Boost your performance and confidence
F E with these topic-based exam questions
Practice questions created by actual
examiners and assessment experts
EXAM PAPERS PRACTICE
Detailed mark scheme
Suitable for all boards

Designed to test your ability and
thoroughly prepare you

4. Statistics & Probability
4.5 Probability Distributions

%)

MATH
IB Al HL




7

EXAM PAPERS PRACTICE

4. Statistics & Probability

CONTENTS

4.1 Statistics Toolkit

4.1.1 Sampling

4.1.2 Data Collection

4.1.3 Statistical Measures

4.1.4 Frequency Tables

4.1.5 Linear Transformations of Data
4.1.6 Outliers

4.1.7 Univariate Data

4.1.8 Interpreting Data

4.2 Correlation & Regression

4.2.1 Bivariate Data

4.2.2 Correlation Coefficients
4.2.3 Linear Regression

4.3 Further Correlation & Regression
4.3.1 Non-linear Regression

4.3.2 Logarithmic Scales

4.3.3 Linearising using Logarithms
4.4 Probability

4.4.1 Probability & Types of Events
4.4.2 Conditional Probability

4.4.3 Sample Space Diagrams

WWww.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

4.5 Probability Distributions

4.5.1 Discrete Probability Distributions

4.5.2 Expected Values

4.6 Random Variables

4.6.1 Linear Combinations of Random Variables
4.6.2 Unbiased Estimates

4.7 Binomial Distribution

4.7.1 The Binomial Distribution

4.7.2 Calculating Binomial Probabilities

4.8 Normal Distribution

4.8.1 The Normal Distribution

4.8.2 Calculations with Normal Distribution

4.9 Further Normal Distribution (incCentral Limit Theorem)
4.9.1 Sample Mean Distribution

4.9.2 Confidence Interval for the Mean

4.10 Poisson Distribution

4.10.1 Poisson Distribution

4.10.2 Calculating Poisson Probabilities

4.11 Hypothesis Testing

4.11.1 Hypothesis Testing

4.11.2 Chi-squared Test for Independence
4.11.3 Goodness of Fit Test

4.12 Further Hypothesis Testing

4.12.1 Hypothesis Testing for Mean (One Sample)
4.12.2 Hypothesis Testing for Mean (Two Sample)
4.12.3 Binomial Hypothesis Testing

4.12.4 Poisson Hypothesis Testing

4.12.5 Hypothesis Testing for Correlation
4.12.6 Type I & Type II Errors

4.13 Transition Matrices & Markov Chains
4.13.1 Markov Chains

4.13.2 Transition Matrices

WWwWw.exampaperspractice.co.uk




7

EXAM PAPERS PRACTICE

4.1.1 Sampling

Types of Data
What are the different types of data?

* Qualitative datais datathatis usually given inwords not numbers to describe something
o Forexample: the colour of ateacher's car
Quantitative data is data that is given using numbers which counts or measures
something
o Forexample: the number of pets that a student has
Discrete datais quantitative data that needs to be counted
o Discretedatacanonly take specific values from a set of (usually finite) values
o Forexample: the number of times a coinis flipped until a ‘tails’ is obtained
Continuous data is quantitative data that needs to be measured
o Continuous data can take any value within a range of infinite values
o Forexample:the height of a student
Age can be discrete or continuous depending on the context orhow it is defined
o |fyoumean how many years old a personis then this is discrete
o |fyoumeanhow longa personhas been alive then thisis continuous

What is the difference between a population and a sample?

» The populationrefers to the whole set of things which you are interested in
o Forexample: if avetwantedto knowhow long a typical French bulldog slept forin a
day then the population would be all the French bulldogs in the world
+ Asamplerefers to a subset of the population which is usedto collect data from
o Forexample: thevetmight take a sample of French bulldogs from different cities and
record how long they sleepin a day
» Asampling frameis alist of allmembers of the population
o Forexample: alist of employees’ names within a company
+ Usingasampleinstead of a population:
Is quicker and cheaper
Leads toless data needing to be analysed
Might not fully represent the population
Mightintroduce bias

a

s

o

a
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Sampling Techniques
Whatis arandom sample and a biased sample?

+ Arandomsampleis where every member of the population has an equal chance of being
includedinthe sample
» Abiased sampleis one fromwhich misleading conclusions could be drawn about the
population
o Randomsamplingis an attempt to minimise bias

What sampling techniques do | need to know?

Simple random sampling

* Simplerandom samplingis where every group of members from the population has an
equal probability of being selected forthe sample
» Tocarry this out youwould...
o uniquely number every member of a population
o randomly select n different numbers using a random number generator or a form of
lottery (where numbers are selected randomly)
« Effectiveness:
o Usefulwhenyouhave a small population orwant a small sample (such as childrenin a
class)
o [tcanbetime-consumingif the sample or populationis large
o Thiscannotbeusedifitis not possible to number orlist all the members of the
population (such as fishin alake)

Systematic sampling

s Systematic samplingis where a sampleis formed by choosing members of a population at
regularintervals usingallist
* Tocarry this out youwould...
size of population (N)

o calculatethe size of theinterval k= ;
size of sample (n)

o choosearandom starting point betweenlandk
o selectevery kthmemberafterthe firstone
+ Effectiveness:
o Usefulwhen thereis anatural order(such as alist of names or a conveyor belt of items)
o Quickandeasytouse
o This cannotbeusedifitis not possibletonumberorlist allthe members of the
population (such as penguins in Antarctica)

Stratified sampling

« Stratified samplingis where the population is divided into disjoint groups and then a
random sampleis taken fromeach group

Www.exampaperspractice.co.uk
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* Theproportion of a group thatis sampledis equal to the proportion of the population that
belongtothat group
* Tocarry this out youwould...
o Calculate thenumberof members sampled from each stratum
size of sample (n)
size of population (N)
o Takearandom sample from each group
+ Effectiveness:
o Usefulwhen there are very different groups of members within a population
o Thesample willbe representative of the population structure
o Themembers selected from each stratum are chosen randomly
o This cannot beusedif the population can not be splitinto groups orif the groups
overlap

x number of members in the group

Quota sampling

* Quotasamplingis where the populationis splitinto groups (like stratified sampling) and
members of the population are selected untileach quotais filled
« Tocarry this outyouwould...
o Calculate how many people you need fromeach group
o Select members from each group until that guota is filled
= Themembers donothave to be selected randomly

+ Effectiveness:
o Usefulwhencollecting data by asking people whowalk pastyouina public place or
when a sampling frame is not available
o This canintroducebias as somemembers of the population might choosenottobe
includedinthe sample

Convenience sampling

+ Convenience samplingis where a sampleis formed using available members of the
population who fit the criteria
« Tocarry this out youwould...
o Selectmembers that are easiesttoreach
» Effectiveness:
o Usefulwhen alist of the populationis not possible
o Thisis unlikely to berepresentative of the population structure
o Thisis likely to produce biasedresults

What are the main criticisms of sampling techniques?

+ Mostsampling techniques canbeimproved by taking alarger sample

* Sampling canintroduce bias - so you want to minimise the bias within a sample
o Tominimise bias the sample should be as close torandom as possible

+ Asampleonly gives information about those members

Www.exampaperspractice.co.uk
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o Different samples may lead to different conclusions about the population

‘, Worked Example

Mike is a biologist studying mice in an open enclosure. He has access to
approximately 540 field mice and 260 harvest mice. Mike wants to sample 10 mice
andhewants the proportions of the two types of mice in his sample to reflect their
respective proportions of the population.

a)
Calculate the number of field mice and harvest mice that Mike should include in his
sample.

Tofaln number of mice

540+ 260 - faoo
— Fraction of field mice

Field mice g;o A LD 6.15
—Sample size
vl Fraction of harvest mice

Harvest mice lﬂ% x 10=23:25

laddude # f’leld miee ond 3 harvest mice
b)
Given that Mike does nothave alist of allmice in the enclosure, state the name of
this sampling method.
No list of popuim‘ion s0 @n not be a random sample
Quota  sampling

c)
Suggest one way in which Mike couldimprove his sampling method.

Mark ould improve his sampling method
by inreasing his somple size

Www.exampaperspractice.co.uk
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Reliability of Data

How canldecideif dataisreliable?

« Datafromasampleis reliable if similarresults would be obtained from a different sample
from the same population
* Thesampleshould berepresentative of the population
* Thesampleshould be big enough
o Sampling a small proportion of a populationis unlikely to be reliable

What can cause data tobeunreliable?

« |fthesampleis biased
o [tisnotrandom
« |ferrors are made when collectingdata
o Numbers could be recordedincorrectly, duplicated or missed out
« |fthe person collecting the data favours some members over others
o They might seek out members who will lead to a desired outcome
o They might exclude members if they would cause the sample to oppose the desired
outcome
« |fasignificant proportion of datais missing
o Some data may beunavailable
o Some members might decide notto be part of the sample
= This willmean the results are not necessarily representative of the population

Www.exampaperspractice.co.uk
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4.1.2 Data Collection

Methods of Data Collection
How dol choose variables toinvestigate?

» Keepthe number of variables you investigate to a minimum
o Toomany variables at once can be overwhelming
o |tcan betime-consumingto process unnecessary data
« Youshouldchoosevariables that arelinked to what you are investigating
o |fyouareinvestigating the ability of adults to solve puzzles you might use the time it
takes them as a variable
o Considerwhich variables are likely to have an effect on whatyou areinvestigating
= Anadult's reading speedwill affect theirtime to solve a puzzle
= Anadult's heightis unlikely to affect theirtime to solve a puzzle

What makes a good survey?

* Asurveyis amethod of collecting data
« Considerwhetherthe survey needs to bein-person
o Apersonmightbeless likely to answer questions truthfully in person
o You can guickly survey more people remotely or electronically
m Such as postal surveys, phone surveys, internet surveys
« Considerwhethertheinterviewer couldunintentionally influence participants’ responses
o |faheadteacheris asking students whetherthey enjoy school then they are more likely
tosayyes as they think thatis what the headteacherwants to hear
o This willintroducebias

What makes a good questionnaire?

= Aquestionnaireis alist of questions
« Thequestions should be unbiased
o Questions shouldnot beleading
= Forexample: “You enjoy school, don't you?”
o |f options are given for the participant to choose from then they should coverall
possibleresponses
» Thequestions should not be personal
o This means you should not ask forunnecessary personal information
= Suchas date of birth, address, etc
o The questions should not reflect your personal opinions
= Forexample: “Do you enjoy watching the boring news on TV?”
o People can finditdifficult torate personal feeling/qualities
s Forexample: "How smart do you think you are?”
+ Questions can be structured orunstructured
o Structured questions usually ask the participants to choose from options, give a
rating orrank options
= Thesecanbe quicktoanalyse
= The answer choices shouldbe consistent where appropriate
o Unstructured guestions let the participants to express their views in their own words

Www.exampaperspractice.co.uk
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» Thesetendtobe more open-ended questions
= Thesecan takelongerto analyse but can give morein-depth views
+ Questions should be precise and unambiguous
o Theyshould be phrasedin a way in which the participants understand exactly what
youmean

o Forexample: “Doyou study French or Spanish at school” is not precise
= Some people might reply with “Yes" or “No”"
» Some people might reply with “French” or“Spanish”

Www.exampaperspractice.co.uk



Fe

EXAM PAPERS PRACTICE

Reliability & Validity
What is reliability & validity of a data collection method?

+ Reliability measures how consistent a process is at measuring a variable
o Aprocessisreliableif youwould get the sameresults by repeating the process with
the same sample using the same conditions
« Validity measures how accurate a process is at measuring a variable
o Aprocessisvalidifitis accurately measuring the variable you wantitto measure
« |fyourprocessis found not to be reliable orvalid then:
o Adjustthe data collection process
o Changethe sampling technique
o Usealargersample

What are tests to checkreliability?

+ Test-retest
o Thisis where you use a data collection process with a sample and then repeat the
same process withthe same sample at alatertime
= Theresults should show positive correlationif the process is reliable
= Theresults might not perfectly match dueto external factors during the gap
between the data collection
= Oncethe sample has beenthrough the process once they will be familiar so this
couldleadto different results from the second process
+ Parallel forms
o This is where you give the same sample a second set of questions (or second set of
experiments)which are similar to the first set
= Theresults should show positive correlationif the process is reliable
® |tcan bedifficultto make the two processes similarto each other

What are tests to check validity?

+ Content-related validity checks
o Thisis where you check how well the process measures all aspects of the variable
» |[ftheprocessis validthenitshould coverall aspects of the variable
= Thesechecks require knowledge of the variable so experts are often used
= Anexample of a process thatis valid:
Ateacherwants to assess howwell students understand calculus so they set
questions covering differentiation, integration and applications
s Anexample of a process thatis not valid:
Arestaurant managerwants to assess how good a chefis at cooking steaks so
asks thecheftomake 10 medium steaks
+ Criterion-related validity checks
o Thisis whereyou check how well one variable predicts the outcome foranother
variable(called the criterion variable)
m [fthe processis validthen thevariable should be a good predictor
» Anexample of a process thatis valid:
Results from a mock exam beingused to predict the results in the actual exam

Www.exampaperspractice.co.uk
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= Anexample of a process thatis not valid:
Results from measuring the heights of meerkats being used to predict the heights
of squirrels

‘) Worked Example
®

Tomasis adogtrainer. Before he agrees totrain adoghe assesses thedog's
obedience. To do this, he firstvisits the dog, asks it to perform 10 basic commands
andrecords how many the dog successfully carries out. Two days later, Tomas
visits the dog a second time and asks it to do the same 10 commands. Tomas
assesses B dogs using this process and the table below shows the number of
commands performed successfully by each dog on each visit.

Dog 1 2 3 o 5 6 7 8
Firstvisit 3 5 2 3 o] Z 0] 5
secondf 5 2 4 5 2 1 5

visit

a)
Statethereliability test that Tomas is using.

Tamus 15 u&ma Eiod’]lj fl’h‘; Same frocess UJI'H] H'lt Samg SENP*E
Tem‘—refesf

D)
Comment on thereliability of Tomas' process.

The number of (ommands that each dcg, suuess{u“ﬂ
performed on the second visit wos either the same as
the Hicst visit or very similar. Therefore the process is
rElmElE
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4.3 Statistical Measures

Mean, Mode, Median

What are the mean, mode and median?

+ Mean, median and mode are measures of central tendency
o They describe where the centre of thedatais
+ Theyare all types of averages
+ Instatistics itis important to be specific about which average you are referring to
« Theunits forthe mean, mode and median are the same as theunits forthe data

How are the mean, mode, and median calculated forungrouped data?

+« Themodeisthevaluethat occurs mostoftenin a dataset
o [|tis possible forthere to be more than one mode
o [|tis possible forthere to be nomode
» |nthis casedonotsay the modeis zero
+* The medianis the middle value when thedata is in order of size
o |ftherearetwovaluesin the middle thenthe median is the midpoint of the two values
+ Themeanis the sum of allthe values divided by the number of values

X =

n
2. X.
i=1 "

n
o Where Zx};x
i=1
o Themean canberepresented by the symbol u
+ YourGDC can calculate these statistical measures if you input the data using the statistics

| +)r2 +... +xn is the sum of the n pieces of data

mode

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

*9 Worked Example

Findthe mode, median and mode for the data set given below.

43 29 70 51 64 43
Mode s the most ommon
Mode = 43

Median is the middle when in order
9 43 4315l b 30

43+8| _
S

Median = &1

lx
an N

Tx =300 and n=b 3%"%50
MEﬂn=50

Www.exampaperspractice.co.uk
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Quartiles & Range
What are quartiles?

+ Quartiles are measures of location
* Quartiles divide a population or data setinto four equal sections
o Thelower quartile, @, splits thelowest 25% from the highest 75%
o Themedian, Q, splits the lowest 50% from the highest 50%
o Theupper quartile, @z splits the lowest 75% from the highest 25%
« There are different methods for finding quartiles
o Values obtained by hand and usingtechnology may differ
« You will be expected touseyour GDC to calculate the quartiles

What are therange and interquartilerange?

+« Therangeandinterquartilerange are both measures of dispersion

o Theydescribe how spread outthedatais
+ Therangeis thelargestvalue of the data minus the smallest value of the data
« Theinterquartilerangeis therange of the central 50% of data

o [|tis the upperquartile minus the lower gquartile

IQR=0Q;=0Q,

= Thisis givenin the formula booklet
« Theunits fortherange andinterguartilerange are the same as theunits for the data

Www.exampaperspractice.co.uk
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‘) Worked Example
°

Find therange andinterquartilerange forthe data set given below.

43 29 70 51 64

R&ﬁ%e : Maximum - Htmmum
10 - 29
Rﬂngla = 4|

Find upper and lower quar+l|fs using GDC
QI - LI"?) E].I"Ind 03 - bLT

|QR - Qg, - 01
bt - &3
IQR = 21
Bﬂ hand
. Range .
9 i+|3 43|51 ok 0
TR

Www.exampaperspractice.co.uk
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Standard Deviation & Variance
What are the standard deviation and variance?

« Thestandard deviation and variance are both measures of dispersion

o Theydescribe how spread outthedataisinrelationtothe mean
Thevarianceis the mean of the squares of the differences between the values and the
mean

o Varianceis denoted 62
The standard deviationis the square-root of the variance

o Standarddeviationis denotedao
The units for the standard deviation are the same as the units forthe data
Theunits forthe variance are the square of the units for the data

L]

How are the standard deviation and variance calculated for ungrouped
data?

« |ntheexam you willbe expected to use the statistics function on your GDC to calculate the
standard deviation and the variance

+ Calculating the standard deviation and the variance by hand may deepen your
understanding

k
2
T rfuma
« Theformula forvarianceis o2 = -
o This can berewritten as
k
2 fx2
= I i
n

k
2. f(x.—p)

=1

*» Theformula forstandard deviationis o= 7

o This can berewritten as

k
2 fx?

G=’\j=lT—,u2

+ Youdonotneedtolearnthese formulae as youwilluseyour GDC to calculate these

Www.exampaperspractice.co.uk
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*> Worked Example

Findthevariance and standard deviation forthe data set given below.

43 29 70 51 64 43

Fmd variance and sﬁandaro‘ deuthn us'ma GDC
oot < 189.333. and op ;13359

Var'mn[e = 189 (35{:)
Standard devigtion = 13.3 (3sF)

By hand
- z'?l ) i:.
Lit= 16136 & = 00 “en=f

o “’—E" - 50 - 199.333.

s J194333. 13359

Www.exampaperspractice.co.uk
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4.1.4 Frequency Tables

Ungrouped Data
How are frequency tables used forungrouped data?

* Frequencytables canbeusedforungrouped data when you havelots of the samevalues
within a data set
o Theycanbeusedtocollect and present data easily
+ |fthevalue 4 has afrequency of 3 this means that there are three 4's in the data set

How are measures of central tendency calculated from frequency tables
with ungrouped data?

+ Themodeis thevalue that has the highest frequency
* Themedianis the middlevalue
o Usecumulative frequencies (running totals) to find the median
« Themeancanbecalculated by
o Multiplying each value x;by its frequency f;
o Summingto get fix;
Dividing by the total frequency n = £f;
This is givenin the formula booklet

5]

[a]

k

2. fx.

! i

— 1=1

X=
n

o

YourGDC can calculate these statistical measures if you input the values and their
frequencies using the statistics mode

How are measures of dispersion calculated from frequency tables with
ungrouped data?

» Therangeis thelargestvalue of the data minus the smallestvalue of the data
= Theinterquartilerangeis calculated by

IQR=0Q,-Q,

o Thequartiles can be found by using your GDC andinputting the values and their
frequencies
* Thestandard deviation and variance can be calculated by hand using the formulae
o Variance

k
2. fx?

=
T e S
o-=

n H

o Standard deviation

Www.exampaperspractice.co.uk
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k
Z f}x}.z
=1
o= \|—"— —,u2
n
o Youdonotneed tolearn these formulae as you will be expectedtouseyour GDC to
findthe standard deviation andvariance
= Youmaywantto seethese formulaeto deepen yourunderstanding

@ ExamTip
- + Always check whetheryouranswers make sense when using your GDC

o Thevalue fora measure of central tendency should be within the range of
data

Www.exampaperspractice.co.uk
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*) Worked Example

The frequency table below gives information number of pets owned by 30 students
inaclass.

Numberofpets | O 1 2

Frequency N 5 8 6

Find

a)

themode.
Mode = value with hifj'heﬁr Fnaq’uencg
Mode = O

b)

the median.
Medion = middle Avalue
o< 80 ' raedian =i 2aid poinf=2 ok (5™ | ad=Ib™

Numi:er ol: pei‘: 0 \ 2 3
(.umulrﬁive Fﬂi’quzn[j 6 24 3

Hediun = |

c)

the mean.
Farmula . T hx i
Buoklef Mean, 7. of o setof data | ©= = Jr=;j
o 0 s 5el 4812 4643 39

n [+ 5+3+ ¢ 30

Mean = 1.3

d)

the standard deviation.

Www.exampaperspractice.co.uk
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Use GDC o = 1159..
S’rundnrd dEueriun = .16 (35[')
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Grouped Data
How are frequency tables used for grouped data?

» Frequency tables can beused forgrouped data when you have lots of the same values
within the same interval
o Classintervals will be written using inequalities and without gaps
= 10<x<20and20<x <30
o Iftheclassinterval 10 £ x <20 has a frequency of 3 this means there are three values in
thatinterval
= You donot know the exact data values when you are given grouped data

How are measures of central tendency calculated from frequency tables
with grouped data?

+ The modal classis the class that has the highest frequency
o Thisisforequalclass intervals only
« Themedianis the middle value
o Theexactvaluecannot be calculated but it can be estimated by using a cumulative
frequency graph
+ Theexact meancannotbecalculated as youdonothave theraw data
+ Themean can be estimated by
o |dentifying the mid-interval value (midpoint) x; foreach class
o Multiplying each value by the class frequency f;
o Summingto getXfix
o Dividing by the total frequency n = xf;
o Thisis giveninthe formula booklet

k
2. f:‘x:‘
i=1

n

x:

o YourGDC can estimate the meanif you input the mid-interval values and the class
frequencies using the statistics mode

How are measures of dispersion calculated from frequency tables with
grouped data?

+ Theexactrangecannotbecalculated as thelargestandsmallest values areunknown
« Theinterquartilerange canbeestimatedby

IQR=0Q,-0Q,

o Estimates of the quartiles can be foundby using a cumulative frequency graph
+ Thestandard deviation andvariance can be estimated using the mid-interval values x;in
the formulae
o Variance

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

k
2. fx2
i=1 ' "
D=
(o]
n H
o Standard deviation
k
Z f;;(},z
i=1 2
o= \N—"1-—
n H

o Youdonotneedtolearnthese formulae as youwillbe expectedtouseyourGDC to
estimate the standard deviation and variance using the mid-interval values
= Youmaywanttousetheseformulae to deepen yourunderstanding

O ExamTip
* + Asyou canonly estimate statisticalmeasures from a grouped frequency table it
is good practice to indicate that thevalues are not exact
o You cando this by rounding valuesratherthan leaving as surds and
fractions

o (3sf) ratherthan

Www.exampaperspractice.co.uk
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*9 Worked Example

° The table below shows the heights incm of a group of 25 students.
Height, h Frequency
150<h<155 3
155<h<160 5
160 <h<165 9
165<h<170 7
170<h<175 1

a)
Write down the modal class.

Modal class = class with h'.ghm Frtquentﬂ
Modal class = 160 s h < |65

b)
Write down the mid-interval value of the modal class.

Md4itertal voltg = Uyﬁgqudgmijamrjmnd_ura

160 + 165
2

Mid-interval value = 162.5 m

c)
Calculate an estimate forthe mean height.

Use mid-interval values to estimate the mean

Fﬂrmuiu i.-".-t. s
Mean, ¥, of o set of doto | 7 =221 n —Z_f’l
BonHﬂf - -
_3x152.5 +5x15%.5 +9x 2.5+ Fx 615413105 40525
&L ° 3+ 5+04 7+ 25

Estimated mean = 1621 ¢m

Www.exampaperspractice.co.uk
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415 Linear Transformations of Data

Linear Transformations of Data
Why are linear transformations of dataused?

+ Sometimes data might be verylarge orvery small
» ‘Youcan apply a linear transformation to the data to make the values more manageable
o You may have heard this referredto as:
s Effects of constantchanges
m Linearcoding
¢ Lineartransformations of data can affect the statistical measures

How is the mean affected by a linear transformation of data?

» Let x bethe mean of some data
+ |fyou multiply eachvalue by a constant k then you willneed to multiply the mean by k
o Meanis kx
* |fyouadd orsubtract a constanta from all the values then you willneed to add or subtract
the constant a tothe mean
o Meanisx+a

How is the variance and standard deviation affected by alinear
transformation of data?
+ Let 02 bethevariance of some data
o gisthe standard deviation
« |fyoumultiply eachvalue by a constant k then you will need to multiply the variance by k2
o Varianceis ko2
o Youwillneed to multiply the standard deviation by the absolute value of k
» Standarddeviationis |k|o
o |fyouadd orsubtract a constanta from allthe values then the variance and the
standard deviationstay thesame
» Varianceis 6°
= Standarddeviationis @

@ ExamTip
et » |fyouforget theseresults in an exam then you can lock in the HL section of the

formula booklet to see them written in a more algebraic way
o Lineartransformation of a single variable

o whereE(...) means the mean andVar(...) means the variance

wWww.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

‘) Worked Example
[ ]
Ateachermarks his students' tests. Therawmean scoreis 31 marks and the

standard deviationis 5 marks. The teacher standardises the score by doubling the
raw score and then adding 10.

a)
Calculate the mean standardised score.

If data is muhhplied '05 K then mean is rnu|hp1itd ':nj k
IF k is added to data then k is added to the mean
JAx2 +10

Mean of standardised swres = +2

b)
Calculate the standard deviation of the standardised scores.

IF data is multiphied by K thea stondard deviation
is multiplied by k|

IF k is added toidata then standard deviation s
unchun&gd
5«2

Standord deviation of standardised scores =10
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4.6 Outliers

Outliers
What are outliers?

o Qutliers are extreme data values that do not fit with the rest of the data
o They areeithera lot biggerora lot smallerthan therest of the data

+ Qutliers are defined as values that are more than 1.5 x IQR from the nearest quartile
o xisanoutlierifx<@,-1.5xIQRorx> Q3 +1.5xIQR

+ Qutliers can have a big effect on some statistical measures

Should | remove outliers?

« Thedecisiontoremove outliers willdepend on the context
» Qutliers should be removed if they are found to be errors
o Thedatamayhave beenrecordedincorrectly
o Forexample: The number 17 may have beenrecorded as /1 by mistake
« Qutliers should not be removed if they are a valid part of the sample
o Thedata may needto be checked toverifythatitis notanerror
o Forexample: The annualsalaries of employees of a business might appearto have an
outlier but this could be the director's salary
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‘, Worked Example

]
The ages, inyears, of anumber of children attending a birthday party are given
below.

2,7,5 4,8 4,6 5, 5,29 2,513
a)

Identify any outliers within the data set.

x is an outlier f x<Q-15xIQR or x> Q,+15+1QR
Using GDC

Q:4 ond Q3=‘+'.5 L 1QR= 35

Q,-1551QR = k-1.5+35 - -1.25

Q¢ 15x1QR =35¢1.5x35 = |2.35

Outliers are 13 ﬂrld 2‘1

b)
Suggestwhich value(s) should beremoved. Justify youranswer.

B-Md#km&m#tsnunﬁdaﬁﬂdc
o chid.

A should be removed as this is 0n age of an
adult.
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4.1.7 Univariate Data

Box Plots

Univariate datais datathatis inonevariable.

What is a box plot (box and whisker diagram)?

+ Aboxplotis a graph that clearly shows key statistics from a data set
o |t shows the median, quartiles, minimum and maximum values and outliers
o |tdoes notshow any otherindividual dataitems
+ Themiddle 50% of the data willbe represented by the box section of the graph and the
lower and upper 25% of the data will be represented by each of the whiskers
+ Any outliers arerepresented with a cross on the outside of the whiskers
o Ifthereis anoutlierthen the whiskerwillend at the value before the outlier
* Only one axis is usedwhen graphing a box plot
« [tisstillimportant to make sure the axis has a clear, even scale and is labelled with units

LOWER QUAHTILEH\ /E« UPPER QUARTILE

THE BOX CAN
a/J A S~ OUTLIER

BE ANY DEPTH.
% MEDIAN

MINIMUM VALUE

THE WHISKERS (WITH OUTLIERS REMOVED)

(MAXIMUM VALUE l

What are box plots useful for?

+ Boxplots can clearly show the shape of the distribution
o |faboxplotis symmetrical about the median then the data could be normally
distributed
+ Boxplots are often used forcomparing two sets of data
o Two box plots will be drawn next to each otherusing the same axis
o They areuseful forcomparing data becauseitis easy to seethe main shape of the
distribution of the data from a box plot
= You can easily compare the medians and interquartile ranges

@ ExamTip

- .
¢ Inanexamyou canuse your GDC to draw a box plot if you have theraw data
o You calculator's box plot can alsoinclude outliers so this is a good way to
check

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

9 Worked Example

Thedistances, in metres, travelled by 15 snails in a one-minute period arerecorded
andshown below:

05, 07,10, 11,12, 12,12, 13, 14,14, 14,14, 15,15, 15

a)

i)

Find the values of Q], QZ and Qs'

i)

Find theinterquartile range.

i)

Identify any outliers.
Udmﬂ &DC
Q,=|.-| m Dl -'|-3 m D;-’l-"-\-m
|QR: Q- Q = .4~ I
QR = 03 m
Q,- 1.5+ 1QR = |i- I5%03"="0.65
Of .9xIQR = L&+15x03 = |.89
SR

b)

Draw a box plot for the data.

X

| mm
04 | 0b : 0% 10 12 W Lb
| Distance (m)

'll‘l

Label outher ~ Use next smallest
meh QO (ross after outlier
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Cumulative Frequency Graphs
What is cumulative frequency?

» The cumulative frequency of xis the running total of the frequencies for the values that are
less thanorequaltox

» Forgroupeddatayouuse the upperboundary of a class interval to find the cumulative
frequency of thatclass

What is a cumulative frequency graph?

» Acumulative frequency graph is usedwith data that has been organisedinto a grouped
frequency table
+ Somecoordinates are plotted
o Thex-coordinates are the upper boundaries of the class intervals
o They-coordinates are the cumulative frequencies of that class interval
» Thecoordinates are then joined together by hand using a smoothincreasing curve

What are cumulative frequency graphs useful for?

* Theycanbeusedtoestimate statistical measures
o Draw a horizontal line from the y-axis to the curve
= Forthemedian: draw theline at 50% of the total frequency
= Forthelower quartile: draw the line at 25% of the total frequency
= Fortheupperqguartile: draw theline at 75% of the total frequency
» Forthep' percentile: draw the line at p% of the total frequency
o Draw averticalline down from the curve to the x-axis
o This x-valueis therelevant statisticalmeasure
» Theycanusedtoestimate the number of values that are bigger/small than a given value
o Draw a vertical line from the given value on the x-axis to the curve
Draw a horizontal line from the curve to the y-axis
Thisvalueis an estimate forhow many values areless than orequalto the givenvalue
= Toestimate the numberthatis greaterthan the value subtract this number from
the total frequency
They can beused to estimate the interquartilerange IQR = 03 - QI

Q

o

o

a

They canbeusedtoconstruct a box plot for grouped data
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Cumulative Frequency Graphs
What is cumulative frequency?

* Thecumulative frequency of xis the running total of the frequencies for the values that are
less than orequaltox

* Forgroupeddatayouusetheupperboundary of a class interval to find the cumulative
frequency of thatclass

What is a cumulative frequency graph?

« Acumulative frequency graphis used with data that has been organised into a grouped
frequency table

« Somecoordinates are plotted
o Thex-coordinates aretheupper boundaries of the class intervals
o They-coordinates are the cumulative frequencies of that class interval
* Thecoordinates are then joined together by hand using a smoothincreasing curve

What are cumulative frequency graphs useful for?

* Theycanbeusedtoestimatestatistical measures

o Draw a horizontal line from the y-axis to the curve
= Forthemedian: draw theline at 50% of the total frequency
= Forthelower quartile: draw theline at 25% of the total frequency
» Fortheupperquartile: drawtheline at 75% of the total frequency
» Forthe p percentile: drawtheline at p% of the total frequency

o Draw avertical line down from the curve to the x-axis

o This x-valueis therelevant statistical measure

+ Theycanusedto estimate the number of values that are bigger/small than a given value
o Draw avertical line from the given value on the x-axis to the curve
Draw a horizontal line from the curve to the y-axis
This valueis an estimate forhow many values are less than orequal to the given value
= Toestimate the numberthatis greaterthan the value subtract this numberfrom
the total frequency
They can beusedto estimate theinterquartilerange IQR = 03 - QI

(s}

o

[+]

(]

They canbeusedtoconstruct a boxplot for grouped data
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Worked Example

The cumulative frequency graph below shows thelengths incm, /, of 30 puppies in
a training group.
30
25
20
Cumiuilative

frequency 15

10

v 35 40 45 50 55 60
Length of puppy (cm)

a)
Given that theinterval 40 < [ < 45 was usedwhen collecting data, find the
frequency of this class.

e eesmw . =2 2w

3

T Frequeny - 8]

"
Trevpic ey L

v 1 [ [ E] ] AL
Lt af page (e}

b)
Usethe graph to find an estimate forthe interquartile range of the lengths.

- / ;aao: 15 Q:35
3

32 30:225 Q514

Cusralathe
frogqueney 1

1QR = Q, -Q, =91 -345
QR = 119 (m

" T3 ] [ E] B i
Leagth al puppry [cm)

C)
Estimate the percentage of puppies with length more than 51cm.
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-22:5% puppies
lunﬂu than 5l em

) y . 0
E liDDfn : 2&%1{5

i T ”:w ] I:u 3 ] 261’ u!ﬁl (35':)

||||||||||
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Histograms
What is a (frequency) histogram?

+ Afrequency histogram clearly shows the frequency of classintervals
o Theclasses willhave equalclass intervals
o Thefrequency willbe onthe y-axis
o Thebarforaclassintervalwillbegin at the lowerboundary andend at the upper
boundary
+ Afrequency histogramis similartoabarchart
o Abarchartis usedforqualitative ordiscrete data andhas gaps between the bars
o Afrequency histogramis used forcontinuous data and has no gaps between bars

What are (frequency) histograms useful for?

+ Theyshowthemodal class clearly

+ Theyshow the shape of the distribution
o |tisimportant the classintervals are of equal width

+ Theycanshowwhetherthe variable can be modelled by a normal distribution
o |ftheshapeis symmetrical and bell-shaped
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*9 Worked Example

Thetable below andits corresponding histogram show the mass, in kg, of some
new born bottlenose dolphins.

Mass, mkg Frequency
4<m<8§ 4
8<m<12 15
12<m<16 19
16<m<20 10
20 m<24 6

a)
Draw a frequency histogram to represent the data.

F B

1| gt
L% 276 0% "
[ Mig k) !
|

| No qaps

Frequency

o F oo

b)
Write down the modal class.

Modtﬂ (.luﬂ.‘. = LilﬂSj mn‘h Ihlﬂhea’r #reqruentﬁ
Modal class = IL ¢ mclb
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4.1.8 Interpreting Data

Interpreting Data
How dolinterpret statistical measures?

» Themodeis useful forqualitativedata
o |tis not as useful for quantitative data as thereis not always a unique mode
* Themeanincludes all values
o |tis affected by outliers
o Asmaller/largermeanis preferable depending on the scenario
= Asmallermean time forcompleting a puzzle is better
= Abiggermeanscoreon atestis better
» Themedianis not affected by outliers
o |tdoes notuse allthevalues
» Therange gives the full spread of the all of the data
o |tis affected by outliers
* Theinterquartilerange gives the spread of the middle 50% about the median andis not
affected by outliers
o |tdoes notuseallthevalues
o Abigger QR means the datais more spread out about the median
o Asmaller QR means the data is more centred about the median
« Thestandard deviation andvariance use all the values to give a measure of the average
spread of the data about the mean
o They are affected by outliers
o Abiggerstandard deviationmeans the data is more spread out about the mean
o Asmallerstandard deviation means the data is more centred aboutthe mean

How dol choose which diagram to use torepresent data?

= Boxplots
o Can beusedwith ungroupedunivariate data
o Shows therange, interquartile range and quartiles clearly
o Very useful forcomparing data patterns quickly
+ Cumulative frequency graphs
o Canbeusedwith continuous grouped univariate data
o Shows therunning total of the frequencies that fall below the upperbound of each
class
+ Histograms
o Can beusedwith continuous grouped univariate data
o Usedwith equalclassintervals
o Shows the frequencies of the group
= Scatterdiagrams
o Canbeusedwithungroupedbivariate data
o Shows the graphical relationship between the variables

How do | compare two or more data sets?

» Compare a measure of central tendency
o |fthe data contains outliers - use the median
o [fthedatais roughly symmetrical - usethemean
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Compare a measure of dispersion
o |fthe data contains outliers - use theinterquartilerange
o |f the datais roughly symmetrical - use the standard deviation
Considerwhetheritis betterto have a smaller or biggeraverage
o This willdepend on the context
= Asmalleraveragetime forcompletinga puzzleis better
= Abiggeraverage scoreonatestis better
Considerwhetheritis betterto have a smaller or bigger spread
o Usually asmallerspread means itis more consistent
Always relate the comparisons to the context and considerreasons
o Considerthe sampling technique and the data collection method

*> Worked Example

®
The box plots below show the waiting times for the two doctor surgeries, HealthHut
and FitFirst.

HealthHut l_ _“ LD LY
& JumEEEY | uwmw ORI
FitFirst 4 E

0 10 20 30 40 a0 60
Waiting time [minutes)

Compare thetwo distributions of waiting times in context,

(.Dmpare :
"0 mMeasure oF (entral +{‘_ndEﬂ-bj

0 Measure of dispersion

HealthHuts medion waiting time is smaller thaa
Fit Firsts (ID‘-Z‘F) On average patieats %ef

seen quicker ot HealthHut .

Fit Figst 5 'mferquarhle range is smaller than
HealthHut s (13 < 19) There is less mrmbilifa

of wuihns times ot FitFict
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4.2.1 Bivariate Data

Scatter Diagrams

What does bivariate data mean?

« Bivariatedatais datawhichis collected on two variables andlooks athow one of the
factors affects the other
o Each datavalue fromone variable will be paired with a data value from the other
variable
o Thetwovariables are oftenrelated, but donot havetobe

What is a scatterdiagram?

+ Ascatterdiagramis away of graphingbivariate data
o Onevariablewillbe on the x-axis and the other will be on the y-axis
o Thevariablethatcan be controlled in the data collectionis known as the independent
orexplanatory variable andis plotted on the x-axis
o Thevariablethatis measured ordiscoveredinthe data collectionis known as the
dependent orresponse variable andis plotted on the y-axis
+ Scatterdiagrams can contain outliers that do not follow the trend of the data

@ ExamTip
- s IfyouusescatterdiagramsinyourInternal Assessment then be aware that
finding outliers for bivariate data is different to finding outliers for univariate
data
o (x,y)couldbe anoutlier forthe bivariate data evenif xand y are not outliers
fortheirseparate univariate data
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Correlation

Whatis correlation?

= Correlationis how the two variables changeinrelationto each other
o Correlation could be the result of a causal relationship but thisis not always the case
+ Linear correlationis when the changes are proportional to each other
+ Perfectlinear correlation means that the bivariate data will all lie on a straightlineon a
scatterdiagram
+ When describing correlation mention
o Thetypeofthe correlation
= Positive correlationis when anincreasein one variable results in the other
variable increasing
= Negative correlationis when anincreasein one variable results in the other
variable decreasing
= Nolinearcorrelationis when the data points don't appear to follow a trend
o The strength of the correlation
= Stronglinear correlationis when the data points lie close to a straight line
= Weak linear correlationis when the data peints are not close to a straight line
+ |fthereis stronglinear correlation you can draw a line of best fit (by eye)
o Theline of best fit will pass through the mean point (X, j'_)
o Ifyou are askedtodraw aline of best fit
= Plotthe mean point
= Draw aline going through it that follows thetrend of the data

N M ; M
® X = %
\ ® ” : x x ) x
::! L x . . x ® "
: > - > >
TRONG WEAK NO
POSITIVE POSITIVE CORRELATION
CORRELATION CORRELATION
/ M
= x =
> <>
WEAK STRONG
NEGATIVE NEGATIVE
CORRELATION CORRELATION

Whatis the difference between correlation and causation?
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« |tisimportant to be aware thatjust because correlation exists, it does not mean that the
changein one of the variables is causing the changein the othervariable
o Correlationdoes notimply causation!
« |fachangeinonevariable causes a changeinthe otherthen the twovariables are saidto
have a causal relationship
o Observing correlation between two variables does not always mean that thereis a
causalrelationship
= There could beunderlying factors which is causing the correlation
o Lookatthetwaovariables in question and considerthe context of the questionto
decideif there could be a causal relationship
» |[fthetwovariables are temperature and number of icecreams sold at a park then
itis likely to be a causalrelationship
= Correlation may exist between global temperatures and the number of monkeys
kept as petsinthe UK but they are unlikely to have a causalrelationship

Www.exampaperspractice.co.uk
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) Worked Example

Ateacherisinterestedin the relationship between the number of hours her
students spend on a phone perday and the number of hours they spendon a
computer. She takes a sample of nine students and records theresults in the table
below.

Hours spentona

76|7.0/89(3.0|3.0|75(21(1.3|58
phone perday

Hours spentona
computerper | 17|11 /0.7|58|52|17 |69| 71|33

day

a)
Draw a scatter diagram for the data.

[}
= 5 ®
i &
k x
i
Sl
i
32
X
% 7 r P
Hours spest ona phone per day
b)
Describe the correlation.
3h’on3 nega’me linear  correlation
c)

Draw a line of best fit.

Mean poiat (3,3)* (5.133., 3322.)

Plot he mean pownt

&

-

[i'nw it 53 eye

Hird spent o & computer per day
w

Hours speat on a phone per day
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4.2.2 Correlation Coefficients

PMCC
Whatis Pearson’s product-moment correlation coefficient?

* Pearson's product-moment correlation coefficient (PMCC) is a way of giving a numerical
valueto a linearrelationship of bivariate data
» The PMCC of asampleis denoted by theletterr
o rcantakeanyvaluesuchthat=1<r<1
o Apositivevalue of rdescribes positive correlation
o Anegativevalue of rdescribes negative correlation
o r=0means thereis nolinear correlation
o r=1means perfect positivelinear correlation
o r=-1means perfect negative linear correlation
o Theclosertolor-1the stronger the correlation

A M N
— — g
- -
r=1 pa=a r=1
A A A
r=-1 r=-1 r=-1
M
X * X
X % "
> >
r==07 r=0 r= —=0.4

How do| calculate Pearson’s product-moment correlation coefficient
(PMCC)?

» You will be expected to use the statistics mode on your GDC to calculate the PMCC
» Theformula can beusefulto deepen yourunderstanding

Xy

S S
X"y

_r:
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lfﬂ

n
Z X ]( Zy;.] is linked to the covariance
i=1

ny\;= !

n
- Sxy=;.§1xfyi-

n 1 { n 2 n 1 n 2
"5 .= _le:'z__uzle andSv= ZJ’;‘?_E Zy,. arelinkedtothe
i= — .

n i=1 =1
variances
o Youdonotneed tolearn this as using your GDC will be expected

When does the PMCC suggest thereis alinear relationship?

» Critical values of rindicate when the PMCC would suggest thereis a linearrelationship
o Inyourexam you will be given critical values where appropriate
o Criticalvalues willdepend on the size of the sample
« |fthe absolute value of the PMCC is bigger than the critical value then this suggests a
linearmodel is appropriate
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Spearman’s Rank
What is Spearman’s rank correlation coefficient?

= Spearman's rank correlation coefficientis a measure of how well the relationship between
two variables can be described using a monotonic function
o Monotonic means the points are either always increasing or always decreasing
o This canbeusedas away to measure correlationinlinear models
o Though Spearman's Rank correlation coefficientcan alsobeusedtoassess anon-
linearrelationship
» Fachdataisranked, frombiggesttosmallest orfromsmallest to biggest
o Forndatavalues,theyarerankedfromlton
o |tdoesn't matterwhethervariables are ranked from biggest to smallest orsmallestto
biggest, but they must berankedin the same order for bothvariables
« Spearman’'srank of asampleis denotedby r

o

rscan take any value such that —1 ‘_irqs 1

o Apositive value of r; describes a degree of agreement between the rankings

o Anegative value of r; describes a degree of disagreement between the rankings

o r.=0 means the data shows no monotonic behaviour

o ry=1meanstherankings arein complete agreement: the datais strictly increasing
= Anincreasein onevariable means anincreaseinthe other

o rs=-1means therankings arein complete disagreement: the data is strictly

decreasing

= Anincreasein onevariable means a decrease inthe other

o Theclosertolor-1the strongerthe correlation of the rankings

i \ N
x
x Ix"x x
® x P
X ®
X X x
x X X x
x % X ox
® * x X ®
* X %
> > =
re=1 re=1 rs =~ 0.3
N A N
X x
x ® x X% % x
x xx x?‘l
E x
X X ’;‘
x x x
x ® *
-~
= > >

How dol calculate Spearman’s rank correlation coefficient (PMCC)?
* Rankeach set of data independently
o ltonforthex-values

o Ttonforthe y-values
« |fsomevalues are equal then give each the average of theranks they would occupy
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o Forexample:if the 3'9, 41" and 5™ highest values are equal then give each the ranking
of 4
3+4+5
R
+ Calculatethe PMCC of the rankings using your GDC
o Thisvalueis Spearman's rank correlation coefficient
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Appropriateness & Limitations
Which correlation coefficient should | use?

+ Pearson’'s PMCC tests fora linearrelationship between two variables
o Itwillnot tellyouif the variables have a non-linearrelationship
= Such as exponential growth
o Usethisifyouareinterestedina linearrelationship
+« Spearman’srank tests fora monotonicrelationship (always increasing or always
decreasing) between two variables
o |twillnot tellyou what function can be used to model therelationship
= Bothlinearrelationships and exponential relationships can be monotonic
o Usethis if you think thereis a non-linear monotonic relationship

How are Pearson’s and Spearman’s correlation coefficients connected?

+ |fthereis linear correlation then therelationshipis also monotonic
o r=1= r =1

o r=-—1 =r=- 1
o Howeverthe converseis not true
+ |tis possibleforSpearman’s rank to be(or-1) but forthe PMCC to be different

o Forexample: data that follows an exponential growth model
== 1 as the points are always increasing

» r<1 asthepoints donotlie on'a straightline
Are Pearson’s and Spearman’s correlation coefficients affected by
outliers?

+ Pearson's PMCC is affected by outliers

o asitusesthenumericalvalue of each data point
« Spearman’srankis notusually affected by outliers

o asitonlyusestheranks of each data point

@ ExamTip

* Youcanuseyour GDC to plot the scatterdiagram to help you visualise the data
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9 Worked Example
®

The table below shows the scores of eight students fora maths test and an English
test.

Maths(x) | 7 |18 | 37 | 52| 61 | 68 | 75 | 82

English(y) 5 3 | 9 |12 |17 | 41| 49 | 97

a)
Write down the value of Pearson’s product-moment correlation coefficient, r.

Enter data into GDC.
r= 0.49433..
rs 01"1'1' (36"2)

b)
Findthevalue of Spearman’s rank correlation coefficient, r.

Rank the data
xrnk 4} L6 S & 3 2|
WEMIPAPERS PRACTICI

Find PMC of ranks
s 097619..

-0.9316 (3sF)

c)
Comment on thevalues of the two correlation coefficients.

The value of r suggests there is strong  pesitive
linear correlation, The value of & sugqests

s’frans po,s'.’tife wrrzlni'im,mhic}\ is not nemsun"ﬂ

|iﬂEuJ'.
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4.2.3 Linear Regression

Linear Regression
Whatis linear regression?

» |fstronglinear correlation exists on a scatterdiagram then the data can be modelled by a
linear model
o Drawinglines of best fitby eyeis not the best method as it can be difficult tojudge the
best position fortheline
+ Theleast squaresregressionlineis theline of best fit that minimises the sum of the
squares of the gap between the line and each data value
o Thisis usually called the regressionlineof yonx
o |tcanbecalculatedbylooking at the vertical distances between thelineand the data
values
« Theregressionline of yonxis writtenintheform y=ax+b
« aisthegradient of theline
o |trepresents the changeinyforeach individualunit changein x
= |fais positive this means yincreases by a fora unitincreasein x
= If ais negative this means y decreases by |a| for a unitincreasein x
* bisthey-intercept
o |tshowsthevalue of ywhenxis zero
+ You are expected touse your GDC to find the equation of the regressionline
o Enterthebivariate data and choose the model “ax + b”
o Rememberthemean point (X, ¥) will lie on the regression line

How do | use aregression line?

+ Theequation of theregressionline can be usedto decide what type of correlation thereis if
thereis noscatterdiagram
o |fais positivethenthe data sethas positive correlation
o |fais negative then the data set has negative correlation
« Theequation of theregressionline canalso be usedto predict the value of a dependent
variable (y) from an independent variable (x)
o Theequation should only beused to make predictions for y
= Usingayonxlineto predict xis not always reliable
o Making a prediction within the range of the given data is called interpolation
= Thisis usually reliable
= Thestrongerthe correlation the morereliable the prediction
o Making a prediction outside of the range of the given data is called extrapolation
= Thisis much less reliable
o The prediction willbe morereliable if the number of data values in the original sample
setis bigger
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@ ExamTip

-
+ Onceyou calculate the values of aand b store then in your GDC

o This means you canuse the full display values rather than the rounded
values whenusing thelinearregression equation to predict values
o This avoids rounding errors
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‘, Worked Example
o

Barryis a music teacher. For7 students, herecords the time they spend practising
perweek (x hours) and theirscorein atest(y %),

Time(x) 2|5 |6 |7 (101112

Score(y)[11495575/63/68/82

a)
Write down the equation of theregression line of y on x, giving youranswerin the
form y = ax + b where a and b are constants to be found.

Enter data into GDC
a is the Lntmcimf of x  a:9.5680..
b is th constant ferm b=15.436..

y: 55%x +15.4

b)
Give aninterpretation of thevalue of a.

ba700%  meansothat e madel fsuggeststhat
the swre increases by 5.51% for every extra
hour of practice.

c)
Another of Barry's students practises for 15 hours a week, estimate theirscore.
Comment on the validity of this prediction.

Substitte x= 15
y(5.5680.)x 15 + (I5.4136.) = 98.93.

The model predicts a swre of 989% but
ths 15 unreliable a5 x=15 is outside the

uage of data. Therefor extrapolation is beirﬂ used.
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4.3.1 Non-linear Regression

Non-linear Regression
What is non-linearregression?

* You have already seen that linear regressionis when you canuse a straight line to fit
bivariate data
+ Non-linearregressionis whenyou canuse a curve (ratherthan a straight line) to fit
bivariate data
* |nyourexam theregression could be:
o Linear: y=ax+b
o Quadratic: y=ax?+ bx+c¢
o Cubic: y=ax* +bx?+cx+d
= Exponential: y= ab* or y = aebx
o Power. y=axP
o Sine: y= asin(bx +¢) +d

How do find the equation of the non-linear regression model?

* UsingyourGDC:
o Typethetwo sets of the datainto your GDC
o Selecttherelevantmodel
= Theexam questionwill tell you which model touse
o Your GDC will calculate the constants
* Youcanuselogarithms tclinearise exponential and power relationships
o Power: y= ax? thenIny=Ina+ blnx
» Iny andInx willhave alinear relationship
o Exponential: y = ab* then Iny=Ina+ xInb
» Iny and x willhave a linear relationship

¢) ExamTip
* + YoucanuseyourGDC toplot the scatterdiagram andinclude the graph of a

regression model
o This will allow you to get a sense of how well the model fits the data
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9 Worked Example
°
Scarlett andViolet collect data on thelength of a film (x minutes) and the audience

rating (y %).

X 75 93 L 101 107 | 15 | 124 | 132 | 140 | 171

y 83 75 51 38 a7 56 76 91 /0

a)
Scarlett claims that there is a cubic relationship. Find the equation of a cubic
regression model of theform y = ax3 + bx2 + ex + d.

Tkﬁpe the data into GDC and choxe the cubic regression model
a=-0000529.. b+ 02030. ¢-:-24%1. 4 10331,

y: -0000529x + 0.2035* - 29 + 1040

b)
Violet claims that thereis a sinerelationship. Find the equation of a sine regression
model of the form y= asin(bx +¢)+ d.

Ttﬁpe the data iro GDC and chowe the Sine  regression modlel
a:2bFe. " H-003030. " (2086 7 J THILY.

y: 2F 5in (00803 +2.09) +64.5

c)
Whose model predicts a higher audience rating for a filmwhich is 100 minutes long?

y=0 sin(bx+c) +d

Lj=q13 tbt+ex+d

100

U‘.hnﬂ the cubic model ys L9.640..
Using the sine model - 53.690.

Violeté model predicts a hita'her rating.

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Least Squares Regression Curves
What is aresidual?

* Givenasetofnpairs of data and aregressionmodel y = f(x)

+ Aresidualis the actual y-value (fromthe data) minus the predicted y-value (using the
regression model)

© y:'_ f(xf)
+ Thesumof the squareresiduals is denoted by SS,E

n
o = - 2
SS_. E ( Y f(x}.))
+ |fyou havetwo regression models using the same data then the one with the smaller SSm
fits the databetter

What is aleast squares regression curve?

» Theleast squaresregressioncurve canbethoughtof asa “curve of best fit” y = f(x)

+ Foragiventypeof model theleast squares regression curve minimises the sum of the
squareresiduals

o Your GDC calculates the constants forthe least squares regression curves

Why is the sum of the square residuals not always a good measure of fit?

+ |ftwomodels are formedusing the same number of pairs of data then the sumof the
square residuals is a good measure of fit

+ |f twomodels use different number of pairs of data then SSES iIsnotalways agood
measure of fit

o Thesumwillincrease with more pairs of data andso can no longer bbe compared
against a data set with a different number of pairs
o Comparethetwo scenarios
» 10 pairs of data and the absolutevalue of each residualis 15 then
SSms =10x 152=2250

n 2250 pairs of data and the absolute value of eachresidualis 1then
SSMS =2250x 12=2250

o Theyhavethesamevalue of SSES but the residuals in the second scenario are much

smaller
« Your GDC may give you the mean squared error

1 12
° MSe=—SS _ =— ;I (v, f(x))

o Thisis a bettermeasure of fit
o You do not need to know this for yourexam but it might help with yourunderstanding

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

9 Worked Example

Jetis the owner of a gym and heis testing different prices options. The table below
shows the number of new members per month (M) and the price of a monthly
membership (£ p).

10 20 30

P
97 68 55
2700
Jetbelieves that he can fit the data with either the model M| (p)= T30 °'the
V()= 2100
model M,\p _p+10'

Jetwants to choose the model with the smallest value for the sum of square
residuals.

Determine which model Jet should choose.

(alculate the predicted values

Py MMM,
107 9% 90 105
20 63 615 F0
30 | 35 Ok 525

For M, * B = (43-90) + (68-63.5)" + (55 -54) = 50.25
For M, e = (43 -105) + (68-30)" + (55 -525) = 34.25

]e* should choose model H.
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The Coefficient of Determination
What is the coefficient of determination?

* The coefficient of determinationis a measure of fit fora model
o |fthe coefficient of determination is 0.57 this means 57% of the variation of the y-
variable can be explained by the variation in the x-variable
o Theother43% can be explained by otherfactors
o The higherthis proportion the more the model fits the data
+ The coefficient of determination is denoted by R2
o R2<]
o R2=1means themodelis a perfect fit forthe data
o Theclosertolthe betterthe fit
o RZjsusually greaterthan orequaltozero
= R2canbenegative butthisis outside the scope of this course
« |ftheregression modelis linearthen the coefficient of determination is equal to square of
the PMCC
o R2?=p forlinearmodels
o Some GDCs will simply denote R? as r2 due toits connection to the PMCC forlinear
models

How do | calculate the coefficient of determination?

* When finding the constants for regression models your GDC might give you the value of
R2
o Youwillonly be askedto calculate the coefficient of determination for models for
which GDCs give the value of R2
* The coefficient of determination can be calculated by
Y

es

SS

fot

o R1=1-

n
. = -V
Where SS ;‘§ (y;. ﬂ
o You do not need to know this formula but it might help with yourunderstanding

Does the coefficient of determination determine the validity of amodel?

* |f R2isclosetolthen the model fits the data well
o However this alone does not guarantee thatitis a good model for therelationship
between the two variables
« Considerthe scenario where there are big gaps between data points and a modelwhich
fits the data well
o The modelonly fits the data at the data points
o As there are gaps between the data points the model might not be a good fit for these
areas
= Differenttypes of models have different number of parameters
o Therefore usingdifferent types of models to fit the same data will have different levels
of accuracy
o Linearmodels need at least two pairs of data
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o Quadratic models need at least three pairs of data
o Cubic models need at least four pairs of data
= Usingfour pairs of data willmean the cubic modelwillhave R2 =1
This is because the cubic graph will go through all four pieces of data - thevalue s
likely to decrease as extra pairs of data areincluded
= Howeverthis does not meanitis a better fit than the quadratic model
» Thequadratic model could be more accurate as it has one more pairof data than
is needed
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*9 Worked Example
°
Datais collected on the lengths of cheetahs (x metres) and theiraverage running

speeds (y ms™).

X 121 | 133 ] 102 | 145 | 142 | 1.39 | 1.24 | 119 | 1.32

y 2431251 1222|351 | 351334 271 | 231 | 248

a)

Findtheequation of the least squares regression curve using:.
(i)

a quadratic model y=ax>+ bx +c.

(if)

an exponential model y = ab*.

lepe the data ite GDC and chowe the °

ciuadm’n(, regression model p_;pgngmal regression model
a:140.9.. =193

b- 2 [}33,% b... b=4.250..

(- 2015...

Y bl ® - 323 4 208 A= 194,257

b)

Based solely on the coefficients of determination, suggest which model is better fit
forthe data.

F‘“d the Lnemuenﬂ o{ dEiErmmu"Iior‘. using LDC
Quadratic R = 066429..
Exponentil  R™ < 0.3015%.

Based on the welficieats of determination, the quadratic

i‘egrtssinn mndeJ as its R! ualue. is b’uﬁaer.
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4.3.2 Logarithmic Scales

Logarithmic Scales
What are logarithmic scales?

* Logarithmic scales are scales whereintervals increase exponentially
o Anormalscalemightgol, 2, 3,4, ..
o Alogarithmic scale mightgo1,10,100,1000, ...
+ Sometimes we can keep the scales with constant intervals by changing the variables
o Ifthevalues of xincrease exponentially: 1,10,100,1000, ...
o Thenyoucanusethevariablelogxinsteadwhichwillhavethescale:1,2,3,4, ...
o This willchange the shape of the graph
» |fthe graphtransforms toa straightlinethenitis easierto analyse
« Anybasecanbeusedforlogarithmic scales
o ThemostcommonbasesarelOande

Why do we use logarithmic scales?

« Forvariablesthathave alargerange it can bedifficult to plot on one graph
o Especiallywhen alot of the values are clustered in one region
o Forexample: populations of countries
» This canrangefrom800to1450 000000
* |fweareinterestedintherate of growthof avariableratherthan the actualvalues thena
logarithmic scaleis useful
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log-log & semi-log Graphs
Whatisalog-loggraph?
» Alog-loggraphis usedwhen bothscales of the original graph are logarithmic
o Youtransform both variables by taking logarithms of the values

* logy&logxwillbeusedinstead of y & x
« Powergraphs( y = ax?)look like straight lines on log-log graphs

What is a semi-loggraph?

» Asemi-loggraphis usedwhen only one scale (the y-axis) of the original graph are
logarithmic
o You transform only the y-variable by taking logarithms of those values
* logy willbeusedinsteadofy
« Exponential graphs ( ¥ = ab*) ook like straight lines on semi-log graphs

How canl estimate values using log-log and semi-log graphs?

» |dentify whether one or both of the scales are logarithmic
» |dentify thevariable sothatthe scales have equal intervals
e x:1,10,100,1000, ...uselogx
o Forx:l,ee?e’ . uselnx
* |fyouareaskedtoestimateavalue:
o First findthe value of any logarithms
= Forexample:logy, Inx ete
o Usethegraphtoreadoffthevalue
o [fitis a valueforalogarithm find the actual value using:
» logx=k=x=10k
» Inx=k=x=¢k

) ExamTip

+ Payclose attention towhich baseis beingused(logorin)
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" Worked Example
@

Thefunction y= f(x} is drawn below using a log-log graph.

logy,

0

0 1 2

3

Show thatwhen x =56 thevalue of y is approximately 24.

Find logx ol
x:=9% » ioaSE AR 1% 1
Use graph o find Tog § i
|Dﬁﬂ = [.315 R l

log x

FI ﬂd % |E:|c|:||:|n:nl= & lagarithrms | a'=h = r=log b

ys 107 230 =24
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4.3.3 Linearising using Logarithms

Exponential Relationships
How doluse logarithms to linearise exponential relationships?

» Graphs of exponential functions appear as straightlines on semi-log graphs
» Suppose y = ab*
o Youcan take logarithms of both sides
» Iny= In(ab¥)
o You can splittheright hand side into the sum of two logarithms
= Iny=Ina+ In(b*¥)
o You can bring down the powerin the final term
» Iny=Ina+xlnb
* Iny=Ina+ xInbisinlinearform ¥Y=mX+ ¢
o Y=Iny
o X=x
o m=Inb
o ¢=lna

How canluse linearised data to find the values of the parametersin an
exponential model y = ab*?

» STEP1:Linearise thedatausing Y=Inyand X =x
« STEP 2: Findthe equation of theregressionlineof Yon X, Y=mX+ ¢
 STEP 3: Equate coefficients between Y= mX + cand Iny =Ina + xInb
o m=Inb
o ¢=Ina
« STEP4:Solvetofindaandb
o g=eg¢
o b=em
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9 Worked Example

®
Hatterhas noticed that overthe past 50 years there seems to be fewer hatmakers

inLondon. He also knows that global temperatures have beenrising overthe same
time period. He decides to seeif there could be any correlation, so he collects data
on the number of hatmakers and the global mean temperatures from the past 50
years andrecords theinformation in the graph below.

h

xi: 4 ®

n!!:ru,*

o
_“II
%
!?* ‘ II'

Number of hatmakers
:

Global temperature ,°C
Hatter suggests that the equation for i in terms of f can be written in the form
h=ab!

.Helinearisesthedatausingx =t andy = Inh and calculates the regression line of
vonxtobey=4.382-1.005x.

Findthevalues of aand b.

Write hzﬂt:t in I]ﬂEﬂ.FlS{CJ form

'[.Drnpurz meﬁinmi&
y: 43821005 > lnh-h.382- LooSt

lna = 4382 = g-e™™ : 19991 a:800 (3sF)

Inb =-L005 = b=e":0.3660k. b= 0.366 (3sf)
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Power Relationships
How do | use logarithms to linearise power relationships?

+ Graphs of power functions appear as straightlines onlog-log graphs
* Suppose y = ax?
o Youcan take logarithms of both sides
= Iny =In(ax?)
o You cansplittheright hand side into the sum of two logarithms
= Iny=1Ina+ In(x?)
o You can bringdown the powerin the final term
= Iny=Ina+ blnx
¢ Iny=Ina+ binxisinlinearform Y=mX+ ¢
o Y=Iny
o X=Inx
o m=b
o ¢=Ina

How can | uselinearised data to find the values of the parametersinan
power model y = axP?

STEP1: Linearise the datausing Y =Iny and X = Inx
STEP 2: Find the equation of the regressionlineof Yon X: Y=mX + ¢
STEP 3: Equate coefficients between Y = mX + cand Iny = Ina + blnx
o m=b
o ¢=Ina
STEP 4:Solvetofindaandb
o ga=¢“
o b=m

-
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‘, Worked Example
@

The graph below shows the heights, h metres, and the amount of time spent

sleeping, f hours, of a group of young giraffes. Itis believed the datacan be
modelled using t = ah?

h

The data are coded using the changes of variables x = Inh and y = Inf. The
regression lineof y on x is foundtobe y=0.3 - 1.2x.

Findthevaluesof aand b.
_ ) hb
Nr.’lg, t:=a in Immruaecl {:orm
In (E) - In(a.hb) > |at < lna +blnh

{.umpare welfi cients

y: 03 -12x > lot 103 ~12lah

lna =03 = g-¢"* 13498, [q:1.35 (3sF)

b:-1.2
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4.4.1 Probability & Types of Events

Probability Basics
What key words and terminology are used with probability?

« Anexperimentis a repeatable activity that has a result that can be observed orrecorded
o Trials are what we call the repeats of the experiment
* Anoutcomeis a possibleresultof a trial
» Aneventis anoutcome ora collection of outcomes
o Events areusually denoted with capital letters: A, B, etc
o n{A)is the number of outcomes that areincluded in event A
o Aneventcanhaveone ormore than one outcome
« Asamplespaceisthesetof all possible outcomes of an experiment
o Thisis denotedby U
o n(U)is the total number of outcomes
o |tcanberepresentedasalistoratable

How dol calculate basic probabilities?

+ |If alloutcomes are equally likely then probability foreach outcomeis the same
1
o Probability foreach outcomeis ——
y a(l)
» Theoretical probability of an event can be calculated without using an experiment by
dividing the number of outcomes of thatevent by the total number of outcomes

p(a)= 24

n(U)
o Thisis givenin the formula booklet
o |dentifying all possible outcomes either as alistor atable can help
+ Experimental probability (also known as relative frequency) of an outcome can be
calculated using results from an experiment by dividing its frequency by the number of trials
Frequency of that outcome from the trials
Total number of trials (n)

o Relative frequency of an outcomeis

How do | calculate the expected number of occurrences of an outcome?

+ Theoretical probability can be usedto calculate the expected number of occurrences of
anoutcome from n trials
» |fthe probability of an outcomeis p and there are n trials then:
o The expected number of occurrencesis np
o This does not mean that there willexactly np occurrences
o |fthe experimentis repeated multiple times then we expect the number of occurrences
toaverageouttobenp

What is the complement of an event?

+ Theprobabilities of allthe outcomes addup to1

+« Complementary events are when there are two events and exactly one of them willoccur
o Oneevent has to occurbut both events can notoccuratthe same time

+ Thecomplement of event Ais the event where event A does not happen
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o This can bethought of as not A
o Thisis denoted A’

P(A)+P(A") =1

= Thisisintheformula booklet
= [tis commonly writtenas P(A") =1 —P(A)

What are different types of combined events?

+ Theintersectionof twoevents (A andB)is theeventwherebothAand B occur
o ThiscanbethoughtofasAand B
o Thisisdenotedas AN B

* Theunionof two events (A and B) is the event where A or B or both occur
o This canbethoughtofasAorB
o Thisisdenoted AU B

* Theeventwhere A occurs given that event B has occurredis called conditional probability
o This canbethoughtas AgivenB
o Thisisdenoted A| B

How do | find the probability of combined events?

* Theprobability of Aor B (crboth) occurring can be foundusing the formula
P(AUB)=P(A)+P(B)-P(ANB)

» Thisis givenin the formula booklet
= You subtractthe probability of Aand B both occurring because it has been
includedtwice (oncein P(A) and oncein P(B))
+ The probability of Aand B occurring can be foundusing the formula

P(ANB)=P(A)P(B|A)

= Arearrangedversionis givenin the formula booklet
= Basically you multiply the probability of A by the probability of B then happening

@ ExamTip
* « Inanexamdrawing aVenn diagram or tree diagram can help even if the
question does notaskyouto
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*> Worked Example

®
Dave has two fairspinners, A and B. Spinner A has three sides numbered], 4, 9 and

spinner B has foursides numbered 2, 3,5, 7. Dave spins both spinners and forms a
two-digit numberby using the spinner A for the first digit and spinner B for the
second digit.

T'is the event that the two-digit numberis a multiple of 3.

a)
List allthe possible two-digit numbers.

A fmo-u}mj table mou|c| be a agsfemuh(_ way
to list all the oufcomes

2 3 5 1
V112 13 15 1F

Lk 4345 4
9[92 93 45 9%

b)
Find P(T).
 1odT) =7 Namberoof multiples of 3

AT n (U)*— Total ntfmber of outcomes
112,15,42,4593) are the mulﬁp]ﬂ of 3
P 3

o)

Find P(T').
P(TY+ P(T")=) = P(T') = |- P(T)
PTY: 1= 3
firy = 2
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Independent & Mutually Exclusive Events
What are mutually exclusive events?

» Twoevents are mutually exclusive if they cannot both occur
o Forexample: whenrolling a dicethe events "getting a prime number” and "gettinga &"
are mutually exclusive
» |[fAandBaremutually exclusive events then:
o P(ANB)=0

What areindependent events?

» Twoevents areindependent if one occurring does not affect the probability of the other
occurring
o Forexample: when flipping a coin twice the events "getting a tails on the first flip” and
‘getting a tails onthe second flip” areindependent
+ |[fAandBareindependenteventsthen:
o P(A|B)=P(A)and P(B|A) =P(B)
» |[fAandBareindependentevents then:
o P(ANB)=P(A)P(B)
= Thisis giveninthe formula booklet
= Thisis ausefulformula to test whethertwo events are statistically independent

How do | find the probability of combined mutually exclusive events?
» |fAandB are mutually exclusive events then

P(AUB)=P(A) +P(B)

= Thisis givenin the formula booklet
= This occurs because (AN B) =0
« Foranytwoevents AandBtheevents AN Band A N B' aremutually exclusiveand Ais
the union of these two events
o P(A)=P(ANB)+P(ANB")

= Thisworks foranytwoevents AandB
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*9 Worked Example

a)

Astudentis chosen at random from a class. The probability that they havea dogis
0.8, the probability they have a cat is 0.6 and the probability that they have a cat or
adogis 0.9.

Find the probability that the student has both adoganda cat.

let D be evest " has a dog“ and C be "has a at’
P(D uc):=P(D) +P(C) -P(DNC)
09 =0% +06 -P(DnC)
P(Dnc)= 0.5
b)

Twoevents, Q and R, aresuchthat P(Q) =0.8 and P(QN R) =0.1.
Giventhat Q and R areindependent, find P(R).

Qﬂnd R indtpendem =) P(DI‘IR) =P(Q}P(F)
01:08+P(R) - P(RY="2%

P(R)- 0125 o

u-\-‘

c)
Twoevents, Sand T, aresuch that P(S) =2P( 7).
Giventhat S and T are mutually exclusive and that P(SU T)=0.6 find P(S) and

P(7).
S and T mnrh.m“g exclusve = P(SuT) = P(s)+P(T)
06:=P(S) + P(T)

0.6- 2p(TYFp(r)  TS):2R(D
06 = 3P(7)

P(M:=02 and P(5):0%
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4.4.2 Conditional Probability

Conditional Probability
What is conditional probability?

» Conditional probability is where the probability of an event happening can vary
depending on the outcome of a priorevent

» Theevent Ahappening giventhat event B has happenedis denoted A|B

« Acommonexample of conditional probability involves selecting multiple objects from a
bagwithout replacement

o The probability of selecting a certain item changes depending on what was selected
before

» Thisis because thetotalnumberofitems willchange as they arenotreplaced
oncetheyhave been selected

How dol calculate conditional probabilities?

» Some conditional probabilities can be calculated by using counting outcomes
o Probabilities without replacement can be calculated like this
o Forexample: There are 10 ballsin a bag, 6 of them arered, two of them are selected
without replacement

= Tofind the probability that the second ball selected is red given that the first oneis
red count how many balls areleft:

= Aredonehas already beenselectedso thereare 9 balls leftand 5 areredsothe

5
probability is 9

* Youcanusesample spacediagrams to find the probability of A given B:
o reduceyoursample spacetojustinclude outcomes forevent B
o findthe proportion that also contains outcomes forevent A

» Thereis aformula for conditional probability thatyou canuse
P(A|B) = P(ANB)
’ ~ P(B)

o This is givenin the formula booklet
o This canberearrangedtogive P(A N B) =P(B)P(A | H)
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‘) Worked Example

@
Inaclass of 30 students: 19 students have a dog, 17 students have a catand 11 have
botha doganda cat. Onestudent is selected at random.

a)
Find the probability that the student has a dog.

let D be eveat has a dc-gu and C be "has a cat’

n(D) + Number who hae dogs
D)-
P(0) n(U) = Total number of students

PO) = 3

b)
Find the probability that the student has a dog given that they have a cat.

I} hae o cat of which Ikraksoshave o dug
PdIC) - :i} (ould olsouse P(Dl ) - ﬂg{%]

c)
Find the probability that the student has a cat given that they have a dog.

hCi have a dﬂg aF mhir,h (I also }‘mrr. a U:l+

P(c|D) - :; (ould ako wse P(CD) = P{;_;;;.}_
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4.4.3 Sample Space Diagrams

Venn Diagrams
What is a Venndiagram?

*» AVenndiagramis a way toillustrate events from an experiment and are particularly useful
when thereis an overlap between possible outcomes
* AVenndiagram consists of
o arectanglerepresenting the sample space (U)
= Therectangleislabelled U
= Some mathematiciansinsteaduse Soré
o acircleforeachevent
= Circles may ormay not overlap depending on which outcomes are shared
between events
« Thenumbers inthe circles represent either the frequency of that event or the probability
of thatevent
o |fthefrequencies are used then they should add up to the total frequency
o |fthe probabilities are used then they shouldaddup to1

What do the different regions mean ona Venndiagram?

« A'isrepresented by theregions thatare notintheA circle
« Al Bisrepresented by the region where the Aand B circles overlap
+ AU Bisrepresented by the regions that arein A or B orboth
+ Venndiagrams show ‘AND’ and 'OR’ statements easily
« Venndiagrams alsoinstantly show mutually exclusive events as these circles will not
overlap
* Independentevents cannotbeinstantly seen
o Youneedtouse probabilities to deduce if two events areindependent

A g B IUNICN) | A B (INTERSECTICN)
A OR B OR BOTH" | “A AND B

A (COMPLEMENT) ‘
WOT A
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5 [ THE BUBBLE FOR EVENT B LIES |
ENMTIRELY IN THE BUBBLE FOR EWVENT A
IF EVENT B OCCURS, S50 DOES EVENT A

o

BO {BUT NOT NECESSARILY WICE VERSA)
?<- ¢ | [ e BueBLES FOR EVENTS
,//- \ A AND C DO NOT OWERLAP:
( " THEY ARE MUTUALLY EXCLUSIVE

Y ><h_-/|

How do | solve probability problems involving Venn diagrams?

« Draw, oraddto a given Venn diagram, fillingin as many values as possible from the
information providedin the question
« |tisusually helpfulto work from the centre outwards
o Fillinintersections (overlaps) first
« |ftwoevents areindependent you can use the formula
o P(ANB)=P(A)P(B)
« Tofind the conditional probability P(A | B)
o Addtogetherthe frequencies/probabilitiesinthe B circle
= Thisis yourdenominator
o Qutofthosefrequencies/probabilities add togetherthe ones thatarealsointhe A
circle
= Thisis yournumerator
o Evaluate thefraction

A B |t

Event AlB
"A given B"

Shade second

P(A|IB) =

F’[Ar.B‘.l e/“E’

Shade first

"double shading"
"single shading"

P(AIB) =
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@ ExamTip
- + |fyoustruggleto fillin a Venn diagramin an exam:
o Labelthe missing parts using algebra
o Form equations using known facts such as:
» thesum of the probabilities shouldbe 1
» P(ANB)=P(A)P(B)if Aand B areindependent events
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*9 Worked Example
®
40 people are asked if they have sugarand/ormilk in their coffee. 21 people have
sugar, 25 people have milkand 7 people have neither.

a)
Draw a Venn diagram to represent the information.

Find the cenfre First

o 0 ‘| Total should be &40
\Al-x| % | 25
73] (000 v (25-) +3 =40

53-:{:"10 S asl3

-\1::-\

'R

\AVAA

b)
One of the 40 people are randomly selected, find the probability that they have
sugar but not milk with their coffee.

S ond oot Mois gthempartuofad cicle that does

not include M

Plsnim')- EE, /,fﬂm.mber o wite~as o fraction
I T of the total

P(sam) = 5

c)
Given that a person who has sugaris selected atrandom, find the probability that
they have milk with their coffee.

Gwm that Sugar has been selected we L}ﬁ‘}j wont the
S dnle as our total
Ot of the S crde 13 also hae milk

P(MIS) = 5
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Tree Diagrams
Whatis a tree diagram?

« Atreediagramis anctherway to show the outcomes of combined events
o They arevery useful forintersections of events
* Theevents onthebranches must be mutually exclusive
o Usually they are an event andits complement
« The probabilities on the second sets of branches candepend on the outcome of the first
event
o These are conditional probabilities
« \When selecting theitems fromabag:
o Thesecondset of branches willbe the same as the first if the items arereplaced
o Thesecond set of branches will be the different to the first if the items are not
replaced

How are probabilities calculated using a tree diagram?

« Tofind the probability that two events happen together you multiply the corresponding
probabilities on theirbranches
o |tis helpful to find the probability of all combined outcomes once you have drawn the
tree
* Tofindthe probability of an event you can:
o add together the probabilities of the combined outcomes that are part of that event
» Forexample:P(AUB)=P(ANB)+P(ANB")+P(A"'NB)
o subtract the probabilities of the combined outcomes that are not part of that event

from 1
» Forexample:P(AUB)=1-P(A'NB")
15* EXPERIMENT 2" EXPERIMENT

B P(A n B)

P (B|A)
/_ B’ P(A n B

F’V A P @A)
Pm A = [B|A’} 5 AN B
\
P{Bm B’ P (A’ n B

Dol have touse a tree diagram?

» |fthere are multiple events ortrials then a tree diagram can get big
* You can break down the problem by using the words AND/OR/NOT to help you find
probabilities without a tree
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+ Youcanspeedupthe process by only drawing parts of the tree that you areinterestedin

Which events do | put on the first branch?

« |ftheevents AandB areindependent then the order does not matter

« |ftheevents Aand B arenotindependent then the order does matter
o |fyouhavethe probability of A given B then put Bonthe first set of branches
o |fyouhavethe probability of B given Athen put A onthe first set of branches

@ Exam Tip

- i P - - P
* Inan exam donot waste time drawing a full tree diagram for scenarios with lots

of events unless the question asks you to
o Only draw the parts that you areinterestedin

Www.exampaperspractice.co.uk
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9 Worked Example

°
20% of peopleina company wearglasses. 40% of people in the company who

wear glasses areright-handed. 50% of peoplein the company who don’twear
glasses areright-handed.

a)
Draw a tree diagram to represent the information.

et € be the evedt taears ﬂlam" and R be 'is ngh’r-handed”

S
os-R \\J'I’O?a of people who wear

gﬁ Oo~g ca\asm are right - handed
. N
Eﬁn&f:bll 3 _JJ}U_‘B L y 507, of Paple who dont wear

L T
5oR
05 g’ glasses are right-handed

b)
One of the people in the company are randomly selected, find the probability that
they areright-handed.

Find options that  omtaami&

ou#R  P(LNR)=0.2x04 = D.08

< 06™g' ﬂlm?. b :
OIN yrt P(G'OR): 0.8% 0.5 =04

P{R) = P(anRY+ P(4nRY) = 0.08 +0.&

P(R) = 0.4%
c)
Giventhat a personwho s right-handed is selected at random, find the probability
thattheywearglasses.

P(tnR) 0.0%

RalR) = PRy ~ 0.u8

P(G|R) = 1&
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4.5.1 Discrete Probability Distributions

Discrete Probability Distributions

What is a discrete random variable?

+« Arandom variableis a variable whose value depends on the outcome of arandomevent
o Thevalueoftherandomvariableis not known until the eventis carried out (this is what
is meant by 'random’ in this case)
+ Randomvariables are denotedusingupper caseletters (X, Y, etc)
+ Particular outcomes of the event are denoted using lower case letters (x, y, etc)
« P(X = x) means "the probability of the random variable X taking the value x"
« Adiscreterandomvariable (often abbreviated to DRV) can only take certain values within a
set
o Discreterandom variables usually count something
o Discreterandom variables usually can only take a finite number of values butitis
possible thatit can take aninfinite numberof values (see the examples below)
» Examples of discrete random variables include:
o Thenumberoftimes a coinlands on heads when flipped 20 times
= this has a finite number of outcomes:{0,1,2,...,.20}
o Thenumberof emails a managerreceives within anhour
s this has aninfinite numberof outcomes: {1,2,3,...}
o Thenumber of times a diceisrolleduntilitlandsona é
= this has aninfinite number of outcomes: {1,2,3,..}
o Thenumberthata dicelands onwhen rolled once
= this has a finite number of outcomes: {1,2,3,4,5,6}

What is a probability distribution of a discrete random variable?

+ Adiscrete probability distribution fully describes all the values that a discrete random
variable can take alongwith their associated probabilities
o This can begiveninatable
o Oritcanbe given as a function (called a discrete probability distribution function or
"pdf")
o They can berepresented by vertical line graphs (the possible values foralong the
horizontal axis and the probability on the vertical axis)
= Thesumof the probabilities of all the values of a discrete random variableis 1

o This is usually written ZP(X=X) =1
+» Adiscreteuniformdistributionis onewhere the random variable takes a finite number of

values each with an equal probability
|

o |fthere arenvalues then the probability of each oneis "
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N |
g 703
1
B 5 .'% x =-2
PiX=x = 4
R |2 x =5
8| 8 [hE |2
LD DTHERWISE
HlE =x)
3 -

o

|

How do calculate probabilities using a discrete probability
distribution?
» Firstdraw atable torepresent the probability distribution
o Ifitis givenasafunctionthenfind each probability
o |f any probabilities are unknown then use algebra to represent them
+ Formanequationusing 2.P(X=x)=1
o Addtogetherall the probabilities and make the sum equalto
+ ToindP(X=k)
o If kis apossiblevalue of the random variable X then P(X = k) will be given in the table

o If kis notapossiblevaluethen P(X=k)=0
Tofind P(X < k)

o Identify all possible values, X, that X can take which satisfy X< k

el | — —

o Addtogetheralltheir corresponding probabilities
o MX<k)= 2 M(X=x)
x!.Sk
o Some mathematicians usethe notation F(x) torepresent the cumulative distribution
= F(x)=P(X<x)
Using a similar method you can find P(X < k), P(X > k) and P(X > k)
As allthe probabilities add up to 1you can form the following equivalent equations:
o P(X<k)+P(X=k)+P(X>k)=1
o (X>k)=1-P(X<k)
o P(X2k)=1-P(X<k)

How do | know which inequality touse?

+ P(X < k) would be used forphrases such as:
o Atmost,nogreaterthan, etc
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« P(X < k) would be used forphrases such as:
o Fewerthan

+ P(X > k) would be used for phrases such as:
o Atleast,nofewerthan,etc

« P(X > k) wouldbeusedfor phrases such as:
o Greaterthan,etc

*9 Worked Example

®
The probability distribution of the discrete random variable X is given by the
function
P(X =)= kx* x=-3,-1,2,4
B otherwise.

a)

P 1
Showthatk = 30

Construct a table

x =3(-1( 2

Substute i the valuey of
P | Ak | K | brk| bk e e VG &8 %

\/ eq POk 4k

The probabilities add up o 1
Qe 4k + bk + k=)

Wk =1
L
k* 3o
b)
Calculate P(X < 3).

Subskihde k inky the pro'lmbili’fi-ﬂ
X =3 -V 2| 4
3 1 ]

X£3: X=-3,-,2

P(X £3) = P(X=-3) 4 P(x=-) + P(X=2)
.3 L 1
Twtwtis

P(X&!‘ z %
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4.5.2 Expected Values

Expected Values E(X)
What does E(X) mean and how do | calculate E(X)?

« E(X) means the expected value orthe mean of arandom variable X
o Theexpectedvalue does notneedtobean obtainable value of X
o Forexample:the expectedvalue number of times a coin will land on tails when flipped
5timesis2.5
+ Foradiscreterandomvariable,itis calculated by:
o Multiplying each value of X with its corresponding probability
o Addingalltheseterms together

E(X)= 2 xP(X=x)

= Thisis giveninthe formula booklet
+ Lookout forsymmetrical distributions (where the values of X are symmetrical and their
probabilities are symmetrical) as the mean of theseis the same as the median
o Forexample:if X cantakethevalues 1,5, 2 with probabilities 0.3, 0.4, 0.3 respectively
then by symmetry the mean would be 5

How canldecideif a gameis fair?

+ |LetXbetherandomvariable thatrepresents the gainfloss of a playerin a game
o Xwillbe negativeif thereis aloss
Normally the expected gain orloss is calculated by subtracting the cost to play the game
from the expected value of the prize
If E(X) is positive then it means the player can expect to make a gain
If E(X) is negative then it means the playercan expecttomakealoss
The gameis called fairif the expected gainis O
o E(X)=0

L]

-
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" Worked Example

Daphne pays $5 to play a game where she wins a prize of $1, $5, $10 or $100. The
random variable Wrepresents the amount she wins and has the probability
distribution shown in the following table:

W 1 5 10 | 100

P(W=w) 035 | 05 | 0.05| 0.01

a)
Calculate the expected value of Daphne's prize.

Expected voluss of a

Fﬂm‘iuhﬂ. l}mkle'r discrete random E{X)= E e PLX =x)

warniohle U

E{H\]- ZL;JP(LJ:N\I
= 1% 0.35 + 5505 + 10« 0.0 +100x0.l

EIPEL‘l‘Ed value = $4. 35]

b)
Determine whetherthe game s fair.

A game), s fair s ~expected uamn,-‘lu:.s is0

Prﬁza - (ost
435 -5 =-065

Eupeded loss s $ﬂb5 so gome is not foir
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4.6.1 Linear Combinations of Random Variables

Transformation of a Single Variable
Whatis Var(X)?

« Var(X) represents the variance of therandomvariable X
+ Var(X) canbe calculated by the formula
o Var(X) =E(X2) - [E(X)]?
s whereE(X2) = ) x2P(X=x)

o Youwillnot berequired to use this formula in the exam

What are the formulae forE(aX £b)and Var(aX = b)?

+ |faandb areconstants then the following formulae are true:
o E(aX=b)=aE(X)+b
o Var(aX xb)=a2Var(X)
= These are givenin the formula booklet
+ Thisisthesameaslineartransformations of data
o Themean is affected by multiplication and addition/subtraction
o Thevarianceis affected by multiplication but not addition/subtraction

+ Rememberdivision canbe written as a multiplication

X 1
o —=—X
d a
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*> Worked Example
®  Xisarandomvariable suchthat E(X)=5and Var(X) =4,

Findthevalue of:
(i)

E(3X+5)

(i)

Var(3X +5)

(iii)

Var(2 - X).

Linear transformation of a E{HX +h}=ﬂE[X}+h
FDfl"nul\ a bmkle.’f single random variable .
Var{aX +h}:a Var(X)

E(3X+5) = 3E(X)+3 = 3(3)ted |E_{5)€, +5)= 20
Var (3)“5) : 31Uur[ﬁ\ : Ol("+) \Ear(?,){+5):35
Var(2=X) = () Var 0 AR Vo (2-X) - 4
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Transformation of Multiple Variables
What is the mean and varianceofaX+bY?

= LetXandYbetworandomvariables andlet a and b betwo constants
E(aX +bY)=aE(X) + bE(Y)
o Thisis true forany random variables X and Y
Var(aX+bY)=a2Var(X) + b2 Var(Y)
o Thisistrueif Xand Y areindependent
E(aX-bY)=aE(X) - bE(Y)
Var(aX -bY)=a2Var(X) + b2 Var(Y)
o Notice thatyou stilladd the two terms together on theright hand side
m Thisis because b?is positive evenif bis negative
o Thereforethevariances of aX+bYandaX-bYarethesame

L]

What is the mean and variance of alinear combination of nrandom
variables?

 LetX; Xo, .., X benrandomvariables anda;, as, ..., ajbe nconstants
+ + ..+ = + + ..+
E(a, X ta,X,+ ..+a X )=a E(X )ta,E(X,)* ..xa E(X )
o Thisis giveninthe formula booklet
o This can bewritten as E(Z a}X;.) =2 E,E(XJ—)
o This is true forany random variable
+ + ...+ =47 2 2
Var(a X ta, X + ..+a X )=a *Var(X,)+a,*Var(X,)+ ..+a *Var(X )
o This is givenin the formula booklet
o This can bewritten as Var( 2. an,_) =2 afVar(Xf)

o Thisis trueif therandom variables areindependent
= Noticethatthe constants getsquaredso the terms on theright-hand side will
always be positive

For a givenrandom variable X, what is the difference between 2Xand X; +
X57?
+« 2Xmeans one observation of Xis taken and then doubled
« X7+ X2 means two observations of X are taken and then added together
2X and X; + Xohavethe same expected values
o E(2X) = 2E(X)
o E(X;+ X5) = E(X;) + E(X5) = 2E(X)
2X and X + Xo have different variances
o Var(2X) = 22Var(X) = 4Var(X)
o Var(X; + X5) = Var(X;) + Var(X3) = 2Var(X)
To see thedistinction:
o Suppose X couldtakethevalues Oand]
s 2XcouldthentakethevaluesOand?2
m X;+X,couldthentakethevalues0,1and?2

L]
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» Questions are likely to describe the variables in content
o Forexample: The mass of a carton containing é eggs is the mass of the carton plus the
mass of the 6individual eggs
o ThiscanbemodelledbyM=C +Ej+Ez+Ez+E4+Es+Egwhere
» Cisthemass ofacarton
» Fisthemassofanegg
o |tisnot C + 6E because the masses of the 6 eggs could be different

¢) ExamTip
- * Inanexam when dealing with multiple variables ask yourself which of the two
casesis true
o You are adding togetherdifferent observations using the same variable:
X1+ Xo+ ...+ X
o Youaretakingasingleobservation of a variable and multiplyingitby a
constant: nX
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*9 Worked Example
®

X and Yareindependentrandom variables such that
E(X) =5 & Var(X) =3,
E(Y)= —-2& Var(Y)=4.
Findthe value of:

(i)
EQ2X+5Y),
(ii)
Var(2X+5Y),
(iif)
Var(4X -Y).
Linaar combinations of | Efa X, e, X, t..ta X, |=aE(X, )2aB(X. ). 2a E(X,

Formula  boolelet [roosemna®™ fvuay, st e, 20 x)

=a Var| X, )= o’ Var[ X, ) +.+a Var| X}

E(2%+5Y) = 2E(x) +5ELY) - 2(5)+5(2) [|E(2x+5Y) = O

Ve (2645Y) = 2°Var XY VarO=R @Y e (2 5v)- 112
Var (4X-1) 2.4° Varl) Var(t) 46(3) + & !yﬂf(ﬂ :.y_) 5 1_
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4.6.2 Unbiased Estimates

Unbiased Estimates
Whatis anunbiased estimator of a population parameter?

* Anestimatoris arandomvariable thatis used to estimate a population parameter
o Anestimateis the value produced by the estimatorwhen a sampleis used
* Anestimatoris calledunbiasedifits expectedvalueis equal to the population parameter
o Anestimate from anunbiased estimatoris called an unbiased estimate
o This means that the mean of the unbiased estimates will get closer to the population
parameter as more samples are taken

» Thesamplemeanis anunbiased estimate for the population mean
+ Thesamplevarianceis notanunbiased estimate forthe population variance
o Onaverage the sample variance willunderestimate the population variance
o Asthe sample sizeincreases the sample variance gets closer to the unbiased
estimate

What are the formulae for unbiased estimates of the mean and variance
of a population?
+ Asample of ndatavalues (x;, x2, ... etc) can beusedto find unbiased estimates for the mean
andvariance of the population
+ Anunbiasedestimate forthe mean i of a population can be calculated using

Zx

o X=
n
* Anunbiasedestimate forthe variance o2 of a population can be calculated using
n
n—-1 n-=1 n

o Thisis giveninthe formula booklet
o Sfr is the variance of the sample data

e 2 (x-Xx)? _ 7 x2

n n n

- [})2

+ Different calculators can use different notations for Si i

o o2 _ . s% 3 arenotations youmight see

o Youmay also seethesquareroots of these

Is sp-1anunbiased estimate for the standard deviation?

+ Unfortunately sp.1is not an unbiased estimate forthe standard deviation of the population
« |tis betterto work with the unbiased variance rather than standard deviation
+ Thereis notaformula foranunbiased estimate forthe standard deviation that works for all
populations
o Thereforeyouwillnot be asked tofind onein yourexam

Www.exampaperspractice.co.uk
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How do | show the sample meanis an unbiased estimate for the
population mean?

+ You donot need tolearn this proof

o Itis simply here to help with yourunderstanding
* Supposethepopulation of X has mean yandvariance o2
* Takeasampleofnobservations

o X1 X2,...Xn
o E(X)=u
« Usingtheformula fora linear combination of nindependent variables:
X1 +X2+ ...+Xn
E(X)=E .

E(XI) + E(Xz) + ..+ E(XH)

n
H+u+ ..+u
- n
np
n
=H
s As E(ﬂ = u this shows the formula will produce an unbiased estimate for the population
mean

Why is there a divisor of n-1in the unbiased estimate for the variance?

* ‘Youdonotneed tolearn this proof

o Itis simply here to help with yourunderstanding
» Supposethe population of Xhas mean gandvariance o2
+ Takeasampleofnobservations

o XJ.XQ.....Xn
o E(X)=n
o Var(X) =c?

* Usingthe formula for a linear combination of nindependent variables:
X +X + ..+X ]
1 2 n

Var(f) = Var( P
B Var(X )+ Var(X))+ ..+ Var(X )

P
o’ + o+ ..+ 0
= —
no*
=
o2
T
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_ 2
+ Itcanbeshownthat E(X?) = ur+ -

2

o This comes fromrearranging Var(f) = E(F) - [E(}?) ]~
* ItcanbeshownthatE(X?) =E(X %)=+ o°

o This comes fromrearranging Var(X) = E(X2) — [E(X) ]2
* Usingtheformula fora linearcombination of nindependent variables:

22X

E(S$?)=E - X
2 E(X?)
= -E(X°)
2. (12 + o) (j cr?)
n n
_n(p+ao?) ()
- n T
| o°
, o2
=gc—-—
n
_ no?-o?
~n
n—1 |
= a
n

o As E(Sﬁ) # o2 this shows that the sample variance is not unbiased

n
o You needto multiply by ——

n-=1
° B(5,-1)=¢?
¢) ExamTip
- + Checkthewording of the exam question carefully to determine which of the
following you are given:

o The population variance:
o Thesample variance:

o Anunbiased estimate for the population variance:
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*? Worked Example

Thetimes, X minutes, spent on daily revision of arandom sample of 50 IB students
fromthe UK are summarised as follows.

n=>50 Z}{:ﬁ]?:‘ .5'2:13843

n

Calculate unbiased estimates of the population mean andvariance of the times
spent on daily revision by IB students in the UK.

Unbiased estimate of Popu]u’nun mean X = I—;"
. blte |
X “gp - 123,438

X = 123 minutes (SSH

Unblased estimate of n

Ful'l'l"iu.llﬂ bmk"l*‘ population variance s | = Ej:

g - %‘;435;_3 = 1412.55...

S, = 1410 winutes” (m
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4.7.1 The Binomial Distribution

Properties of Binomial Distribution
What is a binomial distribution?

+ Abinomial distributionis a discrete probability distribution
Adiscrete random variable X follows a binomial distributionif it counts the number of
successes when an experiment satisfies the following conditions:
o There are a fixed finite number of trials (n)
o Theoutcome of each trialis independent of the outcomes of the other trials
o There are exactly two outcomes of each trial (success or failure)
o The probability of success is constant (p)
If X follows a binomial distribution then it is denoted X ~ B(n, p)
o nisthe numberof trials
o pistheprobability of success
The probability of failureis 1 - p which is sometimes denotedas g
The formula for the probability of rsuccessful trials is given by:
o P(X=r)="C,xp(1-p)—rforr=0,1,2, .., n
n!
= "C= Mn-1)!
o Youwillbe expectedtousethedistribution function onyour GDCto calculate
probabilities with the binomial distribution

-

wheren'=nx(n—-1)x(n-2)x...x3x2x1

What are the important properties of a binomial distribution?
+ Theexpected number(mean) of successfultrialsis

E(X)=np

o You are given this in the formula booklet
= Thewvariance of the number of successful trials is

Var(X) =np(1 - p)

o You are given this in the formula booklet
o Squarerootto get the standard deviation
« Thedistribution can berepresentedvisually using a vertical line graph
o |fpiscloseto0thenthegraphhas atail totheright
o Ifpisclosetolthenthe graph has atail to the left
o Ifpiscloseto0.5thenthe graphis roughly symmetrical
o Ifp=0.5thenthegraphis symmetrical
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X ~ B{(10, 0.2)

P(X=x)

0.30 1
0.25 A
0.20 1
0.15 4
0.10 A
0.05 A1
0.00 4 : , I S =

| X ~ B(10, 0.5) |

P(X =x)
0.25 4
0.20 +
0.15 4

0.10 1

0.05 A

X

0.00 T L T T T 1" 4 ]
0 2 4 6 8 10

X ~ B(10, 0.8) |

P(X x)

0.30 -
0.25 -
0.20 -+
0.15 -
0.10 -
0.05 -

0.00 Lot | —
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Modelling with Binomial Distribution
How do | set up abinomialmodel?

* Identify whata trialis in the scenario
o Forexample:rollingadice, flipping a coin, checking hair colour
* Identify what the successful outcome is in the scenario
o Forexample:rollinga é,landing on tails, having black hair
* |ldentify the parameters
o nisthenumberoftrials and pis the probability of success in each trial
+ Make sureyou clearly state whatyourrandomvariableis
o Forexample, let X be the number of students in a class of 30 with black hair

What can be modelled using a binomial distribution?

* Anythingthatsatisfies the four conditions
« Forexample:let T be the number of times a fair coin lands on tails when flipped 20 times:
o Atrialis flipping a coin: There are 20 trials son =20
o Wecanassume each coin flip does not affect subsequent coin flips: they are
independent
o Asuccessiswhen the coinlands on tails: Two outcomes - tails or not tails (heads)
o Thecoinis fair: The probability of tails is constantwithp = 0.5
+ Sometimes it might seem like there are more than two outcomes
o Forexample:let Y bethe number of yellow cars that are in a car park full of 100 cars
= Although there are more than two possible colours of cars, here the trialis whether
acaris yellow so there are two outcomes (yellow or not yellow)
= Y wouldstill need to fulfil the other conditions in orderto follow a binomial
distribution

« Sometimes a sample may be taken froma population
o Forexample: 30% of peoplein a city have blue eyes, a sample of 30 people fromthe
cityis taken and X is the number of them with blue eyes
= Aslongas the populationis large and the sampleis random thenitcan be
assumedthat each person has a 30% chance of having blue eyes

What can not be modelled using a binomial distribution?

* Anythingwhere the number of trials is not fixed or is infinite
o Thenumber of emails receivedinan hour
o Thenumberof times a coinis flipped untilitlands on heads
« Anything where the outcome of one trial affects the outcome of the other trials
o Thenumberof caramels that a person eats when they eat 5 sweets fromabag
containing é caramels and 4 marshmallows
= |fyou eatacaramel foryourfirst sweet then there are less caramels leftinthe bag
when you choose yoursecond sweet
o Anything where there are more than two outcomes of a trial
= Aperson'sshoesize
= Thenumbera dice lands onwhen rolled
o Anythingwhere the probability of success changes
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= Thenumber of times that a person can swim a length of a swimming poolin under
aminute when swimming 50 lengths
= The probability of swimming a lap in under a minute will decrease as the
person gets tired
= The probability is not constant

@) ExamTip

-
* Anexam question mightinvolve different types of distributions somake it clear

which distribution is being used for each variable
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*) Worked Example

°
Itis known that 8% of a large population areimmune to a particularvirus, Mark takes

asample of 50 people from this population. Mark uses a binomial model for the
number of peoplein his sample that areimmune to the virus.

a)
State the distribution that Mark uses.
A trial is Lhukin& i a person 15 immung to the wirug
A sugess 15 if the person is immune
let K be the number m‘ panp':t in the Mmplt immpae o the virus

X~ B(50,0.08)

Nymber of Probability of
pel:':le M?I/n"nplz t_'/I:w;ine' immune o the virus

b)
Statetwo assumptions that Mark must make in orderto use a binomial model.

Mark needs +o assume “that=

*each person in the populdtion has an 37 chane
of being immune

“the “Sample is random and the’ people “are \ndependent *
a person being immune does not affedt the
iMMuni'l‘j a’ others

L For example:

I‘F oll 50 came from the same f‘amilu then
they would not be independent

c)
Calculated the expected number of people in the sample that areimmune to the
virus.
Binomial distribution
Formula booklet i
E(X)-50c00 e Ll

L people
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4.7.2 Calculating Binomial Probabilities

Calculating Binomial Probabilities

Throughout this section we will use the random variable X ~ B(n, p) .Forbinomial, the
probability of X taking a non-integer or negative valueis always zero. Therefore any values of X
mentionedin this section willbe assumed to be non-negative integers.

How dol calculate P(X = x): the probability of a single value for a binomial
distribution?

+ You shouldhave a GDC that can calculate binomial probabilities

+ Youwant touse the "Binomial Probability Distribution” function

o This is sometimes shortened to BPD, Binomial PD or Binomial Pdf
Youwillneedtoenter.

o The 'x'value - the value of x forwhich you want to find P(X = x)

o The'n'value - the number of trials

o The 'p’'value-the probability of success
Some calculators will give you the option of listing the probabilities for multiple values
of xat once
Thereis a formula that you can use but you are expected to be able to use the distribution
function onyour GDC

o P(X=x)=2C_xpx(1-p)a-x

-

-

n!
- nc-" B r'(n—=1)!
How dol calculate P(a = X = b): the cumulative probabilities for a binomial
distribution?
+ Youshouldhave a GDCthat can calculate cumulative binomial probabilities
o Most calculators will ind P(a< X < b)
o Some calculators can only find P(X<bh)
= Theidentities below will help in this case
* Youshoulduse the "Binomial Cumulative Distribution" function
o This is sometimes shortened to BCD, Binomial CD or Binomial Cdf
« Youwillneedtoenter.
o Thelowervalue - thisis thevaluea
» This canbezerointhe case P(X < b)
o Theuppervalue - this is the value b
» Thiscanbeninthecase P(X > a)
o The'n'value - the number of trials
o The'p'value - the probability of success

How do | find probabilities if my GDC only calculates P(X < x)?

» Tocalculate P(X =x) just enterxinto the cumulative distribution function

+ Tocalculate P(X <x) use:
o P(X < x)=P(X < x — 1) which works when Xis a binomial random variable
m P(X<5)=P(X=4)
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*» Tocalculate P(X= x)use:
o P(X>x)=1-P(X <x) which works for any random variable X
= P(X>5)=1-P(X <5)

* Tocalculate P(X=z x)use:
o P(X>x)=1-P(X<x—1)whichworks when Xis a binomial random variable
m P(Xz25)=1-P(X <4)

* TocalculateP(a =X =b)use:
o Plac X<b)=P(X<b)—-P(X<a-1)whichworks when Xis a binomialrandom
variable
m P5=sX=9)=PX=9)-P(X=4)

What if an inequality does not have the equals sign (strict inequality)?

« Forabinomial distribution (as it is discrete) you could rewrite all strict inequalities (<and >)
asweak inequalities (= and =) by using the identities for a binomial distribution
o P(X<x)=P(X<x-1)andP(X>x)=P(X2x+1)
o Forexample:P(X<5)=P(X=4)andP(X>5)=P(Xz6)
It helps to think about the range of integers youwant
o |dentify the smallest and biggest integers in therange
If yourrange has no minimum or maximum thenuse QO orn
o P(X<b)=P(0<X<b)
o P(X>a)=P(a<X<n)

Pla<X<b)=Pla+1<X<h)
o P(5<X<9)=P(6=X=<9)

PlacX<bh)=PlacX<b-1)
o P(5<X<9)=P(5=X<8)

Pla<X<b)=Pla+1<X<bhb-1)
o P(5<X<9=Pl6=X=<8)

O ExamTip
-
« |fthe questionis in context then write down the inequality as well as the final
answer

o This means you stillmight gain a mark even if you accidentally type the
wrong numbers into your GDC
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*> Worked Example
®  Therandom variable X ~B(40, 0.35).Find:

II)’(X=10).
|den+'$:\ n ond P n:=40 p=0.35
Use binomial pruhghﬂﬁﬂ distribution on GDC
P(X=10) = 0.05%056...

P(X=10) = 0.053 (35f)
i)
P(X<10).
Herﬂﬂjg Upper ond lower values
P(X¢10) = PLD ¢ X <o)
Use binomial cumulative  distribiion on GDC
P(X<10) = 0.12441..

POCEI0Y = 0.2y {359)

ii)
P(8<X<15).

|dentify upper 0nd lower values
P(8<Xc<15) = P(q ¢ X¢ )

U&E lt:n.n:;mn'h.:ﬂ Cumultﬂiv& dis’fr'lbu+'lon on GD(.
P(q ¢ X¢lw) = 0.5 827

P(3<X<15): 0.542 (3sf)
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4.8.1 The Normal Distribution

Properties of Normal Distribution

The binomial distribution is an example of a discrete probability distribution. The normal
distribution is an example of a continuous probability distribution.

What is a continuous random variable?

« Acontinuous randomvariable (often abbreviatedto CRV) is arandom variable that can
take any value within a range of infinite values
o Continuous random variables usually measure something
o Forexample, height, weight, time, etc

What is a continuous probability distribution?

= Acontinuous probability distribution is a probability distribution in which the random
variable X is continuous
+ Theprobability of X being a particular value is always zero
o P(X=k)=0foranyvaluek
o Instead we define the probability density function f‘(x) fora specific value
= Thisis a function that describes the relative likelihood that the random variable
would be close to thatvalue
o Wetalk aboutthe probability of X beingwithin a certainrange
= Acontinuous probability distribution can berepresented by a continuous graph (the values
for X along the horizontal axis and probability density on the vertical axis)
« Theareaunderthe graph between the points x =a andx = b is equalto P(a< X < b)
o Thetotal areaunderthegraphequals]
« AsP(X = k) =0foranyvaluek, it does not matterif we use strict or weak inequalities
o P(X <k)=P(X < k)foranyvalue k when Xis a continuous random variable

What is a normal distribution?

« Anormaldistribution is a continuous probability distribution
* Thecontinuous randomvariable X can follow a normal distribution if:
o Thedistribution is symmetrical
o Thedistributionis bell-shaped
« If X follows a normal distribution then itis denoted X ~N(u, ¢2)
o uisthemean
o o%isthevariance
o isthe standard deviation
» |fthemeanchanges then the graph is translated horizontally
+ |fthevarianceincreases then the graph is widened horizontally and made taller vertically
tomaintain the same area
o Asmall varianceleads to a tall curve with a narrow centre
o Alargevarianceleads to a short curve with a wide centre
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SAME VARIANCES SAME MEANS
DIFFERENT MEANS DIFFERENT VARIANCES

What are the important properties of a normal distribution?
+ Themeanisp
+ Thevarianceis o°
o Ifyouneed the standard deviation remember to square root this
« Thenormal distribution is symmetrical about
o Mean=Median=Mode=pu
* There are the results:
o Approximately two-thirds (68%) of the data lies within one standard deviation of the
mean (u a)
o Approximately 95% of the data lies withintwo standard deviations of the mean (u =
2a)
o Nearly all of the data (99.7%) lies within three standard deviations of the mean (u+
3a)

A e |\

Ryl < hNg
A T

=30 F-20 F-0 M pF0  p+20 p+30

4
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Modelling with Normal Distribution
What can be modelled using a normal distribution?

» Alot of real-life continuous variables can be modelled by a normal distribution provided
that the population is large enough and that the variable is symmetrical with one mode
« Foranormaldistribution X cantake any realvalue, howevervalues far from the mean (more
than 4 standard deviations away from the mean) have a probability density of practically
zero
o This fact allows us to model variables that are not defined for allreal values such as
height and weight

What can not be modelled using a normal distribution?

= \ariables which have more than one mode ornomode

o Forexample:the numbergiven by arandomnumber generator
« Variables which are not symmetrical

o Forexample:howlongahumanlives for

@ ExamTip
-
» Anexam question mightinvolve differenttypes of distributions so make it clear
which distribution is being used foreach variable
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9 Worked Example
°

Therandom variable S represents the speeds (mph) of a certain species of

cheetahs when they run. The variable is modelled using N(40, 100).

a)

Write down the mean and standard deviation of the running speeds of cheetahs.
’u: LD [md ﬂ'l = .UD

1

Square root 4o get standord deviation

Mean PE LD
Standord deviation o =10

b)
Statetwo assumptions that have beenmadein arder to use this model.

We assume that the—distribution of the speeds is
“ Sbmmd'r'lml

* bell- shaped

“F " A S M A maha | oo BV . W i m N o d ma
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4.8.2 Calculations with Norma IDistribution

Calculating Normal Probabilities

Throughout this section we will use the random variable X ~N(u, ¢2). For X distributed
normally, X can take any real number. Therefore any values mentionedin this section will be
assumedto bereal numbers.

How do | find probabilities using a normal distribution?

+ The areaunderanormal curve between the points x = a and x = bisequalto the
probability P(a < X < b)
o Rememberfor a normal distribution you do not need to worry about whether the
inequality is strict (< or >) orweak (= orz)
» Plac<X<bh)=PlagsX<h)
* Youwillbe expected touse distribution functions on your GDC to find the probabilities
when working with a normal distribution

How dol calculate P(X = x): the probability of a single value for a normal
distribution?

* The probability of a single value is always zero for a normal distribution
o Youcan picture this as the area of a singlelineis zero
« P(X=x)=0
* YourGDC is likely to have a "Normal Probability Density" function
o This is sometimes shortened toNPD, Normal PD or Mormal Pdf
o |IGNORETHIS FUNCTION for this course!
o This calculates the probability density function at a point NOT the probability

How dol calculate P(a < X < b): the probability of arange of values for a
normal distribution?

+ Youneeda GDCthat can calculate cumulative normal probabilities
You want to use the "Normal Cumulative Distribution” function
o Thisis sometimes shortened to NCD, Normal CD or Mormal Cdf
You willneed to enter:
o The'lowerbound' - thisis thevalue a
o The'upperbound' -this is the value b
o The'y value - this is the mean
o The'd value - this is the standard deviation
Check the order carefully as some calculators ask for standard deviation before mean
o Rememberitis the standard deviation
= s0if youhave the variance then squarerootit
Always sketch a quick diagram to visualise which area you are looking for

How do |l calculate P(X > a) or P(X < b) for a normal distribution?

+ Youwill stilluse the "Normal Cumulative Distribution" function
« P(X > a) canbeestimated using an upper bound thatis sufficiently bigger than the mean
o Usingavaluethatis more than 4 standard deviations bigger than the meanis quite
accurate
o Oran easier optionis just toinputlots of 9's for the upper bound (99999999... or10%?)
+ P(X <b) canbeestimated using a lower bound that is sufficiently smaller than the mean
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o Usingavaluethatis morethan 4 standard deviations smaller than the mean s quite
accurate

o Oraneasieroptionis justtoinputlots of 9's forthe lower bound with a negative sign
(-99999999... or -10%9)

Are there any useful identities?

e P(X<pu)=P(X>u)=0.5

« AsP(X =a)=0youcanuse:
o P(X<a)+P(X>a)=1
o P(X>a)=1-P(X<a)
o Pla<X<b)=P(X<b)-P(X<a)

* Theseareusefulwhen:
o Themeanand/orstandard deviation are unknown
o Youonly have adiagram
o You areworkingwith theinversedistribution

@ Exam Tip
- * Checkcarefully whetheryou have entered the standard deviation orvariance
into your GDC
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*9 Worked Example
¢ Therandomvariable Y ~N(20,52). Calculate:

i)

P(Y=20).
Htrﬁi[\s poand o
ps 20 o=8" 0 o:9

Skeetih!

/K PU=1IJ)=0

0 Y

i)
P(18<Y<27),

Skeetth! U,sir% C:SB{_

er =
We an use
y P18V <23)= 0.574bb5..

w2
0.519°(3:8 |
iii)
P(Y>29)
Sketth! Uging GdL
Lou.:er = lq
/\\ Upper = 49999
— ) P(¥>24):0.035430..
s e bk 0.0359 (3s#)
dwoe o \55 AVmber

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Inverse Normal Distribution
Given the value of P(X < a) how do | find the value of a?

* Your GDC willhave a function called "Inverse Normal Distribution”
o Some calculators call this InvN
* Giventhat F(X < 3) = p youwillneed to enter:
o The'area'-thisisthevaluep
= Some calculators might ask for the 'tail' - this is the left tailas youknow the area to
theleftofa
o The 'y value - thisis the mean
o The'd value - thisis the standard deviation

Given the value of P(X > a) how do| find the value ofa?

» |fyourcalculatordoes have the tail option (left, right or centre) then you canuse the
“Inverse Normal Distribution” function straightaway by:
o Selecting 'right' for the tail
o Enteringtheareaas p’
+ |fyourcalculatordoes not have the tail option(left, right or centre) then:
o GivenP(X>a)=p
o UseP(X <a)=1-P(X >a)torewrite this as
= P(X<a)=1-p
o ThenusethemethodforP(X<a)tofinda

¢) ExamTip

“ * Always check youranswer makes sense
o |fP(X <a)islessthan 0.5then a should be smaller than the mean
o |fP(X <a)is morethan 0.5then a should be bigger than the mean
o Asketchwill helpyou seethis

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

*> Worked Example
®  Therandomvariable W~N(50, 36).

Findthevalue of wsuch that P( W> w) =0.175.

ldentify 4 and o

F:SO 0_1:% 50 D'-'E

Sketdh!
Plwcw)=1-Plw>w)

=\-0.135
DB

P(W>w) = 0. 115

/

50 w
Lﬂﬂ:u‘) i5 less thea 0.5

50 WIS big&erﬁmﬂummn
Aren from leHt s 0825

Use lawerse Nutmel Distribubion fuaction on GD(
we 5560%5...

w:556 (36
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4.9.1 Sample Mean Distribution

Combinations of Normal Variables
What is a linear combination of normal random variables?
* Supposeyouhave nindependent normal random variables X;_ ~ N(,u o J?) fori=1,2,3,....n
« Alinearcombinationis of theform X = ale + 32)(2 + ..+ aan + b wherea;andb are

constants
= Themeanandvariance canbe calculatedusing results fromrandom variables
o E(X)=au +au+ ..+au +b
=252+ 4252 + + 92 52
o Var(X) aoitaor+ .ta o
= Thevariables need to beindependent for thisresult to be true
= Alinear combination of nindependent normalrandom variables is also a normal random
variableitself
-~ 24 a2 2 2 42
o X N(Hl,ul +a,u,+ ..+a u +b, a?crl ta oL Lt 3;::5”)
o This can beusedto find probabilities when combining normal random variables

What is meant by the sample mean distribution?

* Suppose you have apopulation with distribution X andyou takearandom sample withn
observations Xj, Xo, ..., X,

= Thesamplemean distribution is the distribution of the values of the sample mean

X| +X2+ ...+Xn

o X=
n
« Foranindividualsample the sample mean x can be calculated
o Thisis also called a point estimate

o X is the distribution of the point estimates
What does the sample mean distribution look like when Xis normally

distributed?

« |fthe populationis normally distributed then the sample mean distribution is also normally
distributed
. E(§)=E(Xl + X+ ...+Xn) E(X,)+E(X)+ . +E(X ) _pHpt tp oy

- T H
o Var(X)= Var[

n n n n
X +X + ...+Xn]_ Var(X )+ Var(X,) + ..+ Var(X ) G 4o+ 40 ne
n

n n* n* n*
+ Therefore you divide the variance of the population by the size of the sample to get the
variance of the sample mean distribution

— a?
o X~N(g,0?)=X~N [
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*9 Worked Example
H
Amber makes a cup of tea using a hot drink vending machine. When the hot water

button is pressed the machine dispenses Wml of hot waterandwhen the milk
buttonis pressed the machine dispenses M mlof milk. Itis known that
W ~N(100, 152) and M ~N(10, 22).

Tomake a cup of tea Amber presses the hot water button three times and the milk
button twice. The total amount of liquidin Amber's cup is modelled by Cml.

a)
Write down the distribution of C.

CoWaWoeWoe Mo M,
E(C): EM)» EMs)» E(W) + () + E ()
w= 100 4100 4100 + 10 + 10 - 320
Var(C) = Var (W) + Vor(uh) + Var (Ws) + Var (M) + Var (,)
gts 15 + U8k + 151+ 2%+ 2 = B3
A lingor (ombination of normalpvariables i @lso o normal variable
C~ N(320, 683)

b)
Find the probability that the totalamount of liquidin Amber's cup exceeds 360 mi.

Use. normal dls’rribu’rim oo GDC
M 30 - JFEE
Lower = 360 Wpoer = 9999..

30 %0
P(¢ > 360) = 0.0629%4..
P(C >360) = 0.0629 (3sf)

c)
Ambermakes 15 cups of tea and calculates the mean C. Write down the
distribution of C.

C~N(p, )
C -N (320, 4%)
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Central Limit Theorem
What is the Central Limit Theorem?

+ The CentralLimit Theorem says thatif a sufficiently large random sampleis taken fromany
distribution X then the sample mean distribution fcan be approximated by a normal
distribution

o Inyourexamn =30 willbe considered sufficiently large for the sample size

_ o’
* Therefore X can be modelled byN(,u.?]

o uisthemean of X
o o?isthevariance of X
o nisthesize of thesample

Dol always need to use the Central Limit Theorem when working with the
sample meandistribution?
« No - the CentralLimit Theoremis not needed when the population is normally distributed
» |f Xis normally distributed then Xis normally distributed
o Thisis trueregardless of the size of the sample
o The Central Limit Theoremis not needed
« |f Xis not normally distributed then Xis approximately normally distributed
o Providedthe sample sizeis large enough
o The Central Limit Theoremis needed

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

9 Worked Example
@
The integers 1to 29 are written on counters and placedin a bag. The expectedvalue

when oneis picked atrandom is 15 and the varianceis 70. Susie randomly picks 40
integers, returning the counter after each selection.

a)
Find the probability that the mean of Susie's 40 numbers is less than 13.

let X be the mean of 40 numbers
n'lurﬁe = R”N(.IH; En:l) X ~N(1s, q?%)

e normal distribution on GDC

10
F‘IS 5°J40
Lnuver "CFH-H Upper‘ *3
13 .15
PIX <13) = 0.06528 54
PX3) 2. 0633130
b)
Explain whetheritwas necessary touse the Central Limit Theorem in your
calculation.

-nue [Eni‘ml Limit T}\Parem wag ne:essnn:} as +he
random variable for the number picked out of the ba&
is nol nurmn“g digtributed.
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4.9.2 Confidence Interval for the Mean

Confidence Interval for p
Whatis a confidenceinterval?

+ |tisimpossible to findthe exact value of the population mean when taking a sample
o Themean of asampleis called a point estimate
o Thebestwecandois find aninterval forwhich the exact valueislikely tolie
o Thisis called the confidenceinterval for the mean
« Theconfidencelevel of a confidence intervalis the probability that the interval contains
the population mean
o Be carefulwith the wording - the population mean is a fixed value so it does not make
senseto talk about the probability that it lies within aninterval
» |nstead we talk about the probability of an interval containing the mean
o Supposesamples were collected and a 95% confidenceinterval forthe population
mean was constructed foreach sample then forevery 100 intervals we would expect
onaverage 95 of themto contain the mean
= 95 outof100 is not guaranteed - it is possible that all of them could contain the
mean
» |tis also possible (though very unlikely) that none of them contains the mean

How do | find a confidence interval for the population mean (u)?

* Youwillbe given data using a sample from a population
o The population willbe normally distributed
» [fnotthen thesamplesize should be large enough soyoucan use the Central
Limit Theorem
You willuse the interval functions on your calculator

Use az-interval if the populationvariance is known o2
o Onyour GDC enter:
= thestandard deviation candthe confidence level a%
s EITHER theraw data
= ORthesample mean x andthe samplesizen

Use a t-interval if the population variance is unknown

o Inthis casethetestuses theunbiased estimate forthe variance si 1

o OnyourGDC enter:

= thecanfidencelevel «%
» EITHER therawdata
» ORthesamplemean x, thevalue of s, jandthe sample sizen

Your GDC will give you the lower and upper bounds of the interval
o |[tcanbewrittenasa<u<b

What affects the width of a confidence interval?

+ Thewidth of a confidenceintervalis the range of the values in the interval
* Theconfidencelevel affects the width
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o Increasing the confidence level willincrease the width

o Decreasing the confidence level with decrease the width
+ Thesize of the sample affects the width

o Increasingthe sample size willdecrease the width

o Decreasingthe samplesize willincrease the width

How canlinterpret a confidenceinterval?

+ Afteryouhave found a confidenceinterval for uyou might be expected to comment on the
claimforavalue of u

« |ftheclaimed valueis within the confidence interval then there is not enough evidence to
reject the claim

o Therefore the claimis supported

« |ftheclaimedvalueis outside theinterval then thereis sufficient evidence toreject the
claim

o Thevalueis unlikely tobe correct
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*9 Worked Example

°
Carawants to checkthe meanweight of burgers sold by a butcher. The weights of

the burgers are assumedto be normally distributed. Cara takes arandom sample
of 12 burgers and finds that the mean weightis 293 grams and the standard
deviation of the sampleis 5.5 grams.

a)
Find a 5% confidence interval for the population mean, giving your answer to 4
significant figures.

The. Foputﬂhﬂﬂ yariante s unknown so use a t- interval

Unbiased esti f . .
Formula booklet [ smomeesmeesr, .y - n

G2 55t <33

4

Edter data into GDC
(,On{:ldEﬂ[E Ie'teJ = 0“'.5 1 :l“B sni.l:’]_} n= ll
Lower: 299 .35..
Upper: 246,66,
1304 4 g 296 6\ [04sF)
b)

The butcher claims the burgers weigh 300 grams. Comment on this claim with
reference to the confidenceinterval.

300 is CIBO'I'E. the Lonfmdm{& in‘fewa' which
suaﬁgm that the butchers daim is not true
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4.10.1 Poisson Distribution

Properties of Poisson Distribution
What is a Poisson distribution?

« APoissondistributionis a discrete probability distribution
» Adiscreterandomvariable X follows a Poissondistributionif it counts the number of
occurrences in a fixed time period given the following conditions:
o Occurrences areindependent
o Occurrences occurat a uniformaverage rate for the time period (m)
« If X follows a Poisson distribution thenitis denoted X ~ Po(m)
o mistheaveragerate of occurrences for the time period

* Theformula for the probability of roccurrences is given by:
\_mInf

o P(X=0= forr=0,1,2,...

r!
» eisEuler'sconstant2.718...
s fl=rx(r=1)x..x2x1and0!=1
» Thereis noupperbound forthe number of occurrences
o You will be expectedto use the distribution function on yourGDC to calculate
probabilities with the Poisson distribution

What are the important properties of a Poisson distribution?

+« Theexpected number (mean) of occurrencesism
o You are given this in the formula booklet
The variance of the number of occurrences is m
o You are given this in the formula booklet
o Sqguareroottogetthe standard deviation
The mean andvariance for a Poisson distribution are equal
Thedistribution can berepresentedvisually using a verticalline graph
o The graphs have tails to theright forall values of m
o Asmagetslargerthe graph gets more symmetrical
If X ~Po(m) and Y ~Po(A) areindependent then X + Y ~Po(m+ )
o This extends tonindependent Poisson distributions X}. ~ Pu(m}.)

s X +X + . +X »Pa(m
1 2 n

L

-

[ +m,+ ...+mn)
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A =01
A=
P /N P M
1 0.4 -
I ] ~ | ey
- -
c 1 2 3 4 X c 1 2 3 4 X
A=5 A =15
P A P A
0.2 0.1 -
0.1 -
|| ‘ | . llll” |||| ~
P -
0O 2 4 6.8 40 X O 5 10 15 20 25 30 X
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Modelling with Poisson Distribution
How do | set up a Poisson model?

« |ldentify what an occurrence s in the scenario
o Forexample: a carpassingacamera, a machine producing a faulty item
* Useproportion to find the mean number of occurrences for the given time period
o Forexample:10 carsin 5 minutes wouldbe 120 cars in an hourif the Poisson model
works forboth time periods
* Make sureyou clearly state what yourrandom variable is
o Forexample:let Xbe the numberof cars passinga camerain 10 minutes

What can be modelled using a Poisson distribution?

* Anythingthat satisfies the two conditions
* Forexample, Let C be the number of calls that a helpline receives within a 15-minute period:
C~Po(m)
o Anoccurrenceis the helpline receiving a call and can be considered independent
o Thehelplinereceives calls atan average rate of m calls during a 15-minute period
« Sometimes a measure of space willbe usedinstead of a time period
o Forexample, the number of daisies thatexist on a square metre of grass
« |fthemean andvariance of a discrete variable are equal then it might be possibletousea
Poisson model

@ ExamTip

-
+ Anexam question mightinvolve different types of distributions somake it clear
which distribution is being used for each variable
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‘, Worked Example
°

Jack uses Po(6.25) to model the number of emails he receives during his hour lunch
break.

a)
Write down two assumptions that Jack has made.

-Jur_it hos assumed that :
' the emaik that he receives are indepmd{%n'i

“he receives emaik ot a unform average rafe of

{?15 Emails per hour durina his iunr,h bl‘Bu.kS

b)
Calculate the standard deviation for the number of emails that Jack receives during
his hourlunch breaks.

FDrmulq bopklet o

iy E{Xj=m

‘Wornance Var(X)=m

o= 625
g 46.25

Hondard deviation = 25 emails
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4.10.2 Calculating Poisson Probabilities

Calculating Poisson Probabilities

Throughout this section we will use therandom variable X' ~ Po(m). ForaPoisson distribution
X, the probability of X taking a non-integer or negative valueis always zero. Therefore, any values
mentionedin this section for Xwillbe assumed to be non-negative integers. The value of mcan
be any real positive value.

How dol calculate P(X = x): the probability of a single value for a Poisson
distribution?

* Youshouldhave a GDCthatcan calculate Poisson probabilities
« Youwanttousethe "PoissonProbability Distribution” function

o Thisis sometimes shortened to PPD, Poisson PD or Poisson Pdf
Youwillneed to enter:

o The 'x'value - thevalue of x for which you want to find P(X= X)

o The'A' value - the mean number of occurrences (m)
Some calculators will give you the option of listing the probabilities formultiple values
of xatonce
Thereis a formula that you can use but you are expected to be able to use the distribution
functiononyourGDC
e~ mmx

x!

o P(X=x)=

» whereeis Euler's constant
w x!=xx(x—1)X..x2xland0!=1

How dol calculate P(a = X < b): the cumulative probabilities for a Poisson
distribution?
* ‘Youshouldhave a GDC that can calculate cumulative Poisson probabilities
o Mostcalculators willfind P(a< X <b)
o Some calculators can only find P(X < b)
= Theidentities below will helpin this case
* Youshoulduse the "Poisson Cumulative Distribution” function
o Thisis sometimes shortenedto PCD, Poisson CD or Poisson Cdf
* Youwillneedtoenter
o Thelowervalue -thisis thevaluea
= Thiscanbezerointhecase P(Xs b)
o Theuppervalue - this isthevalueb
= This can bea very large number (9999...) in the case P(X 2 a)
o The'A'value - the mean number of occurrences (m)

How do | find probabilities if my GDC only calculates P(X = x)?
+ Tocalculate P(X = x) just enterxinto the cumulative distribution function

« Tocalculate P(X <x)use:
o P(X <x)=P(X < x — 1) whichworks when Xis a Poisson random variable
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s P(X<5)=P(X=4)

+ Tocalculate P(X > x)use:
o P(X > x)=1-P(X < x) which works forany random variable X
s P(X>5)=1-P(X=<5)

» Tocalculate P(X=zx)use:
o P(X>x)=1-P(X <x—1)whichworks when Xis a Poisson random variable
" P(X=5)=1-P(X<4)

* TocalculatePla <X <b)use:
o Pla<X<b)=P(X<b)—-P(X<a-1)whichworks when Xis a Poisson random
variable
m P5=X=9)=P(X=9)-P(X=4)

What if an inequality does not have the equals sign (strict inequality)?

+ ForaPoissondistribution (as itis discrete) you could rewrite all strictinequalities (<and =)
as weak inequalities (= and z) by using theidentities for a Poisson distribution
o P(X<x)=P(X<x-1)andP(X>x)=P(X>x+1)
o Forexample:P(X<5)=P(X=4)andP(X>5)=P(X=6)
« |thelpstothink about the range of integers you want
o |dentify the smallest and biggest integers in therange
« IfyourrangehasnominimumthenuseQ
o P(X<b)=P(0<X<b)

« Pla<X<b)=Pla+1<X<bh)
o P(5<X=9)=P(6=X=9)

« PlacsX<b)=PlacX<bh-1)
o P(5<X<9)=P(5<X<8)

e« Pla<X<b)=Pla+1<X<bh-1)
o P(5<X<9)=P(6=X<8)
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*9 Worked Example
®  Iherandomvariables X ~Po(6.25) and Y ~Po(4) areindependent. Find:

i)
P(X=5),

Use Poisson probability distribution on GD(
m:625 (N x:9
P(X=35) = 0.15341.
P(X=5) = 0.153 (3sf)
ii)
P(Y<5),
Hen’h{g upper and lower bounds
P(Y<5) = P(D<y <9
Use Poisson cumulative distribution=om GDC m= & ()
P(Y<5) = 0.38513..
F(Y3) - 0385 (5sh) |
iii)
P(X+Y>7).

Form fhe distribution m= 625 +4 =10.25
X +Y ~ Po(I0.25)

|deatify lower bound = no upper bound 0 use a large number 9.
P(X+Y >3) = P(8< XY )

Use Poisson cumulative distribution on GD(
P(<X+Y)=0.801kb..

P(X+Y>3) =050l (3sf)
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4.11.1 Hypothesis Testing

Language of Hypothesis Testing
Whatis a hypothesis test?

+ Ahypothesis testuses a sample of datain an experiment to test a statement made about

the population
o Thestatementis eitherabout a population parameter or the distribution of the
population

+« Thehypothesis testwilllook at the probability of observed outcomes happeningunderset
conditions

* The probability found willbe compared against a given significance level to determine
whetherthereis evidence to support the statement being made

What are the key terms used in statistical hypothesis testing?

+ Every hypothesis test must begin with a clear null hypothesis (what we believe to already
be true) and alternative hypothesis (how we believe the data pattern or probability
distribution might have changed)

» Ahypothesis is an assumption that is made about a particular population parameter or
the distribution of the population

o Apopulation parameteris a numerical characteristic which helps define a population
= Such as the mean value of the population
o Thenull hypothesis is denoted Hﬂ and sets out the assumed population parameter or

distribution given that no change has happened
o Thealternative hypothesis is denoted H1 andsets out how we think the population

parameter ordistribution could have changed
o When a hypothesis testis carried out, the nullhypothesis is assumed to be true and
this assumption will either be accepted orrejected
» When a nullhypothesis is accepted orrejected a statistical inference is made
+ Ahypothesis testwillalways be carried out at an appropriate significance level
o Thesignificancelevel sets the smallest probability that an event could have occurred
by chance
m Any probability smallerthan the significance level would suggest that the eventis
unlikely to have happened by chance
o Thesignificance level mustbe set before the hypothesis test is carried out
o Thesignificance level willusually be 1%, 5% or10%, howeverit may vary
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One-tailed Tests
What are one-tailed tests?

* Aone-tailed testis usedfortesting:
o Whether a distribution can be usedto model the population
o Whetherthe population parameterhas increased
o Whetherthe population parameter has decreased
* One-tailed tests can beusedwith:
o Chi-squaredtest forindependence
o Chi-squared goodness of fit test
o Test for proportion of a binomial distribution
o Test forpopulation mean of a Poisson distribution
o Test forpopulation mean of a normal distribution
o Testtocompare population means of two distributions

Two-tailed Tests

What are two-tailed tests?

« Atwo-tailed testis usedfortesting:
o Whetherthe population parameterhas changed
+ Two-tailed tests can beusedwith:
o Test forpopulation mean of a normal distribution
o Testtocompare population means of two distributions
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Conclusions of Hypothesis Testing
How do | decide whether toreject or accept the null hypothesis?

« Asample of the populationis taken and the test statisticis calculated using the
observations from the sample
o Your GDC can calculate the test statistic for you (if required)
+ Todecide whether ornot toreject the null hypothesis you first need either the p-value or
the critical region
* Thep -valueis the probability of a value being at least as extreme as the test statistic,
assuming that the null hypothesis is true
o Your GDC will give you the p-value (if required)
o |fthep-valueislessthanthesignificancelevel then the null hypothesis would be
rejected
* Thecritical regionis therange of values of the test statistic which willlead to the null
hypothesis beingrejected
o |fthe test statistic falls within the critical region then the null hypothesis would be
rejected
+ Thecritical valueis the boundary of the critical region
o |tistheleastextreme valuethatwouldleadto the rejection of the null hypothesis
o Thecritical valueis determined by the significance level

How should a conclusion be written for a hypothesis test?

« Yourconclusion must be written in the context of the question
* Usethewordinginthe question to helpyouwrite yourconclusion
o |frejecting the null hypothesis your conclusion should state that there is sufficient
evidence to suggest that the nullhypothesis is unlikely to be true
o |f acceptingthe null hypothesis your conclusion should state that thereis not enough
evidence to suggestthat the nullhypothesis is unlikely to be true
¢ Yourconclusion must not be definitive
o Thereis achancethatthetesthasledto anincorrect conclusion
o Theoutcomeis dependent onthe sample
» adifferent sample mightleadto a different outcome
+ Theconclusion of a two-tailed test can stateif thereis evidence of a change
o Youshould not state whether this changeis anincrease or decrease
o |fyou aretesting the difference between the means of two populations then you can
only conclude that the means are not equal
= You cannot say which population mean is bigger
= You'dneedtouse a one-tailed test for this

@) ExamTip

-
+ Acceptingthe nullhypothesis does not mean that you are sayingitis true

o You are simply saying thereis not enough evidence toregject it
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4.11.2 Chi-squared Test for Independence

Chi-Squared Test for Independence
What is a chi-squared test forindependence?

« Achi-squared {f]test forindependenceis a hypothesis testused to test whethertwo
variables areindependent of each other

e Thisis sometimes called a y* two-way test
* Thisis an example of a goodness of fit test

o We are testing whether the data fits the model that the variables are independent
» Thechi-squared (¥?) distribution is used for this test
» Youwilluse a contingency table

o Thisis a two-way table that shows the observed frequencies for the different

combinations of the two variables
» Forexample:if the two variables are hair colour and eye colour then the
contingency table will show the frequencies of the different combinations

Why might | have to combine rows or columns?

* Theobserved values are usedto calculate expected values
o Thesearethe expected frequencies foreach combination assuming that the
variables areindependent
= Your GDC can calculate these foryou afteryou input the observed frequencies
* The expected values must allbe biggerthan5
« If one of the expectedvalues is less than 5 then you will have to combine the
corresponding row or column in the matrix of observed values with the adjacent row or
column
e The decision between row or column will be based on which seems the most
appropriate
s Forexample: if the two variables are age and favourite TV genre then it is more
appropriate to combine age groups than types of genre

What are the degrees of freedom?

» There will be a minimum number of expected values you would need to know in orderto be
abletocalculate all the expectedvalues
+ This minimum numberis called the degrees of freedom and s often denoted by v
» Foratest forindependence with anm x ncontingency table
o v=(m-1)x(n-1)
o Forexample: |f there are 5 rows and 3 columns then you only need to know 2 of the
valuesin 4 of therows as therest can be calculated using the totals

What are the steps for a chi-squared test forindependence?

+« STEP1.Write the hypotheses
o Hg:Variable Xis independent of variable Y
o Hj:Variable Xis notindependent of variable Y
= Make sure you clearly write what the variables are and don't just callthem Xand Y
+ STEP 2:Calculate the degrees of freedom for the test
o Foranm xncontingency table
o Degrees of freedomis v=(m—1)x(n-1)
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+ STEP 3: Enteryourobserved frequencies into your GDC using the option fora 2-way test

o Entertheseasamatrix
o Your GDC willgive you a matrix of the expected values (assuming the variables are
independent)
» |fanyvalues are 5 orless then combine rows/columns andrepeat step 2
o YourGDC will also give you the 32 statistic andits p-value
o Thej?statisticis denotedas 22

« STEP 4:Decidewhetherthereis evidence toreject the nullhypothesis

o EITHER compare the 22 statistic with the given critical value
= |f ;2 statistic > critical value thenreject Hg
= |f 32 statistic < critical value then accept Hg
o ORcompare the p-value with the given significance level
» |fp-value <significance levelthenreject Hg
» |[fp-value s significance levelthen accept Hyg

+ STEP 5: Write your conclusion

o IfyourejectHg
= Thereis sufficient evidence to suggest that variable Xis notindependent of
variable Y
= Therefore this suggests they are associated
o |fyouacceptHg
= Thereis insufficient evidenceto suggest thatvariable Xis notindependent of
variable Y
» Therefore this suggests they are independent

How dol calculate the chi-squared statistic?

You are expected to be able touse your GDC to calculate the 32 statistic by inputting the
matrix of the observed frequencies
Seeing how it is done by hand might deepen yourunderstanding but you are not expected
touse this method
STEP 1: Foreach observed frequency O;calculate its expected frequency £
o Assumingthe variables areindependent
m £ =P(X=x)xP(Y=y)xTotal
Row Total X Column Total
Overall Total
STEP 2: Calculate the y2 statisticusing the formula
—FE)2
P it
E

calc )
i

= Which simplifies to E.=

o Youdo not needtolearn this formula as your GDC calculates it foryou
To calculate the p-value you would find the probability of a value being bigger than your 42
statisticusing a y2 distribution with v degrees of freedom
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@) ExamTip

« Ifyouusea p2testinyourlAthen beware that the outcome may notbe accurate
if thereis only 1 degree of freedom
o Thismeansitis a2 x 2 contingency table
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*9 Worked Example

Ataschoolin Paris, itis believed that favourite film genreis related to favourite
subject. 500 students were asked to indicate their favourite film genre and
favourite subject from a selection and theresults areindicated in the table below.

Comedy Action|RomancelThriller

Maths 51 52 37 55
Sports 59 63 A4 33
Geography| 35 31 28 15

Itis decided to test this hypothesis by using a xz test forindependence atthe 1%
significancelevel.

The critical valueis 16.812,

a)
State the nulland alternative hypotheses for this test.

Ho Favourife SuL)JGd' i mdtpendtnf of fuugunfe Film geare

HI Favourite huEJed‘ is nol mdepmdenf G'{' fuut}unh Hm genre

b)
Write down the number of degrees of freedom for this table.

y: (rows -lj’- ([oium:ﬁs “‘) n (3"‘]* U‘"_‘)

y:b

c)
Calculate the ¥* test statistic for this data.

TLC}PE matrix into GDC
X' cratistic = .81
X, =18 (3sh)

d)
Write down the conclusion to the test. Give a reason foryouranswer.
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12.% <16.312

Awegt Hy as X" statistic < critical volue.
There is insufhicient evidence fo s uggest that
fovousite Subjed is not im‘ependen’r of fovourite

film geare. Therefore this sugqests 1’!\&3 are
indegendent.
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4.11.3 Goodness of Fit Test

Chi-Squared GOF: Uniform
What is a chi-squared goodness of fit test for a given distribution?

« Achi-squared(y?) goodness of fit test is used to test data from a sample which suggests
that the population has a given distribution
« This couldbethat:
o the proportions of the population for different categories follows a givenratio
o the population follows a uniformdistribution
= This means all outcomes are equally likely

What are the steps for a chi-squared goodness of fit test for a given
distribution?

s STEP1:Write the hypotheses

o Hp: Variable X can be modelled by the given distribution

o H;:Variable X cannot be modelled by the given distribution

= Make sureyou clearly write what the variable is and don'tjust callit X

STEP 2: Calculate the degrees of freedom forthe test

o Forkoutcomes

o Degrees of freedomis v=k—1
STEP 3: Calculate the expected frequencies

o Splitthetotal frequency using the given ratio

o Forauniform distribution: divide the total frequency N by the number of outcomes k
STEP 4: Enter the frequencies andthe degrees of freedominto yourGDC

o Enterthe observedandexpected frequencies as two separatelists

o YourGDC willthen give you the 32 statistic andits p-value

o The y2statisticis denoted as ;{im

L]

STEP 5: Decide whether thereis evidence to reject the null hypothesis
o EITHER compare the 2 statistic with the given critical value
m |f 72 statistic = critical value thenreject Hg
= |f y2statistic < critical value then acceptHg
o ORcompare the p-value with the given significance level
= |f p-value < significance levelthenreject Hg
= |f p-value > significance level then accept Hy
STEP é: Write your conclusion
o |fyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the given
distribution
» Therefore this suggests that the data is not distributed as claimed
o |fyouacceptHg
= Thereis insufficient evidence to suggest that variable X does not follow the given
distribution
= Therefore this suggests that the datais distributed as claimed

L]
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‘, Worked Example

Acarsalesmanisinterestedin how his sales are distributed and records his sales
results overa period of six weeks. The data is shown in the table.

Week 1 2 3 | a5 | 6
Numberof | 17 nl a2l e
sales

A ¥* goodness of fit test is to be performed on the data at the 5% significance level
to find out whether the data fits a uniform distribution.

a)
Find the expected frequency of sales for each week if the data were uniformly
distributed.

i uniformly distributed all expected frequencies are equal

EIPEd‘eJ frequmuﬁ‘— 15 +l'++ilL1Hlt_H11

Expected frequ ency =13 |

b)
Write down thenull and alternative hypotheses.

Ho: Number of sales can be modelled bj a

uniform disiribution
H, : Number of sales can not be modelled by a
uniform dighribution
C)
Write down the number of degrees of freedom for this test.
y=6-l
y=3
d)

Calculate the p-value.
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Tﬂpe_ two liss inb  GDC

Observed 15 1 I 2 & 12
Expeded 15 1515 15 1S 15
px 04433

p=0.4943 (3sF)

e)
Statethe conclusion of the test. Give a reason foryour answer.

0.493 > 0.05

Auegt Hy as p-value > signifiane lew)
There is insufficient evidence to s uggest that
number of sales @n nohwbemmodelled by
a unhcbrm distribuion Theefore | this sutﬂﬂsﬁ
it is uaiformly Qistributed
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Chi-Squared GOF: Binomial
What is a chi-squared goodness of fit test for a binomial distribution?

= Achi-squared (f} goodness of fittestis usedtotestdata froma sample suggesting that
the population has a binomial distribution
o You will either be given a precise binomial distribution to test B(n, p) with an
assumedvalueforp
o Oryouwillbe askedto test whether a binomial distribution is suitable without being
given an assumed value forp
= Inthis caseyouwillhave to calculate an estimate for the value of p for the binomial
distribution
= Tocalculate it divide the mean by thevalue of n

1 fo

_x_1
-p_n nx Zf

What are the steps for a chi-squared goodness of fit test for a binomial
distribution?

= STEP1:Write the hypotheses
o Hp:Variable X can be modelled by a binomial distribution
o Hy:Variable X cannotbe modelled by a binomial distribution
= Make sure you clearly write what the variableis and don'tjust callit X
= |f you are given the assumedvalue of p then state the precise distribution B(n, p)

-

STEP 2: Calculate the expected frequencies
o If youwere notgiven the assumed value of p then you will first have to estimateit using
the observed data
o Find the probability of the outcome using the binomial distribution P(X= x)
o Multiply the probability by the total frequency P(X = x) x N
o Youwillhave to combine rows/columns if any expectedvalues are 5 orless
STEP 3: Calculate the degrees of freedom for the test
o Forkoutcomes (aftercombining expected values if needed)
o Degrees of freedomis
= y=k—1ifyouweregiventheassumedvalueof p

-

» v=k-2ifyouhadtoestimatethevalueofp
STEP 4: Enterthe frequencies and the degrees of freedominto your GDC
o Enterthe observed and expected frequencies as two separatelists
o Your GDC willthen give you the 32 statistic andits p-value
o The 2 statisticis denoted as gim

L]

STEP 5. Decide whether thereis evidence to reject the null hypothesis
o EITHER compare the 2 statistic with the given critical value
= | ;2 statistic > critical value thenreject Hg
= |f 42 statistic < critical value then accept Hg
o ORcomparethe p-value with the given significance level
» |fp-value < significancelevelthenreject Hg
» |fp-value > significancelevelthen accept Hg
STEP 6: Write your conclusion

L]
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o |fyourejectHg
» Thereis sufficient evidence to suggest that variable X does not follow the binomial
distribution B(n, p)
= Therefore this suggests that the data does not follow B(n, p)
o |fyouacceptHg
» Thereisinsufficient evidence to suggest that variable X does not follow the
binomial distribution B(n, p)
» Therefore this suggests thatthe data follows B(n, p)
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‘, Worked Example

Astagein avideo game has three boss battles. 1000 people try this stage of the
video game and the number of bosses defeated by each playeris recorded.

Numberof bosses
1 2 3
defeated 0
Frequency 490 1384 | M | 15

A »* goodness of fit test at the 5% significance levelis used to decide whether the
number of bosses defeated can be modelled by a binomial distribution with a 20%
probability of success.

a)
State the nulland alternative hypotheses.

Hy: Number of bosses defeated can be
modelled by the bimial-distibution B(3,0)
H, : Number of bosses defested (an not be
modelled by the” Bromal dirbution  B(3,02)

b)
Assuming the binomial distribution holds, find the expected number of people that
would defeat exactly one boss.

let X ~B(202)
Usmg GDC  P(X=1)= 0.384
Expected 1000 x 0-3%kL = 38k

Expected frequeaui of | =384

c)
Calculate the p-value forthe test.
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Find the other expected Frqumdea

For O: 1000xP(X=0)= 000 x0.512 = 512
For  2: 1000x P(x=2) = 1000« 0.096 = 4b
Fr  3: 1000x P(X =3)7 1000 » 0.008 = 8

Type two lists ino G

Observed L0 3%k Wl 1S
Expected B2 3%k 4b %
y=l-1=:3

p= 0.0242p ...

p = 0.0243 (3sf)

d)
State the conclusion of the test. Give areason foryour answer.

0.0243< .05

Réect H, as  p-value ¢ .S_Iﬁmﬁmme level
There is  sufficiedt evidence to suggest  that

3¢ then, 1 number ofi-bgsses. defeated @anaat be
modelled by the binomial distribution B(3,02)
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Chi-Squared GOF: Normal
Whatis a chi-squared goodness of fit test for a normal distribution?

« Achi-squared Ex?} goodness of fittest is used totest data from a sample suggesting that
the population has a normal distribution
o Youwilleither be given a precise normal distribution totestN(,u, o2) with assumed
values foruande
o Oryouwillbe asked totest whetheranormal distribution is suitable without being
given assumed values for yand/or o
= |nthis caseyouwillhaveto calculate an estimate for the value of pand/or aforthe
normal distribution
n Eitheruseyour GDC oruse the formulae

2. fx , n
Sr ands._ = 1%
What are the steps for a chi-squared goodness of fit test for a normal

distribution?
- STEP1: Write the hypotheses

" X=

2
n

o Hg:Variable X can be modelled by a normal distribution
o Hy:Variable X cannot be modelled by a normal distribution
= Makesureyou clearly write what thevariableis and don’tjustcallit X
= |fyou are given the assumed values of gand agthen state the precise distribution
N(u, 02)

STEP 2: Calculate the expected frequencies
o If youwerenotgiven the assumedvalues of porethen you wil firsthave to estimate
them
o Findthe probability of the outcome using the normal distribution P(a <X< b}
o Multiply the probability by the total frequency P(a <X< b) XN
o Youwillhave to combine rows/columns if any expectedvalues are 5 orless
STEP 3. Calculate the degrees of freedom for the test
o Forkclassintervals (after combining expectedvalues if needed)
o Degrees of freedomis
» v=k-1ifyouweregiventheassumedvalues forbothuando
= y=k—2ifyouhadtoestimateeither zor sbut notboth
» v=k-3ifyouhadtoestimateboth yands
STEP 4. Enter the frequencies and the degrees of freedom into your GDC
o Enterthe observed andexpected frequencies as two separate lists
o Your GDC willthen give you the 32 statistic andits p-value
o The 2 statisticis denoted as g%m

L]

STEP 5: Decide whether there is evidence to reject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f ¥2 statistic > criticalvalue then reject Hg
» |f 42 statistic < criticalvalue then acceptHg
o ORcompare the p-value with the given significance level
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» [fp-value < significancelevelthenreject Hg
» |f p-value > significancelevelthen accept Hg
= STEP é: Write yourconclusion
o |fyourejectHg
» Thereis sufficient evidence to suggest that variable X does not follow the normal
distribution N(u, o2)
= Therefore this suggests that the data does not follow N(u, a2)
o |fyouacceptHg
= Thereisinsufficient evidenceto suggestthatvariable X does not follow the
normal distribution N(x, ¢?)
» Therefore this suggests that the data follows N(,u, 0'2)
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) Worked Example

300 marbled ducks in Quacktown are weighed and the results are shown in the
table below.

Mass (g) Frequency

m<450 1

150 < m<470 9

470 < m<520 158

520<m<570 123

m2570 ¥

A »* goodness of fittest at the 10% significance level is used to decide whether the
mass of a marbled duck can be modelled by a normal distribution withmean 520 g
and standard deviation 30 g.

a)
Explain why itis necessary to combine thegroups m <450 and450 < m<470 to
create the group m <470 with frequency 10.

[omhme [ﬂ+E%or|ES 1‘ Expedﬁcl frequmcies are 5 or |Es>
300 x P(X <450 | X~N(520,30%)) =300+ 0.0098]_ 2 b

s - - :
The expected ‘FfEtluEﬂUﬁ s les than 5 0 combine with
the next (a‘hﬂorg

b)

Calculate the expected frequencies, giving your answers correct to 2 decimal
places.

let X~ N(520,30%
300 x probability. :
Mass (9) Probability  Expected frequency
m < &30 0.04¥390.. &34
430¢m<¢ 520 0.452209 . 135 .bb
B0 ¢ m<§30 045204 |35 4
m:510 | 00u¥0.. k34
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c)
Write down the null and alternative hypotheses.

Hy: Mos of the morbled ducks can be
modelled bj the normal digribution N(520,30)
H,: Mos of the mobled ducks can nof be
modelled 55 the normal digribution N(520,30)

d)
Calculate the 3 statistic.

Erter the observed and expected frequencies 1o
GDC  y= bl =3
X ddatishic = 3.6 ..
K = 816 (2R
e)

Giventhat the criticalvalueis 6.25], state the conclusion of the test. Give a reason
foryouranswer,

%Ak b.25)

Reyect Hy s X" statistic > ¢ritical volue.
There is suffcient evidence 1o Suagﬂtﬂ that the
mass of the marbled dudes can not be

mode lled Bt'n the norma| distribution N(520, 302)
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Chi-squared GOF: Poisson
Whatis a chi-squared goodness of fit test for a Poisson distribution?

+ Achi-squared(y2) goodness of fit testis used to test data from a sample suggesting that
the population has a Poisson distribution
o Youwill either be given a precise Poissondistribution to test Pn(m) with an assumed
value form
o Oryouwill be asked totestwhether a Poisson distribution is suitable without being
given anassumed value form
= |nthis case you willhave to calculate an estimate forthe value of m for the
Poisson distribution
s Tocalculateitjust calculate the mean

B 2. Ix
= o,

What are the steps for a chi-squared goodness of fit test for a Poisson
distribution?
+ STEP1:Write the hypotheses
o Hp:Variable X can be modelled by a Poisson distribution
o Hy: Variable X cannot be modelled by a Poisson distribution
» Make sure you clearly write what the variableis and don'tjust callit X
s |fyou are given the assumedvalue of m then state the precise distribution Po(m]
* STEP2:Calculate the expected frequencies
o Ifyouwere notgiven theassumed value of mthen youwillfirst have to estimate it
using the observed data
o Find the probability of the outcome using the Poisson distribution P(X=x)
o Multiply the probability by the total frequency P(X = x) x N
n [faisthesmallest observedvaluethencalculate P(X < a)
» Ifbisthelargest observed value then calculate P(X > b)
o You willhave to combine rows/columns if any expected values are 5 orless
« STEP 3: Calculate the degrees of freedom for the test
o Forkoutcomes (aftercombining expected values if needed)
o Degree of freedomis
» v=k-—1ifyouweregiventheassumedvalueofm
» y=k-2ifyouhadtoestimatethevalueofm
« STEP 4:Enter the frequencies and the degree of freedom into your GDC
o Enterthe observedand expected frequencies as two separate lists
o Your GDC willthen give you the 32 statistic andits p-value
o The y2statisticis denotedas Zi.m

= m

* STEP 5: Decide whetherthere is evidence to reject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f ;2 statistic > critical value then reject Hg
» |f 72 statistic < critical value then accept Ho
o ORcompare the p-value with the given significance level
» [fp-value < significance levelthenreject Hg
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= |f p-value > significancelevel thenaccept Hg
« STEP 6:\Write yourconclusion
o |fyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the Poisson
distribution Po(m)
» Therefore this suggests that the data does not follow Po(m)
o IfyouacceptHg
= Thereisinsufficient evidence to suggest that variable X does not follow the
Poisson distribution Po(m)
= Therefore this suggests that the data follows Pn(m)
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9 Worked Example

Aparent claims the number of messages they receive from theirteenage child
within an hour can be modelled by a Poisson distribution. The parent collects data
from 100 one hour periods and records the observed frequencies of the messages
received from the child. The parent calculates the mean number of messages
received from the sample anduses this to calculate the expected frequenciesifa
Poisson model is used.

Number of Observed Expected
messages frequency frequency

Q 9 7.28

] 16 a

2 23 24.99

3 22 21.82

4 16 14.29

5 14 7.49
6ormore 0 b

A 2 goodness of fit test at the 10% significance level is used to test the parent’s
claim.

a)
Write down null and alternative hypotheses to test the parent’s claim.

I\'\JE are not qen a 5}3€{.FIC %.s'.cn dl:."rnbuhc-r.
H,: Number of messages received (on be modelled by a
Foisg;.n di:«d‘ribuhm
H,: Number of messages eceived o not be modelled 53 a
foisson distribution
b)
Show that the mean number of messages received perhour forthe sampleis 2.62.

e . 0% 9+ Inlb+ 2523+ 3222 + bx )b+ Sxlt 262
T q\-”:;f 2+ 22+ 1k 404 ’
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c)
Calculate the values of a and b, giving your answers to 2 decimal places.

LE.‘r 1~Pn{2.él)
a=100x P(X=1) = 100x 0.190%.. = 19.0% |q=19.0% (24p)

b =100 »P(X2b) = 1004 0.05052..:5.05 b= 3.05 (2dp)

d)
Perform the hypothesis test.

=
(.a‘tu'm’rt deﬁree of freedom v-k-2 \m was estimgted

y=7-2 *d
En+er ol:sservecl anA Expedecl Fl‘ﬁq'uﬂﬂcms in GD{
p=003515. < 0]

Rqed H, as p-va'ue < signifimmz_ level
There is sufficient evidene 1o sugﬁes* that a Poisson
distcibution con ndt model the number of Messages received.

e e T N -—-- — AW WS O . —

Www.exampaperspractice.co.uk



Fe

EXAM PAPERS PRACTICE

4.12.1 Hypothesis Testing for Mean (One Sample)

One-Sample z-tests
What is a one-sample z-test?
» Aone-samplez-testis usedtotest the mean (y) of a normally distributed population
o Youuseaz-testwhen the population variance (¢2) is known

+ Themean of asample of size nis calculated x and a normal distribution is used to test the
test statistic

+ X canbeused as the test statistic
| = o
o Inthis case youwould use the distribution X ~N| u, )

(o
= Rememberwhen using this distribution that the standard deviationis ——

) /a

canbeusedas thetest statistic

Jn
o Inthis case youwould use the distribution Z=~N(0,12)

= This is a more old-fashioned approach but your GDC still might tell you the z-value
when you do the test

= Youwillnotneed tousethismethod inthe exam as your GDC should be capable
of doing the other method

What are the steps for performing a one-sample z-test on my GDC?
+ STEP1: Write the hypotheses
o HO U= U
= Clearly state that urepresents the population mean
= yigis the assumed population mean

o Foraone-tailedtestHy: u<ugorHy: u>ug
o Foratwo-tailed test:Hy: u= up
= Thealternative hypothesis willdepend on whatis being tested

+ STEP 2:Enter thedataintoyour GDC and choose the one-sample z-test
o Ifyouhavetherawdata

» Enterthedataasalist
m Enterthevalueofe
o If you have summary statistics
» Enterthevalues of x, sandn
o Your GDC willgive you the p-value
« STEP 3: Decide whether thereis evidence to reject the null hypothesis

o Ifthep-value <significance level then reject Hg
« STEP 4: Write your conclusion
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o IfyourejectHgpthenthereis evidence tosuggestthat...
= Themean has decreased (forHy: u < uo)
= Themean has increased (forHy: u> up)
= Themeanhas changed (forH;: u# uo)

o IfyouacceptHpthen thereis insufficient evidence toreject the nullhypothesis
which suggests that...

= Themean has not decreased (for Hy: u < ug)
= Themean has notincreased (forH;: u> ug)
= Themean has notchanged (forHy: u = up)

How do| find the p-value for a one-sample z-test using a normal
distribution?

« Thep-valueis determined by the test statistic x

» ForHi:u<=uothep-valueis P(—f <x|u= ,uo)

* ForH:u>ugthep-valueis P(f:: X|u= '”o)
o ForHy:u#uothe p-valueis P(PE— i.L.f0| > |x - ‘uﬂl |u= '”u)
o Ifx< M, thenthis can be calculated easierby 2 X P(E-iﬂ,u = ,uﬂ)

o Ifx> H, then this can be calculated easier by 2 X P(E >X|u= ,un)

How do | find the critical value and critical region for a one-sample z-
test?
+ Thecriticalregionis determined by the significance level o%
o ForHy: < pio the critical regionis X < cwhere Pﬁ{ clu= J”u) =a%

o ForHy:u> uothecritical regionis X > ¢ where P(E >elu= pu) =a%

o Forth:u#pothecritical regions are X < ¢, and X' > ¢, where

l

P(X< c||p=,uu)=P X> c2|y=pu)= %cx%
+ Thecriticalvalue(s) can be found using the inverse normal distribution function
o When rounding the critical value(s) you should choose:
s Thelowerbound forthe inequalities E <
= Theupperbound fortheinequalities J?} C
o Thisis sothatthe probability does not exceed the significance level

¢) ExamTip
* + Exam questions might specify a method foryou touse so practise allmethods

(using GDC, p-values, critical regions)

« |fthe exam question does not specify a method then use whichever method
youwant

o Makeit clearwhich methodyou are using
o Youcan always use a second method as a way of checking your answer
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‘, Worked Example

¢ The mass of a Burmesecat, C, follows a normal distribution with mean 4.2kganda
standard deviation 1.3kg. Kamala, a cat breeder, claims that Burmese cats weigh
more than the average if they live in a household which contains young children. To
testherclaim, Kamala takes arandom sample of 25 cats that livein households
containing young children.

a)
Statethenulland alternative hypotheses to test Kamala's claim.

Let M be the population mean for the mag of

Eurrneie_ ats

H,: ,u=#,13_

H .- 2 ﬂ:‘z ""‘Teaﬂna {or On intrease

b)

Using a 5% level of significance, find the critical region for this test.
The population vamane is komwn Soue a 2-test.
Find the distribution of  the snm.plt means N(,’-‘. EIZI)

——

C~N(p, ) fl~ Sques TETTRE devition
—— .""Q $ﬂ.rn‘)le size
[r-iiml Feqion s (>¢., where P(ésﬁu,ﬁ=‘r-2)=0.05
Use inverse “normal *
Mkl
§ ” iis = 0.26
’ P(C <c) = 0.95

—
= 46236,
(.nﬂ{a' region C>4.63

c)
Kamala calculates the mean of the 25 cats includedin hersample to be 4.65 kg.
Determine the conclusion of the test.

LLS> & 6236 so0 465 i (i) region

Rejed Ho o8 test shatistic 1s in orifical region.
Ther is sufficiet evidene % su%u’f that
Burmese cats weigh more if they lve in a

househdd which cortaing young children
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One-Sample t-tests
What is a one-sample t-test?

+« Aone-samplet-testis usedtotest themean (u) of a normally distributed population
o Youuse at-testwhen the population variance (e2) is unknown
o Youneedtousetheunbiased estimate forthe population variance {Si " )

« Themean of asample of size nis calculated x and a t-distributionis used to testit
o t-distributions are similarto normal distributions
= Asthesamplesize gets larger the t-distribution tends towards the standard
normal distribution
* Youwon't be expectedto findthecriticalvalue
o Thep-valuecanbe foundusingthe test function onyour GDC

What are the steps for performing a one-sample t-testonmy GDC?

= STEP 1. Write the hypotheses
o Ho:u=up
» Clearly state that urepresents the population mean
® iy is the assumed population mean

o Foraone-tailedtestH;: u<ugorHy: g>ug
o Foratwo-tailedtest:Hy: uz ug
= Thealternative hypothesis willdepend on what is being tested

* STEP 2: Enter thedataintoyour GDC and choose the one-sample t-test
o Ifyouhavetherawdata
= Enterthedataasalist
o |fyouhave summary statistics
» Enterthevalues of X, s,.;(sometimes written as s,ona GDC) andn
o Your GDC willgive youthe p-value
« STEP 3: Decide whetherthereis evidence toreject the null hypothesis
o Ifthe p-value <significance level thenrejectHg
+ STEP 4: Write your conclusion
o Ifyoureject Hgthenthereis evidence to suggest that...
= Themean has decreased (forHy: u < ug)
= Themean has increased (forHy: u> ug)
= Themeanhas changed(forHy: u# ug)
o |fyouacceptHgthen thereis insufficient evidence to reject the null hypothesis
which suggests that...
= Themean has not decreased (forHy: u < pug)
= Themeanhasnotincreased(forH;: u> up)
= Themean has notchanged (forHy: u# up)
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*9 Worked Example

ThelQ@ of a student at Calculus High can be modelled as a normal distribution with
mean 126. The headteacher decides to play classical music during lunchtimes and
suspects that this has caused a changeinthe average IQ of the students.

a)

Statethe nulland alternative hypotheses to test the headteacher's suspicion.
let 1 be the population mean for the 1Q of a ctudent
ot (alculus Hi%h

Hy: ,.J.:ll_@______T b
. e " lesting Yor o chan

b)

The headteacherselects 15 students and asks them tocomplete an |Q test. The

mean score forthe sampleis 127.1 and thesample varianceis 14.7. Calculate the

unbiased estimate for the population variance 52 _ .

Unbicsed estimate of . .
Ermu'm bﬁok‘d p:pLT::iunEwriunmyl"I oy = 5

n=1l

(- ‘iﬁ— a3
5, * 15.35

c)
Calculate the p-value forthe test.

The pnpu\cﬂion vanante 1S wnknown Souwe a t-test
'En*’er &L!.mm[]l‘:j statistics  ivto (LD(, u,w*.qJ one-gample t-test

X =13 5, :[B1 oI5
p=0.3012...

p=0.301 (3sf)

d)
State whetherthe headteacher’s suspicionis supported by the test.
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0.300.. >0)

Augpf Hn as p-rwalue > Suan'if'lmnte |E'¢EI
There is insufficent ewdence o support the
headteachers suspicion.
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4.12.2 Hypothesis Testing for Mean (Two Sample)

Two-Sample Tests
Whatis atwo-sample test?

* Atwo-sampletestis usedtocompare the means (g & u2) of two normally distributed
populations
o Youuse az-testwhenthepopulationvariances (Cl"‘; & o‘%) areknown

o Youuseat-testwhen the population variances are unknown
= |nthis course youwillassume the variances are equal and use a pooled sample
forat-test
= |napooledsamplethe data from both samples areused toestimate the
population variance

What are the steps for performing a two-sample test on my GDC?

« STEP 1. Writethe hypotheses
o Ho!mm=up
» Clearly state that y; & u; represent the population means
= Make sure you make it clearwhich mean corresponds to which population
= |nwords this means that the two population means are equal

o Foraone-tailedtestHy: yy<pp orHy > s
o Foratwo-tailed test: Hy: iz po
= Thealternative hypothesis willdepend on whatis being tested
* STEP 2:Decideifitis az-testorat-test
o |fthe populations variances are known thenuse a z-test
o Ifthe populations variances are unknown then use a t-test
= Assumethevariances are equalanduse a pooled sample
+ STEP 3: Enter the dataintoyour GDC and choose two-sample z-test or two-sample t-
test
o Ifyouhavetherawdata
» Enterthedataasalist
= Enterthevalues of 6y & a5 if a z-test
= Choosethepooledoption if a t-test
o Ifyouhave summary statistics (only for a z-test)
= Enterthevalues of EI : Ez , 67, 02, N1 & No

o Your GDC will give you the p-value
« STEP 4:Decidewhetherthereis evidence toreject the null hypothesis
o Ifthe p-value <significance levelthenreject Hy
+ STEP 5: Write your conclusion
o |fyoureject Hgthenthereis evidencetosuggestthat...
» Themean of the 15! population is smaller (for Hy: u < i)
» Themean of the 15 population is bigger (for Hy: g7> 1)
= Themeans of the two populations are different (forHy: u# u5)
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o |fyouacceptHgthenthereisinsufficient evidence toreject the nullhypothesis
which suggests that...
= Themean of the 15! population is not smaller (for Hy: < o)
» The mean of the 13* population is not bigger (for Hy: uy> uz)
= Themeans of thetwo populations are not different (forHy: iz uz)
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*> Worked Example
®
The times (in minutes) for children and adults to complete a puzzle are recorded

below.

Children|3.1[2.7|3.53.1]2.9]3.23.0]2.9

Adults |3.1]13.6]3.5]3.6|2.913.6]3.4)3.6}3.7}3.0

The creator of the puzzle claims children are generally faster at solving the puzzle
than adults. A t-testis to be performed at a 1% significance level.

a)
Write down the null and alternative hypotheses.

Let M be the population mean for children’s fimes
and M, be the population mean for adults’ times

Ho' p = paa =
H, g g;: It s laimed that children are quicker

b)
Find the p-value for this test.

Erter pthe dato /gt listscin -GDE
Use 2-5umple pm|ed {-test
p= 0.00%254..

p=0.00926 (3sP

c)

Statewhetherthe creator’s claimis supported by the test. Give a reason for your
answer.

0.00326 < 0.0§

Reet Ho o5 p-volue < signficance lesel
Ther is sufficiet evidene o su&%c:.’r that
children are generally foster ot sohing the
puzzle than aduMs. Ths  supporks the  (reotors
daim.
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Paired t-tests

Whatis a paired t-test?
= Apairedtestis whereyoutaketwo samples but eachdata point fromonesamplecanbe

paired with a data point fromthe other sample
o These areusedwhen one group of members are used twice and the two results for

each member are paired
= [tcould betocomparethe sample before and afterintroducing a new factor

= [t could be to compare the sample under two different conditions
= Forthis testyouuse the differences between the pairs and treat them as one sample
o Asthevariance of the differences is unlikely to be known you willuse a t-test
o Forapaired testyou need to assume the differences are normally distributed
= Youdon'tneedtoassume the populations are normally distributed

What are the steps for performing a paired t-testonmy GDC?

+ STEP1:Write the hypotheses

o Hy:up=0
= Clearly state that yprepresents the population mean of the differences

= |nwords this means the population mean has not changed

o Foraone-tailed testHy: up <0 orHy: up=0

o Foratwo-tailed test:Hy: up 20
= Thealternative hypothesis willdepend on what is being tested

« STEP 2:Enterthedataintoyour GDC and choose the one-sample t-test
o Enterthedifferences as alist
= Be consistentwith the orderinwhich you subtract pairedvalues
o Your GDC willgive you the p-value
+ STEP 3. Decide whetherthereis evidence toreject the null hypothesis
o |fthep-value <significancelevelthenrejectHg
« STEP 4: Write your conclusion
o Ifyoureject Hg thenthereis evidence to suggestthat...
= Themean has decreased(forH;: up<0)
» Themean hasincreased (forH;: up> 0)
= Themean has changed(forHy: upz Q)
o |fyou accept Hothen thereis insufficient evidence to reject the null which suggests
that...
= Themean has not decreased (forH;: up<0)
= Themean has notincreased (forHy: yp> 0)
= Themean has notchanged(forH;: up= 0)

@ ExamTip
-
« |[fanexamquestion has two samples with the same number of members then
consider carefully whetherit makes sense to do a paired test or a two sample

test
= The examiner might makeitlook likeitis a paired test to trick you!
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*9 Worked Example
[

Ina school all students must study French and Spanish. 9 students are selected
andcomplete a testin both subjects, the standardised scores are shown below

Student 1 2z 3 4 5 6 7 8 9
Frenchscore 61 | 82 | 77 | 80 | 99 | 69 | 75 | 71 a1
Spanish score 74179 | 83 ) 66 | 95 | 79 | 82 | 81| 85

The headteacherwants toinvestigate whether there is a differencein the students’

scores between the two subjects. A paired t-testis tobe performedata 10%
significancelevel.

a)
Write down the nulland alternative hypotheses.

LE:’r D be the French Sore |inus—the 5pamslh Store 1[Dr
the shudents. Let Mo be the megn cifferance for the whole
pop.ﬂaﬁon of students

Hn" PD’D

Hl: H;b""_ _""'Tgs{ma !:or a d."l:Fﬁffﬂl'.E in Stores

b)
Findthe p-value forthis test.

Calculate the difference for each student d=French - Spanish

Student | |2 3 & S 6 % % 19
d 1313 -6 1% & -0 -F -0 -4

Enter the d*HTFEﬂLES info the GD( Qﬂd use a t-test
p=0. 245%.

p=0.2% (3sF)

c)
Write down the conclusion to the test. Give a reason foryouranswer.

Www.exampaperspractice.co.uk




7

EXAM PAPERS PRACTICE

0.245%.. > 0.

Auest H, as p-value > significance level
Them is insubficeat ewdence fo Su%esf that

there is o difference in scores.
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4.12.3 Binomial Hypothesis Testing

Binomial Hypothesis Testing
What is a hypothesis test using a binomial distribution?

* You can use abinomial distribution to test whether the proportion of a population with a
specified characteristic has increased ordecreased
o Thesetests willalways be one-tailed
o You willnot be expectedto perform a two-tailed hypothesis test with the binomial
distribution
* Asamplewillbetaken andthe test statistic xwillbe the number of members withthe
characteristic which will be tested using the distribution X ~ B(n, p)
o This can be thought of as the number of successes

What are the steps for a hypothesis test of a binomial proportion?
+ STEP 1: Write the hypotheses
o Hp:p=po
» Clearly state that prepresents the population proportion
® ppis the assumed population proportion
o Hyi:p<pgorHy:p>pg

+ STEP2: Calculatethe p-value orfind the critical region
o Seebelow
« STEP 3: Decide whetherthereis evidence toreject the null hypothesis
o |fthe p-value <significance level thenrejectHp
o Ifthetest statisticis in the critical region then reject Hy
+ STEP 4: Write your conclusion
o Ifyoureject Hg thenthereis evidencetosuggest that...
= The population proportion has decreased (forHy: p < pp)
= The population proportion has increased(forH,: p> pg)
o IfyouacceptHgthen thereisinsufficient evidence toreject the nullhypothesis
which suggests that...
= The population proportion has not decreased (forH;: p <pg)
= The population proportion has notincreased(forH;: p > pp)

How do | calculate the p-value?

* Thep-valueis determined by the test statistic x
* Thep-valueis the probability that'a value being at least as extreme as the test statistic’
would occurif null hypothesis were true
o ForHi:p <pothep-valueis P(X5x|p=po)

o ForHy:p>pgthep-valueis P(X > x|p= pﬁ)

How do | find the critical value and critical region?

* Thecritical value and critical region are determined by the significance level «%
* Yourcalculatormight have aninverse binomial function that works just like the inverse
normalfunction
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o Youneedtouse this value to find the critical value
o Thevalue given by theinverse binomial function is normally one away from the actual
critical value
» ForH;:p <pgthecriticalregionis X < ¢ where cis the critical value
o cisthelargestinteger suchthat P(X < c|p=pﬂ} <a%

= CheckthatP(X<c+1|p=p )>a%

* ForH;:p>pgthecriticalregionis X > ¢ where cis the critical value
o cisthesmallestintegersuchthat P(X > c[p=p ) <a%

= CheckthatP(X 2 c—1|p=p )>a%
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%9 Worked Example
L]

The existing treatment for a disease is known to be effective in 85% of cases. Dr
Sabirdevelops a new treatment which she claims is more effective than the existing
one. Totestherclaimsheuses the new treatment on a random sample of 60
patients with the disease and finds that the treatmentwas effective for 57 of them.

a)
Statenulland alternative hypotheses to test Dr Sabir's claim.

Let p be the proportion of the population for which the new
treatment is eHedive.

H, p=085 e
T Desti or an n
H‘-' p 5‘63 eshna intrease
b)
Perform the test using a 1% significance level. Clearly state the conclusionin
context.

Let X~B(60,p) be the number of people in the sample
1r'or which the new freatment is effective

Find, the 1p-value, and-~omparecto ther-sigaificance) level
p= P(X>5%(p-085) - 0.01L33 . > 0.0]

Au,qf H, as p-value > S'san'n#w(nme |evel
There is insufficient evidence o suggest  that
the new treatment is more effective than the
existing treatment.
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4.12.4 Poisson Hypothesis Testing

Poisson Hypothesis Testing
What is a hypothesis test using a Poisson distribution?

* YoucanuseaPoissondistributionto test whetherthe mean number of occurrences fora
giventime period within a population has increased or decreased
o Thesetests willalways be one-tailed
o You willnot be expected to perform a two-tailed hypothesis test with the Poisson
distribution
+« Asamplewillbetaken and the test statistic x will be the number of occurrences which will
be tested using the distribution X ~ Po(m)

What are the steps for a hypothesis test of a Poisson proportion?

+« STEP1: Write the hypotheses
o Hg:m=mg
m Clearly statethat mrepresents the mean number of occurrences forthe given
time period
= Mpis the assumed meannumber of occurrences
= You might have to use proportiontofindmg
o Hiim<mporHy:m=mpg
* STEP 2: Calculate the p-value or find the critical region
o Seebelow
* STEP 3: Decide whether there is evidence to reject the null hypothesis
o |fthe p-value <significancelevelthenrejectHg
o |ftheteststatisticis inthecriticalregionthenrejectHg
« STEP 4: Write your conclusion
o Ifyoureject Hp then thereis evidence to suggest that...
= Themean number of occurrences has decreased (forHy;:m <mg)
= Themean number of occurrences has increased (forH;:m > mg)
o |fyouacceptHgthen thereis insufficient evidence toreject the nullhypothesis
which suggests that...
= Themean number of occurrences has not decreased (forHy:m <mg)
= Themean numberof occurrences has notincreased (forH;:m = mg)

How dol calculate the p-value?

* Thep-valueis determined by the test statistic x
* Thep-valueis the probability that 'avalue being at least as extreme as the test statistic’
would occurif null hypothesis were true
o ForHy:m <mgthep-valueis P(X < x| m= mﬂ)

o ForH:m>mgthep-valueis P(X > x| m= mﬂ)

How do | find the critical value and critical region?

« Thecriticalvalue and critical region are determined by the significance level «%
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* Yourcalculatormight have aninverse Poisson function that works just like the inverse
normal function
o Youneedtousethis valuetofindthecriticalvalue
o Thevalue given by theinverse Poisson function is normally one away from the actual
criticalvalue
« ForHy:m <mgpthecriticalregionis X < ¢ where cis the critical value
o cisthelargestintegersuchthat P(X < c|m= mﬂ) <a%

= CheckthatP(X<c+1|m=m)>a%

» ForH;:m> mgthecriticalregionis X > ¢ where cis the critical value
o cisthesmallestintegersuchthatP(X>c|m=m ) < a%

= CheckthatP(X>c—1|m=m )>a%

¢) ExamTip
- « Inanexamitis veryimportant to state the time period foryourvariable
+ Make surethe meanusedinthe nullhypothesis is forthe stated time period
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*) Worked Example

L] : ; : : : :
The owner of a website claims that his website receives an average of 120 hits per

hour. Aninterested purchaser believes the website receives on average fewer hits
than they claim. The ownerchooses a 10-minute period and observes that the
website receives 11 hits. Itis assurned that the number of hits the website receives
in any given time period follows a Poisson Distribution.

a)
Statenull and alternative hypotheses to test the purchaser's claim.

let m be the mean number of hits in o ID-minute Penod
120 his in gn hour = 20 his in o [0-minute period
Hu: m:=20

0, m...:w Tw.na for Fewer hits

b}
Findthe critical region for a hypothesis test at the 5% significance level.

let X~ Po(m) be the qumber of hits in o I0- miaude period
The itical vaie ¢ s the largest value such that
P(X ¢c | m=20) € 0.05

You con use the inverse Phisson fuaction on the GDC 4o

devde which value to check first

P(X < 13 |m=20) = 0.066.. > 0.05 Too big 5o reduce the regon
P(X<12[m=20) - 0.0390.. < 0.05

(riticol region X<

c)
Perform the test using a 5% significance level. Clearly state the conclusionin
context,

WeR so Il is inthe cical regon
Rejed Hy o8 fest shabistic s in oifical region.
Thee is sufficiet evidenee o sugqest that

the website receives on average fewer hits than
H\t% r.]mm.
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4.12.5 Hypothesis Testing for Correlation

Hypothesis Testing for Correlation
What is a hypothesis test for correlation?

* Youcanuseat-testtotestwhetherthereis linear correlation between two normally
distributed variables
o |f specifically testing for positive (ornegative) linear correlation then a one-tailed test
is used
o Iftestingforany linearcorrelation then a two-tailed testis used
* Asamplewill be taken and theraw data will be given
o Youmight be askedto calculatethe PMCC (Pearson's product-moment correlation
coefficient)

What are the steps for a hypothesis test for correlation?

+« STEP1: Writethe hypotheses
o Hg:p=0
= Clearly state that prepresents population correlation coefficient between the
two variables
= |nwords this means thereis no correlation
o H]Ip‘:D.H]:p}OOrH]Ip:D

« STEP 2: Calculate the p-value orthe PMCC
o Choose at-testforlinearregression
o Enterthedataastwaolistsinto GDC
* STEP 3: Decide whether thereis evidence toreject the null hypothesis
o |fthe p-value <significancelevelthenreject Hg
o Ifthe absolutevalue of the PMCC is bigger than the absolute value of the critical value
thenrejectHg

n |[fyou areexpectedtousethe PMCC you will be given thecritical valuein the
exam
* STEP 4: Write your conclusion

o Ifyoureject Hg then thereis evidence to suggest that...
= Thereis anegativelinear correlation between the two variables (forH,: p<0)
» Thereis a positive linear correlation between the two variables (forHy: p= 0)
» Thereis alinearcorrelation between the two variables (forHy: pz 0)

o |fyouacceptHgthen thereis insufficient evidence toreject the nullhypothesis

which suggests that...

= Thereis not a negative linear correlation between the two variables (forHy: p < 0)
= Thereis not a positive linear correlation between the two variables (forHy: p> O)
. Thereis notalinearcorrelation between the two variables (forH,: pz 0)
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9 Worked Example

®
Jessicawants to test whetherthereis any linear correlation between the distance

sherunsinaday, d km, andthe amount of sleep she has the night afterherrun, t
hours. Over the period of a month she takes arandom sample of 9 days, theresults
arerecordedin thetable.

Distance(d |, ) 1, 5115|1325 )18 |19 |20[ 11
km)

Sleep (! 159161]76]73]81 84|78 ] 79|62
hours)

a)
Write down null and alternative hypotheses that Jessica canuse for hertest,

Let 0 be the (omelation coefficent between Jessical
distonces ond the hours of sleep she gels.

Hoip=0]
H, P #h Tcshns for any linear  comelation
o)

Perform the hypothesis test forlinear correlation using a 5% significance level.
Clearly stateyourconclusion.

TEPE the data in GDC ond select o t-test for linear reqression
p=0.03833.. < 0.05

Rej&'—j H., as p-\faiue < Suan-f-mnte IEVE‘
Them is suf-ﬁaen-’r endence fo Su%eﬁ that

there is a linear omelation between the distance

that Jesica runs and the hours she sleeps.
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412.6 Type | & Type Il Errors

Type | & Typell Errors
What are Typel & Typell errors?

* There are four possible outcomes of a hypothesis test:
o Hgisfalse andHgis rejected
o Hgistrue andHgis notrejected
= Thetestis accurate forthese two outcomes
o HpistrueandHgpis rejected
o HgisfalseandHgis notrejected
= Thetesthasledtoanerrorforthesetwo outcomes
« ATypelerroroccurs when a hypothesis test gives sufficient evidence to reject Hp despite
itbeing true
o Thisis sometimes called a “false positive”
o |nacourtcasethis would be when the defendant is found guilty despite being
innocent
» ATypellerroris when a hypothesis test gives insufficient evidence toreject Hgdespiteit
being false
o Thisis sometimes called a “false negative”
o |Inacourtcasethis would bewhen the defendant is found innocent despite being
guilty

Conclusion

. Reject Ho AcceptHo

Ho True | Typel Ne error

Ho False | Mo error Typell

How do| find the probabilities of a Typel or Typell error occurring?

* Youshould calculate the probability of errors occurring before asampleis taken
* The probabilities are determined by the critical region
o Equallyitis determined by the significance level «%
o Critical regions are determined such that:
= They keep the probability of a Typel errorless than or equal to the significance
level
= They maximise the probability of a Typelerror
» The probability of a Type lerror occurring is equal to the probability of being in the critical
regionif Hywere true
o P(Typelerror) = P(beingin the critical region | Hg is true)
o Foracontinuous distribution {(normal, t, 22)
= P(Typelerror) = a%
o Foradiscrete distribution (binomial, Poisson)
= P(Typelerror) = a%
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+ The probability of a Typell error occurringis equal to the probability of not beinginthe
criticalregion given the actual value of the population parameter
o P(Typell error) = P(not being in critical region | actual population parameter)
o You needtoknowthe actual population parameterin order to find the probability of a
Typell error
+ Once asample has been taken you can determine which error could have occurred
o If yourejected Hothen you could have made a Typel error
o |fyouaccepted Hgthen you couldhave made a Type ll error

Canlreduce the probabilities of making a Typel or Typell error?

+ You canreduce the probability of a Typel error by reducing the significance level
o However this willincrease the probability of a Typell error

* You canreduce the probability of a Typell error by increasing the significance level
o Howeverthis willincrease the probability of a Typel error

+ Theonly way to reduce both probabilities is by increasing the size of the sample

@ ExamTip
- + If an exam question asks you to find the probability of a Type | orll error then
double check that the test has notbeencarried out yet
« The examiner could test yourunderstanding of errors by asking you to state
which error could not have oceurred once the test has been carried out
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*9 Worked Example
[

Lucy canhit the target 70% of the time when she throws an axe with herright hand.
She claims that the proportion, p, of her throws that hit the target is higher than
70% when she uses herleft hand. Lucy uses the hypotheses Ho :p=0.7and

Hu : p>0.7 totest herclaim. Lucy makes 100 throws and will reject the null
hypothesis if the axe hits the target more than 77 times.

a
find the probability of a Type | error.

Let X~B(100,p) be the number of times Luuj hils the
Target when using her ekt hand.
P{Tl:‘pe I Eﬂ‘or)= F(hfma in crifical maiun Ha 15 h'ue)

P(Tﬂpe [ Ermr)fp[;‘:)}} P=U.:|')
< P(38.X<100(p-03)
= 0.04786..

P(Type L error) - 0.0434 (3@

b)
Given that Lucy actually hits the target 80% of the time with herleft hand, find the
probability of a Type |l error.

ﬂT\jpe f crn:ar)=i)[nu} bema in (ol regiun"m.tt populartizn pirameter)
?(Tgpe, 1 error) P(X<33 [p=08)

PO X¢H [p:08)

= 0.2610..

P(Type IT emor) = 0.26] (3sf)
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4.13.1 Markov Chains

Markov Chains
Whatis meant by a “state”?

+ Statesreferto mutually exclusive events with the current event able to change over time
+ Examples of statesinclude:
o Daily weather conditions
= Thestates couldbe: "sunny” and “not sunny”
o Countries visited by aninspectoreach day
= Thestates couldbe: “France”, “Spain” and “Germany”
o Storechosen forweekly grocery shop:
= Thestates could be: “Foods-U-Like", “Smiley Shoppers"” and “Better Buys”

What is a Markov chain?

« AMarkov chainis a modelthat describes a sequence of states overa period of time
o Timeis measuredin discrete steps
= Such as days, months, years, etc
* Theconditions fora Markov chain are:
o The probability of a state being the next state in the sequence only depends on the
currentstate
= Forexample
The 11" state only depends on the 10" state
Thefirst 9 states do not affect the 11" state
= This probability is called a transition probability
o Thetransition probabilities do not change overtime
= Forexample
The probability that the 11" stateis A given that the 10" state is Bis equal to the
probability that the 12" stateis A given that the 11" stateis B
» AMarkov chainis said to beregularif it possible to reach any state after a finite period of
timeregardless of theinitial state

What is a transition state diagram?

* Atransitiondiagramis adirected graph
o Thevertices arethe states
o The edges represent the transition probabilities between the states
* Thegraph cancontain
o Loops
= These willbe the transition probabilities of the next state being the same as the
current state
o Two edges between each pair of vertices
» Theedges willbein opposite directions
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= Eachedge willshow the transition probability of the state changingin the given
direction
+ Theprobabilities on the edges coming out of a vertexaddup to1

@ ExamTip

- : " . .
* Drawing a transition state diagram (even when the question does not ask for
one) can help you visualise the problem
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‘, Worked Example
&

Fleurtravels to work by car, bike or bus. Each day she chooses her mode of
transport based on the transport she chose the previous day.

» [fFleurtravels by carthenthereis a 40% chance that she will travel by carthe
following day and a 10% chance that she will travel by bike.
» IfFleurtravels by bike then thereis a 60% chance thatshe will travel by bike the

following day and a 25% chance that she will travel by bus.
» [fFleurtravels by bus thenthereis an 80% chance that she will travel by bike

the following day and a 20% chance that she will travel by car.

Represent this information as a transition state diagram.

The proi:uabuliﬁe.ﬂ. on Jflhﬂ Qrfows  (oming ot of a state add ol
/04
<
(-0 |

A
/

0/

_w Y ", 0.9 A
C (Bkep 0.3 Y Bus)
D.E.‘:___N"" — N o ?f;\__ _/

0.15
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4.13.2 Transition Matrices

Transition Matrices
Whatis a transition matrix?

« Atransition matrix Tshows the transition probabilities between the current state and the
nextstate
o Thecolumns represent the current states
o Therows represent the next states

» Theelement of Tin the i row and ! column gives the transition probability tjjof :

o thenext statebeingthe state correspondingtorowi
o giventhat the current stateis the state corresponding to columnj
* Theprobabilities in each columnmustadduptol
« Thetransition matrix depends on how you assign the states to the columns
o Eachtransition matrix fora Markov chain willcontain the same elements
= Therows and columns may bein different orders though
= E.g.Sunny(S) & Cloudy (C) couldbeinthe order Sthen CorCthen S

Whatis aninitial state probability matrix?

= Aninitial state probability matrix sgis a columnvectorwhich contains the probabilities of
each statebeing chosen as theinitial state
o |fyouknow which state was chosen as theinitial state then thatentry willbe 1and the
others will allbe zero
= Youcan find the state probability matrix sy which contains the probabilities of each state
being chosen after oneinterval of time
o 851=Tsg

How do | find expected values after one interval of time?

+ SupposetheMarkov changerepresents a populationmoving between states
o Examplesinclude:
= Pegplein atown switching gyms each year
= Children choosing a type of sandwich for theirlunch each day
+ Supposethetotal populationis fixed and equals N
* Youcan multiply the state probability matrix s, by N to find the expected number of
members of the population at each state

O ExamTip
et + |fyou are asked to find a transition matrix, check that all the probabilities within

acolumnadduptol
+ Drawing a transition state diagram can help you to visualise the problem
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*> Worked Example
]
EachyearJamie donates to one of three charities: A, BorC. At the start of each year,
the probabilities of Jamie continuing donate to the same charity or changing
charities are represented by the following transition state diagram:

a)
Write down a transition matrix T forthis system of probabilities.

Current state

v — S e — a— —

ALPAPE ' : B
2 Af05 01 06 (05" 02 "0
- 802 07 04 T |'. 02 03 O_I,.J
= o3 01 0 03 01 0

b)
Thereis a10% chance that charity Ais the first charity that Jamie chooses, a10%

chance forcharity Bandan 80% chance for charity C. Find the charity which has
the highest probability of being picked as the second charity after the first year.
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0\
Write down the intiol state vector so=(ﬂ.i )
0.%

05 02 0\ [oA 0.55
¢ Ts, s [00 0% 04l{o1] ¢| O-ul
03 0l D/\D% 0.04

U’lnr'liﬂ A has the hiah&ﬁ proboh]h‘ia of bEiFﬁ
the second Lhuri‘r\\) picked.
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Powers of Transition Matrices
How do | find powers of a transition matrix?

* Youcansimplyuse yourGDCto find given powers of a matrix
+« Thepowercould be leftinterms of anunknownn
o Inthis caseitwould be more helpful to write the transition matrixin diagonalised form
(see section 1.8.2 Applications of Matrices) T = PDP'where
= Dis adiagonal matrix of the eigenvalues
= Pisamatrix of corresponding eigenvectors
o ThenT"=PD"P'
= Thisis giveninthe formula booklet
o Everytransition matrix always has an eigenvalue equalto1

What is represented by the powers of a transition matrix?

+ Thepowers of a transition matrix also represent probabilities
« Theelementof T"in thei'" row and"" column gives the probability t"; of :

o thefuture state afternintervals of time being the state corresponding torow i
o giventhat the current stateis the state corresponding to column j

+ Forexample: Let Tbe a transition matrix with the element t; zrepresenting the probability
that tomorrow is sunny given thatit is raining today

o Theelement t°; 3 of the matrix T? represents the probability that itis sunny in 5 days’
time given thatitis raining today
+ Theprobabilities in each column must stilladd up to 1

How do | find the column state matrices?

* Thecolumnstate matrix spis a column vectorwhich contains the probabilities of each
state being chosen afternintervals of time given the current state
o spdependsonsg
* Tocalculate the column state matrix you raise the transition matrix to the powern and
multiply by the initial state matrix
o I Sﬂ = SJ'.‘I
= Youare given thisin the formula booklet
* You can multiply spby the fixed population size to find the expected number of members of
the population at each state afternintervals of time
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9 Worked Example
®

At acatsanctuary thereare 1000 cats. If a catis brushed on a given day, then the
probabilityitis brushed the following dayis 0.2.1f a catis not brushed on a given
day, then the probability that is will be brushed the following dayis 0.9.

0.2 0.9
Thetransition matrix T'is usedto modelthis informationwith T= ([} 8 0.1 J
a)
OnMonday Hippo the catis brushed. Find the probability that Hippo will be brushed
on Friday:.
ldenhf the stafes with the rcm::,/w'uums
( urrent
R &
. B ( 02 U.‘I)
5 ]
= g \0b 0l
Fndua 5 it» dﬂl&'h CIHEF Hmthd
104\ [0.6k2EV 04013\ B
p (o o) s e
0% 0\ 0.3516 0.%9%1/ 8
B B
( (-UTTEIT} F B
DevEnt Reture = B
0.6424
b)

On Monday 700 cats were brushed. Find the expected number of cats that willbe
brushed on the following Monday.

a Monday 700 brshd 5.+ (91)
Eupu’fﬁcl numbers aFter ¥ dﬂﬁj

Total » S5 = Total » Tqéc.

0z 04\Yo3 02 nq - (515.36309 B
mw"(n.ﬁ o.!)lﬂ “\os n::-\ aoo L34 63641

55 (als
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Steady State & Long-term Probabilities
What is the steady state of a regular Markov chain?

» Thevectorsissaidtobe asteady statevectorif it does not change when multiplied by the
transition matrix
o Ts=s
* RegularMarkov chains have steady states
o AMarkov chainis said to beregularif there exists a positiveinteger k such that none of
the entries are equal to 0 in the matrix T¢
= Forthis course allMarkov chains will be regular
» Thetransition matrix for a regular Markov chain willhave exactly one eigenvalue equalto 1
andtherestwill allbeless than1
« Asngetsbigger T"tends to a matrix where each column is identical
o Thecolumn matrix formed by using one of these columns is called the steady state
column matrixs
o This means that the long-term probabilities tend to fixed probabilities
m sptendstos

How do |l uselong-term probabilities to find the steady state?

* AsT'tends toa matrixwhose columns equalthe steady state vector
o Calculate T"fora large value of nusingyourGDC
o [fthe columns are identical when rounded to a required degree of accuracy then the
columnis the steady statevector
o |fthe columns are notidentical then choose a higher power andrepeat

How dol find the exact steady state probabilities?

* AsTs=sthesteadystatevectorsis the eigenvectorof T corresponding to the eigenvalue
equaltolwhoseelements sumto 1.
Lets haveentries x;, x2,..., Xn
Use Ts =sto forma system of linearequations
There willbe aninfinite number of solutions so choose a value for one of the unknowns
» Forexample:letx,=1
Ignoring the last equation solve the system of linear equations to find xj, x2, ..., X3
Divide each value x;by the sum of the values
= This makes thevalues adduptol
« Youmight be asked to show this result using diagonalisation
o Write T=PDP-'where Dis the diagonal matrix of eigenvalues and Pis the matrix of
eigenvectors
o UseT"=PD"P!
o Asngetslarge D"tends to a matrix where all entries are O apart from one entry of 1due
to the eigenvalue of 1
o Calculate thelimit of T"which will have identical columns
» You can calculate this by multiplying the three matrices (P, D=, P') together

[+

o

o

[s]

(=]
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¢) ExamTip
- « |fyoucalculate by handthen a quick checkis to seeif the columns are
identical

o |tshouldlooklike
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*> Worked Example

®
If acatis brushed on a given day, then the probability it is brushed the following day

is 0.2.Ifacatis notbrushed on a given day, then the probability that is will be
brushed the following dayis 0.9.

The transition matrix T'is used to model this information with T= ( 08 0.1

0.2 0.9]

a)
Find an eigenvector of T corresponding to the eigenvalue 1.

Vi on Ei%cnued'n-r of T with eiﬂmm|ue | T!:g

let v-(3)
To=(65 006 ~Qsmtor)
Ty_:y_ 011 t 0.'111 X, * U.tlxli 0.8y, = c’].:r.lfﬂ.'(F

0.5x, + 0l =, 5208% : 09, » Bx =9,
Find a solution 2,29 sandwargsd

(g) or any salar mulhp’le.

- mm mmrm W e p—

b)
Hence find the steady state vector.

%

Scale the elements so that i'lll’.a add to | %)
3

T\'na Eiﬁemedor {.urrespundma to i‘he eiafnualuge_ |Jmho§€
&lemgnﬁ add | is the Sf?_ﬂdﬁ state vector
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