cos x.

a Use your calculator to find the principal solution 1
to the equation cos x = 0.4. \ /\

b Use the graph and your answer to part a to find o o\ 180° 20° 3600 X
solutions to the equation cos x = +0.4 in the range
0 < x =< 360°. -1
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Solve the following equations for #, in the interval 0 < ¢ < 360°: m Give your answers
a sind=-1 b tand=3 ¢ cosl= % exactly where possible,
d sin#=sin15° e cosf=—cos40° f tand=-1 or round to 3 significant
g cosd=0 h sin #=-0.766 figures.

Solve the following equations for #, in the interval 0 < < 360°:

a 7sind=>5 b 2cosf=-V2 ¢ 3cosl=-2 d 4sinfd=-3

e 7tand=1 f Stand=15 g 3tand=-11 h 3cosd=5
Solve the following equations for #, in the interval 0 < < 360°:

a V/3sind=cos¥ b sin#+cosfd=0 ¢ 3sind=4cosd

d 2sind-3cosd=0 e V2sinf#=2cos¥ f V/5sind+vV2cosd=0

Solve the following equations for x, giving your answers to 3 significant figures where
appropriate, in the intervals indicated:

a Sinx:—g,—180°$x§5400 b 2sinx=-0.3, -180° < x < 180°

¢ cosx =-0.809, -180° =< x =< 180° d cosx=0.84, -360° < x < 0°

e tanx = —g, 0 <x=<T720° f tanx=2.90, 80° = x < 440°

A teacher asks two students Student A: Student B:

to solve the equation tanx =2 4 cos2x =9 sinx

2cosx = 3sinx 2 . 4(1 = sin?x) = 9 sin’x

for —180° < x < 180°. X=5637orx==1237" 1) 136im

The attempts are shown: ciny o i/%’ = 4337° oF x = £146.3°

a Identify the mistake made by Student A. (1 mark)
b Identify the mistake made by Student B and explain the effect it has on their

solution. (2 marks)
¢ Write down the correct answers to the question. (1 mark)

a Sketch the graphs of y = 2sin x and y = cos x on the same set of axes (0 < x < 360°).
b Write down how many solutions there are in the given range for the equation 2 sin x = cos x.
¢ Solve the equation 2 sin x = cos x algebraically, giving your answers in exact form.

Find all the values of &, to Problem-solving

1 decimal place, in the
place, When you take square roots of both sides of an equation you

interval 0 < # < 360° for
. need to consider both the positive and the negative square roots.
which tan?#=9. (5 marks) P g a

a Show that 4 sin” x — 3 cos? x = 2 can be written as 7sin” x = 5. (2 marks)
b Hence solve, for 0 < x < 360°, the equation 4 sin?> x — 3 cos? x = 2.

Give your answers to 1 decimal place. (7 marks)
a Show that the equation 2 sin’x + 5cos?x = 1 can be written as 3 sin’x = 4. (2 marks)

b Use your result in part a to explain why the equation
2sin?x + 5cos? x = 1 has no solutions. (1 marks)
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@ Harder trigonometric equations

You need to be able to solve equations of the form sinné =k, cosnd =k and tanné = p.

a Solve the equation cos 34 = 0.766, in the interval 0 < ¢ < 360°.
b Solve the equation 2 sin 24 = cos 24, in the interval 0 < ¢ < 360°
alet X=39 — 0 L Replace 3¢by X and solve.
s | ®
So cos X° = 0.766 m
As X = 34 ) . If the range of values
then a5 O < # < 360° 40 > for #is 0 < #= 360°, then the range
40 of values for 3¢is 0 < 34 < 1080°.

S03 x0 =< X=3x360°
So the interval for X is T @ The value of X from your calculator
0 =< X =<1080° is 40.0. You need to list all values in

the 1st and 4th quadrants for three
complete revolutions.

X =40.0° 320° 400°, 6560°, 760°, 1040°
ie. 30 =40.0° 320° 400°, 650°, 760°, 1040°

So #=13.3°107°,133°, 227°, 253° 347°

Remember X = 34.
sin2d 1 1

b 6052(9—2,5otan267=§ . .
Use the identity for tan to rearrange
Let X = 2¢ 1 the equation.
Sotan X = >
As X = 24 then as O < # < 360° | Let X=24 and double both values
, ) to find the interval for X.
The interval for X'is O <= X < 720°
VA y=tanx
2_

0| 90° 100 270° Fbo° 450° hoo c30° oo X Draw a graph of tan X for this
interval.
a Alternatively, you could use a CAST
) diagram as in part a.

The principal solution for X is 26.565...°
, Convert your values of X back into
Add multiples of 160°:
values of 4.

X = 26.565...° 206.565...° 386.565...°, 566.565...° ’, Round each answer to a sensible
¢ =13.3° 103°, 193°, 283° degree of accuracy at the end.
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You need to be able to solve equations of the form sin (¢+ a) = k, cos (¢ + a) = kand tan (f+ a) = p.

Solve the equation sin (x + 60°) = 0.3 in the interval 0 < x < 360°.

Llet X =x + 60°
SosinX =0.3
The interval for X is —— Adjust the interval by adding 60° to both values.
0° + 60° = X < 360° + 60°
S0 60° = X = 420°

YA
14
0.5
Draw a sketch of the sin graph for the given
O 160 A0 300 /430 X interval.
-0.51

14
o ' °—| This is not in the given interval so it does not
The principal valve for X'is 17.45... correspond to a solution of the equation. Use the

X =16254..° 37745..° symmetry of the sin graph to find other solutions.
Subtract 60° from each value:
x =102.54..° 31745...°
Hence x = 102.5° or 317.5°

Exercise @

1 Find the values of 4, in the interval 0 < ¢ < 360°, for which:
a sin4d=0 b cos3d=-1 ¢ tan2d=1

You could also use a CAST diagram to solve this
problem.

1 . 1
d cos2d=1 e tanif=—— f sin(-4)=—
2 2 \/g ( ‘9) \/5
2 Solve the following equations in the interval given:
a tan(45°-49)=-1,0 =< =< 360° b 2sin(#-20°)=1,0=< =< 360°
V3
- 0

¢ tan(f+75°) =13, 0 < 4= 360° d sin(4-10°) = < < 360°

e cos(70°-=x)=0.6,0 <4< 180°

3 Solve the following equations in the interval given:
a 3sin3/=2cos34,0=< 4= 180°
b 4sin(/+45°) =5cos(F+45°),0 < 4 =< 450°

¢ 2sin2x—7cos2x=0,0 < x < 180°
d /3 sin (x — 60°) + cos(x — 60°) = 0, —=180° < x < 180°
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Trigonometric identities and equations

@ 4 Solve for 0 < x < 180° the equations:

a sin(x + 20°) = % (4 marks)
b cos2x =-0.8, giving your answers to 1 decimal place. (4 marks)
@ 5 a Sketch for 0 = x =< 360° the graph of y = sin (x + 60°) (2 marks)
b Write down the exact coordinates of the points where the graph meets the
coordinate axes. (3 marks)
¢ Solve, for 0 = x < 360°, the equation sin (x + 60°) = 0.55, giving your answers to
1 decimal place. (5 marks)
@ 6 a Given that 4 sin x = 3 cos x, write down the value of tan x. (1 mark)

b Solve, for 0 < /= 360°, 4sin 24 = 3 cos 24 giving your answers to 1 decimal place. (5 marks)

7 The equation tan kx = —L, where k is a constant and k > 0, has a solution at x = 60°

V3
a Find a possible value of k. (3 marks)
b State, with justification, whether this is the only such possible value of k. (1 mark)

Challenge

Solve the equation sin(3x — 45°) = % in the interval 0 < x < 180°.

@ Equations and identities

You need to be able to solve quadratic equations in sin &, cos #or tan #. This may give rise to two sets
of solutions.

This is a quadratic equation in the form

542 +3A4-2=0where 4 =sinx.

5sin?x+3sinx—-2=0

(5sinx—=2)(sinx+1)=0 Factorise
/ \ Setting each factor equal to zero produces two
5sinx-2=0 sinx+1=0 linear equations in sin x.

Solve for 4, in the interval 0 < x < 360°, the equations

a 2cos?f—cosf—1=0 b sin?(f-30°) =1
a 2cos?l—cosf—-1=0
So (2cosl + 1)(cosd —1) =0 Compare with 2x? = x —1=(2x + 1)(x — 1)
S0 cos f = —% orcosf =1
1 Set each factor equal to 0 to find two sets of
cos = —5 50 g =120° solutions.
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(® A

c0° c0°

\/

c0° c0O°

© c

d=120° or § = 240°

y
\ y= cos/)(
0 SWO" 3c0° 0

Orcosf=1s06=0 or 360°

So the solutions are

4= 0°120° 240°, 360°
1

sin? (9 = 30°) = 1
Sin (0 — 30°) = % —‘

1

or sin(d - 30° = ——
in( ) ?J
So 0 — 30° =45°0or §— 30° = -45° ———

@ | ©

So from sin(d - 30°) = —

N

g — 30° = 45° 135°
1
and from sin(d - 30°) = —
! ) V2

g - 30°=225° 315°

So the solutions are: d = 75°, 165°, 255°,
345°

220

120° makes an angle of 60° with the horizontal.
But cosine is negative in the 2nd and 3rd
quadrants so #= 120° or = 240°.

Sketch the graph of y = cos 4.

There are four solutions within the given interval.

The solutions of x2 = k are x = +/k.

Use your calculator to find one solution for each
equation.

Draw a diagram to find the quadrants where
sine is positive and the quadrants where sine is
negative.



Trigonometric identities and equations

In some equations you may need to use the identity sin? 4+ cos? 4= 1.

Find the values of x, in the interval —180° < x < 180°, satisfying the equation
2cos?x + 9sin? x = 3sin? x.

2 . — 12 . o
2cos®x + 9sinx = 3sin®x As sin2 x + cos? x = 1, you are able to rewrite
2(1 = sinx) + 9sinx = 3 sin®x cos? x as (1 — sin?x), and so form a quadratic

5sinx — 9sinx -2 =0 equation in sin x.

So (5sinx + N)sinx — 2)=0

sinx = —% m The factor (sinx —2) does not produce

A any solutions, because sin x = 2 has no solutions.

— Your calculator value of x is x =—11.5° (1 d.p)).
Insert into the CAST diagram.

v

11.5° 11.5° |

— The smallest angle in the interval, in the 3rd
I @ @ quadrant, is (=180 + 11.5) = —168.5°; there are no
values between 0 and 180°.

The solutions are =168.5° and =11.5° (1 d.p.)

Exercise @

1 Solve for 4, in the interval 0 < # < 360°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a 4cos’d=1 b 2sin’?d-1=0 ¢ 3sin?fd+sind=0

d tan’/-2tand-10=0 e 2cos’d—5Scosd+2=0 f sin?f/-2sind-1=0
2949

g tan®20=3 m In part ¢, only one factor leads to valid solutions.

2 Solve for 4, in the interval —180° < # < 180°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a sin?24=1 b tan?#=2tanéd
¢ cosf(cosd—-2)=1 d 4sind=tand

3 Solve for 4, in the interval 0 < ¢ < 180°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a 4(sin?d-cosd)=3-2cos# b 2sin?¢=3(1 —cosb) ¢ 4cos?d-5sind-5=0

4 Solve for £, in the interval —180° < ¢ < 180°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a S5sin?d=4cos’d b tan#=coséd
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@ 5 Find all the solutions, in the interval 0 < x < 360°, to the equation 8sin>x + 6cosx -9 =0
giving each solution to one decimal place. (6 marks)

@ 6 Find, for 0 < x < 360°, all the solutions of sin?x + 1 = %coszx giving each solution

to one decimal place. (6 marks)
7 Show that the equation 2 cos?x + cos x — 6 = 0 has no solutions. (3 marks)
8 a Show that the equation cos? x = 2 — sin x can Problem-solving
be written as sin’x —sinx + 1 = 0. (2 marks) If you have to answer a question involving the
b Hence show that the equation cos? x = 2 —sin x number of solutions to a quadratic equation,
has no solutions. (3 marks) see if you can make use of the discriminant.
9 tan’x-2tanx—-4=0
a Show that tan x = p + /¢ where p and ¢ are numbers to be found. (3 marks)
b Hence solve the equation tan? x — 2 tan x — 4 = 0 in the interval 0 < x < 540°. (5 marks)

Challenge

1 Solve the equation cos?34—cos 3¢ =2 in the interval -180° < ¢ =< 180°.

2 Solve the equation tan? (#— 45°) = 1 in the interval 0 < # < 360°.

Mixed exercise @

1 Write each of the following as a trigonometric ratio of an acute angle:
a cos237° b sin312° ¢ tan190°

2 Without using your calculator, work out the values of:

a cos270° b sin225° ¢ cos180° d tan240° e tan135°
. . -2
® 3 Given that angle 4 is obtuse and cos 4 = —F , show that tan 4 = Tﬁ

Given that angle B is obtuse and tan B = +@, find the exact value of: asinB b cosB

©)

5 Simplify the following expressions:
a cos*d—sin*éd b sin?34 - sin2364cos? 34

¢ cos*éd+ 2sin2fcos?f+ sin*é

6 a Given that 2 (sin x + 2 cos x) = sin x + 5cos x, find the exact value of tan x.

b Given that sin x cosy + 3 cos x siny = 2sin x sin y — 4 cos x cos y, express tan y in terms
of tan x.

® 7 Prove that, for all values of #:
a (1 +siné#)?+cos?d=2(1 +sin¥) b cos*#+ sin? = sin* £ + cos? ¢
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Trigonometric identities and equations

Without attempting to solve them, state how many solutions the following equations have in
the interval 0 < # < 360°. Give a brief reason for your answer.

a 2sind=3 b sind=-cos¥
¢ 2sinéd+3cosd+6=0 d tan49+#:0
tan ¢

a Factorise 4xy — > +4x — y. (2 marks)
b Solve the equation 4 sin #cos & — cos? # + 4 sin ¥ — cos # = 0, in the interval

0 < #=<360°. (5 marks)
a Express 4 cos 34— sin (90° — 36) as a single trigonometric function. (1 mark)
b Hence solve 4 cos 34— sin (90° — 3¢) = 2 in the interval 0 < ¢ < 360°.

Give your answers to 3 significant figures. (3 marks)

Given that 2sin 24 = cos 24

a Show that tan24=0.5. (1 mark)
b Hence find the values of #, to one decimal place, in the interval 0 < ¢ =< 360°
for which 2 sin 26 = cos 24. (4 marks)

Find all the values of #in the interval 0 < # < 360° for which:
a cos(/+75°)=0.5,
b sin2#= 0.7, giving your answers to one decimal place.

Find the values of x in the interval 0 < x < 270° which satisfy the equation

cos2x + 0.5
I —cosox = (6 marks)
Find, in degrees, the values of #in the interval 0 < # < 360° for which
2cos?2fd—cosf—1=sin2d
Give your answers to 1 decimal place, where appropriate. (6 marks)

A teacher asks one of his students to solve the equation 2 sin 3x = 1 for -360° < x < 360°.
The attempt is shown below:

Sin3x = %

3x=30°

x=10°

Additional solution at 180° — 10° = 170°

a Identify two mistakes made by the student. (2 marks)
b Solve the equation. (2 marks)

a Sketch the graphs of y = 3sin x and y = 2 cos x on the same set of axes (0 < x < 360°).
b Write down how many solutions there are in the given range for the equation 3 sin x = 2 cos x.

¢ Solve the equation 3 sin x = 2 cos x algebraically, giving your answers to one decimal place.
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@ 17 The diagram shows the triangle ABC with AB =11 cm, C

BC=6cmand AC="7cm.

a Find the exact value of cos B, giving your answer in Gem 7em
simplest form. (3 marks) P

b Hence find the exact value of sin B. (2 marks) 11cm A

The diagram shows triangle POR with PR = 6cm, QR =5cm 0

and angle QPR = 45°.

a Show that sin Q = % (3 marks) Jem

45°

b Given that Q is obtuse, find the exact value of P T R
cos Q. (2 marks)

a Show that the equation 3 sin? x — cos? x = 2 can be written as 4 sin? x = 3. (2 marks)

E/P) 19

(E) 20

b Hence solve the equation 3 sin? x — cos? x = 2 in the interval -180° < x < 180°,
giving your answers to 1 decimal place.

(7 marks)

Find all the solutions to the equation 3 cos?> x + 1 = 4sin x in the interval
-360° < x =< 360°, giving your answers to 1 decimal place. (6 marks)

Challenge

Solve the equation tan“x — 3 tan?x + 2 = 0 in the interval 0 < x < 360°.

Summary of key points

1 Fora point P(x, y) on a unit circle such that OP Y
makes an angle #with the positive x-axis:

+ C0S # = x = x-coordinate of P
* sin #= y = y-coordinate of P

- tand= % = gradient of OP

2 You can use the quadrants to determine whether each of the trigonometric ratios is positive or

224

negative.

For an angle #in the
second quadrant, only
sin @ is positive.
180°

For an angle #in the
third quadrant, only tan ¢
is positive.

90°
VA
. For an angle #in the first quadrant,
=0 ol sin ¢, cos #and tan dare all positive.
0, 360°
X
For an angle #in the fourth
Tan Cos ; -
quadrant, only cos #is positive.
270°



Trigonometric identities and equations

3 You can use these rules to find sin, cos or tan of any positive or negative angle using the
corresponding acute angle made with the x-axis, 4.

VA
sin (180° — ¢) =sind ———180°-4 S A 0
sin (180° + &) = —sin & 5 5
sin (360° — &) = —sin ¢ 0 9 >
tan (180° — #) = —tan ﬂ/ 180° + 6 T c 360°— ¢ cos (180° — ¢) = —cos ¢
tan (180° + &) =tan ¢ \cos (180° + &) = —cos 4
tan (360° — ¢) = —tan ¢ cos (360° — #) = cos ¢

4 The trigonometric ratios of 30°, 45° and 60° have exact forms, given below:

sin 30°=% c0530°=§ tan 30°=%=?
sin45°=%=g cos45°=%=g tan45° =1
sin 60°:§ cos60°:% tan 60° =3
5 For all values of 4, sin?#+ cos? =1
sin ¢

6 For all values of #such that cos #= 0, tan 4=
cos é
7 - Solutions to sin #= k and cos #= k only exist when -1 <k <1
- Solutions to tan #= p exist for all values of p.

8 When you use the inverse trigonometric functions on your calculator, the angle you get is
called the principal value.

9 Your calculator will give principal values in the following ranges:
« cos7!in therange 0 < # =< 180°
« sin!in the range —90° < /=< 90°
« tan~lin the range —90° < ¢ =< 90°

225



Find the equation of the line which passes

through the points 4(—2, 8) and B(4, 6), in

the form ax + by + ¢ = 0. (3 marks)
<« Section 5.2

The line / passes through the point (9, —4)
and has gradient % Find an equation for /,
in the form ax + by + ¢ = 0, where a, b and
¢ are integers. (3 marks)
<« Section 5.2

The points A(0, 3), B(k, 5) and C(10, 2k),
where k 1s a constant, lie on the same
straight line. Find the two possible values
of k. (5 marks)

< Section 5.1

The scatter graph shows the height, /2 cm,
and inseam leg measurement, /cm, of six
adults. A line of best fit has been added to
the scatter graph.

A /|
82 A
80 o
78 e
76
T4 H
72
704/

N

Inseam leg measurement (cm)

68150 155160165170 175180 185
Height (cm)
a Use two points on the scatter graph
to calculate the gradient of the
line. (2 marks)
b Use your answer to part a to write a
linear model relating height and inseam
in the form [ = kh, where k is a constant
to be found. (1 mark)
¢ Comment on the validity of your model
for small values of 4. (1 mark)
<« Section 5.5
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Review exercise

The line /, has equation y = 3x — 6.
The line /, is perpendicular to /; and passes
through the point (6, 2).
a Find an equation for /, in the form
y =mx + ¢, where m and c are
constants (3 marks)
The lines /,; and /, intersect at the point C.
b Use algebra to find the coordinates of C.
(2 marks)
The lines /,; and /, cross the x-axis at the
points 4 and B respectively.
¢ Calculate the exact area of triangle
ABC. (4 marks)

<« Sections 5.3, 5.4

The lines y =2xand 5y + x —33 =0

intersect at the point P. Find the distance

of the point from the origin O, giving

your answer as a surd in its simplest

form. (4 marks)
<« Sections 5.2, 5.4

The perpendicular bisector of the line
segment joining (5, 8) and (7, —4) crosses
the x-axis at the point Q. Find the
coordinates of Q. (4 marks)
<« Section 6.1

The circle C has centre (—3, 8) and passes
through the point (0, 9). Find an equation

for C. (4 marks)
<« Section 6.2
a Show that x> + - 6x+2y—10=0

can be written in the form
(x —a)*+ (y — b)* =% where a, b and r
are numbers to be found. (2 marks)
b Hence write down the centre and
radius of the circle with equation
x2+3)?=6x+2y—10=0. (2 marks)
« Section 6.2



@ 10

@ 12

The line 3x + y = 14 intersects the circle
(x —2)>+ (y — 3)> =5 at the points 4
and B.

a Find the coordinates of 4 and

B. (4 marks)
b Determine the length of the chord
AB. (2 marks)

<« Section 6.3

The line with equation y = 3x — 2 does
not intersect the circle with centre (0, 0)
and radius r. Find the range of possible
values of r. (8 marks)

< Section 6.3

The circle C has centre (1, 5) and passes
through the point P(4, —2). Find:
a an equation for the circle C. (4 marks)

b an equation for the tangent to the
circle at P. (3 marks)

< Section 6.4

The points 4(2, 1), B(6, 5) and C(8, 3) lie
on a circle.
a Show that zABC = 90°. (2 marks)
b Deduce a geometrical property of the
line segment AC. (1 mark)
¢ Hence find the equation of the
circle. (4 marks)
« Section 6.5
2x*+20x+42 _ x+a
224x +4x*—4x3  bx(x+¢)
where a, b and ¢ are constants. Work out
the values of «, b and c. (4 marks)

« Section 7.1

a Show that (2x — 1) is a factor of
2x3 = 7x2 = 17x + 10. (2 marks)

b Factorise 2x* — 7x> — 17x + 10
completely. (4 marks)

¢ Hence, or otherwise, sketch the graph
of y =2x3 = 7x> — 17x + 10, labelling
any intersections with the coordinate
axes clearly. (2 marks)

< Section 7.3

@ 16

(e 17

@ 18

19

E/P) 20

Review exercise 2

f(x)=3x*+x*—-38x + ¢
Given that f(3) = 0,

a find the value of ¢, (2 marks)
(4 marks)

< Section 7.3

b factorise f(x) completely,

gx)=x*—13x + 12
a Use the factor theorem to show that
(x — 3)is a factor of g(x). (2 marks)

(4 marks)
< Section 7.3

b Factorise g(x) completely.

a It is claimed that the following
inequality is true for all real numbers a
and b. Use a counter-example to show
that the claim is false:

@+ b><(a+b)> (2 marks)
b Specify conditions on ¢ and b that

make this inequality true. Prove your
result. (4 marks)

« Section 7.5

a Use proof by exhaustion to prove that
for all prime numbers p, 3 < p < 20,
p? is one greater than a multiple
of 24. (2 marks)

b Find a counterexample that disproves
the statement ‘All numbers which are
one greater than a multiple of 24 are the
squares of prime numbers.” (2 marks)

<« Sections 7.5

a Show that x>+ )*—10x -8y +32=0
can be written in the form
(x —a)*+ (y — b)>=1r* where a, b and r
are numbers to be found. (2 marks)

b Circle C has equation x> + > — 10x —
8y + 32 = 0 and circle D has equation
x?+ »? = 9. Calculate the distance
between the centre of circle C and the
centre of circle D. (3 marks)

¢ Using your answer to part b, or
otherwise, prove that circles C and D
do not touch. (2 marks)
<« Sections 6.4, 7.5
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Review exercise 2

a Expand (1 — 2x)'°in ascending

powers of x up to and including the

term in x°. (3 marks)

Use your answer to part a to

evaluate (0.98)!° correct to 3 decimal

places. (1 mark)
« Section 8.5

If x is so small that terms of x* and
higher can be ignored,
2—=x)(1+2x)’=a+bx+ cx%
Find the values of the constants
a, b and c. (5 marks)

< Section 8.4

The coefficient of x in the binomial
expansion of (2 — 4x)’, where ¢ is a
positive integer, is —32¢. Find the value
of g. (4 marks)
« Section 8.4

The diagram shows triangle ABC,

with AB =V5cm, zABC = 45° and
2BCA = 30°. Find the exact length

of AC. (3 marks)

A

V5em

30° 45° Not to scale

< Section 9.2

The diagram shows triangle 4ABC, with
AB=5cm, BC=(2x — 3)cm,
CA=(x+1)cmand £ABC = 60°.

B

(2x-3)cm

Not to scale

A (x+ cm C

a Show that x satisfies the equation
x2=8x+16=0. (3 marks)

b Find the value of x. (1 mark)

¢ Calculate the area of the triangle,
giving your answer to 3 significant

figures. (2 marks)
« Section 9.4

@

@ =

@

@ »

Ship B is 8 km, on a bearing of 030°,
from ship 4.

Ship Cis 12 km, on a bearing of 140°,
from ship B.

a Calculate the distance of ship C from

ship A4. (4 marks)
b Calculate the bearing of ship C from
ship 4. (3 marks)

< Section 9.4

The triangle ABC has vertices A(—2, 4),
B(6, 10) and C(16, 10).
a Prove that ABC is an isosceles

triangle. (2 marks)

b Calculate the size of zABC. (3 marks)
<« Sections 5.4, 9.4

The diagram shows AABC.

Calculate the area of AABC. (6 marks)
B
4.3cm
3.5cm
40°
A D C

8.6cm
<« Section 9.4
The circle C has centre (5, 2) and radius
5. The points X (1, —1), Y (10, 2) and
Z (8, k) lie on the circle, where k is a
positive integer.
a Write down the equation of the circle.

(2 marks)
b Calculate the value of k. (1 mark)
¢ Show that cos £zXYZ = Q (5 marks)

<« Sections 6.2, 9.4

a On the same set of axes, in the interval
0 =< x = 360°, sketch the graphs of
y =tan(x — 90°) and y = sin x. Label
clearly any points at which the graphs
cross the coordinate axes. (5 marks)

Hence write down the number of
solutions of the equation

tan (x — 90°) = sin x in the interval

0 < x < 360°. (1 mark)

<« Section 9.6
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@ =

() 33

The graph shows the curve
¥y =sin (x +45°), —=360° < x < 360°.

VA
y =sin(x + 45°)

=Y

AN,
VARV

a Write down the coordinates of each
point where the curve crosses the
X-axis.

b Write down the coordinates of the
point where the curve crosses the
y-axis. (1 mark)

< Section 9.6

A pyramid has four triangular faces and a

square base. All the edges of the pyramid

are the same length, s cm. Show that the

total surface area of the pyramid is

(/3 + 1)s?cm> (3 marks)
<« Sections 9.4, 10.2

a Given that sin § = cos 0, find the value
of tan @. (1 mark)

b Find the values of 6 in the interval
0 < 0 < 360° for which

sinf = cos 6. (2 marks)

<« Sections 10.3, 10.4

Find all the values of x in the interval
0 < x < 360° for which 3 tan’x = 1.
(4 marks)

< Section 10.4

Find all the values of 0 in the
interval 0 < 6 < 360° for which
2sin (0 — 30°) = V3. (4 marks)

<« Section 10.5

a Show that the equation
2 cos?x =4 — 5sin x may be written
as2sin’x — Ssinx +2=0. (2 marks)
b Hence solve, for 0 < x < 360°, the
equation 2 cos’x =4 — 5sin x.
(4 marks)

(e) 37

(E) 38

(2 marks) 39

Review exercise 2

Find all of the solutions in the interval

0 <x<360°0f2tan’x —4 = Stanx
giving each solution, in degrees, to one
decimal place. (6 marks)

<« Section 10.6

Find all of the solutions in the interval
0 < x < 360° of 5sin’>x = 6(1 — cos x)
giving each solution, in degrees, to one
decimal place. (7 marks)

<« Section 10.6
Prove that cos® x (tan® x + 1) = 1 for all

values of x where cos x and tan x are
defined. (4 marks)

« Sections 7.4, 10.3

Challenge

1 The diagram shows
a square ABCD on
a set of coordinate
axes. The square
intersects the x-axis
at the points B and
S, and the equation
of the line which
passes through B C

VA
A
S/\ B
0

=Y

and Cis y=3x-12.
a Calculate the area of the square.
b Find the coordinates of S.

< Sections 5.2, 5.4

2 Prove that the circle (x + 4)? + (y - 5)° = 8°
lies completely inside the circle
X%+ 2+ 8x - 10y = 59.

« Sections 1.5, 6.2

3 Prove that for all positive integers n and £,

(

k ].
«~ Sectlons 7.4, 8.2

4 Solve for 0° < x < 360° the equation
2sin’*x —sinx + 1 = cos? x.

<« Section 10.6
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After completing this chapter you should be able to:

® Use vectors in two dimensions -> pages 231-235
® Use column vectors and carry out arithmetic operations

on vectors -> pages 235-238
® (alculate the magnitude and direction of a vector - pages 239-242
® Understand and use position vectors - pages 242-244
® Use vectors to solve geometric problems - pages 244-247
® Understand vector magnitude and use vectors in speed

and distance calculations - pages 248-251
® Use vectors to solve problems in context - pages 248-251

Prior knowledge check

1 Write the column vector for

the translation of shape B

a AtoB B
b AtoC B
c AtoD « GCSE Mathematics

P divides the line AB in the ratio AP: PB=17:2.
B

P

PB AP
AB PB

< GCSE Mathematics

3 Find x to one decimal place.
Pilots use vector addition to work

a b
g 13
7 @
[

c 3 d - BRE R out the resultant vector for their
q @ KM speed and heading when a plane

5 " encounters a strong cross-wind.

X A 18 . Engineers also use vectors to work

\ out the resultant forces acting on

« Sections 9.1, 9.2 ' structures in construction.




Vectors

@ Vectors

A vector has both magnitude and direction.

You can represent a vector using a directed line segment.

. . — _)
This is vector PQ. It starts This is vector QP. It starts
at P and finishes at Q. at Q and finishes at P.

The direction of the arrow shows the direction of the vector. Small (lower case)

. . . a
letters are also used to represent vectors. In print, the small letter will be in bold /
type. In writing, you should underline the small letter to show it is a vector: g or g

n If PQ RS then the line segments PQ and RS are equal in length
and are parallel. \
— —
» AB =-BA as the line segment 4B is equal /a///
in length, parallel and in the opposite
direction to BA.

A A

You can add two vectors together using the triangle law for vector addition.

i B
- I::t:grl:dl:‘i:iz:: a b m The resultant is the vector sum of
A_B) B_C) E A . two or more vectors. c
+ = _ S — —
4 c AB+BC+CD=A4AD
— — —
IfAB =a, BC=band AC =¢,thena+b=c y

Example o
The diagram shows vectors a, b and c. /a/

. . .. b
Draw a diagram to illustrate the vector addition \\ ¢

a+b+ec

First use the triangle law for a + b, then use it
again for @+ b) + c.

The resultant goes from the start of a to the end
of c.

@ Explore vector addition using O

GeoGebra.
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- Sub.tractmg a,veCt,or 1S a m To subtract b, you reverse
equlva.llent to ‘adding a b ° the direction of b then add.
negative vector’”:
a-b=a+(-b) a-b
If you travel from P to Q, then back from Q to P, you are back where you started, so your
displacement is zero.

= Adding the vectors P_Q) and Q_I; gives @ m =
—_— — =-PQ.
the zero vector 0: PQ + QP =0 S0 PG + OF = PG - PO =0
P
You can multiply a vector by a scalar (or number).
If the number is
If the number is a b :
. —_ negative (= -1)
positive (=1) the the new vector
new vector has a 3a -2b has a different

different length > < length and
byt th.e same \ la -1b / the opposite
direction. —— —— direction.

= Any vector parallel to the vector a may be
; . Real numbers are examples of
written as \a, where )\ is a non-zero scalar. . L
scalars. They have magnitude but no direction.

. — — — —
In the diagram, QP =a, QR =b, OS =cand RT =d. a
Find in terms of a, b, ¢ and d: P b
— —
a PS b RP R
— —
¢ PT d 7S d
T
_
a PS PQ +0S=-a+c Add vectors using APQS.
=c-a
—_— — —
b RP=RQO +QP =-b+a Add vectors using ARQP.
=a-b

Add vectors using APRT.
— —

—_— — —
c PT=PR+RT=0b-a) +d
Use PR =—-RP =-(@-b)=b-a.

=b+d-a

—_— — — —_— —
d TS =TR + RS =-d + (RQ + QS) ——— Add vectors using ATRS and ARQS.
=-d+(-b+¢)
=c-b-d
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— — —
ABCD is a parallelogram. AB =a, AD =b. Find AC.

D C
b m This is called the parallelogram law
for vector addition.
A " B

—_— —  —>

AC = AB + BC Using the triangle law for addition of vectors.

—_— —

BC=A4D =b
—

S0AC =a+b

Show that the vectors 6a + 8b and 9a + 12b are parallel.

L AD and BC are opposite sides of a parallelogram
so they are parallel and equal in magnitude.

R Here A=2
9a + 12b = 5(6a + &b)
.. the vectors are parallel.
Example o
. — — A
In triangle ABC, AB =aand AC =b.
P is the midpoint of AB. P Q
0 divides AC in the ratio 3:2. c
. B
Write in terms of a and b:
— — — —
a BC b AP c AQ d PO
—_— — — — —
a BC =BA4 + AC BA =-AB
—_— — r
=—-AB + AC p—
BC=b-a AP=14Bso AP =1a

—_ 1 —_ 1 . o
b AP = 4B = ;a AP is the line segment between A
—

and P, whereas AP is the vector from 4 to P.

- _3;~_3
c A0 =24C=12b

— _— — s R H . _3
d PO = PA + 40 Q divides AC in the ratio 3:2 s0 AQ = £ AC.
—_— —>
=—-AP + AQ . . )
Going from P to Q is the same as going from P to

_ ib 1 —
=5P—za A, then from A4 to Q.
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Exercise @

1

The diagram shows the vectors a, b, ¢ and d.
Draw a diagram to illustrate these vectors: / ¢
aa+c b -b ay 0/1 -
cc—d d b+c+d d
e a-2b f 2c+3d r
g a+b+c+d
ACGI is a square, B is the midpoint of AC, Fis the midpoint ¢ L G
of CG, H is the midpoint of G/, D is the midpoint of A1
— —
AB =band AD =d. Find, in terms of b and d:
a AC b BE ¢ HG d DF g
N RN —_— — b4
e AE f DH g HB h FE
— — — — >
i AH i BI k EI | FB A—™d D !
OACB is a parallelogram. M, Q, N and P are A 0 C

the midpoints of OA4, AC, BC and OB

respectively.

Vectors p and m are equal to OP and OM

respectlvely Express in terms of p and m.
—

aOA bOB ¢ BN dDQ

— — —
e OD f MO g 00 h AD

— — — —
i cD j AP  k BM 1 NO

. — — — — 0

In the diagram, PQ =a, QS =b, SR =cand PT =d.
Find in terms of a, b, ¢ and d: a b

— —>
a QT b PR

— —> S
¢ TS d TR P

C

In the triangle POQR, PQ =2a and QR = 2b. R
The midpoint of PR is M. Find, in terms of a and b:

— — —
a PR b PM c OM
ABCD is a trapezium with 4B parallel to DC and DC = 34B. Problem-solving

— —

M divides DC such that DM : MC=2:1. AB =aand BC =b. Draw a sketch to show the
Find, in terms of a and b: information given in the

— — — — question.
a AM b BD ¢ MB d DA
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. — —
7 OABC s a parallelogram. O4 =a and OC =b. A B
The point P divides OB in the ratio 5:3.

Find, in terms of a and b:

— — —
a OB b OP c AP 0 > C
8 State with a reason whether each of these vectors is parallel to the vector a — 3b:
a2a-6b bd4a-12b ¢ a+3b d 3b-a e 9b-3a f la-2b
— —
@ 9 In triangle ABC, AB =a and AC =b. A
P is the midpoint of 4B and Q is the midpoint of AC. 0

a Write in terms of a and b:
— — — —
i BC ii AP iii 40 iv PO B C
b Show that PQ is parallel to BC.

. ) — — —
@ 10 OABC'is a quadrilateral. 04 =a, OC =3band OB =a + 2b. A B
a Find, in terms of a and b:
— —
i AB ii CB
b Show that 4B is parallel to OC. C

@ 11 The vectors 2a + kb and 5a + 3b are parallel. Find the value of k.

@ Representing vectors

A vector can be described by its change in position or displacement relative to the x- and y-axes.

B 3 i . T .
a= (4) where 3 is the change in the x-direction m T e i L e

and 4 is the change in the y-direction. is the x-component and

a L. the bottom number is the
4 This is called column vector form.
y-component.

3
. . P\ _ (A
= To multiply a column vector by a scalar, multiply each component by the scalar: )\( q) = ( )\q)

= To add two column vectors, add the x-components and the y-components: (p ) + (" ) = (p * r)

q) " \s) " \q+s
Example e

A= (é) and b = (—31>

Find a 3a ba+h c 2a-3b
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2
a %a = (g) Both of the components are divided by 3.

b a+b= (2) + (3) _ (5) Add the x-components and the y-components.

c 2a-3b= 2(2) _ 3( 3 ) Multiply each of the vectors by the scalars then
ol subtract the x- and y-components.
3

- (i2)- (%)= (233) = ()

You can use unit vectors to represent vectors in two dimensions.

= A unit vector is a vector of length 1. The unit vectors YA
along the x- and y-axes are usually denoted by ©,1) i
i and j respectively. i
. (1} . _ [0
=) =0
0 1 o7 % 1o *

= You can write any two-dimensional vector in the form pi + gj.

By the triangle law of addition:

—_— — —

AC =AB + BC
=5i+2j

You can also write this as a column vector: 5i + 2j = (g)

= For any two-dimensional vector: (5) =pi+ qj

a=3i— 4, b=2i+7
Find a ja ba+b c3a-2b

a %a = %(3i - 4j) = 1.5i - 2j Divide the i component and the j component by 2.

b a+b=23i-4j+ 2i+7j
=3+ 2)i + (-4 + 7)j = 5i + 3j ————— Add the i components and the j components.

c 3a - 2b = 3(3i - 4j) - 2(2i + 7j)

= 9i — 12j — (4i + 14)) Multiply each of the vectors by the scalar then
= (9 - 4)i + (=12 = 14)j subtract the i and j components.
= 5i - 26j
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a Draw a diagram to represent the vector —3i + j

b Write this as a column vector.

3 units in the direction of the unit vector —i and
< 1 unit in the direction of the unit vector j.

b —3i+j=(‘3)

Given that a = 2i + 5j, b= 12i — 10j and ¢ = -3i + 9j, find a + b + ¢, using column vector notation in
your working.

Add the numbers in the top line to get 11

a+b+c= (é) + ( 1120) + (_93) = (2) L (the x-component), and the bottom line to get 4
- (the y-component). This is 11i + 4j.
Example @
Given a = 5i + 2jand b = 3i - 4j, @ Explore this solution as a vector
find 2a — b in terms of i and j. diagram on a coordinate grid using GeoGebra.
oq = 2(5) _ (10) To find the column vector for vector 2a multiply
2 4 the i and j components of vector a by 2.

ot (9)-(3)-(272)

2a - b=7i+ 8

-
(5) To find the column vector for 2a — b subtract the
components of vector b from those of vector 2a.

I— Remember to give your answer in terms of i and j.

Exercise @
1 These vectors are drawn on a grid of unit squares. vy
Express the vectors vy, V,, V3, V4, V5 and vg in: >
(1) i, j notation (i1) column vector form _—

\vVS\ / \ AL
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E/P) 8

E/P

=]

@ 1

238

Given that a = 2i + 3jand b = 4i — j, find these vectors in terms of i and j.
1

a 4a b 5a c -b d 2b+a

e 3a—-2b f b-3a g 4b-a h 2a-3b
Giventhata=(2),b=<g) andc=<:?> find:

a S5a b—%c ca+b+c d 2a-b+c
e 2b+2c-3a f %a+%b

Given that a = 2i + Sjand b = 3i — j, find:
a Aif a + Ab is parallel to the vector i b s if ya + b is parallel to the vector j

Given that ¢ = 3i + 4j and d = i — 2j, find:

a Aif ¢+ Adis parallel toi+j b pif pe +dis parallel to i + 3j
¢ sif ¢ —sdis parallel to 2i + j d rif d - tcis parallel to —2i + 3j
. — —_— B
In triangle ABC, AB =4i + 3jand AC = 5i + 2j.
Find BC. C
(2 marks)
A

OABC is a parallelogram. N . A B
P divides AC in the ratio 3:2. 04 =2i+4j, OC =Ti.
Find in i, j format and column vector format: P

— — —
a AC b OP c AP

0 > C

a (j ) b= (10>, oo @) Problem-solving

3 k
. . You can consider b — 2a = c as two linear
Given that b — 2a = ¢, find the values of j and k. equations. One for the x-components

(2 marks) and one for the y-components.
V4 q 7
a= (—q)’ b= (p)’ €= (4)

Given that a + 2b = ¢, find the values of p and ¢. (2 marks)

The resultant of the vectors a = 3i — 2j and b = pi — 2pj is parallel to the vector ¢ = 2i — 3;j.

Find:

a the value of p (4 marks)
b the resultant of vectors a and b. (1 mark)
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@ Magnitude and direction

You can use Pythagoras’ theorem to calculate the magnitude of a vector.

. . (X
= For the vectora=xi+}j= (y)’ m You use straight lines on either side of
the magnitude of the vector is given by: the vector:

la| = % + 32 jal = i +3il = |5

You need to be able to find a unit vector m P —

in the direction of a given vector. magnitude 1.

= A unit vector in the direction of a is —- A unit vectgr in the direction of a is sometimes
|a| written as .

If |a] = 5 then a unit vector in the direction

. a
ofa|s5.

Given that a = 3i + 4jand b = -2i — 4j:
a find |a|
b find a unit vector in the direction of a @ Explore the magnitude of a vector O

using GeoGebra.

\

¢ find the exact value of |2a + b

o a= (3) It is often quicker and easier to convert from i,
4 form to column vector form for calculations.
la| =37 + 47 |
la|=V25 =5 J L Using Pythagoras.
C a/
3i+ 4 4
b a unit vector is —2— = J /
|al 5
3
1. . 0.6
=531+ 4j)or (o.&)

Unless specified in the question it is acceptable
e 2ave=2()+ (5)=(570) = ) i

a =2l )T \a-s 4 — ]Eo give your answer in i, j form or column vector
orm.

|2a + b| = V42 + 42 =32 = 4/2

You need to give an exact answer, so leave your
L answer in surd form:

V32 =V16x 2 = 4/2 « Section 1.5
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You can define a vector by giving its magnitude, and the angle between the vector and one of the
coordinate axes. This is called magnitude-direction form.

Find the angle between the vector 4i + 5j

and the positive x-axis. This might be referred to as the angle between

the vector and i.

VA

Identify the angle that you need to find.
A diagram always helps.

tanf= > You have a right-angled triangle with base 4 units
and height 5 units, so use trigonometry.

. e y
Vector a has magnitude 10 and makes an angle of 30° with j. i
Find a in i, j and column vector format. 3057,
VA
0 X

\\ Use trigonometry to find the lengths of the x-
and y-components for vector a.

0 X
cosGO°:% x=10c0os60° =5
sin 60° = % y =10sin60° = 5/3 m The direction of a vector can be

given relative to either the positive x-axis (the i

a=5+5/3jora= ( direction) or the positive y-axis (or the j direction).

Exercise @

1 Find the magnitude of each of these vectors.
a 3i+4j b 6i - 8j ¢ S5i+ 12§ d 2i+4j
e 3i-5j f 4i+7j g -3i+5j h —4i-j

573)
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a =2i+ 3j,b=3i-4jand c = 5i — j. Find the exact value of the magnitude of:
aa+b b 2a-c ¢ 3b-2c

For each of the following vectors, find the unit vector in the same direction.
a a=4i+3j b b=>5i-12§ ¢ c=-7i+24j d d=i-3j

Find the angle that each of these vectors makes with the positive x-axis.
a 3i+4j b 6i - §j c Si+12j d 2i+4j

Find the angle that each of these vectors makes with j.
a 3i-5j b 4i+7j ¢ -3i+5j d —4i-j

Write these vectors in i, j and column vector form.

a VA b ya C VA d ya

60D
455 15 b ,

o

=Y
QS
=Y

o

=Y
=Y

0

Draw a sketch for each vector and work out the exact value of its magnitude and the angle it
makes with the positive x-axis to one decimal place.

a 3i+4j b 2i—j ¢ —5i+2§
Given that |2i — kj| = 2/10, find the exact value of k. (3 marks)

Vector a = pi + ¢gj has magnitude 10 and makes Problem-solving

an angle # with the positive x-axis where T el A
sinfd = % Find the possible values of p and g. axe sure you consider all te possibie cases.

(4 marks)
— —

In triangle ABC, AB =4i + 3j, AC = 6i — 4j. B

—
a Find the angle between 4B and i.

N A
b Find the angle between AC and i.
¢ Hence find the size of ZBAC, in degrees, to one decimal place. ¢

. _) . 0 _) . .
In triangle POR, PQ =4i+j, PR = 6i - §j. , 0 m The area of
a Find the size of ZQPR, in degrees, triangle is 2ab sin 4
to one decimal place. (5 marks) « Section 9.3
b Find the area of triangle POR. (2 marks) ‘
R b
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Challenge c Problem-solving

—
In the diagram below A B = pi + gj
—_—
and AD =ri +sj. D
ABCD is a parallelogram.
Prove that the area of ABCD is ps — gr.

your calculations.

@ Position vectors

You need to be able to use vectors to describe the position of a point in two dimensions.

Position vectors are vectors giving the position of a point, relative to a fixed origin.

Draw the parallelogram
on a coordinate grid, and
choose a position for the
origin that will simplify

—_—
The position vector of a point A is the vector OA4, where O is the origin. YA
_) a
If OA = ai + bj then the position vector of 4 is (b)
A
= In general, a point P with coordinates (p, ¢) has a position vector
—
or =pi+qj=<{;). 0
—_— — — — YA
s AB =0B - OA,where OA and A
— @ Use the triangle law:
OB are the position vectors of = . .
A and B respectively. B AB=40 +OB=-04 + OB

— — —>
S0 AB = 0B - 04

« Section 11.1

=Y

0 X
Example @
The points A4 and B in the diagram have coordinates (3, 4) YA
. 6
and (11, 2) respectively.
Find, in terms of i and j: 4 4
a the position vector of 4 b the position vector of B 5] B
—
¢ the vector AB R
o 2 4 6 8 10 12%
N o a3
a 04 = 3i+ 4j In column vector form this is (4)
B a1: . .. (11
b OB =1li + 2j In column vector form this is > )

—_— s —
c AB = OB - 04

= (i + 2j) - Bi + 4j) = 8i - 2j In column vector form this is (_82)
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— — .
OA = 5i — 2jand AB = 3i + 4j. Find:
a the position vector of B

—
b the exact value of |OB]| in simplified surd form.

VA
B
0 X
A
a O_A) _ ( 5 ) and E _ (3) Itis usu.ally quicker to use column vector form for
-2 4 calculations.

—_— > — 5 3 8 qE % GA o SF

OB =04 + AB = (_2) + (4> = (2> - Ini, j form the answer is 8i + 2j.

—
b |OB| =82 + 22 = /G4 + 4 =GB = 2/1TA——— V68 =4 x 17 = 2/17 in simplified surd form.

Exercise @

1 The points 4, B and C have coordinates (3, —1), (4, 5) and (-2, 6) respectively, and O is the origin.

Find, in terms of i and j:

o, . _) _)
a i the position vectors of 4, Band C ii 4 iii AC
— — —
b Find, in surd form: i |OC| ii |AB]| iii |AC |
— —
2 OP =4i-3j,00 =3i+2j
. —_—
a Find PO
. . — — —
b Find, in surd form: i |OP | ii |OQ]| iii [PQO|
— —
3 0Q =4i-3j, PO =5i+6j
. e
a Find OP
— — —
b Find, in surd form: i |OP| ii 00| iii |PO|

@ 4 OABCDE is a regular hexagon. The points 4 and B have position vectors a and b respectively,
where O is the origin.

Find, in terms of a and b, the position vectors of
a C b D c E.
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@ 5 The position vectors of 3 vertices of a parallelogram Problem-solving

are (4>, (3) and (8) Use a sketch to check that you

2 6 have considered all the possible
Find the possible position vectors of the fourth vertex. o .
positions for the fourth vertex.

@ 6 Given that the point A4 has position vector 4i — 5j and the point B has position vector 6i + 3j,
—
a find the vector AB. (2 marks)
—
b find |4 B| giving your answer as a simplified surd. (2 marks)

—
7 The point A4 lies on the circle with equation x> + y> = 9. Given that OA4 = 2ki + kj,
find the exact value of k. (3 marks)

Challenge

The point B lies on the line with equation 2y = 12 — 3x. Given that |OB| = /13,

find possible expressions for O_B) in the form pi + gj.

@ Solving geometric problems

You need to be able to use vectors to solve geometric problems and to find the position vector of a
point that divides a line segment in a given ratio.

n If the point P divides the line segment 4B in the ratio \: p, then 4
—_— — A
OP =04 + AB
A+p P
04 +—>— (0B - 04
- * A+ p ( B ) B
(%) AP:PB=\:p

In the diagram the points 4 and B have 4
position vectors a and b respectively P
(referred to the origin O). The point P divides a
AB in the ratio 1: 2. B
Find the position vector of P. 5
—_— — o
OP = OA + S AB
— = — L There are 3 parts in the ratio in total, so P is % of
= 04 +3(0B - 04) the way along the line segment AB.
2 L1 p
Rewrite AB in terms of the position vectors for 4
= %a +1b and B.

L Give your final answer in terms of a and b.
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You can solve geometric problems by comparing coefficients on both sides of an equation:

= If aand b are two non-parallel vectors and pa + gb=ra + sbthenp=rand ¢ =s.

OABC is a parallelogram. P is the point where A B
the diagonals OB and AC intersect.

— —
The vectors a and ¢ are equal to O4 and OC P
respectively.

Prove that the diagonals bisect each other.

If the diagonals bisect each other, then P

must be the midpoint of OB and the midpoint
@ Use GeoGebra to show that

of AC.
diagonals of a parallelogram bisect each other.
From the diagram,

—_— — —> — —
OB=0C+C(CB=c+ a—I — Express OB and AC interms of aand c.

— —  —

and AC = A0 + OC.

Use the fact that P lies on both diagonals to find
— two different routes from O to P, giving two

— —
Plieson OB = OP = Mc +a) _‘ different forms of OP.

—_— —
=-04+0C=-a+c

—_— — —
Plies on AC = OP =0A + AP

—
=a+/-a+ e — The two expressions for OP must be equal.

= Me+a)=a+uy-a+c . : .
(e+a)=a+ta ) Form and solve a pair of simultaneous equations

by equating the coefficients of a and c.

= A=1-px and A=y
= /\=,u=%, so P is the midpoint of both

diagonals, so the diagonals bisect each If Pis halfway along the line segment then it
other. must be the midpoint.

Example @
— — .
In triangle ABC, AB = 3i - 2jand AC =i - 5j, Problem-solving

Work out what information you would need to
find the angle. You could:

Find the exact size of Z/BAC in degrees.

A
e find the lengths of all three sides then use the

cosine rule

- - . . .
B e convert AB and AC to magnitude-direction
form

The working here shows the first method.
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—_— — —> 1 3 -2 —
BC =AC - AB = (_5) - (_2> = (_3) ~—— Use the triangle law to find BC.
|AB| = /32 + (-2)2 = /13 1
—
lAC| = /12 + (=5)2 = /26 Leave your answers in surd form.
—
|BC| = /(-2)Z + (-3)2 = JEJ
— — —
[4B|? + |AC|? - |BC|? Ped-a
cos ZBAC = — — 0s A4 = b < Section 9.1
2 x |AB| x |AC| ¢
_134+26-13 _ 26 _ 1
2xV13 x/26 26/2 V2 H'—
| @ Check your answer by entering the (333
ZBAC = cos™ (E) = 45° vectors directly into your calculator. S

Exercise @

. — —
@ 1 In the diagram, WX =a, WY =b and

o . —_— —>
WZ =c. Itis given that XY = YZ.
Prove that a + ¢ = 2b.

@ 2 OABis atriangle. P, Q and R are the midpoints A
of OA, AB and OB respectively.

OP and OR are equal to p and r respectively.

— —
a Find iOB ii PQ P
b Hence prove that triangle PAQ is similar to triangle OAB.

. . — — y
@ 3 OABisatriangle. O4 =aand OB =b.
The point M divides OA4 in the ratio 2: 1.
MN is parallel to OB.
_) .
a Express the vector ON in terms of a and b.
b Show that AN: NB=1:2
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@ 4 OABCis a square. M is the midpoint of OA, and Q divides BC A B
in the ratio 1: 3. 0
AC and MQ meet at P. P
— — — M
a If 04 =aand OC = ¢, express OP in terms of a and c.
b Show that P divides AC in the ratio 2: 3.
o C

5 In triangle ABC the position vectors of the vertices A, B and C are (g), (;‘) and (Z) Find:

— — —
a |4B| b 1AC| ¢ |BC|
d the size of /BAC, ZABC and ZACB to the nearest degree.

® 6 OPQ is a triangle. S Problem-solving

—_— — _— —
2PR = RQ and 30R = OS To show that 7, P and S lie
é é . .

OP =aand 0Q =b. . P on the same straight line
= you need to show that aﬂ
—_
a Show that OS =2a +b. a two of the vectors TP, TS
b Point T'is added to the diagram such 0 Y or PS are parallel.
—
that OT = —b. b
Prove that points 7, P and S lie on a straight line.
Challenge
OPQR is a parallelogram. P N 0
a
Y M

(@]

N is the midpoint of PQ and M is the midpoint of OR.

a’) =aand O_R) =b. The lines ON and OM intersect the diagonal PR at points
X and Y respectively.

a Explain why ﬁ: —ja + jb, where j is a constant.

b Show that PX = (k — 1)a + kb, where k is a constant.

¢ Explain why the values of j and k must satisfy these simultaneous equations:
k-1=—j
2k=j

d Hence find the values of j and k.

e Deduce that the lines ON and OM divide the diagonal PR into 3 equal parts.
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@ Modelling with vectors

You need to be able to use vectors to solve problems in context.
In mechanics, vector quantities have both magnitude and direction. Here are three examples:

® velocity
e displacement
e force

You can also refer to the magnitude of these vectors. The magnitude of a vector is a scalar quantity
— it has size but no direction:

® speed is the magnitude of the velocity vector
e distance in a straight line between 4 and B is the magnitude of the displacement vector AB

When modelling with vectors in mechanics, it is common to use the unit vector j to represent North
and the unit vector i to represent East.

A girl walks 2 km due east from a fixed point O to A4, and then 3 km due south from 4 to B. Find:
a the total distance travelled
b the position vector of B relative to O
—
¢ |0B|
d the bearing of B from O.

Note that the distance of B from O is not the

a The distance the girl has walked is
9 same as the distance the girl has walked.

2km+ 3km = 5km

b Representing the girl's journey on a diagram:

N
2 km
o A
\Y/
3 km j represents North, so 3 km south is written as
-3j km.

B

_) . .

OB = (2i — 3j)km Remember to include the units with your answer.

— .

c |OB| =v2? + 32 =/13 = 361km (3 5-f9——|_ OB is the length of the line segment OB in the
3 diagram and represents the girl’s distance from

d tand=> the starting point.

f=56.3°

The bearing of B from O is

56.3° + 90° = 146.3° = 146° A three-figure bearing is always measured

clockwise from north.
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In an orienteering exercise, a cadet leaves the starting point O and walks 15 km on a bearing of
120° to reach A, the first checkpoint. From A he walks 9 km on a bearing of 240° to the second
checkpoint, at B. From B he returns directly to O.

Find:

a the position vector of A relative to O
—

b [OB]

¢ the bearing of B from O

d the position vector of B relative to O.

“ Start by drawing a diagram.
ZOAB =360° — (240° + 60°) = 60°
o
The position vector of A4 relative to O is OA.
0 15 cos 30°
Draw a right angled triangle to work out the
lengths of the i and j components for the
position vector of A relative to O.
—_—
04 = (15 cos 30°% + 15 sin 30%) km
= (13.0i — 7.5j) km
b

|£| is the length of OB in triangle OAB.

—
|OB|2=152+92_2X15X9XCO5600’— . . .
Use the cosine rule in triangle OAB.

=171
—
|OB| = V171 = 13.1km (3 1)
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sind  sin60°
= Use the sine rule to work out 4.
E V171
9 x sin 60°
sind = ——— = 0.596...
V171

0=36.6°=37°(3 sf)
The bearing of B from O =120 + 37

=157°
d N N
/]\ 13.1cos67°
(0] = ]
< 157° - 90° = 67°
13.1sin67°
13.1km Draw a right angled triangle to work out the
lengths of the i and j components for the
position vector of B relative to O.
B

—
OB = (5.1i = 12.1j) km

1 F1nd. the .speed of a particle movm‘g w1t.h these velocities: m Speed is the magnitude of
a (Bi+4j)ms! b (24i - 7j) kmh~! the velocity vector.
¢ (5i+2)ms! d (-7i+4j)cms!

2 Find the distance I.noved by a particle which travels for: m Find the speed in each case
a 5 hours at velocity (8i + 6j) kmh~! then use:
b 10 seconds at velocity (5i — j)ms~! Distance travelled = speed x time

¢ 45 minutes at velocity (6i + 2j) km h~!
d 2 minutes at velocity (—4i — 7j) cm s,

Find the speed and the distance travelled by a particle moving in a straight line with:
a velocity (=3i + 4j) ms~! for 15 seconds b velocity (2i + 5j) ms~! for 3 seconds
¢ velocity (5i — 2j) km h~! for 3 hours d velocity (12i — 5j) km h~! for 30 minutes.

A particle P is accelerating at a constant speed. m The units of acceleration
When ¢ = 0, P has velocity u = (2i + 3j)ms™! will be m/s? or m s-2.
and at time 7 = 5, P has velocity v = (16i — 5j)) ms~!.
v—u

t

The acceleration vector of the particle is given by the formula: a =

Find the acceleration of P in terms of i and j.
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@ 5 A particle P of mass m = 0.3 kg moves under the action of a single constant force F newtons.
The acceleration of Pisa = (5i + 7)) ms=2.

a Find the angle between the acceleration and i. (2 marks)
Force, mass and acceleration are related by the formula F = ma.
b Find the magnitude of F. (3 marks)

6 Two forces, F, and F,, are given by the vectors F; = (3i — 4j) N and F, = (pi + ¢j) N.
The resultant force, R = F; + F, acts in a direction which is parallel to the vector (2i — j).

a Find the angle between R and the vector i. (2 marks)
b Show that p + 2¢g = 5. (3 marks)
¢ Given that p = 1, find the magnitude of R. (3 marks)
7 The diagram shows a sketch of a field in the shape of a triangle ABC. B

— —
Given AB = 30i + 40j metres and AC = 40i — 60j metres,

—
a find BC (2 marks) )
b find the size of /BAC, in degrees, to one decimal place (4 marks)
¢ find the area of the field in square metres. (3 marks)

C

@ 8 A boat has a position vector of (2i + j) km and a buoy has a position vector of (6i — 4j) km,
relative to a fixed origin O.

a Find the distance of the boat from the buoy.

b Find the bearing of the boat from the buoy.

The boat travels with constant velocity (8i — 10j) km/h. Draw a sketch showing the
¢ Verify that the boat is travelling directly towards the buoy initial positions of the boat,
d Find the speed of the boat. the buoy and the origin.

e Work out how long it will take the boat to reach the buoy.

Mixed exercise @

@ 1 Two forces F, and F, act on a particle.
F, = -3i + 7j newtons
F, =i - jnewtons
The resultant force R acting on the particle is given by R = F, + F,.
a Calculate the magnitude of R in newtons. (3 marks)

b Calculate, to the nearest degree, the angle between the line of action of R and the
vector j. (2 marks)
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® 2

E/P) 5

252

A small boat S, drifting in the sea, is modelled as a particle moving in a straight line at constant
speed. When first sighted at 09:00, S is at a point with position vector (-2i — 4j) km relative to a
fixed origin O, where i and j are unit vectors due east and due north respectively. At 09:40, S is
at the point with position vector (4i — 6j) km.

a Calculate the bearing on which S is drifting.
b Find the speed of S.

A football player kicks a ball from point 4 on a flat football field. The motion of the ball is
modelled as that of a particle travelling with constant velocity (4i + 9j) ms=!.

a Find the speed of the ball.
b Find the distance of the ball from A after 6 seconds.

¢ Comment on the validity of this model for large values of ¢.

ABCD is a trapezium with 4B parallel to DC and DC = 4A4B.
M divides DC such that DM : MC=3:2, E =aand B_C) =bh.
Find, in terms of a and b:

— — — —
a AM b BD ¢ MB d DA
The vectors 5a + kb and 8a + 2b are parallel. Find the value of k. (3 marks)

. _(7\ «_ (10 (-5 .
Given that a = <4>, b= (_2) and ¢ —( _3) find:
aa+b+c b a-2b+c ¢ 2a+2b-3c

) — —
In triangle ABC, AB = 3i+ 5jand AC = 6i + 3j, find: B
a B_C) (2 marks)
b /BAC (4 marks) ¢
¢ the area of the triangle. (2 marks)
A

The resultant of the vectors a = 4i — 3j and b = 2pi — pj is parallel to the vector

¢ =2i - 3j. Find:

a the value of p (3 marks)
b the resultant of vectors a and b. (1 mark)

For each of the following vectors, find
i a unit vector in the same direction ii the angle the vector makes with i

a a=8i+ 15 b b=24i- 7 ¢ ¢=-9i+ 40 d d=3i-2j
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Vectors

The vector a = pi + gj, where p and ¢ are positive constants, is such that |a] = 15.
Given that a makes an angle of 55° with i, find the values of p and ¢.

Given that |3i — kj| = 3V/5, find the value of k. (3 marks)

— —
OAB s a triangle. OA = a and OB =b. The point M divides OA4 in the ratio 3:2.
MN is parallel to OB.

—
a Express the vector ON in terms of a and b. (4 marks) A
—
b Find vector MN. (2 marks) M N
¢ Show that AN: NB=2:3. (2 marks)
o B

Two forces, F, and F,, are given by the vectors F, = (4i — 5j) N and F, = (pi + ¢j) N.
The resultant force, R = F, + F, acts in a direction which is parallel to the vector (3i — j)

a Find the angle between R and the vector i. (3 marks)
b Show thatp + 3¢ =11. (4 marks)
¢ Given that p = 2, find the magnitude of R. (2 marks)

A particle P is accelerating at a constant speed. When 7 = 0, P has velocity u = (3i + 4j)ms~!
and at time 7 = 2's, P has velocity v = (15i — 3j)m s~
v—u

t

The acceleration vector of the particle is given by the formula: a =

Find the magnitude of the acceleration of P. (3 marks)

Challenge

The point B lies on the line with equation 3y = 15 — 5x.

NeTA

— —
Given that |OB| = ——, find two possible expressions for OB In the form pi + gj.

2
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Summary of key points

1

2

10

11

12

13

14

15

16
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—_— —
If PQ = RS then the line segments PQ and RS are equal in length and are parallel.

— —_—
AB =—-BA as the line segment AB is equal in length, parallel and in the opposite direction
to BA.

—_— — —>
Triangle law for vector addition: 4B + BC = 4

— — —
If AB=a, BC=band AC =¢,thena+b=c
Subtracting a vector is equivalent to ‘adding a negative vector:a— b =a + (-b)

. — — _— —
Adding the vectors PQ and QP gives the zero vector 0: PQ + QP =0.

Any vector parallel to the vector a may be written as Aa, where A is a non-zero scalar.

A
To multiply a column vector by a scalar, multiply each component by the scalar: A(Z) = (AZ)

+7
To add two column vectors, add the x-components and the y-components (‘Iq)) + (g) = (Z - S)

A unit vector is a vector of length 1. The unit vectors along the x- and y-axes are usually

denoted by i and j respectively. i = ((1)) ji= (2)

For any two-dimensional vector: (‘Iq)) = pi + gj

For the vector a = xi + yj = (;) the magnitude of the vector is given by: |a] = /x? + y?
A unit vector in the direction of a is l%

In general, a point P with coordinates (p, ¢) has position vector:

—
0P=pi+qj=(‘Z)

—_— — — — —
AB = OB — OA, where OA and OB are the position vectors of 4 and B respectively.

If the point P divides the line segment AB in the ratio A: u, then 4

—_— — A

OP =04 + AB
A+ 1 P

— A T
=04 + (OB - 0A) B
A+ u
o AP:PB=X:p

If a and b are two non-parallel vectors and pa+ gb=ra+ sbthenp=randg=s



Differentiation

After completing this chapter you should be able to:

d
® Find the derivative, f'(x) or d_y of a simple function - pages 259-268
X

® Use the derivative to solve problems involving gradients, tangents

and normals

® |dentify increasing and decreasing functions

® Find the second order derivative, f"(x) ord—y
X

simple function

—> pages 268-270
—> pages 270-271

—> pages 271-272

® Find stationary points of functions and determine their

nature

® Sketch the gradient function of a given function
Model real-life situations with differentiation

Differentiation is part of calculus, one of
the most powerful tools in mathematics.
You will use differentiation in mechanics to
model rates of change, such as speed and
acceleration.

—> Exercise 12K Q5

—> pages 273-276
—> pages 277-278
—> pages 279-281

<« Section 5.1

Write each of these expressions in the
form x” where n is a positive or negative
real number.
a x3xx’

2 3
b

x6

I
d — « Sections 1.1, 1.4

Vx

Find the equation of the straight line that
passes through:
a (0,-2)and (6, 1)
¢ (10, 5) and (-2, 8)
Find the equation of the perpendicular to
the line y = 2x — 5 at the point (2, 1).

<« Section 5.3

b (3,7) and (9, 4)
< Section 5.2
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@ Gradients of curves

The gradient of a curve is constantly changing. You can use a tangent to find the gradient of a curve
at any point on the curve. The tangent to a curve at a point 4 is the straight line that just touches the
curve at 4.

® The gradient of a curve at a given point is defined as the gradient of the tangent to the

curve at that point.

VA

0.5+

i ERRERRERSREY)
051

7
=1.5-

The diagram shows the curve with equation y = x2.

The tangent, 7, to the curve at the point 4(1, 1) is shown.

Point 4 is joined to point P by the chord AP.

a

b

Calculate the gradient of the tangent, 7.

Calculate the gradient of the chord 4P when P
has coordinates:

i (2,4

i (1.5,2.25)

iii (1.1, 1.21)

iv (1.01, 1.0201)

v (1+h,(1+h)?

Comment on the relationship between your
answers to parts a and b.
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The tangent to the curve at (1, 0) has gradient 1, so
the gradient of the curve at the point (1, 0) is equal
to 1.

The tangent just touches the curve at (1, 0).
It does not cut the curve at this point, although it
may cut the curve at another point.




a Gradient of tangent =

S

c As P gets closer to A, the gradient of the

Yo =W

Xo = X

3 -1

21
=2

i Gradient of chord joining (1,1) to (2, 4)

4 -1
T2 -1
=3

i Gradient of the chord joining (1,1) to

(1.5, 2.25)
225 -1

15 — 1
_1.25
T 05
=25

Gradient of the chord joining (1,1) to
(1.1, 1.21)
121 -1
11 =1
_oz21
01
=21

Gradient of the chord joining (1,1) to

(1.01, 1.0201)
_ 1.0201 =1
T 101 -1

_ 0.0201
001

= 2.01

Gradient of the chord joining (1,1) to
1+ h, 1+ h)?)
(0 + h)2 -1

T+ h) -1
1+ 2h+h? -1
T 1+ h—1
:2h+h2

h
2+h

chord AP gets closer to the gradient of
the tangent at 4.

Differentiation

Use the formula for the gradient of a straight line
between points (x;, y;) and (x,, y,). ¢ Section 5.1

_L The points used are (1, 1) and (2, 3).

@ Explore the gradient of the chord O

AP using GeoGebra.

This time (x;, y1) is (1, 1) and (x,, y,) is (1.5, 2.25).

This point is closer to (1, 1) than (1.1, 1.21) is.

This gradient is closer to 2.

his a constant.
A+he=0Q+hNA+h=1+2h+h?

h@+h)

This becomes h

You can use this formula to confirm the answers
to questions i to iv. For example, when 2= 0.5,
(1 + A, (1+h)? = (1.5 2.25) and the gradient of
the chord is 2 + 0.5 =2.5.

As h gets closer to zero, 2 + h gets closer to 2,
so the gradient of the chord gets closer to the
gradient of the tangent.
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Exercise @

1 The diagram shows the curve with equation y = x> — 2x. A
a Copy and complete this table showing estimates for Pt
the gradient of the curve.
3 .
Xx-coordinate -1/0 |1 2]3
Estimate for gradient of curve 2

b Write a hypothesis about the gradient of the curve at
the point where x = p. . .

¢ Test your hypothesis by estimating the gradient of
the graph at the point (1.5, —=0.75).

m Place a ruler on the graph

to approximate each tangent.

2 The diagram shows the curve with equation y =v1 — x2.
The point 4 has coordinates (0.6, 0.8).
The points B, C and D lie on the curve with x-coordinates 0.7, 0.8 and 0.9 respectively.

VA

Ll 4

10 -08-06-04-029 02 04 06 08 10
=0.2-

a Verify that point 4 lies on the curve.
b Use a ruler to estimate the gradient of the curve at point A4.

¢ Find the gradient of the line segments:
i AD

ii AC m Use algebra for part c.

iii AB

d Comment on the relationship between your answers to parts b and c.
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3 Fis the point with coordinates (3, 9) on the curve with equation y = x2.

a Find the gradients of the chords joining the point F to the points with coordinates:
i (4,16) ii (3.5,12.25) iii (3.1,9.61)
iv (3.01, 9.0601) v B+h,(3+h)?

b What do you deduce about the gradient of the tangent at the point (3, 9)?

4 G is the point with coordinates (4, 16) on the curve with equation y = x2.
a Find the gradients of the chords joining the point G to the points with coordinates:
i (5,25 ii (4.5,20.25) iii (4.1, 16.81)
iv (4.01, 16.0801) v 4+h, 4+ h)?
b What do you deduce about the gradient of the tangent at the point (4, 16)?

@ Finding the derivative

You can use algebra to find the exact gradient of a curve at a given point. This diagram shows two
points, 4 and B, that lie on the curve with equation y = f(x).

VA y=f(x)

/\ As point B moves closer to point A the gradient of chord 4B

gets closer to the gradient of the tangent to the curve at A.

Q
=y

You can formalise this approach by letting the x-coordinate of 4 be x, and the x-coordinate of B be
Xo + h. Consider what happens to the gradient of 4B as i gets smaller.

VA y="f(x)

Point B has coordinates (xq + A, f(x, + /).

Point A has coordinates (x,, f(x,)). m h represents a

small change in the value

of x. You can also use éx to
represent this small change. It
is pronounced ‘delta x".

\ 4

O xq Xo+h X
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The vertical distance from A4 to Bis f(xq + /) — f(xp).
The horizontal distance is xq + i — xo = h.

flxo+ A1) — fxo)

So the gradient of ABis ; y

As h gets smaller, the gradient of 4B gets closer to the gradient of the tangent to the curve at A.
This means that the gradient of the curve at A4 is the limit of this expression as the value of /
tends to 0.

You can use this to define the gradient function.

® The gradient function, or derivative, of the curve y = f(x)
. it ¢ dy m hlimo means ‘the
is written as f'(x) or dx’ limit as / tends to 0”. You can’t
evaluate the expression when
M h =0, but as & gets smaller
h the expression gets closer to a
The gradient function can be used to find the gradient of fixed (or limiting) value.

the curve for any value of x.

f'(x) = ;5'3};

Using this rule to find the derivative is called differentiating from first principles.

The point A with coordinates (4, 16) lies on the curve with equation y = x2.
At point A4 the curve has gradient g.

a Show that g = hlim0(8 +h).
b Deduce the value of g.

f4 + h) — f(4) Use the definition of the derivative with x = 4.
a g=Ilm—m—F——
h—0 h
= lim (4 + 1) - 42 L The function is f(x) = x2. Remember to square
=0 h everything inside the brackets. « Section 2.3
16+ 8h+h?-16
= lim
h—0 h
 8h+ k2 The 16 and the —16 cancel, and you can cancel &
=/1l[no h in the fraction.
= hlimo &+ h)
As h — 0 the limiting value is 8, so the gradient at
bg=56

point A4 is 8.
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Prove, from first principles, that the derivative of x3 is 3x2.

As h — O, 3xh — O and h? — O.
So f'(x) = 3x?

o) = x° ‘From first principles’ means that you have to use
#(x) = lim w the definition of the derivative. You are starting
o h your proof with a known definition, so this is an
_ g (x + h)® = (x)° example of a proof by deduction.
h—0 h
_ g X0 3X%h 4 3xh® + h? - x® (x+h)> = (x+ h)(x + h)?
T oo h - =(x+h) 2+ 2hx + h?)
3x2) 4 3xh? + b3 which expands to give x3 + 3x%h + 3xh? + h?
- hITO h
 h(3x? + 3xh + h?) )
= h“To 7 Factorise the numerator.

hlimo(3x2 + 3xh + h?)
Any terms containing A, 1%, h?, etc will have a
limiting value of 0 as 4 — 0.

Exercise @

1

(E/P) 5
(E/P) 6
(E/P) 7

For the function f(x) = x2, use the definition of the derivative to show that:

a f'(2)=4 b f'(-3)=-6 ¢ '(0)=0 d '(50) =100
f(x) = x?
a Show that f'(x) = hlim0(2x + h). b Hence deduce that f'(x) = 2x.

The point 4 with coordinates (-2, —8) lies on the curve with equation y = x3.
At point A4 the curve has gradient g.

a Show that g = hlimo(12 —6h+ h?). b Deduce the value of g.

The point 4 with coordinates (-1, 4) lies on the curve with Problem-solving

equation y = x3 — 5x.

The point B also lies on the curve and has x-coordinate (-1 + /). Draw a sketch showing

points A4 and B and the

a Show that the gradient of the line segment 4B is given chord between them.

by > - 3h - 2.
b Deduce the gradient of the curve at point 4.
Prove, from first principles, that the derivative of 6x is 6. (3 marks)
Prove, from first principles, that the derivative of 4x2 is 8x. (4 marks)
f(x) = ax?, where a is a constant. Prove, from first principles, that f'(x) = 2ax. (4 marks)
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Challenge

fo) =+
X

a Given that f'(x) = lim

b Deduce that f'(x) =

flx+h) —f(x)
h—0 h
1
x?

@ Differentiating x”

You can use the definition of the derivative to find an expression for the derivative of x” where n is

any number. This is called differentiation.

® For all real values of i, and for a constant a:

o Iff(x)=x" then f'(x)=nx"-?

Ify=x" then d—y=nx"'1
Y dx
o Iff(x) =ax" then f'(x)=anx"-?
If y=ax” then d—y =anx""1
Y dx

Find the derivative, f'(x), when f(x) equals:

a x°0 b x3
a f(x) = x©
So t'(x) = 6x°

¢ x2

X,
, show that f'(x) = hl

d x2xx3 e

2Vx
c f(x) = x2
So f'(x) = =2x73
__2
=
d f(x) = x2 x x3
= x5
So f'(x) = 5x*

262

im ——1
-0 X2+ xh

d
f'(x) and & both represent the
dx d
o Y
derivative. You usually use ax
X

when an expression is given in
theformy=...

X
X3

Multiply by the power, then subtract 1 from the
power:

6 x x6-1=6x>
The new power is 3 —1=—3
1

1
X 2=—
VX <« Section 1.4

You can leave your answer in this form or write it
as a fraction.

You need to write the function in the form x”
before you can use the rule.

Y2 x x3 = x2+3

= x5



Differentiation

Use the laws of indices to simplify the fraction:

S5 5P =P s

Find

1 Find {'(x) given that f(x) equals:

dy
a when y equals:
;
a 7x3 b —4x: ¢ 3x72 d % e /36x3
dy . ) Use the rule for differentiating ax” with a =7 and
ax =/ X3x7I=21x n = 3. Multiply by 3 then subtract 1 from the power.

dy 1 2
X

s AxoxT= —2x77 = /x| Thisis the same as differentiating x7 then
multiplying the result by —4.

dy 6
- DOy-3 — _Oy3 = _ 2
i 3 x =2x 6x 3
y= 8 e Write the expression in the form ax". Remember
3 a can be any number, including fractions.
v 6x8x5=16x5
dx — ~ 737 7 , :
z-1=3
y =V36 xVx3 =6 x (x3)7 = Gx>
% -G x %xi = 9xt=9/x Simplify the number part as much as possible.

m Make sure that the
Exercise @ functions are in the form x”

before you differentiate.

a x’ b x8 c x* d x3 e xi f Vx
_ _ .1 .1 1 1
g X 3 h x* 1 ; | ; k ﬁ 1 %
3y 16 2 43 2 x? x? x6
m x° X X n x°xx 0 XXX P F q ; r ;
o dy
Find —— given that y equals:
dx
a 3x2 b 6xX° c %x“ d 20x+ e 6x7

4 x© X . 2 . [5x*x10x
£ 10x! ax h -= JRRALE L
Ox g 2 x3 8 x5 ! Vx ! 2x?
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3 Find the gradient of the curve with equation y = 3y/x at the point where:
a x=4 b x=9
9

¢ x= % d x=1¢ .
Problem-solving

: dy
4 Given that 2y? — x3=0and y > 0, find ax (2marks)  Try rearranging unfamiliar equations
into a form you recognise.

@ Differentiating quadratics

You can differentiate a function with more than one term by differentiating the terms one-at-a-time.
The highest power of x in a quadratic function is x?, so the highest power of x in its derivative will

be x.
® For the quadratic curve with equation The derivative is a straight line with
Yy =ax?+ bx + ¢, the derivative is given by gradient 2a. It crosses the x-axis once, at the
dy point where the quadratic curve has zero
dx 2ax +b gradient. This is the turning point of the
quadratic curve. < Section 5.1

d
You can find this expression for d—y by differentiating each of the terms one-at-a-time:
X

ax® IEENERYY 2ax! = 2ax bx = bx' IDRISEMHETY> 16x° = b c 0

The quadratic term tells An x term differentiates Constant terms
you the slope of the to give a constant. disappear when
gradient function. you differentiate.

Example o

d
Find d—i given that y equals:

a x2+3x b 8& -7 ¢ 4x2-3x+5

a y=x%+ 3x Differentiate the terms one-at-a-time.

dy
So a =2x+ 3
The constant term disappears when you

b y=8x-7 differentiate. The line y = =7 would have zero
d radient.
So > =8 — | &
dx

c y=4x2-3x+5 4x?% — 3x + 5 is a quadratic expression with
a=4,b=-3and c=5.

dy
5_5)6_3

> .
The derivative is 2ax + b =2 x 4x — 3 = 8x — 3.
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Let f(x) = 4x? - 8x + 3.
a Find the gradient of y = f(x) at the point (%, 0).
b Find the coordinates of the point on the graph of y = f(x) where the gradient is 8.

¢ Find the gradient of y = f(x) at the points where the curve meets the line y = 4x — 5.

Exercise @

1

a Asy=4x2—8x+3 Differentiate to find the gradient function. Then
dy — substitute the x-coordinate value to obtain the
o W=8x-8+0 gradient.
So f'(3) = -4
Put the gradient function equal to 8. Then solve the
dy !» equation you have obtained to give the value of x.
b —=fx)=8x-8=8 . . . .
dx I— Substitute this value of x into f(x) to give the
Sox=2 value of y and interpret your answer in words.
Soy=1H2)=3

The point where the gradient is & is (2, 3). To find the points of intersection, set the

equation of the curve equal to the equation of
[ the line. Solve the resulting quadratic equation

to find the x-coordinates of the points of

intersection. <« Section 4.4

4x2 -8x+3=4x-5
4x2 - 12x+8=0
X2 -3x+2=0

x=-2)(x-1=0 . .
Substitute the values of x into f'(x) = 8x — 8 to
Sox=lorx=2 ive the gradients at the specified points
At x =1, the gradient is O. & & P P '
At x = 2, the gradient is 8, as in part b.

@ Use your calculator to check 23‘
seee

solutions to quadratic equations quickly.

]

o dy
Find —— when y equals:

dx
a 2x?-6x+3 b Ix2+ 12x c 4x2-6
d 8x?+ 7x + 12 e 5+4x—5x?

Find the gradient of the curve with equation:

a y = 3x? at the point (2, 12) b y = x? + 4x at the point (1, 5)
¢ y=2x?>- x — 1 at the point (2, 5) d y= %xz + %x at the point (1, 2)
e y =3 - x?at the point (1, 2) f y =4 - 2x?at the point (-1, 2)

Find the y-coordinate and the value of the gradient at the point P with x-coordinate 1 on the
curve with equation y = 3 + 2x — x2.

Find the coordinates of the point on the curve with equation y = x> + 5x — 4 where the
gradient is 3.
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@ 5 Find the gradients of the curve y = x> — 5x + 10 at the points 4 and B where the curve meets
the line y = 4.

@ 6 Find the gradients of the curve y = 2x? at the points C and D where the curve meets the line
y=x+3.

(®) 7 fx)=x"-2x-8
a Sketch the graph of y = f(x).
b On the same set of axes, sketch the graph of y = {'(x).

¢ Explain why the x-coordinate of the turning point of y = f(x) is the same as the x-coordinate
of the point where the graph of y = f'(x) crosses the x-axis.

@ Differentiating functions with two or more terms

You can use the rule for differentiating ax” to differentiate functions with two or more terms.
You need to be able to rearrange each term into the form ax”, where a is a constant and # is a real
number. Then you can differentiate the terms one-at-a-time.

m If y =f(x) £ g(x), then :—i =f'(x) £ g'(x).

dy
Find ax given that y equals:
a 4x3+2x b X3+ 32— x7 c %x%+4x2
a y=4x3 + 2x
d
So d—i =12x2+ 2 Differentiate the terms one-at-a-time.
— 13 2 _ yx . . .
b dy BRI Be careful with the third term. You multiply the
So d_y =3x2 + 2x — %x—% term by%and then reduce the power by 1 to
. get -1
c y= gx% + 4x?
d | L ici 1
So é _ % y %x‘? +8x Check thét §ach term is in the form ax" before
differentiating.
=ZX77+6x
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Differentiate:
1 x-=2
— b X33 1
a Nes x*Bx + 1) c e
a lety= 1
4x
= %x_%

Therefore 2 =~y
hereored—x——gxz

b Let y=x338x +1)

= 3x% + x3

d
Therefore D 12x3 + 3x2
dx

= 3x%(4x + 1)
c lety =%
X
_1_2
x x?
=x'-2x7?

d
Therefore = = —x244x3
dx
1,4
X2 + 3

Exercise @

1 Differentiate:

a x4+ x| b 2x5+ 3x2

2 Find the gradient of the curve with equation y =

a f(x)=x3-3x+2and 4isat(-1,4)

Differentiation

Use the laws of indices to write the expression in
the form ax”.

11 1 1,11 .
4 4

1
4/x Vx 4 xz

N1

Multiply out the brackets to give a polynomial
function.

Differentiate each term.

Express the single fraction as two separate
. T |
fractions, and simplify: = ==
x> X

Write each term in the form ax” then
differentiate.

You can write the answer as a single fraction with
denominator x3.

3 1
c 6x2+2x2+4

f(x) at the point A4 where:
b f(x) =3x>+ 2x'and 4 is at (2, 13)

3 Find the point or points on the curve with equation y = f(x), where the gradient is zero:

a f(x) =x?-5x

c f(x)=x%—6x+1

4 Differentiate:

a 2/x b =
X
2 5 1
e —+Vx f Vx +=—
x3 2x
3
72)6\/13)6 i x(x>-x+2)
X

b f(x) =x3-9x% + 24x - 20
d f(x)=x"1+4x

1

¢33 d Ix3(x - 2)
2x + 3 h3x2—6
X X

k 3x2(2 + 2x) I Gr-2)(4x+ i)
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5 Find the gradient of the curve with equation y = f(x) at the point 4 where:

a f(x) = x(x + 1)and 4 is at (0, 0) b f(x)= 2x ; 6 and A is at (3, 0)
¢ f(x) = % and A is at (1, 2) d f(x) = 3x - % and A s at (2. 5)
X

6 f(x)=—=+ x, where p is a real constant and x > 0.
P J—

Given that f'(2) = 3, find p, giving your answer in the form av/2 where a is a
rational number. (4 marks)

® 7 f)=@2-x

a Find the first 3 terms, in ascending powers of x, of the

binomial expansion of f(x), giving each term in its m Use the binomial
simplest form. expansion witha =2, b = —x
b If x is small, so that x? and higher powers can be ignored, andn=9. « Section 8.3

show that f'(x) = 9216x — 2304.

@ Gradients, tangents and normals

You can use the derivative to find the equation of the tangent to a curve at a given point. On the
curve with equation y = f(x), the gradient of the tangent at a point 4 with x-coordinate a will be f'(a).

® The tangent to the curve y = f(x) at the
BULEY The equation of a straight line with
oint with coordinates (a, f(a)) has q &
z uation (a, f(a)) gradient m that passes through the point (x;, ;)
q isy =y, =m(x — xy). < Section 5.2

y—f(a) =f'(a)(x — a)

The normal to a curve at point 4 is the straight line through 4 which is perpendicular to the tangent
to the curve at 4. The gradient of the normal will be — %
a

® The normal to the curve y = f(x) at the point with yA
coordinates (a, f(a)) has equation

Normal

y—f(a)=—ﬁ(x—a)

Tangent
at A4

/[ '
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Find the equation of the tangent to the curve ~ First differentiate to determine the gradient
y = x3 - 3x2 + 2x — 1 at the point (3, 5). function.
y=x3-3x2+2x -1 Then substitute for x to calculate the value of the
dy gradient of the curve and of the tangent when

When x = 3, the gradient is 11. . . N
You can now use the line equation and simplify.
So the equation of the tangent at (3, 5) is

y-5=Nx=-3) |
y=11x—25J

Example @ ~ Write each term in the form ax” and differentiate

] ] ) to obtain the gradient function, which you can use
Find the equation of the normal to the curve with to find the gradient at any point.

equation y = 8 — 3/x at the point where x = 4.

d—x=3x2—6x+2 Fx=3_

Find the y-coordinate when x = 4 by substituting

y=8-3/x into the equation of the curve and calculating
=5—3x%~| 8-3/4=8-6=2.
dy 3 . Find the gradient of the curve, by calculating
dax - 2% ] dy 3., 3 1_ 3
1 - 2WTE%e
When x =4, y = 2 and gradient of curve 1
-_3 Gradient of normal =

and of tangent = — . gradient of curve
5o gradient of normal is 3. 1 4

(_1) 3

4

Simplify by multiplying both sides by 3 and
collecting terms.

@ Explore the tangent and normal to O
the curve using GeoGebra.
Exercise @

1 Find the equation of the tangent to the curve:

Equation of normal is

y-2=350x- 47
3y—-6=4x-16

3y-4x+10=0 J

a y = x?-"7x + 10 at the point (2, 0) b y=x+ % at the point (2, 2%)

¢ y = 4/x at the point (9, 12) d y= 2xx— Lat the point (1, 1)

e y=2x3+ 6x + 10 at the point (-1, 2) f y=x2- % at the point (1, —6)
2 Find the equation of the normal to the curve:

a y = x? — 5x at the point (6, 6) b y=x2- % at the point (4, 12)

@ 3 Find the coordinates of the point where the tangent to the curve y = x? + 1 at the point (2, 5)
meets the normal to the same curve at the point (1, 2).

269




Chapter 12

® 4
® s
EP) 6

Find the equations of the normals to the curve y = x + x3 at the points (0, 0) and (1, 2), and
find the coordinates of the point where these normals meet.

For f(x) = 12 — 4x + 2x?2, find the equations of the tangent and the normal at the point
where x = —1 on the curve with equation y = f(x).

The point P with x-coordinate 5 lies on the Problem-solving

curve with equation y = 2x2. . _
The normal to the curve at P intersects the Draw a sketch showing the curve, the point P and
the normal. This will help you check that your

curve at points P and Q. Snswer makes sense
Find the coordinates of Q. (6 marks) ’

Challenge m Use the discriminant to find the value of m

The line L is a tangent to the curve with equation
y=4x%+ 1. L cuts the y-axis at (0, —8) and has a
positive gradient. Find the equation of L in the
form y = mx + c.

when the line just touches the curve. « Section 2.5

Increasing and decreasing functions

You can use the derivative to determine whether a function is increasing or decreasing on a
given interval.

® The function f(x) is increasing on the interval [q, b] if f'(x) = 0 for all values of x such that

a<x<b.

® The function f(x) is decreasing on the interval [a, b] if f' (x) < 0 for all values of x such that

a<x<bh.
y y=x+x y y=xt-2x°
\ ] o e
> > is the set of all real numbers,
\/J‘\/ x, that satisfy a < x < b.
(-1,-1) (1,-1)
The function f(x) = x3 + x is The function f(x) = x* - 2x2 is
increasing for all real values of x.  increasing on the interval [-1, 0]
and decreasing on the interval [0, 1].
Example @
Show that the function f(x) = x* + 24x + 3 is First differentiate to obtain the gradient function.

increasing for all real values of x.

f'(x) = 3x2 + 24
x2 = O for all real values of x

State that the condition for an increasing function

fx)=x3+24x+ 3
is met. In fact f’'(x) = 24 for all real values of x.

S0 3x2 + 24 = O for all real values of x.
So f(x) is increasing for all real values of x.
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Differentiation

Find the interval on which the function
f(x) = x® + 3x2 — 9x is decreasing. Find f"(x) and put this expression < 0.

f(x) = x3 + 3x2 — 9x Solve the inequality by considering the three
F(x) = 3x2 + Cx — 9 regionsx < -3,-3<x<1landx=1,orby

, i sketching the curve with equation
Ff'(x) =Othen3x*+6x -9 =<0 y=3(x+3)(x—1)

So 3x?+2x-3)=<0
3x+3)x-1 =<0 Write the answer clearly.
So -3 s=sx<s1 J
5o f(x) is decreasing on the interval [-3, 1]. @ Explore increasing and decreasing O
functions using GeoGebra.

1 Find the values of x for which f(x) is an increasing function, given that f(x) equals:
a 3x>+8x+2 b 4x - 3x? ¢ 5—8x—2x? d 2x3 - 15x% + 36x
e 34 3x-3x2+x3 f 5x3+ 12x g x*+2x? h x*-8x3

<« Section 3.5

2 Find the values of x for which f(x) is a decreasing function, given that f(x) equals:

a x?-9x b 5x-x? ¢ 4-2x—x? d 2x3 - 3x2-12x
e 1-27x+x3 f x+2—x,5 g X2+9x7: h x*(x + 3)
3 Show that the function f(x) = 4 — x(2x? + 3) is decreasing for all x € R. (3 marks)
4 a Given that the function f(x) = x? + px is increasing on the interval [-1, 1], find
one possible value for p. (2 marks)
b State with justification whether this is the only possible value for p. (1 mark)

@ Second order derivatives

You can find the rate of change of the gradient function by differentiating a function twice.

2
VE->all Differentiate P =15x? [EiEEENE d—); =30x
dx/ dx .\

This is the gradient function. It describes This is the rate of change of the gradient

the rate of change of the function with function. It is called the second order

respect to x. derivative. It can also be written as f”(x).

" Differerltiating a function y =f(x) m The derivative is also called the
twice gives you the sgcond order first order derivative or first derivative.
derivative, f’(x) or ay The second order derivative is sometimes

dx? just called the second derivative.
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Given that y = 3x° + % find:

dy dy
a — b —
dx dx?
a y=23x°+ iz
X
= 3x5 + Ax-2 Express the fraction as a negative power of x.
d Differentiate once to get the first order derivative.
S0 2L =15yt - By - 2
dx 8
=15x% — ;
d?y . . .
b ——5=60x>+24x" Differentiate a second time to get the second
ox — COx? +27j order derivative.
X

Given that f(x) = 3/% + ——, find:

2/x
a f'(x) b f"(x)
1 Don't rewrite your expression for f’(x) as a
f(x) = 3Vx + —=
2 1 * 2Vx ————— fraction. It will be easier to differentiate again if
= 3X7 +5x7* you leave it in this form.
I

The coefficient for the second term is

b f'(x) = —%x -+ %x‘g 3 1 3
N
. The new power is 2 = )
Exercise @ 2 2

1 Find Y and & wn als:
ind 7= and = when y equals: . : s
a 12243x+8 b I5x+6+> ¢ 9x-=  d (Sx+4)(3x-2) e X1
X X X

2 The displaceme_nt of a particle in metre?s at The velocity of the particle will be f'(#) and
time ¢ seconds is modelled by the function o maea o will |2 T

2
(1) = r+2 -> Statistics and Mechanics Year 2, Section 6.2
(0="—+

The acceleration of the particle in ms=2 is the second derivative of this function.
Find an expression for the acceleration of the particle at time ¢ seconds.

d?y Problem-solving

@ 3 Given that y = (2x - 3)3, find the value of x when — = 0.
dx When you differentiate with
® 4 f(x)=px’-3px2+x2-4 respect to x, you treat any
other letters as constants.

When x = 2, f"(x) = —1. Find the value of p.
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@ Stationary points

A stationary point on a curve is any point where the curve has gradient zero. You can determine
whether a stationary point is a local maximum, a local minimum or a point of inflection by looking
at the gradient of the curve on either side.

Differentiation

® Any point on the curve y =f(x) where f'(x) = 0 is called a stationary point. For a small positive

value /:
Type of stationary point fi(x—h) | f(x) | f(x+h)
Local maximum Positive 0 Negative
Local minimum Negative 0 Positive
. . . Negative 0 Negative
Point of inflection
Positive 0 Positive
VA

Point A4 is a local

maximum.
\.A

[N

The origin
is a point of
inflection.

T~/

>
RY

B point B

is a local
minimum.

m The plural of

maximum is maxima and the
plural of minimum is minima.

m Point A4 is called

a local maximum because it

is not the largest value the
function can take. It is just the
largest value in that immediate
vicinity.

a Find the coordinates of the stationary point on the curve with equation y = x* — 32x.

b By considering points on either side of the stationary point, determine whether it is a local
maximum, a local minimum or a point of inflection.

d
Differentiate and let . 0.
dx

Solve the equation to find the value of x.

Substitute the value of x into the original

a y=x*-32x
%=4x3—32
d
Let a=o ]
Then 4x3 - 32 =0 |
4x3 =32
x3=8
xX=2 |
Soy=24-32x2 |
=16 - 64
= -48 _

So (2, —48) is a stationary point.

equation to find the value of y.
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b Now consider the gradient on either side Make a table where you consider a value of x slightly
of (2, —48). less than 2 and a value of x slightly greater than 2.
Value =19 =2 =21
of x e re re e Calculate the gradient for each of these values of
- i x close to the stationary point.
Gradient ' 4“56 0 5‘(‘)4 which yp
which is —ve is +ve

Shape of Deduce the shape of the curve.
curve \ - / ’7

From the shape of the curve, the point (2, —48) @ Explore the solution using O

is a local minimum point. GeoGebra.

In some cases you can use the second derivative, f”(x), to determine the nature of a stationary point.

® If a function f(x) has a stationary point when x = 4, then: m #1(x) tells you the rate

e if f"(a) > 0, the point is a local minimum of change of the gradient
function. When f'(x) =0

e if f"(a) <0, the point is a local maximum and "(x) > 0 the gradient is

If f"(a) = 0, the point could be a local minimum, a local increasing from a negative

maximum or a point of inflection. You will need to look at value to a positive value,

points on either side to determine its nature. so the stationary point is a
minimum.

a Find the coordinates of the stationary points on the curve with equation
y=2xX3=15x2+24x+ 6
42

. Y . . . .
b Find 2 and use it to determine the nature of the stationary points.

a y=2x2-15x2+24x+ 6

j_y = GCx2 — 30x + 24 Differentiate and put the derivative equal to zero.
X
Putting 6x2 — 30x + 24 =0
Slx —4)(x -1 =0 Solve the equation to obtain the values of x for
the stationary points.
So x=4orx=1
When x =1,
y=2-15+24+6=17 Substitute x = 1 and x = 4 into the original
When x = 4, equation of the curve to obtain the values of y
Y=2x64-15x16+24 X 446 which correspond to these values.
=-10
So the stationary points are at (1, 17)
and (4, =10).
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Differentiation

a2y Differentiate again to obtain the second

b ke 12x — 30 derivative.

d’y
When x = 1, —= = =18 which is < O
dx?

Substitute x = 1 and x = 4 into the second

So (1.17) 15 a local maximum point. derivative expression. If the second derivative is

5 I R
When x = 4, d—); =18 which is > O negative then the point is a local maximum point.

dx If it is positive then the point is a local minimum
S50 (4,-10) is a local minimum point. __| point.

. . 1 . . .
a The curve with equation y = Tt 27x3 has stationary points at x = a. Find the value of a.

b Sketch the graph of y = %+ 27x3.

a y=xT+27x3 Write - as x-1 to differentiate.
X
d
v X2 + 81x? = L + 81x?
dx X2 g
When ? =0: Set d_y = 0 to determine the x-coordinates of the
X X
stationary points.
- Lisixt=0 yP
X
1
61)62 = ;
BlIx4 =1
x4 = é
: You need to consider the positive and negative roots:
X==3 1)% 1 1 1 1 1
1 (—3) = (_i) X (‘i) X (‘;) X (_i) =81
Soa= 3
2
b L); =2x3 +162x = % +162x To sketch the curve, you need to find the
dx X coordinates of the stationary points and determine
When x = _%, y= 11 +27 (—%)3 =4 their natures. Differentiate your expression for
d%y 2 (=) d to find el
R _1) - _ v a2
and i (_i)3 + 162( 3) = -10& dx dx2
3
which is negative. Substitute x = -3 and x = 1 into the equation
So the curve has a local maximum at (—3, —4). of the curve to find the y-coordinates of the
When x = % stationary points.

y=(1+27(;)3=4

3)

and . )
d2y 5 @ Check your solution using your 200
— = +162(%) =108 Eeas
e 3 3 calculator.

G

which is positive.

275



Chapter 12

So the curve has a local minimum at (3i 4). 1 .
— — +o0as x — 050 x=0isanasymptote of
The curve has an asymptote at x = 0. —— «x

As X — 00, y — 0. the curve.
As X — —00, y — —00Q.

Mark the coordinates of the stationary points on
your sketch, and label the curve with its equation.

1 3 d
x T 2rx You could check—y at specific points to help with

! your sketch:

_1 E d
3 ' . ® Whenx =1, & 109375 which is negative.
E 0 % X (ilx
: ® Whenx=1, d_y = 80 which is positive.
' X

Exercise @ m For each part of

1
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Find the least value of the following functions: ques.tions land2:
a f(x)=x2—12x+8 b f(x)=x2=8x—1 ¢ f(x)=5x2+2x 0 [FLDel 7o)

® Set f’(x) =0 and solve
Find the greatest value of the following functions: to find the value of x

10 52 _ o _ B at the stationary point.
a f(x)=10-5x b f(x)=3+2x-x> ¢ f(x)=(06+x)(1-Xx) > Bl e capanelis
Find the coordinates of the points where the gradient is zero value of f(x).

on the curves with the given equations. Establish whether these

points are local maximum points, local minimum points or points of inflection in each case.

a y=4x>+6x b y=9+x-x? c y=x-x2-x+1
d y=x(x*-4x-13) e y=x.|.l f y=x2+5—4

X X
g y=x-3/x h y=xi(x-6) i y=x4-12x2

Sketch the curves with equations given in question 3 parts a, b, ¢ and d, labelling any stationary
points with their coordinates.

By considering the gradient on either side of the stationary point on the curve
y = x3 = 3x2 + 3x, show that this point is a point of inflection.
Sketch the curve y = x3 — 3x% + 3x.

Find the maximum value and hence the range of values for the function f(x) = 27 — 2x*.

f(x) =x*+3x3-5x2-3x+1

a Find the coordinates of the stationary points of f(x),
and determine the nature of each. @ Use the factor theorem
ith small positive integer
b Sketch the graph of y = f(x). wit P 8
£rap y = fx) values of x to find one factor
of f'(x). « Section 7.2
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@ Sketching gradient functions

You can use the features of a given function to sketch the VA
corresponding gradient function. This table shows you features
of the graph of a function, y = f(x), and the graph of its /\
gradient function, y = f'(x), at corresponding values of x. E 5 \E\ >
o\ =
y =f(x) y=Ff(x) i ;
Maximum or minimum Cuts the x-axis i i
Point of inflection Touches the x-axis i A i
Positive gradient Above the x-axis i i
Negative gradient Below the x-axis | i R
Vertical asymptote Vertical asymptote N\ x
Horizontal asymptote | Horizontal asymptote at the x-axis y=f(x)
The diagram shows the curve with equation y = f(x). VA
The curve has stationary points at (-1, 4) and (1, 0), y = f(x)
and cuts the x-axis at (-3, 0).
Sketch the gradient function, y = f'(x), showing the -1,4)
coordinates of any points where the curve cuts or meets /\
the x-axis. >
/—3 0| 1 by
VA 22 y =f(x) y=Ff(x)
x<-1 Positive gradient | Above x-axis
y=flx) —m x=-1 Maximum Cuts x-axis
-1 < x <1 | Negative gradient | Below x-axis
> x=1 Minimum Cuts x-axis
—TQ/1 * x>1 Positive gradient | Above x-axis

m Ignore any points where the curve

y = f(x) cuts the x-axis. These will not tell you
anything about the features of the graph of
y=f"(x).

@ Use GeoGebra to explore the key O

features linking y = f(x) and y = f'(x).
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Example @ VA
The diagram shows the curve with equation y = f(x). The curve
has an asymptote at y = -2 and a turning point at (-3, —8). -10 _
It cuts the x-axis at (=10, 0). R _____%___________X.
a Sketch the graph of y = f'(x). Y = f(x)
b State the equation of the asymptote of y = f'(x). (=3,-8)

a N Draw your sketch on a separate set of axes. The

Y graph of y = f"(x) will have the same horizontal

/ , scale but will have a different vertical scale.
y="Ffx)
-3 / \ -

0 X You don’t have enough information to work out
the coordinates of the y-intercept, or the local
maximum, of the graph of the gradient function.
The graph of y = f(x) is a smooth curve so the
graph of y = f"(x) will also be a smooth curve.

by=0

If y = f(x) has any horizontal asymptotes then
—— the graph of y = f’(x) will have an asymptote at
the x-axis.

Exercise @

1 For each graph given, sketch the graph of the corresponding gradient function on a separate set
of axes. Show the coordinates of any points where the curve cuts or meets the x-axis, and give
the equations of any asymptotes.

VA
\ (4,3)

a I (6,15
.12 | A 0 el X210

Q
=Y
I
Q
/wr

x=-7
d e VA ! f VA
/: e y=4
—— . N
(0] X % o X
/ =S T~
x=6
(®) 2 1) =(x+D)(x -4y
a Sketch the graph of y = f(x).
b On a separate set of axes, sketch the graph of y = f'(x).
P grap g ) m This is an x> graph

¢ Show that f'(x) = (x — 4)(3x - 2).
d Use the derivative to determine the exact coordinates of the
points where the gradient function cuts the coordinate axes.

with a positive coefficient
of x3. < Section 4.1
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m Modelling with differentiation
dy  smallchangeiny

You can think of — as -
dx  small change in x

If you replace y and x with variables that represent real-life quantities, you can use the derivative to
model lots of real-life situations involving rates of change.

. It represents the rate of change of y with respect to x.

The volume of water in this water butt is constantly changing over time.
If V represents the volume of water in the water butt in litres, and ¢
represents the time in seconds, then you could model V" as a function of z.

If V'="1(7) then 114 = f'(r) would represent the rate of change of volume

dr %
with respect to time. The units ofa

would be litres per second.

V

Given that the volume, ¥ cm?, of an expanding sphere is related to its radius, r cm, by the formula
V=t 13, find the rate of change of volume with respect to radius at the instant when the radius
is Scm.

V=2%mr2 Differentiate V" with respect to r. Remember that
ar _ Amr? [ misaconstant.
dar
dav 2 ,
When r = 5, P 4m x5 Substitute r = 5.
=314 (3 sf)

So the rate of change is 314 cm® per cm. «—————— Interpret the answer with units.

A large tank in the shape of a cuboid is to be made from 54 m? of sheet metal. The tank has a
horizontal base and no top. The height of the tank is x metres. Two opposite vertical faces are
squares.

a Show that the volume, V"' m3, of the tank is given by V' = 18x — %x3
b Given that x can vary, use differentiation to find the maximum or minimum value of V.

¢ Justify that the value of 7 you have found is a maximum.
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a Let the length of the tank be y metres. Problem-solving

T You don’t know the length of the tank. Write it as
X y metres to simplify your working.
l You could also draw a sketch to help you find
the correct expressions for the surface area and
»A’ volume of the tank.

y

Total area, A= 2x°+ 3xy Draw a sketch.

So 54 =2x% + 3xy
— 2
y= % Rearrange to find y in terms of x.
But V=x%y
_ 2
So V= x2<54 3x2x ) Substitute the expression for y into the equation.
= %(54 — 2x?)
2 L
So V=18x — §x3 Simplify.
b Gl =18 — 2x°
dx dv
Differentiate ¥ with respect to x and put =—=0.
ar dx
Put —=0
dx
0 =18 - 2x?
So =9 Rearrange to find x.
x==-3o0r3 x is a length so use the positive solution.

But xis alength so x = 3

1 Substitute the value of x into the expression for V.
Whenx =3, V=18x3 -5 x 33

=54 -186

=36
V = 36 is a maximum or minimum
value of V.
dev . o

c e = —4x Find the second derivative of V.
2
V\/henx=3,ﬂ=—4x3=—12
dx?
. ) _ . ) 2

This is negative, so V' = 36 is the maximum d_V< 050 V=36 isamaximum.
valve of V. el
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Exercise @

1

Find do where 6 = 1> — 3¢.
dt

Find d4 where 4 = 2mr.
dr

Given that r = %, find the value of % when ¢ = 3.

The surface area, 4 cm?, of an expanding sphere of radius r cm is given by A = 4mr2. Find the
rate of change of the area with respect to the radius at the instant when the radius is 6 cm.

The displacement, s metres, of a car from a fixed point at time 7 seconds is given by s = 2 + 8¢.
Find the rate of change of the displacement with respect to time at the instant when ¢ = 5.

A rectangular garden is fenced on three sides, and the house forms the fourth side of the

rectangle.

a Given that the total length of the fence is 80 m, show that the area, 4, of the garden is given by
the formula 4 = »(80 — 2y), where y is the distance from the house to the end of the garden.

b Given that the area is a maximum for this length of fence, find the dimensions of the
enclosed garden, and the area which is enclosed.

A closed cylinder has total surface area equal to 600r.

a Show that the volume, V'cm?, of this cylinder is given by the formula V' = 300wr — 13,
where rcm is the radius of the cylinder.

b Find the maximum volume of such a cylinder.

A sector of a circle has area 100 cm?.
a Show that the perimeter of this sector is given by the formula M N

200 100

P:2r+T,V> ? rcm

b Find the minimum value for the perimeter.

A shape consists of a rectangular base with a semicircular top, as shown.
a Given that the perimeter of the shape is 40 cm, show that its
area, A cm?, is given by the formula
2
r

A:40r—2r2—7

where r cm is the radius of the semicircle. (2 marks)
b Hence find the maximum value for the area of the shape. (4 marks)

The shape shown is a wire frame in the form of a large
rectangle split by parallel lengths of wire into 12 smaller
equal-sized rectangles.

ymmI

a Given that the total length of wire used to complete
the whole frame is 1512 mm, show that the area of <
the whole shape, 4 mm?, is given by the formula

2
A =1296x — 10§x

where x mm is the width of one of the smaller rectangles. (4 marks)
b Hence find the maximum area which can be enclosed in this way. (4 marks)
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Mixed exercise @

1
®

(E/P) 11

282

Prove, from first principles, that the derivative of 10x? is 20x. (4 marks)

The point A with coordinates (1, 4) lies on the curve with equation y = x3 + 3x.
The point B also lies on the curve and has x-coordinate (1 + 6x).

a Show that the gradient of the line segment AB is given by (6x)? + 36x + 6.
b Deduce the gradient of the curve at point A.

A curve is given by the equation y = 3x% + 3 + %, where x > (. At the points 4, B and
X

C on the curve, x = 1, 2 and 3 respectively. Find the gradient of the curve at 4, B and C.

Calculate the x-coordinates of the points on the curve with equation y = 7x% — x3
at which the gradient is equal to 16. (4 marks)

Find the x-coordinates of the two points on the curve with equation y = x3 — 11x + 1
where the gradient is 1. Find the corresponding y-coordinates.

The function f is defined by f(x) = x + 2, x € R, x % 0.
X

a Find f'(x). (2 marks)
b Solve f'(x) = 0. (2 marks)
Given that

y=3/x - %, x>0,

dy
find dx (3 marks)

3
2

A curve has equation y = 12x5 — x5.

a Show that Q = éx “2(4 - x) (2 marks)
dx 2 :

b Find the coordinates of the point on the curve where the gradient is zero. (2 marks)

a Expand (x3 — 1)(x77 + 1). q (2 marks)

b A curve has equation y = (x3 — 1)(x—2+ 1), x > 0. Find é (2 marks)

¢ Use your answer to part b to calculate the gradient of the curve at the point

where x = 4. (1 mark)

Differentiate with respect to x:
2
23 4 + 2x (3 marks)

X2

The curve with equation y = ax? + bx + ¢ passes through the point (1, 2). The gradient
of the curve is zero at the point (2, 1). Find the values of a, b and c. (5 marks)
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12 A curve Chas equation y = x3 — 5x% + 5x + 2.

13

14

15

16

17

18

19

20

d
a Find é in terms of x. (2 marks)

b The points P and Q lie on C. The gradient of C at both P and Q is 2.
The x-coordinate of P is 3.

i Find the x-coordinate of Q. (3 marks)
ii Find an equation for the tangent to C at P, giving your answer in the form
y = mx + ¢, where m and ¢ are constants. (3 marks)

iii If this tangent intersects the coordinate axes at the points R and S, find the
length of RS, giving your answer as a surd. (3 marks)

A curve has equation y = 8 x + 3x2, x > 0. Find the equations of the tangent and the
RS

normal to the curve at the point where x = 2.

The normals to the curve 2y = 3x3 — 7x2 + 4x, at the points O(0, 0) and A(1, 0),
meet at the point N.

a Find the coordinates of N. (7 marks)
b Calculate the area of triangle OAN. (3 marks)

A curve C has equation y = x3 — 2x? — 4x — | and cuts the y-axis at a point P.
The line L is a tangent to the curve at P, and cuts the curve at the point Q.
Show that the distance PQ is 2/17. (7 marks)

Given that y =x%+ﬁ, x>0
X

a find the value of x and the value of y when 0. (5 marks)

a:

b show that the value of y which you found in part a is a minimum. (2 marks)

A curve has equation y = x3 — 5x? + 7x — 14. Determine, by calculation, the coordinates
of the stationary points of the curve.

The function f, defined for x € R, x > 0, is such that:
, 1
f (x) =x2-2+ ;
a Find the value of f"(x) at x = 4. (4 marks)
b Prove that f is an increasing function. (3 marks)

A curve has equation y = x3 — 6x2 + 9x. Find the coordinates of its local maximum. (4 marks)

flx) = 3x* — 8x3 — 6x% + 24x + 20
a Find the coordinates of the stationary points of f(x), and determine the nature
of each of them.

b Sketch the graph of y = f(x).

283



Chapter 12
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The diagram shows part of the curve with equation
y = f(x), where:

f(x)=200—%—x2,x> 0
The curve cuts the x-axis at the points 4 and C.
The point B is the maximum point of the curve.

a Find f'(x). (3 marks)
b Use your answer to part a to calculate the
coordinates of B. (4 marks)

The diagram shows the part of the curve with
equation y =5 — % x? for which y > 0.

The point P(x, y) lies on the curve and O is the origin.
a Show that OP? = %x“ —4x? + 25. (3 marks)
Taking f(x) = §x* — 4x2 + 25

b Find the values of x for which f'(x) =0. (4 marks)

¢ Hence, or otherwise, find the minimum distance
from O to the curve, showing that your answer is
a minimum. (4 marks)

The diagram shows part of the curve with
equation y = 3 + 5x + x2 — x3. The curve
touches the x-axis at 4 and crosses the
x-axis at C. The points 4 and B are
stationary points on the curve.

a Show that C has coordinates (3, 0). (1 mark)
b Using calculus and showing all your working,
find the coordinates of 4 and B. (5 marks)

The motion of a damped spring is modelled using
this graph.

On a separate graph, sketch the gradient function
for this model. Choose suitable labels and units
for each axis, and indicate the coordinates of

any points where the gradient function crosses
the horizontal axis.

Displacement (cm)

VA

P(x, y)

VA

=Y

=Y

>
»

0

0.5

1.2 2.1
Time (seconds)

\ 4

The volume, V'ecm?, of a tin of radius rcm is given by the formula V = w(40r — 1> — 13).

Find the positive value of r for which g = 0, and find the value of V" which

. dr
corresponds to this value of r.

The total surface area, 4 cm?, of a cylinder with a fixed volume of 1000 cm? is given

by the formula 4 = 2mwx? + M, where x cm is the radius. Show that when the rate
X
of change of the area with respect to the radius is zero, x> = 200
™



27 A wire is bent into the plane shape A BCDE as shown. Shape A

Differentiation

ABDE is a rectangle and BCD is a semicircle with diameter BD.
The area of the region enclosed by the wire is Rm?, AE = x metres,
and AB = ED = y metres. The total length of the wire is 2 m.

a Find an expression for y in terms of x. (3 marks)

b Prove that R = %(8 —4x — mXx). (4 marks)

Given that x can vary, using calculus and showing your working: 5

¢ find the maximum value of R. (You do not have to prove that the value
you obtain is a maximum.)

28 A cylindrical biscuit tin has a close-fitting lid which overlaps the tin
by 1cm, as shown. The radii of the tin and the lid are both x cm.
The tin and the lid are made from a thin sheet of metal of area
80w cm? and there is no wastage. The volume of the tin is V'em?.

a Show that V' = mw(40x — x2 — x?). (5 marks)
Given that x can vary:

b use differentiation to find the positive value of x for
which V is stationary. (3 marks)

¢ Prove that this value of x gives a maximum value of V. (2 marks)

d Find this maximum value of V. (1 mark)

e Determine the percentage of the sheet metal used in the
lid when V'is a maximum.

.

(5 marks)

$1em

(2 marks)

C

@ 29 The diagram shows an open tank for storing water,
ABCDEF. The sides ABFE and CDEF are rectangles.
The triangular ends ADE and BCF are isosceles,
and L AED = £/ BFC =90°. The ends ADE
and BCF are vertical and EF is horizontal.

Given that AD = x metres:

a show that the area of triangle ADE is % x> m? E

(3 marks)

Given also that the capacity of the container is 4000 m? and that the total area of the two

triangular and two rectangular sides of the container is S m?:

2
b showthatS=%+M

Given that x can vary:
¢ use calculus to find the minimum value of S.

d justify that the value of S you have found is a minimum.

Challenge

a Find the first four terms in the binomial expansion of (x + /)7, in ascending powers of /.

b Hence prove, from first principles, that the derivative of x” is 7x8.

(4 marks)

(6 marks)
(2 marks)
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Summary of key points

1

10

11

286

The gradient of a curve at a given point is defined as the gradient of the tangent to the
curve at that point.
The gradient function, or derivative, of the curve y = f(x) is written as f'(x) or :—i
; o flx+h) —f(x)
f'(x) =hl|LnoT
The gradient function can be used to find the gradient of the curve for any value of x.

For all real values of i, and for a constant a:

o [f f(x) = x"then f'(x) = nx"-1 o [f f(x) = ax”then f'(x) = anx"~!
d d
e |[f y=x"then —y:nx”‘1 e If y=ax"then —y:cmx”‘1
dx dx
For the quadratic curve with equation y = ax? + bx + ¢, the derivative is given by
é =2ax+b

If y = f(x) £ g(x), then :—)yc =f(x) g’ (x).

The tangent to the curve y = f(x) at the point with coordinates (g, f(a)) has equation
y=fla) =f"(a)(x - a)
The normal to the curve y = f(x) at the point with coordinates (a, f(a)) has equation
1

—fla)= — —— (5 —

y —f(a) @) (x—a)

® The function f(x) is increasing on the interval [, 5] if f'(x) = 0 for all values of x such that
a<x<bh.

® The function f(x) is decreasing on the interval [a, b] if f'(x) < 0 for all values of x such that
a<x<b.

d?y

Differentiating a function y = f(x) twice gives you the second order derivative, f"(x) orF
X

Any point on the curve y = f(x) where f'(x) = 0 is called a stationary point. For a small positive
value /:

Type of stationary point | f'(x —4) | f'(x) | f'(x + h)

Local maximum Positive 0 Negative

Local minimum Negative Positive

Point of inflection

0
Negative | 0 Negative
0

Positive Positive

If a function f(x) has a stationary point when x = g, then:
e if f"(@) > 0, the point is a local minimum
e if f"(a) <0, the point is a local maximum.

If f”(a) = 0, the point could be a local minimum, a local maximum or a point of inflection.
You will need to look at points on either side to determine its nature.



Integration

After completing this unit you should be able to:

® Find y given j—i for x” - pages 288-290
® |Integrate polynomials - pages 290-293
® Find f(x), given f'(x) and a point on the curve - pages 293-295
® FEvaluate a definite integral -> pages 295-297
® Find the area bounded by a curve and the x-axis -> pages 297-302
® Find areas bounded by curves and straight lines - pages 302-306

o

—3 Prior knowledge check jmm

1 Simplify these expressions

x3 Vx x 2x3
a — b ———-

Vx x?

xX3-x VX + 4x3
c —— d ———

Vx xe

< Sections 1.1, 1.4

o dy
2 Find — when y equals
2 dx
1

a2x’+3x-5 b sx?-x

Integration is the opposite of differentiation.
It is used to calculate areas of surfaces,
volumes of irregular shapes and areas

under curves. In mechanics, integration

can be used to calculate the area under a
velocity-time graph to find distance travelled. ay=(x+1)(x-3) 2
— Exercise 13D Q8 b y=(x+1)2x+5) « Chapter 4 \-”.\f

X - X2
e

¢ x¥(x+1) d

< Section 12.5

3 Sketch the curves with the following
equations:
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@ Integrating x"

Integration is the reverse process of differentiation:

Function Gradient Function

RNy multiply by the power S subtract one from the power [EEEESSETREY
XH; 2 divide by the new power RS add one to the power <— '~ Integrating x”
n+

Constant terms disappear when you differentiate. This means that when you differentiate functions that
only differ in the constant term, they will all differentiate to give the same function. To allow for this, you
need to add a constant of integration at the end of a function when you integrate.

y= X +5 \
— .2 - 2 dy _ — 2
I— This is the constant of integration.

y=x-19 /
d

y 1
mIf —=x"theny= x"*tl 4 e, nz-1. .
dx Y n+1 ELUSY You cannot use this rule if n = -1

because 4L and so is not defined.

Differentiating x"

m If f'(x) = x", then f(x) = 1x"“+c,n:t—1. n+l 0
n+ You will learn how to integrate the function
x7Lin Year 2. - Year 2, Section 11.2
Example °
Find y for the following:
d d
b, b ¥ s
dx dx
x5 Usey= L x"+1 + cwithn = 4.
ay=gte n+1
Don't forget to add c.
—4
b y:i7+c:—2x‘4+c
L Remember, adding 1 to the power gives -5 + 1 = —4.
Divide by the new power (-4) and add c.
Example e
Find f(x) for the following:
a f(x)=3x? b fi(x)=3
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Remember3 +3=3x%=2

Simplify your answer.
b fi(x) = 3 = 3x°

So f() = 3 x XTl te=3x+c L x% =1, 50 3 can be written as 3x°.

You can integrate a function in the form kx” by integrating x” and multiplying the integral by k.
d
. If% =kx", then y = Lx"+1 +c¢,nz-1.

n+1 m You don't need to multiply the
= Using function notation, if f'(x) = kx”, OB T () 271
then f(x) = Lx"+1 +c,nz-1.
n+1

= When integrating polynomials, apply the rule of integration separately to each term.

. dy
Given — = 6x + 2x73

~ 3x7, find y.
dx > Y
y ex? + ix 2 _ %x% +e Apply the rule of integration to each term of the
2 - 2 expression and add c.
=3x2—x2-2xi+c¢

Now simplify each term and remember to add c.

d
1 Find an expression for y when

dx is the following:
a x5 b 10x* ¢ —x? d —4x-3 e x3 f 4x:
g —2x6 h x- i S5x— i 6x3 k 36x!! 1 —14x8
m —3x n -5 o 6x p 2x704

: dy
2 Find y when —

i is given by the following expressions. In each case simplify your answer.
a x3- %x‘% - 6x72 b 4x3 + x5 - x2 ¢ 4—12x4+2x"
d 5x3—10x* + x3 e —%x‘g -3+8x f 5xt—x—2—12x5

3 Find f(x) when f'(x) is given by the following expressions. In each case simplify your answer.
a 12x+ %x 245

6

b 6x5 + 6x~7 —tx% 1
d 10x* + 8x~3

N
e 2x 5+ 4xs f 9Ox2+4x3+ %x‘%

:
4 Find y given that é =(2x + 3)% (4 marks) Problem-solving

Start by expanding the brackets.
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@ 5 Find f(x) given that f'(x) = 3x =2 + 6x2 + x — 4. (4 marks)

Challenge

. dy NS
Fmdywhena-(zﬁ—x)( = )

@ Indefinite integrals

You can use the symbol [ to represent the process of integration. m .

, called indefinite integration.
. ff (x)dx = f(x) + ¢ You will learn about definite
You can write the process of integrating x" as follows: integration later in this chapter.
n+1
fx”dx=x +¢ nz-1
n+1 The dx tells you to
integrate with respect
to x.
The elongated S The expression to
means integrate. be integrated.

When you are integrating a polynomial function, you can integrate the terms one at a time.

m [(f(x) + g(x))dx = [f(x)dx + [g(x)dx

Find:
a [(x7+2x3)dx b [(x~2+2)dx ¢ [(P>x2+ q)dx d [42 +6)d:
x:  2x* .
a f(xz + 2x3)dx = Tt te First apply the rule term by term.
2
=Sxte lytec Simplify each t
3 > implify each term.
b [(xF+2dx=""1+2x+c 3.1 .
_% L Remember >+ = -5 and the integral of the
= -2xT 42X+ constant 2 is 2x.

2
c f(pzx*Z + q)dx = %x” +gx +c »—L The dx tells you to integrate with respect to the
variable x, so any other letters must be treated as

— _p2y-1
=-pXT tgx+c constants.

43
d [@4r + 6)dt = S teltc L The dt tells you that this time you must integrate

with respect to z.

Use the rule for integrating x” but replace x with #:

dy k
= n = n+1 —
If ar kt", then y 1t +c¢,n#-1

n+
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Before you integrate, you need to ensure that each term of the expression is in the form kx", where

k and n are real numbers.

Find:

+35
a f(% - 3ﬁ>dx b fx(x2 + %)dx c f<(2x)2 + /x > )dx
X X
2

a f(g - 3&)dx
= [(ex=3 - 3x2)dx First write each term in the form x”.
_ 2 , 3.
ST TNt Apply the rule term by term.

2

=—x2-2x:+c Simplify each term.
= —é -2Vx3 +¢ Sometimes it is helpful to write the answer in the

same form as the question.

= f(x3 + 2)dx First multiply out the bracket.
4

= XZ +2x+c¢ Then apply the rule to each term.

c f((z RER 5>d
x
= f<4x2 + ;—j + %)dx Simplify (2x)2 and write Vx as xz.
= f(4x2 + X2 + 5x2)dx Write each term in the form x”.
4 - 5x7
= §x3 +Z ot _x1 +c Apply the rule term by term.
2

= %x3 —2x7-5x"+¢ Finally simplify the answer.

_4e_2_5,,

= 3x — \/} -5 +c

Exercise @

1 Find the following integrals:
a [xidx b [x7dx ¢ [3x*dx d [5x2dx

2 Find the following integrals:
a [(x*+2x%)dx b [(2x3 - x2 + 5x)dx ¢ [(5x7 - 3x2)dx

3 Find the following integrals:
a [(4x2+ 3x2)dx b [(6x72— x2)dx c f(2x‘% +x2— x~2)dx
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@ ©

4 Find the following integrals:

a [(4x3 - 3x7*+r)dx b f(x+x‘%+x‘%)dx m In Q4 part ¢ you are

integrating with respect to x, so
¢ [(px*+ 2t +3x2)dx grating P
treat p and ¢ as constants.

5 Find the following integrals:

a [(32 - r2)dr b [(22 - 3¢72 + 1)dr ¢ [(pf+ ¢+ pxdde
6 Find the following integrals:
a | (2)617;3)@ b [(2x +3)dx ¢ [(2x+3)xdx
7 Find [f(x)dx when f(x) is given by the following:
a (x+%)2 b (Vx +2) c (%+2/§>
8 Find the following integrals:
a f<x§+%>dx b f<2;3x+3>dx ¢ [(x®+3)(x - 1)dx
d f%dx e I(; +M>dx £ [0 +3)dx
9 Find the following integrals:
a f(%—3>dx b f<m+%>dx c f(%wﬁw)dx
10 Given that f(x) = % +4/% = 3x+2, x>0, find [f(x)dx. (5 marks)
11 Find f <8x3 + 6x — %)dx, giving each term in its simplest form. (4 marks)

12 a Show that (2 + 5/x)2 can be written as 4 + kv/x + 25x, where k is a constant to be

found. (2 marks)

b Hence find [(2 + 5/x)*d.x. (3 marks)

13 Given that y = 3x° - %, x>0, find [y dx in its simplest form. (3 marks)
X

14 f(% + pq)dx = % +10x +¢ (5 marks) Problem-solving

Integrate the expression on the left-hand
side, treating p and ¢ as constants, then
compare the result with the right-hand side.

Find the value of p and the value of g.
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15 f(x)=(2 - x)'°

Given that x is small, and so terms in x* and higher powers of x can be ignored:

a find an approximation for f(x) in the
form A + Bx + Cx2 (3 marks) m Find the first three terms
. . of the binomial expansion of
b find an approximation for [f(x)dx. (3 marks) 2 - )0 e P

@ Finding functions

You can find the constant of integration, ¢, when  poxieg U B2
you are given (i) any point (x, y) that the curve of \
the function passes through or (ii) any value that / y=x3-2
the function takes. For example, ifd—y =3x?then
X
y = x?+ ¢. There are infinitely many curves with (1.5,5.375)

this equation, depending on the value of ¢ .

=Y

this point. Choosing a point on the curve
determines the value of c.

_/

2

V4

/8

2

Only one of these curves passes through /—
- o

® To find the constant of integration, ¢
* Integrate the function

* Substitute the values (x, y) of a point on the curve, or the value of the function at a given
point f(x) = k, into the integrated function

* Solve the equation to find ¢

Example °
xz-2

The curve C with equation y = f(x) passes through the point (4, 5). Given that f'(x) = , find
- Vx
the equation of C.

(x) = =x?-2x7% First write f'(x) in a form suitable for integration.

5

NIl

So f(x) = X 2?& +c Integrate as normal and don’t forget the + c.

2

5

5
2
=%x’é—4x%+c
=5

But f4) Use the fact that the curve passes through (4, 5).
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Remember 4: = 25.

5=%—8+c
5—%+c1
Solve for c.
So c:i J
5

f Finally write down the equation of the curve.

@ Explore the solution using O

GeoGebra.

Exercise @

1

EP) 5

EP) 6

294

Find the equation of the curve with the given derivative of y with respect to x that passes
through the given point:

a _dy =3x% + 2x; oint (2, 10) b _dy =4x3 + 2 + 3; oint (1, 4)
dx > P ’ dx PR ’
dy 1 dy 3
= 1.2 : 2 . :
¢4 Vx + R point (4, 11) d - X; point (4, 0)
dy dy x2+3
R 2. 1 I . 1
e 4= (x +2)% point (1, 7) f - point (0, 1)
The curve C, with equation y = f(x), passes through the point (1, 2) and f'(x) = 2x3 — —):2

Find the equation of Cin the form y = f(x).

d 3
The gradient of a particular curve is given by d—i = &xj
the point (9, 0), find an equation of the curve.

. Given that the curve passes through

The curve with equation y = f(x) passes through the point (-1, 0). Given that

f'(x) = 9x% + 4x — 3, find f(x). (5 marks)
d |

et /E, x>0,

dx

Given that y = 10 at x = 4, find y in terms of x, giving each term in its simplest form. (7 marks)

3

Given that 6x+ 5x can be written in the form 6x? + 5x9,
Vx
a write down the value of p and the value of 4. (2 marks)
. dy  6x+ 5x2
Given that I and that y = 100 when x =9,
b find y in terms of x, simplifying the coefficient of each term. (5 marks)
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@ 7 The displacement of a particle at time ¢ is given by Problem-solving

the function f(¢), where f(0) = 0.
Given that the velocity of the particle is given by
f'(r) =10 - 5¢,

You don't need any specific knowledge
of mechanics to answer this question.
You are told that the displacement of
a find f(?) the particle at time ¢ is given by f(z).

b determine the displacement of the particle when 7 = 3.

@ 8 The height, in metres, of an arrow fired horizontally from the top of a castle is modelled by the
function f(¢), where f(0) = 35. Given that f'(¢) = -9.8¢,

a find (7).
determine the height of the arrow when 7 = 1.5.

b
¢ write down the height of the castle according to this model.
d estimate the time it will take the arrow to hit the ground.

e

state one assumption used in your calculation.

Challenge

1 Aset of curves, where each curve passes through the origin, has
equations y = f;(x), y = f,(x), y = f5(x) ... where f/(x) =f,_,(x) and
fi(x) = x2.

a Find f,(x), f5(x).
b Suggest an expression for f,(x).
2 Aset of curves, with equations y = f;(x), y = f,(x), y = f5(x), ... all pass

through the point (0, 1) and they are related by the property
fi(x) =f,_1(x) and f(x) = 1. Find f,(x), f5(x), f,(x).

@ Definite integrals

You can calculate an integral between two limits. This is called a definite integral. A definite integral
usually produces a value whereas an indefinite integral always produces a function.

Here are the steps for integrating the function 3x? between the limits x =1 and x = 2.

Write the integral in []

2 S
The limits of the integral 4‘:‘[ 3x2dy = [x3]z brackets.
1
1

arefromx=1tox=2.
= (2%) - (1%)

Evaluate the integral at /=8A -1

the upper limit. -7

Write this step in () brackets.

Evaluate the integral at the
lower limit.
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There are three stages when you work out a definite integral:

Write the definite integral Integrate, and write the Evaluate the definite integral
statement with its limits, aand 5. integral in square brackets by working out f(b) — f(a).
" dx [ ], ()= (.)

m If f'(x) is the derivative of f(x) for all Problem-solving

f x inthei , b], th h
values of x in the interval [q, b], then the The relationship between the derivative

debﬁmte integral is defined as and the integral is called the fundamental
[ f (x)dx = [f(x)1° = (B) - F(a). theorem of calculus.

Example a

Evaluate

fol(x% —1)Pdx

f1 (x2 = 1)%d First multiply out the bracket to put the
T expression in a form ready to be integrated.

= f; (x5 = 2x% + 1ldx

1
For definite integrals you don’t need to include

+c in your square brackets.

+ X

xa X3
E -2

4

3 0
3ﬁ f
-5,

- [2¢

U]lw

L Simplify each term.

3
—§+1>—(O+O+O)

Il
—
oW

3

Given that P is a constant and f (2Px + T)dx = 4P?, show that there are two possible values for P

and find these values.
Problem-solving

[7(2Px + 7)dx = [Px? + 7x]]
You are integrating with respect to x so treat P as

= (5P + 39~ (P+7) a constant. Find the definite integral in terms of
= 24P + 28 P then it equal to 4P2. The fact that the question
DAP + 28 = 4P? asks for ‘two possible values’ gives you a clue that

AP? — DAP — 28 = O the resulting equation will be quadratic.

-6P-7=0 L
(P+1)(P-7)=0 Divide every term by 4 to simplify.
P=-1or7
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Exercise @

1

Evaluate the following definite integrals: m
You must not use a calculator to
a f5x3 dx b f3x4dx work out definite integrals in your exam. You
2 1 ;
; need to use calculus and show clear algebraic
4 30 working.
c fo Vx dx d fl = dx g
Evaluate the following definite integrals:
a f2<£+ 3x>dx b [2x*—4x+5)dx ¢ f9<ﬁ—£>dx d [*(x-5+2x - Ddx
1 \x3 0 4 X2 1
Evaluate the following definite integrals:
3x3 + 2x2 6 3)\? 1 1 424+ Vx
a flex b f3 (x—;) dx c fox2(\/§+§)dx d fl de

Given that A4 is a constant and fl 4(6%? — A)dx = A2, show that there are two possible values for
A and find these values. (5 marks)

Use calculus to find the value of fl 9(2x - 3/x)dx. (5 marks)

Evaluate j; 22 dx, giving your answer in the form @ + 5/3, where a and b are integers. (4 marks)
X

=

Given that fl k% dx = 3, calculate the value of k. (4 marks) Problem-solving
X

You might encounter a definite
The speed, v ms~!, of a train at time ¢ seconds is given integral with an unknown in
by v=20+5,0<r=<10. the limits. Here, you can find
an expression for the definite
integral in terms of k then set
is given by s = folo(20 + 5¢)dt. Find the value of s. that expression equal to 3.

The distance, s metres, travelled by the train in 10 seconds

Challenge

Given that f:k¥ dx =7 and k > 0, calculate the value of k.

@ Areas under curves

Definite integration can be used to find the area under a curve.

For any curve with equation y = f(x), you can define the area
under the curve to the left of x as a function of x called 4(x).
As x increases, this area A(x) also increases (since x moves
further to the right).
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If you look at a small increase in x, say dx, then the area This vertical height
increases by an amount 04 = A(x + 0x) — A(x). will be y = f(x).

This increase in the dA4 is approximately rectangular
and of magnitude ydx. (As you make dx smaller any error

S
'

between the actual area and this will be negligible.) AW) ©5 y = f(x)
Soyou have  d4 ~ yix 5 ;C )Ic+6x
0A __
or 5)( ~Y)y
and if you take the limit lim <5A> then you will see that d4 _ = .
ox—0\ 0x dx

Now if you know that ccij_A = y, then to find 4 you have to integrate, giving 4 = [y dx.
X

® The area between a positive curve, the x-axis Yy

and the lines x = a and x = b is given by y=f(x)

Area = fa[’y dx

where y = f(x) is the equation of the curve.

Q pmm————
i pmmmmm—————

Find the area of the finite region between the curve with equation y = 20 — x — x2 and the x-axis.

y=20-x-x?=4 - x)(5 + x) Factorise the expression.
ylk
20
\ Draw a sketch of the graph. x =4 and x = -5 are
/_5 0 4\ > the points of intersection of the curve and the
Xx-axis.

Area—f (20 = x — x?)dx

- [Zox " 273 ]
64 25 125
—(80—5—3)—(—1OO—Z+3)
_ 243 You don’t normally need to give units when you
2 are finding areas on graphs.
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Exercise

1

Find the area between the curve with equation y = f(x), the x-axis and the lines x = ¢ and
x = b in each of the following cases:

a f(x)=-3x>+17x - 10; a=1, b=3

b f(x)=2x%+ 7x% - 4x; a=-3, b=-1

¢ f(x)=—x*+7x*-11x2+5x; a=0, b=4 m For part ¢, f(x) = —x(x — 1)2(x — 5)
8

d f(x):;; a=-4, b=-1

The sketch shows part of the curve with equation y = x(x2 — 4). y
Find the area of the shaded region. /\I
-2

The diagram shows a sketch of the curve with equation
y=3x+%—5,x>0.
X

The region R is bounded by the curve, the x-axis and the
lines x = 1 and x = 3.

Find the area of R.

Find the area of the finite region between the curve with equation y = (3 — x)(1 + x) and the
X-axis.

Find the area of the finite region between the curve with equation y = x(x — 4)? and the x-axis.
Find the area of the finite region between the curve with equation y = 2x? — 3x3 and the x-axis.

The shaded area under the graph pry =332 2x 42
of the function f(x) = 3x? - 2x + 2,
bounded by the curve, the x-axis
and the lines x = 0 and x = k, is 8.
Work out the value of k.

fok(3x2—2x+2) dx =8

The finite region R is bounded by the x-axis and y
the curve with equation y = —x?>+ 2x + 3, x = 0.
The curve meets the x-axis at points 4 and B. / R
a Find the coordinates of point 4 and point B. (2 marks) Y1) =
b Find the area of the region R. (4 marks) /
y=-x>+2x+3
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@ 9 The graph shows part of the
curve C with equation y = x2(2 — x).
The region R, shown shaded,
is bounded by C and the x-axis.

Use calculus to find the exact
area of R. (5 marks)

@ Areas under the x-axis

question says “use
¢ calculus” then you need
R to use integration or
differentiation, and
show clear algebraic

0 2\ x working.

You need to be careful when you are finding areas below the x-axis.

® When the area bounded by a curve and the x-axis is below the x-axis, f ydx gives a negative

answer.

Find the area of the finite region bounded by the curve y = x(x — 3) and the x-axis.

When x =0,y =0
Wheny=0,x=0o0r 3

J

@ Check your solution using '¥¥¥'
seee

your calculator.

First sketch the curve.

\| y=x(x—-3)

V
Ol\_/é X

Itis \_/-shaped and crosses the x-axis at 0 and 3.

Area = [ x(x = 3)dx

The limits on the integral will therefore be 0 and 3.

= fj(x2 — 3Xx)dx

3
X2 _ 3x7

L Multiply out the brackets.

3 2

O
)-©0-0
27

L Integrate as usual.

The area is below the x-axis so the definite
r integral is negative.

= —? or —% or —4.5

So the area is 4.5

The following example shows that great care must be taken if you are
trying to find an area which straddles the x-axis such as the shaded /\I

region.

For examples of this type you need to draw a sketch, unless one is

given in the question.
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Sketch the curve with equation y = x(x — 1)(x + 3) and find the area of the finite region bounded by
the curve and the x-axis.

Whenx =0,y =0
Wheny =0, x=0,1o0r -3

=

y

X = 00,y = o0

X = =00,y == positive or large and negative.

Problem-solving

-3l

integrals.

The area is given by f_o3y ax — f(;y dx

Integration

Find out where the curve cuts the axes.

Find out what happens to y when x is large and

Always draw a sketch, and use the points of
intersection with the x-axis as the limits for your

Since the area between x =0 and 1 is below the

Now fy dx = f(x3 + 2x2 — 3x)dx

axis the integral between these points will give a

X4 ox®  3x2 negative answer.
=7t 3 "2
o B &1 2 3 Multiply out the brackets.
50f_3ydx—(O)—(Z—§x27—§x9) Py
45
4 m If you try to calculate the area as a
1 1.2 3 single definite integral, the positive and negative
dfydx=(-+5-2)-(©
an foy x <4 T3 2) ©) areas will partly cancel each other out.
- _7
e 45 7 7
So the area required is 4 + It

Exercise @

1 Sketch the following and find the total area of the finite region or regions bounded by the curves

and the x-axis:
b y=(x+1)(x-4)
e y=x(x-2)(x-95)

a y=x(x+2)
d y=x3(x-2)

® 2

The graph shows a sketch of part of the curve C with equation
y=x(x+3)2 - x).
The curve C crosses the x-axis at the origin O and at points

c y=(x+3)x(x-3)

y=x(x+3)2-x)

A and B.

a Write down the x-coordinates of 4 and B. (1 mark)

The finite region, shown shaded, is bounded by the curve C and the x-axis.
b Use integration to find the total area of the finite shaded region.

O \B X

C

(7 marks)
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3 f(x)=-x3+4x2+11x-30 y
The graph shows a sketch of part of the curve with y=—x+4 - 11x=30
equation y = —x3 +4x? + 11x - 30. \ /\
a Use the factor theorem to show that (x + 3)is a 0 \ X
factor of f(x).

b Write f(x) in the form (x + 3)(4Ax2 + Bx + C).
¢ Hence, factorise f(x) completely.

d Hence, determine the x-coordinates where the curve intersects the x-axis.
e Hence, determine the total shaded area shown on the sketch.

Challenge

1 Given that f(x) = x(3 — x), find the area of the finite region bounded
by the x-axis and the curve with equation

a y="f(x) b y=2f(x) ¢ y=af(x)
d y=f(x+a) e y=f(ax).
2 The graph shows a sketch of Ny=xx-1)(x+2)
part of the curve C with C
equation y = x(x — 1)(x + 2). :
The curve C crosses the 4 0 B x
x-axis at the origin O and /
at point B.

The shaded areas above
and below the x-axis are equal.

a Show that the x-coordinate of A4 satisfies the equation
(x—1)2@x2+10x+5) =0

b Hence find the exact coordinates of 4, and interpret geometrically
the other roots of this equation.

@ Areas between curves and lines

® You can use definite integration together with areas of trapeziums and triangles to find
more complicated areas on graphs.

The diagram shows a sketch of part of the curve with equation
y = x(4 — x) and the line with equation y = x.

Find the area of the region bounded by the curve and the line.
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x4 - x)=x . . )
5 First, find the x-coordinate of the points of
3x —-x*=0 . )
intersection of the curve y = x(4 — x) and the
x3 -x)=0 .
liney=x.
x=0o0r3

Area beneath curve = f03<4x - x?)dx ———————— Shaded area = area beneath curve — area
beneath triangle

= [2x2—x—3]3
315

=9
Area beneath triangle = 5 x 3 x 3 . ,
= % 0/| é \x 0| 3- i
9_ 9
Shaded area =9 - 5 =3 3
3
"[aﬁ‘z‘ =@8—Eq-%0—®=18—9
31, 3

The diagram shows a sketch of the curve with equation 37 B
. . . y=x(x-3)
y = x(x — 3) and the line with equation y = 2x. c 5
. . y=2x
Find the area of the shaded region OAC. ;
. ) . ) A é X
The required area is given by: @0) (b, 0)

Area of triangle OBC — fabx(x - 3)dx

The curve cuts the x-axis at x = 3 Problem-solving

(and x =0) so a = 3. Look for ways of combining triangles, trapeziums

The curve meets the line y = 2x when and direct integrals to find the missing area.

2x = x(x - 3). 7
So O =x2 - 5x C
O =x(x-5) §
x=0o0r5s0b=5
The point C'is (5, 10). 2 1 B x
i -1 - @0) (50
Area of triangle OBC = 5 x 5 x 10 = 25.

Area between curve, x-axis and the line

x=51is Substituting x = 5 into the equation of the line

f;x(x—S)dxzfs(xZ_Bx)dx give5y=2x5=10.

5
x3  3x2

3 2

Work out the definite integral separately. This will

E help you avoid making errors in your working.
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-(5-2)-(5-7)

3 2 3 2
- (é) _ (_E)
“\6 6
_ 26
-3
Shaded region is therefore = 25 - % = ?

Exercise @

1

The diagram shows part of the curve with equation
y = x?+ 2 and the line with equation y = 6.

The line cuts the curve at the points 4 and B.
a Find the coordinates of the points 4 and B.
b Find the area of the finite region bounded

by line AB and the curve.

The diagram shows the finite region, R, bounded by the curve
with equation y = 4x — x? and the line y = 3.

The line cuts the curve at the points 4 and B.

a Find the coordinates of the points 4 and B.

b Find the area of R.

The diagram shows a sketch of part of the curve with equation
¥ =9 —3x — 5x? — x? and the line with equation y =4 — 4x.
The line cuts the curve at the points 4 (-1, 8) and B(1, 0).

Find the area of the shaded region between 4B and the curve.

Find the area of the finite region bounded by the curve with
equation y = (1 — x)(x + 3) and the line y = x + 3.

The diagram shows the finite region, R, bounded by the
curve with equation y = x(4 + x), the line with equation
y =12 and the y-axis.

a Find the coordinates of the point 4 where the line
meets the curve.

b Find the area of R.
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2
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A
y=4x-x?
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[ 4\ x
y
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A

B

\y=x(4+x)

X
h y=4-4x
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Integration

The diagram shows a sketch of part of the curve with
equation y = x? + 1 and the line with equation y =7 — x.

The finite region, R, is bounded by the line and the curve.

The finite region, R, is below the curve and the line and is
bounded by the positive x- and y-axes as shown in the diagram.

a Find the area of R;.
b Find the area of R,.

The curve C has equation y = X3 — ll + 1.
X3
a Verify that C crosses the x-axis at the point (1, 0).
b Show that the point A(8, 4) also lies on C.
¢ The point B is (4, 0). Find the equation of the line through AB.
The finite region R is bounded by C, 4B and the positive x-axis.

d Find the area of R.

The diagram shows part of a sketch of the curve with equation y
y= % + x. The points 4 and B have x-coordinates % and 2

respectively.

Find the area of the finite region between 4B and the curve.

1
2

The diagram shows part of the curve with equation VA y=3Vx /X +4
y =3V/x = V/x3 + 4 and the line with equation

y=4- %x. ~
a Verify that the line and the curve cross at the
point A(4, 2). A
b Find the area of the finite region bounded by Y T
the curve and the line. 9] \ X

The sketch shows part of the curve with equation I
y = x¥(x + 4). The finite region R, is bounded by the
curve and the negative x-axis. The finite region R, is
bounded by the curve, the positive x-axis and AB,
where 4(2, 24) and B(b, 0). Y Ry
The area of R, = the area of R,. 0

a Find the area of R;. /

b Find the value of b. .
Problem-solving

Split R, into two areas by drawing
a vertical line at x = 2.

B(b,0) X
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11 The line with equation y = 10 — x cuts the curve with

equation y = 2x? — 5x + 4 at the points 4 and B, N y=2xt=5x+4
as shown.
a Find the coordinates of 4 and the coordinates R %
of B. (5 marks)
The shaded region R is bounded by the line and the o K
curve as shown. y=10-x
b Find the exact area of R. (6 marks)

Mixed exercise Q

® @ 6

1

306

Find:
a [(x+1)(2x - 5)dx b [(x3+x-5)dx

The gradient of a curve is given by f'(x) = x2 — 3x — % Given that the curve passes through
X

the point (1, 1), find the equation of the curve in the form y = f(x).

Find:
a [(8x3 - 6x2 + 5)dx b [(5x +2)xzdx
x+1)2x-3
Given y = w, find [y dx.
Vx
Given that % = (¢ + 1)? and that x = 0 when 7 = 2, find the value of x when 7 = 3.
Given that y% = X5+ 3:
a show that y = x5+ Ax’ + B, where 4 and B are constants to be found. (2 marks)
b hence find [y dx. (3 marks)
Given that y2 = 3x7 — 4x -1 (x > 0)
find 2 2 mark
a fin dx (2 marks)
b find [ydx. (3 marks)

f(ﬁ_ab)dx: —§+ 14x + ¢

Find the value of a and the value of b.

A rock is dropped off a cliff. The height in metres of the rock above the ground after # seconds
is given by the function f(¢). Given that f(0) = 70 and f'(¢) = =9.8¢, find the height of the rock
above the ground after 3 seconds.
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Integration

A cyclist is travelling along a straight road. The distance in metres of the cyclist from a fixed
point after ¢ seconds is modelled by the function f(7), where f'(¢) = 5 + 2¢ and f(0) = 0.

a Find an expression for f(7).
b Calculate the time taken for the cyclist to travel 100 m.

The diagram shows the curve with equation
y =5+ 2x — x? and the line with equation y = 2.
The curve and the line intersect at the points 4 and B.

a Find the x-coordinates of 4 and B.

b The shaded region R is bounded by the curve and
the line. Find the area of R.

a Find [(x2 - 4)(x~2 - 1)dx.
b Use your answer to part a to evaluate

4
j; (x2—4) (x> = 1)dx
giving your answer as an exact fraction.
The diagram shows part of the curve with equation

y = x3 — 6x% + 9x. The curve touches the x-axis at 4 and
has a local maximum at B.

a Show that the equation of the curve may be written
as y = x(x — 3)?, and hence write down the

coordinates of 4. (2 marks)
b Find the coordinates of B. (2 marks)
¢ The shaded region R is bounded by the

curve and the x-axis. Find the area of R. (6 marks)

Consider the function y = 3x2—4x-2, x> 0.
dy

dx’

b Find [ydx.

a Find

¢ Hence show that fl ’ ydx = A + B/3, where 4 and B are integers to be found.

The diagram shows a sketch of the curve with equation
y=12x1—x2for0<x<12.
dy 3
a Show that Fa 2(4 - x).
b At the point B on the curve the tangent to the
curve is parallel to the x-axis. Find the coordinates
of the point B. (2 marks)

¢ Find, to 3 significant figures, the area of the finite
region bounded by the curve and the x-axis. (6 marks)

(2 marks)

+/
/0
/

\ X
y=54+2x-x?

(4 marks)

(2 marks)

y=x3-6x>+9x

y

B

(2 marks)

(3 marks)

(2 marks)

I
W

y=12x>-x

o

12 X
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16 The diagram shows the curve C with equation y
y = x(8 — x) and the line with equation y = 12

. . =12
which meet at the points L and M. 12 L M 7

a Determine the coordinates of the point M. (2 marks) b= x8-x)

b Given that N is the foot of the perpendicular from ]
M on to the x-axis, calculate the area of the shaded o N X
region which is bounded by NM, the curve C and
the x-axis. (6 marks)

17 The diagram shows the line y = x — 1 meeting the y
curve with equation y = (x — 1)(x — 5) at 4 and C.
The curve meets the x-axis at 4 and B.

a Write down the coordinates of 4 and B and find

y=(x-Dx-3)

the coordinates of C. (4 marks)
b Find the area of the shaded region bounded by /0 B x
the line, the curve and the x-axis. (6 marks)
18 The diagram shows part of the curve with equation Y

y =p + 10x — x%, where p is a constant, and part

of the line / with equation y = ¢gx + 25, where g is a
constant. The line / cuts the curve at the points 4
and B. The x-coordinates of 4 and B are 4 and 8
respectively. The line through A4 parallel to the x-axis
intersects the curve again at the point C.

a Show that p = —7 and calculate the value of ¢. (3 marks)
b Calculate the coordinates of C. (2 marks) 0 / D\ X

¢ The shaded region in the diagram is bounded by
the curve and the line segment AC. Using integration
and showing all your working, calculate the area of the

shaded region. (6 marks)
(E) 19 Given that f(x) = % — 8/x +4x -5, x>0, find [f(x)dx. (5 marks)
(E/P) 20 Given that 4 is constant and f4 ’ <% - A)dx = A4 show that there are two possible values
X

for A and find these values. (5 marks)

(2-x2%3
21 () =——5—x%0
a Show that f'(x) = 8x2 — 12 + Ax? + Bx* where 4 and B are constants to be found. (3 marks)
b Find f"(x).
Given that the point (-2, 9) lies on the curve with equation y = f(x),
¢ find f(x). (5 marks)
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@ 22 The finite region S, which is shown shaded, is y
bounded by the x-axis and the curve with
equation y = 3 — 5x — 2x2.

The curve meets the x-axis at points 4 and B. y=3_5x_2x2

a Find the coordinates of point 4 and
point B. (2 marks)

b Find the area of the region S. (4 marks) A/ 0 \B

@ 23 The graph shows a sketch of part of the curve C with YA y=(x—4(2x+3)
equation y = (x — 4)(2x + 3). \
C

The curve C crosses the x-axis at the points 4 and B.

o
=

a Write down the x-coordinates of 4 and B. (1 mark) AY

The finite region R, shown shaded, is bounded by C
and the x-axis.

b Use integration to find the area of R. (6 marks)

@ 24 The graph shows a sketch of part of the curve C h2
with equation y = x(x — 3)(x + 2).
The curve crosses the x-axis at the origin O and C /
the points 4 and B. 7

0 B X
a Write down the x-coordinates of the points

A and B. (1 mark) y=x(x=3)(x+2)

The finite region shown shaded is bounded by the curve C and the x-axis.

b Use integration to find the total area of this region. (7 marks)

Challenge

The curve with equation y = x> — 5x + 7 cuts the curve with y
equation y = %xz - %x + 7. The shaded region R is
bounded by the curves as shown.

Find the exact area of R.
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Summary of key points

1

310

dy 1
If — = x7, then y = ntlycop -1,
dx x", then y n+1x +c,n#

Using function notation, if f'(x) = x”, then f(x) = p. j_ 1x”” +cn#-1.

dy
Ifa—kx,theny—n_i_1

Using function notation, if f'(x) = kx”, then f(x) = p f

x"tl 4 ¢, nz-1.

lx”+1 +c,n+-1.

When integrating polynomials, apply the rule of integration separately to each term.
JF(x)dx =f(x) + ¢

JIFx) + g(x))dx = [f(x)dx + [g(x)dx

To find the constant of integration, ¢

« Integrate the function

« Substitute the values (x, y) of a point on the curve, or the value of the function at a given
point f(x) = k into the integrated function

+ Solve the equation to find ¢

If f'(x) is the derivative of f(x) for all values of x in the interval [, b], then the definite integral

is defined as ["f'(x)dx = [f(x)}; = f(5) - f(a)

The area between a positive curve, the x-axis and the lines x = a and x = b is given by
Area = j;by dx

where y = f(x) is the equation of the curve.

When the area bounded by a curve and the x-axis is below the x-axis, [y dx gives a negative
answer.

You can use definite integration together with areas of trapeziums and triangles to find more
complicated areas on graphs.



Exponentials and 14
logarithms

After completing this unit you should be able to:
® Sketch graphs of the form y = ¥, y = e, and transformations of
these graphs - pages 312-317
e Differentiate e* and understand why this result is important
-> pages 314-317
® Use and interpret models that use exponential functions
-» pages 317-319

® Recognise the relationship between exponents and logarithms
-» pages 319-321

® Recall and apply the laws of logarithms - pages 321-324
® Solve equations of the form a¥=b - pages 324-325
® Describe and use the natural logarithm function - pages 326-328
® Use logarithms to estimate the values of constants in non-linear
models - pages 328-333

R

Prior knowledge check

1 Giventhat x=3and y=-1, evaluate
these expressions without a calculator.
a5 b3 c2! d77 e 11¥¥

< GCSE Mathematics

Simplify these expressions, writing each
answer as a single power.

o
a65:62 b Px()? ¢ 222 g /58

28

< Sections 1.1, 1.4

Plot the following data on a scatter graph
and draw a line of best fit.

x | 12|21 35| 4 | 58
y | 58 | 74 | 94 | 103|128

Logarithms are used to report and compare
earthquakes. Both the Richter scale and the
newer moment magnitude scale use base

10 logarithms to express the size of seismic
activity. - Mixed exercise Q15

Determine the gradient and intercept of
your line of best fit, giving your answers to
one decimal place. « GCSE Mathematics
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Exponential functions

Functions of the form f(x) = «*, where a is a constant, are called exponential functions. You should
become familiar with these functions and the shapes of their graphs.

For an example, look at a table of values of y = 2*.
m In the expression 27,
X -3 -2 -1 0 1 2 3 x can be called an index, a power
1 1 1
y 3 z 3 1 2 4 8 or an exponent.
X
The valu.e of 2 jcer?ds tovyards 0 as x decreases, and m Recall that 2° = 1 and that
grows without limit as x increases. 1 1
) ) ) 20 =—== « Section 1.4
The graph of y = 2* is a smooth curve that looks like this: 2’ 8

Y
8

7

6

5

£

3.

2.

____// The x-axis is an asymptote

5 5 ) [ 1 2 3 X to the curve.

Example

a On the same axes sketch the graphs of y =3, y=2Yand y = 1.5%
b On another set of axes sketch the graphs of y = (%)x and y = 2%,

a For all three graphs, y =1 whenx=0. ————— g0=1

When x > O, 3> 2¥ > 15" }
When x < O, 3* < 2% < 1.5%. Work out the relative positions of the three

y p=3 graphs.
y=2
Whenever a > 1, f(x) = @ is an increasing
function. In this case, the value of a* grows
y=15" without limit as x increases, and tends towards 0
———— as x decreases.
3 =2 -1 0 1 2 3
b The graph of y = (%)A is a reflection in the Since%: 2l y= (%)x is the same as
y-axis of the graph of y = 2™ y=@Yy =2

Whenever 0 < a < 1, f(x) = a* is a decreasing
function. In this case, the value of a* tends
towards 0 as x increases, and grows without limit
as x decreases.
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x=3
Sketch the graph of y = (%) . Give the coordinates of the point where the graph crosses the y-axis.

If £00) = (&) then y = f(x = 3), Problem-solving

Exercise @

1

The graph is a translation of the graph If you have to sketch the graph of an unfamiliar
y= (%)A by the vector (3) function, try writing it as a transformation of a
The graph crosses the y-axis when x = O. familiar function. « Section 4.5
1 0-3
y=1{3]
y=8 You can also consider this graph as a stretch of
The graph crosses the y-axis at (O, 8). the graph y = (%)X
X x=3
1
1(; y=(3)
Y3
6 =(3) =)
z. (1)
2 X
=8(3) =8f()
o 2 4 6 8 10¥

So the graph of y = (%)x_3 is a vertical stretch of

the graph of y = (%)x with scale factor 8.

a Draw an accurate graph of y = (1.7), for -4 < x < 4.
b Use your graph to solve the equation (1.7)* = 4.

a Draw an accurate graph of y = (0.6)*, for -4 < x < 4.
b Use your graph to solve the equation (0.6) = 2.

Sketch the graph of y = 1~

For each of these statements, decide whether it is true or false, justifying your answer or offering
a counter-example.

a The graph of y = a* passes through (0, 1) for all positive real numbers a.
b The function f(x) = ¢* is always an increasing function for a > 0.

¢ The graph of y = a*, where « is a positive real number, never crosses the x-axis.

The function f(x) is defined as f(x) = 3%, x € R. On the same axes, sketch the graphs of:
a y=1(x) b y=2f(x) ¢ y=f(x)-4 d y=rflix

Write down the coordinates of the point where each graph crosses the y-axis, and give the

equations of any asymptotes.
Problem-solving

Th? graph of y = ka* passes through the Substitute the coordinates into y = ka* to create
points (1, 6) and (4, 48). Find the values two simultaneous equations. Use division to
of the constants k and a. eliminate one of the two unknowns.
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@ 7 The graph of y = pg~ passes through the points (-3, 150) and (2, 0.048).
a By drawing a sketch or otherwise, explain why 0 < g < 1.

b Find the values of the constants p and g.

Challenge

Sketch the graph of y = 2¥-2 + 5. Give the coordinates of the point where

the graph crosses the y-axis.

142 BELS

Exponential functions of the form f(x) = a* have a special mathematical property. The graphs of their
gradient functions are a similar shape to the graphs of the functions themselves.

y

__—

y=2

dy _ «
= 0.693.. x2

0

X

y g_y =1.099... x 3*
X
y=3
—
0] X

y

R

dy
i =1.386...

y=4

x 4%

——>

o

X

In each case f'(x) = kf(x), where k is a constant. As the value of a increases, so does the value of k.

Something unique happens between @ = 2 and
a =3.There is going to be a value of @ where the
gradient function is exactly the same as the
original function. This occurs when a is
approximately equal to 2.71828. The exact value

is represented by the letter e. Like 7, e is both an

important mathematical constant and an

irrational number.

® For all real values of x:
e If f(x) =e* then f'(x) =e*

* If y=e*then

dx=

ex

Function Gradient function
f(x) =1~ f'(x)=0x 1%

f(x) =2« f'(x) =0.693... x 2¥
f(x) =3~ f'(x) =1.099... x 3%
fx) = 4~ f'(x) = 1.386... x 4*

m Explore the relationship between O

exponential functions and their derivatives
using GeoGebra.

A similar result holds for functions such as €%, e=* and e?*.

® For all real values of x and for any constant k:
o If f(x) = e** then f'(x) = kek~

dy
o Ify= kx h —~ -k kx
y=e then dx e
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Differentiate with respect to x.

1
a e™ b e ¢ 3ex

a y=e¥

dy st Use the rule for differentiating e with k = 4.
ax ¢

b y=e2
ay i
ax = 2¢

c = 3e2x
d)J;; To differentiate ae® multiply the whole function
e 2 x 3e?¥ = ge?~ by k. The derivative is kaek>.

Sketch the graphs of the following equations. Give the coordinates of any points where the graphs
cross the axes, and state the equations of any asymptotes.

ay=¢e> b y=10e~ ¢ y=3+4ex"

a y=e
When x = O, y = €2*9 = 1 so the graph
crosses the y-axis at (O, 1).
The x-axis (y = O) is an asymptote.

YA Y= e’x
y=e¢e

The graph of y = e¥ has been shown in purple on
this sketch.

1

/ This is a stretch of the graph of y = e, parallel to
0 X the x-axis and with scale factor%
b y=10e™ €« Section 4.6

When x = O, y = 10e7°. So the graph
crosses the y-axis at (O, 10).
The x-axis (y = O) is an asymptote.

Negative powers of e¥, such as e~ or e=**, give
rise to decreasing functions.

The graph of y = e* has been reflected in the
y-axis and stretched parallel to the y-axis with
scale factor 10.
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c y=3+ 4e=* Problem-solving

When x =0,y = 3 + 4e2%9=7 :
th °r H Y th N o (20 ) If you have to sketch a transformed graph with
© grapn crosses the ymaxs at {4 /) an asymptote, it is often easier to sketch the

The line y = 3 is an asymptote. asymptote first.

y 1.
y =23+ 4e**

The graph of y = e has been stretched parallel to
the y-axis with scale factor 4 and then translated

o dt

o X
@ Use GeoGebra to draw

transformations of y = e~

Exercise @

1

Use a calculator to find the value of e* to 4 decimal places when
a x=1 b x=4 c x=-10 d x=0.2

a Draw an accurate graph of y = e* for -4 < x < 4.
b By drawing appropriate tangent lines, estimate the gradient at x = 1 and x = 3.
¢ Compare your answers to the actual values of e and €?.

Sketch the graphs of:

a y=¢'*! b y=4e* c y=2e"-3

d y=4-¢ e y=06+10e:" f y=100e + 10

Each of the sketch graphs below is of the form y = Ae?* + C, where A4, b and C are constants.

Find the values of 4 and C for each graph, and state whether b is positive or negative.

.y by ¢ y/ mYoudonothave

\ 3 enough information
S 4 / to work out the value
— \ of b, so simply state

> 2 whether it is positive
o X o X [9) X or negative.
Rearrange f(x) = e>**2 into the form f(x) = 4e*, where 4 and b m
em+n — gm x an

are constants whose values are to be found. Hence, or otherwise,
sketch the graph of y = f(x).

Differentiate the following with respect to x. m For part f, start

a eb b e ¢ e by expanding the
bracket.

d 5e04x e e¥ + 2ex f ex(er+1)
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7 Find the gradient of the curve with equation y = ¢3* at the point where
ax=2 b x=0 ¢ x=-0.5

8 The function f is defined as f(x) = €%, x € R. Show that the tangent to the curve at the point
(5, e) goes through the origin.

@ Exponential modelling

You can use e* to model situations such as population growth, where the rate of increase is
proportional to the size of the population at any given moment. Similarly, e can be used to model
situations such as radioactive decay, where the rate of decrease is proportional to the number of
atoms remaining.

The density of a pesticide in a given section of field, P mg/m?, can be modelled by the equation
P= 1606—0.0061

where ¢ is the time in days since the pesticide was first applied.

a Use this model to estimate the density of pesticide after 15 days.

b Interpret the meaning of the value 160 in this model.

¢ Show tha i—f = kP, where k is a constant, and state the value of k.

d Interpret the significance of the sign of your answer to part c.
e Sketch the graph of P against ¢.

a After 15 days, t = 15.

P = 160e0006x1 Substitute ¢ = 15 into the model.
P =146.2 mg/m?

b Whent =0, P=160e° = 160, so 160 mg/m?
is the initial density of pesticide in the field. m itlert i it o e 2 LETg i @

¢ P = 160e-0006t button on your calculator.
0;71; = -0.96e700%¢ 50 k = -0.96
m The value given by a model when

d As k is negative, the density of pesticide ) o el s N va e,

is decreasing (there is exponential decay).

e P d
Y
— pkx A kx
160 Ify=e thendx—ke
Use your answers to parts a and d to help you
draw the graph. To check what happens to P in
0 z the long term, substitute in a very large value of 7.
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Exercise @

1

The value of a car is modelled by the formula

¥ =20000e"7:
where V'is the value in £s and 7 is its age in years from new.
a State its value when new.

b Find its value (to the nearest £) after 4 years.
¢ Sketch the graph of V against .

The population of a country is modelled using the formula
P =20+ 10ew
where P is the population in thousands and ¢ is the time in years after the year 2000.
a State the population in the year 2000.
b Use the model to predict the population in the year 2030.

¢ Sketch the graph of P against ¢ for the years 2000 to 2100.

d Do you think that it would be valid to use this model to predict the population in the year
25007 Explain your answer.

The number of people infected with a disease is modelled by the formula
N =300 — 100e-0-
where N is the number of people infected with the disease and ¢ is the time in years after
detection.
a How many people were first diagnosed with the disease?
b What is the long term prediction of how this disease will spread?
¢ Sketch the graph of N against ¢ for ¢ > 0.

The number of rabbits, R, in a population after m months is modelled by the formula

R =12e0-2m .
Problem-solving

a Use this model to estimate the number of rabbits after
Your answer to part b must refer

i 1 month ii 1year
. i . to the context of the model.
b Interpret the meaning of the constant 12 in this model.

¢ Show that after 6 months, the rabbit population is increasing by almost § rabbits per month.
d Suggest one reason why this model will stop giving valid results for large enough values of .
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5 On Earth, the atmospheric pressure, p, in bars can be modelled approximately by the formula
p = e "3 where h is the height above sea level in kilometres.
a Use this model to estimate the pressure at the top of Mount Rainier, which has an altitude of

4.394 km. J (1 mark)
b Demonstrate that d_i = kp where k is a constant to be found. (2 marks)
¢ Interpret the significance of the sign of & in part b. (1 mark)
d This model predicts that the atmospheric pressure will change by 5% for every

kilometre gained in height. Calculate the value of s. (3 marks)

6 Nigel has bought a tractor for £20 000. He wants to model the depreciation of the value of his
tractor, £7,, in ¢ years. His friend suggests two models:

Model 1: T'= 20 000e~0-2#
Model 2: T =19 000e~%-23% + 1000
a Use both models to predict the value of the tractor after one year.

Compare your results. (2 marks)
b Use both models to predict the value of the tractor after ten years.

Compare your results. (2 marks)
¢ Sketch a graph of T against ¢ for both models. (2 marks)
d Interpret the meaning of the 1000 in model 2, and suggest why this might make

model 2 more realistic. (1 mark)

@ Logarithms

The inverses of exponential functions are called logarithms. A relationship which is expressed using

an exponent can also be written in terms of logarithms. m s called the
® log,n=xis equivalenttoa*=n (a=1) base of the logarithm.

Write each statement as a logarithm.

a3=9 b 27=128 c 64:=38
a 32=9, s0 IogT3 9=2 In words, you would say ‘the logarithm of 9 to the
b 27 =128, 50 l0g, 128 = 7 base 3is 2.
c 64:=8,50109:48 = & Logarithms can take fractional or negative values.

Rewrite each statement using a power.
a log;81 =4 b log, (%) =-3

a logsz 81 =4, so0 3% = 81

b log, (%) =-3,5023= %
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Without using a calculator, find the value of:

a log; 81 b log,0.25 ¢ logys4

a log; 81 =4

b log,0.25 = —1

c logps4 = -2

d log,@®) =5

You can use your calculator to find logarithms of
any base. Some calculators have a specific

key for this function. Most calculators

also have separate buttons for logarithms to the

base 10 (usually written as and logarithms
to the base e (usually written as ).

m Use the logarithm buttons on @

d log, (@)
Because 34 = 81.
Because 471 =+ = 0.25.
Because 0.572 = (%)_Z =22=4,

Because a® = a®.

m Logarithms to the base e are

typically called natural logarithms. This is why
the calculator key is labelled .

your calculator.

Use your calculator to find the following logarithms to 3 decimal places.

a log;40 b log.8

a 3.358

¢ log;,75

b 2079

c 1.675

Exercise @

1 Rewrite using a logarithm.
a 4*=256 b 3-2=%
d 11'=11 e (0.2)>=0.008

2 Rewrite using a power.
a log,16=4
d log;0.2=-1

b logs25=2
e log;, 100000 =5
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For part b you can use either [ In] or {logg).

For part ¢ you can use either or .
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3 Without using a calculator, find the value of

a log,8 b logs25 ¢ log;, 10000000 d log;, 12
e log;729 f log,,V/10 g log,(0.25) h log,s 16
i log,(a'%) i log: (%)

4 Without using a calculator, find the value of x for which
a logsx=4 b log, 81 =2 ¢ log;x=1
d log,(x-1)=3 e log;(4x+1)=4 f log,(2x)=2

5 Use your calculator to evaluate these logarithms to three decimal places.
a logy230 b logs33 ¢ log,,1020 d log.3

@ 6 a Without using a calculator, justify why the value m Use corresponding

of log, 50 must be between 5 and 6. statements involving powers of 2.

b Use a calculator to find the exact value of
log, 50 to 4 significant figures.

7 a Find the values of:
i log,2 ii log;3 iii log;;17

b Explain why log, a has the same value for all positive values of a (a # 1).

8 a Find the values of:
i log,1 ii log;1 iii log;;1

b Explain why log, 1 has the same value for all positive values of a (a # 1).

@ Laws of logarithms

Expressions involving more than one logarithm can often be rearranged or simplified. For instance:

log,x=mand log,y=n Take two logarithms with the same base
x=amand y=a" Rewrite these expressions using powers
xXy=a"xa"=a"" Multiply these powers
log,xy=m+n-=log,x +log,y Rewrite your result using logarithms

This result is one of the laws of logarithms.
You can use similar methods to prove two further laws.

= The laws of logarithms:

* log,x + log,y =log,xy (the multiplication law) m You need to learn
* log,x - log,y = log, (£ (the division law) these three léws of logarithms,
y and the special cases below.
* log,(x*) =k log,x (the power law)
= You should also learn to recognise the following special cases:
. loga(%> =log,(x1) = -log,x (the power law when k = -1)
* log,a=1 (a>0,a=1)
* log,1=0 (a>0,a=1)
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Write as a single logarithm.

a log; 6 +log; 7 b log, 15 -log,3 ¢ 2logs3 + 3logs2 d log;,3 - 4log, (%)
a logs(6 x7) Use the multiplication law.
= log; 42
b log, (15 + 3)
=log,5 Use the division law.

¢ 2logs 3 =logs(3?) = logs 9+
3logs 2 = logs (23) = logs 8+
logs 9 + logs & = logs 72

1 1\* 1
d 4logp E) = logyo 5) = logyo E)
L Use the power law first.

1 ]
log;0 3 - |O%o(g> = 10g0 (3 + E) — Then use the division law.

First apply the power law to both parts of the
expression.
Then use the multiplication law.

T

= log,p 46

Write in terms of log, x, log, y and log, z.

x\/y)

X X
a log, (x?yz%) b log, (F) ¢ log, (7 d log, (E)

[\\}

log, (x2yz®)
= log, (x?) + log,y + log, (z3)
= 2log,x + log,y + 3log,z

log (l)
a y3
= log,x = log, (y°)
=log,x — 3log,y
)
|Oga “z
= log, (x/y) = log, z
=log,x + log,/y — log,z
=log,x + % log,y — log, z Use the power law (/7 = y?).

<

(o)

Q

X
2 (4a)
= log,x — log, (a*)
=log,x — 4log,a
=log,x — 4 log,a=1.
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Solve the equation log;y4 + 2log;y x = 2.

|OQ704 + 2 |O@1ox = 2

l0g104 + logpx? = 2 Use the power law.
logp4x? = 2 |_
4x2 = 102 Use the multiplication law.
4x? =100 ) ) .
Rewrite the logarithm using powers.
x? =25

x=5 m log,, x is only defined for positive

Exponentials and logarithms

values of x, so x = =5 cannot be a solution of the

equation.
Example @

Solve the equation log; (x + 11) — logz (x = 5) =2

logs (x +11) = logs(x = 5) =2

x+ M\ _ s
logs (x - 5) =2 Use the division law.
i t 151 =372 Rewrite the logarithm using powers.

X+MN=9x-9)
X+ 11=9x—-45
56 = &x
x=7

Exercise @

1 Write as a single logarithm.

a log,7 +log,3 b log,36 —log,4 ¢ 3logs2 +logs 10
d 2logs8 —4logs3 e log;,5 +1log;,6 —log), (%)

2 Write as a single logarithm, then simplify your answer.
a log,40 —log,5 b logs4 + logy9 ¢ 2log;,3 +4log;,2
d logg25 +logg 10 — 3logg 5 e 2log;y2 - (log;y 5 +log;,8)

3 Write in terms of log, x, log, y and log, z.

5
a log, (x*y*z) b log, (%) ¢ log, (a*x?)
d log, (i) e log,vax
Jyz
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4 Solve the following equations: m Move the logarithms
a log,3 +log, x =2 b logs12 —logsx =3 onto the same side if necessary

¢ 2logsx=1+logs6 d 2logy(x+1)=2logy(2x —3) + 1 and use the division law.

® 5 a Given that log;(x + 1) = 1 + 2log; (x — 1), show that 3x> — 7x + 2 = 0. (5 marks)
b Hence, or otherwise, solve log; (x + 1) = 1 + 21log; (x — 1). (2 marks)
@ 6 Given that @ and b are positive constants, and Problem-solving
that a > b, solve the simultaneous equations Pay careful attention to the conditions on
a+b=13 a and b given in the question.

logga + loggh =2

Challenge

By writing log, x = m and log, y = n, prove that log, x - log, y = log, (%)

@ Solving equations using logarithms

You can use logarithms and your calculator to solve equations of the form a* = b.

Solve the following equations, giving your answers to 3 decimal places.
a 3*=20 b 5%-1=61

a 3% =20,
s0 X =logz 20 = 2.727 Use the button on your calculator.
b 5%-!'=61, 50 4x — 1 = logs 61
4x =logs 61 + 1

logs 61 + 1 You can evaluate the final answer in one step on
- 4 your calculator.
= 0869

Solve the equation 52 — 12(5%) + 20 = 0, giving your answer to 3 significant figures.

An alternative method is to rewrite the equation

2x — 12(5 i ic function of 5% e L
° 2(5% + 20 i a quadratic function of 5 using the substitution y = 5% y2 — 12y + 20 = 0.

5 =10)5*-2)=0

or=100orot=2 m Solving the quadratic equation gives

5¥=10 = x =10gs10 = x = 1.43 you two possible values for 5. Make sure you
5°=2 = x =logs2 = x = 0.431 calculate both corresponding values of x for your
final answer.
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You can solve more complicated equations by ‘taking logs’ of both sides.

Whenever f(x) = g(x), log, f(x) = log, g(x)

Find the solution to the equation 3" =2"*', giving your answer to four decimal places.

3r=2" This step is called ‘taking logs of both sides’. The
log 3* = log 2**' logs on both sides must be to the same base.
Here ‘log’ is used to represent log;,.

xlog3 = (x + 1) log 2
xlog3 = xlog 2 + log 2

Use the power law.
xlog3 = xlog?2 =log 2

x(log3 —log2) = log 2 Move all the terms in x to one side then factorise.

o9z o0es
YT log3-log2 ’

Exercise @

1

Solve, giving your answers to 3 significant figures.
a 2*=75 b 3*=10 c 5'=2 d 4>=100
e 9°"5=50 f 77-1=23 g 11¥2=65 h 23-2*=88
Solve, giving your answers to 3 significant figures. m 3412 3% 5 31 2 33
a 22— 6029 +5=0 b 32— 153%) + 44 =0
2x X _ 2x x+1 _
¢ 57-6(59-7=0 d 37+37 -10=0 Problem-solving
e 7+ 12=7"*! f 224+329-4=0

Consider these equations as functions
g 3% _26(3%-9=0 h 43%*1 +17(3)=7=0  of functions. Part a is equivalent to
u? —6u+5=0,with u=2".

Solve the following equations, giving your answers to 3 significant figures where appropriate.

a 3**1=2000 (2 marks)
b logs(x—3)=-1 (2 marks)
a Sketch the graph of y = 4%, stating the coordinates , .

of any points where the graph crosses the axes. (2 marks) %Offté‘egitutl:;?uestlon
b Solve the equation 4** — 10(4%) + 16 = 0. (4 marks) '

Solve the following equations, giving your answers to four decimal places.
X _ Hyx+1 X+5 _ /X X+1 _ x+2
a =2 b 377=6 ¢ 7=3 m Take logs of both sides.
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Working with natural logarithms
® The graph of y = In x is a reflection of the graph y = e* in the line y = x.

The graph of y = In x passes through (1,0) and does not y
cross the y-axis.

The y-axis is an asymptote of the graph y = In x. This means
that In x is only defined for positive values of x.

As x increases, In x grows without limit, but relatively slowly.

You can also use the fact that logarithms are the inverses of
exponential functions to solve equations involving powers
and logarithms.

men=ln(e)=x m Inx = log.x
'E]E @

Solve these equations, giving your answers in exact form.

ae =5 b Inx=3

a Whene¥=5 The inverse operation of raising e to the power x is

e =I5 L taking natural logarithms (logarithms to the base
e) and vice versa.
x=1Imnb5

b Wheninx =3 You can write the natural logarithm on both sides.

ehx = g3 n e =x
x=e3

Leave your answer as a logarithm or a power of e
so that it is exact.

Solve these equations, giving your answers in exact form.
aeti=7 b2Inx+1=5 c e+ 5 =14

a 62x+3 — 7
o2y +3=1In7 Take natural logarithms of both sides and use the
fact that the inverse of e¥is In x.

2x=1In7 -3

_1 _3
x=35In7 -3

b 2lnx+1=5

2inx =4 Rearrange to make In x the subject.
Ihx =2

. -
x=e2 The inverse of [nx is e~.
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c e’ + 5e¥ =14 e2¥ = (e¥)?, so this is a quadratic function of e
2% 4 5eX — 14 = O Start by setting the equation equal to 0 and

factorise. You could also use the substitution

e+ 7)e*-2)=0

u = e* and write the equation as u® + 5u — 14 = 0.

ef=-7ore* =2
er=2 m e~ is always positive, so you can't

x=1n2 have e* = —7. You need to discard this solution.

Exercise @

1

Solve these equations, giving your answers in exact form.
ae =6 b e>=11
d 3e¥=1 e eX*t6=3

Solve these equations, giving your answers in exact form.
alnx=2 b In(4x) =1
d 2In(6x-2)=5 e In(18-x)=1

Solve these equations, giving your answers in exact form.

a e*—-8¥+12=0 b e*—3e>=-2
¢ (Inx)>+2Inx-15=0 d e -5+4e*=0
e 3e*+5=16¢e" f (Inx)>’=4(Inx + 3)

Find the exact solutions to the equation e* + 12e™* = 7.

Solve these equations, giving your answers in exact form.

a In(8x-3)=2 b -8 =3
d Inx-1)>=4
ot .. . a+Inb
Solve 3*e =5, giving your answer in the form +Ind
(5 marks)

c e**t3=20
f e-¥=19

¢c In2x+3)=4
f In(x>-7x+11)=0

m All of the equations in question

3 are quadratic equations in a
function of x.

m First in part d multiply each

term by e~.

(4 marks)

c elv—_8e¥x+7=0

m Take natural logarithms of both
sides and then apply the laws of

logarithms.

Officials are testing athletes for doping at a sporting event. They model the concentration
of a particular drug in an athlete’s bloodstream using the equation D = 67 where D is the
concentration of the drug in mg/l and ¢ is the time in hours since the athlete took the drug.

a Interpret the meaning of the constant 6 in this model.

b Find the concentration of the drug in the bloodstream after 2 hours.

¢ Itisimpossible to detect this drug in the bloodstream if the concentration is lower than 3 mg/l.
Show that this happens after 1 = —101n (%) and convert this result into hours and minutes.
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8 The graph of y =3 + In (4 — x) is shown to the right. y

. . 4
a State the exact coordinates of point 4. (1 mark) y=3+In (m

b Calculate the exact coordinates of point B. (3 marks)

Challenge

The graph of the function g(x) = Ae?* + C passes through (0, 5) and (6, 10).
Given that the line y = 2 is an asymptote to the graph, show that B=%1In (£).

Logarithms and non-linear data

Logarithms can also be used to manage and explore non-linear trends in data.

Start with a non-linear relationship —— y = ax”

Take logs of both sides (log = log;;) —— log y = log ax”

Use the multiplication law log y = loga + log x”

Use the power law log y=loga+nlogx
Compare this equation to the common form of a straight line, Y = MX + C.

log y n log x log a
variable constant variable + constant
(gradient) (intercept)
Y M X C
variable constant variable + constant
(gradient) (intercept)

= If y = ax” then the graph of log y against log x will be a straight line with gradient n» and

vertical intercept log a.
log y 4

log a /
—

0 log x
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The table below gives the rank (by size) and population of the UK’s largest cities and districts
(London is ranked number 1 but has been excluded as an outlier).

Exponentials and logarithms

City Birmingham Leeds Glasgow Sheffield Bradford
Rank, R 2 3 4 5 6
Population, P (2s.f.) | 1000000 730000 620 000 530000 480000

The relationship between the rank and population can be modelled by the formula
R=aP"
a Draw a table giving values of log R and log P to 2 decimal places.

where a and n are constants.

b Plot a graph of log R against log P using the values from your table and draw a line of best fit.
¢ Use your graph to estimate the values of a and » to two significant figures.

a [logR | 030 | 048 | 060 | O.70 | 078
log P 6 566 | 579 | 572 | 568
b log Pk
6.4+
6.2+
6.0+
5.84
5.6 \
5.4+
5.24
5.04
f T T T T T T T T T >
O 01 02 03 04 05 06 07 08 09 logR
c R=aP"

Start with the formula given in the question. Take
logs of both sides and use the laws of logarithms
to rearrange it into a linear relationship between

log R and log P.

log R = loga(P"} |
log R = loga + log(P")
logR = loga + nlog P
so the gradient is n and the intercept is loga
Reading the gradient from the graph, 1
566 -6.16 _-048
"=077-005 o072 = ¢/

Reading the intercept from the graph,

The gradient of the line of best fit will give you
your value for n.

The y-intercept will give you the value of loga.
You need to raise 10 to this power to find the
value of a.

loga = 6.2
a =10%% =1600000 (2 st).
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Case 2: y = ab~

Start with a non-linear relationship
Take logs of both sides (log = log;,)
Use the multiplication law
Use the power law

y = ab*

log y = log ab*

log y = loga + log b*
logy =loga+ xlogh

Compare this equation to the common form of a straight line, Y = MX + C.

log y log b X log a
variable constant variable + constant
(gradient) (intercept)
Y M X C
variable constant variable + constant
(gradient) (intercept)

= If y = ab* then the graph of log y against x will be a straight line with gradient log b and

vertical intercept log a. log
CEEXED For - b you

need to plot log y against x

lOg/a/ If you plot lOgy againSt

to obtain a linear graph.

log x you will not get a
linear relationship.

The graph represents the growth of a population of bacteria, log P
P, over t hours. The graph has a gradient of 0.6 and meets
the vertical axis at (0, 2) as shown.

A scientist suggests that this growth can be modelled by /2/

the equation P = ab’, where a and b are constants to be found.

a Write down an equation for the line. 0 t

b Using your answer to part a or otherwise, find the values
of a and b, giving them to 3 significant figures where necessary.

¢ Interpret the meaning of the constant ¢ in this model.

a logP=06t+2 log P = (gradient) x  + (y-intercept)

b P =1006+2
P = 1006t x 102 L Rewrite the logarithm as a power. An alternative
P =10 x (1009)" method would be to start with P = ab’ and take

logs of both sides, as in Example 19.
P =100 x 3.98!
a =100, b =395 (3 s.f) .
Rearrange the equation into the form ab'’. You can
c The value of a gives the initial size of the use x™" = (x™)" to write 109 in the form b".

bacteria population.
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Exercise @

1

Two variables, S and x satisfy the formula S =4 x 7~.
a Show that log S =log4 + xlog7.

b The straight line graph of log S against x is plotted. Write down the gradient and the value
of the intercept on the vertical axis.

Two variables 4 and x satisfy the formula 4 = 6x*.
a Show that log 4 =log6 + 4log x.

b The straight line graph of log 4 against log x is plotted. Write down the gradient and the
value of the intercept on the vertical axis.

The data below follows a trend of the form y = ax”, where « and n are constants.

X 3 5 8 10 15
y 16.3 333 64.3 87.9 155.1

a Copy and complete the table of values of log.x and log y, giving your answers to 2 decimal places.

log x 0.48 0.70 0.90 1 1.18
logy 1.21 2.19

b Plot a graph of log y against log x and draw in a line of best fit.
¢ Use your graph to estimate the values of ¢ and n to one decimal place.

The data below follows a trend of the form y = ab*, where a and b are constants.

x 2 3 5 6.5 9
y 124.8 424.4 4097.0 30763.6 655743.5

a Copy and complete the table of values of x and log y, giving your answers to 2 decimal places.

x 2 3 5 6.5 9
log y 2.10

b Plot a graph of logy against x and draw in a line of best fit.
¢ Use your graph to estimate the values of ¢ and b to one decimal place.

Kleiber’s law is an empirical law in biology which connects the mass of an animal, m, to its
resting metabolic rate, R. The law follows the form R = am®, where a and b are constants.

The table below contains data on five animals.

Animal Mouse Guinea pig Rabbit Goat Cow
Mass, m (kg) 0.030 0.408 4.19 34.6 650
Metabolic rate

R (keal per day) 4.2 32.3 195 760 7637

a Copy and complete this table giving values of log R and logm to 2 decimal places. (1 mark)

log m -1.52
log R 0.62 1.51 2.29 2.88 3.88
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332

b Plot a graph of log R against logm using the values from your table and draw in a
line of best fit.

¢ Use your graph to estimate the values of @ and b to two significant figures.

(2 marks)
(4 marks)

d Using your values of ¢ and b, estimate the resting metabolic rate of a human male

with a mass of 80kg. (1 mark)

Zipf’s law is an empirical law which relates how frequently a word is used, f, to its ranking in a
list of the most common words of a language, R. The law follows the form f'= AR’, where A
and b are constants to be found.

The table below contains data on four words.

Word ‘the’ qat’ ‘well’ ‘detail’
Rank, R 1 10 100 1000
Frequency per

100 000 words, f 4897 86l 2 ?

a Copy and complete this table giving values of log fto 2 decimal places.

0
3.69

log R 1 2 3

log f

Plot a graph of log f'against log R using the values from your table and draw in a line of best fit.

Use your graph to estimate the value of A4 to two significant figures and the value of b to
one significant figure.

The word ‘when’ is the 57th most commonly used word in the English language. A trilogy of
novels contains 455 125 words. Use your values of 4 and b to estimate the number of times
the word ‘when’ appears in the trilogy.

The table below shows the population of Mozambique between 1960 and 2010.

Year 1960 1970 1980 1990 2000 2010
Population,
P (millions) 7.6 9.5 12.1 13.6 18.3 23.4

This data can be modelled using an exponential function of the form P = ab’, where ¢ is the

time in years since 1960 and a and b are constants.

a Copy and complete the table below.

Time in years
since 1960, ¢ 0 10 20 30 40 50
log P 0.88

b Show that P =
¢ Plot a graph of log P against 7 using the values from your table and draw in a line of

best fit.
d Use your graph to estimate the values of a and b. m For part e, think about the
relationship between P and —

dt

ab’ can be rearranged into the form log P = loga + tlogb.

e Explain why an exponential model is often appropriate
for modelling population growth.
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A scientist is modelling the number of people, N, who have fallen sick with a virus after ¢ days.

log N
(10, 2.55)
1.6 /
0 t

From looking at this graph, the scientist suggests that the number of sick people can be
modelled by the equation N = ab’, where a and b are constants to be found.

The graph passes through the points (0, 1.6) and (10, 2.55).

a Write down the equation of the line. (2 marks)
b Using your answer to part a or otherwise, find the values of a and b, giving

them to 2 significant figures. (4 marks)
¢ Interpret the meaning of the constant a in this model. (1 mark)

d Use your model to predict the number of sick people after 30 days.
Give one reason why this might be an overestimate. (2 marks)

A student is investigating a family of similar shapes. She measures the width, w, and the
area, A, of each shape. She suspects there is a formula of the form 4 = pw9, so she plots the

logarithms of her results.
log 4 4

0 / logw
—0.1049
”

The graph has a gradient of 2 and passes through —0.1049 on the vertical axis.

a Write down an equation for the line.

b Starting with your answer to part a, or otherwise, find the exact value of ¢ and the value of p
to 4 decimal places.

¢ Suggest the name of the family of shapes that the

.. . L Multiply p by 4 and think about
student is investigating, and justify your answer. m e

another name for ‘half the width'’.

Challenge m Sketch the graphs of logy

Find a formula to describe the relationship between the data in against log x and log y against x.
this table. This will help you determine whether
the relationship is of the form y =
1 2 3 4 ax™or y = ab*.
5.22 4.698 4.2282 3.80538
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Mixed exercise @

1

334

Sketch each of the following graphs, labelling all intersections and m Recall that

asymptotes. x N x
e 2 =@ )=}
ay=2" b y=5"-1 ¢ y=Inx

a Express log, (p%q) in terms of log, p and log,, q.
b Given that log, (pg) = 5 and log, (p?q) = 9, find the values of log,p and log, g.

Given that p = log, 16, express in terms of p,
a log,2
b log,(8¢)

Solve these equations, giving your answers to 3 significant figures.
a 4°=23 b 7**!=1000 c 10°=6""2

a Using the substitution u = 2%, show that the equation 4° — 2**! — 15 = 0 can be written in the

form u? - 2u - 15=0. (2 marks)
b Hence solve the equation 4% — 2**! — 15 = 0, giving your answer to

2 decimal places. (3 marks)
Solve the equation log, (x + 10) — log, (x — 5) = 4. (4 marks)

Differentiate each of the following expressions with respect to x.

ae™ b e!l¥ c 6>

Solve the following equations, giving exact solutions.
aln2x-5)=38 b e=5 c 24-e>=10
d Inx+In(x-3)=0 e e'+e =2 f n2+Inx=4

The price of a computer system can be modelled by the formula
P =100+ 850e~>

where P is the price of the system in £s and 7 is the age of the computer in years after being
purchased.

a Calculate the new price of the system.
b Calculate its price after 3 years.

¢ When will it be worth less than £200?
d Find its price as t — oc.

e Sketch the graph showing P against .

f Comment on the appropriateness of this model.
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The points P and Q lie on the curve with equation y = e>*.
The x-coordinates of P and Q are In4 and In 16 respectively.

a Find an equation for the line PQ.
b Show that this line passes through the origin O.
¢ Calculate the length, to 3 significant figures, of the line segment PQ.

The temperature, 7°C, of a cup of tea is given by 7= 55¢~5 + 20 t=0

where 7 is the time in minutes since measurements began.

a Briefly explain why 7 = 0. (1 mark)
b State the starting temperature of the cup of tea. (1 mark)
¢ Find the time at which the temperature of the tea is 50 °C, giving your answer

to the nearest minute. (3 marks)
d By sketching a graph or otherwise, explain why the temperature of the tea will

never fall below 20 °C. (2 marks)

The table below gives the surface area, S, and the volume, V of five different spheres, rounded
to 1 decimal place.

S

18.1

50.3

113.1

221.7

314.2

V

7.2

33.5

113.1

310.3

523.6

Given that S = aV’?, where a and b are constants,

a show that log S =loga + blog V.

(2 marks)

b copy and complete the table of values of log S and log V, giving your answers to

2 decimal places. (1 mark)

log S
log V 0.86

¢ plot a graph of log V" against log S and draw in a line of best fit. (2 marks)

d use your graph to confirm that » = 1.5 and estimate the value of a to

one significant figure. (4 marks)

The radioactive decay of a substance is modelled by the formula R = 140ek t=0
where R is a measure of radioactivity (in counts per minute) at time ¢ days, and & is a constant.

a Explain briefly why &£ must be negative. (1 mark)
b Sketch the graph of R against 7. (2 marks)
After 30 days the radiation is measured at 70 counts per minute.

¢ Show that k = cIn 2, stating the value of the constant c. (3 marks)

The total number of views (in millions) V" of a viral video in x days is modelled by

V=eld 1
a Find the total number of views after 5 days.
. dV
b Find O

335



Chapter 14

¢ Find the rate of increase of the number of views after 100 days, stating the units of your answer.

d Use your answer to part ¢ to comment on the validity of the model after 100 days.

The moment magnitude scale is used by seismologists to express the sizes of earthquakes.
The scale is calculated using the formula

2
M = gloglo(S) -10.7
where S is the seismic moment in dyne cm.
a Find the magnitude of an earthquake with a seismic moment of 2.24 x 10?2 dyne cm.
b Find the seismic moment of an earthquake with
i magnitude 6 ii magnitude 7
¢ Using your answers to part b or otherwise, show that an earthquake of magnitude 7 is
approximately 32 times as powerful as an earthquake of magnitude 6.
A student is asked to solve the equation
log, x — %logz(x +1)=1

The student’s attempt is shown

log, x — logp/x + 1 =1

x=Vx+1=2
x-2=Vx+1
(x=2P=x+1

x>=5x+3=0
x=5+\/73 x=5—\/7§

2 2
a Identify the error made by the student. (1 mark)
b Solve the equation correctly. (3 marks)

Challenge

a Given that y = 9%, show that log; y = 2x.
b Hence deduce that log; y = log, 2.
¢ Use your answer to part b to solve the equation log;(2 — 3x) = logy(6x% — 19x + 2)

Summary of key points

336

1 For all real values of x:

o If f(x) = e¥then f'(x) = e*

d
. Ify:exthen—yzex
dx

2 For all real values of x and for any constant &:

« If f(x) = e** then ' (x) = kek~

d
« If y=ef~then B ek
dx
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log,n = x is equivalent to a*=n (a+1)

The laws of logarithms:

* log,x + log, y = log, xy (the multiplication law)
+ log,x - log,y = log, (%) (the division law)
« log, (x) =k log, x (the power law)

You should also learn to recognise the following special cases:

+ log, (%) = log, (x~") = -log, x (the power law when k = -1)
+ log,a=1 (@a>0,a=z1)
* log,1=0 (@>0,a#1)

Whenever f(x) = g(x), log, f(x) = log, g(x)

The graph of y = In x is a reflection of the graph y = e~
in the line y = x.

ehx=|n(e¥) =x

If y = ax” then the graph of log y against log x willbea 987

straight line with gradient n and vertical intercept log a. /

a
—

log x

If y = ab* then the graph of log y against x will be a log y
straight line with gradient log b and vertical

intercept log a.
log a
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The vector 9i + gj is parallel to the vector
2i — j. Find the value of the constant g.
(2 marks)
<« Section 11.2

Given that |5i — kj| = |2ki + 2], find the exact
value of the positive constant k. (4 marks)
¢« Section 11.3
Given the four points X(9, 6), Y(13, -2),
Z(0, -15), and C(1, -3),
—> —> —>
a Show that |CX| = |CY| = |CZ|. (3 marks)

b Using your answer to part a or
otherwise, find the equation of the circle
which passes through the points X, Y
and Z. (3 marks)

<« Sections 6.2, 11.4

In the triangle ABC, E =9i + 2jand

—

AC =Ti - 6j.
—

a Find BC.

b Prove that the triangle ABC is
isosceles.

(2 marks)

(3 marks)

1
¢ Show that cos zABC = —
V5

< Sections 9.1, 11.5

(4 marks)

The vectors a, b and ¢ are given as
(8 _(-15 _ —13)
a—<23>,b—( ¥ )andc—( ) , where x
is an integer. Given that a + b is parallel to
b — ¢, find the value of x. (4 marks)
<« Section 11.2

Two forces, F, and F,, act on a particle.

F, = 2i — 5j newtons

F, =i+ jnewtons

The resultant force R acting on the particle
is given by R =F, + F,.
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Review exercise

a Calculate the magnitude of R in

(3 marks)

A third force, F; begins to act on the
particle, where F; = kj newtons and & is a
positive constant. The new resultant force
isgiven by R, = F, + F, + F,.
b Given that the angle between the line
of action of R, and the vector i is 45
degrees, find the value of k. (3 marks)
<« Section 11.6

newtons.

new

A helicopter takes off from its starting
position O and travels 100 km on a bearing
of 060°. It then travels 30 km due east before
landing at point 4. Given that the position
vector of A relative to O is (mi + nj) km, find
the exact values of m and n. (4 marks)
<« Sections 10.2, 11.6

At the very end of a race, Boat 4 hasa
position vector of (—65i + 180j) m and
Boat B has a position vector of (100i +
120j) m. The finish line has a position
vector of 10i km.

a Show that Boat B is closer to the finish
line than Boat A. (2 marks)

Boat A4 is travelling at a constant velocity
of (2.51 — 6j) m/s and Boat B is travelling at
a constant velocity of (=3i — 4j) m/s.

b Calculate the speed of each boat.
Hence, or otherwise, determine the
result of the race. (4 marks)
<« Section 11.6

Prove, from first principles, that the
derivative of 5x?is 10x. (4 marks)
<« Section 12.2
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EP) 1

E/P) 13

EP) 14

Given that y = 4x3 — 1 + 2x2, x > 0,

dy
find - (2 marks)
* <« Section 12.5

The curve C has equation
y=4x+3x7-2x2% x> 0.

d
a Find an expression for d—i (2 marks)

b Show that the point P(4, 8) lies
on C. (1 mark)
¢ Show that an equation of the normal to
Catpoint Pis 3y = x +20. (2 marks)
The normal to C at P cuts the x-axis at
point Q.
d Find the length PQ, giving your answer

in simplified surd form. (2 marks)
« Section 12.6

The curve C has equation
S—-Xx

y=4x*+ , X # 0. The point P on C

has x-coordinate 1.

d
a Show that the value of & at P1is 3.

dx (3 marks)
b Find an equation of the tangent to C
at P. (3 marks)

This tangent meets the x-axis at the point
(k, 0).

¢ Find the value of k. (1 mark)
<« Section 12.6

2x+ D)(x+4)
Vx

a Show that f(x) can be written in the
form Px> + Qx* + Rx~, stating the
values of the constants P, Q and R.

(2 marks)

b Find f'(x). (3 marks)

¢ A curve has equation y = f(x). Show
that the tangent to the curve at the
point where x = 1 is parallel to the line

with equation 2y = 11x + 3. (3 marks)
<« Section 12.6

f(x) = , x>0.

Prove that the function f(x) = x* — 12x? + 48x
is increasing for all x € R. (3 marks)

< Section 12.7

@ 15

(e 17

(E) 18

19

Review exercise 3

The diagram shows part of the curve with

. 2
equation y = x + 3- — 3. The curve crosses

the x-axis at 4 and B and the point Cis
the minimum point of the curve.

VA
[9) A\é/l} ;
a Find the coordinates of 4 and B.
(2 marks)

b Find the exact coordinates of C, giving
your answers in surd form. (4 marks)
<« Section 12.9

A company makes solid cylinders of
variable radius » cm and constant volume
12871 cm’.

a Show that the surface area of the

256w
7

+ 2712,
(2 marks)
b Find the minium value for the surface
area of the cylinder. (4 marks)
« Section 12.11

Given that y = 3x? + 4/x, x > 0, find
dy

cylinder is given by S =

a o (2 marks)

b & 2 mark
FpE (2 marks)

¢ [ydx (3 marks)

< Sections 12.8, 13.2

The curve C with equation y = f(x) passes
through the point (5, 65).
Given that f'(x) = 6x* — 10x — 12,
a use integration to find f(x) (3 marks)
b hence show that f(x) = x(2x + 3)(x — 4)
(2 marks)
¢ sketch C, showing the coordinates of
the points where C crosses the
X-axis. (3 marks)
<« Sections 4.1, 13.3

8
Use calculus to evaluate f (x5 — x5 dx.
! < Section 13.4
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Review exercise 3

6
20 Given that | (x* = kx) dx = 0, find the

(3 marks)
<« Section 13.4

value of the constant k.

@ n

The diagram shows a section of the curve
with equation y = —x* + 3x? + 4. The curve
intersects the x-axis at points 4 and B. The
finite region R, which is shown shaded, is
bounded by the curve and the x-axis.

VA

a Show that the equation
—x*+ 3x? + 4 = 0 only has two solutions,
and hence or otherwise find the
coordinates of 4 and B. (3 marks)
b Find the area of the region R.
(4 marks)
<« Sections 4.2, 13.5

() 22

The diagram shows the shaded region T
which is bounded by the curve

y=(x - 1)(x — 4) and the x-axis. Find the
area of the shaded region 7. (4 marks)

(E/P) 25

y y=(x-1)(x-4)

3

N4 X

0| < Section 13.6

The diagram shows the curve with
equation y = 5 — x? and the line with
equation y = 3 — x. The curve and the line
intersect at the points P and Q.

VA

E/P) 23

—
/
=Y

340

a Find the coordinates of P and Q.
(3 marks)

b Find the area of the finite region

between PQ and the curve. (6 marks)

< Section 13.7

The graph of the function f(x) = 3e™ -1,
x € R, has an asymptote y = k, and
crosses the x and y axes at 4 and B
respectively, as shown in the diagram.

VA

a Write down the value of k and the
y-coordinate of A. (2 marks)

b Find the exact value of the
x-coordinate of B, giving your answer
as simply as possible. (2 marks)

« Sections 14.2, 14.7

A heated metal ball S is dropped into a
liquid. As S cools, its temperature, 7°C,
¢t minutes after it enters the liquid, is
given by

T =400e0% +25, t=0.

a Find the temperature of S as it enters
the liquid. (1 mark)

b Find how long S is in the liquid before
its temperature drops to 300 °C.
Give your answer to 3 significant
figures. (3 marks)

. dT . :

¢ Find the rate, P °C per minute
to 3 significant figures, at which the
temperature of S is decreasing at the
instant ¢ = 50. (3 marks)

d With reference to the equation given
above, explain why the temperature of
S can never drop to 20°C. (2 marks)

< Sections 14.3, 14.7
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a Find, to 3 significant figures, the value
of x for which 5 =0.75. (2 marks)

b Solve the equation 2log,x — log,3x = 1
(3 marks)

< Sections 14.5, 14.6
a Solve 3>~ ! =10, giving your answer to
3 significant figures. (3 marks)

b Solve log,x + log,(9 — 2x) =2
(3 marks)

< Sections 14.5, 14.6

a Express log,12 - (%logp9 + %logp8) asa

single logarithm to base p. (3 marks)
b Find the value of x in log,x = —1.5.
(2 marks)

« Sections 14.4, 14.5

Find the exact solutions to the equations
(2 marks)

(4 marks)
< Section 14.7

alnx+In3=In6
b es+3e*=4

The table below shows the population of
Angola between 1970 and 2010.

Year Population, P (millions)
1970 5.93

1980 7.64

1990 10.33

2000 13.92

2010 19.55

This data can be modelled using an
exponential function of the form P = ab’,
where ¢ is the time in years since 1970 and
a and b are constants.

a Copy and complete the table below,
giving your answers to 2 decimal

places. (1 mark)
Time in years since 1970, ¢ log P
0 0.77
10
20
30
40

Review exercise 3

b Plot a graph of log P against ¢ using
the values from your table and draw in

a line of best fit. (2 marks)
¢ By rearranging P = ab’, explain how
the graph you have just drawn supports
the assumed model. (3 marks)
d Use your graph to estimate the values
of a and b to two significant figures.
(4 marks)

< Section 14.8

Challenge

1 The position vector of a moving object is given

by (cos 0)i + (sin 6)j, where 0 < 6 < 90°.
a Find the value of # when the object has a
bearing of 090° from the origin.

b Calculate the magnitude of the position
vector. <« Sections 10.2, 10.3, 11.3, 11.4

The graph of the cubic function y = f(x) has

turning points at (-3, 76) and (2, —49).

a Show that f'(x) = k(x> + x — 6), where k is a
constant.

b Express f(x) in the form ax® + bx* + c¢x + d,
where a, b, ¢ and d are real constants to be
found. <« Sections 12.9, 13.3

Given that fogf(x) dx = 24.2, state the value of

f: (f(x) + 3) dx. < Sections 4.5, 13.5

The functions f and g are defined as

f(x) = x> — kx + 1, where k is a constant, and

g(x) = e?*, x € R. The graphs of y = f(x) and

y = g(x) intersect at the point P, where x = 0.

a Confirm that f(0) = g(0) and hence state the
coordinates of P.

b Given that the tangents to the graphs at P are
perpendicular, find the value of k.
<« Sections 5.3, 14.3
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Pearson Edexcel Level 3 GCE

Mathematics

Advanced Subsidiary
Paper 1: Pure Mathematics

Practice paper You must have:

Mathematical Formulae and Statistical Tables

Time: 2 hours

Calculator
1 a Given that 4 = 64", find the value of n. 1)
b Write /50 in the form k/2 where & is an integer to be determined. 1)
2 Find the equation of the line parallel to 2x — 3y + 4 = 0 that passes through the point (5, 6).

Give your answer in the form y = ax + b where a and b are rational numbers. A3

The student’s working is shown below

2
A student is asked to evaluate the integral f] (x4 _3 +2

2 " 3 2 " ,
f(x —E+2)dx=f1 (x* = 3x7 + 2dx)

2

5 -
=[%—2x3+2x

1

5 5

=-4.54 (3 s.f)

=(i_2+2)—(2—2¢5+4)

a Identify two errors made by the student.

b Evaluate the definite integral, giving your answer correct to 3 significant figures.

4 Find all the solutions in the interval 0 < x < 180° of

2sin?(2x) — cos(2x) =1 =0
giving each solution in degrees.
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Practice paper

5 A rectangular box has sides measuring x cm, x + 3cm and 2x cm.

xem 2xcm
X+ 3cm
Figure 1
a Write down an expression for the volume of the box. €))
Given that the volume of the box is 980 cm?,
b Show that x* + 3x> — 490 = 0. ?2)
¢ Show that x = 7 is a solution to this equation. 1
d Prove that the equation has no other real solutions. “)

f(x)=x3—5x2—2+$
The point P with x-coordinate —1 lies on the curve y = f(x). Find the equation of the normal to the

curve at P, giving your answer in the form ax + by + ¢ = 0 where a, b and c are positive integers. (7)

The population, P, of a colony of endangered Caledonian owlet-nightjars can be modelled
by the equation P = ab’ where a and b are constants and 7 is the time, in months, since the
population was first recorded.

log,,P A

- — (20,2.2)
0,2)

Figure 2

The line / shown in figure 2 shows the relationship between ¢ and log,,P for the population over
a period of 20 years.

a Write down an equation of line /. A3)
b Work out the value of @ and interpret this value in the context of the model. A3)
¢ Work out the value of b, giving your answer correct to 3 decimal places. 2)
d Find the population predicted by the model when ¢ = 30. 1
Prove that 1 + cos*x — sin*x = 2cos’x. @

Relative to a fixed origin, point A has position vector 6i — 3j and point B has position
vector 4i + 2j.

—
Find the magnitude of the vector 4B and the angle it makes with the unit vector i. Q)
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Practice paper

A triangular lawn ABC is shown in figure 3:

B
Diagram not
to scale
C
A
Figure 3

Given that AB=7.5m, BC=10.6m and AC=12.7m,
a Find angle BAC. 3
Grass seed costs £1.25 per square metre.
b Find the cost of seeding the whole lawn. 5)

g(x) = (x = 2(x + D(x = 7)
a Sketch the curve y = g(x), showing the coordinates of any points where the curve meets or

cuts the coordinate axes. €))
b Write down the roots of the equation g(x + 3) = 0. 1
Given that 9> = 27, find the possible values of x. (6)

f(x) = (1 - 3x)°
a Expand f(x), in ascending powers of x, up to the term in x>. Give each term in its

simplest form. A3
b Hence find an approximate value for 0.97°. 2)

¢ State, with a reason, whether your approximation is greater or smaller than the true value. (2)

Jx —x2-1

f'(x) = o , x>0

. 242/x -1 .
a Show that f(x) can be written as f(x) = —% + ¢ where ¢ is a constant. 5)
Given that f(x) passes through the point (3, —1),

b find the value of ¢. Give your answer in the form p + ¢/r where p, ¢ and r are rational
numbers to be found. “4)

A circle, C, has equation x*> + y> —4x + 6y = 12

a Show that the point 4(5, 1) lies on C and find the centre and radius of the circle. 5)
b Find the equation of the tangent to C at point A. Give your answer in the form
y = ax + b where a and b are rational numbers. ()

¢ The curve y = x> — 2 intersects this tangent at points P and Q. Given that O is the origin,
find, as a fraction in simplest form, the exact area of the triangle POQ. @)



CHAPTER 1
Prior knowledge check
1 a 2m’n+3mn? b
2 a 28 b 2¢
3 a 3x+12 b 10-15x
4 a 8 b 2x
5 a 2« b 10x
Exercise 1A
1 a « b o6x° c
e x f yv g
i 2a® i 2p k
m 27x% n 24x" o
q 4a° r 6a'?
2 a 9x-18 b
¢ 12y + 9y? d
e —3x*-5x f
g 4x%+ 5x h
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k 4x-1 1
m 9d? - 2¢ n
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u —2x% + 26x v
3 a 3x%+54° b 3x*-a°
) 7x°
d 4x*+ 5 e s +x
Exercise 1B
1 a x*+11x+28
b x»»-x-6
c x>-4x+4
d 2x%+ 3x - 2xy - 3y
e 4x%+ 1lxy - 3y?
f o6x?-10xy - 4y?
g 2x*-11x+12
h 9x? + 12xy + 4y?
i 4x*+6x + 16xy + 24y
j 2x%+ 3xy + 5x + 15y - 25
k 3x?-4xy-8x+4y+5
1 2%+ 5x — 7Txy — 4y* - 20y
m x?+ 2x + 2xy + 6y — 3
n 2x*+ 15x + 2xy + 12y + 18
o 13y-4x+12-4y*+xy
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r 22y -4y?-5x+2xy - 10
2 a b5x*-15x-20
b 14x*+7x-70
¢ 3x*-18x+ 27
d x®-ay?
e 6x%+ 8x% + 3x%y + 4xy
f x%y - 4xy -5y
g 12x% + bxy - 8xy? — 4y?
h 19xy - 35y - 2x%y
i 10x° — 4x% + 5x%y - 2xy
j x®+ 3x%y — 242 + 6xy - 8x

k d 2p?
5x? h p?
6a’ 1
63a'? p 32y°

x? + 9x

XY + Sx

-20x? - 5x

-15y + 6y°

3x% — 5a?

2x — 4

13 -r?

14y? - 35y° + 21y*
4x + 10

7x?-3x+7
-9x° + 23x?
x3
c 5 x
5x?
f 3x*--
T3

3a*b?

3
4
5

¥z <egcw=Romopgg—TRw

2x

2x%y + 9xy + xy* + S5y — by
6x%y + 4xy? + 2y? - 3xy - 3y
2x° + 2x%y — Tx% + 3xy — 152
24x% — 6x%y — 26x% + 22y + 6%
6x% + 15x% — 3x%y — 18xy? — 30xy
2%+ 6x%+ 11x + 6

x4+ a% - 14x - 24

2% - 3x%-13x+ 15

x% —12x% + 47x - 60

2x% —x% - bx -2

6x% + 1922 + 11x - 6

18x° — 15x% - 4x + 4

x% - xy? - x? + y?

8x® — 36x%y + S54xy® - 27y?

Poay+29x - Ty + 24

4x° + 12x4% + 5x — 6 cm®
a=12,b=32,¢=3,d=-5
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e x(x-4)(x+3) f x(x+5)x+6)
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1 a y® b 627 ¢ 32x d 126°
2 a x*-2x-15 b 6x*-19x -7

¢ 6x?-2xy+19x -5y + 10
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3 a x°+3x%-4x b x%+6x%-13x-42
c 6x°-5x>-17x+6
4 a 15y+12 b 15x% — 252° + 10x*
¢ 16x*+13x d 9x° - 3x% + 4x
5 a x3x+4) b 2yQCy +5)
c x(x+y+y?) d 2xy(4y + 5x)
6 a xx+Dkx+2) b 3x(x+2)
c (x-7)x+5) d 2x-3)x+1)
e (bx+2)x-3) f (1-206+x)
7 a 2x(x*+3) b x(x+6)x-06)
¢ x(2x - 3)(x + 5)
8 a 3x° b 2 c 6a? d lxs
4 3375
9 a g b 50
10 a g b 4/5
11 a 21877
b (Gx+6)(7x - 8)
When x = 25, 54 + 6 = 131 and 7x — 8 = 167; both
131 and 167 are prime numbers.
12 a 3V2+/10 b 10+2/3-5/5-V/15
c 24-6/7-4/2+/14
13 a g b V2+1 c -3/3-6
d 30—_\/7851 e 7-4/3 ¢ 23g18ﬁ
14 a b=-4andc=-5 b x+3)x-5)x+1)
15 a %x b 256x
5 1
16 = =V3+/2
V75 -V50 V3 -V/2
17 -36 + 1011
18 x(1 + 8x)(1 — 8x)
19 y=6x+3
20 43
21 3-V/3 ecm
22 AoATHX g gy
Xz
11
24 4xi+xta=3b=2
Challenge
a a->0
(ﬁ‘@”ﬁ‘@;"'”m‘@):m-rﬂ
CHAPTER 2
Prior knowledge check
1 a x=-5 b x=3
¢c x=5orx=-5 d 160r0
2 a (x+3)x+5) b (x+5)x-2)
¢ (Bx+1x-5) d (x-20)(x + 20)
3 a YA b Yy
10
ol /2 x
- 0 5\ x

@ Full worked solutions are available in SolutionBank. **
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5 x=—10rx=—§
Exercise 2B Exercise 2E
1 a 8 b 7 c 3 d 105 e O
1 1
c x=-3+/3 d x=14(5+/33) 2 aq=4ora=-2
e x=1(5£/30) f x=11x2) 3 at b 2and-9 ¢ -10and 4
g x=2orx=-1 h x=(-1+/78) d 12and-12 e 0,-5and-7 f 0,3 and-8
2 a x=-0580rx=-341 b x=7.87 orx=0.127 ‘; ifg?fﬁﬁm
¢ x=07650rx=-11.8 d x=891lorx=-1.91 6 a_(x’—l_)2+.-1
e x=0.1050rx=-190 f x=384o0orx=-2.34 p=-1,q=1
3 g §i4'672r0;f=20.558 lﬁ ii;‘gg g:ii_ig? b Squared terms are always =0, so the minimum
T - T T valueis0 +1=1
¢ x=911lorx=-0110 d x=-j5orx=-2 7 a -2and-1 b 2. -2.2/2 and —2/2
e x=1lorx=-9 fx=1 1 and L d Land1
g x=468o0orx=-1.18 h x=3o0rx=5 ¢ —landy z an
4 Area=4(2x) (v + (x+10)) = 50 m? e 4and25 f 8and-27
8 a (3*-27)3*-1) b Oand3

Sox?+5x-25=0
Using the quadratic formula:

x =45+ 5/5) Exercise 2F

Height = 2 = 5 (/5 - )m 1 a —6x+8
Challenge
x=13 ©. 8)
Exercise 2C \(2 0
1 a (x+2)2- b (x-3)- 0 >
¢ (x-87- d (x+dp-1 o
e (x-70-
2 a 2x+4)7- b 3 -4)2?- Turning point: (3, -1)
¢ 5(x+2)2— d 2x- %)2 _ 2?5 Line of symmetry: x = 3
e -2x-2)2+8
3 a 2x+2)7- b 5(x-37-3
¢ 3x+dr-3 d -4(x+2?2+26
e 8x-12+i
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Answers

348

"

/3, 0)

(=5,0) 0 x

(0,-15)

y=x?+2x-15

Turning point: (-1, -16)
Line of symmetry: x = -1

Y
y=25-2x2 (0, 25)

[-5.000] 5,0\ *

Turning point: (0, 25)
Line of symmetry: x = 0

dy_y2i3x4+2 Y

(0,2)
-1, 0)/

2, 0N/ 0| «x

Turning point: (— § - %)

Line of symmetry: x = —5

[o] @.o\

Turning point: (3, 16)
Line of symmetry: x = 3

0, 10)

y=2x%+4x+10

Turning point: (-1, 8)
Line of symmetry: x = -1

Y

(0,-15)
y=2x>+7x-15
7

Turning point: <_Z _1%)

Line of symmetry: x = —%

2

3

0, 10)

2,0

(EN0)

Turning point: (13 -

Line of symmetry: x = 55

y=4-Tx-2x°

y=6x>-

x

19x + 10

12241 )

19
12

0,4

@, 0

ooy

Turning point: (

Line of symmetry: x = —+

_7 81

5)

7
4

y=0.5x%+0.2x+0.02Y

(<0.02, 0) 0

Turning point: (-0.2, 0)

Line of symmetry: x = -0.2

a=1,b=-8,c=15
a=-1,b=3,¢c=10

1b_
3,b:—30,c‘:72

Exercise 2G

1

a i 52
iv 0
b i h(x)
iv j(x)

k<9
t=3
s=4

4
k>3

a p=6
a k*+16

a
b

c a—2,b O c=-18
d ,C=—
a=

ii

=

b

-1

-23
-44
f(x)
g(x)

x=-9

(0, 0.02)

ii 37

iii k(x)

b k? is always positive so k2 + 16 > 0

Challenge
a Need b?>4ac. Ifa,c>0ora, c<0, choose b such that
b>V4ac.1If a > 0 and ¢ < O (or vice versa), then

4ac < 0, so 4ac < b? for all b.

Not if one of a or ¢ are negative as this would require b
to be the square root of a negative number. Possible if

both negative or both positive.

@ Full worked solutions are available in SolutionBank. #



Exercise 2H

1 a The height of the bridge above ground level
b x=1103 and x =-1103
¢ 2206m
2 a 21.8mphand 75.7mph
b A=39.77,B=0.01,C=48.75
¢ 48.75mph
d -11mpg; a negative answer is impossible so this
model is not valid for very high speeds
3 a 6tonnes
b 39.6 kilograms per hectare.
4 a M=40000
b r=400000 - 1000(p — 20)?
A =400000, B =1000,C=20
c £20
Challenge
a a=0.01,6=03,c=-4
b 36.2mph

Mixed exercise
1 a y=-lor-2

[S20
H+ ol
wine

N
=

)

Il

|

(S

e T

- _1
c x= 50r3 5

2 a y
0,4)
(-1,0)

4,00 N_" 0| x

b
l(l 0)
2:0) *

(0,-3)

(0, 6)

(-3, 0) (3. 0)

(0, O]

710\ ¥

k=1 b x=3andx=-2
k=0.0902 or k =-11.1
t=2.28ort=0.219
x=-2.300rx=1.30

x =0.839 or x = -0.239
(x+6)-45;p=1,9g=6,r=-45
5(x-4)2-67;p=5,q9g=-4,1r=-67
2@ -2P+8p=-2,g=-2,r=8
2x-3) -%p=2.9=-fr=-}

e o e 0 Te

e’ S l=))

-

d
12 a
b
[

13 1,

14 a

Answers

=2,r=-7
-16)(2°-4)

b —2¢\/§

b 4and?2

10m b 1.28s

h(t) = 10.625 - 10(¢t — 0.25)?
A=10.625,B=10,C=0.25

10.625m at 0.25s

16k% + 4

k?= 0 for all k, so 16k? + 4 >0

When & = 0, f(x) = 2x + 1; this is a linear function
with only one root

-1,2 and -2

H=10

r=1322.5-10(p - 11.5)?
A=13225,B=10,C=11.5

Old revenue is 80 x £15 = £1200; new revenue is
£1322.50; difference is £122.50. The best selling
price of a cushion is £11.50.

Challenge

a
a

Using quadratic formula: a =

Soa:bis

Dividing by b:

+b_a
a b
-ba-0b>=

(=l
+
w1
=
™

b+ /56,
T

1+\/—5_.1
5

b Letx=y1+y1+y1l+vV1+...

Sox=Vl+x=x22-x-1=0

Using quadratic formula: x = 1 +2‘/§
CHAPTER 3
Prior knowledge check
1 a AnB={1,2,4} b (AuB) ={7,9,11, 13}
2 a 5/3 c V5 +2y2
3 a graphii b graph iii ¢ graphi
Exercise 3A
1 a x=4,y=2 b x=1,y=3
c x=2,y=-2 d x=4Ly=-3
e x=-%y=2 f x=3,y=3
2 a x=5,y=2 b x=5Ly=-6
c x=1,y=-4 d x=13,y=1
3 ax=-1y=1 b x=4y=-4
¢c x=05,y=-2.5
4 a 3x+ky=8(1)x-2ky=5(2)

b

5 p=

(1) x 2: 6x + 2ky =16 (3)
2)+(3)7x=21sox=3
-2

3,g=1

Exercise 3B

1 a
b
c

x=5,y=6orx=6,y=5

4 3
x=0,y=lorx=5y=-%
x=-1l,y=-3orx=1,y=3

349



Answers

d a=1,b=50ra=3,b=-1
e u=1y,v=4oru=20v=3

f x=-1},y=5Jorx=3,y=-1
2 a x=3,y=jyorx=063y=-22
b x=4] y=4forx=6y=3
¢c x=-19,y=-150rx=6,y=5
3 a x=3+/13,y=-3+V13 orx=3-/13,
y=-3-V13
b x=2-3/5,y=3+2/50rx=2+3/5,y=3-2/5
4 x=-5y=8orx=2,y=1
5 a 3x*+x2-40)+11=0
3x2+2x —4x2+11=0
x2-2x-11=0
b x=1+2/3,y=-2-8/3
xr=1-2/3,y=-2+8/3
6 a k=3,p=-2
b x=-6y=-230rx=1,y=-2

Challenge
y=x+k
r»+@x+k)2=4
2>+ 2°+2kx +k*-4=0
22+ 2kx +k*-4=0
4k? -4 x2(k*-4)=0
4k? - 8k*+32=0

for one solution b? — 4ac =0
4k? = 32 k*=8 k=+2/2

Exercise 3C

1 a i Yy
0 x

i 2,1

bi gy
OX x

i (3,-1)

c i y
x

ii (-0.5,0.5)
VAR

b (3.5,9) and (-1.5, 4)

350

ol I ) |

b (-1, 8) and (3, 0)
a

0 x
b (6,16) and (1, 1)
(11, -15) and (3, -1)
(-1%, -4 and (2, 5)

a 2 points b 1 point ¢ 0 points
a y=2x-1

2%+ 4k@2x - 1)+ 5k=0

x%+ 8kx —4k + 5k =0 x>+ 8kx+k=0

_ 1 __1 -_3
b k=1 C XY=-3.Y=-35

If swimmer reaches the bottom of the pool
0.522-3x=03x-6

0522 -33x+6=0

b?> - 4ac=(-33-4x05x6=-1.11

negative so no points of intersection and diver does not
reach the bottom of the pool

Exercise 3D

1 a x<4 b x=7 c x>2% d x=<-3
e x<11 f x<2% g x>-12 h x<1
i x<8 j x>l%

2 a x=3 b x<1 c x<-3; d x<18
e x>3 f x=42 g x<4 h x>-7
ixs<-1 j ox=2 k x=-0 1 x=2

3 a (mx>2} b {x:2<x<4)
¢ {(x:2f<x<3) d No values
e x=4 f {rax<12)Uufx:x>2.2)
g frr<-Hufra=3

Challenge

p=-1,g=4,r=6

Exercise 3E

1

a 3<x<8 b -4<x<3

c x<-2,x>5 d x<s-4x=-3
e —1<x<7 f rx<-2x>2]
g 1=<x<1j h r<ilx>2

i -3<x<3 j o x<-2Lx>2
k x<0,x>5 1 -ll<x<0
a -b<x<?2 b x<-1,x>1
c %<x<1 d —3<x<%

a {x:2<x<4) b {x:x>3)}

¢ (x:—f<x<0) d No values

@ Full worked solutions are available in SolutionBank. **



e {x:-5<x<-3}U{x:x>4}
f {(r:-1<x<lu{x:2<x<3}
4 a x<Oorx>2 b x<0Oorx>0.8
c x<-lorx>0 d x<Oorx>0.5
e x<—torx>1 f x<-%orx=3
5 a -2<k<6 b p<s-8orp=0
6 {r:x<-2U{x:x>7)}
7 a {(mx<? b {x:—f<x<3)
c {x:—%<x<%}
8 x<3orx>55
9 No real roots b?> — 4ac <0 (-2k)’-4xkx3<0
4k? - 12k =0when k=0 and k =3
solution 0 <k < 3
note when k = 0 equation gives 3 =0
Exercise3F
a P(3.2,-1.8) b x<3.2
a i I ; :
i (4,5) iii x<4
b i y
0 ;( x
ii (-3, 23) iii x=-3
c i y
0 2
i (-2,9),(0,5) jii 2<x<0
d i y :
ii (-5,-22), (3, -6) iii x<-5o0rx=3
x
ii (-2,-1),(9,76) jii 2<x=<9

ii (-5,-18),(3,-2)
3 a -1l<x<2
¢c x<050rx>3
e 1<x<3

Challenge

Answers

rx<-5orx=3
0.5<x<3
x<0Oorx>2
x<-1lorx>-0.75

—a o E

a (-1.5,-3.75),(6,0)
b {x:-15<x<6}

Exercise 3G
1

122,20 +y=0,x+y<+4

3
5
6 a (1,6),(3,4),(1,2)
b x=1lys7-x,y=x+1
7 y<2-5x-
8 a

b L1 @206,

c (-04,1)

N
Al

N
————mlome-

~

.H_

=

-1,(-0.4,1)

941
d 55
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Answers

Mixed exercise
1 a 4kx-2y=38

4kx + 3y =-2
-5y =10
y=-2
1
b x:%
2 x=-4y=3;
3 a Substitute x =1 + 2y into 3xy — y* =8
b (3, 1) and (-1, -§)
4 a Substitutey=2-xintox*+xy-y*=0
b x=3+/6,y=-1+/6
5 a F=03P'1=3%2=x=2y-2
b r=4y=3andr=-2%y=-1
6 x=-11y=2landx=4,y=-1
7 a k=-2 b (-1,2)
8 Yes, the ball will hit the ceiling
9 a f{x:x>103) b (xix<-2)Ufx:x>7)
10 3<x<4
11 a x=-5,x=4 b {xix<-5)u{x:a>4}
12 a x<2; b J<x<5
c O<x<4 d %<x<2%
13 1sx<38
14 k<3l

15 0% < 4ac so 16k* < —40k
8k(2k +5) <0s0-2<k<0
16 a Y

b (-7,20),(3,0) c ¥x<-7,x>3
17 2(-1-V185) <x <1 (-1 +/185)
18 . gr T
‘\ 4’\\ 1’
\ 7
~10-8 % -4 20| 204 6
£
\\\ ,, g III \\
1
% —127 '
1 \\ 4 \
T —'16' \
1 \
=20-
19 a Ny b

oo

by o PO, |
7 3 T
U
G 21 At
’ AN
)2 14 ~

43210 1 2 3 ax

Challenge
1 0<x<1.6 2 -2<k<7

CHAPTER 4
Prior knowledge check
1 a x+5x+1 b x-3)x-1)
2 a y b Y
_2 3 X
-1 (0] 6 X
3 a |x -2 -1.5 -1 -0.5 0
Y -12 -6.875 -4 -2.625 -2
X 0.5 1 1.5 2
y | -1.375 0 2.875 8
b y
101
2 10 2 x
_10_
4 a x=2,y=4 b x=2y=5
Exercise 4A
1 a y

C
A’\J‘
/3—2—10
¢y
24
0
g y h
10\ «

352 @ Full worked solutions are available in SolutionBank. **



g y
AU

i

¥
0

/—3 Oi x
2x

3 a y=xx+2x-1)

b y=xx+4dx+1)

N
o

d y=xx+1D3B -2

X

e

i

Answers

y=x2(x-1)

Y
1 X

g y=3xCx-1D2x+1)

f y=x1-2x)01+x)

h y=xx+Dx-2)

Y4 Y
oL % 10 5 %
2| 2

y=xx-3)x+3) j y=2*(x-9)

AW
fA

y b
ol / 2,0) x 0, 8)
0 X

(2,0
(0,-8)

Y4 d y
07L 0,8
©0.-)F (1,0 % -2,0) / 0.8)
0 x

f y
27
——»
=2,00\\O «x
©.-8) o[ *

353




YA g Y h y4
\ -z? 3%
24

g Y4
_| 9 )
0 T o
10 3 X

c;lg/Q
[\
(o2
[=)}

00—

S
=

0 2
2 a y b y
54
5 a b=4,¢c=1,d=-6 b (0,-6)
6 a=Ltb=-%c=Ld=2
3 3 3 ) T x
7 a x(x*-12x+ 32) b x(x-8)x-4) -4
c
Y -3 0] 2V3«x
c yg d y
Of 4\ [8 * 480 / \ 1152

. 9\ fa0 4\»/8 x
Exeruse 4B |
O 456 =«

b YA
\ / 3 a (0,12
_3 ™o x b b=-2,c=-7,d=8,e=12
T
_ 0
33 50] x g 4t
yA d Y
-280
0.5
o YT
Challenge
S — a=tb=-%c=-%2d=4e=3

354 @ Full worked solutions are available in SolutionBank. #



Exercise 4C
1 a

Exercise 4D

1 ai YA y=x
1 0 ;c
y=x@x?>-1)
ii 3 iii x?=x@x*-1)

Answers

i

L—y =x(x + 2)

i 1 i xx+2) = -%

«— y=(x+1Dx-1)7?

1 X

ii 3 fii 2=+ Dx-1)2

y=x*1-x)

y=2
. o2
ii 2 iii 2%(1 -x) = T
i YA
4 X
y=xx-4)
i 1 fi xx-4) =1
X
i YA
/4/y=x(x—4)
0 4 X
A/yz_%
i 3 fi xx-4=-1
X

355



Answers

g i

ii

ii

ii

ii

356

y=(-2)P

y=x(x-4)

iii x(x-4)=x-2)°

RN

+— i

«—y=-x°

i —a® =22

y=-x(x+2)

y=-a?

iii -2 =-x(x +2)

A
| oo

y=x(x - 1(x + 2)?

1 X

iii xl-Dx+2)2=4

Yy =x%(x + 1)?

i 1 i x® = a%(x + 1)?

b Only 2 intersections

a y
y=3x(x-1)
10[™1 x
y=+1)?
b Only 1 intersection
a Y
o1 x
y=-x(x-1)?
b Graphs do not intersect
a Yy y=x%x-a)

Vd

b 2; the graphs cross in two places so there are two
solutions.

@ Full worked solutions are available in SolutionBank. **



y=3x+7

/ 0 x
3

Expand brackets and rearrange.

o

d (-2,1),(-1,4),49
7 a Y4
Yy =6x
-1
4 X
y=2x°-3x2-4x
b (0, 0); (-2, -12); (5, 30)
8 a Y4
y=14x+2

y=@*-1kx-2)
/7N

/0 12 x

b (0, 2); (-3, -40); (5, 72)

9 a y

y=(x-2)x+2)?

b (0,-8); (1,-9); (-4, -24)

10 a Yy y=x2+l
y=x-1
1
1
/—0.5 x

b Graphs do not intersect.

7
c a< 16

11

y=x*(x-Dx+1)

~1 1
y=1x3+1

b 2

Exercise 4E

1

a i Yy ii ¥

Answers

0| x /O x
(-2,0),(0,4)

(=2,0), (0, 8)

b i\y iiy/

-

x /
(-3, 0),

(0, -3), (0, -3),
(3, 0) (3, 0)

0 X /0 x
—>
X
©.2) 2, 0), (0, 2) ;
(24,0, y=2,2=0
ci vy iiyt/ iiiy:k
0 x oy «x \Q : x
0,1),(1,0) ;
©0,-1),1,00 (©,-1),x=1,y=0
d i i ¥ / iii vy
oV «x ﬁl --------- x
(0,-1),(1,0) (1,0,y=-1,x=0
e i v iy iii y
i X<
0 x




Answers

f iy ii ¥y
0 x
0 x
0,9),(3.,0)
(0,-27),(3,0)
2 a

y=fla+2) ¥ o

_\_/10| x
¢ flx+2) =@+ Dkx+4);(0,4)
flx)+ 2=+ D(x+2)+2;(0,0)
3 a y b y=f

y =flx)

¢ flx+1)=-x(x+1)%(0,0)
4 a yr y=f b

0,-9,x=3,y=0

+2y

+1DY

y="fx)+2

y f(x+

¢ flx+2)=(@x+2)x%(0,0);(-2,0)

2)

y=1fx)+4

c flx+2)=
flx) + 4 =

(x +2)(x - 2);(2,0); (=2, 0
(x-2)%(2,0)

358

e

=f(x + 2)

!
y=flx) -
7 a (6,-1) b 4,2
_ 1
8 v=173
9 ¥

y=x%-52% + 6x

™5 x
=(x-2P3-5&-22+6(x-2)

g

11 a y

=@ +2%(x-Dx+4)

y=x%x-3)x+2)

y=2a%+4x? + 4x

bl

-lorl

12 a
\/\ y=x(x+ 1x + 3)?

b -2,-3o0or-5

Challenge
1 (3.2

2 a(-7,-12) b flx-2)+1

ii Y f(Zx) iii Y
f(x)
f(Zx) i

Exercise I.F

a i f(2x)

@ Full worked solutions are available in SolutionBank. #



<

e

3 a
0
N fx)
iii y
) @
X 0 X Y
(i
—f(x)
10
i YA iii Yy

4f(x)
<
f(x) ’ k

0 x 0 x
L 4f(x) N f(x)

i

4| y =)
0 S x
y = f(x)

N

y = f(2x)

.

Answers

ty=tgn

Ll

y=x%x-3)

y=(2x)%2x-3)

y=-2%x-3)

y =—f(x)

359



Answers

5 Y
Sy=x*+3x-4
7 x
y=x>+3x-4
6 y=x%x-2)?
x
3y = —x?(x — 2)?
7 a (1,-3) b (2,-12)
8
9
y=@x-2)x-3)?
b 2and3
Challenge
1 (2,-2)
2 ()
Exercise 4G
1 a
SER)
-1,2)
(0, 0)| 0 (5, O)\x
c y d
0, 4)
(-4, 2) 2, 0)
(-3, 0) 0‘ \ x
f
Cn wa
(0, 6)
6, 0)
0 | (1, 0) \ x
360

e
"o
0, 2)
0|2, 0) (12, 0\ x

@ Full worked solutions are available in SolutionBank. #

4, 2)

0,1

(6, 0)

0|(1, 0)

y=4,x=1,

\x

(0, 2)

—
=

y :K
_2-\;
y=2,x=110,0)
YA
y=2 E\
_____________ R Ea
ON i1 x
02




Answers

f y=2,2=2,(0,0) d A(-8,-6), B(-6, 0), C(-4, -3), D(0, 0)
Y ; \ y
g{:_Z____E ___________ - 0 x
(-4,-3)
0 12 x (-8,-6)

e A(-4,-3),B(-2, 3), C(0, 0), D(4, 3)

g y=1,2=1,(0,0 y
T ]
y=1__|._ Po— / 0[\_/ .
. Y
oN 1 % (-4,-3)

; f A(-4,-18), B(-2, 0), C(0, -9), D(4, 0)

h y=-2,x=1,(0,0)

3 a A(-2,-6),B(0,0),C(2,-3), D6, 0)
y /

@23 /0F

(-2, -6)

b A(-4, 0), B(-2, 6), C(0, 3), D(4, 6)

Yy
26 (4, 6)
/\3
/—4 0 x i A(-4,6),B(-2,0), C(0, 3), D4, 0)
(-4, 6) Y
¢ A(-2,-6), B(-1,0), C(0, -3), D2, 0) 3
i
-1 / 2 0 4\ x
0o [2 «x

-3
(-2,-6)

361



Answers

Jj A4, -6), B2, 0), C(0, -3), D(-4, 0)

\

v x=2y=0(0,1)

y‘/
1

o0

4 ai x=-2,y=0,00,2)
i\ Y
; vi x=-2y=0(0,-1)
; 2 \\_ : /2N
_gé 0 X :
\ : _25 O_—x
ii x=-1,y=0,(0,1) :/
_ 2
: b f(x)_x+ T
i 5 a
: b i(,1) i (2,3)
1
1;0¥ 6 a A(1,-2)B(0,0)C(1,0) D2, -2)
i ) y
: \ /y+2=f(x)
! 0\/ x
jii x=0y=0 A D
Yy
b A(-1,0) B(0, 4) C(1, 4) D(2, 0)
Y 1y = flx)
B ¢
0 x
j A O D x
¢ A(-1,3) B0, 5) C(1, 5) D2, 3)
iv x=-2y=-1(0,0) y
y-3 =1
Y
| /\C/
=3 A D
___________ L T
y=-1 0 x
\ d A(-1,0) B0, % C(1, 2 D2, 0)
' Y
P
A O D x
362
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Answers

e A(-1,0.5) B(0, 1.5) C(1, 1.5) D(2, 0.5) e y
A(6,4)

¢ J2y-1=1W

Mixed exercise
1

(v - 2)

y y=x ,
I/J I|0 x
4 x=-latA,x=3atB

b ya

5 a,
/|\/§\ ’y:xz(x—l)(x—?’)
2 2
. 0| 1 x
b x=0, -1, 2; points (0, 0), (2, 0), (-1, -3)
y=2-
2 a y
y=1+x

-4

&

\ 1 _6 c d (0,2)
Yy=x
/O 6 a
A x
y=x2+2x-5 /w
" (0,0
b A(-3,-2),B(2,3) (2 0) ‘ (2, 0)
c y=x*+2x-5
b
3 a yT
0,0) /

/‘\/(2,0) x

7 a y=x*-4x+3

b b i y
1,0\ /1.0 %
(0,-1)
c Y ii Y
A(3,2)
0 x 3.0
B(0,-2)
y = 0 is asymptote (. 09 '\ x
(1,-1)
d y 8 a (0,2 b -2 c -1,1,2
9 ai &3 i (4,6 iii (9, 3)
iv (4,-3) v (4,-3)

b f(2x), flx + 2)
i fx-4)+3 ii Zf%x)

<]

BF&OV q x
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Answers

10 a y Challenge
y =x%(3x + b) 6 —c. -4 —d)
& 0/\J/0, 0) Review exercise 1
0 x 1 a2 b
2 a 625 b xt
3 a 4/5 b 21-8/5
4 a 13 b 8-2/3
b 1; only one intersection of the two curves 5 a 1+2/k b 1+6/k
11 a x(x - 3)? 6 a 25z b «?
b y 7 8+8/2
8§ 1-2/2
9 a (x-8kx-2 b y=1,y=1
10 a a=-4,b=-45 b x=4x+3/5
o 3 x 11 4.19 (3 s.f)
12 a The height of the athlete’s shoulder is 1.7 m
y=x(x - 3)? b 2.16s (3s.f)
c 6.7-5(-1)
d 6.7m after 1 second
¢ —4and-7 13 a (x-3)2+9
12 a YAy = x(x - 2)2 b Pis(0,18),Qis (3,9)
c x=3+4/2
14 a k=2
b
(0, 0)]
of 2,2 x
b yay=x(x-2%+x
15 a 2% - 8)x® + 1) b -1,0,2
16 a a=50b=11
b discriminant < 0 so no real roots
0.5 ¢ k=25
x d y
_ _ 25
13 a Asymptotesatx=0andy=-2
y 501 x
y="fx)-2
17 a a=1,b=2
b y
3
ol «x
¢ discriminant = -8
d -2/3k<2/3
18 a x*+4x-8=0
b x=-2+2/3,y=-6+2/3
19 a x>
x 1
b x<jorx>3
¢ t<x<iorx>3
20 2(x+1)=2a%-5x+2

x?-3x+4=0
The discriminant of this is -7 < 0, so no real solutions.

364 @ Full worked solutions are available in SolutionBank. #

d Asymptotes at y = 0 and x = —3; intersection at (0, %)



21

22

23
24

25

26

27

o

b

x=%,y=—2,x=—3,y=11

x<-3orx>3;

Different real roots, discriminant > 0
sok>-4k-12>0

k<-2o0rk>6

-7T<x<2

A
151& y = gx)
9.1\ (1, 8)

p

<]

~3

W~

y =1

(5,-16)

x(x - 2)(x + 2)

e
~

(3,2

i

(2,0) (4,0) and (3, 2)

s

_ . =2)

S

Q|

(1,0) (2,0) and (13, -2)

Y
0 3\ x

(0, 0) and (3, 0)

6

Ol 1 4\«

(1, 0) (4, 0) and (0, 6)

0| 2 8\ x

(2,0) (8, 0) and (0, 3)
28 a

Asymptotes: y =3 andx =0
b (-1 0)
29 a 0.438,1,4,4.56

30 a (6,8 b (9,-8)
31 a
b
32 a YA
(-3, 0) (3, 0)
O\ @
y=-4
b
Challenge
1 a x=1,x2=9 b 0,2

2 V2cm,3/2cm

3 3P+t -x=2x(x-1kx+1)
3x% + x? —x = 22° - 2x
¥+ax2+x=0
x(x*+x+1)=0

c (6,-4)

Answers

The discriminant of the bracket is —3 < 0 so this

contributes no real solutions.

The only solution is when x = 0 at (0, 0).

4 -3,3
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Answers

CHAPTER 5
Prior knowledge check
1 a (-2,-1) b (5.2 ¢ (7,3)
2 a 4/5 b 10/2 ¢ 5/5
3 a y=5-2x b y=%x-2 c y=2x+12
Exercise 5A
1 a} 3 c -3 d 2
e -1 f 1 g 3 h 38
i 2 j -4 k -1 1 -1
(72 _ pz
m 1 n T=p - qg+p
2 7
3 12
1
4 45
1
5 27
1
6 3
7 26
8 -5
9 Gradient of AB = gradient of BC = 0.5; point B is
common
10 Gradient of AB = gradient of BC = -0.5; point B is
common

Exercise 5B

1 a -2 b -1 c 3 d 1
5
e -2 2 g 1 h 2
. 1 . 1 3
i3 i 3 k -2 I -5
2 a4 b -5 c -2 d o
e I f 2 g 2 h -2
i 9 i -3 k 3 1 -1
3 a 4x-y+3=0 b 3x-y-2=0
c bx+y-7=0 d 4x-5y-30=0
e 5x-3y+6=0 f 7x-3y=0
g l4x-7Ty-4=0 h 27x+9y-2=0
i 18x+3y+2=0 j 2x+6y-3=0
k 4x-6y+5=0 1 6x-10y+5=0
4 (3,0
5 (0,0)
6 (0,5),(-4,0)
7 al b x-3y+15=0
8 a -Z b 2x+5y-10=0
9 ax+by+c=0
by =-ax -c¢

o= (3 (]
10 a=6,c=10
11 P(3,0)

12 a -16 b -27

Challenge
Gradient = —%; y-intercept =a. So y = —%x +a

Rearrange to give ax + by —ab =0

Exercise 5C

1 a y=2x+1 b y=3x+7 c y=-x-3
d y=—4r-11 e y=1x+12 f y=-2x-5
g y=2x h y=-lv+2b

2 a y=4x-4 b y=x+2 c y=2x+4
d y=4x-23 e y=x-4 foy=Jjx+1
g y=—4x-9 h y=-8x-33 i y=%x
joy=ted
3 5x+y-37=0
4 y=x+2,y=-tx-1y=-6x+23
5 a=3,¢=-27
6 a=-4,0=8
Challenge
a mz(yz—yl)
(o, — 1)
(y>-y1)
b y-y =P xog)
(% -y
G-y) @-=x)
Y —y) (-2
¢ y=3x+2

Exercise 5D

1 y=3x-6 2 y=2x+8
3 2x-3y+24=0 4 —
5 (3,0 6 (0,1
7 0,39 8 y=2x+3
9 2x+3y-12=0 102
11 y=30-4 12 6x + 15y -10=0
13 y=-3+4 14x-y+5=0
3 1
15 y=—5x+5 16 y=4x + 13

Exercise 5E
1 a Parallel b Not parallel ¢ Not parallel
2 rny=tx+32siy=2x-7

Gradients equal therefore lines are parallel.
3 Gradient of AB = 2, gradient of BC = -, gradient of
CD = % gradient of AD = %. The quadrilateral has
a pair of parallel sides, so it is a trapezium.
y=5x+3
2x+5y+20=0
y=-1x+7
y=3x
4x-y+15=0

o e S

Exercise 5F

1 a Perpendicular b Parallel
¢ Neither d Perpendicular
e Perpendicular f Parallel
g Parallel h Perpendicular
i Perpendicular j Parallel
k Neither 1 Perpendicular
2 y=—x+1
3 y=35x-8
4 y-= —%x
5 y= —%x + %
6 y=-3x+1
7 3x+2y-5=0
8 7x-4y+2=0

366 @ Full worked solutions are available in SolutionBank. #



9 Ly= —%x -1, n:y = 3x + 5. Gradients are negative
reciprocals, therefore lines perpendicular.
1 1 R DO | e
10 AB:y=-—5x+45,CD:y=—x -5, AD:y=2x + 7,
BC: y = 2x — 13. Two pairs of parallel sides and lines
with gradients 2 and —% are perpendicular, so ABCD is
a rectangle.
11 a A, 0)

9
12 -3

b 55x-25y-77=0

Exercise 5G
1 a 10 b 13 c 5
e /106 f V113
2 Distance between A and B = /50 and distance between
B and C = V50 so the lines are congruent.
3 Distance between P and Q = V74 and distance between
Q and R = /73 so the lines are not congruent.
x=-8orx=6
y=-2ory=16
a Both lines have gradient 2.
23

b y=-Jx+Zorx+2y-23=0

c (2%
7V5
d =5

P(—§ Q) or P(3, -5)

d /5

(= N N

55
a AB=V178 ,BC =3 and AC = V205. All sides are
different lengths, therefore the triangle is a scalene
triangle.
Por19.5
A2, 11)
B0
451

(. 0]
(-10, -10)

1 9
Yy=31-3

7(0, 8)

25
x+4y-52=0
B(4,12)

Nl
T T

<]
=]

«

10 (=5, 0

75
2

y=-2x+8
RS =2/5 and TR = 5/5

11

=PI — o - PR -

12 A(0,13)

26

o006 8 6 8

=Py

Exercise 5H

1 a i k=50 ii d=50t
b i £k=0.30r£0.30 ii C=0.3t

c i k=% i p=2t

a not linear
PA
50 o
451
40
351
30
251 o
20
154
10
5_ 4

UREt
v

0¢+——T——T—1T1—
0 1020304050607080

b

2 o

Answers

linear
YA
200
175+ 3
150
125+
100 .
757
501
251

08 % 101520253035 40x
not linear

1A
60
50 | = PSEC o®
40
30
20
101

SY

0 L B S B S R S R

0051152253354455
A
70

601

50_//
404
301

20+
10+

Cost of electricity (£)

00710 20 30 40 50 60 70 80 90100110
kilowatt hours

The data forms a straight line, so a linear model is

appropriate.

E=0.12h + 45

a = £0.12 = cost of 1 kilowatt hour of electricity,

b = £45 = fixed electricity costs (per month or per

quarter)

£52.80

o
o

N W s Gl
o o O
oS O O
L

o

Distance, d (m)
[
IS
S
*
o

'y Ll >
012345678 910
Time, t (seconds)

o

The data does not follow a straight line. There is a
definite curve to the points on the graph.

C =350d + 5000

a = 350 = daily fee charged by the website designer.
b = 5000 = initial cost charged by the website
designer.

24 days
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Answers

6 a F=18C+320rF=2C+32
b a=1.8 =increase in Fahrenheit temperature when
the Celsius temperature increases by 1°C.
b = 32 temperature in Fahrenheit when
temperature in Celsius is 0°.

¢ 38.5°C
d -40°C
7 a n=750t+ 17500
b The increase in the number of homes receiving the
internet will be the same each year.
8 a All the points lie close to the straight line shown.
b h=4f+69
¢ 175cm
9 a equilibrium
35 point
N supply
g
St
(=T
demand
14
Ol Quality, Q
b Q=24,P=17
Mixed exercise
1 a y=-Sx+4 b -22
2 a 2-2_1 4 0refore 7k = 14, k=2
8-k 3
b y=1x+1
3 a Li=y=lx+2 L,=y=-2+12
b (9.3
4 a y=3x-3 b (3.3)
5 11lx-10y+19=0
6 a y=-—jx+3 b y=1x+3
) 3+4/3-3/3 3+/3
7 Gradient = = =V3
2+V3-1  1+/3

y=v3x+cand A(1, 3/3),s0 ¢ = 2V3

Equation of line is y = V3x + 2V3

When y = 0, x = -2, so the line meets the x-axis at (-2, 0)
8 a y=-3x+14 b (0,14)
9 a y=—Jx+4 b

¢ (1, 1). Note: equation of line n: y =—4x +3
10 20

11 a 2r+y=20 b y=1lr+i
12 a § b 6 c 2x+y-16=0
d 10
13 a 7x+5y-18=0 b 12
14 a
A l,
ll 3 /
G, 0)
0,0[0 x
(0,—%
b (3 - ¢ 12x-3y-17=0
368

Students own work.

15

16

17

18

o8 0s e 0 -

oTT e o a o

x+2y-16=0

y=-4x

C(-48, 32)

Slope of OA is 2. Slope of OC is 2.
Lines are perpendicular.

0OA = 2/13 and OC = 16/13

Area = 208
d=150a” =5a/2
15/2
d=vV10x?-28x + 26

B(-%, -18) and C(4, 12)

y=-3x+5
5%

20.8

gradient = 10.5

C=10.5P-10751

When the oil production increases by 1 million
tonnes, the carbon dioxide emissions increase by
10.5 million tonnes.

b 5/2
d 25/2

d The model is not valid for small values of P, as

it is not possible to have a negative amount of
carbon dioxide emissions. It is always dangerous to
extrapolate beyond the range on the model in this
way.

Challenge
1 130
78 140
2 ({559
alc - a))
3 ,
(a b
CHAPTER 6
Prior knowledge check
1 a (x+5)?%+3 b (x-3)?%-8
¢ (x-6)*-36 d (x+22-2
2 a y=%x—6 b y:—%x_%
c y=3x+2
3 a b?-4ac=-7 No real solutions
b b%-4ac=193 Two real solutions
¢ b%-4ac=0 One real solution
4 y=-2x-3

2

Exercise 6A

1

N0 RN B S | 2 A

(

a (.3)or(1.5,3)

a (5,5) b (6,4) ¢ (-1,4) d (0,0
3 u
e (2,1) f (8.3 g (4a.0) h (—E,—v)
(2a,a-0)j (32,4 Kk (2/2,V2 +3/3)
a=10,b=1
G.7
3a 2)
54

b y=2x3=2x1.5

a (b§) b

Centre is (3, -1). 3 - 2(-2) - 10=0
(10, 5)

(-7a,17a)

@ Full worked solutions are available in SolutionBank. #



10 p=8,9=7
11 a=-2,b=4

Challenge
a p=9,qg=-1
b y=-x+13

¢ AC:y=-x+ 8. Lines have the same slope, so they are

parallel.

Exercise 6B
1 a y=2x+3 c
d y=3 e y=-3x+3 f
y=-x+7
26-y-8=0

5. 13
a y=-3x-5 b y=3xr-38
g=-2b=-1%2

152 B U U

Challenge
5.9

a PRiy=-3x+7

PQ:y=-tx+3
RQ:y=2x+6

b (5%

Exercise 6C

1 a (x-32+(y-22=16

(x+4)2+(y-57°=36

x-52+({y+62=12

(x — 2a)? + (y — 7a)? = 25a®

(x+2/22+(y+3/2)2=1

(-5,4),9 b (7,1),4

(-4,0), 5 d (-4a,-a), 12a

(3V5, -V5), 33

4-22+8-52=4+9=13

O+7P2+(-2-22=49+16=65

72+ (-24)> =49 + 576 = 625 = 25

(6a — 2a)* + (-3a + 5a)? = 16a? + 4a? = 20a?

(/5 - 3V5)2 + (=5 = V5)? = (-2/5)% + (-2/5)*

=20+ 20 = 40 = (2/10)?

(x-8)2+(@y-172=25

@-+(y-42=2

V5

a r=2

b Distance PQ = PR = RQ = 2/3, three equal length
sides triangle is equilateral.

oRROT e 000 0T

=2 W) BN

8 a (x-2P+y?=15
b Centre (2, 0) and radius = V15
9 a (@-52+(y+272=49
b Centre (5, -2) and radius = 7
10 a Centre (1, -4), radius 5
b Centre (-6, 2), radius 7
¢ Centre (11, -3), radius 3V10
d 10 Centre (-2.5, 1.5), radius %
e Centre (2 ,-2), radius
11 a Centre (-6, -1)
b k>-37
12 Q(-13,28)
13 k=-2and k=38

Answers

Challenge

1

k
k

=3, @-30+y-2%=50
=5 x-52+(y-2?%=50

+f)-fr+y+9?-g*+c=0
Sox+f)P+y+9?¢=ft+9>°-c¢c
Circle with centre (-f, —g) and radius |f? + g*> - c.

Exercise 6D

(7, 0), (=5, 0)

(0, 2), (0, -8)

(6, 10), (2, -2)

4,-9),(-7,2)

2x? — 24x + 79 = 0 has no real solutions, therefore
lines do not intersect

=)} QL W =

®

—
=

a

e Te &2 0T

b?-4ac=64-4x1x16=0. So there is only one
point of intersection.

4,7

0, -2), (4, 6) b midpoint of AB is (2, 2)
13 b p=1ors

A(5, 0) and B(-3, —8) (or vice-versa)
y=-x-3

(4, -7) is a solution to y = —x — 3.

20

Substitute y = kx to give

(k% + 1x% - (12k + 10)x + 57 =0

b% - 4ac > 0, -84k? + 240k — 128> 0,

21k? - 60k + 32 <0

0.71<k<215

Exact answer ism— 2057 <k< Q+@

7 21 7

11 k<t
12 k=-20 + 2/105

Exercise 6E

1

10

a
b

SLOoOTe 0 e T @ TR T o Toe

3/10

Gradient of radius = 3x, gradient of line = —%,
gradients are negative reciprocals and therefore
perpendicular.
(x-42+(@y-62=73
y=-2x-1
Centre of circle (1, -3) satisfies y = -2x — 1.
Y= %x -3
Centre of circle (2, -2) satisfies y = %x -3
(-7, -6) satisfies > + 18x + y> - 2y + 29 =0
y=2x-4 ¢ R(O,-4) a 3
0,-17), (17, 0)
144.5

=2x+27andy=2x - 13
p=4,p=-6
(3,4) and (3, -6)
(x—11)2+ (y + 52 =100

3 3
y=3*r-1

A(8 - 4V3,-1-3V3) and B(8 + 4/3, -1 + 3V3)
10V3

y=4x-22

a=5

(x -5+ (y+2)?2=34

A5 +V2,-2 + 4/2) and B(5 - V2,-2 - 4/2)

b 3x+8y+13=0
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Answers

11 a P(-2,5)and Q4, 7)
b y=2x+9andy=-Jx+9
c y=-3x+9
d (0,9

Challenge
1 y-= %x -2
2 a ZCPR=ZCQR =90° (Angle between tangent and
radius)
CP = CQ = V10 (Radii of circle)
CR=/(6-2)2+(-1-1)2=V20
So using Pythagoras’ Theorem,
PR=QR=y20-10 =/10
4 equal sides and two opposite right-angles,
so CPRQ is a square
b y=1x-3andy=-3x+17
Exercise 6F
1 WV? = WU? + UV?
2,3)
(x-22+(y-32=41
AC? = AB? + BC?
(x -5+ (y-22=25
15
iy=3x+2 i y=-2x+4
(-3,6)
(x+3)+(y-6)2=169
iy:%x+1—30 i x=-1
(x+1)*+(y-3%=125
=3P+ (y+42=50
AB? + BC? = AC?
AB? = 400, BC? = 100, AC? = 500
(x+2)2%+((@y-52=125
D(8, 0) satisfies the equation of the circle.
AB =BC =CD = DA =50
50
(3,6)
DE?=b?>+6b+ 13
EF?=b%+ 100 + 169
DF? = 200
So b? +6b + 13 + b%>+ 100 + 169 = 200
b+9)b-1)=0;asb>0,b=1
b (x+5)?%+(y+4)?=50
Centre (-1, 12) and radius = 13
Use distance formula to find AB = 26. This is twice
radius, so AB is the diameter. Other methods
possible.
¢ ((-6,0)

(3] w
& T8 o5 s oTe 0T

oo e o

o e

Mixed exercise
1 a (3,6
b r=10
c (x-3)*+(y-6)*=100
d P satisfies the equation of the circle.
2 (0-5)2+(0+2)?=>5%+2%=29 < 30 therefore point is
inside the circle
3 a Centre (0, -4) and radius = 3
b (0,-1) and (0, -7)
¢ Students’ own work. Equation x? = -7 has no real
solutions.
a P(8,8),(8+1)2+(8-32=92+52=81+25=106
b /106

370

10
11
12

13
14
15
16

17

18

19

20

21

22

23

24
25

All points satisfy x? + y? =1, therefore all lie on circle.
AB =BC=CA

k=1k=-2

x-102+(@y-3%=13

Substitute y = 3x — 9 into the equation

2%+ px + Yy + 4y =20

22+ px+ (3x -9+ 4(3x - 9) = 20

1022+ (p-42)x + 25=0

Using the discriminant: (p — 42)? - 1000 < 0

42 - 10/10 < p < 42 + 10/10
(x-2)+(@y+42=20

a 2/29 b 12

(-1,0), (11, 0)

The values of m and n are 7 — V105 and 7 + V105
a a=6andb=8 b y=-3x+8 ¢ 24
a p=0,g=24 b (0,49),(0,-1)
x+y+10=0

60

Liy=-4x+12and b y = -Sa + 12

y-hiss

(x+2)+(y - 2)?=50

20

P(-3, 1) and Q(9, -7)

y=3x+andy=3x-1

oo o

y=—4x+6andy=ix+6

P(-4, 5) and Q(1, 2)

17

P(5,16) and Q(13, 8)
Liy=tx+%and Iy =7x - 83
lyy=x2+3

All 3 equations have solution x = 15,y = 18
so R(15, 18)

2(3)70

(4,0), (0,12)

(2,6)

(x - 2)*+(y - 6)=40

qg=4

@+ +(y-27=-2
RS? + ST? = RT?

(x -2+ (@y+2?2=61
-1 +(@y-3%=34

a iy=-4x-4 i x=-2
b x+2)2+((y-472=34

e T ooT e Te o e

Te TeocoTe @

Challenge

a x+y-14=0

b P(7,7) and Q(9, 5)
c 10

CHAPTER 7
Prior knowledge check

1

2
3
4

5

x
b3y
(x - 6)x +4) b
8567 b 1652
y=1-3x
(x-12-21

a 15a7

Bx-5x -4

o

y=1x-7
2+ 1)+ 13

e e

=3

Exercise 7A

1

a 4x*+5x-7 b

c —x3+4x+% d

2x* +9x% + x

4
4 _ 42 _ T
Tx*—x T

@ Full worked solutions are available in SolutionBank. #



e 4x°-2x*>+3 f 3x-4x*-1
7x? x* 2 3
g 5 5 " 5x h 2x-3x°+1
.ooxT 98 , 3 . s 5 4x® 2
i 5 5 +2x T j 3x%+2x 3 +3x
2 a x+3 b x+4 c x+3
d x+7 e x+5 f x+4
x—-4 X+ 2 . x+4
g x -3 h x+4 ! x-6
. 2x+3 2x — 3 x -2
J x-5 k x+1 ! X+ 2
2x+ 1 X+ 4 2x+ 1
-2 T © -3
3 a=1,b=4,c=-2
Exercise 7B
1 a (@+1)@*+5x+3) b x+4)@x*+6x+1)
c (x+2)x*-3x+7) d (x-3)«®+4x +5)
e (x-5*-3x-2) f -7@x2+2x+8)
2 a (x+4)(6x%+3x+2) b (x+2)4x*+x-5)
c (x+3)2x*-2x-3) d (x-6)2x*-3x-4)
e (x+6)(-5x2+3x+5) f x-2)(-4x2+x-1)
3 a x¥*+3x*-4x+1 b 4x*+2x*-3x-5
c -3x*+3x2-4x-7 d -5Sx*+24°+4x>-3x+7
4 a x*+2x°-5x+4 b x*-x*+3x-1
c 2x°+5x+2 d 3x*+2x°-5x2+3x+6
e 2x*-2x*+3x*+4x-7 f 4x*-3x*-2x>+6x-5
g Sx®+ 122 -6x -2 h 3x*+5x%+ 6
5 a x*-2x+5 b 2x?2-6x+1
c -3x*-12x+2
6 a x*+4x+12 b 2x*-x+5
¢ -3x*+5x+10
7 f(-2)=-8+8+10-10=0,so (x + 2) is a factor of
x® + 2x% — 5x — 10. Divide «* + 2x? — 5x — 10 by (x + 2)
to give (¥? — 5). So 4% + 24 — 5x — 10 = (x + 2)(x® - 5).
8 a -8 b -7 c -12
9 f1)=3-2+4=5
10 f(-1)=3+8+10+3-25=-1
11 (x + 4)(5x?-20x+7)
12 3x>+6x +4
13 2 +x+1
14 x°-2x*+4x -8
15 14
16 a -200 b x+2)x-73Bx+1)
17 a i 30 ii 0 b x=-3,x=-4,x=1
18 a a=1,b6=2,c=-3
b flx)y=Q2x-1Dx+3)(x-1)
c 2x=05x=-3,x=1
19 a a=3,b=2,¢c=1
b Quadratic has no real solutions so only (4x — 1) is a

solution

Exercise 7C

1
2
3
4
5
6

a f(1)=0 b f(-3)=0
(x-Dx+3)(x+4)
(x+ D+ 7)(x - 5)

(x = 5)(x-4)(x+2)
(x-2)2x - 1)(x+4)
a (x+1(x-5x-06)
c (x-5x+3)(x-2)

¢ f(4)=0

b x-2)x+Dkx+2)

7 ai@-Dx+3)2x+1) ii y[ ,
- 1\ [0
3 -3 1x
-3
b ikx-3)x-52x-1) ii y[/\
Ot 3\/5 x
2
-15
c i @+Dx+2)3Bx-1) ii y
1
2 -1\ O 3 ¥
—2
d i@+2)2x-1DBx+1)
x
e i(-2)2x-5@2x+3) ii y
30,
/_é 0 25 X
2 2
8 2
9 -16
10 p=3,¢q=7
11 ¢=2,d=3
12 g=3,h=-7
13 a f49)=0
b flx)=(x-4)3x%+06)
For 3x% + 6 = 0, b?> — 4ac = —72 so there are no real
roots. Therefore, 4 is the only real root of f(x) = 0.
14 a f(-2)=0 b (x+2)(2x+ 1)(2x - 3)
¢ x=-2x=—Jandxr=1}
15 a f(2)=0 b r=0x=2x=-tandx=1
Challenge

a

b

f(1)=2-5-42-9+54=0

f(-3) =162 + 135 - 378 + 27 + 54 =0
2x* — 5x% — 42x% — 9x + 54

= -1Dx+3)x-6)2x + 3)
x=1x=-3,x=6,x=-1.5

371



Answers

Exercise 7D

1 nt-n=nn-1
If nis even, n — 1 is odd and even x odd = even
If nis odd, n - 1 is even and odd x even = even
» x -2 _A1-V2) _x-w2_ 5
1+v2) (1-v2) 1-2 -1
3 G+ Pe-yP=at-xg+a/y-y=at-y
4 (2x-Dx+6)x -5 =02x - D*+x-30)
=2x%+ a2 - 61x + 30
5 LHS = «? + bx, using completing the square,
b\* (b)Y
(x * 2) (2)
6 x%+ 2bx + ¢ =0, using completing the square
x+b)?*+c-0%2=0
(x+0)32=b%-c
x+b=xVb?-c¢
x=-bzxVb:-c
3
7 (x—%) :(x—%)(x2—4+%):x3—6x+1x—2—%
8 (x3—l)(x%+x?)=x%+x%—x%—x’%=x3—x’%
X
e
9 3n2—4n+10=3[n2—§n+%] =3[(n—§)2+%—%]
=3(n-3 + %
The minimum value is % so 3n? — 4n + 10 is always
positive.
10 -n2-2n-3=-n?+2n+3l=-[n+1%2+3-1]
=-m+12%-2
The maximum value is -2 so —-n? — 2n - 3 is always
negative.
11 x>+ 8x+20=(x+4)°+4
The minimum value is 4 so x? + 8x + 20 is always
greater than or equal to 4.
12 ka? + 5kx + 3 =0, b? - 4ac <0, 25k? - 12k < 0,
k(25k - 12) < 0,0 < k < 3=.
When & = 0 there are no real roots, so 0 < k < %
13 pxz—5x—6:0,b2—4ac>0,25+24p>0,p>—%
14 Gradient AB = —, gradient BC = 2,
Gradient AB x gradient BC = —% x2=-1,
so AB and BC are perpendicular.
15 Gradient AB = 3, gradient BC = %, gradient CD = 3,
gradient AD = |
Gradient AB = gradient CD so AB and CD are parallel.
Gradient BC = gradient AD so BC and AD are parallel.
16 Gradient AB = 1, gradient BC = 3, gradient CD = 1,
gradient AD = 3
Gradient AB = gradient CD so AB and CD are parallel.
Gradient BC = gradient AD so BC and AD are parallel.
Length AB = /10, BC = /10, CD = V10 and AD = /10,
all four sides are equal
17 Gradient AB = -3, gradient BC = %
Gradient AB x gradient BC = -3 x 1 = -1, so AB and BC
are perpendicular
Length AB = V40, BC = V40, AB = BC
18 (x-1?+y*=k,y=ax, (x - 1)?+a’x® =k,
2?l+a?)-2x+1-k=0
b?-4ac>0, k> a X
1+a?
372

19

20

x = 2. There is only one solution so the line

4y — 3x + 26 = 0 only touches the circle in one place so
is the tangent to the circle.

Area of square = (a + b)?> = a? + 2ab + b

Shaded area = 4(1ab)

Area of smaller square: a® + 2ab + b? - 2ab

=a?+0%=c?
Challenge
1 The equation of the circle is (x — 3)? + (y — 5)? = 25 and
all four points satisfy this equation.
2 2
2 3+ -(Fp-D) =H{p+D2-(p-1I=1E4p) =p

Exercise 7E

1
2

3

4

10

3,4,5,6,7 and 8 are not divisible by 10
3,5,7,11,13,17, 19, 23 are prime numbers. 9, 15, 21,
25, are the product of two prime numbers.
22+3%2=o0dd, 32+4%=o0dd, 4>+ 52 = 0dd, 5>+ 6% = odd,
6%+ 7% =o0dd
(3n)? = 27n® = 9n(3n?) which is a multiple of 9
Br+1P=2"n*+27n*+9n+1=9n3n*+3n+1)+1
which is one more than a multiple of 9
(Bn+2)P2=27n*+54n?+36n+8=9n(3n?+6n+4)+8
which is one less than a multiple of 9
a For example, when n =2, 2* - 2 = 14, 14 is not
divisible by 4.
Any square number
For example, when n = 1
For example, when n = 1
Assuming that x and y are positive
eg.x=0,y=0
(x + 5) = 0 for all real values of x, and
x+5P2+2x+11=@x+6)2so(x+6)P=2x+11
If a?> + 1 = 2a (a is positive, so multiplying both sides
by a does not reverse the inequality), then
a’-2a+1=0,and (e - 1) = 0, which we know is
true.
a (p+qgP=p*+2pq+q¢*=(p+qF+4pg
(p — @)? = 0 since it is a square, so (p + q)? = 4pq
p>0,g>0=>p+qg>0=p+q=/ipg
b egp=qg=-1:p+q=-2,/4pg=2
a Starts by assuming the inequality is true:
i.e. negative = positive
egrx=y=-lx+y=-2,/22+y2=V2
c (x+y?=x%+2xy+y*=x*+y?sincex >0,
y>0=2xy>0
As x + y > 0, can take square roots: x + y = |/x? + y?

Te 0T

Mixed exercise

[ 3] W N =

o N

10

3 X+ 4 2x -1
a -7 b x-1 2x + 1
3x2+5
2x2-2x+5
a Whenx=3,2x"-2x>-17x+15=0
b A=2,B=4,C=-5
a Whenx=2,2°+422-3x-18=0
b p=1,¢9g=3
x-2)x+dH2x-1)
7
a p=1,¢g=-15 b (x+3)2x-5)
a r=3,5=0 b x(x+ 1Dx+3)

a (x-1Dkx+5Q2x+1) b -5 -11

@ Full worked solutions are available in SolutionBank. #



11 a Whenx=2,2°+x*-5x-2=0
3 /5
b 2,—§i7
12 1.3
13 a Whenx=-4,fx)=0
b (x+4)(x-5)x-1)
14 a f(%):O, therefore (3x — 2) is a factor of f(x)
a=2,b=7andc=3
b (Bx-2)2x+1)(x+3)
c x=%-1-3
15 Sy (NERY) xTARGoGEY
V-9 x+0) T-y

16 n? - 8n + 20 = (n-4)? + 4, 4 is the minimum value so
n? - 8n + 20 is always positive

17 Gradient AB = % gradient BC = -2, gradient CD = %
gradient AD = -2
AB and BC, BC and CD, CD and AD and AB and AD are
all perpendicular
Length AB = /5, BC =5, CD = /5 and AD = /5, all four
sides are equal

18 1+3=even,3+5=even,5+7 =even, 7 +9 =even

19 For example whenn =6

20 (x - %)(xg +a)=ai+ai—ai—ai= x%(xz - %)

21 RHS=(x+4)(x-5Q2x+3)=(x+4)(2x?-7x-15)
=2x°+x?-43x-60 = LHS

22 x2—kx+k=0,0>-4ac=0,k?>-4k=0,kk-4) =0,
k=4

23 The distance between opposite edges

= 2((\/5]2 - <§) ) = 2(3 - g) =3 which is rational.

4

24 a (2n+2)?-(2n)?*=8n+4=402n+1)is always
divisible by 4.
b Yes, (2n+1)?>-(2n - 1)?=8n which is always
divisible by 4.
25 a The assumption is that x is positive
b x=0

Challenge

1 a Perimeter of inside square = 4( (%)Z + (1)2) -4 o
Perimeter of outside square = 4,
therefore 2V2 < w < 4.

b Perimeter of inside hexagon = 3

Perimeter of outside hexagon = 6 x g =2/3,
therefore 3 < t < 2V3
2 axP+bx*+cx+d+(x—-p)=ax?+(b+ap)x
+(c + bp + ap?) with remainder d + c¢p + bp? + ap®
f(p) = ap® + bp? + cp + d = 0, which matches the
remainder, so (x — p) is a factor of f(x).

CHAPTER 8
Prior knowledge check
1 a 4x?-12xy -9y b x®+ 3x% + 3wy + i
¢ 8+ 12x +6a%+ 23
1 4 27
2 a -8x° b 1gt c gxz d 2
1 10 1633
3 a 5vx b o c W d 81@7

Answers

Exercise 8A

1 a 4throw b 16th row
¢ (n+ Dthrow d (n+ 5)th row
2 a x'+4x°%y + 6x%y? + 4xyP + Yyt
b p®+ 5piq + 10p3q? + 10p%q¢® + Spq* + ¢°
c a® - 3a*b + 3ab* - b?
d x®+12x% + 48x + 64
e 16x*-96a° + 216x2% - 216x + 81
f a° +10a* + 40a® + 80a? + 80a + 32
g 8lx* —432x° + 864x% — 768x + 256
h 16x* - 96x%y + 216x%y* — 2162y* + 81y*
3 a 16 b -10 c 8 d 1280
e 160 f -2 g 40 h -96
4 1+ 9x+ 30x% + 4423 + 242"
5 8+ 12y+6y*+y° 8+ 12x — 6% — 114% + 3x* + 3x5—2°
6 =3
7 3-1
8 12p
9 500+ 25X+X72
Challenge
3
Exercise 8B
1 a 24 b 362880 ¢ 720 d 210
2 a 6 b 15 c 20 d 5
e 45 f 126
3 a 5005 b 120 c 184756 d 1140
e 2002 f 8568
4 a=*%C,b=°C,c=°C, d="°C,
5 330
6 a 120,210 b 960
7 a 286,715 b 57915
8 0.1762 to 4 decimal places. Whilst it seems a low

probability, there is more chance of the coin landing on
10 heads than any other amount of heads.

|
o= n!
R e YT
_ Ix2x...x(n-2)x(n-1)xn -
T1x1x2x..xn-3)xm-2)x(n-1)"
w n!
b CZ_Z!(n—Z)!
_ Ix2x..x(m-2)x(n-1)xn _nn-1)
T1x2x1x2x.xn-3)xn-2) 2
10 a =37
11 p=17
Challenge
10! 10!
a Cy= g =120 and °C; = Z o = 120
141 14!
b 1C; = 5107 = 2002 and 1C, = g = 2002

¢ The two answers for part a are the same and the two
answers for part b are the same.

oC=— T andnc, =

[ Tr—— therefore "C, = "C, _,

n!
m-ntr’

Exercise 8C

1 a 1+4x+6x+4x%+a*
b 81 + 108x + 54x% + 12x% + «*
¢ 256 - 256x + 96x? — 16x° + x*

373



Answers

2%+ 122° + 60x* + 160x® + 240x% + 192x + 64

1+ 8x + 24x% + 32x% + 16x*
120+ 322 - 0% + et
1+ 10x + 45x% + 1202°
1 - 10x + 40x? — 80x®
1+ 18x + 135x% + 540x°
256 — 1024x + 1792x% — 1792x°
1024 - 2560x + 2880x? — 19203
2187 — 5103x + 5103x% — 2835x°
64x° + 192x°y + 240x*y? + 160x°y®
32x° + 240x%y + 7202%y? + 1080x%y?
p* - 8p’q + 28p°q® - 56p°q?
729x° — 1458x°y + 1215x%*y* — 540x°y?
28 + 1627y + 112x%y? + 448x°y?
512x° — 6912x% + 41 472x7y* — 145 152x°y°
1+ 8x + 28x% + 562
1-12x + 60x% — 1602°
1+ 5x +47“r’x2 + 1543
1 - 15x + 90x% — 270x°
128 + 448x + 672x% + 560x°
27 — 54x + + 36x? — 8«7
64 - 576x + 2160x% — 4320x°
256 + 256x + 964% + 1643

i 128 +2240x + 16 800x% + 70 000x?
5 64 -192x + 240x?
6 243 - 810x + 1080x?

7 x5+5x3+10x+m+%+
X

S0 e o0 Te RO 0T e e 0T e e

1
x o
Challenge
a (a+b)=a*+4a’b + 6a’?* + 4ab® + b*
(a - b)* = a* - 4a°b + 6a%b* — 4ab® + b*
(a + b)* = (a - b)* = 8a’b + 8ab® = 8ab(a? + b?)
b 82896=2*x3x11x157

Exercise 8D
1 a 90
d 1080
g 1140
j 354.375
a=+]
=2
5+ 105
8
p=5 b -10 c -80
5304529 x 30px + 528 x 435p2x?
p=10
1+ 10qx + 45q%x2+120¢°x*
q==+3
1+ 11px + 55p%x?
p=7,q=2695
1+ 15px + 105p2x?
p=-39¢=107

=2.1

80 ¢ -20
120 -4320
-241920 -2.5
-224 3.90625

= =
~E e T
P e

(=20 B N A\

o]
ST s Ty T T e

10

Challenge
a 314928 b 43750

Exercise 8E
1 a 1-0.6x+0.15x%>-0.02x4°
b 0.94148

2 a 1024 + 1024x + 460.8x> + 122.88x°
b 1666.56

3 (1-30°=15+ (i)ﬁ(—gx)l + (3)13(-395)2 —1-15x +90x2

(2+2)1-3x°=2+x)(1 - 15x +90x?)

=2-30x+180x% +x — 1522+ 90x% ~ 2 — 29x + 165x2

a=162,b=135,¢=0

1+ 16x + 11222 + 448«°
x=0.01,1.028=1.171 648

1-150x + 10875x? — 507500

0.860 368

0.860 384, 0.0019%

59049 - 39366x + 11 809.8x2

Substitute x = 0.1 into the expansion.

1 - 15x + 90x? — 270x°
A+2)(1-3xP°=1+x)(1-15x) =1 - 14«

[

N}
ST o TeOOTe T

tend to O
1+ 200p - 19900p?
p =0.000417 (3 s.f.)

o T

Mixed exercise

1 a 455,1365 b 3640
2 a=28
3 a 0.0148 b 0.0000000000349 ¢ 0.166
4 a p=16 b 270 ¢ -1890
5 A=8192,B=-53248,(C=159744
6 a 1-20x+180x%-960x°

b 0.81704,x=0.01
7 a 1024 - 153 60x + 103 680x% — 414 720x°

b 880.35
8 a 81 +216x + 2164% + 964 + 16x*

b 81 -216x + 216x? — 96x° + 16x*

c 1154
9 a n=8 b 3
10 a 81 + 1080x + 540022 + 12000x* + 10 000x*

b 1012054108081, x =100
11 a 1+ 24x + 264x% + 1760x° b 1.26816

¢ 1.268241795 d 0.006 45% (3 sf)
12 Jc5—59c3+10x—£+£,—l

x x %

13 a (g)(zmn-z: () 2ky=

n!(2k)-2  nl(2k)n-3
2i(n-2)! " 3l(n-3)

2k _1
n-2 3
Son=6k+2
b 4096 | 2048 1280 24 1280 ,
729 81 27 27
14 a 64 +192x + 240x% + 160x® + 60x* + 12x° + x°
b k=1560
15 a k=125 b 3500
16 a A=64,B=160,C=20 b x=x/3
17 a p=1.5 b 50.625
18 672

19 a 128 + 448px + 672p°x?
b p=5,¢=16800
20 a 1-12px + 66p*x?

b p=-1L.,¢=13L

374 @ Full worked solutions are available in SolutionBank. #

So that higher powers of p can be ignored as they



21 a 128 + 224x + 168x?

b Substitute x = 0.1 into the expansion.
22 k=1

Challenge
1 540-405p=0,p=1
2 4704

CHAPTER 9

Prior knowledge check

1 a 3.10cm b 9.05cm

2 a 258° b 77.2°

3 a graphofa?®+ 3w b graphof (x + 2)* + 3(x + 2)
¢ graphofx?+3x -3 b graph of (0.5x)? + 3(0.5x)

Exercise 9A
1 a 3.19cm b 1.73c¢m (V3 cm) ¢ 9.85cm
d 4.31cm e 6.84cm f 9.80cm
2 a 108(.2)° b 90° c 60°
d 52.6° e 137° f 72.2°
3 192km
4 11.2km
5 128.5° or 031.5° (Angle BAC = 48.5°)
6 302 yards (301.5...)
. . 52+4%2-6> 1
7 Using the cosine rule S x5xd —8
. . 22 432 - 42 1
8 Using the cosine rule 5x2x3 - 4

9 ACB=122.3°

10 ABC =108(.4)°

11 104°(104.48)°

12 4.4cm

13 42cm

14 a y¥?’=05-22+ 4 +x)?-2(5-2)4 +x) cos120°
=25-10x+ 42 + 16 + 8x + 42 — 2(20 + x — x?) (—%)
=x>-x+61

b Minimum AC? = 60.75; it occurs for x = 1

2
2 2 _ _ )2
15 a coséABC:M

2x x5
_20x-75 _4x-15
To10x T 2x
b 35
16 65.3°
17 a 28.7km b 056.6°
Exercise 9B
1 a 152cm b 957cm ¢ 897cm d 4.61cm
2 a x=84°y=6.32
b x=135,y=16.6
¢ x=85%y=139
d x=80°y=6.22 (isosceles triangle)
e ¥x=627,y=7.16
f x=4.49,y="7.49 (right-angled)
3 a 364° b 35.8° ¢ 40.5° d 130°
4 a 48.1° b 45.6° c 14.8° d 48.7°
e 86.5° f 77.4°
a l.4lcm (V2cm) b 1.93c¢m

5
6 QPR =50.6° PQR = 54.4°
7 a x=43.2°y=502cm b x=101°,y=15.0cm

¢ x=658cm,y=32.1° d x=54.6°y=10.3cm
e x=21.8°y=3.01 f x=459°y=3.87°
8 a 652km b 3.80km
9 a 731lcm b 1.97cm

Answers

10 a 66.3° b 148m
. . 4/2 e
11 Using the sine rule, x = ; rationalisin,
& 24+/2 &
x= 74@_(22' 2 a3 oa-ayz o,
12 a 36.5m
b That the angles have been measured from ground
level
Exercise 9C
1 a 70.5°,109°(109.5°)
b

2 a x=74.6°y=654°
x=105°y = 34.6°
b x=59.8°y=484cm
x=120°y =27.3cm
¢ x=56.8°y=4.37cm
x=23.2°y=2.06cm
3 a 5cm (ACB=90°)
¢ 45.6° 134(4)°

b 24.6°

4 2.96cm

5 In one triangle ABC = 101° (100.9°); in the other
BAC =131°(130.9°)

6 a 62.0° b The swing is symmetrical

Exercise 9D

1 a 23.7cm?> b 4.31cm?

2 a x=41.8°or 138(.2)°

b x=26.7°0r 153(.3)°

¢ x=60°0r120°

275(.3)m (third side = 135.3m)
3.58

5 a Area= %(x + 2)(5 = x) sin 30°

1 1
=§(10+3x—x2)><E

=110 + 3x - x?)

L
16

6 a Jx(5+x)sin150° =1

1 1_15
50X + 1) x5 =7

5x +x%=15
2+5x-15=0

b 211

¢ 20.2cm?

= w

b Maximum A = 3—, when x = 1-;—

Exercise 9E

1 x=37.7°,y=86.3°,2=6.86
x=48°y=19.5,z=14.6
x=30°%y=11.5z=11.5
x=21.0°%y=29.0°,z=8.09
x=93.8%y=56.3°2z=2909°
x=97.2°y=414°z=414°

- o 0T e
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Answers

NG W

10

11
12

13
14

15

g x=45.3%y=94.7°2=14.7
orx=135°y=>5.27°2=1.36
h x=707,y=73.7°,2=61.3°
orx=7.07,y=106° z=28.7°
i x=49.8°y=9.39,z=37.0°
a ABC=108°, ACB = 32.4°, AC=15.1cm
Area = 41.2 cm?
b BAC =41.5°, ABC = 28.5°, AB = 9.65 cm
Area = 15.7 cm?
a 8km b 060°
107 km
12km
a 5.44 b 7.95 c 36.8°
a AB+BC>AC=x+6>7=2x>1;
AC+AB>BC=11>x+2=x<9
b i x=6.08 from x* =37
Area = 14.0 cm?
ii x=7.23fromx?-4(/2-1x-(29+8/2)=0
Area = 13.1 cm?
a x=4 b 4.68cm?
AC=1.93cm
a AC°=2 -2+ +1)2?-22-2)x+1)cos120°
=(@d-dr+a?)+ @ +220+1) - 22+ x +2) ()
=xt-x+7
b

4
AC =1%cm and BC = 6cm
Area = 5.05 cm?

a 61.3° b 78.9cm?

a DAB=136.3°, BCD = 50.1°
b 13.1m?

¢ 515m

34.2 cm?

—_
3 o=

Exercise 9F

1

376

Yy =cosd

~180° 0° 0 9

y=tand

90° /180° ¢

Y
14 y =sind
-18¢  -90° 90° 180° 0
—14
4 a -30°
b i-120° ii -60°, 120°
¢ i135° ii —45°, -135°
Exercise 9G
1 ailx=0° ii -1, x=180°
b i4,x=90° ii -4, ,x=270°
c il x=0° ii -1, x=180°
d i4,x=90° ii2,x=270°
e ilx=270° ii-1,2=90°
f il1l,x=30° ii-1,2=90°
2 ¥ y=cos 30 y=cosf
14
0 180° °© [360° 6
~14

3 a The graph of y = —cos @ is the graph of y = cos 6
reflected in the #-axis

Yy
14

y=—Ccost

0/0" 180° 27\"\36'0" 0
14

Meets ¢-axis at (90°, 0), (270°, 0)
Meets y-axis at (0°, —1)
Maximum at (180°, 1)
Minimum at (0°, -1) and (360°, —1)
b The graph of y = % sin @ is the graph of y = sin 6
stretched by a scale factor % in the y direction.

y

1 y=%sin0

_q 90° 18D _270°_460° ¢
3

Meets #-axis at (0°, 0), (180°, 0), (360°, 0)
Meets y-axis at (0°, 0)

Maximum at (90°, %)

Minimum at (270°, —1)

@ Full worked solutions are available in SolutionBank. **



¢ The graph of y = sin%& is the graph of y = sin ¢
stretched by a scale factor 3 in the 6 direction.

y
H y=sin16
0 90°  180° 270° 360° 0

_l.

Only meets axis at origin

Maximum at (270°, 1)

The graph of y = tan (6 — 45°) is the graph of tan
translated by 45° in the positive ¢ direction.

Y ; L y=tan(9-45°)

0 s 2h0e 3000
O oo L agg 2707 se00 0

Meets ¢-axis at (45°, 0), (225°, 0)

Meets y-axis at (0°, —1)

(Asymptotes at # = 135° and 6 = 315°)

This is the graph of y = sin 0 stretched by scale
factor —2 in the y-direction (i.e. reflected in the
f-axis and scaled by 2 in the y-direction).

y
2_
~180° —90° O 90°  1Ro° 0
y=-2sind
_2

Meets 6-axis at (-180°, 0), (0, 0), (180, 0)
Maximum at (-90°, 2)

Minimum at (90°, -2).

This is the graph of y = tan 6 translated by 180° in
the negative 6 direction.

y
y=tan (0 +180°)

—12[50" -90° /0 90° /180° ¢

As tan 6 has a period of 180°

tan (0 + 180°) = tan 0

Meets 6-axis at (-180°, 0), (0, 0), (180°, 0)
Meets y-axis at (0, 0)

Answers

This is the graph of y = cos ¢ stretched by scale
factor 1 horizontally.

yl
y=cos4d

VAN
s

Meets ¢-axis at (-1571°, 0), (-1124°, 0), (-674°, 0),
(-224°,0), (223°, 0), (673°, 0), (1123°, 0), (1574°, 0)
Meets y-axis at (0, 1)
Maxima at (-180°, 1), (-90°, 1), (0, 1), (90°, 1), (180°, 1)
Minima at (-135°, -1), (-45°, -1), (45°, -1), (135°, -1)
This is the graph of y = sin 6 reflected in the y-axis.
(This is the same as y = —sin§.)

Y

14

-180° -90° O

90° 0° 0

1 y=sin(-0)

Meets #-axis at (-=180°, 0), (0°, 0), (180°, 0)
Maximum at (-90°, 1)

Minimum at (90°, -1)

Period = 720°

.
y y=sin 0

-3608-270°-180°-90° /|0 90° 180° 270° 360°0
14

Period = 360°

y= %cosa

—36|0°/—/%0°—1|80°—\°\h 0/§0° 180° 270X 360°7
=

Period = 180°

[NIE

y=tan(6-90°)

y
-360° £270°-1807-90° O ﬁ)" 18|(7{7'0° 360°0
_2_
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Answers

d Period = 90°

1)/

y=tan 20

—36'0°—f70°—/f80°//90° 0 /§0° 1/§0° f‘m" féow
2_

6 a i y=cos(-0)isareflection of y = cosd in the
y-axis, which is the same curve, so cos 6 = cos (—6).

Y y=cosb
-270°-180° -p0° O ° 180° 200° 360° 450° 0

ii y = sin (-0) is a reflection of y = sin in the y-axis.

y
y=sin(-0)

0°  360° 0

y = —sin (-0) is a reflection of y = sin (-6) in the
#-axis, which is the graph of y = sin 6,
S0 —sin (—#) = sin 6.

Y

_ 800 0

y=sin(-0)

0 1V0° \ 0

iii ¥ = sin (6 — 90°) is the graph of y = sin 4
translated by 90° to the right, which is the graph
of y = —cos 6, so sin (f — 90°) = —cos 6.

Y

-180°

y=sin(0-90°)

/ -180° -94° 0/O° 180° Z%Yf’ 0

b sin(90° - 6)
= —sin (-(90° -
using (a) (ii)
= —(—cos 0) using (a) (iii)
=cosf
¢ Using (a)(i cos (90° — ) = cos (-(90° - 6))
= cos (# — 90°), but cos (f — 90°) = sin 6,
so cos (90° — ) = sin @
(=300°, 0), (-120°, 0), (60°, 0), (240°, 0)

o V3
(03
y =sin(x + 60°)

Yes — could also be a translation of the cos graph,
e.g. y =cos(x — 30°)

0)) = —sin (0 — 90°)

=]

oo

9 a y4

14 y=sin(30¢)°

b Between 1pm and 5pm

Mixed exercise

1 a 155° b 13.7cm

2 a x=49.5° area=1.37cm?
b x=55.2° area=10.6 cm?
¢ x=117° area = 6.66 cm?

3 6.50 cm?

4 a 36.1cm? b 12.0cm?
5 a 5 b ¥c1n2
6 area=jabsinC

1=% x 2/2 sinC

1 .

— =sinC = C=45°
V2

Use the cosine rule to find the other side:

- 224 (V2)2-2x2/2 cosC=x=V2cm
So the triangle is isosceles, with two 45° angles, thus is
also right-angled.

7 a AC=V5,AB=V18,BC=/5
AC? + BC* - AB?

JACB =
cos ZAC 2% AC x BC
_5+5-18
2 x /5 x5
__ 8 _ 4
10 5
b 1%(:m2
8 a 4 b Mw 50) cm?
9 a 1.50km b 241° ¢ 0.789km?
10 359m?
11 352m

12 a A stretch of scale factor 2 in the x direction.
b A translation of +3 in the y direction.

378 @ Full worked solutions are available in SolutionBank. #



13

14
15

16

17

¢ A reflection in the x-axis.
d A translation of —20 in the x direction.

a y\
—tan(x—45°
2 y=tanl ) y=-2cosx
1_
0/5" 0° 135° 180° ¥
_14
9.

b There are no solutions.

Answers

i

0

From the graph of y = cos §, which shows four
congruent shaded regions, if the y value at «
is k, then y at 180° — a is -k, y at

180° - a = -k and y at 360° — o = +k

S0 cos o = —c0s (180° — «)

=—-c0s(180° + )

=¢0s(360° - a)

a 300 b (30, 1) ¢ 60 d /3 ii From the graph of y = tan 6, if the y value at «
2 is k, then at 180° — «v it is —k, at 180° + « it is
a p=5 +k and at 360° — a it is -k,
Y so tan o = -tan (180° - «)
y = f(x) = +tan (180° + «)
14 = —tan (360° - o)
AWAWAWA wa
RYAVETRTATS Jn A e
AWAWA
0 6 12 18 24 X
VAR,
a The four shaded regions are congruent. —14
Y
1- b 4
¢ The dunes may not all be the same height.
Challenge
Using the sine rule:
: e {3
. 1
sin (180° — ZADB — Z/AEB) = ==
V10 V2
-1 180° — ZADB — ZAEB = 135° (obtuse)

so ZADB + /B = 45° = ZACB

b sina and sin (180° — a) have the same y value,

(call it &) CHAPTER 10
so sina = sin (180° — a) .
sin (180° — «) and sin (360° — ) have the same Prior knOWIedge check
y value, (which will be —k) 1 a y
S0 sina = sin (180° — a) 14
= —sin (180° + a)
= —sin (360° - a)
a Y4 T
1~ 180°-a y=cosd 0 189¢° 60° 540° 0
—14
0 0
b 4
c 143.1° 396.9° 503.1°
14 2 a 57.7° b 73.0°
3 ax=11 b x=2 C x=-44.2°
4 a x=1lorx=3
b x=1orx=-9

<]

3 +/65
4
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Answers

Exercise 10A

1 a YA b Ya
P
O\so*, x
~80° +100°
80 30° \
0 x
P
c Yy d Yy
P
5 +165°
20 0 x =
P 0 X
e y f y
[ ﬁ-ZZS"
35210 x 452810 x
-145°
P
P
g y h Yy
+280°/\ +330°
Q 80° X 0 30° X
P
P
i Yy i yp P
20° —0/ X
-280°
P “160° / 80°
NV
2 a First b Second ¢ Second
d Third e Third
3 a -1 b 1 c O d -1 e -1
f 0 g 0 h 0 i 0 j o
4 a -sin60° b —sin80° ¢ sin20°
d -sin60° e sin80 f —cos70°
g —cos80° h cos50° i -cos20°
j -—cosb® k -tan80° 1 —tan35°
m -tan 30° n tan5° o tan60°
5 a -sind b -sind ¢ -sind
d sind e -sind f sind
g -sinf h -siné i sin@
6 a -cost b -cos? ¢ cosf
d -cosf e cosf f -—cosf
g —tané h -tané i tand
j tan@ k -tanéd 1 tand
380

Challenge
a Y

180°-0 ad

sinf =sin(180° - 0) = a
b y

cosf =cos(-0) =b

180°-4 d

tand = %; tan (180° - 0) = ib =-tané

For tan¢ = %
or tan v
Exercise 10B
V2 V3
1 a 5 b 5
V3 1
e 7 f —E
. V3 . V2
T
m V3 n /3
3
Challenge
a i3 ii 2 iii V2 + V3
b 15°
c i\/2+\/§—@ iiv2+\/§
2

1 V3
2 2
1 vz
2 2
-1 -1

V3
ivy2+/3 V2

@ Full worked solutions are available in SolutionBank. **



Exercise 10C

1

10

11

12

a sin? b 5 ¢ —cos*A
d cosf e tanx f tan3A
g 4 h sin%d i1
1
13
tanx — 3 tany
in2
a 1-sin%d b ﬂ ¢ siné
1 - sin%0
_ gip2
1-sin®g S 4 e 1-2sin*6
sin @
(One outline example of a proof is given)
a LHS =sin?@ + cos?6 + 2sinf cosf
=1+ 2sinf cosf
= RHS
b LHS:l—cosza_sinze_ sin 6

= =sinf x
cosf cosf cosf
=sinf tan# = RHS
3 in2 2
¢ LHS = 3nx cgsx _ sm X + CoS®x
COSX  sinx sinx + cosx

-1 _gus
sinx + cosx
d LHS =cos?A — (1 — cos?A) =2 cos?A -1
=2(1-sin?A)-1=1 -2 sin?A = RHS
e LHS = (4sin*0 — 4sin6 cosf + cos?0)
+ (sin?6 + 4 sin 6 cos 6 + cos?6)
=5(sin?d + cos?#) = 5 = RHS
f LHS =2 - (sin?0 - 2sinf cos + cos*6)
= 2(sin?0 + cos?0) — (sin?# — 2sin 6 cos O + cos? )
=sin?6 + 2sinf cosf + cos?
= (sind + cos6)?> = RHS
g LHS =sin?x (1 - sin?y) — (1 - sin®x) sin’y
= sin’x — sin*y = RHS
5 _ 12

s1n0=E, =15

cosf

ing =4 __4
sinf = 5,tanG— 3

—24 -
¢ cosf= 25,tan6— 27

/5 2/5
_Yo b -2
73 5
V3 1
7 b3
V7 7
a —T b —?
a x*+y’=
2
b 4x*+y?=4 (orx2+yz=1)
c *+y=1
d »?=y>(1-2% (orx2+x—z—1)
y
(x+yr @-y? )
2 2 — —
e x*+y*=2 (or n + n =1

82+122-10° 9

i i le: B= ==
a Using cosine rule: cos 5% 8 x 12 16
175
p L2
16
a Using sine rule: sinQ = % x 8 =%
V5
b -2
3

Exercise 10D
1
2
3

10

11

Answers

a -63.4° b 116.6° 296.6°
a 66.4° b 66.4°, 113.6° 246.4°, 293.6°
a 270° b 60°, 240°
c 60° 300° d 15° 165°
e 140°, 220° f 135° 315°
g 90°,270° h 230°, 310°
a 45.6° 134.4° b 135°,225°
¢ 132°,228° d 229° 311°
e 8.13°,188° f 61.9° 242°
g 105°, 285° h 41.8° 318°
a 30° 210° b 135° 315°
¢ 53.1°,233° d 56.3° 236°
e 54.7°, 235° f 148°, 328°
a -120°,-60°, 240°, 300° b -171°, -8.63°
c -144°, 144° d -327°,-32.9°
e 150° 330° 510°, 690° f 251°,431°
a tanx should be £
b Squaring both sides creates extra solutions
¢ -146.3°,33.7°
a y
2_
14 /- Yy=cosx
0 90 18%° 70° 0°%
- y=2sinx
_2_
b 2 ¢ 26.6° 206.6°

71.6°,108.4°, 251.6°, 288.4°

a 4sin?x - 3(1 - sin?x) = 2.
Rearrange to get 7 sinx = 5

b 57.7°,122.3° 237.7°, 302.3°

a 2sin?x + 5(1 - sin?x) = 1.
Rearrange to get 3sin’x = 4

b sinx>1

Exercise 10E

1

-

a 0°45°,90° 135° 180°, 225°, 270°, 315°, 360°
b 60°,180°, 300°
¢ 220°,1120°,2027°, 2927°
d 30° 150° 210°, 330°
e 300°
f 225° 315°
a 90°,270° b 50°,170° ¢ 165°, 345°
d 250°310° e 16.9°,123°
a 11.2°,71.2°,131.2° b 6.3°,186.3% 366.3°
¢ 37.0°,127.0° d -150°, 30°
a 10° 130° b 71.6°,108.4°
a
130°, 1)

0] 30° 120 210° 00° ¥
14 .

(210°,-1)

381



Answers

b <O°, g), (120°, 0), (300°, 0)
¢ 86.6° 333.4°
6 a 075
b 18.4°,108.4°,198.4°, 288.4°
7 a 25
b No: increasing k£ will bring another ‘branch’ of the
tan graph into place.
Challenge

25°,65°, 145°

Exercise 10F
1 60°, 120°, 240°, 300°
45°,135°, 225°, 315°
0°, 180°, 199°, 341°, 360°
77.0°,113°, 257°, 293°
60°, 300°
204°, 336°
30°, 60°, 120°, 150°, 210°, 240°, 300°, 330°
+45°, +135° b -180° -117°,0°, 63.4°, 180°
+114° d 0° £75.5°, +180°
72.0°, 144° b 0°,60°
No solutions in range
a +41.8°, +138° b 38.2°, 142°
60°, 75.5°, 284.5°, 300°
48.2°,131.8°,228.2°,311.8°
2cos?x + cosx — 6 = (2cosx — 3)(cosx + 2)
There are no solutions to cosx = -2 or to cosx = %
a 1-sin?x=2-sinx
Rearrange to get sin?x —sinx + 1 =0
b The equation has no real roots as b*> — 4ac < 0
9 a p=1¢g=5
b 72.8°,129.0°, 252.8°, 309.0°, 432.8°, 489.0°

S Lo =mo a0 T e

NN G

@

Challenge
1 -180° -60°, 60°, 180°
2 0°,90°, 180°, 270°, 360°

Mixed Exercise

1 a -cosb7° b -sin48° ¢ +tan10°
2 a0 b —g c -1
d /3 e -1
2
. . . 7 4
2A =1 -cos?A 2A=1-(-|-—~] ==
3 Using sin c0s?A, sin < 11> 11
Since angle A is obtuse, it is in the second quadrant
.. e . 2
and sin is positive, so sinA = —=—.
P 1
Then tanA = S04 _ _2_ <_£>=_l=_§ 7
entanA=osa - At \V7 =7
V21 2
4 a —— b =
5 5
a cos’f - sin®6 b sin*30 c 1
4 + tanx
6 1 b t e
a any 2tanx — 3
7 a LHS=(1+2sinf + sin?0) + cos*0
=1+2sinf+1
=2+ 2sinf

=2(1 + sin6) = RHS

382

10
11

12

13
14
15

16

17

18

19

b
a
b

LHS = cos*6 + sin?6

= (1 - sin?#)? + sin?0

=1 - 2sin?6 + sin*# + sin?0

= (1 - sin?6) + sin*é

= cos?0 + sin*f = RHS
No solutions: -1 < sinf < 1
2 solutions: tan 6 = —1 has two solutions in the
interval.
No solutions: 2siné + 3 cos > -5
so 2sinf + 3 cosf + 6 can never be equal to 0.
No solutions: tan?6 = —1 has no real solutions.
4x-y(y+1) b 14.0°,180°, 194°

3¢0s 30 b 16.1, 104, 136, 224, 256, 344
25in 26 = cos 20 = 25020 _ 4
cos 20

= 2tan20=1=tan20=0.5
13.3°,103.3°,193.3°, 283.3°
225°, 345°
22.2°,67.8°,202.2°, 247.8°

30°,150°, 210°
0°,131.8°, 228.2°

a

a

b

Found additional solutions after dividing by three
rather than before. Not applied the full interval for
solutions.

-350°, -310°, -230°, -190°, -110°, -70°, 10°, 50°,
130°,170°, 250°, 290°

Y
3

2 y=2cosx
1 /

2 908 18Y 0° 0°%

_2
—34

y=3sinx

2 ¢ 33.7°,213.7°

9 p Y40
11 11
_2

Using sine rule: sinQ = sin45 x g = X

2
i
5
3sin?x — (1 - sin®x) = 2.
Rearrange to give 4 sinx = 3.
-120°, -60°, 60°, 120°

[S11¥e)
w
|3

20 -318.2°,-221.8°,41.8°,138.2°

Challenge
45°,54.7°,125.3°,135°, 225°, 234.7°, 305.3°, 315°

Review exercise 2
x+3y-22=0

1

2
3
4

5

X —

4

a
b
c

a

3y-21=0

,=2.5

0.45

1=0.45h

The model may not be valid for young people who
are still growing.

y=-tr+4 b Cis(3,3) c 15

@ Full worked solutions are available in SolutionBank. #



N=JoJEN B

11
12

13

14
15

16

17

18

19

20

21
22

23
24

25

26

27

28
29

3/5

(-6, 0)

(x+3)+(@y-8?2?=10

a @x-32+@+1?=20(@=3,b=-1,r=y20)
b Centre (3, 1), radius V20

a (3,5)and (4, 2)

b V10

O<r<\/%

a (x-102+(@y-52=58
b 7y-3x+26=0
a AB=1V32;BC=18; AC = /40; AC? = AB? + BC?
b AC is a diameter of the circle.
c (x-52+(y-22=10
a=3,b=-2,¢c =-8
a 23P-7GF-17G)+10=0
b (2x - 1)(x - 5)x + 2)
C YA
\10
[2 O] 1 5 X
2
a 24
b (x-3)3x-2)(x+4)
a g3)=3"-13(3)+12=0
b x-3)x+4)x-1)
a a=0,b=0
b a>0,6>0
a 52=24+1;7"=224)+1;112=5(24) + 1;
132=7(24)+1;172=12(24) + 1; 192 =15(24) + 1
b 3(24) + 1 = 73 which is not a square of a prime
number
a (x-5P+(@y-42=3?
b V41
¢ Sum of radii = 3 + 3 < /41 so circles do not touch
a 1-20x+ 180x%-960x° + ...
b 0.817
a=2,6=19,¢=70
4
V10 cm
a cos 60" = % =52+ R2x-3P-(x+ 1))+ 2(52x - 3)
52x-3)=(25+4x*-12x +9-x?>-2x-1)
0=3x%*-24x + 48
x>-8x+16=0
b 4
¢ 10.8 cm?
a 11.93km
b 100.9°
a AB=BC=10cm, AC = 6/10 cm
b 143.1°
19.4 km?
a (x-5?2+(y-2P=25
b 6

¢ XY=/90;YZ=1/20; XZ = /98
cos XYZ = (20 + 90 - 98) = (2 x V20 x /90)
cos XYZ =12 = 60V2 =2 = 10

Answers

30 a y

S|

1|y = tan(x - 96°)

b 2
31 a (-225,0), (-45,0), (135, 0) and (315, 0)
2)
b (0.2
2
32 Area of triangle = % X §x§xsin60° = g s?

Area of square = s? 3
Total surface area = 4 x( 7332> +5s2=(/3 + 1)s2cm?
33 a 1
b 45°,225°
34 30°,150°, 210°, 330°
35 90°, 150°
36 a 2(1 - sin?x) =4 - 5sinx
2 -2sin?x=4 - 5sinx
2sin’x — 5sinx +2=0
b x=30° 150°
37 72.3°,147.5°,252.3°, 327.5°
38 0°,78.5°, 281.5°, 360°
39 cos%x (tan®x + 1)
= coszx(% + 1)
cos?x

= cos%x + sin?x = 1

Challenge
1 a 160
b (-%.0)
2 The second circle has the same centre but a larger
radius
n n n! n!
3 =
() (2 1) = T = "o e
__ nlk+1) n!ln - k)
k+Dln -k (k+Dln-i!
nlk+ 1) + (- k)
C k+ D -k
__ nln+1)
(k + Dl - k)
_ n+1)!
T &+ D - k)
_ (n + 1)
k+1

4 0°,30° 150° 180°, 270°, 360°

CHAPTER 11
Prior knowledge check
4 5 -1
el vl e G
2 a? b 2 c I
3 a 123.2° b 136 ¢ 5.3 d 21.4°



Answers

Exercise 11A
1 a b

e 2c f
a
2¢+3d 3d
a-2b
-2b

g a+b+cé+d
a b d
2 a 2b b d c b
d 2b e d+b f d+b
g -2d h -b i 2d+b
j -b+2d k -b+d 1 -d-b
3 a Z2m b 2p c m
d m e p+m f p+m
g p+2m h p-m i -m-p
j 2m+p k -2p+m 1 -m-2p
4 a d-a b a+b+c
c a+b-d d a+b+c-d
5 a 2a+2b b a+b c b-a
6 a b b b-3a c a-b
d 2a-b
— — —
7 a OB=a+b b OP=3@a+b) ¢ AP=3b-3a
8 a Yes(A\=2) b Yes(A=4) ¢ No
d Yes(A\=-1) e Yes(A=-3) f No
9 aib-a ii Ja i 1b ivib-1la
— —
b BC:b—a,PQ:%(b—a) so PQ is parallel to BC.
10 a i 2b iia-b
— —
b AB =2b, OC = 3b so AB is parallel to OC.
11 1.2

Exercise 11B

. (8
1 : 8
Viz ob (0)

Vi 3i + 5, (g)

vy: 91 + 3j, (2) vy —4i + 2j, (_

wes-a ) wen

4
2

2 a 8i+12j b i+ 1.5§
d 10i+j e -2i+11j
g 14i-7j h -8i+9j
45 4
3 (35) b (0.5)
-1 =21
d (5] e (T)
a \A\=5 u:—%
5 a A=y b p=-1
1
c s=-1 d t=-17
6 i-j

- O

Exercise 11C

1 a 5 b 10
d 4.47 (3 s.f) e 5.83(3s.f)
g 5.83(3s.f) h 4.12 (3 s.f)
2 a V26 b 5/2
1(4 1/ 5
3 a 5(3) b 13(—12)
wlze) 9 5ls)
¢ 25\24 710 \-3
4 a 53.1°above b
¢ 67.4° above d
5 a 149° to the right b
¢ 31.0° to the left d
15/2
152, 15V2, 2
6 a —|/—i+——j, b
2 2 V152
2
. . 18.1
c 18.11—8.45‘],(_8'45)

7 a |3i+4j|=5,53.1° above

b |2i-j| = /5. 26.6° below
2.
S

¢ |-5i+2j| =129, 158.2° above

8 k==
9 p==

5V3
d ?i- 2.5j,( 2)

f -2i-10j

c 13
f 8.06(3s.f)

c V101

53.1° below
63.4° above
29.7° to the right
104° to the left

7.52i + 2.74j, (;gi)

-2.5

384 @ Full worked solutions are available in SolutionBank. #



10 a 36.9° b 33.7° c 70.6°
11 a 67.2° b 19.0
Challenge
Possible solution:
Yhe1>
A 1
[ gl gr | 2rg T
1 S
SIS
qg+s T 2 A l
S ET’S
et kA
«—p——><r> X

«—p+r—
Area of parallelogram = area of large rectangle — 2(area of
small rectangle) — 2 (area triangle 1) — 2(area triangle 2)
(p+1)q +s) - 2qr - 2(3pq)

- 2(3rs) = ps — qr

Area of parallelogram =

Exercise 11D

— — —_—
1 a i OA=3i-j,0B=4i+5j,0C=-2i+6j
ii i+6j iii —5i+ 7j
b i V40 =2/10 ii V37 iii V74
. . -1
2 a 1+5J0r(5)
b i5 ii V13 iii V26
. . -1
3 a —1—9]01'(_9)
b i /82 ii 5 iii V61
4 a -2a+2b b -3a+2b ¢ -2a+b
7 9
5 {g)erfa)
6 a 2i+8j b 2/17
3/5
T
Challenge
OB 21+3]0rOB —1+13j

Exercise 11E

— —
1 XY=b-aandYZ=c-b,sob-a=c-bh.
Hence a + ¢ = 2b.
2 aiz?2r ii r
b Sides of triangle OAB are twice the length of sides of
triangle PAQ and angle A is common to both SAS.
3 a 2a+1ib
— — —
b AN=1(b-a)AB=b-a,NB=%(b-a)
so AN:NB=1:2.

4 a Za+ic
—

b AP=-a+3a+Zc=%(c-a)

—_—
PC=c-(Za+2c)=2(c-a)soAP:PC=2:3
V26 b 2/2 ¢ 3/2

d /BAC = 56°, ZABC = 34°, ZACB = 90°

OH a+3(b-a)=2a+4b,

OS=3OB=3(§a+§h)=2a+b

Answers

a+b

— —
b 7TP=a+b,PS=

1 -a)+%(2a+b) =

— —
TP is parallel (and equal) to S and they have a point,
P, in common so 7, P and S lie on a straight line.

Challenge
a PR b - a, PX =jb-a)=—ja+jb
b ON= a+1b, PX = —a+k(a+4b) = (k- 1)a + 1kb

C

Coefﬁments of a ﬂld b must be the same in both

expressions for PX
Coefficients of a: k — 1 = —j; Coefficients of b: j = 1k

Solving simultaneously gives j = + and k = 2
—_— —
PX = 1PR.
—_ — —
By symmetry, PX = YR = XY, so ON and OM divide PR
into 3 equal parts.

Exercise 11F

1

2

SN G

a 5Sms! b 25kmh-!

¢ 5.39ms! d 8.06cms™!

a 50km b 51.0m

¢ 4.74km d 967 cm

a 5ms!, 75m b 539ms?, 16.2m
¢ 5.39kmh!, 16.2km d 13kmh!, 6.5km
(2.8i — 1.6j)ms2

a 54.5° b 0.3V/74 Newtons
a 26.6° below i

b =B +pi+(@-4)j,3+p=2\and

g-4=-A=X=4-9¢q
3+p=24-¢9=3+p=8-2¢gsop+2g=>5

¢ [R| = 2/5 newtons
a 10i - 100j b 109.4° ¢ 1700m?
a V41 b 303.7°
—
¢ AB=4i-5j, v=2(4i - 5j) so the boat is travelling

directly towards the buoy.
d 2/41 e 30 minutes

Mixed exercise

1 a 2/10 newtons b 18°
2 a 108° b 9.48kmh!
3 a 9.85ms?! b 59.1m
¢ The model ignores friction and air resistance.
The model will become less accurate as t increases.
4 ab-a b b-4a ¢ Sa-b d 3a-b
5 1.25
12 -18 49)
6 a (—1) b ( 5) ¢ (13
7 a 3i-2j b 32.5° ¢ 10.5
8 a p=-15 b i-15j
9 a iL(8i+15) ii 61.9° above
b i %(24i— 7j) ii 16.3° below
¢ i 7(-9i + 40j) i 102.7° above
.1 . . .
d i —(3i-2j) ii 33.7° below
s
10 p=8.6,¢=12.3
11 +6
12 a 2a+2b b Zb

—_— —_—
¢ AB=b-a,AN=%(b-a)so AN:NB=2:3
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Answers

13 a 18.4° below
b R=@+pi+(5-9)j4+p=3rand5-qg=-\
4+p=3(g-5sop+3¢g=11
¢ 2/10 newtons

14 \/1293

Challenge

OB 3% 5i 99 5
OB =3i+3joroi+ <

CHAPTER 12

Prior knowledge check
1 a5 -2
b x} x! d x

1

b y=—1x+8] ¢ y=—jx+75

e

c

2 a «x" c
_1

3 a y=5x-2

4

-1 =_1 2
y=-zxory=-—zx+1s

Exercise 12A
1 a

x-coordinate -1]1 0|1 2|3

Estimate for gradient
of curve

Gradient = 2p - 2 c 1
V1 -0.62=/0.64 =0.8
Gradient = -0.75
i-1.213s.1) ii -1 iii -0.859 (3 s.f)
As other point moves closer to A, gradient tends to
-0.75.
3 ai 7
iv 6.01
6
4 ai 9
iv 8.01
b 8

-4(-2|0 |2 |4

oo e o

ii 6.5
v h+6

iii 6.1

=2

ii 8.5
v 8+h

iii 8.1

Exercise 12B
1 a f@=limCrPN-f@ .,

h—0 h h—

(2 +h)2-2°

=
=

¢ 10) :lhil%f(o * ’2 MO i =0 -0

= =0

f(50 + h) — f(50) . (50 + h)? — 50?

d f'(50) = 1}2% ; - i )
=0 h h=0
_ o
2 a f)=lim h}: ) _ gy &+ h}z p

. 2xh + h?
= lim =5

= lhILIOl (2x + h)

b Ash —0,f'(x) :lhiirol(Zx +h)=2x

i (Z2 1) — (22

3 a g=lim h
. =8+ 3(-2)%h + 3(-2)h* + h* + 8
= lim
h=0 h
—im 2R ORI i (12 _ 6+ )
h—0 h h—0
b g=12
_ 3_5(— _
4 a Gradient of AB = (C1+hy-5C1+h) -4
-1+h)-(1
_—1+3h=3R*+h +5-5h-4
h
_ P -3r - 2h W 3h—2
h
b gradient = -2
dy . 6(x+h)-6x . 6h
5o m e e
dy . 4(x+h)?-4x% . Sxh+ 4h?
6 woimT o, =imT,
=lim (8x + 4h) = 8x
h—0
2 _ a2 _ 2 2
7 %zhma(x+h) ax? _ im(a a)x? + 2axh + ah
dx =0 h =0 h
= lim 2N+ AR _ i ogx + ah) = 2ax
h—0 h—0
Challenge .
a f’(x):limx+h x=4mx—(x+h)=. -1
=0 h =0 xh(x + h) 0 x(x + h)
. -1
=1
Gt X% + xh
-1 -1 -1 1

b f(x)= lhlm

ﬂ"x(x+h)= x2+xh=x2+0=_ﬁ

Exercise 12C

1 a 72° b 87 c 4x® d 1x
e jx fox g -3xt h —4x*
i —2x j -bat k —Jx 1 —fx
m 98 n 5x* o 3x? p —2x3
q 1 r 3x?

2 a 6x b 54x® c 2x° 5x7i
e Ly f -10x2 g 6a? 1

2x°
i x j %ﬁ
3 1

3 a 3 b 5 c 3 d 2
dy 3%

4 L=2/%
dx 2V2

Exercise 12D

1 a 4x-6 b x+12 c 8x d 16x+7
e 4-10x

2 a 12 b 6 c 7 d 2}
e -2 f 4

3 4,0

4 (-1,-8)

5 1,-1

6 6,-4

386 @ Full worked solutions are available in SolutionBank. **



Answers

7 ab y y=f) | _y=r(x Exercise 12H
1 a 24x+ 3,24
b 15-3x72 627
dxt+ 6x% —2xs - 18x4

o > ¢ 3 1
- 1 d 30x+2,30
e -3x2-16x7, 617 + 48x*
i S 3.1 3,
> ' 2 3‘Acceleratlon =4tz + 5t
(1.-9) 3 3
1
¢ At the turning point, the gradient of y = f(x) is zero, 4 -
ie. f'(x) = 0. .
Exercise 121
1 a -28 b -17 c —
Exercise 12E 2 a 10 b 4 c 12.25
1 a 4x°-x2 b 10x*-6x3% ¢ 9x:—x: 3 a (-2, -2) minimum
2 a0 b 11% b (% 9%) maximum
1 1
3 a (23,-63) b (i}’ —4) alnd (2,0 ¢ (-3, 1) maximum, (1, 0) minimum
¢ (16,-31) d G494 d (3,-18) minimum, (-}, maximum
4 a x: b -6x3 c —x* . .
s o L et £ Lpt_ 1o e (1, 2) minimum, (-1, -2) maximum
d 3o -2x e Zxi-0x EAEa f (3,27) minimum
g —3x? h 3+6x? i 5w+ g (%, _%) minimum
j 3x*-2x+2 k 12x¢°+ 182> 1 24x-8+ 2«7 h (2,-4/2) minimum
, ,
5 33 1 b 5 c 4 d 4 i (/6,-36) minimum, (-/6, —36) minimum,
6 _Z‘E (0,0) maximum
7 a 512 -2304x + 4608x? 4 a y
b f'(x)=~ %{512 - 2304x + 4608x?)
=-2304 + 2 x 4608x
=9216x - 2304 Y= 42 + 6x
Exercise 12F 0 X
1 a y+3x-6=0 b 4y-3x-4=0
¢ 3y-2x-18=0 d y=x
e y=12x+14 f y=16x-22
2 a 7y+x-48=0 b 17y +2x-212=0 A
3 (5,19 3-7
4 y=-x4y+x-9=0;(-3,3)
5 y=-8x+10,8y-x-145=0
6 (3 " ’
i3 4. 9h
Challenge

L has equation y = 12x - 8.
y=9+x-2a?

Exercise 12G

1 ax=-4% b x<2 ¢ r=-2

d x<2,x=3 e xR f rxeR

g =0 h x=6 / 0 \ x
2 a x<45 b x=25 c x=-1 ' \

d -1lsx=<2 e -3=x<3 f 5<zx<5

g 0<x=? h —2=x=0 ¢ Y y=x3-x>-x+1
3 fx)=-6x2-3 .

22 =0 for allx € R, so -6x2 — 3 <0 for all x € R. (3. 139

. fis decreasing for all x € R.
4 a Anyp=2
b No. Can be any p = 2.

/ g 1, 0) x

387



Answers

y=x(x?-4x-3)

5 (1, 1) inflection (gradient is positive either side of point)

(3,-18)

y=x-32%+3x

6 Maximum value is 27; f(x) < 27

7 a (1,-3): minimum, (-3, -35): minimum, (-

maximum
b

y\

) y=f(x)

(-3,-35)

Exercise 12)

1 a y
\ y:f/(x)

0\/ x

(1,-3)

(6, 0)

(=9, 0) 0

y=1()

0,0) x

388
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1 357

4256

):

c x=-7 y
; 4, 0)
. 0 x
y=f@\ !
d Y
(=2, 0) (0, 0)
y=0 0 x
y=1"(x)
e y‘/xT6
0 . X
f yA
y=0
0 x
y="1{()
a y y=1lx)
16
(-1,0)
/0 4,00 =«
b y
y=1"(x)

N

X_/ ¢

¢ fx)=a>-7x2+8x+ 16
f'lx) =322 -14x +8 =(3x - 2)(x - 4)
d (4,0), (2, 0)and (0, 8)

w




Exercise 12K
1 2t-3 2 2z 3
4 487 5 18
6 a Letx=width of garden.
x + 2y =80
A=xy=2y
b 20m x 40m, 800 m?

wle

7 a 2nr?+ 2nrh =600% =
V = rrth = «r (300 - r?) = 300%r — ©r?
2000w cm?®

8 a Let#=angle of sector.

30072
h—f

29 100 = g = 36000
%360 R
0 2007r
P=2r+27rrx%=2r+7
:2r+m

r
0 < 21 = Area < wr?, so wr? > 100

r> 100

s
b 40cm

9 a Leth = height of rectangle.
P=xr+2r+2h=40=2h=40-2r—-nxr

A= %rz + 2rh = %rz + (40 - 2r — «r)
=40r-2r? - %rz

800
h _OYY 2
4 +7 o

1512 - 18«

10 a 18x+14y=1512=y= 14

A=12xy = 12x(M)

14

1082

=1296x -

b 27216 mm?

Mixed exercise
2 _ 2
1 £ =lim 10(x + 2)* - 1042 _ lim 202h + 10h?
h—0 h h—0 h
:lhiirol (20x + 10R) = 20x
2 a y-coordinate of B = (6x)® + 3(6x)* + 66x + 4
((0x)® + 3(6x)2 + 60x + 4) — 4

Gradient =
radien Tao0 -1
3 2
_ (6x)% + 3(0x)? + 66x — (51 + 361 + 6
(6x)
b 6
3 4,113,172
4 2,2%
5 (2,-13)and (-2, 15)
6 a l—% b x=4+3
x
7 Sxte2x
8 U W 4 - x) b (4,16
a Pl 1 -gar=5x24 - x 4, 16)
3 _1 3.0, 1,3 1
9 a x+x2-22-1 b l+j522+5x7 ¢ 45

10 6x% + fa - 2x7

11
12

13
14

15

16

17
18

19
20

21

22

23 a

24

25

26

Answers

a=1,b=-4,¢c=5
a 3x>-10x+5

b i% iiy=2x-7
y=9x-4and 9y +x =128

a (4,22 p 1

57 5 5

iii 2/5

Pis(O,—l),ﬂ:3x2—4x—4

dx
Gradientat P=-4,s0 Lisy = —-4x — 1.
dx-1=x*-22x2-4x-1=2*(x-2)=0
x=2=y=-9,50Qis(2,-9)
Distance PQ = /(2 — 0)2 + (-9 — (-1))? = /68 = 2/17
a x=4,y=20

Py _3 .1, 96

b @—ZX 2+ 96x

d’y 15
Atx—4,@—?>0

(4, 20) is a local minimum.
(1,-11) and (£, -32)

30727
a 73
1 2
b f'(x)= (x - Z) = ( for all values of x
(1,4)
a (1, 33) maximum, (2, 28) and (-1, 1) minimum

a 250 _ 2x
x2
a P(x, 5- %xz)
OP> = (x - 012 + (5 - 3x* - 0)
=1xt—4x?+ 25
b x=+2/20rx=0
¢ OP=3;f(x) =0 so minimum when x = +2/2,
maximum when x = 0
3+ 5(3) + 3% — 3% = 0 therefore C on curve

Alis (-1,0); Bis (3, 913

b (5,125)

2

=3

Time (s)
o o, 5\/1 2 2N

10 2300w

3° 27

dA — dox — 2000
x x?

dA 2000 2000 _ 500
e 4y = o — x3= . ==

Velocity (cm/s)
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Answers

28

29

a

a

C

Tx?

8

{55
_x_ mat

2 4 773
=§(8—4x—wx)

X2

2 m2(0.280m?)
4 +7

x? + 27x + wa? + 2wxh = 80w

40 — x — a2

h= T

V= wx2h = mﬁ(M)
x

= 7m(40x — x% — x°)

2
L c 3712/< 0 .. maximum
23007
27

222%

Length of short sides = -
& 7z

Area = % x base x height
_ 1(x_) Cdpene
T2\z) T

Let [ be length of EF.

L2y = 4000 = 1= 16000

4 x?

1 2xl

S = 2(—x2) + =

4 V2
_ 1., 32000 _ 2’ 16000/2
2 V2 x2 2 x

x=20V2,S = 1200 m? d

dx?

Challenge
a x7+ 7x°h + 21x°h? + 35x*h®

d .
b =i

—=>0

h—0

= lhig[} (7x° + 21x°h + 35x*h?) = Tx°

CHAPTER 13
Prior knowledge check
1 a 5x¢ b 2« c x:-Vx
2 a 6x*°+3 b x-1 c 3x*+2x
3 a YA

1\ O 3 ;’

-3

390

h

(x+h)7 a7 _ lim 720 + 212°0? + 35x°R°
h

d x=+4x

Exercise 13A

1 a y=%x6+c b
c y=x'l+c d
e y=2xi+c f
g y=—%x7+c h
i y=-10xz+c¢ j
k y=3x"+c¢ 1
my=-9xi+c n
o y=3x*+c P

2 a y=p'-3xi+6x'+c b
c y=4x+4x3+4xz+c d
e y=4x3-3x+4x>+c f

3 a fx)=6x2-3x2+5x+c b
¢ fw=x2+x2+c d
e flx)=3xi-6x7+¢
f ) =32 - 222+ Liat 4 ¢

2

3
4 y=4Tx+6x2+9x+c

5 f(x)=—3x*1+4x§+x?2—4x+c

Challenge
L1243 1,
7x: b5xt 2x* X

Exercise 13B
4
1 r b
a T+c
c —x%+c d
1 1
2 a P Hgattc b
20— a3+ ¢
3 a —4dx'+6xi+c b
1 x3 1
c —4x'?+§—2xz+c
4 a x*+xt+rx+c b

5
c %+2tx—3x*1+c

P+t +c b
c gt‘*+q2t+px3t+c
6 a

3
2x—z+c b

¢ xi+2xi+c

x
y=2x"+c
y=2x?2+c
y=3xi+c
y=2xr+cC
y=3xi+c
y=2x7"+c
y=-5x+c

y={70x°-6+c
y=x'+3xi+xl+c
y=3xi-20°-Jxt+c
y=2"+2x7+3x*+¢
fx) = —xC+x5+c
flx) = 22° - 4x2 + ¢

8
%+c
3
x*  x®  ba?
2 372 "¢

1
2

22+ 22 -2xF+¢C

§t3+6t’%+t+c

%x3+6x2+9x+c

@ Full worked solutions are available in SolutionBank. #



7 a x*+2x-——+c¢

¢ 2xi+ixitc
8 a %xg—%+c

1 1

c Ex4—§x3 —xZ 3x +¢

e 3x+2x:+2x%+¢C
9 a —é—3x+c

x
2 z

c —B+ q +rX+c
10 —g+8§2—%+2x+c
11 2x* + 322 - 6xi+ ¢
12 a (2+5/@)?2=

H 2

b 4x+—4(;x +_252x +c

6
13 L -8y

5 X+ C

14 p=-4,9=-2.5

15 a 1024 - 5120x + 11 520«

b e+ Sxitdxn+c

b -L-1li3x+¢

2T
d Sxi+dxi+2xi4c
f 2 ,.5 3 62
Zxi+ 322+ 62 + ¢
b %@x%—l+c
xZ

4 +10vx + 10vx + 252 =4 + 20/x + 25x

b 1024x - 2560x% + 3840x° + ¢

Exercise 13C

1 a

W N NG
&

c
e

—6x— 18
Yy X 5+

y=x3+x?-2

=3x% + 24% —
4x:

3x -2

5

p=%q=1
512

f(t) = 10¢ >

f(t) = -4.9¢* + 35

35m

e.g. the ground is flat

Challenge

3 4
1 f)= %; f,(x) = X

2 fyx) =

12
x+ 1; fy(x) =

Exercise 13D

a
a
a

28
-8

XN R W N =

k=
450m

1 2
1521 b 482
51 b 10

2 1
162 b 461

A=-Tor4

+8/3

25
%

—x*+x+1 fy(x) =

=2
<
1l
=
kS
|
y
+
w
=
+
J—

5
b y=4x: +%—4§1
1
b 23.975m
d 2.67 seconds
b xn+1
3x4x5%x.xm+1)
—x3+§x3+x+l
¢ 5¢ d 2
5 1
c 4 d 2}

Answers

Challenge
k=2

Exercise 13E

1 a 22 b 362 c 48% d 6
2 4 3 6 4 10%
1 4
8 a (-1,0)and (3,0) b 10%
1
9 13
Exercise 13F
1 5
1 a 13 b 20
2 0 x —1\R/4 x
¢ 40} d 13

2 a (-3,0)and (2,0) b 21%
3 a f(-3)=0
b f(x) =+ 3)(-x2+7x-10)
¢ flx)=(+3)x-502-x)
d (-3,0),(2,0)and (5, 0)
e 1432
Challenge
1 a4 bo c 22 d 41 e
2 2 2 2a

2 a Bhas x-coordinate 1
f(x‘+xz 2x)dx = [ St + 963—9620

1

— __5
=1+11=-35

12

w|—

So area under x-axis is =

Area above x-axis is

L
So the x-coordinate of a satisfies
3xt+4x% - 1222 +5=0

Then use the factor theorem twice to get
(x - 1)?@Bx*+10x+5)=0
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Answers

b A has coordinates <

-5+/10 -80 + 37@)
3 27
The roots at 1 correspond to point B.

The root w

left of —2 below the x-axis, so cannot be A.

Exercise 13G

1
2
3
4
5
6
7

8
9

10
11

a A(-2,6),B(2,6) b 10%
a A(l,3),B3,3) b 11
62

3

4.5

a (2,12 b 131

a 202 b 17¢

a, b Substitute into equation for y

c y=x-4 d 82

3

35

a Substitute x = 4 into both equations
b 7.2

a 213 b 22

a (-1,11)and (3,7) b 213

Mixed exercise

2.3 3 3.4 3.2
1 :;l §x1—§x22—51x+c b jxi+5x5+¢
2 0 -gxt+ 5+ »
3 a 2¢*-2+5x+¢ b 2xi+ixi+c
4 fxi-Zxi-6xi+c
5 x=1f+0+1-8%5x=121
6 a A=6,B=9 b 2xi+dxi+9x+c
7 a %x‘i—Sx% b 6x:+32xi-24x +¢c
8 a=4,b=-35
9 259m
10 a f(t) =5+ ¢ b 7.8 seconds
11 a -1.3 b 10%
12 a —2§E+5x—8ﬁ+c b I
13 a (3,0 b (1,4) c 63
14 a %x‘%+2x‘% b 2x:-8x+¢c ¢ A=6,B=-2
d 1 1 1
15 a %: 6x7% — 3xi = 3xi(4 - x)
b (4,16) ¢ 133 (3sf)
16 a (6,12) b 131
17 a A(1,0),B(5,0),C®6,5 b 10%
18 a g=-2 b (C(6,17) c 13
9 16x:
19 %" 3 +2x2-5x+¢
20 A=-6o0r1
a2 _ 2 4
21 a fly=E- AT g qp 4 6er -
x
f"(x) = =16x73° + 12x — 4x°
c f(x):—%—1235+2963—%5—4—L__)7
22 a (-3,0) and (4, 0) b 145
23 a (-3,0)and (4,0) b 555
24 a -2and3 b 215
392

gives a point on the curve to the

Challenge

102

CHAPTER 14

Prior knowledge check

1 a 125 b 1 c 32 d 49 e 1

3
2 a 6° b y* c 2° d «f
3 gradient 1.5, intercept 4.1

Exercise 14A

1 a
43210 1 2.3 4%
2.6
b x~26
2 a  y=(0.61
4_
3_
2 y:2
550 15 5 4%

-1.4
b x~-14

y=1°

=

4 3210 1 2 3 4%

4 a True, because a’ = 1 whenever a is positive

b False, for example when a = %

¢ True, because when a is positive, a* > 0 for all

values of x
5 y
bacd
J
0 x

A

@ Full worked solutions are available in SolutionBank. **



6 k=3,a=2
7 a Asxincreases, y decreases
b p=12,¢=02

Challenge

y=2*"2+5

o l*’*ﬁ =

Exercise 14B

1 a 27183 b 54.5982 ¢ 0.0000
2 a
Y
y=e
1
0 x
e=2.71828...
e®=20.08553...
3 a 4
Y y=e'+1
2
:-__4 ________ =1
y_
0 x
b YA
y=4e%
4 \\\\\\_
0 x
[¢ yA
y=2e"-3
.—4 __________ y=—3

d 1.2214

Answers

d yA
—— A
3
x
y=4-e"
e 1
Y y=6+10e2"
16
_______ 6 _____
0 x
f Kn
110
y=100e™"+10
100 ~—
0 x
4 a A=1,C=5,bis positive
b A=4,C=0,bisnegative
¢ A=6,C=2,bis positive
5 A=e%4b=3
Y
y = f(x)
e2
o] x
6 a 6e* b —lew c ldex
d 2e’% e 3e + 2e* f 2e% +e*
7 a 3e° b 3 c 3e'?

8 f'(x) =0.2e%%
The gradient of the tangent when x = 5 is
f'(5) = 0.2e' = 0.2e.
The equation of the tangent is therefore
e=0.2ex5+c¢,s0c=0.

Exercise 14C

1 a £20000 b £14331
¢ V(£)
20000 e
V=20000e¢ T
0| t
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Answers

o T osa

(=7

d

30000 b 38221
P (thousands)
94
P=20+e%
30
ol 100 ¢

Model predicts population of the country to be over
200 million, this is highly unlikely and by 2500 new
factors are likely to affect population growth. Model
not valid for predictions that far into the future.
200

Disease will infect up to 300 people.

N
300 4----==-———-=-o--

- _ —0.5t
2004 N=300-100e

0 t

i 15 rabbits ii 132 rabbits
The initial number of rabbits
dR

— =2.4¢e02m
dm

When m =6, 98 —7.97 ~ 8
dm

The rabbits may begin to run out of food or space
0.565 bars

dp

i -0.13e 1% = - 0.13p, k =-0.13

The atmospheric pressure decreases exponentially
as the altitude increases

12%

Model 1: £15733

Model 2: £15723 Similar results

Model 1: £1814

Model 2: £2484 Model 2 predicts a larger value

T
20k

Model 1
Model 2

0 t

In Model 2 the tractor will always be worth at least
£1000. This could be the value of the tractor as
scrap metal.

Exercise 14D

1

a

o000

394

log, 256 = 4 b log,§=-2
log,, 1000000 = 6 d log,11=1
log,,0.008 = 3

21=16 b 52=25

9:=3 d 51=02

10° = 100000

3 a 3 b 2 c 7 d 1
e 6 f % g -1 h -2
i 10 j -2
4 a 625 b 9 c 7 d 9
e 20 f 2
5 a 2475 b 2.173 ¢ 3.009 d 1.099
6 a 5=1log,32<log,50<log,64=06
b 5.644
7 a il ii 1 iii 1 b a'=
8§ a i0 {0 iiiO b a"=1
Exercise 14E
1 a log,21 b log,9 ¢ log;80
d logé(%) e log,,120
2 a log,8=3 b log,36 =2 ¢ log,144=2
d log2=1 e log,10=1
3 a 3log,x+4log,y+log,z
b 5log,x - 2log,y
¢ 2+ 2log,x
d log.x - log,y - log,z
e 1+1log,x
4 a3 b ¢ /30 d 2
5 a logs(x+1)-2logy(x-1)=1
x+1
log 1)2) -
x+1 _
x-12"
x+1=3-1)>
x+1=3w*-2x+1)
3x2-7x+2=0
b x=2
6 a=9,0=4
Challenge
log,x = m and log,y =n
x=a"and y =a"
rry=ar+a'=am"
loga(g):m—n:logax—logay
Exercise 14F
1 a 6.23 b 2.10 c 0.431
d 1.66 e -3.22 f 1.31
g 1.25 h -1.73
2 a 0,232 b 1.26,2.18 c 1.21
d 0.631 e 0.565,0.712 f 0
g 2 h -1
3 a 592 b 3.2
4 a (0,1
1
2
5 0.7565 b 7.9248 c 0.2966

@ Full worked solutions are available in SolutionBank. #



Exercise 14G

1 a Iné6 b 3In1l ¢ 3-In20
d fIn(} e ;In3-3 f 5-In19
1 3
2 a e b ¢ c let-?
d }(ei+2) e 18-e¢! f 2,5
3 a In2,In6 b 1In2,0 c e e’
d In4,0 e ln5,ln(é) f ebe?
4 In3,2In2
5 a g(e?+3) b 1(n3+40) ¢ +In7,0
d e’ e
6 1+Inb5
4+In3
7 a The initial concentration of the drug in mg/1
b 4.91mg/1
c 3=6ew
%:e'i%
1 t
Inf3)=-15
t=-10In(}) = 6.931... = 6 hours 56 minutes
8 a (0,3+In4) b (4-¢79)
Challenge

As y = 2 is an asymptote, C = 2.

Substituting (0, 5) gives 5 = Ae® + 2, s0 A is 3.
Substituting (6, 10) gives 10 = 3e® + 2.
Rearranging this gives B = £1n (3).

Exercise 14H
1 a logS=1log(4x79
log S =log4 + log 7*
logS =log4 + xlog7
b gradient log 7, intercept log 4
2 a logA =log(6x*
logA =1log6 + log x*
logA =1og6 + 4logx
b gradient 4, intercept log 6
3 a Missing values 1.52, 1.81, 1.94
b logyA
2.5

2
1.5+

1-
0.51

0 02040608 1 1214 logx
¢ a=35,n=14
4 a Missing values 2.63, 3.61, 4.49, 5.82
b logyA
7.
6.
5.
4-
3.
2.
1-

0 T T T —>
0 2 4

¢c b=34,a=10

o
[o2]
—_
o]
=

Answers

5 a Missing values -0.39, 0.62, 1.54, 2.81

b logR A
4.

2 4 0 1 2 3logm
a=60,b=0.75

1,600 kcal per day (2 s.f.)

Missing values 2.94, 1.96, 0.95

=2}
T e

o+———T—T—T—T—>
0051152253 3.5logR

¢ A=5800,b=-0.9
d 694 times

7 a Missing values 0.98, 1.08,1.13, 1.26, 1.37
b P=ab

log P = log (ab")

logP =loga + log b’

logP =loga + tlogb
¢ logP
1.4
1.2
1
0.8
0.6
0.4
0.2

00 5 10 15 20 25 30 35 40 45 ¢
a=7.6,b=1.0
The rate of growth is often proportional to the size
of the population
logN =0.095¢ + 1.6
a=40,b=1.2
The initial number of sick people
9500 people. After 30 days people may start to
recover, or the disease may stop spreading as
quickly.
logA = 2logw - 0.1049
qg=2,p=0.7854
¢ Circles: p is approximately one quarter «, and the

o

6 oTe

o e

width is twice the radius, so A = %wz = %(Zr)2 = mre.

Challenge
y=58x%x0.9
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Answers

Mixed exercise
1 a Y

y=2+

y=>5e-1

y=-1
¢ Y
y=Inx
0 1 X
x=0
2 a 2log,p+log,q b log,p=4,log,g=1
3 a %p b %p +1
4 a 2.26 b 1.27 c 7.02
5 a 4-271-15=0
2% -2 x2¥-15=0
@P-2x2-15=0
w-2u—-15=0
b 232
6 x=6
7 a —e* 11ells c 30e*
es+5 In5 1 3+/13
8§ a > 1 ¢ —wInl4 d >
4
0 e’
¢ 2
9 a £950 b £290 ¢ 4.28years d £100
e P
950 .
P=100+850e2
....................... 100
0| t
f A good model. The computer will always be worth
something
396

10

11

12

13

14

15

16

a

o oTe oo

-]

b

2
J= (ln 4)x
(0, 0) satisfies the equation of the line.
2.43
We cannot go backwards in time
75°C
5 minutes
The exponential term will always be positive, so the
overall temperature will be greater than 20°C.
S=aV?®
log S = log (aV?)
log S =loga + log (V")
logS =loga+blogV

logS | 1.26 | 1.70 | 2.05 | 2.35 | 2.50

logV | 0.86 | 1.53 | 2.05 249 | 272

logV K
3.001
2.50
2.004
1.50
1.00
0.504

0.00 T T T ; T —>
0.00 0.50 1.00 1.50 2.00 2.50 3.00logS

The gradient is approximately 1.5; a = 0.09
The model concerns decay, not growth
R

1404

R = 140e*

0 i
70 = 140e*

In (3] = 30k

k=gnf)

1
k=—5In(2),s0c=-

1
30

6.3 million views

dV — 0.4x

e 0.4e

9.42 x 10'° new views per day

This is too big, so the model is not valid after
100 days

4.2

i 1.12 x 10**dyne cm

ii 3.55 x 10%° dyne cm

divide b ii by b i

They exponentiated the two terms on RHS
separately rather than combining them first.

x=2=+/5

@ Full worked solutions are available in SolutionBank. **



Challenge

a y=9"=3%logs(y) = 2«

b y?=(99% = 9%, logy(y?) = 2x
¢ x=-torx=-2

Review exercise 3
1 -45

2 V7

3 All equal to V145

(x -1+ +3)?=145
~2i - 8

a8l =[ad - /85
l5dl - /68
cos ZABC =

=
[ I —

o

85+68-85 _ 1

2x/85 x/68 V5

12

a 5N b 7

m=50V3 +30,n =50

a (-75)2+180% =195 > 150 =/90%+ 1202

b Boat A: 6.5 m/s; Boat B: 5m/s; Both boats arrive at
the same time — it is a tie.

. 5+ h)? - 5x?

9 lm =
= lim 5x%2+ 10xh + 5h? — 5x2

0 7

[o BN = )|

10 —

% =4+ Jx: - 4x

Substitute x = 4 into equation for C

¢ Gradient of tangent = -3 so gradient of normal = %
Substitute (4, 8) into y = +x + ¢

Rearrange y = +

3
d PQ=28/10

d_y = 8x — 5x2, at P thisis 3
dx
y=3x+5
k-t
P=2,0=9,R=4
3xt+ gt - 20
When x =1, f'(x) = 5%, gradient of 2y = 11x + 3 is
5%, so it is parallel with tangent
14 f'(x) =3x2-24x+48=3x-4)2%> 0
15 a A4(1,0) and B(2,0)
b (V2,2/2-3)

16 a

11 a

20
X+T

12 a

13

o T e 6T

V=nr’h=128n,s0h _128

r?

S =2nrh + 27r? = @ + 27r?

b 967 cm?

Answers

dy

17 a dx-6x+2x 2
d%y i
b dx? =6-x:
c B+ixitc
18 a 2x% - 5x%-12x
b x2x +3)x-4)
¢ Y
_%/ 0 4 x
19 62
20 4
21 a —x*+3x*°+4=(-2>+4)x*>+1);2*+1=0hasno
real solutions; so solutions are A(-2, 0), B(2, 0)
b 19.2
22 41 square units
23 a P(-1,4),002,1)
b 45
24 a k=-1, 4(0,2)
b In3
25 a 425°C b 7.49 minutes ¢ 1.64°C/minute
d The temperature can never go below 25 °C, so
cannot reach 20 °C.
26 a -0.179 b x=15
27 a x=1.55 b x=40rx=%
28 a log,2 b 0.125
29 a x=2 b x=In3orx=In1=0
30 a Missing values 0.88, 1.01, 1.14 and 1.29
b logPA
1.4+
1.2+
1 p
0.8
0.6
0.4
0.2
0 T T T —>
0 10 20 30 401
c P=ab
logP =log (ab) = loga + t logb
This is a linear relationship. The gradient is log b
and the intercept is log a.
d a=59,6=1.0
Challenge
1 a O
b 1
2 a f'(-3)=f(2)=0,s0f'(x) =k(x + 3)x - 2)
= k(x? + x — 6); there are no other factors as f(x) is
cubic
b 2x°+3x>-36x-5
3 51.2

4 a f(0)=0"-k(0)+1=1;g(0)=e*®=1; PO, 1)

b

1

2
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Answers

Practice paper

1 a i b 5/2

2 y=%2x+%

3 a erorl:=——= = —3x73, not =3x3
X

2=(%—2¢§+4)—(%—2+2)

1

error 2: [%5 — 2x% 4+ 2x

1 32
not(§—2+2)—(?—2\/§+4)
b 5713 sf)

4 x=30°90° 150°
5 a 2x%x+3)
b 2x%x +3) =980 = 24° + 64 - 980 =0
= x°+3x*-490=0
¢ Forflx) =2+ 322-490=0,1(7)=0,s0x -7 isa
factor of f(x) and x = 7 is a solution.
d Equation becomes (x — 7)(x* + 10x +70) = 0
Quadratic has discriminant 10> -4 x 1 x 70 = -180
So the quadratic has no real roots, and the equation
has no more real solutions.
6 x+15y+106=0
7 a log, P=0.01t+2
b 100, initial population
c 1.023
d Accept answers from 195 to 200
8 1+ cos*x —sin*x =1 + (cos’x + sin®x)(cos? — sin’x)
= (1 - sin®x) + cos?x = 2cos’x
9 Magnitude = V29, angle = 112° (3 s.f))

10 a 56.5° (3 s.f) b £49.63
11 a
y =gk
-1 \0
_ZSN
b -4 -1,4

12 x=3or —%
13 a 1-15x+90x?
b 0.859
¢ Greater: The next term will be subtracting from this,
and future positive terms will be smaller.

14 a f)=fx>-1-xdde=-2x%-x+x'+¢
_ ox*+2vx -1
= te
b c=3+%/3

15 a 52+12-4x5+6x1=12,s0(5,1) lieson C.
Centre = (2, -3), radius = 5
b y=—%x+%

15
c 12§

398 @ Full worked solutions are available in SolutionBank. **



acute angles 206-207
algebra 1-17
algebraic fractions,
simplifying 138-139

algebraic methods 137-153
angles

acute 206-207

in all quadrants 203-207

negative 204

obtuse 203

positive 203

reflex 211
approximations 167
area

trapezium 303

triangle 100-101, 185-186,

303

under curve 297-298
assumptions 106
asymptotes 66

horizontal 277, 278

translation 73

vertical 277

bases 2, 319, 325
binomial estimation 167-168
binomial expansion 158-168
in ascending powers of x
164
combinations 161
factorial notation 161
general term 165
ignoring large powers of x
167-168
Pascal’s triangle 159-160,
161
solving binomial problems
165-166
brackets
expanding 4-6, 163-164
minus sign outside 2

CAST diagram 205
chords 123
perpendicular bisectors
123-125, 129-130
circles 113-130
equation 117-119
finding centre 129

intersections of straight lines

and 121
triangles and 128-130
unit 203, 209
circumcentre 117
circumcircle 128-129
column vectors 235-237
combinations 161
common factors 7
completed square form 22
completing the square 22-23
solving quadratic equations
by 23-24
conjectures 146
constant of integration 288,
293
coordinates 90
cos 6
of any angle 207

graph 192-193, 195-197, 203
quadrants where positive or
negative 205
quadratic equations in
219-221
ratio 174
value for 30°, 45° and 60°
208
value for multiples of 90°
192, 204
cosf =k 213-215
cos(f+a)=k 218
cosnf =k 217
cos™'0 213
cosine rule 174-176,
187-189
counter-examples 150-151
critical values 49
cube roots 10
cubic functions 60-62
cubic graphs 60-62
compared with quadratic
graphs 68
curves
areas between lines
and 302-304
areas under 297-298
gradients 256-257

definite integrals 295-296
delta x (0x) 259
demonstration 146
denominator, rationalising
13-14
derivative
finding 259-261
first order 271
second order 271-272
straight line 264
difference of two squares 7
differentiation 255-280
decreasing functions
270-271
finding derivative 259-261
from first principles 260
functions with two or more
terms 266-267
increasing functions
270-271
modelling with 279-280
quadratic functions
264-265
second order
derivatives 271-272
sketching gradient
functions 277-278
stationary points 273-276
X" 262-263
directed line segments 231
direction of vector 231,
239-240
discriminant 30-31, 43-44
displacement 235, 248
distance 248
between points 100-101
division law of logarithms
321-323
domain 25

elimination 39-40
equations
circle 117-119
normal 268-269
solving using logarithms
324-325
straight line 90, 93-95
tangent 268-269
equilateral triangles 208
exhaustion, proof by 150
expanding brackets 4-6,
163-164
exponential functions 312-318
gradient functions of
314-316
graphs 312-313, 326
inverses 326
modelling with 317
exponents 2-3, 312
expressions
expanding 4-6
factorising 6-8
simplifying 2-3

factor theorem 143-144
factorial notation 161
factorising
expressions 6-8
polynomials 143-144
quadratic equations 19-21
force 248
formula
completing the square
22-23
distance between points
100-101
gradient of straight line
91-92
quadratic 21
fractions, simplifying
algebraic 138-139
function notation
first order derivative 260, 289
second order derivative 271
functions 25-26
cubic 60-62
decreasing 270-271
domain 25
finding 90-91
gradient see gradient
functions
increasing 270-271
quadratic see quadratic
functions
quartic 64-65
range 25
reciprocal 6667
roots 25, 30-31

transforming 79-80, 194-197

fundamental theorem of
calculus 296

geometric problems, solving
with vectors 244-246
gradient
curve 256-257
normal 268-269
parallel lines 97

perpendicular lines 98-99

straight line 91-92

tangent 256, 268-269

zero 264,273

gradient functions 260-261

of exponential functions
314-316

rate of change of 271-272,
274

sketching 277-278

graphs 59-80

cosine 192-193, 195-197,
203

cubic 60-62, 68

exponential functions
312-313, 326

inequalities on 51-52

intersection points 42-43,
68-69

logarithms 326

periodic 192

quadratic functions 27-29

quartic 64-65

reciprocal 66-67

reflections 77

regions 53-54

simultaneous equations
43-45

sine 192-194, 195-196, 203

stretching 75-77

tangent 193, 195-197

translating 71-73

identities 146, 209
identity symbol 146
images 79
‘implies that’ symbol 19
indefinite integrals 290-291
indices 2-3, 312
fractional 9-11
laws of 2-3,9
negative 9-11
inequalities 46-54
on graphs 51-52
linear 4648
quadratic 49-50
regions satisfying 53-54
inflection, point of 273-274
initial value 317
integration 287-304
areas between curves and
lines 302-304
areas under curves 297-298
areas under x-axis 300-301
definite 295-296
finding functions 90-91
indefinite 290-291
polynomials 289, 290
symbol 290
x" 288-289
intersection points 42-43,
68-69
intervals 270
inverse trigonometric
functions 213
irrational numbers 12
isosceles right-angled triangles
208
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key points summaries

algebraic expressions 17

algebraic methods 156

binomial expansion 172

circles 135-136

differentiation 286

equations 58

exponentials and logarithms
336-337

graphs 84

inequalities 58

integration 310

quadratics 37

straight line graphs 111-112

trigonometric identities and
equations 224-225

trigonometric ratios 201

vectors 254

known facts, starting proof

from 151-152

laws of indices 2-3, 9
length 100-101
limits 260
integral between 295-296
line segments 114
directed 231
midpoints 114
perpendicular bisectors 116
linear inequalities 4648
local maximum 273-276
local minimum 273-276
logarithms 319-330
base 319, 325
division law 321-323
graphs of 326
multiplication law 321-323
natural 320, 326-327
and non-linear data
328-330
power law 321-323
solving equations using
324-325
to base 10 320

magnitude-direction form 240
magnitude of vector 231,
239-240, 248
mathematical models 32, 104
mathematical proof 146-148
methods of 150-152
maximum point 27-29
midpoints, line segments 114
minimum point 27-29
modelling
with differentiation
279-280
exponential 317
linear 103-106
with quadratic
functions 32-33
with vectors 248-250
modulus of vector 239
multiplication law of
logarithms 321-323

natural logarithms 320,

326-327
natural numbers 163

400

non-linear data, logarithms
and 328-330
normals 268
equations 268-269
number lines 46-48

obtuse angles 203

parabola 27
parallel lines 97-98
parallelogram law 233
Pascal’s triangle 159-160,
161
periodic graphs 192
perpendicular bisectors
chords 123-125, 129-130
line segments 116
perpendicular lines 98-99
product of gradients 98
‘plus or minus’ symbol 20
point of inflection 273-274
points of intersection 42-43,
68-69
polynomials 139-144
dividing 139-141
factorising 143-144
integrating 289, 290
position vectors 242-243
positive integers 163
power law of logarithms
321-323
powers 2-3, 312
principal value 213-214
products 4-6
proof 146-148
methods of 150-152
Pythagoras’ theorem 117, 187

quadratic equations
form 19
signs of solutions 19
solving by completing the
square 23-24
solving by factorisation
19-21
in trigonometric ratios
219-221
quadratic expressions 7
quadratic formula 21
quadratic functions 25-26
differentiating 264-265
graphs 27-29
modelling with 32-33
quadratic graphs, compared
with cubic graphs 68
quadratic inequalities 49-50
quadratic simultaneous
equations 41-42
quartic functions 64-65
quartic graphs 64-65
quotient 140

range 25

rate of change 105, 279

ratio theorem 244

rational numbers 9

rationalising denominators
13-14

real numbers 7, 232

reciprocal functions 66-67
reciprocal graphs 6667
reflections 77
reflex angles 211
regions 53-54
resultant 231
right-angled triangles
187-188
isosceles 208
roots 19
of function 25, 30-31
number of 30-31
repeated 19

scalars 232, 248
scale factors 75-77
semicircle, angle in 129
set notation 46
simplifying expressions 2-3
simultaneous equations 39-45
on graphs 43-45
linear 39-40
quadratic 41-42
sin 0
of any angle 207
graph 192-194, 195-196, 203
quadrants where positive or
negative 205
quadratic equations in
219-221
ratio 174
value for 30°, 45° and 60°
208
value for multiples of 90°
192, 204
sinf =k 213-215
sin(0+a)=k 218
sinnf =k 217
sin'g 213
sin’f + cos’6 =1 209, 221
sine rule 179-181, 187-188
small change 259
speed 248
square roots 10
statements 146
stationary points 273-276
straight lines 89-106
equation 90, 93-95
gradient 91-92
intersections of circles and
121
modelling with 103-106
stretches 75-77
substitution 39-40
surds 12-13
symmetry, lines of 27-29

tan 6

of any angle 207

graph 193, 195-197

quadrants where positive or
negative 205

quadratic equations in 219

ratio 174

value for 30°, 45° and 60°
208

value for multiples of 90°
193, 204

sin 6

tan9=@ 29

tanf=p 213-215
tan (6 + a)=p 218
tannf=p 217
tan™'0 213
tangents 43, 123-125, 256
equations 268-269
gradients 256, 268-269
theorems 146
transformations 71-80
to functions 79-80, 194-197
translations 71-73
trapeziums, areas 303
triangle law 231
triangles
areas 100-101, 185-186, 303
circles and 128-130
equilateral 208
isosceles right-angled 208
lengths of sides 174-176,
179-180
right-angled 187-188
sizes of angles 174-175,
180-181, 183-184
solving problems 187-188
trigonometric equations
213-221
trigonometric functions,
inverse 213
trigonometric graphs 192-194
transforming 194-197
trigonometric identities
209-211, 221
trigonometric ratios 173-197
signs in four quadrants
203-207
turning points 27-29, 264

unit circle 203, 209
unit vectors 236, 239

value
initial 317
produced by definite

integral 295

vectors 231-250
addition 231-233
column 235-237
direction 231, 239-240
magnitude 231, 239-240, 248
modelling with 248-250
multiplication by scalars 232
parallel 232, 233
position 242-243
representing 235-237
solving geometric problems

with 244-246

subtraction 232
two-dimensional 236
unit 236, 239
zero 232

velocity 248

vertices 127

y=e" 314-316
y=mx +c¢ 90-92
y-intercept 91

zero gradient 264, 273
zero vector 232



	Cover
	Contents
	Overarching themes
	Extra online content
	Chapter 1: Algebraic expressions
	1.1: Index laws
	1.2: Expanding brackets
	1.3: Factorising
	1.4: Negative and fractional indices
	1.5: Surds
	1.6: Rationalising denominators
	Mixed exercise 1

	Chapter 2: Quadratics
	2.1: Solving quadratic equations
	2.2: Completing the square
	2.3: Functions
	2.4: Quadratic graphs
	2.5: The discriminant
	2.6: Modelling with quadratics
	Mixed exercise 2

	Chapter 3: Equations and inequalities
	3.1: Linear simultaneous equations
	3.2: Quadratic simultaneous equations
	3.3: Simultaneous equations on graphs
	3.4: Linear inequalities
	3.5: Quadratic inequalities
	3.6: Inequalities on graphs
	3.7: Regions
	Mixed exercise 3

	Chapter 4: Graphs and transformations
	4.1: Cubic graphs
	4.2: Quartic graphs
	4.3: Reciprocal graphs
	4.4: Points of intersection
	4.5: Translating graphs
	4.6: Stretching graphs
	4.7: Transforming functions
	Mixed exercise 4

	Review exercise 1
	Chapter 5: Straight line graphs
	5.1: y = mx + c
	5.2: Equations of straight lines
	5.3: Parallel and perpendicular lines
	5.4: Length and area
	5.5: Modelling with straight lines
	Mixed exercise 5

	Chapter 6: Circles
	6.1: Midpoints and perpendicular bisectors
	6.2: Equation of a circle
	6.3: Intersections of straight lines and circles
	6.4: Use tangent and chord properties
	6.5: Circles and triangles
	Mixed exercise 6

	Chapter 7: Algebraic methods
	7.1: Algebraic fractions
	7.2: Dividing polynomials
	7.3: The factor theorem
	7.4: Mathematical proof
	7.5: Methods of proof
	Mixed exercise 7

	Chapter 8: The binomial expansion
	8.1: Pascal’s triangle
	8.2: Factorial notation
	8.3: The binomial expansion
	8.4: Solving binomial problems
	8.5: Binomial estimation
	Mixed exercise 8

	Chapter 9: Trigonometric ratios
	9.1: The cosine rule
	9.2: The sine rule
	9.3: Areas of triangles
	9.4: Solving triangle problems
	9.5: Graphs of sine, cosine and tangent
	9.6: Transforming trigonometric graphs
	Mixed Exercise 9

	Chapter 10: Trigonometric identities and equations
	10.1: Angles in all four quadrants
	10.2: Exact values of trigonometrical ratios
	10.3: Trigonometric identities
	10.4: Simple trigonometric equations
	10.5: Harder trigonometric equations
	10.6: Equations and identities
	Mixed exercise 10

	Review exercise 2
	Chapter 11: Vectors
	11.1: Vectors
	11.2: Representing vectors
	11.3: Magnitude and direction
	11.4: Position vectors
	11.5: Solving geometric problems
	11.6: Modelling with vectors
	Mixed exercise 11

	Chapter 12: Differentiation
	12.1: Gradients of curves
	12.2: Finding the derivative
	12.3: Differentiating xn
	12.4: Differentiating quadratics
	12.5: Differentiating functions with two or more terms
	12.6: Gradients, tangents and normal
	12.7: Increasing and decreasing functions
	12.8: Second order derivatives
	12.9: Stationary points
	12.10: Sketching gradient functions
	12.11: Modelling with differentiation
	Mixed exercise 12

	Chapter 13: Integration
	13.1: Integrating xn
	13.2: Indefinite integrals
	13.3: Finding functions
	13.4: Definite integrals
	13.5: Areas under curves
	13.6: Areas under the x-axis
	13.7: Areas between curves and lines
	Mixed exercise 13

	Chapter 14: Exponentials and logarithms
	14.1: Exponential functions
	14.2: y = ex
	14.3: Exponential modelling
	14.4: Logarithms
	14.5: Laws of logarithms
	14.6: Solving equations using logarithms
	14.7: Working with natural logarithms
	14.8: Logarithms and non-linear data
	Mixed exercise 14

	Review exercise 3
	Practice exam paper
	Answers
	Index

		2017-06-15T12:28:22+0000
	Preflight Ticket Signature




