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1.1.1 Standard Form

Standard Form

Standard form (sometimes called scientific notation or standard index form) gives us a way
of writing very big and very small numbers using powers of 10.

Why use standard form?

« Somenumbers are too big ortoo small to write easily or for your calculator to display at all
o Imagine the number50°°, the answer would take 84 digits to write out
o Try typing 50°%into your calculator, you will see it displayed in standard form

« Writing very big orvery small numbers in standard form allows us to:
o Write them more neatly
o Comparethem more easily
o Carry out calculations more easily

+« Exam questions could ask foryouranswerto bewrittenin standard form

How is standard form written?
* Instandard form numbers are always written in the form a X 10% where a and k satisfy the
following conditions:
o 1 <a<10
= Sothereis onenon - zero digit before the decimal point
o k €7
= So k mustbeaninteger
o k>0 forlarge numbers
= How many times ais multiplied by 10
o k<0 forsmallnumbers
= How manytimes ais divided by 10

Www.exampaperspractice.co.uk
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How are calculations carried out with standard form?

* YourGDC willdisplay large and smallnumbers in standard formwhen itis in normal mode
o Your GDC may display standard form as aEn
= Forexample,2.1 X 107> willbedisplayedas2.1E—5
» |f so, be careful torewrite the answer giveninthe correct form, you willnot get
marks for copying directly from your GDC
* Your GDC willbe ableto carry out calculations in standard form
o [|fyou putyour GDC into scientific mode it willautomatically convert numbers into
standard form
= Beware that your GDC may have more than one mode whenin scientific mode
= This relates to the number of significant figures the answerwill be displayedin
= Your GDC may add extra zeros to fill spaces if working with a high number of
significant figures, you do not need to write these in your answer
+ Toaddorsubtract numbers writtenintheform a x 10k without your GDC you will need to
write them in full form first

o Alternatively you canuse 'matching powers of 10°, because if the powers of 10 are the
same, then the 'number parts’ at the start can justbe added orsubtracted normally

= Forexample
(6.3x10') + (4.9%x 1013) = (6.3 x 101) + (0.49x 10!4) = 6.79x 104

= Or
(7.93x10711) = (5.2x10712) = (7.93 x 107!11) = (0.52x 10~!1) = 7.41x 107!

« Tomultiply ordivide numbers written in theforma x 10¥ without your GDC you can either
write them in full form first oruse the laws of indices

¢) ExamTip

* « Your GDC will give very big orvery small answers in standard form and willhave a

setting which will allow you to carry out calculations in scientific notation
+ Make sure you are familiarwith the form that your GDC gives answers in as it
may be different to the form you are required touse in the exam

Www.exampaperspractice.co.uk
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*) Worked Example

L]
Calculate the following, giving your answerin the form a x 10¥ wherel €a< 10

andk€Z,

i
3780 x 200

U-Siﬂ% GOC: Choose scientific mode.

|npu-£ direckly into GDC as ordinacy
Nnumbers.

37380 x 200 = 56 x10°

GDC wilL nui:ama:ticau.5 ojive. onSuRs tn
standard form.

Without GOC:
Calculate Hne value :
3380 x 200 = 156000

Convert & Stonddil Lorm:
356000 = 7S6%10°

4 F56 %1033

i) (7 x 10%) = (5 x 10%)

Www.exampaperspractice.co.uk
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Usinrb GOC: Choose scientific mode.

Input direckly inko GDC

7x10°-5x10* =6.5 x10°
This may e
displayed as 6.5ES

Without G.DC:

Convect to orcl{nu\rg’ numbers:

7x10° = 300000
sx1o0* = 50000

Corry out the calculotion:
300000 - 50000 = 650000
Converk to standard Locm.:
650000 = 4.5 x10°

6.8 x \05:

e

i(ig.sx 10-3)(1.1 x 10-5)
[npuk diveckly o GOC:
(Choose. scientific mods).
(3.6 x 10°2)(1.1 x107%) = 3.96x 107"

396 x 0"t

Noke.: o2 x10°=10""%
/"_'_\ )
(3.6 x 10 2)(1.1 x107%) = 3.agx107"°

S

36x\1 =396

Www.exampaperspractice.co.uk
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1.1.2 Approximation & Estimation

Upper & Lower Bounds
What are bounds?

+ Bounds are the smallest (lower bound, LB) and largest (upper bound, UB) numbers that a
rounded number can lie between
o |tsimply means how low or high the number could have been before it was rounded
+ Thebounds foranumber, x, canbewrittenas LB <x <UB
o Notethatthelowerboundisincludedintherange of values x could have taken but the
upperboundis not

How do we find bounds?

+ Thebasicruleis “half up, half down”
o Tofind the upperbound add on half the degree of accuracy
o Tofindthelowerbound take off half the degree of accuracy
+ Rememberthattheupperboundis the cut off point for the greatestvalue that the number
could have been rounded from but will not actually round to the numberitself

How do we calculate using bounds?

« Find bounds before carrying out the calculation and then use therules:
o ToaddUB=UB+UBandLB=LB+LB
o TomultiplyUB=UBxUBandLB=LBxLB
o TodivideUB=UB/LBandLB=LB/UB
o TosubtractUB=UB-LBandLB=LB-UB
* Uselogic to decide which bound to use within the calculation
o Forexampleif you are finding the maximum volume of a sphere with the radius given
correctto I decimal place substitute the upper bound of the radius into your
calculation forthe volume

@ ExamTip
+ Whenin anexam environmentit can be easy to make silly errors in questions like
this, read the question carefully to determine which parts bounds need to be
found for
o This willnormally be any part in the question that has beenrounded

Www.exampaperspractice.co.uk
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> Worked Example
®
Arectangularfield has length, L, of 14.3 m correct to 1decimal place and width, W/,

of 9.61 mcorrect to 2 decimal places.

a)
Calculate thelower and upper bound for L and W.

L=I14.3 m (1&.9) the de_are.s:_ of OCLraLs
= |l dp (0.0

Find ol the dear&ﬂ of OLCLDCH

0.1 _
o = 0.05

The upper bound =
13 + 0.08 = 1435
The Lower bound (s

143 - 0.08 = 14.25

.25 ¢ L< .35

W =96Im (2 cl.?.} the degree of OCLMroc
is Zdp [0.01)

Fiad walf the degferaf o.twﬂ%:

% = 0.005

The upper Boundl ts

9.61 + 0.008 = 9.615
Tre Lower bound (s

9.605 £ W < 9.615

b)
Calculate the lower and upper bound for the perimeter, P, and area, A, of the field.

Www.exampaperspractice.co.uk
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'Fﬂ'l' the lower 'vound wse

L=Il&2s w= 9.60s
P=2(14.25)+2(9.608)
P = fi—?.:H [,

A= (14.25)(9.608)
A= 134283125

For tne upper bound wse !
L = 14.35 W= 9615
P =2(14.35) + 2(9.615)
P=4+93 m
A = (I4.35)(9.615)
A = 13%.93525

473 m S P< 439m (3s.f)

13Fm?s A < 38 m? (3s.F)

-

Www.exampaperspractice.co.uk
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Approximating Values
How do | know what toround my answer to?

+ Unless otherwise told, always round youranswers to 3 significant figures (3s.f.)
o Thefirst non-zero digit is the first significant digit
o The first digit after the third significant digit determines whetherto 'roundup’( > 5) or
'leaveitalone' (<5)

= wherethe 'it' we areroundingup orleaving alone is the third significant figure

o Yourfinalanswerwillhave three significant digits and the rest will be zero
= Anyzero after the first significant digit is still significant
= Forlarge numbers be careful not to change the place value of the significant
digits, you willhave to fillin any zeros after the third significant figure
n [fyourGDCis in scientific mode it may display unnecessary zeros afterthe
decimal point, you donotneed to copy these
* Lookoutforany questions that ask you to round your answerin a different way
o Questions often ask for2 decimal places(2d.p.)
= Yourfinalanswerwill only have 2 digits after the decimal point
= For2d.p.itis thethird digit after the decimal place that determines whetherto
roundup’ (5) or'leaveitalone' (<5)
« |fyouareworkingwith a currency you must choose the appropriate degree of accuracy
o Formost this willbe a whole number
= E.g.yen,yuan, peso
o Forothers this will be to 2 decimal places
= E.g.dollars, euro, pounds

o [twillbe clearfrom the guestion which currency you are using and how you should
round youranswer

= The questionwill state the name of the currency and the symbol you should use as
aunit

= Eg.YEN, ¥

Are there cases when | always have toround up?

* Yes -thereare caseswhenit makes senseto always roundup (or down)
* Thesenormally involve finding the minimum or maximum number of objects
o Forexample consider the scenario: There are 26 people and 5 people can fitin a single
vehicle, how many vehicles are needed?

"5 = 5.2 andnormally we'droundto 5

» However5 vehicles wouldn't be enough as there would only be room for 25
people
» |nthis case wewould round up to find the minimum number needed
* Thesekind of problems can be solved by inequalities

o Forx >k take the smallest value of x at the appropriate degree of accuracy that is
greaterthank

= Forexample: Using 3sf the smallestsolutiontox=2.5731...isx=2.58
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o Forx < k take the biggest value of x at the appropriate degree of accuracy that is less
thank
= Forexample: The biggestintegersolutiontox <10.901...isx=10

@ ExamTip
- + |ntheexamyou should always give non exact answers correct to 3 significant
figures unless otherwise told
o This means you mustroundusing a higher degree of accuracy within your
working to ensure that your final answer is rounded correctly
o Where possible always use exact values within yourworking rather than
rounding mid way through a question

Www.exampaperspractice.co.uk
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*) Worked Example
. B bsin(3a)

Let T 5

.wherea=15% and b= 20,

a)
Calculate the exactvalueof T,

Subsiibute a. and b ko T :

T = 203 (3%19)
S

- 7 A
] E=

N

'{.}.,5 S0 vound wp
217 = 2.97{|342...

2pddiaie ofker
decwnal pocnt

—
T=2.82 (2dp)

c)
Give ycur answer from part a) correct to two significant figures.

'Q(s'e 5 5-4.'.‘2-:&0.“':, thuw_

{{5 S0 don"l: round. wp

217 = 2.‘3|1%4-2...
1

2"5- S 5n1Eif.¢mh ?igwm

T=2.8 (2s¢£.)

Www.exampaperspractice.co.uk
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Percentage Error
Whatis percentage error?

* Percentage erroris how faraway from the actual value an estimated orrounded answeris
o Percentage errorcan be calculatedusing the formula
vV . —V
A E
— | x100%
Vi

= where Vi is the exactvalue and V4 is the approximate value of v

= The||is the absolute value meaningif you get a negative value within these
straight brackets, you should take the positive value
o This formula is inthe formula booklet so you do not need to remember it
« Thefurtherawaytheestimated answeris from thetrue answerthe greaterthe percentage
error
« |ftheexactvalueis given as a surd or a multiple of mmake sure you enteritinto the formula
exactly as youseeit
« Percentage errorshould always be a positive number

¢) ExamTip
- ¢ Intheexam percentage errorwillusually be a part of a bigger question on

anothertopic, make sure you know how to find the formula forit in the formula
book so thatyou are prepared to answer these questions

Www.exampaperspractice.co.uk
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% Worked Example
®  letp= xcos(2y), where y=15%andx =4,

a)
Calculate the exactvalue of P.

x=4

‘H:aslf'll llg-)_. 3= 1s°
4 cos (30°)

2J)3 — leove onswer
o8 exackt voeluwe

P= xcnsz:j

P=213

b}
Calculate the percentage error if an estimate for Pwas 3.5.

F&!’QE"L\.‘.QSE ercor &rm-.p,km:

E = | Va-j¥e %7 100 /.

Ve

Va = 3.5 (opproximoted wolue)

ve = 2J3 (exock value )
Sub VYo ond Ve late bhe formula :

E = |35-23 x 100/
AL
= 1.0%4624... FA

€ =104/ (3s%)

Www.exampaperspractice.co.uk
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Accuracy & Estimation

What are exact values?

+ Exactvalues areforms that represent the fulland precise value of a number
o Forexample, 1 is anexactvalue and 3.14 is an approximation using 3 significant
figures
« |fanumberhas aninfinite number of non-zero digits after the decimal pointthen you can
usethree dots to signalthat the decimal representation goes on forexample
o Forexample,v2=1.414...
+ Exactvaluescaninvolve

2

o Fractions: —
E

o Roots:ﬁ,w

o Logarithms:In2,log 5

o Mathematicalconstants: T, e

+ Your GDC might automatically give your answeras an exact answer
» |fyour GDC does not do this then you may needto evaluate parts of the expression
separately andusealgebra

o Forexample:If f(x)=eX(2 +./x) then your GDC will probably not give you the exact
valueof f(2)

o Youwouldinsist evaluate it without a GDC to getthe exactvalue: f(2) =¢e2(2 + \/f)

Www.exampaperspractice.co.uk
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Why use estimation?

We estimate to find approximate answers to difficult sums
Ortocheckouranswers are about the right size (order of magnitude)
o Forexample, if the questionis tofind a length the answer cannot be negative
o orif we arelooking forthe mean age of some people an answer of 150 mustbe
incorrect
Estimating an answer before carrying out a calculation will help you know what you are
looking for and determine if your answer is likely to be correct ornot
Inreallife estimation skills are used every day in many activities

L]

L]

L]

How do |l choose the correct answer?

» Sometimes a mathematicalargument willlead to more than one answer
o Thisis common with problems involving quadratics, you willusually have two solutions
o |fyouhave more than one solution afteryou have solved a problem, always check to
seeif they are both valid
+ Most of the timeyou can simply use logic to choose the correct answer
o |fthe probleminvolves length orarea and one of the answers is negative, the true
solution will be the positive answer
+ QOccasionallyyou willneedto seeif an answercan bevalid
o If one of youranswers is cos x > 1 forexample, x will not give a true solution

@ Exam Tip

- : :
+ Beawarethatyour GDC will not always give you an answer as an exactvalue,

this means that you willneed to find the exact value by hand

Www.exampaperspractice.co.uk



Fe

EXAM PAPERS PRACTICE

% Worked Example
&

Arectangularfloorhas an area of 40 m? to the nearest square metre. Itis going to
be tiled using square tiles with side length 39.8 cm.

a)
Use estimation to find the number of tiles needed to coverthe whole area.
Loc kil s oapproximately:
40 » 40 e = |600 em™
Area of the re_:bo\nale, s approximately:

Lom™ = 00 000 et

+000@@
1686

&GDG

16

“00 o000 c.nn.1' = |6OO er‘"

250 tiles
—
~ 250 tiles3

b)
Given that there are 15 more tiles places length-wise than width-wise, find the
approximate length and width of the floor.

Www.exampaperspractice.co.uk



Fe

EXAM PAPERS PRACTICE

Lek +the rumber of Elles cover: the
width  of the floor be =, then Hhe

riumioer of tiles cavt\r{na the L?_-Eth
wilk be = ¢ 5.

vuwrwoer af  bile .
plovced, u.r'xﬁ.k.nwa%s nuviber of  biles

~ ploced.  Lengthwans
oc (=¢ +18) = 280
xt+ 15X -250 =0

X =10 or x==-25

T
nokt  possible &S T Conng
e o regobive number

widtn of floor = 10*40cm
= 400¢cmwm = L

Lr_r\sﬁ'\ of -?Lnof = 2540 cm
= NOGEERII= 0

Lm&Hn. = 10m , Width = &km

Www.exampaperspractice.co.uk
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1.1.3 GDC: Solving Equations

Systems of Linear Equations
What are systems of linear equations?

« Alinearequationis anequation of the first order(degree)
o [tisusually writteninthe formax+by+c=0wherea, b, and c are constants
+ Asystem of linearequations is where two or more linear equations work together
Usually there will be two equations with the variables xand y
Thevariables x and y will satisfy allequations
They areusually known as simultaneous equations
Occasionally there may be three equations with the variables x, yand z
* Theycanbecomplicatedto solve but your GDC has a function allowing you to solve them
o The guestion may say ‘'usingtechnology, solve...’
= This means you do not needto show a method of solving the system of
equations, you canuseyourGDC

[a]

]

s}

a]

How doluse my GDC to solve a systemof linear equations?

Your GDC willhave a function within the algebra menu to solve a system of linear equations
You willneed to choose the number of equations

o Fortwo equations the variables willbe xandy

o Forthree equationsthevariables willbe x, yandz
Enterthe equationsintoyourcalculatoras you see them written
Your GDC willdisplay thevalues of xandy (orx, vy, andz)

-

-
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How dol setup a system of linear equations?

* Notallquestions will have the equations written out foryou
+ Therewillbe two bits of information given about two variables
o Lookoutforclues suchas 'assumingalinearrelationship’
Choosetoassignxtoone of the given variables andy to the other
o Oryoucanchoosetouse more meaningful variables if you prefer
o Suchas cforcats anddfordogs
Write your system of equations in the form

axt+by=e
ex+dy=f

Useyour GDC to solve the system of equations
This function on the GDC can also beused to find the points of intersection of two straight
line graphs
o You may wish touse the graphing section on your GDC to see the points of
intersection

¢) ExamTip

' * Besuretowrite downwhat you are puttinginto your GDC
o Ifyouhavehadto setupthesystem ofequations as wellmake sureyou
write them down clearly before typing into your GD

Www.exampaperspractice.co.uk
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*> Worked Example

Atheme park has set ticket prices for adults and children. A group of three adults
and nine children costs $153 and a group of five adults and eleven children costs
$21.

i)
Setup a system of linear equations for the cost of adult and child tickets.

Sek up voriobles :

Let thve cost of an odult Lkicker be "o

A

Let Lhe cost of o child kicker be 'C

SEJL ue Eq,uaﬂm'ur\s : da. + Jc =153

2a. + e =153
S50, e = AL ﬁ

i)
Find the price of one adult and one child ticket:

Enter dnke GDCE

Let o be = and ¢ be y, then GOC gives

2= \3

‘d-—'ll

o =%, c=$1

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Polynomial Equations
What is a polynomial equation?

« Apolynomialis an algebraic expression consisting of a finite number of terms, with non-
negativeintegerindices only
o Itisintheformax®+bx?~1+cex?—24+ .. n€EN
A polynomial equationis an equation where a polynomialis equal to zero
The number of solutions (roots or zeros) depend on the order of the polynomial equation
o Apolynomial equation of order two can haveupto two solutions
o Apolynomial equation of order five can haveupto five solutions
A polynomial equation of an odd degree will always have at least one solution
A polynomial equation of an even degree could have no solutions

Howdoluse my GDC to solve polynomial equations?

* YoushoulduseyourGDC's graphing mode to look at the shape of the polynomial
o Youwillbe able to see the number of solutions
o This will be the number of times the graph cuts through or touches the x-axis
o When entering a function into the graphing section you may need to adjust yourzoom
settings to be able to see the full graph on yourdisplay
o Whilstinthis mode you can then choose toanalyse the graph
o This will give you the option to see the solutions of the polynomial equation
= This may be written as the zeros (points where the graph meets the x-axis)
+ Your GDC will also have a function within the algebra menu to solve polynomial equations
o Youwillneedtoenterthe order (highest degree) of the polynomial
o Thisis the highest power(orexponent)in the equation
o Enterthe equationintoyourcalculator
o Your GDC willdisplay the solutions (roots) of the equation
» BeawarethatyourGDC may eithershow all solutions or only the first solution, itis
always worth plotting a graph of the function to check how many solutions there
should be

@ ExamTip

-
+ Besuretowritedownwhatyou are puttinginto your GDC

+ Ifyou areusing a graphical methoditis often a goodidea to sketch the graph
that your GDC display shows
o Don'tspendtoomuch time on this, a very quick sketchis fine

Www.exampaperspractice.co.uk
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*> Worked Example

Forthe polynomial equation2x3 —2x2 - 3x +4 =0

i}
Useyour GDC's graphing function to sketch the graph of ¥ =2x3 —=2x2 - 3x+ 4
and determine the number of solutions to the polynomial eguation.

Enber bthe equakion y = 2oc® -2x" -3k + &
tnke yowr GDCs graphing coftware :

- /I\ C]
this is ke cn':j

place The amph cuks bhe o -axig,

The polyromual equakion
2x%-2x* -3 + % =0
hogs | solution

ii)
Useyour GDC to find the solution(s) of the polynomial equation.

Lhse ypue VG araph afw\L:sts *aol,
to fiad e “zeres' .

- 1.3101,,.

B
i

x =-1.31 (3sf)

Alterrokive  ™Mebhed:
Enber Lhe equakion 23 -2Zx* -2 +4% =0

tnko Yo COCs equaiion SuLv:.vg_.ﬂ made .

Www.exampaperspractice.co.uk
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1.2.1 Exponents

Laws of Indices
What are the laws of indices?
* Laws ofindices (orindexlaws) allow you to simplify and manipulate expressions involving
exponents
o Anexponentis a powerthatanumber(called the base)is raised to
o Lawsofindices canbeusedwhen the numbers arewritten with the samebase
* Theindexlaws youneedtoknow are:
o (Xy)m=xmym
(}i )m xm
y ¥

o xMy yn =Xm+u

o

o xM3 yN=yn—n
o (Xm)n = ymn

o xl=x

o X“:l
1
o — =y
XHI
1
o x=1/x
m

& Xn=ﬂ,.fxm

« Theselaws arenotinthe formula booklet so you must rememberthem
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How are laws of indices used?

* You willneed to be able to carry out multiple calculations with the laws of indices
o Takeyourtime and apply each law individually
o Work with numbers first and then with algebra
« Index laws only work with terms that have the same base, make sure you change thebase
of the term before using any of theindexlaws
o Changingthebasemeans rewriting the number as an exponent with the baseyou
need
o Forexample, 94 =(32)4=32x4 =38
o Usingthe above canthem help with problems like 94 +37 =38 +37=31=3

O ExamTip
-
+ |ndexlaws arerarely a question on theirownin the exam but are often neededto

help you solve other problems, especially when working with logarithms or
polynomials

+ ook out fortimes when the laws of indices can be appliedto helpyou solve a
problem algebraically

Www.exampaperspractice.co.uk
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*> Worked Example
Simplify the following equations:
i)
(3x2)(2x3y2)
(6x2y)

A?P'::. eoch low Separately :

(3x?) (23 y?*)
6 115 )ﬂxpmﬂi
- ruamersbor
AR T T
(6x)(x3y?)
6ty |
)Caﬂcalhnﬁ
s
’6/:&15 )1’,;::‘:15'1 =}
MRS ")
9 = ot Y
6y

i)
(4x2y—4)3(2x3y~1)-2.

Www.exampaperspractice.co.uk
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(4113-¥J3{2x35_|)-2

P | Rewrite as
(‘l‘xts ‘P) o Fraction
=1\Z
(2=*y™)
expond
nuwmerskor
ownd,
6(? :5 &'1‘1 denewinober
4yt
/ Cﬂxnr.d.!.sﬁ
2
b4 ¥y e
PPINTY
b The neqokive exponenksi cawn
be reTuritken o3 thayr
= 'l"ll:i?ror_u.l_;
Ibtj_
&
-]
J
A &
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1.2.2 Logarithms

Introduction to Logarithms
What are logarithms?
« Alogarithmis theinverse of an exponent
o |fa¥=bthen ]ﬂga(b] =xwherea>0,b>0,a%1

= Thisisinthe formula booklet
= Thenumberais calledthe base of thelogarithm
= Your GDC will be able to use this function to solve equations involving exponents

* Trytogetusedto ‘reading’ logarithm statements to yourself
o lugal[b) = x wouldberead as “the powerthat youraise ato, toget b, is x”

o Solﬂgslzﬁ = 3 wouldberead as "the power that you raise 5 to, toget125,is 3”

« Twoimportant cases are:
o Inx= lﬂgf(x)
» Where eis the mathematical constant2.718 ...
= This is called the natural logarithm and will have its own button on your GDC
o log x=log,  (x)
= |Logarithms of base10 are used often and so abbreviatedtolog x

Why use logarithms?

» Logarithms allow us to solve equations where the exponentis the unknown value
o We cansolve some of these by inspection
» Forexample, forthe equation 2* = 8 we knowthatxmustbe 3
o Logarithms allow useto solve more complicated problems
= Forexample, the equation 2¥ =10 does nothave a clearanswer
» Instead, we canuse our GDCs tofindthe value of Iﬂg2 10

) ExamTip
- » Before goinginto the exam, make sure you are completely familiar with your
GDC and know how to useits logarithm functions
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‘, Worked Example

L
Solve the following equations:

i)
xX= lngjﬂ.

x = log32% & 3*=2%

We con see {rom tnspeckion
33=923 & =x=17
o =123
OR: Use GOC *o find ovswer dirgcﬂa,

i)
2x=21.4 givingyouranswerto 3s.f.

2% /=19 | 4\ [ Trisd ‘conneld S¥e |séevs
Leom inspeckion :

2® =214 & oc = g.2l.4

Ute GOC 4o find ovswer direcial:j.

oc = 4.%2 (3 sf.)
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Laws of Logarithms
What are the laws of logarithms?

+ Laws of logarithms allow you to simplify and manipulate expressions involving logarithms
o Thelaws of logarithms are equivalent to the laws of indices
e Thelaws youneedtoknow are, given a, x, y > 0:

o log xy= log x+ log y
» Thisrelatestoa*x a¥=a*x*ty

X
o loga; = 10gax - log&y

= Thisrelatestoa* + a¥=a*~—¥
o log x™= mlog x

= Thisrelates to (a*)¥ = a*¥

* Theselaws arein the formula booklet so you do not need to rememberthem
o Youmust make sure you know how to use them

log, xy = log,x + log.y FI:LATES TO g¥sg’=a""
log, () = Log,x = logy RELATES TO L =a"
logx* = kloggx | RELATES s TOdaV=al

Useful results from the laws of logarithms
« Givena>0,a=1
o log 1= 0
= Thisis equivalentto a0 =1

If we substitute bfor a into the given identity in the formula booklet
o g¥=hH & logab = xwherea >0,b>0,a =1

o a*=a%loga=xgvesa =a<eloga=1

= Thisis animportantandusefulresult
Substituting this into the third law gives the result
o log a¥= k
a

Taking theinverse of its operation gives the result

log x
o att=x

From the third lawwe can also conclude that

o logﬂ;= —log x
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s e “THE POWER YOU RAISE
e ) aTO TO GET o, 15 1
_Lﬂ; g =x log 0" = xlag,a

o ! =N
e AN OPERATION AMD
g =
| TS INVERSE
log =0 =i
Lﬂ'ﬂ . =—|.'Dﬂ X '-Di}l,% =|'5"5:|n’=-1
a x g =—|Gﬂu-’=

Theseuseful results are notinthe formula booklet but can be deduced from thelaws that
are
Beware..
o .log (x+y) # log x+log y
These results apply to In x (]ugex) too

o Two particularly usefulresults are
" Ine¥ = x
el = y
Laws of logarithms can beusedto ...
o simplify expressions
o solvelogarithmic equations
o solve exponential equations

@) ExamTip

- * Rememberto check whetheryoursolutions are valid

o log(x+k)is only definedifx> -k
o Youwilllose marks if you forget to rejectinvalid solutions
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*® Worked Example

® g

Write the expression 2 log 4 — log 2 intheformlog k,wherek € Z.
U\siﬂa the \law \039\1"‘ = mlogqo
'ZLoa"*l- = Losf-ri = [ogl{:
2106"1- - 1052 — Log‘rt = Losz
= Lctj 6 - Loj'l
U\.Sina the Llow ‘050_5 = Los,,_x - Laﬁmb
16
Lofjlﬁ — Loﬁ'l = LGS—Z' = LO%%

H_ = =

7.103‘!- r log2 = LQS'B

1
b) Hence, orotherwise, solve2 log 4 —log 2 = —log <
To solve 2103"-{— - ]os‘l = Loa—"a-_ rewrite oS

a8 = —loa=
/"3 s

pfﬂm
park (o)

Use %the index low = =2

Loaﬁ = -Lc:s:r:
o 1039.'1"‘: er,'ﬁm:t;
LD33 = Lo&:‘x.
g = x
x=%
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1.3.1 Language of Sequences & Series

Language of Sequences & Series
Whatis a sequence?

+ Asequenceis anorderedset of numbers with a well-defined rule for getting from one
number to the next
o Forexamplel,3,5,7,9, .. isasequencewith therule 'start atone and add two to get
each subsequent number’
* Thenumbersinaszacuence are often called terms
+ Theterms of a sequence are often referred to by letters with a subscript
o InIBthiswillbztheletteru
o Sointhesequenceabove,u1=1,uz=3,uz3=5andsoon
» Eachterminasequence canbe found by substituting the term numberinto the formula
forthen'"term

Whatis a series?

* You geta series by summingup the termsin a sequence

o E.g.Forthesequencel, 3,5,7,..theassociatedseriesis1+34-5+7 + ...
« Weusethenotaticn S,toreferto thesumof thefirst ntermsin the series

o Sn: M+ lz+U;+ ... +Un

o Sofortheseries above Ss=1+3+5+7+9=25
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*9 Worked Example
®

Determine the first five terms and the value of S5 in the sequence with terms
definedbyu, =5-2n.

Uun = 5- Zr}t‘
>
find the term you kerm number

wiank ha rt_?knr.iaz

L owiklh Wy wvolue

20 = 5-2()

[
0o

Eiest ) recognite twe patkern.
Lerm W, = 5-2[2) = 1 3 )
= -— = —I
it ° ?-{-3) l:i_-_'l_ a-Tule s

e = 5 -2(%) = -3 Sulmbvock 2L
Wg = 5-2(8)= -5

Sbark with 3 ond suwetrock 2 fram emch  number .

Sg= 3+1+(-D++(-5 =-5
2
the sSwm oF
bhe first S tenms
F 4
3, 1,-1,-3, -5
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Sigma Notation
What is sigma notation?

+ Sigma notation is used to show the sum of a certain number of terms in a sequence
+ ThesymbolXis the capital Greek letter sigma
+ Ystands for'sum’
o Theexpressiontotheright of the X tells you whatis being summed, andthe limits
above and below tell you which terms you are summing

THESE LIMITS TELL YOU THAT
YO ARE SUMMING (2r-1) USING
THE “ALUES r=1,r=2,.. UP TO r=5 [i=1]
[2r=N=1+3+5+7+8
=1

SUBSTITUTE r=1,r=2,r=3,r=4,r=5
INTO (2r-1) TO FIND THE FIVE TERMS
THAT ARE BEING SUMMED

() save rmy exams

+« Becareful, thelimits don't have to start with
4

14
o Forexample Z (2k+1) or Z (2k-13)
k=0 k=1

o randkare commonly used variables within sigma notation

¢) ExamTip
- * Your GDC willbe able touse sigma notation, familiarise yourself with itand
practiceusingitto check yourwork
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" Worked Example

Aseqguence can be defined by u = 2x3r-lforpnE 2+.

aj

Write an Expl‘éSSiOl‘lf\OI‘ !.|'| + Hz + !.I3I o R o Hﬁ using sigma notation.

= O 5 A" € Z% & nis Be sek
N 2z g I z ok oll {)le:.h':vﬂ.

f.n'r.e.se_rs

LAsi nay Sigma rokokion

[
U.“Pu-;_-l-_“-t-U.,a = Zuk‘
k=

> (2x2-")

k=l

b)

Write an expression foru, + ug + ug # ... % u,,usingsigma notation.

=7 H3" * & s Bhe set
Un =2 , Al T 0 positive
C.ﬂkv.aus

st nay sigmael notokion

L
Uz+ Ug +.. + U = Z Wi
k=%

lz?.(i % ah-l)
k=7

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences

What is an arithmetic sequence?

* |n anarithmetic sequence, the difference between consecutive termsinthesequenceis
constant
+ This constant differenceis known as the common difference, d, of the sequence
o Forexample, 1,4,7,10,..is an arithmetic sequence with therule 'start at one and add
three toeachnumber’
= Thefirstterm, u;, is
» The commondifference, d, is 3
o An arithmetic sequence can be increasing (positive common difference) or
decreasing (negative common difference)
o Eachterm of an arithmetic sequence is referred to by the letter u with a subscript
determiningits placein the sequence

How do | find a termin an arithmetic sequence?
« Then'term formula foran arithmetic sequence is given as

+(n—-1)d

u =iu
n |

o Where u, is the first term, and d is the common difference

o Thisis giveninthe formula booklet, you do not need to know how to derive it
« Entertheinformation you haveintotheformula anduse your GDC to find the value of the
term
* Sometimes you willbe given a term and asked to find the first term or the common
difference
o Substitutetheinformationinto the formula and solve the equation
» Youcoulduseyour GDC forthis
« Sometimes you will be given two terms and asked to find both the first term and the
common difference
o Substitute theinformation into the formula and set up a system of linear equations
o Solvethe simultaneous equations
= You coulduseyour GDC for this
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¢) ExamTip

-
« Simultaneous equations are often needed within arithmetic sequence

questions, make sure you are confident solving them with and without the GDC

*9 Worked Example

The fourth term of an arithmetic sequenceis 10 and theninth termis 25, find the first
term and the common difference of the sequence.

We =10 , Wq = 125

‘F—armm\.o. for n™ tecn of
on ocrithmekic senes:

Un = Wi+ (n- 2o
Sue in Wy =10  ond- We =25

qu.=' '\Jkl'i"(‘f"")d\.

U, + 34 =10
Wa/= W+ =)do= W/ +8d (=125

SO\VL ut(n& G.OC -
lek W, =2 ond o 25

1*35 = |0

1=i,\lj='-3

w, = |
d =3
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Arithmetic Series
How do | find the sum of an arithmetic series?

» Anarithmetic seriesis the sum of the terms in an arithmetic sequence
o Forthearithmeticsequencel, 4,7,10, .. the arithmetic seriesis 1+ 4 +7+10 + ..
+ Usethe following formulae to find the sum of the first n terms of the arithmetic series:

n n
Sﬂ=3(2ul+ (n=1)d) : S"=E(ul + un)

" L[I is the first term

» dis the common difference
" L[n isthelastterm

o Bothformulae are given in the formula booklet, you do not need to know how to derive
them
« Youcanusewhicheverformulais more convenient for a given question
o |fyou know the first term and common difference use the first version
o |fyou know the first andlast term then the second version is easiertouse
+ Aquestion will often give you the sum of a certain number of terms and ask you to find the
value of the first term or the common difference
o Substitute theinformationinto the formula and solve the equation
= You coulduse your GDC for this

@) ExamTip

» Theformulae you need for arithmetic series are in the formula book, you do not

need toremember them

o Practice finding the formulae so that you can quickly locate themin the
exam
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*9 Worked Example
E

The sum of the first 10 terms of an arithmetic sequenceis 630.

a)
Findthe common difference, d, of the sequenceif the firsttermis 18.

Sie = 630

Focrula. for the sum of
on ocrithmeXkic senes

Sn = %(Zul + (n-0d)

Sio= 2 (209)+ bo=nd) = 630

Suwe n Sm=530, W =18

5 (36 +Ad)=620

Solvei B wqas= 126
9d. = Q0
d.= 10

d = 10

b)

Find the first term of the sequence if the common difference, d, is 11.
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Suwo in Sio =630, do=1l|

Sio= 2 (2w +(10-001) = 630

5(2w.+ 9qq) = 630

Solve.: ZUu,+ 99 = 126

2w, = 2F

W, =139
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What is a geometric sequence?

+ |n ageometric sequence, thereis a commonratio, r, between consecutive termsin the
seguence
o Forexample, 2,6,18,54,162, ...is asequencewith therule ‘start at two and multiply
each number by three’
= Thefirstterm, u;, is2
= Thecommonratio,r,is 3
= Ageometric sequzncecanheinereasina(r= 1) ardecreasina( <1 <)
« |fthecommonraliois a negative number the terms will alternate k etween positive and
negative values
o Forexample,1,-4,16,-64,256, ..is asequence with therule ‘svart at one and multiply
each number by negative four’
= Thefirstterm, u, is |
= Thecommonratio,r,is -4
+ Eachterm of a geometric sequence s referred to by the letteru with g subscript
determiningits plaiceinthe sequence

How do| find a termin a geometric sequence?

» The nth term formula fora geometric sequence is given as
u =u -l
n 1

o Where u, is the first term, and ris the common ratio

o This formula allows you to find any termin the geometric sequence
o lItis givenin the formula booklet, you do not need to know how to derive it
* Entertheinformation you haveinto the formula and use your GDC to find the value of the
term
« Sometimes you will be given a term and asked to find the first term or the common ratio
o Substitutetheinformationintothe formula and solve the equation
= Youcoulduseyour GDC for this
« Sometimes you will be given two or more consecutive terms and asked to find both the first
term and the common ratio
o Findthe common ratio by dividing a term by the one before it
o Substitute this and one of the terms into the formula to find the first term
+ Sometimes you may be given a term and the formula forthe n""term and asked to find the
valueofn
o Youcansolvetheseusinglogarithms onyour GDC
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@ Exam Tip

- L) L] i ¥
* Youwillsometimes needto use logarithms to answer geometric sequences

questions
o Make sureyou are confident doing this
o Practiceusing your GDC for different types of questions
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9 Worked Example
®

The sixth term, u, of a geometric sequenceis 486 andthe seventh term, u,, is
1458.

Find,
i)
the commonratio, r, of the sequence,

U\,E = q‘g& ’ Uz = |‘f—53
The. common rokio, r, (s given 1:5

e Wa Uz = .. = U

Ly Wz W

Swo n  We = 486 Uz = 1458

r = ir_{ B 1458 = 3
WU 486
~

Y =3

Avi mare

i)
the first term of the sequence, u,.
Focoanda Qor n™ tecm of o 3enm-a\:ric., senes:

=1
Un = U\-t r

Sue in r=3 ond eey We= 486 or Uz = 1458
Le = W)™ = &8b

Solve: 243 u, = &¢6
w =2

u =2
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Geometric Series
How do | find the sum of a geometric series?

« Ageometricseries is the sum of a certain number of terms in a geometric sequence
o Forthe geometricsequence?2,6,18,54, ..thegeometricseriesis2+6+18+54 + ...
+ Thefollowing formulae willlet you find the sum of the first n terms of a geometric series:

ul(rﬂ—l) ul(l—f‘”)
5 = =
n r—1 l-r

] u1 is the firstterm

= risthecommonratio
o Bothformulae are givenin the formula booklet, you do not need to know how to derive
them
* YYou can use whicheverformula is more convenient for a given gquestion
o Thefirstversion of the formula is more convenientif r > 1 andthe secondis more
convenientif r < 1
« Aquestionwilloften give you the sum of a certain number of terms and ask you to find the
value of the firstterm, the common ratio, or the number of terms within the sequence
o Substitute the information into the formula and solve the equation
= You coulduse your GDC for this

¢) ExamTip
-
+ The geometric series formulae are in the formulae booklet, youdon'tneed to
memorise them

o Makesureyou canlocate them guickly in the formula booklet
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‘, Worked Example
&

A geometric sequence has u = 25andr = 0.8. Findthevalue of u, and 55.

w, =25, r=0%
Focmula for n™ tecm of o Senmn.‘tric. senes:
-t
Un= W, T
Suwe in W, =25, r=208
&

Foremulo. for the sum of o Senmv.hrtc_ Senes:

Sn_ = Lk (fv'l.__ 1‘] = Lk [:.H' - rﬂ}

o — r <l so ths
versiwon o
Sup tn W, =25, rl=O® eosier ko use.
S = M) = 25(' _'D‘EE.) = E"t‘.ﬂ"l—
5 L=y | - 0.2
Ws = 10.24
Ss = 3¢. 04
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Sum to Infinity
What is the sum to infinity of a geometric series?

« Ageometric sequence will eitherincrease ordecrease away from zero or the terms will get
progressively closer to zero
o Terms will get closer to zero if the commonratio, r, is between 1and -1
« |ftheterms are gettingclosertozerothentheseriesis saidto converge

o This means that the sum of the series willapproach a limiting value
o Asthe numberof terms increase, the sum of the terms will get closer to the limiting
value

How do we calculate the sum to infinity?

« |faskedtofind outif a geometric sequence converges find the value of r
o Iflr] < 1 thentheseguenceconverges
o If|r] = 1 thenthesequencedoes notconverge and the sum toinfinity cannot be
calculated
o |r] <1 means—=1 <r<l
« If|r] < 1,thenthe geometric series converges to a finite value given by the formula

)
S = , |r] <1

S e £

° U isthe first term

o risthecommonratio
o Thisisinthe formulabook, you donot need torememberit

@ ExamTip

- O] . :
+ | earn andrememberthe conditions forwhen a sum to infinity can be calculated
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‘, Worked Example
°

2
The first three terms of a geometric sequenceare 6, 2, E Explain why the series

converges and find the sum to infinity.

2
W=26, UW;=12, Uz=-=3
Find the value of v: r = MT".
WUa 2 _ L
r = T‘ = _6_ = 3

Ir] <) so the series

o H?E.fSC.S

Wy
Find the Suwm to t'n?{nii-;n‘ Sec = T_¢
w66
Saﬂ- I_{_ - I__I"-_.'. - ".".'./3 = ':‘l
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1.3.4 Applications of Sequences & Series

Applications of Arithmetic Sequences & Series

Many real-life situations can be modelled using sequences and series, including but not limited
to: patterns made when tiling floors; seating people around a table, therate of change of a
population; the spread of a virus and many more.

What do | need to know about applications of arithmetic sequences and
series?

+ |[faquantityis changing repeatedly by having a fixed amount added to or subtracted from
it then the use of arithmetic sequences and arithmetic series is appropriate to model the
situation

o |f asequenceseems to fit the pattern of an arithmetic sequenceit can be saidtobe
modelled by an arithmetic sequence

o Thescenario can bemodelled using the given information and the formulae from the
formula booklet

+ Acommon application of arithmetic sequences and series is simpleinterest

o Simpleinterestis when aninitialinvestmentis made and then a percentage of the initial
investment is added to this amount on a regular basis (usually peryear)

« Arithmetic sequences can beusedtomake estimations about how something willchange
inthe future

@) ExamTip

- + Exam questions won'talways tell you to use sequences and series methods,
practice spotting them by looking for clues in the question
« |fagivenamountis repeated periodically thenitis likely the questionis on
arithmetic sequences orseries
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*9 Worked Example
®

Jasperis saving for a new car. He puts USD $100 into his savings account and then
each month he puts in USD $10 more than the month before. Jasper needs USD
$1200 forthe car. Assuming nointerestis added, find,

i)
the amount Jasper has saved after four months,

\denh??:j the orikhmnekic Seguence :
W, = 100 d =10

4

After & wmonths Josper willk hove saved :
W + Uzt Uz + Up =S¢

Foremula, Sor the sum of on oribhwnekic Senes

Sn= F(2u, + (n )

S¢ = ;';—{Zu., +{‘I*—')¢l)

Sub n W, =100l and d =10
S¢ = - (2(100)+ («=M[10))
= 2(200 + 20)
= 7 [230)
S = $460

i)
the month in which Jasperreaches his goal of USD $1200.
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Sub Sn = |2.00, W, =100, d=10 ke 'FﬂTMulP\ H

7 (20100) + (n-1(0))

1200

Solve using que.bmic Solver on GYDC:

FL= B8.63.. or mn=-1% 63
tdiSreamrd. 85 . connok

be fqamhive .

Sg < 1200
Sq > 1200 vesches kol in ™ ymonth

Josper will reackh WSD $1200
tn the A montil]

| SE—
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Applications of Geometric Sequences & Series

What do | need to know about applications of geometric sequences and
series?

« |faquantityis changingrepeatedly by a fixed percentage, or by being multiplied
repeatedly by a fixed amount, then the use of geometric sequences and geometric series
is appropriate to model the situation

o |f asequence seems to fitthe pattern of a geometric sequence it can be saidtobe
modelled by a geometric sequence

o Thescenario can bemodelled using the giveninformation and the formulae from the
formula booklet

« Acommon application of geometric sequences and series is compound interest

o Compoundinterestis when aninitialinvestmentis made andtheninterestis paidon
theinitialamount and on the interest already earned on a regular basis (usually every
year)

» Geometric sequences can beusedto make estimations about how something will change
inthe future

« Theguestions won't always tellyou touse sequences and series methods, so be prepared
tospot 'hidden’ sequences and series questions

o Lookoutforguestions on savings accounts, salaries, sales commissions, profits,
population growth and decay, spread of bacteria etc

@) ExamTip
- . .
« Examquestions won't always tell you touse sequences and series methods,
practice spotting them by looking for clues in the question
« |fagivenamountis changing by a percentage or multiple then itis likely the
questionis on geometric sequences or series
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*Y Worked Example
s

Anewvirusis circulating on aremoteisland. On day one there were 10 people
infected, with the number of new infections increasing at a rate of 40% perday.

a)
Find the expected number of people newly infected on the 7! day.

\danhipa the %e_uma):fic_ .se.q’uc’.nc.e,:

W, =10 , = L&
R_ 40/ incresse s GO/

of the Cl-:u.t:) ve fore

New cafections @ U=
Focmula for n™ term of o S@mﬂﬂ:rit Senes !

-1
Un = W, r

Sup in w =10, r=14

Wz = iotw)a = #5.29..

Expecked number (of new dafections = F5

b)
Find the expected number of infected people after one week (7 days), assuming no
one has recoveredyet.

Totol cafections : Sz
Focrulo. For the sum of o SEﬂME‘:f;C_ Senes !

n
Sn=Mn_r}l so this

=1 . .
version g

eoswer Lo wse .
Sue in w, =10, r=14

S, = 0047-1) - 23883
V4 — |

Expecked number of totol dafeckions =239
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1.4.1 Compound Interest & Depreciation

Compound Interest

Whatis compound interest?
* |nterestis a small percentage paid by a bank orcompany thatis added on to an initial
investment
o |nterestcan alsorefertoanamount paid on aloan or debt, however|B compound
interest questions will always refer tointerest oninvestments
+« Compound interestis whereinterestis paid on both theinitialinvestment and any interest
that has already been paid
o Make sure you know the difference between compoundinterest and simple interest
= Simpleinterest pays interest only on theinitialinvestment
+ Theinterest paid each timewillincrease as itis a percentage of a highernumber
+« Compoundinterest will be paidininstalmentsin a given timeframe
o Theinterestrate,r, willbe perannum(peryear)
= This couldbewrittenr% p.a.
o Lookoutforphrases such as compounding annually (interest paid yearly) or
compounding monthly (interest paid monthly)

o
= |If @% p.a.(perannum)is paid compounding monthly, then — % will be paid each

12
month
» Theformula for compoundinterest allows for this so you do not have to
compensate separately
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7

EXAM PAPERS PRACTICE

How is compound interest calculated?
+ Theformula forcalculating compound interestis:

I kn
FV=PVX(] +M)

o Where
= fVisthefuturevalue
m PVis the presentvalue
= nisthenumberof years
= kisthe numberof compounding periods peryear
m % isthenominalannualrate of interest
o This formula is givenin the formula booklet, you do not have to remember it
* Becarefulwith the kvalue
o Compoundingannuallymeansk=1
o Compounding half-yearly means k=2
o Compounding quarterly means k=4
o Compounding monthly means k=12
¢ Your GDC willhave a finance solverapp onit which you canuse to find the futurevalue
o Thismay alsobecalledthe TVM (time value of money) solver
o Youwillhaveto entertheinformation from the question into your calculator
+ Beawarethat many questions willbe setup such that you willhave touse the formula
o Soforcompound interest questions.itis betterto use the formula from your formula
booklet thanyour GDC

@ ExamTip

- . . -
+ Your GDC will be able to solve some compoundinterest problems soitis a good

idea to make sure you are confident using it, howeveryou must also familiarise
yourself with the formula and make sure you can find itin the formula booklet
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* Worked Example

®
Kiminvests MYR 2000 (Malaysian Ringgit) in an account that pays a nominal

annualinterest rate of 2.5% compounded monthly. Calculate the amount that Kim
willhave in heraccount after 5 years.

Cumpnuncl. wterest  formula :

Lnkerest roke

s e e Number of years
Fv =PV(|+ OO
A1 |
Fukure present Compoundi 9
wolwe volue periads

Subskikube wvolues

PV = 2000 (initiol investment)
k=12 (tnmpcundif:ﬂ munthl.bj
v = &S/

n = 5 (numssrof :jf.nrsj

(1iz=8)

7.5
Fv = 2000 [' *{mo}ﬂz})

= 22%66.0072

FY = MYR 2270 (3sf)
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Depreciation

What is depreciation?
» Depreciationis when the value of something falls overtime
« The mostcommon examples of depreciation are the value of cars and technology
+» |fthe depreciationis occurring at a constant rate then itis compound depreciation

How is compound depreciation calculated?

» Theformula for calculating compound depreciation is:
I n
FV=PVx|]l ———
100

o Where
= FVisthefuturevalue
s PVisthe presentvalue
= nisthenumberof years
= r%istherate of depreciation

o This formula is not given in the formula booklet, howeveritis almost the same as the

formula for compound interest but
= with a subtractioninstead of an addition
= thevalue of kwillalways be
* Your GDC could again be used to solve some compound depreciation questions, but
watch out forthosewhich are setup such that you willhave touse the formula

¢) ExamTip
- = YoucanuseyourGDC's "Finance Solver” (Tl) or "Compound Interest” (Casio)

feature to solve most depreciation questions, by entering theinterestrate as a
negativevalue
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‘) Worked Example
]
Kyle buys a new carfor AUD $14 999. The value of the car depreciates by 15% each

year.

a)
Find the value of the car after 5 years.

Depreciokion formula : .
voke of depreciation
- n & number of years

FV =PV(|_|DT:; )

e T
Future present
volueg value

Subskibuke  wvolues s
14999 (indiateost)

PV =
vy = |5/
w =5 (number of dwa}

5

1S
Fv = 14999 (1 - 7557)

= 6£55.13 ..

FY = AUD $4660 (3sF)

b)
Find the number of years and months it will take for the value of the carto be

approximately AUD $9999.
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Fv =pv(I- IG; )
Fv = 9999

Pv = 14999

¥ = IS/

Subskituke wvolues (n:

15 n
9999 = 14999 (1- 755" )

hse GCDC to solve :

L = 2.‘1-“15...

2 th
7 Yeacs O.495 of o 5&0«"

Converkt to Years ooned months

7 qu,(g, + 0.495% |12 months

= 2 years ond & months

- - m o= — e —— — = e m— SR e — e —
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1.4.2 Amortisation & Annuities

Amortisation

What is amortisation?

« Amortisationis the process of repaying aloan over a fixed period of time
o Mostcommonly questions will be about mortgages (loans taken out to buy a home) or
loans taken out fora large purchase
* Interest will be paid on the original amount
o Eachrepayment thatis made will partly repay the originalloan and partly pay the
interestontheloan
o Aspayments are made the amount owedwilldecrease andsotheinterest paid will
decrease
» Asyou continuetorepay aloan more of therepayment goes on theloan andless
ontheinferest

How can the GDC be used to make calculations involving loans?

* YourGDC shouldheusedto solve questions involvingloans
o Usethe finance solvermode (sometimes called the TVM (timz value of money) solver)

= Nwillbethe number of repayment periods (remember to include months and
years if nzcessary)

n [(%)istheainterestrate

= PVisthe amount thatwas borrowed at the start - as this nas beenreceivedit will
be enterexd as a positive number

= PMTis thz2payments made per period - this is repaying theloan sowillbe a
negative number

» FVisthe future vaiue (this wiil be zero as theioan will be paid off atthe end of the
period)
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= P/Yisthe numberof payments peryear, usually 12 as payments are made monthly
= C/Yis the compounding periods peryear
» PMT@is thetime of the year ormonth the paymentis made (assume this is the
endunless told otherwise)
o Leavethesectionthatyouneedtofindoutblankand fillin all othersections
o Your GDC willfillin the last part foryou
« |tis sensibletocheckyourfinal answer, you can do this by finding the total amount paid
back overalland comparing it to the originalloan
o Thetotalamountrepaidwillbe alittle more than the originalloan plus | %6 of the original
loan

@ Exam Tip

* + Besuretowrite downthevalues that you putinto the financial solver on your
GDC, don'tjust write down the final answer as if itis incorrect you won't get any
marks if there is no working shown!

+ Make sure that you are clear on what the signage of any monetary valueis, if it's
positive then money is comingin toyou, if it's negative then you are paying
money out
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*) Worked Example
®
Olivia takes a mortgage of EUR €280 000 to purchase a house at anominal annual

interestrate of 3.2%, compounded monthly. She agrees to pay the bank EUR
€1500 at the end of every month to amortise the loan. Find

i)
the number of years and months it will take Olivia to pay back the loan,
lhse the ‘Fimnca/TVM solver on your GoC

N [ T/] Pv PMT | Fv| P/Y | ¢/Y | PMTe

37 | 280000 | -1500 o 17 |2 END
7 ngﬁa&.-tfe pD«.i.Ti:.l 4 paid ak
bl co ol
£ 4w in betause montnly oty D e e
For wou. ij s of eoch
. hhcgeo.:h wantha
™
N=2586 '

Convert o Years

Numloer of years = 2LSEEI = 2188
12

21 yeors and F months |

ii)
the total amount Olivia will pay to purchase the house.

Total omounkt paid = N x PMT

Tokal omount pald = 258. 61 = 1500

Tokol omourt pald =£ 383915
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Annuities
What is an annuity?

« Anannuityis a fixed sum of money paid to someone at specified intervals over a fixed
period of time
o Mostcommonly this will be because of aninitial lump sum investment which will be
returned at fixed intervals of time with a fixed interest rate
o Eitherfrom personal savings or from receiving aninheritance

How are annuities calculated?

* Your GDC shouldbeusedto solve questions involving annuities
o Usethe finance solver mode (sometimes called the TVM (time value of money) solver)
= Nwillbethe number of payment periods (remember toinclude months andyears
if necessary)
m [(%)istheinterestrate
= PVistheamountthatwasinvested - as this has beeninvested it will be entered as
anegative number
= PMTis the amount paid per period - as this is being received it will be a positive
number
» FVis the future value (for an annuity this willbe zero as the balance at the end of
the payment period will be zero)
= P/Yis the numberof payments peryear
= C/Yis the compounding periods peryear
» PMT@is thetime of the year ormonth the paymentis made (usually the start)
o Leavethesectionthatyouneedtofindoutblankandfillin all othersections
o Your GDC willfillin the last part foryou
« Although you are unlikely to need to useit, the formula for calculating an annuity is:

(1+07-1
r

FV=A

o Where
s FVisthefuturevalue
Aisthe amountinvested
nis thenumberof years
r% istheinterestrate as adecimal(e.g.at 6%, r=0.06)
o This formulais not givenin the formula booklet, howeveryour GDC will work out
annuities foryou so you do not need to remember it

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

@) ExamTip

* + Besuretowrite down thevalues thatyou putinto the financial solver on your
GDC, don'tjust write down the final answer as ifitis incorrect youwon't get any
marks if there is no working shown!

* Try torememberthe difference between amortization and annuities:
o withamortizationyou are paying money out
o withannuities you are receiving money

" Worked Example
.

Janniinvests 2 million DKK (Danish krone) into an annuity for her retirement. The
annuity returns 3% compounded annually. Find the monthly payments Janni will
receive if shewants the annuity tolast for 25 years.

hse the -FL(\&-'HE‘?_/TVM solver oA geur .o ¢

N | T/ PV PMT CEV LAY | /Y | PMTe

300 | 3 |-2000000 Q | 12 [ START
7 ] T 7 AW
25 5 M2 Aeaakire LDC wilk pold ﬂnmpomdﬂﬂﬁ wd al
ol because Fill #Haiz ia fﬂont:hl‘j Mﬂm‘u:j Fre Sheut
Hars wos | [ far youw of eoeh
. wiankin
investad

PMT = 9A4l%.95

Jonn. receives DKK 9419 each ynonkla
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1.5.1 Intro to Complex Numbers

CartesianForm

What is animaginary number?
+ Upuntilnow, whenwehave encountered an equation such as x? = =1 wewouldhave
statedthat there are "noreal solutions”
o Thesolutionsarex= * \f—_l which are not real numbers
« Tosolvethisissue, mathematicians have defined one of the squareroots of negative one
as1;animaginary number
o f/—=1=i
o i2=—1

* Thesquareroots of othernegative numbers canbe found by rewriting them as a multiple of
J =1
o usingy/ab=\/ax./b

Whatis a complex number?

+ Complexnumbers have both areal partand animaginary part
o Forexample:3+4
o Therealpartis 3andtheimaginary partis 4i
« Complexnumbers are often denoted by z
o Wereferto the real andimaginary parts respectively using Re(2z)and Im(z2)
+ Twocomplex numbers are equalif, and only if, both the realand imaginary parts are
identical.
o Forexample,3 +21and3 + 31arenotequal
« Thesetof allcomplex numbers is given the symbol C
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What is Cartesian Form?

» There are a number of different forms that complex numbers can be writtenin
Theformz=a + biis known as Cartesian Form
o a,belR
o Thisis the first form givenin the formula booklet
Ingeneral, forz=a + bi
o Re(z)=a
o Im(z)=b
A complex number can be easily represented geometrically when it is in Cartesian Form
Your GDC may call this rectangular form
o WhenyourGDC is setinrectangular settings it will give answers in Cartesian Form
o |fyourGDCis notsetinacomplex modeit willnot give any outputin complex number
form
o Make sureyou canfindthe settings forusingcomplex numbers in Cartesian Form and
practice inputting problems
Cartesian formis the easiest form for adding and subtracting complex numbers

L

") ExamTip

+ Remember that complexnumbers have both areal part and animaginary part
o lis purelyreal(its imaginary partis zero)
o iis purelyimaginary (its real partis zero)
o 1+iis acomplex number(boththerealandimaginary parts areequaltol)

'S
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%9 Worked Example
E
a)

Solvetheeqguation x2= —9

x* = -9
x = T4
Usm%@=ﬁxm x = * [T [

x=*3

b)

Solve the equation (x + 7)2 = — 16, giving your answers in Cartesian form.

(e +3)" = - 16

x +F ='_"JT(-;

x ++ =1-J|_EJT

x+7 =* 41| MUSM3%=ERJE

Rearraﬂge_ onswest inko  Covtegian
focm:

Faraanwvas

X = -F T 4\
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Complex Addition, Subtraction & Multiplication
How do |l add and subtract complex numbersin Cartesian Form?

« Addingandsubtracting complex numbers should be donewhen they arein Cartesianform
* When adding and subtracting complex numbers, simplify the realand imaginary parts

separately
o Just like youwould when collecting like terms in algebra and surds, or dealing with

different components invectors
o (a+bi)+(c+di)=(a+c)+(b+d)i
o (a+bi)—(c+di)=(a—c)+(b-d)i

How do | multiply complex numbers in Cartesian Form?

« Complexnumbers can be multiplied by a constantinthe sameway as algebraic
expressions:
o k(a+ bi) = ka+ kbi
* Multiplying two complexnumbers in Cartesian formis donein the sameway as multiplying
two linear expressions:
o (a+ bi)(c+di)=ac+ (ad + bc)i + bdi2 = ac +(ad + bc)i — bd
o This is a complex number with real part ac = bd andimaginary part ad + bc
o Themostimportant thing when multiplying complex numbers is that
n 2= —1
« Your GDC will be able to multiply complex numbers in Cartesian form
o Practise doing this and useittocheckyouranswers
* |tis easy toseethat multiplying more than two complex numbers togetherin Cartesian
form becomes alengthy process proneto errors

o |tis easierto multiply complex numbers when they are in different forms and usually it
makes sense to convert them from Cartesian form to either Polarform orEuler's form
first

+ Sometimes when a question describes multiple complex numbers, the notation Zy Zyy o is

usedtorepresent each complex number

How do | deal with higher powers of i?

+ Becausei?= —1 this canleadto someinterestingresults for higher powers of |
o P=ixi= —-1i
o it=()2=(-1)2=1
o P¥=(12)2 xi=1i
o #=(PP=(-1)3= -1

« We can use this same approach of using i to deal with much higher powers
o PB3=(2)NMxi=(-1)"xi= —-1i
o Justrememberthat-lraisedtoanevenpoweris 1andraisedtoan odd poweris -1
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@ Exam Tip
“ + When revising foryourexams, practice using your GDC to check any
calculations you do with complex numbers by hand

o This will speed up using your GDC in rectangular form whilst also giving you
lots of practice of carrying out calculations by hand

‘, Worked Example
°
a)

Simplify the expression 2(8 — 6i) = 5(3 +4i).
Expand the brockets
B % R . ,
2(8-61) - 5(3+4i) = 16 120 - 19 -201

Colleck the real and. Emaﬂim:j Pt}'rlf‘;
b -1S - 12ZL - 200

b)

Giventwo complexnumbers z, =3+ 41and z,= 6+ 71, find z Xz

1 2
Expand. the brockets
Eam') = I8 +211 + 240 + 281"
1“-{.;-——/L
= |8 + 211 + 241 +(22)(-)
T Llsins ll.l=—1
Collect the real and irno.ai»nmgl parts

I8 +21L +24L -28 = 18-2%8 + (21 +24)1
Sim{)‘ﬁ[;kd

-10 + 45
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Complex Conjugation & Division
When dividing complex numbers, the complex conjugateis used to change the denominator
toarealnumber.

Whatis a complex conjugate?
» Foragiven complexnumber z= a + bi, the complex conjugate of zis denoted as z",
where z" = a— bi
o [fz=a—bithenz"=a+ bi
* Youwillfind that:
o z+ z"isalways realbecause (a+ bi) + (a— bi) =2a
» Forexample:(6+51) + (6—51) = 6+6+51—51 = 12
o z—z"isalwaysimaginary because(a+ bi) —(a— bi) =2bi
= Forexample:(6+5i) — (6—=51) = 6—6+5i—(—5i) = 10i
o zx z"isalways realbecause (a+ bi)(a— bi) = a2 + abi — abi — b*12 = a2 + b? (as
2=-1)
» Forexample: (6 + 51)(6 —5i) = 36 +30i — 30i —25i2 = 36— 25(—1) = 61

How dol divide complex numbers?

« Todivide two complex numbers:
o STEP1: Express thecalculationinthe form of a fraction
o STEP 2: Multiply the top and bottom by the conjugate of the denominator:
a+ bi a+ bi c—di

- = - X -
c+ di c+di c—di
= This ensures we are multiplying by 1; so not affecting the overall value

o STEP 3:Multiply out and simplify youranswer
» This shouldhave areal numberas the denominator
o STEP 4:Write youranswerin Cartesian form as two terms, simplifying each term if
needed
= ORconvertinto the required form if needed
* Your GDC will be able to divide two complex numbers in Cartesian form
o Practise doingthis anduseittocheck youranswers if you can

@ ExamTip

- + We can speedup the process for finding by using the basic pattern of
+ We can apply this to complex numbers:

(using the fact that )
o So multiplied by its conjugate would be
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*> Worked Example
Findthevalueof (1 +7i) + (3 —1).

Rewrite as o frockion: 1 + #i _
'5 _ L COTH?'[QK c_ond‘_%n;t't

R_of 3-L . D+

HU.LH?IB) ktop ond bottom of the fracrion Lﬂﬂ
the complex conjugoke of the denominakor.

| +Fi  3+L . (1+3)(3 +1)
3-1 341 (3-0)(3+1)
==l
3+ 1+ 20 + 3"
Q +3(-3L -1
t'-ﬂ\: imnainqrﬂ porks
eliminake eoch other

3+221 +(-7)
9 -(1)

L $22:¢
1O

N‘ri\-e in Cortesion /= -4 +722¢
form

Sim-.p'.iF:;,

-2, ﬂL Simpli{'-j finol onswer.
S S
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1.5.2 Modulus & Argument

Modulus & Argument
How do | fiind the modulus of a complex number?

* Thermodulus of a complex numberis its distance from the origin when plotted on an
Argand diagram

+ Themodulus of zis written ||

o fz=Xx+ iy, thenwe can use Pythagoras to show...

o lA=yx4

+ Amodulus is never negative

What features should | know about the modulus of a complex number?

+ themodulusis related to the complex conjugate by...
o zz"=z"z=|z|*
o Thisisbecause zz" = (x +iy)(x —iy) = x>+ 32
* Ingeneral, |z1 +z,)| # |zll +|z,)|
o eg.bothz = 3+4diand z,= —3 + 41 haveamaodulus of 5, but z, + z, simplifies to 8i

which has a modulus of 8

How do | fiind the argument of a complex number?

« Theargument of a complex numberis the angle thatit makes on an Argand diagram
o Theangle must be taken from the positive real axis
o Theangle mustbein a counter-clockwise direction
« Arguments are measuredinradians
o Theycanbegivenexactinterms of T
« Theargument of ziswrittenarg z
« Arguments can be calculated usingright-angled trigonometry
o Thisinvolves usingthetanratio plus a sketch to decide whetheritis positive/negative
andacute/obtuse

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

What features should | know about the argument of a complex number?

« Arguments areusually givenintherange—m < argz < T
o Negative arguments are forcomplex numbers in the third and fourth quadrants
o Occasionally you could be asked to give argumentsintherange() < argz < 2m
= The questionwillmakeitclearwhichrangetouse
« Theargumentofzero, arg 0 is undefined (no angle can be drawn)

What are the rules for moduli and arguments under multiplication and
division?

+« \Whentwo complexnumbers, z, and z, are multiplied to give z z,, theirmoduliare also

1 |
multiplied

° z|22|=|z|||zz|

Z

1
* Whentwo complex numbers, z, and z,, aredivided to give z— ,theirmoduliare also
- 3

divided
N 17|
z, |22|

* Whentwo complexnumbers, z

added
o arg(z,z,)=arg z +arg z,

| and z,,are multiplied to give 2,7, theirarguments are

z
1

and z, are divided to give —, theirarguments are
zZ
2

+ \When two complex numbers, z,

subtracted
O ExamTip
-

* Always draw a quick sketch to help you see what quadrant the complex number
lies inwhen working out an argument
* Look forthe range of values within which you should give your argument

o Ifitis thenyou may need to measureitin the negative
direction
o Ifitis then you will always measure in the positive direction

(counter - clockwise)
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*? Worked Example

®
a)
Find the modulus and argument of z=2 + 31
|zl = Jz*+3* = i3
Drow a sketeh to help find the &raummt:
o
31 k2 +3i
The arument. is T 0 =+on™ %)
the counter- | 3 = 0982%...
cockwise m'ﬁ'le N l
token Lrem the i 2 > Re.
positive oo
=z
Modz = |zl =J13
argz = 6 = 0.933(2sf)
T — e .
b)

Find the modulus andargumentof w= —1 — ﬁi

lwl = Jenr+ &3 ) =J%
Im

K the o.raument IS

=g/ »Re. messured clockwise

F""—l—_—!
/ ara w Lrom the positive

: /R x-oxg then b will
'l'_lI"Ui this . b'& okive
angle Liest V negaATIve-
and. Subtrock z
Erom TC,

TC
ol =+p.n_‘(:[%—") =+an“"(ﬁ) =3
- i

Modz = |2| = 2
-6 = — 2T

ﬂd's z
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1.5.3 Introduction to Argand Diagrams

Argand Diagrams
What is the complex plane?

» Thecomplex plane, sometimes also known as the Argand plane, is a two-dimensional
plane on which complexnumbers can be represented geometrically
» [tissimilarto a two-dimensional Cartesian coordinate grid
o Thex-axisis known as the real axis (Re)
o They-axisis known as theimaginary axis (Im)
« Thecomplex plane emphasises thefact that a complex numberis two dimensional
o |.eithastwo parts, areal andimaginary part
o Whereas a real number only has one dimension represented on a number line (the x-
axis only)

What is an Argand diagram?

« AnArganddiagramis a geometrical representation of complex numbers on a complex
plane
o Acomplex numbercan berepresented as either a point ora vector
+ Thecomplex numiber x + yiis represented by the pointwith cartesian coordinate (x, v)
o Thereal partis represented by the point on the real (x-) axis
o Theimaginary part is represented by the point on the imaginary (y-) axis
+ Complex numbers are often represented as vectors
o Alinesegmentis drawn from the origin to the cartesian coordinate point
o Anarrow is addedin the direction away from the origin
o This allows forgeometrical representations of complex numbers

@) ExamTip
“ « Whensettingup an Argand diagram you do not needto draw a fully scaled axes,

you only need the essential information for the points you want to show, this will
savealotoftime
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‘) Worked Example

[ ]
a)

Plot the complexnumbers z) =2 + 2i and zz = 3 - 4i as points on an Argand diagram.

Lokel. e ;-Nme]iﬁmrﬁ axig |m

lm
o]
] Z2+Zi
Lobel. the veal
.tf_"if';cgnis e
SR »Re
- 3 - b
L -

Yo nnl.:j reed ta  lokel bhe -;mPgrt;ml-:, foivis on the Oxes.

b)
Write down the complex numbers represented by the points Aand B on the Argand
diagram below.

A 1+3i
B =2 =1
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Complex Roots of Quadratics
What are complexroots?

» Aquadratic equation can eitherhave two real roots (zeros), a repeated real root orno real
roots
o This depends on the location of the graph of the quadratic with respect to the x-axis
 |f a quadratic equation has norealroots we would previously have stated thatithas noreal
solutions
o The quadratic equation will have a negative discriminant
o This means taking the square root of a negative number
« Complexnumbers provide solutions for quadratic equations that have noreal roots

How do we solve a quadratic equation when it has complex roots?

« If aquadratic equation takes the form ax? + bx + ¢ = O it can be solved by eitherusing the
quadratic formula or completing the square
« If aguadratic equation takes the formax? + b = Q it can be solved by rearranging
« Thepropertyi=+/-lisused
o Jma=Jax-T=axy=T
» |fthe coefficients of the quadratic are real then the complex roots will occurin complex
conjugate pairs
o Ifz=m+ni(nz0)is arootof a quadratic with real coefficients thenz* =m-niisalsoa
root
» Thereal part of the solutions willhave the same value as the x coordinate of the turning
point on the graph of the quadratic

« When the coefficients of the quadratic equation are non-real, the solutions willnot be
complex conjugates
o Tosolvetheseyoucanusethe quadratic formula

How do we factorise a quadratic equationifit has complexroots?

+ |fwe are given a quadratic equation in the form az? +bz+c=0,wherea,b,andcer,az0
we can useits complexroots towriteitin factorised form
o Usethe quadratic formula to findthetworoots,z=p+qgiandz*=p-qi
This means thatz- (p +qi) andz - (p - gi) must both be factors of the quadratic
equation
Therefore we canwrite az? +bz+c =(z- (p+qi))(z- (p - gi))
This can berearrangedinto the form (z - p - gi)(z- p +qi)

o

[a]

[a]

O ExamTip

-
= Onceyou haveyourfinalanswers you can check yourroots are correct by
substituting your solutions backinto the original equation
o Youshouldget O if correct! [Note: O is equivalent to ]
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9 Worked Example
e
Solve the quadratic equation z2 - 2z+ 5 = 0 and hence, factorise z2 - 2z + 5.

hse the q_uadfmc focmula, or Compleking the
Sq'mmre. 1o find Hhe solutions.

z

Eolutions of a quadrtic o b o —bt Wl —dar
pualicn ar thrical = re—— ——.

awll N
=

o
b
c

S A AT W AT

2(1) z

7T

_ 7ty

7
]
2‘3'4'1"2.; Za=1-20
e =

f the solutions ore Zpasbt2r ond 2. = |-
thea bre fockers /must be 2 -(1+2i) and z-(1-23)

2t 292 1's = (R0 T)E-(152Y)

(-1-2)(=2-1+2i)
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1.6.1 Geometry of Complex Numbers

Geometry of Complex Addition & Subtraction
What does addition look like on an Argand diagram?

+ |nCartesian form two complex numbers are added by adding thereal and imaginary parts
* When plotted on an Argand diagram the complex number z; + z» is the longer diagonal of
the parallelogram with vertices at the origin, z;, z; and z; + 2

Im /\
THE COMPLEX NUMBER
10 z +w |S REPRESENTED ON
AN ARGAND DIAGRAM AS
| THE DIAGONAL OF THE
T PARALLELOGRAM WITH
zl+ w7 & 7i VERTICES O, z,w AND z +w
5
W
=
0 5 10 15  Re

What does subtraction look like on an Argand diagram?

« |nCartesian form the difference of two complex numbers is found by subtracting the real
andimaginary parts

« \When plotted on an Argand diagram the complex number z; - z; is the shorterdiagonal of
the parallelogram with vertices atthe origin, z;, -z; andz; - z»
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lm/\

THE COMPLEX NUMBER

z —w |S REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
VERTICES z,-w AND z - w

.

—M 5 10 Re

REMEMBER TO PLOT THE POINT +#w BEFORE DRAWING THE PARALLELOGRAM

What are the geometrical representations of complexaddition and
subtraction?

« Letwbe agiven complex numberwith real part a andimaginary partb
o w=a+b

* Letzbeanycomplexnumberrepresented onan Argand diagram

* Addingwtozresultsinzbeing:

a
o Translated by vector (b)

* Subtractingwfromzresultsinzbeing:

o Translated by vector (- 4 )
-b

¢) ExamTip
' « Take extra care whenrepresenting a subtraction of a complex number
geometrically
o Remember that youranswerwill be a translation of the shorter diagonal of
the parallelogram made up by the two complex numbers

Www.exampaperspractice.co.uk
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*9 Worked Example
®

Considerthe complexnumbers zj=2 + 3iandz> = 3 - 2i.
On an Argand diagram represent the complex numbers z), 22, zj + zo and z; - z5.

Ficst find 2,42, and = -2 :

£, + By = {1*31) +(3-21) =5+

Z, -2, = (2+31)-(3-2i) =-1+5
Im
)
Z—22=-1+5i
_E‘Lx:'
-3
The

eomebricol  properties Con ‘o
Seen 'n\\j mdd}.nj n -z, =-3+2%
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

+ The geometrical effect of multiplying a complex number by a real number, a, willbe an
enlargement of the vector by scale factora
o Forpositive values of a the direction of the vectorwillnot change but the distance of
the point from the origin willincrease by scale factora
o Fornegativevalues of a the direction of the vectorwill change and the distance of the
point from the origin willincrease by scale factora
» The geometrical effect of dividing a complex number by a real number, a, willbe an
enlargement of the vectorby scale factor1/a
o Forpositivevalues of a the direction of the vector will not change but the distance of
the point from the origin willincrease by scale factor1/a
o Fornegativevalues of a the direction of the vectorwillchange and the distance of the
point from the origin willincrease by scale factor1/a
« The geometrical effect of multiplying a complex number by i will be a rotation of the vector
90° counter-clockwise
o i(x+yi)=-y+xi
+ The geometrical effect of multiplying a complexnumber by an imaginary number, ai, will be
arotation 90° counter-clockwise and an enlargement by scale factora
o ai(x+yi)=-ay+axi
+ The geometrical effect of multiplying or dividing a complex number by a complexnumber
willbe an enlargement and a rotation
o Thedirection of the vectorwillchange
= Theangleof rotationis the argument

o Thedistance of the point from the origin willchange
» Thescalefactoris the modulus

What does complex conjugation look like on an Argand diagram?

» The geometrical effect of plotting a complex conjugate on an Argand diagramis a
reflectionin thereal axis
o Thereal part of the complex number will stay the same and theimaginary part will
change sign

O Exam Tip
* Make sure yourememberthe transformations that different operations have on
complexnumbers, this could help you check your calculations in an exam
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Worked Example
Considerthecomplexnumberz=2-1.

On an Argand diagram represent the complex numbers z, 3z, iz, z* and zz*.

Fiest £ind 32, 12 and ="

z2=2-1

32 =3(2-1)= 4-3i

iz =i(2-i) = 2i-i* = 2i-(-1) = | +2i
2¥ = 2 4

z2* = (2-)24) =4-1* = 4-(-) =5

I
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1.6.2 Forms of Complex Numbers

Modulus-Argument (Polar) Form
How do | write a complex number in modulus-argument (polar) form?

» The Cartesianform of a complexnumber, z= x + 1y, is written in terms of its real part, x,
andits imaginary part, y
« Ifweletr=|z and @ =arg z, thenitis possible to write a complex number in terms of its
modulus, r, andits argument, #, called the modulus-argument (polar) form, given by...
o z=r{cos @ +isin 0)
o Thisis oftenwrittenasz=rcis ¢
o Thisis givenin the formula book under Modulus-argument (polar) form and exponential
(Euler) form
* |tisusualtogiveargumentsintherange—m < @ < mor) < @ <2m
o Negative arguments should be shown clearly

careion(F)eom(- ) e20(3)

= without simplifying cos( — ?H) to either cos(?n) or 3

* Thecomplex conjugate of rcis #is rcis (-8)
+ |facomplexnumberis giveninthe form z= I’(cos 0 —1sin 9),then itis notin modulus-
argument (polar) form due to the minus sign
o |tcanbeconverted by considering transformations of trigonometric functions
» —sind = sin(—@) and cos@ = cos(— 6)
o So z=r{cosf —isinf) = z=r{cos(—A) +isin(—0)) = rcis(-0)
+ Toconvert from modulus-argument (polar) form back to Cartesian form, evaluate the real
andimaginary parts

o Eg.z= 2((:05(— ?")+ isin(—?n)) becomes z= 2(% + i[—g))= 1-J3 i

How do | multiply complex numbers in modulus-argument (polar) form?

« Themain benefit of writing complex numbers in modulus-argument (polar) form is that they
multiply and divide very easily
+ Tomultiply two complex numbers in modulus-argument (polar) form we multiply their
moduli and add their arguments
° |25|=|4||2]
o arg(z,z)=arg z +arg z,
* Soifzy=ncis (0)) andzz =ro cis (02)
o z1Zz=Ir2 Cis () +02)
» Sometimes thenew argument, 6?' + ﬂz,does notlieintherange—m < @ < m(or
0 < 8 < 2m ifthisis beingused)
o Anout-of-range argument can be adjusted by either adding or subtracting 2 Tt
V4

2m n
° E.g.|f191=Tand€2= > then |5?I+.'532 ==
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o Thisis currentlynotintherange—m < @ < 1
Tm 5T
o Subtracting 2Tt from e togive —?,a new argumentis formed
s Thisliesinthe correctrange andrepresents the same angle on an Argand diagram
* Therules of multiplying the moduli and adding the arguments can also be applied when...

o ..multiplying three complex numbers together, z,z,z,,0rmore

o ..finding powers of a complex number (e.g. z2 can be written as zz)
» Therules for multiplication can be proved algebraically by multiplying zi=r;cis (8)) by zz =r2
cis (02), expanding the brackets and using compound angle formulae

How do | divide complex numbers in modulus-argument (polar) form?

« Todividetwo complex numbers in modulus-argument (polar) form, we divide their moduli
and subtract theirarguments

z, |zl|
o |—| = —
z, |22|
fz]\‘i
o arg|—— |=arg z, —arg z,
\% )
e Soifzy=rcis(6y)) andz; =ry cis(8;) then
2 h 9 -8
o — =— -
= (0 0)

+ Sometimes the new argument, 91 —Hz,canlieoutofthe range— 1 < 0 < m(ortherange

0 < @ < 2mifthisis beingused)
o You canadd orsubtract 2Tt to bring out-of-range arguments backinrange
« Therules fordivision can be proved algebraically by dividing z; = r; cis (6y) by z; =5 cis (85)
using complexdivision and the compound angle formulae

) ExamTip
-
» Rememberthatrcis #only refers to
o |fyouseeacomplex numberwrittenin the form thenyou

willneed to convertitto the correct form first
o Make sure you are confident with basic trig identities to help you do this
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Worked Example
. IR m\ .. (m

Letz =4,/2 cis ry and z, —ﬁ(cos(?)-lsm(i))

a)

Find z, z,, giving your answer in the form f{cos@ + isind) where0< <2
2z« 407 as(3F) , 2, = 8leos(-F) +isin(-3) = 2JZcis (-3
foe z,2,, mu.u,‘.P\:j the maduli ond odd e orgumenks .
2,2, = (417 cis(F) (2T cis(-3)

(+J2)(242) cis (B2 +(-%)

[
lbeis(B)

"

22 = lb(cos T + isin %)

b)
Z)
Find — .giving your answer in the form r{cos@ + isinf) where =t <0 < 1
2
For EZL divide the' meddli orid sulderack, Te orqumenks
‘ . f3n
2, 4T cis(Z) - ;_?E— cis(%_(--.}j)
Z2 2Z cis(-%)
z"’“‘\m
- ‘ZCI’S(STTL) & is nok in the

ronge -TeBET
S0 sulbrack 27T

ko 'bﬁr\a ik wko rorge

1]

Zcis (% = in‘.)

B L (con (51) ¢ isin (32)
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Exponential (Euler's) Form
How do we write a complex number in Euler's (exponential) form?

« Acomplexnumber can bewrittenin Euler's formas z= rel?
o This relates to the modulus-argument (polar) formas z= relf = rcis 0
o This shows a clearlink between exponential functions and trigonometric functions
o Thisis givenin the formula booklet under ‘Modulus-argument(polar) form and

exponential (Euler) form’

* Theargumentis normally givenintherange O <6 <2m
o Howeverin exponential form otherarguments can be used and the same convention

of adding or subtracting 2m can be applied

How do we multiply and divide complex numbers in Euler's form?
» Euler's form allows for quick and easy multiplication and division of complex numbers

i0 i0
. Ile=r]e 'andzz=rze 2then

] i{91+32}
o Zl X22 .rlf'ze

= Multiply the moduliand add the arguments

= Dividethe moduliand subtract the arguments
* Usingtheserules makes multiplying and dividing more than two complex numbers much

easierthanin Cartesianform
* When a complex numberis writtenin Euler's formitis easy toraise that complex numberto a

power
o Ifz=re'?, 22 =r¢?1% and z" = reni?

What are some common numbers in exponential form?

o« Ascos(2m) =1 andsin (2 7) =0 you can write:
o | =gl
* Usingthe sameidea you can write:
o 1= elJ:leri: e41ri=eﬁrri= eZR:rri
o wherekis anyinteger
s« Ascos(m)= —1 andsin(m) =0 you canwrite:
o M= —]
o Ormore commonly writtenas ei®™+ 1 =0
= This is known as Euler's identity and is considered by some mathematicians as the

most beautiful equation

« As cos(?ﬁ) =( and Sin(?n) =1 you can write:

=
o i=¢g?
Www.exampaperspractice.co.uk
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O Exam Tip
' + Euler's form allows foreasy manipulation of complex numbers,inanexamitis
often worth the time converting a complex numberinto Euler's form if further
calculations needto be carried out
o Familiarise yourself with which calculations are easierin which form, for
example multiplication and division are easiestin Euler's form but adding
andsubtracting are easiest in Cartesian form

9 Worked Example

°
m.
—1
Considerthe complexnumber z=2e¢ 3 . Calculate 22 giving youranswerin the

form reif.

TEN\2 . . Z(E i)
11=(2e3'> =(2e 'XZ&%JT) =lhe ®

muU:ipB the wmodule

oddhhe arguments

Www.exampaperspractice.co.uk
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Conversionof Forms

Converting from Cartesian form to modulus-argument (polar) formor
exponential (Euler's) form.

+ Toconvert from Cartesian formto modulus-argument (polar) form or exponential (Euler)

formuse
o r:lzlz',n’xz_‘_yl
* and
o f=argz

Converting from modulus-argument (polar) form or exponential (Euler's)
formto Cartesian form.

» Toconvert from modulus-argument(polar) form to Cartesian form
o Writez=r(cosf +isind)asz=rcoso +(rsing)i
o Findthevalues of the trigonometricratios rsiné andrcosé
= You may need to use your knowledge of trigexactvalues
o Rewrite asz=a+biwhere
» a=rcosbandb=rsind
« Toconvert from exponential (Euler's) form to Cartesian form first rewrite z=re" inthe formz
=rcosf +(rsind)i and then follow the steps above

@) ExamTip

- . . . 1
« \When converting from Cartesian forminto Polar or Euler's form, always leave

yourmodulus and argument as anexactvalue
o Roundingvalues too early may resultininaccuracies lateron
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*) Worked Example
. 2,

Two complex numbers are givenby z, = 2+2iand z,= 3e 3

a)
Write z, in the form ret?.

E, =2+
Find the modulus: 2] =J2*+2= = J8 =202
Drow o skekeh o help find the &rsqment:

Im
h
e ] i e ’=+D.ﬁ-.(%} = hn-.o)
.
&
e ; > Re
A
e—>

b)
Write z, in the form r{cos@ + isind) and then convert it to Cartesian form.

'?_.T‘-i
3

Il

3 (cos T + isin ZF
3(-z + i (§)

Z,= (-1 +V30)

2y = Be

i
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1.6.3 Applications of Complex Numbers

Frequency & Phase of Trig Functions
How are complex numbers and trig functionsrelated?

e Asinusoidalfunctionis of theform a sin(bx+c)
o arepresents theamplitude
o brepresents the period (also known as frequency)
o crepresents the phase shift
= Thefunction may be written a sin(bx + bc) = a sinb(x + c) where the phase shiftis
represented by bc
= Thiswillbe made clearinthe exam
* Whenwritten in modulus-argument form the imaginary part of a complex number relates
only to the sin part andthe real partrelates to the cos part
o This means that the complex number can be rewritten in Euler's form andrelates to the
sinusoidal functions as follows:
o asin(bx+c)=Im (ae®x+c)
o acos(bx+c)=Re(aelt*+)
* Complexnumbers are particularly usefulwhen working with electrical currents orvoltages
as thesefollow sinusoidal wave patterns
o ACvoltages maybegivenintheformV =asin(bt+c)orV=acos(bt+c)

How are complex numbers used to add two sinusoidal functions?

* Complexnumbers can help to add two sinusoidal functions if they have the same
frequency but different amplitudes and phase shifts
o e.g.2sin(3x+1) can be addedto 3sin(3x - 5) butnot 2sin(5x +1)
* Toaddasin(bx+c)todsin(bx+e)
o oracos(bx+c)todcos(bx+e)
« STEP1:Considerthe complex numbers z; = ael®*+¢ gnd z, = dellbx+e)
o Thenasin(bx +c) +dsin(bx +e)=Im(z;+22)
o QOracos(bx+c)+dcos(bx+e)=Re(z;+25)
o STEP 2:Factorisez; +z, = aeitx+c) 4 deilbx+€) = gibX(5e¢1 4 de®i)
« STEP 3:Convertae® +de® into a single complex numberin exponential form
o Youmay needto convertitinto Cartesian form first, simplify and then convertbackinto
exponential form
o Your GDC willbe able to do this quickly
s STEP 4. Simplify the whole term and use the rules of indices to collect the powers
s« STEP5: Convertinto polarformand take...
o only theimaginary part for sin
o oronly thereal part forcos
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O ExamTip

-
* Anexamquestioninvolving applications of complex numbers will often be
made up of various parts which build on each other
o Remembertolook backatyouranswers from previous question parts to

seeifthey can help you, especially when looking to convert from Euler's
formto a sinusoidal graph form

9 Worked Example
L

Two AC voltage sources are connectedinacircuit. If V, = 20sin(30f)and
V,= 30sin(30¢ + 5) find an expression for the total voltage in the form
V= Asin(30t+ B).

20sin(30t) + 30sin(30L+5)
L T

Frequencies ore thne
Seme S0 dhew can be  odded

130k H
STEP 1+ Lek 2, = 20e (30 }a.nﬂ._ 2y = SGE"[?'OID +5)

1n polar L 'imaﬁum-ﬂ parks owe He
ginuscidol funcbons we work do odd.
STER 21 Find 2, + 2,

B+, = Eﬂe_i (308) + 1(30% +5)

S0 e 2 +(3lcos(8)+ i sinlE)
= I|S|e_-,3'ﬁ"b'i {‘l + '5&5'} = 7.950.- 1.8%6. 1

STEP 3: Use GOC ko Find Z+%2e™ in Sulec’s form

- 10e%% (405 & ")

STEp 4 Use index lows ke Simplify .

‘lagt - 0P E,..
= il-ﬂ.EE,Ltsﬂ )
STEP 5: Convert to Polar formm
= 40.5( cos [g.at -o7ea.) +1 Sin(2ot - u_“q...‘})

The i-‘".mjunmr:} port is the Soluben

V = 40.5sin(30t - 0:390)
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1.7.1 Introduction to Matrices

Introductionto Matrices

Matrices are a usefulway torepresent and manipulate data in order to model situations. The
elements ina matrix can represent data, equations or systems and have many real-life
applications.

What are matrices?

« Amatrixis a rectangular array of elements (numerical or algebraic) that are arrangedin
rows and columns
» Theorder of amatrixis defined by the number of rows and columns thatit has
o The orderof amatrixwith m rows and nn columnsis mx n
» Amatrix A canbedefinedby A = {3_-'_;') wherer=1,2,3,...,, mandj=1, 2,3, ..., nand a”_

refers to the elementin row I, column j

b i v, 8= 1

—

8 -
‘_'["'Jj'{“zl 822 anal [ s

What type of matrices are there?
« Acolumnmatrix(or column vector) is a matrix with a single column, n= 1
« Arowmatrixis a matrix with a singlerow, m=1
« Asquarematrixis oneinwhich the number of rows is equal to the number of columns,
m=n
» Twomatrices are equal when they are of the same order and their corresponding
elements areequal, i.e. a,j = bﬁfor allelements

00
+ Theidentity matrix, I, is a square matrixin which all elements along the leading diagonal are

00
« Azeromatrix, O,is a matrixin which allthe elements are0,e.g. 0= (

10
1 aﬂdthEIEStare[}.e.g.I=[0 | )

O ExamTip

-
» Make surethatyou know how to enterand store a matrixon your GDC
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*9 Worked Example

5 =37)

Let th trix A=
et the matrix (—l 5 4J

a)
Write down the orderof A.

A s a 2x3 Matrix

o)

Statethevalue of 32 .

A = 4

wWww.exampaperspractice.co.uk
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1.7.2 Operations with Matrices

Matrix Addition & Subtraction

Just as with ordinary numbers, matrices can be added togetherand subtracted from one
another, provided that they meet certain conditions.

How is addition and subtraction performed with matrices?

« Twomatrices of the same order can be added orsubtracted
+ Only corresponding elements of the two matrices are added orsubtracted

o A+B= (ag) + (bg) = (ay. + bf__f_)
» Theresultant matrixis of the same order as the original matrices being added or
subtracted

What are the properties of matrix addition and subtraction?

« A+ B= B+ A(commutative)
A+(B+C)=(A+ B)+ C(associative)
A+0=A

O-A=-A

A-B=A+(-B)

@ Exam Tip
- » Make sure that you know how to add and subtract matrices on your GDC for
speed or for checkingwork in an exam!
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9 Worked Example

-4 2 2 6
Considerthematrices A={ 7 3 [ B=| 5 -9 |
1 -5 -2 -3

a)

Find A+ B.

-4 2 2 6 -6 -4
A-G = 7 3 - s -9 = 2 12
| -5 -1 3 -2
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Matrix Multiplication

Matrices can also be multiplied either by a scalar or by another matrix.

How do | multiply a matrix by a scalar?

« Multiply each elementin the matrix by the scalar value
o kA ={kag‘)

» Theresultant matrixis of the same order as the original matrix
» Multiplication by a negative scalar changes the sign of each elementin the matrix

How do | multiply a matrix by another matrix?

» Tomultiply a matrix by another matrix, the number of columns in the first matrix must be
equal to the number of rows in the second matrix

« |fthe order of the first matrixis m X n and the order of the second matrixis n X p, then the
order of the resultant matrix willbe m X p

» Theproduct of two matrices is found by multiplying the corresponding elements in the row
of the first matrix with the corresponding elements in the column of the second matrix and
finding the sumto placein the resultant matrix

h
E |1’.A._|-§j b c-|B_ ig ]
= Ldef] kJ:'

[ (ag + bi + ck) (ah + bj + cl)
| (dg+ ei + fk) (dh+ef + ﬁ)]
-(ga+ hd) (gb+ he) (gc+ hf)
« then BA=| (ia+jd) (ib+je) (ic+jf)
| (ka+1d) (kb+1le) (kc+If)

= then AB=

How do | square an expression involving matrices?

* |fanexpressioninvolving matrices is squared then you are multiplying the expression by
itself, sowriteit outin bracket formfirst,e.g. (A + B)? =(A + B)(A + B)
o remember, theregularrules of algebra do not apply here and you cannot expand these
brackets, instead, add togetherthe matrices inside the brackets and then multiply the
matrices together

What are the properties of matrix multiplication?

« AB# BA (non-commutative)

A(BC)=(AB)C (associative)

A(B+ C) = AB+ AC (distributive)

(A+ B)C= AC + BC (distributive)

Al=IA = A identitylaw)

AO= OA = 0,where Ois a zero matrix

Powers of squarematrices: A2= AA, A3= AAA etc.

L ]
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@ Exam Tip
* + Make surethat you are clear on the properties of matrix algebra and show each
step of your calculations
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Worked Example
4 2 =5 51
Considerthematrices A=| -3 8 1 |andB=|-25
-1 -2 2 9 7
a)
Find AB.

& 1L -5 5 |
AR = [-3 8 | ¥ |-2 §
-1 -2 12 9 7

G x4 lx-2+'5x‘i) (hxi+ 1x5+-5n]
= [(-3xS+ 8x -2 + b x9) (3 + 8x5 + Ix7)
A xS+-2x-2 + 2x49) (-Ix) +'?.xS+1.x_.l')

((10—4—45) (4+lo—3s))
= (-I15-16 +4) (-3+40+77)

(-S+4+18) (-1-10+14)
-29 =21
AG = [ -22 44
(N 3
b)

Explain why you cannot find BA.

BA connol b2 fourd becowse the nomber
of himns in & is different to the nonber
of rows in A

c)
Find A2.

) & 2 -5 4 2 -5\ f& 2 -5
=3 D= =8 g K=y B 0
-2 2 “t -2 2/\1 2 2

(x4 + 2473 + -5x-1) (4x2 + 238 + =x-2)  (4x-5 + 2x1 + -s,xz))

(3x4 + 823+ Ix-1) f—5;2+3x3 + i x-2) (F3x-5 + 821 + 1x2)
“lxl + ~1x=3+ 2x-1) (1x2 +-2x8 +2x-2) (Ix-5+-2xl + 2x2)

IS 34 =28
-31 se 25
0 -22 1

=
W
1l
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1.7.3 Determinants & Inverses

Determinants

Whatis a determinant?

The determinant is a numerical value (positive or negative) calculated from the elements in
amatrixandis usedto findtheinverse of a matrix

You can only find the determinant of a square matrix

The method for finding the determinant of a 2 X 2 matrixis given in your formula booklet:

( ab)
A= 1=det A=|A|=ad-bc
\caj
You only need to be able to find the determinant of a2 X 2 matrix by hand
o Forlargern X 1 matrices you are expected touse your GDC
The determinant of an identity matrixis det (D =1
The determinant of a zero matrixis det (O) =0
When finding the dexterminant of a multiple of a matrix orthe product of two matrices:
o det(kA)=k? et (A)(fora2 x 2 matrix)
o det(AB)=de:(A) x det (B)
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> Worked Example
L

3 =6
Considerthe matrix A = (p 7 ] where p € R is a constant.

a)
Giventhatdet A= —3, findthevalueof p.
DI’."IL‘TITIIF\DI‘ItﬂfG:-: r‘,|__|.‘[J h‘i = dﬂA—ln"l"m’_h'
matrix e o)
det A = 3x7 - -bxp = 2l + 6p
Se, ~3 =2] + 6p
—2# = ‘JP
P="4
b)

Find the determinantof 4 A,

det(4A) = 4*x -3 = [~ 48
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Inverse Matrices
How do | find the inverse of a matrix?

* Thedeterminant can beusedtofind outif a matrixis invertible ornot:
o Ifdet A#0,then Aisinvertible
o Ifdet A=0,then Aissingularanddoes nothaveaninverse
» Themethod forfinding the inverse of a 2 X 2 matrix is given in your formula booklet:

Ae ab) 1o 1 d -b) e
_cd)= T detAl —¢ aJ’a;ﬁc

« Youonly needtobe abletofindtheinverse of a2 X 2 matrix by hand
o Forlargern X n matrices you are expectedto use your GDC

« Theinverse of a square matrix Aisthe matrix A~! such that the product of these matrices
is anidentity matrix, AA"1=A"1A=1
o As aresult of this property:
» AB=C= B=A""'C (pre-multiplyingby A~!)
» BA=C= B=CA"! (post-multiplyingby A1)
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9 Worked Example

L ]
Considerthe matrices P 4_210 k6 ar="218) wherek
onsiderthe matrices = , = an = wWherekxKisa
8 2 )< (-53) 6 54

constant.
a)
Find P!,

Determinant of 0 2x 2 ,|=|{a b]::ude‘[)‘=|/l|=ad—f}c

matrix weod,

Inverse of a 2= 2 matrix ,-1=||Jﬂ h}_;. o L (d h\|.ud#h¢-

\e d) detA| - a)

p- = \ (1 z)
ex2-(-2)x8 \-8 &

l(lz
24 \-3 4

-
"
)
]
wl- 5l
ol 5l-
S—

b)
Giventhat PQ= R find thevalueof k.

PFG=R = @=F'R
CGHNES

(fs i)=($*l3++ﬂ€) (Fxisa .-'1:54))
)

'5“)]3+ 5’)(6) (j‘klﬁ"‘ l-:valy)

k=2
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1.7.4 Solving Systems of Linear Equations with Matrices

Solving Systems of Linear Equations with Matrices

Matrices are usedin a huge variety of applications within engineering, computing and business.
They are particularly useful forencrypting data and forecasting from given data. Using matrices
allows for much larger and more complex systems of linear equations to be solved easily.

How do you set up a system of linear equations using matrices?

« Alinearequation can be written in the form Ax = b, where A is a matrix

» Notethatforasystem of linearequations to have a unique sclution, the matrix must be
invertible and therefore must be a square matrix

o Inexams, only invertible matrices willbe given (except when solving for eigenvectors)

« Youshould be able to use matrices to solve a system of up to twolinear equations both
with and without your GDC

* Youshouldbe able to use a mixture of matrices andtechnology to solve a system ofup to
threelinearequations

How do you solve a system of linear equations with matrices?
» STEPI
Write the information in a matrix equation, e.g. fora system of three linear equations
X
A| y |= B, wheretheentries into matrix.A are the coefficients of X, ¥ and Zand matrix B
z
is a column matrix
« STEP2
X
Re-write the equation usingtheinverseof A,| y |=A~!B
zZ

» STEP3
Evaluate theright-hand side to find the values of the unknown variables x, y and z

O Exam Tip
-
» |fyou are askedto solve a system of linearequations by handyou can check
yourwork afterwards by solving the same question on your GDC
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9 Worked Example
° 2)
Write the system of equations

x+3y—z= -3
2x+2y+2z=2
3x—y+2z=1

in matrix form.

SHONG

Hence solve the simultaneous linearequations.
Re-wnbte bae P.;Iluc._i:.'eﬁ in part a) "";""j,

.
ra

s gour DL t= [d A

HML ;-rw'l‘fu. ML:-LT ;Jl

4L)

||r fl |w‘_f-' R T

= Hj =
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1.8.1 Eigenvalues & Eigenvectors

Characteristic Polynomials

Eigenvalues and eigenvectors are properties of square matrices and areusedin a lot of real-life
applications including geometrical transformations and probability scenarios. In order to find
these eigenvalues and eigenvectors, the characteristic polynomial fora matrix must be found
andsolved.

What s a characteristic polynomial?

« Foramatrix A, if Ax=AXxwhen Xis anon-zerovectorand 4 a constant, then A is an
eigenvalue of the matrix A and X is its corresponding eigenvector

o IfAx=Ax=(AI-A)x=0or(A-AI)x=0andforx tobeanon-zerovector,
det (AI- A)=0

« Thecharacteristic polynomial of an n X n matrixis:

p(A) =det (AI- A)

« Inthis course you willonly be expected to find the characteristic equation fora 2 X 2 matrix
andthis willalways bhea quadratic

How do | find the characteristic polynomial?

« STEPI

Write AT— A, remzambering that the identity matrix must be of the same orderas A
e STEP2

Find the determinant of AT — A using the formula given to you in the formula booklet

det A=|A| =ad- bc
« STEP3

Re-write as a polynomial

¢) ExamTip

- . . .
« Youneedtorememberthe characteristic equationas itis not givenin the
formula booklet

wWww.exampaperspractice.co.uk
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7 Worked Example
o

Find the characteristic polynomial of the following matrix

54)
= |
A(“)_

p{,\\) = det (.ki -A)

(G (6Y)

Determina 1t of a 2x2
miatrix

a )
A= = detd=|A|=ad -hbe
le o '

(A=5)(A-) - (-4)(-3)

= AP-5h-A+5 -2

p(h)

A -6k -7
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Eigenvalues & Eigenvectors

How do you find the eigenvalues of a matrix?

The eigenvalues of matrix A are found by solving the characteristic polynomial of the
matrix
Forthis course, as the characteristic polynomial will always be a quadratic, the polynomial
will always generate one of the following:

o tworeal and distinct eigenvalues,

o onereal repeated eigenvalue or

o complexeigenvalues

How do you find the eigenvectors of a matrix?

Avalue for x that satisfies the equation is an eigenvector of matrix A

Any scalarmultiple of X will also satisfy the equation and therefore there an infinite number
of eigenvectors that correspond to a particular eigenvalue
STEP1

X
Wirite x=( )
¥

STEP 2

Substitute the eigenvalues into the equation (AI— A)x=0,andform two equations in
terms of x and y

STEP 3

There will be an infinite number of solutions to the equations, s@ choose one by lettingone
of the variables be equalto 1 andusingthat to find the othervariable

¢) ExamTip

* Youcandoa quick check to on your calculated eigenvalues as the values along
theleading diagonal of the matrix you are analysing should sumto the total of
the eigenvalues forthe matrix
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*> Worked Example
5

Find the eigenvalues and associated eigenvectors for the following matrices.

a)

A{jﬂ.

Solve the charackerisbic polynomial tu find Hoa s luds

p(.u’i] N l" -6l-1 TR From esvied rample
aheve w Charscherisbic

(- D(A+1) Pelygrandals

Uhse the e'-_t'tnualus i e Q:lunl'l'nq {,\I—ﬁ) x=0 & [d
the eipnvectors

e (s of=fa ) (=)=(5)
96 OELEE)
C06=6)

11-4-:1;“.‘ }

1w = %
'lxt£j=o 3

FA S W RS S AS & TR B R NS

Tha Eiogn vector assctiabed wibh A=T7 s any

multiple of (f)

waete (10 oY-(s 9) (<) ()
RHEEREEA
G9G)-6)

“6x ~4y= 0

FT
‘3.1:—15:0} y=-dx

Tha e.‘rvzr_tw assocated wabh Asm =1 i3 any
mulbiple u{- J‘)
P (_3

Www.exampaperspractice.co.uk



EXAM PAPERS PRACTICE

Fird the characteristic  polynomial

p(A) = det (;-n s )

-2 A-3
= (A-1)(A-3) - (5)(2)
=AY - Ah-A+3 00

p(A) = A'=4A +13

Sclve the clarackerisbc Pglujmﬂ;q_i bk [ bee e_.ig,...uulu_s
% M OF  WSng tk: CLD:.

p(A) = A*=4A=+13 = o

fﬁ-l‘)l'q--rl.?.: [#]

(r-2'=-19
A=2:f9
A= 2130

Use the eigenvalues in the equation (AI-A) x=0 & fd
the eigpnvectors

for A= 2¢3, =» (mm d ?)_(L'i))(:)(f)
Co 2FENG)6)
(LRERC)

{'I+3.}|x +5;i =0
“lx + F1+Bly =0

Eoth, eq_qnﬁcnl o b

}v?..:’. - {‘l-r]i-}'j St il mad ey

Tha g.‘,:nvuhw ossociaked oibh A=2 +3L i3 any
mulbiple "l“'3;-
ple of ( : )

abe il v B 0 (5 [T
x50 GNG)
2500

(1-3)= +r34 =0
-1x +lf—l—i:|5! o

L}
——
(=3 -
—

Both, thens Coun bt

b ax = (1-30)y M et

The ::‘rvtd‘w associaked wibh A= 2 -3 i3 any
rmul Eiple of (-l-&i)
i
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1.8.2 Applications of Matrices

Diagonalisation
What is matrix diagonalisation?

« Anon-zero, square matrixis considered to be diagonal if all elements not alongits leading
diagonal are zero

Amatrix P can be said to diagonalise matrix M, if D is a diagonal matrix where D= P~ MP
If matrix Mhas eigenvalues A] , 12 and eigenvectors X , X,andis diagonisable by P, then

o P= (x] x;_), where the first column is the eigenvector X, andthe secondcolumnis the

eigenvector X,
;Ll 0
o D=
0 Az

You will only need to be able to diagonalise 2 X 2 matrices
You will only need to consider matrices with real, distinct eigenvalues
o Ifthereis only one eigenvalue, the matrixis eitheralready diagonalised orcannot be
diagonalised
o Diagonalisation of matrices with complex orimaginary eigenvalues is outside the

scope of the course

O Exam Tip
L _J
» Remembertousethe formula booklet forthe determinant andinverseofa
matrix
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* Worked Example
¢ 5 4
31

2 2 ,
x= 1 and X, = -3 respectively.

Show that PI = (xl “2) and P2 - (xzxi) both diagonalise M.

Thematrix M= [ ] has the eigenvalues AI =7 and 12 = — | with eigenvectors

Show that P'nP produces a dingeral mabnx

) fa &Y ; d =h
Inverse of a 2 x 2 matrix A=| l|IJ = A =—— , aed # be
hC ¢ -

. D - Diaﬁc-uJ raban of

T (1 0)‘-; eiqmmvalias

s 115 H oY
16 k)
222
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Matrix Powers

One of the main applications of diagonalising a matrixis to make it easy to find powers of the
matrix, which is usefulwhen modelling transient situations such as the movement of
populations between two towns.

How can the diagonalised matrix be used to find higher powers of the
original matrix?

« Theequation to find the diagonalised matrix can bere-arranged for M
D=P'MP= M=PDP!

* Finding higher powers of a matrixwhenitis diagonalisedis straight forward:

a0\ 3“0\}
0b) (0 )

» Therefore, we can easily find higher powers of the matrix using the power formula fora
matrix foundin the formula booklet:

M" = PD"P-!
¢) ExamTip
- + |fyou are asked to show this by hand, don’t forget touse your GDC to check
your answer afterwards!

WWwWw.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Worked Example
3 =2

The matrix M= _4 1 has the eigenvalues 4, = —1 and 4, =5 with

1 |
eigenvectors X, = ( ’ ] andXx, = ( -1 ] respectively.

a)
Show that M" can be expressed as

1[(—{—1)ﬂ—2(5}ﬂ) (-(—1)"+(5)ﬂ)]

M= =3 (2= 1)n42(5)) (=2(=1)2 = (5)n)

Firdd D, Pard P°*
D= (—| o) F= (I 1) = pP'= -1_(4 -n)
05 | 3L

Use bhe mabnx poser F\:I'mul.hﬂ {-’a.n— the furu...ula beoklek

Power formula for M= PD P £ is the motrix of eigenvectors and P
a matrix — is.the diagonal matrix of eigenvalues

PRI(EY
=5()GE )

" = _L(H-I}"— 2(s)")  (-(0"+ (s)) )
sNFaer+2(s)y) (200 -(3))

b)
Hence find M>.

'S.p.'gs,b'l;u ke n=5

M* = - L({-(—l)’ -2(8)) (-1« E)’)j
3 (-2¢-0*+ 2(5)°) (2(-1)* - (5))

=-l_(-61-'ﬁ 3|z¢)
3 \e2sz -3123

MS = ( 2083 —qu]
-208G 104
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