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2.1.1 Equations of a Straight Line

Equations of a Straight Line
How do | find the gradient of a straight line?

* Findtwo points that the line passes through with coordinates (x;, y;) and (x2, y2)
» The gradient between these two points is calculated by

_NTh

X=X

m

o Thisis givenin the formula booklet
» Thegradient of a straight line measures its slope
o Alinewith gradient 1willgo up Tunit forevery unit it goes to the right
o Alinewith gradient -2 will go down two units for every unit it goes to theright

What are the equations of a straight line?
s y=mx+c¢
o Thisis the gradient-intercept form
o ltclearly shows the gradientm andthe y-intercept (O, )
© Y-y =mx-x)
o Thisis the point-gradient form
o |tclearly shows the gradient m anda point on theline(x;, y;)
e ax+by+d=0
o Thisis the general form

)

d d
o You can quickly get the x-intercept (— L U) andy-intercept (‘D, - E}
How do| find an equation of a straight line?
+ Youwillneedthe gradient
o Ifyou are given two points then first find the gradient
* |tis easiesttostart with the point-gradient form
o thenrearrangeintowhateverformis required
= multiplying both sides by any denominators will getrid of fractions
« You cancheck youranswer by usingyourGDC
o Graphyouranswerand check it goes through the point(s)

o |fyou havetwo points thenyou can enter thesein the statistics mode and find the
regressionline y=ax+b

Www.exampaperspractice.co.uk
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O ExamTip
- » Asketch of the graph of the straight line(s) can be helpful, even if not demanded
by the question

o Useyour GDC to plot them

* Ensureyou state equations of straightlines in the format required
o Usually or

o Checkwhether coefficients needto be integers (they usually are for
)

‘, Worked Example
®  Theline I passes through the points (=2, 5) and (6, —7).

Findthe equationof [, givingyouranswerinthe form ax + by + d=0where a, b
and careintegers to be found.

F’mr;l The tamc;heﬁf lf)e‘fweaﬂ {'LE‘) and “9,‘}\)

Formula booklet

¥s — ¥
ms= . Gradient formula m=21—-L

b -1 2 5o

Use Jrhe po'1n+-%mdi&n+ {Drmuqﬂ

Equations of a straight Y-y, =n(x=%)
Formu'a booklef line I |

[\‘I--lﬁ-‘ ) (_215) m= - 12
g-5°-3 (x-2) " Simplify

ﬁ—5=-i(x11\l

! It b omi 1
%®PMm{H“%aﬁmwN
25 '[D = "31 _'E ‘j’ll Expmd

31 : 1:1 _ L, ) 0 ‘ R'Eﬂ.rmnﬂﬂ
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Parallel Lines
How are the equations of parallel lines connected?

* Parallellines are always equidistant meaning they neverintersect
* Parallellines have the same gradient
o [fthe gradient of line lis myand gradient of line l;is m;then...

= m =m,=1 &I, are parallel

» [, &1, are parallel = m =m,

« Todetermineif twolines are parallel:
o Rearrangeinto the gradient-interceptform y=mx+ ¢
o Comparethe coefficients of x
o |ftheyareequalthenthelines are parallel

Ny
y=m2x+c
-~
/ 0 X
m,=m,
PARALLEL LINES

wWww.exampaperspractice.co.uk
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*> Worked Example

Theline I passes through the point (4,-1) andis parallel to theline with equation
2x-5y=3.

Find the equation of [, givingyouranswerinthe form y= mx+ c.

Reurran%e into ysmax tc To {;lnd the %rudierﬂ’
53: 2x-3 = 4 %1 - ; ﬂmdiﬂn‘i‘ = g
Porallel lines = m, = m,

m: <

Use the Pmni‘—%mdiem‘ fomulq

Formu.lq bu{]Hgf ﬁ;{:ations of a straight Y=y =m(x-x)

b‘:“"ﬂl): (""I'I) m = E

L,d*r'l'—%[.x.*ir)
o ot g
YEXANT P32
N
3 5% 7S

Www.exampaperspractice.co.uk
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PerpendicularLines
How are the equations of perpendicular lines connected?

« Perpendicularlinesintersectatright angles
+ Thegradients of two perpendicularlines are negative reciprocals
o Ifthe gradient of line ljis myand gradient of line lzis mythen...

= m xm,=-1= 1] &I, areperpendicular

= [ &I, areperpendicular = m xm, = -1

« Todetermineif two lines are perpendicular:
o Rearrangeinto the gradient-interceptform y=mx+ ¢
o Comparethe coefficients of x
o Iftheirproductis -1then they are perpendicular
« Be carefulwith horizontal andverticallines
o x=pand y=q areperpendicularwhere pandq are constants

A
y=mx+cC
/ e
0 “X
= +
y=myx+cC m, <, = 4
PERPENDICULAR LINES

Www.exampaperspractice.co.uk
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*> Worked Example

°
Theline 11 is given by the equation 3x—5y=7.
. - . 1 5
Theline 1'2 is given by the equation y = 1 EX'

Determine whether "l and }2 are perpendicular. Give a reason foryouranswer.

Re_arruncja [, into y=mx +c form

Sy:3x-3 o y- g5
Idenh’rﬂ aradienﬁ
m,= % m, - - g
mxm, =-1 => Perpend i wlarylines

L, ond l, are perpendicdm as Mpyxm,=-l

Www.exampaperspractice.co.uk
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2.2.1 Functions

Language of Functions
What is a mapping?
+ Amapping transforms one set of values (inputs) into another set of values (outputs)
* Mappings canbe:

o One-to-one
= Eachinput gets mappedto exactly oneunique output
= Notwoinputs are mappedtothe same output
= Forexample: Amapping that cubes the input

o Many-to-one
= Eachinput gets mappedto exactly one output
= Multipleinputs can be mapped to the same output
= Forexample: Amappingthat squares theinput

o One-to-many
= Aninputcan bemappedtomore than one output
s Notwoinputs are mappedto the same output
= Forexample: Amapping that gives the numbers which when squared equal the

input

o Many-to-many
= Aninput can be mappedtomore than one output
= Multipleinputs can be mapped to the same output
= Forexample: Amapping that gives the factors of the input

MAPPING |
INPUT .. | QUTPUT

Whatis a function?

+ Afunctionis a mapping between two sets of numbers where eachinput gets mappedto
exactly one output
o Theoutput does not needto be unique

+ One-to-oneand many-to-one mappings are functions
* Amappingis afunctionifits graph passes the vertical line test
o Anyvertical line willintersect with the graph at most once

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

~ .

f 1 _"'--3-@'- ﬁ - ffa\'u
[ no '...' | | N = Ii U
P | P T

| =
L-"| — K P U | 3 |
T _ | ‘r | 'I-II
I"-. _— —— -t'r }I R I"-L__T___J'I
MANY —TO —ONE HA‘P‘P‘-HGS_| ONE—-TO—-ONE  MAPPINGS
ARE FUNCTIONS | ARE FUNCTIONS |

What notationis used for functions?

+ Functions are denoted usingletters (suchas f, v, g, etc)
o Afunctionis followed by a variable in a bracket
o This shows the input for the function
o Theletter fis used mostcommonly for functions and will be used for the remainder of
this revision note
f(x) represents an expression forthe value of the function fwhen evaluatedforthe
variable x
* Functionnotation gets rid of the need for words which makes it universal
o f=5when x=2 cansimply bewrittenas £(2) =

What are the domain and range of a function?

» Thedomainof a functionis the set of values that are used as inputs
+ Adomain should be stated with a function
o |fadomainis notstatedthenitis assumedthedomainis all the real values which would
work as inputs for the function
o Domains are expressedin terms of theinput
m o x<2
+ Therangeof afunctionis the set of values that are given as outputs
o Therangedepends on the domain
o Ranges are expressed in terms of the output
f(x) =0
« Tographafunction we usetheinputs as the x-coordinates and the outputs as the y-
coordinates
f(2) =5 corresponds to the coordinates (2, 5)
* Graphingthefunction can helpyouvisualisetherange
*» Common sets of numbers have special symbols:
o [ represents alltherealnumbers that can be placed on a numberline
= X €ER means xis arealnumber
o @ represents allthe rational numbers %where gandbareintegersandbz0
o 7 represents alltheintegers (positive, negative and zero)
» Z7 represents positive integers
o N represents the naturalnumbers (0,1,2,3...)

Www.exampaperspractice.co.uk
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N

NATURAL
NUMBERS
Ehgerh, SR v

VA

INTEGERS
E bl

¢) ExamTip
- * Questions may referto "the IargeE omain”
o This wouldusually be unless natural numbers, integers or quotients
has already been stated

o There are usually some exceptions

= eg. ./ forfunctionsinvolvingasquareroot(so the functioncanbe

I-to-1and have aninverse)
= e.g. forareciprocal function with denominator x-2

Www.exampaperspractice.co.uk
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*> Worked Example

H
Forthefunction flx)=x3+1, 2<x<10:

a)
write down thevalue of (7).

Suhsh’ru*re xzt
B3 = ¥+

f(3)- 3uk

b)
findtherange of f(x)

Find the volues of 23+ when 2¢x<10
Lsx <|0

b < x* < 000

9 ¢ 2+l €100I

9 < {(x) <100l

Www.exampaperspractice.co.uk
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Piecewise Functions

What are piecewise functions?
+ Piecewise functions are defined by different functions depending on which interval the
inputisin
x+1 x<5
E.g. =
° Bg fl0) {2;:—4 5<x<10

« Theregion fortheindividual functions cannot overlap

» Toevaluate a piecewise function for a particularvalue x =k
o Findwhichintervalincludes k
o Substitute x = kintothe corresponding function

9 Worked Example

Forthe piecewise function

2x-5 -10<x<10
ﬂ{x)=[

3x+1 x>10

a)
findthevalues of (0), f{10), {20).

Herﬁﬁg the et fundhion to use

x=0 is n -lpexeld = flo):=20)-5 =-5
x:10 s n -lIDexeld > FU0) - 2m)-5 =715
x=0 is w x>0 > f(0): 3(w0)+| = 6|

f0):-S flo):15  f(20) =6

i

b)
statethedomain.

Doman  is the set of inputs
0<cx¢lD gnd x 21D

x>-10

Www.exampaperspractice.co.uk
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2.2.2 Graphing Functions

Graphing Functions
How dol graph the functiony = f(x)?
« Apoint (a, b) liesonthegraph y=f(x)if fla)=b
» Thehorizontal axis is used forthe domain
* Thevertical axis is usedfortherange
» Youwillbe ableto graph some functions by hand
» Forsome functions you willneedto useyour GDC
* Youmight be askedtograph the sum ordifference of two functions
o UseyourGDCtograph y= f(x) + g(x) or y=f(x) - g(x)
o Justtypethefunctionsinto the graphing mode

What isthe difference between “draw” and “sketch”?

» |faskedtosketch you should:
o Show the generalshape
o Labelany key points such as theintersections with the axes
o Labelthe axes
» |faskedtodraw you should:
o Useapencilandruler
o Drawtoscale
o Plotany points accurately
& Join points with a straightline orsmooth curve
o Labelanykey points such as theintersections with the axes
o Labeltheaxes

How can my GDC help me sketch/draw a graph?

» Youuseyour GDC toplotthe graph

o Checkthescales onthe graph to make sureyou see the full shape
» UseyourGDC tofindany key points
* UseyourGDC to check specific points to help you plot the graph

Www.exampaperspractice.co.uk
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Key Features of Graphs

What are the key features of graphs?
* Youshould be familiar with the following key features and know how to use your GDC to fins
them
« | ocalminimums/maximums
o These are points where the graph has a minimum/maximum for a small region
o They are also called turning points
= Thisis wherethe graph changes its direction between upwards and downwards
directions
e Agraph canhave multiple local minimums/maximums
o Alocal minimum/maximum is not necessarily the minimum/maximum of the whole
graph
» This would be called the global minimum/maximum

o Forquadratic graphs the minimum/maximum is called the vertex
* Intercepts

o y-intercepts arewhere the graph crosses the y-axis
s Atthesepointsx=0
o X-intercepts are where the graph crosses the x-axis
» Atthesepointsy=0
» These points are also called the zeros of the function orroots of the equation
» Symmetry
o Some graphs havelines of symmetry
» Aquadratic willhave averticalline of symmetry
» Asymptotes
o These arelines which the graph will getcloserto but not cross
o These canbehorizontal orvertical

= Exponential graphs have horizontal asymptotes

» Graphs of variables which vary inversely can have vertical and horizontal
asymptotes

Www.exampaperspractice.co.uk
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A
TURNING POINTS y="*fx)
SMOOTH
CURVE
S
X
y—AXIS
INTERCEPT
x—AXIS
INTERCEPTS
O ExamTip
* * Most GDC makes/modelswillnot plot/show asymptotesjust frominputting a

function
o Addthe asymptotes as additional graphs foryour GDC to plot
o You can then check the equations of your asymptotes visually
o You may havetozoomin orchange the viewing window options to confirm
anasymptote
» Evenifusingyour GDC to plot graphs and solve problems sketching them as
part of yourworking is good exam technigque
o Labelthe key features of the graph and anything elserelevant to the
question on your sketch

Www.exampaperspractice.co.uk
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*> Worked Example

Two functions are defined by

I
=yl _ — = -
fx)=x2-4x-5and g(x) 24 e

a)
Draw the graph y = f(x).

Draw means accura’ra\ﬂ

Use GDC fo find vertex, roots and y-infercepts
Vertex = (2, -9)

Roots = (-1,0) and (5,0)

u-inferceot = (0.-5)

(_5: .1,1"-\-1 '5

b)
Sketchthe graph y = g(x).

Www.exampaperspractice.co.uk
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dketch means mugh but showing key points
Use GDC to find x and %-anrerLthfs and asymptotes
X-intercept * ("%.0)

ld-mTEr(ep* = (0,3)

Asamp‘ro’re5= x:-| and 3*-1

Www.exampaperspractice.co.uk
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Intersecting Graphs
How do | fiind where two graphsintersect?

* Plotboth graphs onyour GDC
« Usetheintersect functiontofind theintersections
+ Checkifthereis morethan one point of intersection

¥,
\ 2x=-y=3

=M

AN

x+y=7

s LINES INTERSECT AT (21
* SOLVING 2x—y=3 AND 3x+y=7
SIMULTANEQUSLY 15 x=2, y=1

How canluse graphsto solve equations?

« Onemethodto solve equationsis tousegraphs
 Tosolve f(x)=a
o Plotthetwographs y = f(x) and y=aonyourGDC
o Findthe points of intersections
o The x-coordinates are the solutions of the equation
« Tosolve flx)=g(x)
o Plotthetwographs y= f(x)and y= g(x) onyourGDC
o Findthepoints of intersections
o The x-coordinates are the solutions of the equation
* Usinggraphs makes it easierto see how many solutions an equation willhave

¢) ExamTip

- ,
* Youcanusegraphs to solve equations

o Questions willnot necessarily ask for a drawing/sketch ormake reference
tographs

o UseyourGDC to plotthe equations and find the intersections between the
graphs

Www.exampaperspractice.co.uk
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* Worked Example

o
Two functions are defined by

4
f(x)=x3-xand g{x)=;.
a)

Sketch the graph y= f(x)
Use GDC 1o find max,min, intercepts

(-0.5%3 D.335)

(1,0)

(0.5%3,-0335)

b)
Write down the number of real solutions to the equation x> —x=2.

\deatify the number” of infersections between
Lj:a(.s-l. ﬂﬂd L:fl
i
Y=L =L

=7
o= g intersection

~0385

1 Sﬂlufiun

C)
Find the coordinates of the points where y = f(x) and y= g{x} intersect.

Www.exampaperspractice.co.uk
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Use GDC 1o sketch both g‘mphs

4: x*-x

Y=

K|

(-1.60,-2.50) and (1402.50)

d)

4
Write down the solutions to the equation x3 — x= <

Slutions o .13-1=—'; are e wordinates of
the po'mt of inferseckion

x = <Lb0 and x <0

Www.exampaperspractice.co.uk
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2.2.3 Properties of Graphs

Quadratic Functions & Graphs
What are the key features of quadratic graphs?

« Aquadratic graphis of theform y = ax?+ bx + cwhere a#0.
Thevalue of a affects the shape of the curve
o Ifaispositivetheshapeis U
o Ifaisnegativetheshapeis I
They-interceptis atthe point(0, c)
Thezeros orroots are the solutions to ax? + bx + ¢c=0
o Thesecan be found using your GDC orthe quadratic formula
o These arealso calledthe x-intercepts

o TherecanbeQ,1or2x-intercepts

b
Thereis an axis of symmetry at x= — E
o Thisis giveninyourformula booklet
o Ifthere are two x-intercepts then the axis of symmetry goes through the midpoint of
them

Thevertexlies on the axis of symmetry

o Thex-coordinateis — —

2a
o They-coordinate can be found using the GDC or by calculatingywhen x = — 32

o Ifais positive then the vertexis the minimum point
o Ifais negative then thevertexis the maximum point

MAXIMUM  POINT
: y

\ /.
N SER

A
."ll
MINIMUM  POINT

[_PﬁElTNE QUADRATIC [NEGATNE Q‘UADRATIC‘|

Y

([, x-AXIS INTERCEPTS
1 A _tRooTs)

e |

/f \\
¥ N
\*i/ i
=
A | s wrecarr]
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¢) ExamTip
-

* UseyourGDC tofindtheroots and the turning point of a quadratic function
o Youdonot needto factorise orcomplete the square

o Itis goodexam technigueto sketch the graph from your GDC as part of
yourworking

*> Worked Example
®

a)

Write down the equation of the axis of symmetry forthe graph y=4x> —=4x =13,

Axis of symmetry of the

Formula booklet  [miamat=e

Fix)=ax® + by +¢ = awis of symmetry is .l=—_|L
Function
o=4& b:-t ¢=-3
.
77 20
]
X*

b)
Sketchthegraph y=4x>—-4x-3.

Use GDC to find vertexmrostsmand y-intercepts
UEI"I'EX. : ('Ii —'1.)

Reots =2, 0)  oad— (%, 0)
y-infercept [0,“3)

Www.exampaperspractice.co.uk
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Cubic Functions & Graphs
What are the key features of cubic graphs?

« Acubicgraphis of theform y = ax3 + bx?+ cx + dwhere a=0.
Thevalue of a affects the shape of the curve
o If ais positive the graph goes from bottom left to top right
o |fais negative the graph goes from top left to bottomright
The y-interceptis at the point (O, d)
Thezeros orroots are the solutionsto ax3 + bx2+ cx+d=0
o ThesecanbefoundusingyourGDC
o Thesearealsocalledthe x-intercepts
o Therecanbel,2or3x-intercepts
= Thereis always atleast]
* There are either 0 or 2 local minimums/maximums
o |fthere are O then the curveis monotonic (always increasing or always decreasing)
o Ifthere are2then oneis alocalminimumand oneis alocal maximum

-

L]

ha
—

TURNING FOINTS '4;'-1&\ y = Fix)
| )
™ e/ SMOOTH
\ CURVE

¢) ExamTip

- * Useyour GDC to find theroots, the local maximum and local minimum of a
cubic function
« \When drawing/sketching the graph of a cubic function be sure to label all the
key features
o and axesintercepts
o thelocal maximum point
o thelocal minimum point

Www.exampaperspractice.co.uk
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*> Worked Example
®

Sketchthe graph y=2x3—6x%+x =3,

Use GDC to find min, max, roots and y-intercept
Min = (1.003,-9.043)  Max = (0.0%3, -2.95%)
Rot = (3,0

y-intercept = (0,-3)

y: 2.11-5:1111 -3

] Su.uﬁ,—}.qs;)

(03

(1413, -4.0L3)

Www.exampaperspractice.co.uk
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Exponential Functions & Graphs
What are the key features of exponential graphs?

» Anexponential graphis of the form
o y=ka*+cor y=ka—*+ cwhere a>0
o y=ke*+¢
= Where eis the mathematicalconstant2.718...
* They-interceptis atthepoint(O,k+c)
¢ Thereis a horizontal asymptoteaty=c
* Thevalue of kdetermines whetherthe graphis above or below the asymptote
o |fkis positivethegraphis abovethe asymptote
= Sotherangeis y>c
o |Ifkis negative the graphis below the asymptote
= Sotherangeis y<c
* Thecoefficient of xand the constant k determine whetherthe graphis increasing or
decreasing
o |fthe coefficient of xand k have the samesignthen graphis increasing
o |fthe coefficient of xand k have different signs then the graph is decreasing
« Thereis atmost1root
o [tcanbefoundusingyourGDC

v M
}r:kd_xi-.rp \ }-:k.:l"d-c
ar N or
d e =ke™ + r>0

>
X
) ExamTip
= * Youmay have to change the viewing window settings on your GDC to make
asymptotes clear
o Asmallscale can makeit look as though the curve and an asymptote
intercept

» Becareful about how two exponential graphs drawn on the same axes look
e Particularly which oneis "ontop” eithersideof the -axis

Www.exampaperspractice.co.uk
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*9 Worked Example

®
a)
Onthe same set of axes sketch the graphs y=2% and y=3*. Clearlylabeleach
graph.

b)
Sketchthegraph y=2e ¥ +1.

Use GDC +o find intercept and as.ujnpbie
4 ir‘l‘iﬂ'{.ﬁp’( : (D, 3)
HS&@M& 1 'j=|

(0,3)

Www.exampaperspractice.co.uk
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Sinusoidal Functions & Graphs

What are the key features of sinusoidal graphs?

= Asinusoidal graphis of the form
o y=asin(b(x—c))+d
o y= acos(b(x—¢)) +d
The y-interceptis at the pointwherex=0
o (0,-asin(bc) +d)for y=asin(b(x - c)) +d
o (0,acos(bc)+d)for y=acos(b(x—c)) +d
The period of the graph is the length of theinterval of a full cycle

60° 2m
b (indegrees)or —/—

b
The maximumvalueisy=a+d
The minimumvalueisy=-a+d

o Thisis

The principal axis is the horizontal line halfway between the maximum and minimum values

o Thisisy=d

The amplitude is the vertical distance from the principal axis to the maximum value

o Thisisa
The phase shift is the horizontal distance from its usual position
o Thisisc

Y

/

AMPLITUDE /? -.

VAR VIS VAR

¢) ExamTip
-

=dcoslblx—c+d

y= —qa+d

« Makesureyouranglesettingis in the correct mode (degrees orradians) at the

start of a question involving sinusoidal functions

» Pay careful attention to the angles between which you are required touse or

draw/sketch a sinusoidal graph
o e.g. 0°=x=360°

Www.exampaperspractice.co.uk
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9 Worked Example

.
a)

Sketch the graph ¥ =3sin(2(x°® — 15°)) + 1 forthe values 0 < x <360.

Use [:\D(. to find max and Min

(0.4} (140,4)

5:3%{1&45?}”

1 Uso-2) (335,-2)

b)
State the equation of the principal axis of the curve.

Pr'm(ipa'l Qxis is in mnddla DF Maximu uﬂd MiNimu

Po'mJLS

L + "L |
2 'l

y=|

c)
State the period and amplitude.

Period is how often it repeats
360 .
X = \%

PEr'tod = 1%0°

p'rnplijfude is di5fan.:e From printlpcﬂ axis o maximum

or  minimum
L=l =1-"23=3
Amplitude =3

Www.exampaperspractice.co.uk
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2.3.1 Linear Models

Linear Models
What are the parameters of a linear model?

« Alinear modelis of the form f{x)=mx + ¢
* Themrepresents therate of change of the function
o Thisis theamountthe functionincreases/decreases when xincreases by |
= |fthefunctionisincreasingmis positive
» |fthefunctionis decreasingmis negative
o When themodelis represented as a graph this is the gradient of the line
¢ Thecrepresents thevalue of the functionwhenx=0
o Thisis thevalue of the function when the independent variable is not present
o Thisis usually referredto as theinitial value
o Whenthemodelis represented as a graph this is the y-intercept of theline

What can be modelled as alinear model?

+ Ifthe graph of the dataresembles a straightline

» Anythingwith a constant rate of change

C(d)is the taxicharge fora journey of dkm

B(m)is the monthly mobile phone bill when m minutes have been used

R(d)is therental fee fora carused ford days

d(t)is the distance travelled by a carmoving at a constant speed fort seconds

o

o

=]

o]

What are possible limitations of alinear model?

+ Linearmodels continuously increase (ordecrease) at the samerate
o Inreal-life this might not be the case
o The function might reach a maximum (or minimum)
» |fthevalue of mis negative then for some inputs the function will predict negative values
o Insomereal-life situations negative values willnot make sense
o Toovercome thisyou can decide on an appropriate domain so that the outputs are
nevernegative

¢) ExamTip
- » Make sure that you are equally confident in working with linear models both

algebraically and graphically as it may be easier using one method over the
otherwhen tackling a particular exam question
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‘, Worked Example

®
Thetotal cost, C,in New Zealand dollars (NZD), of a premium gym membership at
FitFirst can be modelled by the function

C=1495t+30, t20
where tisthetimeinweeks.

a)
Calculate the cost of the gym membership for 20 weeks.

Substiute  £- 20 e
((20) = 14.95(20) +30 *

0
329 NID
b)
Find the number of weeks it takes for the total costto exceed 1500 NZD.
Subsjrd‘u‘i'g ( = 150D (ie)
1500 2

,f-"-)

1500 = I&95¢& +30 -
95k = 1470

Ee 0 L qp323.

1495 |
Vi Round up fo the next inteqger

-

19 weeks| ©

c)

Under new management, FitFirst changes theinitial payment to 20 NZD and the

weekly costto19.25 NZD. Write the new cost function afterthese changes have
been.

((t} :mt +c
m is the (nstant rate per week m =19.25

C is the initial cost ¢= 20

C(e):19.25¢& + 20
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2.3.2 Quadratic & Cubic Models

Quadratic Models
What are the parameters of a quadratic model?

* Aquadratic modelis of the form f(x) =ax?+bx+c
+ The crepresents thevalue of the functionwhenx=0
o Thisis thevalue of the function when the independent variable is not present
o Thisis usually referredto as theinitial value
» Theahasthebiggestimpact ontherate of change of the function
o |fahasalarge absolute value then therate of change varies rapidly
o |fahasasmallabsolutevalue thentherate of change varies slowly
* Themaximum (or minimum) of the function occurs when x= — E
o Thisis givenin the formula booklet as the axis of symmetry

What can be modelled as a quadratic model?

+ |fthe graph of the dataresembles a U or 1 shape
* Thesecanbeusedif the graph has a single maximum or minimum
o H(t)is the vertical height of a footballt seconds after being kicked
o A(x)is the area of rectangle of length xcmthat can be made with a 20 cm length of
string

What are possible limitations of a quadratic model?

» Aquadratic haseithera maximumor a minimum but not both
o This means one endis unbounded
o Inreal-life this mightnotbethecase
o Thefunction might have both a maximum and a minimum
o Toovercome this you can decide on an appropriate domain so that the outputs are
withinarange
» Quadratic graphs are symmetrical
o This might not be the caseinreal-life

O ExamTip
* * Readandre-readthe question carefully, try to getinvolvedin the context of the
question!

o Imaginewhat happens to a stone as you throw it from a cliff, what would
the path look like?
o Whatwouldit be like to manage a toy factory, would you expect profit to
rise orfall as you increase the price of the toy?
« Sketcha graph of the function being used as the model, use your GDC to help
you
 |f youare completely stuck try “doing something” with the quadratic function -
sketchit, factoriseit, solve it
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9 Worked Example

e
Acompany sells unicorn toys. The profit, £ P, made by sellingone unicorn toy can

be modelled by the function

1

P(x) = ﬁ(—xz+2{)x—50)

where X is the selling price of the toy.

Find the selling price which maximises profit. State the maximum profit.

Sketch on GDC gnd find the maximum point

(i0,5)

-5

SE"M% price EID
Maxiniuin prnfﬁ £:5
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Cubic Models

What are the parameters of a cubic model?

« Acubicmodelis of theform flx)=ax3+bx2+cx+d
* Thedrepresents thevalue of thefunctionwhenx=0
o Thisis thevalue of the function when the independent variable is not present
o Thisis usually referredto as theinitial value
« Theahas thebiggestimpact ontherate of change of the function
o Ifahasalarge absolute value then therate of change varies rapidly
o |fahasasmallabsolutevalue then therate of change varies slowly

What can be modelled as a cubic model?

» |f the graph of the data has exactly one maximum and one minimum within an interval
» |fthe graphis monotonic with no maximum or minimum
o D(t)is thevertical distance below starting point of a bungee jumpert seconds after
jumping
o V(x)is the volume of a cuboid of length xcm that can be made with a 200 cm? of
cardboard

What are possible limitations of a cubic model?

« Cubic graphs have no global maximum or minimum
o This means the functionis unbounded
o [nreal-lifethis might not bethe case
o Thefunction might have a maximum orminimum
o To overcome this you can decide on an appropriate domain so that the outputs are
within arange

O ExamTip
' « Readandre-readthe question carefully, try to getinvolvedin the context of the
question!

» Always sketch the graph using your GDC to help
» Pay particularattention to the domain of the question
o |Ifthe domainis given, make sure that you focus only on that section when
you sketch the graph
o |fthe domainis not given, think about whether ornotit needs to be
restricted based on the context of the question, e.g. can time be negative?
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*> Worked Example
[

The vertical height of a child above the ground, h metres, as they go down a water
slide can be modelled by the function

4
h(H)= ?(35 - 12t+62-1),

where [ is the timein seconds after the child enters the slide.

a)
State the vertical height of the slide.

Sketch on GDC

-

= ) Heiﬂlfﬂ' of slide is the
initial hc;ahi of the child
5
20 m
b)
Given that the child reaches the ground at the bottom of the slide, find the domain
of the function.
Sketch on GDC
10 = (hild reaches the (3]ruun5|
/ so function stops here
¥
5
QstsS
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2.3.3 Exponential Models

Exponential Models
What are the parameters of an exponential model?

* Anexponential modelis of the form
f(x)=ka*+cor f(x)=ka=*+cfor a>0
f(x)=ke™ +¢
= Where eis the mathematical constant 2.718...
The crepresents the boundary for the function
= |tcanneverbe this value
The a orrdescribes the rate of growth or decay
= Thebiggerthe value of a orthe absolute value of rthe faster the function
increases/decreases

[s]

o

[+]

]

What can be modelled as an exponential model?

« Exponential growth ordecay

o Exponential growthis represented by
= a*wherea>|
= a~¥where(<a<l
= e*wherer>0

o Exponential decay is represented by
= a*wherel<a<l
= a Xwherea>1
» eXwherer<(

« Theycanbeusedwhenthere a constant percentage increase or decrease
o Such as functions generated by geometric sequences
* Examplesinclude:
o V(t)is thevalue of car aftertyears
o S(t)is theamountin a savings account aftert years
o B(t)isthe amount of bacteria on a surface aftert seconds
o T(t)is the temperature of a kettle t minutes after being boiled

What are possible limitations of an exponential model?

« Anexponential growth model does nothave a maximum

o |nreal-life this mightnotbe the case

o The function might reach a maximum and stay at this value
» Exponentialmodels are monotonic

o Inreal-life this might notbe the case

o Thefunction might fluctuate

How can | find the half-life using an exponential model?
* Youmay needto find the half-life of a substance
o Thisis thetime taken forthe mass of a substanceto halve

« Given anexponentialmodel f(t)=ka~'or f(t)= ke the half-lifeis the value of t such
that;
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k
o fl)=7
In2

« For f(t) = ka~!thehalf-lifeis given byt=E
k

o — = -1
5 ka

o al=2
o flna=In2

In2
« For f(t)=ke~"thehalf-lifeis givenby t= —

@ ExamTip
* » Lookoutfortheword "initial” or similar, as a way of asking you to make the

power equal to zero to simplify the equation
* Questions regarding the boundary of the exponential model are also frequently

asked
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‘) Worked Example

]
Thevalue of acar, V' (NZD), can be modelled by the function

V() =25125x 0.8+ 8500, t20
where [ is the age of the carin years.

a)
Statetheinitial value of thecar,

lnd’uuﬁ value is  when £=0

V(0) = 25125 x0%+ 8500 X% K

33625 NzD 48500

b)
Findthe age of the carwhen its value is 17500 NZD.

Set V() =17500 ond solve

ViB)
on GDC 33625
25125408 + 8500 < I7sop =0 o0
t= &(00%
4L.6D years
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2.3.4 Direct & Inverse Variation

Direct Variation
What is direct variation?

» Twovariables aresaidto vary directly if theirratiois constant (k)
o Thisis also called direct proportion

» |f yand x” (for positive integern) vary directly then:
o |tisdenotedas y o x!
o y=kx" forsomeconstantk

. . Y
= Thiscanbewrittenas —— = k
X

« The graphs of these models always start at the origin

How do | solve direct variation problems?

+ |dentify which two variables vary directly
o |tmightnotbex andy
o Itcouldbe x3 and y
+ Usethegiveninformationto find theirconstantratiok
o Also called constant of proportionality
o Substitutethe givenvalues of x and y into your formula
o Solvetofindk
« Write the equation which models theirrelationship
o y=kx"
* Youcanthenusetheequationtosolve problems
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* Worked Example

*
Acomputer program sorts alist of numbers into ascending order. The time it takes,

t milliseconds, varies directly with the square of the number of items, i1, in the list.
The computer program takes 48 milliseconds to order a list with 8 items.

a)
Find an equation connecting fand n.

Hm’ﬁﬁj the variables that vary dm::dlg
t o« nt

Fﬂrm an EBLuaﬁUﬂ

E- kn'
Use t: 48 and n=% to |
B
Fmd the  value of k
48 = k()
ok k= &8
T
k= o =075
E-0.15¢*
b)
Findthe timeit takes to order alist of 50 numbers.
Subdtde =50 into the eqﬁuﬂhm
t= 0.F5(50)"
1535 milliseconds
50
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Inverse Variation
Whatisinverse variation?

» Twovariables are said tovary inversely if their product is constant (k)
o Thisis alsocalledinverse proportion
« If y and x” (for positive integer n) vary inversely then:

|
o |tisdenoted y Py

k

o y=—_ forsomeconstantk

= This canbewritten x"y =k
+ Thegraphs of these models allhave a vertical asymptote at the y-axis

o This means thatas x gets closerto O the absolute value of y gets furtheraway from O
o X canneverequalQ

How dol solve inverse variation problems?

= |dentify which two variables vary inversely
o Itmightnotbex andy
o Itcouldbex3 andy

Use the giveninformation to find their constant product k
o Also called constant of proportionality

o Substitute the givenvalues of X and y into yourformula
o Solvetofindk

Write the equation which models theirrelationship
k

's] - —
Y=

You canthenusetheequationtosolve problems

o ExamTip
* + Reciprocal graphs generally have two parts/curves
o Only one - usually the positive - may be relevant to the model

o Think about why x/t/0 can only take positive values - referto the context of
the question
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9 Worked Example

®
Thetime, t hours, it takes to complete a project varies inversely to the number of

people working onit, n. If 4 people work on the projectit takes 70 hours to
complete.

a)
Write an equation connecting tandn.

Mmﬁﬂé the variables that vary dil'Ed'lg

tow o,

Form an  equation

be X
n

Use t=70 and n=t to
Fird the volue of K

ok
10- b
k=4x10 = 230
_ 2%0
Ex n

b)
Given that the project needs to be completed within 18 hours, find the minimum
number of people needed towork onit.

Substitude E:1% into the equation

g 280

_ 2%0 .
n: ‘g 15.55... |
lb people
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2.3.5 Sinusoidal Models

Sinusoidal Models
What are the parameters of a sinusoidal model?

* Asinusoidal modelis of the form

o flx)=asin(b(x—c¢))+d

o flx)=acos(b(x-c))+d
The arepresents the amplitude of the function

o Thebiggerthe value of a the biggerthe range of values of the function
The b determines the period of the function

o Thebiggerthe value of bthe quickerthe function repeats a cycle

[+]
b
The c represents the phase shift

o Thisis a horizontal translation by c units
The drepresents the principal axis

o Thisis theline thatthe function fluctuatesaround

L]

-

_ 2w _
(in degrees) or —— (inradians)

o Theperiodis b

What can be modelled as a sinusoidalmodel?

+ Anything that oscillates (fluctuates periodically)
« Examplesinclude:
o D(t)is the depth of waterata shore t hours aftermidnight
o T(d)is the temperature of a city ddays aftertheIstJanuary
o H(t)is vertical height above ground of a person t second after entering a Ferris wheel

What are possible limitations of a sinusoidal model?

* Theamplitudeis the same foreach cycle

o Inreal-life this might not be the case

o Thefunction might get closerto the principal axis overtime
* Theperiodis thesame foreach cycle

o Inreal-life this might notbe thecase

o Thetimeto complete a cycle might change overtime

@ ExamTip
- * Readandre-readthe question carefully, try to get involved in the context of the
question!

» Sketchagraph of the function beingused as the model, use your GDC to help
you and focus on the given domain

* Rememberthat if the modelis adjusted, horizontal translations happen before
horizontal stretches
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‘, Worked Example
®

The water depth, D, in metres, at a port can be modelled by the function
D(1) =3sin(l—’;(r—2})+ 12, 0<t<24

where f is the elapsed time, in hours, since midnight.

a)
Wirite down the depth of the waterat midnight.

juhsh’rufe_ t<0 for m'-dmﬂhr
D(0): 3 sin(m(E-0) + I

.[]Sm 105
b)
Find the minimum water depth and the number of hours after midnight that this
depth occurs.

Use GDC to Fiad the i mpm

DLE)
Minimum= 4 m
20 hours after m'|dn13h’r o
{16,

c)

Calculatehowlongthe waterdepthis atleast13.5 metres each day.

Use GDC to find D() =135
Jgin(mle-2) «I2L = 35 DE)

[L%Y

t;h. and k- I?. 105
Find the difference between

the  +imes

”»" J"l' = 6
b hours
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2.3.6 Strategy for Modelling Functions

Modelling with Functions

What is a mathematical model?

« Amathematical model simplifies a real-world situation so it can be described using
mathematics
o The modelcan then beusedto make predictions
+ Assumptions about the situation are made in order to simplify the mathematics
+ Models can berefined (improved) if furtherinformation is available orif the modelis
comparedtoreal-world data

How do | set up the model?

+ The question could:
o giveyou the equation of the model
o tellyou abouttherelationship
= |tmight saytherelationshipis linear, quadratic, etc
o askyoutosuggest asuitable model
= Useyourknowledge of each model
= E.g.ifitis compound interest thenan exponential model is the most appropriate
+ Youmay haveto determine a reasonable domain
o Considerreal-life context
= E.g.ifdealingwith hoursinadaythen
= E.g.if dealing with physical quantities (such aslength) then

o Considerthe possibleranges
= |fthe outcome cannot be negative then you want to choose a domain which
corresponds to arange with no negative values
= Sketchingthe graphis helpfulto determine a suitable domain

Which modelsdo | need to know?

¢ Linear

+ Piecewise(linear & non-linear)
* Quadratic

« Cubic

+ Exponential

+ Naturallogarithmic

s Logistic

« Directvariation

* |Inversevariation

« Sinusoidal

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

O Exam Tip
- * You need to be familiarwith the format of the different types of equations and
the general shape of the graphs they produce, you need to always be thinking
"does my answer seem appropriate for the given situation?"
» Sketchinggraphsis key
o Make sure thatyou use your GDC to plot the relevant function(s)
o Sometimes you may have to play around with the zoom function or the
axes to make sure that you are focused on the relevant domain

9 Worked Example
o
A cliff has a height x metres above the ground. Astoneis projected from the edge

of the cliff and it travels through the air until it hits the ground and stops. The vertical
height, in metres, of the stone above the ground { seconds after being throwniis
given by the function:

W) =95+61t-58£.

a)
Statethevalueof x.

Wnlhal uu'lue s the ]'\Eiﬂlhf Gﬂt the LM\E
L’slm =95 +6(0) ..Sw)"-‘- i

95 m

45

b)
Determine the domain of h(t).

dtone Stops at %muﬁd when h(t)=0
95 +bt -3t*=0
k= 5 or t=-33% 45

i
|

Rgﬁd as Time (on't 5

I)E ﬁﬁsahve
Dst <h
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Finding Parameters
Whatdol doif some of the parameters are unknown?

« Faorsome models you can use your knowledge to find unknown parameters directly from
the information given
o Foralinear model f(x) =mx+c¢
= mistherateof change, orgradient
= Cistheinitialvalue

For a quadratic model, f(x) = ax2 + bx + ¢
m X= 2—2 is the axis of symmetry (this is givenin the formula booklet) andis the x -
value of the minimum/ maximum point
= cistheinitialvalue
Foracubic model, f(x)=ax3 + bx2 + cx +d
» distheinitialvalue
Foran exponential model, f{x) = ka*+¢
» k+ cistheinitial value
» y = cisthehorizontal asymptote, so¢is a boundary of the model
For a sinusoidal model f(x) = asin(bx) + d
= gistheamplitude
= y=dis theprincipal axis
360
b

+ Ageneralmethodis to form equations by substituting in given values
o You can form multiple equations and solve them simultaneously using your GDC
= You could be expectedto solve a system of up to three simultaneous equations
of three unknowns
o This method works forall models
* Theinitial valueis the value of the function when x (or the independent variable) is O
o This is often one of the parameters in the equation of the model

o]

o]

[a]

[a]

is the period

¢) ExamTip
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*) Worked Example

®
Thetemperature, T ¢, of a cup of coffeeis monitored. Initially the temperature is

80°C and5 minutes lateritis 40°C. Itis suggested that the temperature follows
the model:

T(t)=ka=t+16, t>0
where fis the time, in minutes, after the coffee has been made.

a)
Statethevalueof k.

|n'|hul|5 femperature is 0°C

T(0)+30 b

ka® + 16 = %0 ¥
k+lb = %0 -

k=bl

b)
Findthevalue of a.

ABS S Infinutes Ahe Fedpefature [ig /AQ°C
T(5)= 4D

bha® +lb = &0 %0

SDIVE U.Sl.nﬂ &D[- WL
as 12632 N 5

az 122 (3sF)
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2.4.1 Composite & Inverse Functions

Composite Functions
What is a composite function?

* Acompositefunctionis where afunctionis applied to anotherfunction
» Acompositefunction can bedenoted
o (fog)(x)
o fg(x)
o flg(x))
* Theordermatters
o (fo g)(x) means:
= Firstapply gtoxtoget g(x)
= Then apply fto the previous outputtoget f(g(x))
» Always start with the function closest to the variable

o (fo g)(x) is notusually equalto(go £)(x)

How do | find the domain and range of a composite function?

« Thedomainof fe gisthesetofvaluesofx...
o which are a subset of thedomainof g
o whichmaps gto avaluethatis inthe domain of f
« Therangeof fe gisthesetofvaluesofx...
o which are a subset of therange of f
o foundby applying ftotherangeofg
» Tofindthedomainandrangeof fo g
o Firstfindtherangeofg
o Restrict thesevalues tothe values that are within the domain of f
» Thedomainis the set of values that produce therestricted range of g
» Therangeis the set of values that are produced using the restricted range of g
as thedomain forf
« Forexample:let f(x)=2x+1, —5<x<5and g(x) =ﬁ, 1<x<49
o Therangeofgis 1 <g(x) <7
= Restricting this to fitthe domain of fresultsin 1 sgfx) <5
o Thedomainof fo gistherefore 1 <x<25
= Thesearethevalues of xwhichmapto 1 < g(x) <5
o Therangeof fo gistherefore3 < (fo g)(x) <11
= Thesearethevalueswhich fmaps 1 <g(x) <5to
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O Exam Tip
' * Make sureyou knowwhatyour GDC is capable of with regard to functions
o You may be able to storeindividual functions and find composite functions
and theirvalues for particularinputs
o You may be able to graph composite functions directly and so deduce their
domain andrange from the graph
* Thelink between the domains andranges of a function andits inverse can act
as a check foryour solution
. is notthesameas
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*) Worked Example
¢ Given f(x)=./x+4 and g(x) =3 +2x:

a)
Write down the value of (g £)(12).

Fiest apply Function closest 1o inpuf
(g oF)(12) = g(F(12))

f2) =Jizvt =16 = &
q(4) = 3 +2(v) = 1I

{(5 o(‘)(ll) = ||

b)
Write down an expression for(fo g)(x):

First GPPIU function_closest ¥ inpuf

(Foq)lx) <f(g(»)
= $(342)

- Bk
(Fog)x) = JF+2x

c)
Write down an expression for (g o g)(x).

(9 0 9)(x) = gq(qW)
* q(3 +2x)
= 3+2(3+2x)
* 3+ b6+ b
((3 o 3](Jﬂ=q +h
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Inverse Functions
Whatis aninverse function?

* Only one-to-one functions haveinverses
* Afunctionhas aninverseifits graph passes the horizontal line test
o Any horizontal line willintersect with the graph at most once
» Theidentity function id maps each value toitself
o 1d(x)=x
« If fo gand go fhavethesame effect as theidentity functionthen fand gareinverses
* Givenafunction f(x) we denote the inverse functionas ! (x)
» Aninversefunctionreverses the effect of a function
o f{2)=5means £ 1(5)=2
* Inversefunctions areusedto solve equations
o Thesolutionof f(x)=5isx=~1(5)
« Acompositefunctionmadeof fand f~! has the same effect as the identity function

o (fofN)(x)=(f"of(x)=x

I INVERSE " FUNCTIONS |

What are the connections between a function andits inverse function?

+ The domain of afunctionbecomes therange of itsinverse
+ Therange of a function becomes the domain of its inverse
+ Thegraphof y=f~!(x)is areflectionof thegraph y= f(x)intheline y=x
o Thereforesolutionsto f{x)=xor £~1(x)=x willalso be solutions to f(x) = f-1(x)
= Therecould be othersolutions to f'(x)= f"(x) thatdon'tlieontheline y=x

M

4 y=e rd y=x

;
/s
ry
/
#
2=
r i
i y=lnx
e
_/ ’
s
, —
I I I I -
-4 -2 2 £ "
r
#
s
rd
s -3
rd
v
/s
s
/s

” e
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How do | find the inverse of a function?
+« STEP1:Swapthexandyin y=1‘(x)
o If y=f-1(x)thenx=f(y)
*« STEP 2:Rearrange x = f(y) tomake ythesubject
+ Notethis canbe donein any order
o Rearrange y= f(x) tomake x the subject
o Swapxand y

Can many-to-one functions ever have inverses?

* You canrestrict the domain of a many-to-one function so thatithas aninverse
* Chooseasubset of the domain where the function is one-to-one
o Theinverse willbe determined by the restricted domain
o Notethatamany-to-onefunctioncanonly have aninverseifits domainis restricted
first
« Forquadratics - use the vertex as the upper orlower bound for the restricted domain
o For f(x) = x2 restrict the domain so O is either the maximum or minimum value
» Forexample:x>0orx <0
o For f{x) = a(x — h)? + k restrict the domain so h s either the maximum or minimum
value
» Forexample:x>horx<h
» Fortrigonometric functions - use part of a cycleas therestricted domain
o For f{x)=sinx restrict the domain to half a cycle between a maximum and a minimum

T T
» Forexample: -5 <x< 5

o For f(X) = cosX restrict the domain to half a cycle between maximum and a minimum
» Forexample:0<x<m
o For f(X) = tanx restrict the domain to one cycle between two asymptotes

T T
= Forexample: — ? <x< 7

How do | find the inverse function after restricting the domain?

* Therangeoftheinverseisthe same as therestricted domain of the original function
« Theinversefunctionis determinedby the restricted domain
o Restricting the domain differently will change the inverse function
* Usetherangeof theinversetohelp findtheinverse function
o Restrictingthe domain of f(x) = x? to x > means therange of theinverseis
~Y(x)=0
= Therefore f~1(x)=,/x
o Restrictingthe domain of f(x) = x2 to x <0 means therange of theinverseis
~1(x) <0
= Therefore f~1(x)=—/x
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O Exam Tip

* Rememberthataninversefunctionis a reflection of the original functionin the

line
o Useyour GDC to plot the function andits inverse on the same graph to
visually check this

. isnotthesameas

wWww.exampaperspractice.co.uk
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) Worked Example

Thefunction f(x)=(x-2)2+5, x <mhasaninverse.

a)
Write down the largest possible value of m.,

Sketch 5=H1)
The graph is one-h-one
for x <2

m=2

.
,

s

b)
Findtheinverse of f(x).

Let ljfi(x} and reamunge  x<F(y)
b & [3-131' +3

x-5 = (y-2)"

IJI-_S = %—l

21 ]-;-L-—S 24

Ranﬂe of " is the. domain of f
Fﬂ(:x)sz Loys 2-1x5

(=) = 2-{2-5

c)
Find the domain of £~1(x).

Doman of * is the range of F

Oketch 541‘1} fo

See range \
Por x¢2 )25 .s)
Domain of f-' i X3S

d)
Find the value of k suchthat f(k)=9.

Www.exampaperspractice.co.uk
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Use inverse “ﬂ\i b & Q= 1(_1“3)
k=f'@) = 2-[9-5

k=0

Www.exampaperspractice.co.uk
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2.5.1 Translations of Graphs

Translations of Graphs
What are translations of graphs?

« Whenyou altera functionin certain ways, the effects on the graph of the function can be
described by geometrical transformations
* Foratranslation:
o the graphis moved (up ordown, left orright) in the xy plane
» |ts position changes
o theshape, size, and orientation of the graph remain unchanged
e Aparticulartranslation (how farleft/right, how farup/down) is specified by a translation

o xisthehorizontal displacement
» Positivemovesright
= Negative moves left
o yisthevertical displacement
= Positivemovesup
= Negative movesdown

Www.exampaperspractice.co.uk
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What effects do horizontal translations have on the graphs and
functions?

a
» Ahorizontal translation of the graph y= f(x) by the vector ( 0) is represented by

o y=flx-a)
The x-coordinates change

o Thevalueais subtracted from them
They-coordinates stay thesame
Thecoordinates (X, y) become (x + a, y)
Horizontal asymptotes stay the same
Vertical asymptotes change

o x=kbecomesx=k+a

WWwWw.exampaperspractice.co.uk
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N
y="T(x)
S
0 4 X
(2,-3)
I
\ y="Tf(x-2)
HORIZONTAL
TRANSLATION
BY THE VECTOR (3
(2,0 -
0 \/cs,m X
(4,-3)

x—COORDINATES CHANGE,
y—COORDINATES STAY
THE SAME
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What effects do vertical translations have on the graphs and functions?

0
Avertical translation of thegraph y= f(x) by thevector ( b ) is represented by

o y=b= f(x)

o Thisis oftenrearrangedto y=f(x)+b
The x-coordinates stay the same
The y-coordinates change

o Thevaluebis added tothem
The coordinates (x, _y) become (x, y+ b)
Horizontal asymptotes change

o y=kbecomes y=k+b
Vertical asymptotes stay thesame

L]

[ ]

i
y=Fix)

A y=F(x)+1

|h-
I-

Y[ WERTICAL TRAMNSLATION
BY THE VECTOR (9

104 ]
n\t/ %
12,-21 \
JE—CDORDNATES CHANGE,

x—COORDINATES STAY
THE SAME

O ExamTip
-
* Togetfullmarks in an exam make sureyou use correct mathematical
terminology

o Forexample: Translate by the vector

Www.exampaperspractice.co.uk
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*9 Worked Example
The diagram below shows the graph of y = f(x).
u

A(=1.9)

0

2(3. -3

a)
Sketch the graphof y'= f(x +3).

,jiﬂifk} tronslation by [;)

Tmn.siuh’. lf”l) 55 (g)
A becomes (-4,5)
B bE(umea (D. "3}

A (4,5)

b)
Sketch the graphof y= f(x) +3.
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Efl={:(x)+k frun&'airwﬁ hﬂ (?t)

Translate y=$(x) by ($)
A becomes ("-. ) )
B becomes ( 3,0)

.pll('||s‘]

8(3,0)

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

2.5.2 Reflections of Graphs

Reflections of Graphs
What arereflections of graphs?

+« Whenyou alterafunctionin certain ways, the effects onthe graph of the function can be
described by geometrical transformations
+ Forareflection:
o thegraphis flipped about one of the coordinate axes
= |ts orientation changes
o thesize of the graph remains unchanged
« Aparticularreflectionis specified by an axis of symmetry:

o y= 0
m This is the x-axis
o x=10

= Thisisthe y-axis

A IN
\j :':x £ 5 :-‘-;(

What effects do horizontal reflections have on the graphs and functions?
« Ahorizontal reflection of the graph y = f(x) about the y-axis is represented by
o y=f-x)

The x-coordinates change

o Theirsignchanges
The y-coordinates stay thesame
The coordinates (x, v) become (- x, y)
Horizontal asymptotes stay thesame
Vertical asymptotes change

o x=kbecomesx=—k

L]

L]
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A
y=T(x)
0 4 :;x
(2,-3)
0\
y=f(—x)
REFLECTION IN
THE y-AXIS
—4,00 (0,0 -
<X
x—COORDINATES CHANGE, = POINTS ON THE
y —COORDINATES STAY ' y—AXIS ARE
THE SAME UNAFFECTED

What effects do vertical reflections have on the graphs and functions?
« Avertical reflection of the graph y = f{x) about the x-axis is represented by

o —y=fl(x)

o Thisis oftenrearrangedto y= — f(x)
* The x-coordinates stay the same
* They-coordinates change

o Theirsignchanges

Www.exampaperspractice.co.uk
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+ Thecoordinates (x, y) become(x, —y)
+ Horizontal asymptotes change

o y=kbecomes y=—k
« Vertical asymptotes stay thesame

I
y=F(x)
0 4 >
(2,-3)
y—COORDINATES CHANGE,
A x—COORDINATES STAY
THE SAME
(2,3)
(0,0) (4,0)

POINTS ON THE
x—AXIS ARE
UNAFFECTED

y=—F(x)

REFLECTION IN
THE x-AXIS

Www.exampaperspractice.co.uk
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*> Worked Example
The diagram below shows the graph of ¥ = .f(x}
[

A(=1,5)

0

B(3. =3)

a)
Sketch thegraphof y= - f(x).

y=- Hﬂ reflection in x-axis

A becomes (-1,-5) b
B becomes (3,3) g

Af1,-5)

b)
Sketchthegraphof y=f{—x).

lj{{-"-) reFlection in Y-axis

A becomes (ﬁ,S)
B L‘iEmmﬂ (‘3[3)

> A1)

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

2.5.3 Stretches of Graphs

Stretches of Graphs
What are stretches of graphs?

« \Whenyou altera functionin certain ways, the effects onthe graph of the function canbe
described by geometrical transformations
* Forastretch:
o thegraphis stretched about one of the coordinate axes by a scale factor
= |ts size changes
o theorientation of the graph remains unchanged
« Aparticularstretchis specified by a coordinate axis and a scale factor:
o Thedistance between a point on the graph and the specified coordinate axis is
multiplied by the constant scale factor
o Thegraphis stretchedin the directionwhich is parallel to the other coordinate axis
o Forscalefactors biggerthanl
= thepoints on the graph get further away from the specified coordinate axis
o Forscalefactors betweenOand1
= thepoints onthe graph get closer to the specified coordinate axis
» Thisis alsosometimes called a compressionbut in yourexamyou mustusethe
term stretch with the appropriate scale factor

¥

A

What effects do horizontal stretches have on the graphs and functions?

« Ahorizontal stretch of the graph y= f(x) by a scale factorg centred about the y-axisis
represented by

"

* Thex-coordinates change

o Theyaredivided by g
+ The y-coordinates stay the same
+ Thecoordinates (x, y) become (qx, y)
* Horizontal asymptotes stay thesame
+ Vertical asymptotes change

o x=kbecomes x =gk

Www.exampaperspractice.co.uk
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A
y=F(x)
0 4 >
(2,-3)
A HORIZONTAL STRETCH,
y=F(2x) SCALE FACTOR 3
POINTS ON THE
y—AXIS ARE
UNAFFECTED
(0,0) -
0 (2,0 “X
(1,-3) x—COORDINATES CHANGE,
y—COORDINATES STAY
THE SAME

What effects do vertical stretches have on the graphs and functions?

+ Avertical stretchofthegraph y= f(x) by a scale factor p centred about the x-axis is
representedby

¥
o = =f(x)
P
o Thisis oftenrearrangedto y= p!{x)

Www.exampaperspractice.co.uk
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The x-coordinates stay the same
The y-coordinates change

o They are multiplied by p
Thecoordinates l:x, y} become [x, py}
Horizontal asymptotes change

o y=kbecomes y=pk

Vertical asymptotes stay the same

!
y=T{x)

N

(2,-31

POINTE) ON- THE
x—AN¥IS ARE
", UNAFFECTED B —
| /E SCALE FACTOR 3§
[\ y=4itn

ID‘TE: \:‘i

0 4,01
[2,-1

'R\«,__N_"'CGD'“:"“*"TES CHANGE,

=
i

x—COORDMWATES STAY
THE SAME

O ExamTip
-
« Toget fullmarks in an exam make sure you use correct mathematical
terminology

o Forexample: Stretchvertically by scale factor'2
o Donotusetheword"compress”inyourexam
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*> Worked Example
The diagram below shows the graph of y = f(x).

[}
)

A(=1,9)

83 -3)

a)
Sketch the graphof y =2 f(x).

|j=kH1‘j verhical shreich  swle facor k

Sh‘gﬂ}\ ﬂ=i:(1) ver’rim"H p{[»l, 10)
swle factor 2

A becomes ("I, ID)

B be&umes ( 3 .'(n}
8(3,-6)

b)
Sketch the graph of y= f(2x).
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5=1[{k-1) horizottal ghreteh  scale factor L

Steekch H=Hx)ihur'-wnfu"5 A-5S)
swle Tactor L

A becomes (-{15)
B bewmes (5.73)

B(2,-3)
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2.5.4 Composite Transformations of Graphs

Composite Transformations of Graphs
What transformations do | need to know?

-k
y = f(x + k) is horizontal translation by vector( 0 )

o |fkis positivethen the graph moves left
o |fkis negative then the graph moves right

0
» y=f(x) + kis vertical translation by vector ( X ]

o |fkis positivethenthe graph movesup
o |fkis negative then the graph moves down
» y= f(kx) is a horizontal stretch by scale factor% centred about the y-axis
o |fk >1thenthegraph gets closerto they-axis
o |f0 <k <1thenthegraph gets furtherfrom the y-axis
« y=kf(x) is a vertical stretch by scale factor k centred about the x-axis
o |fk >1thenthe graph gets further from the x-axis
o |f 0 <k <1thenthegraph gets closerto the x-axis
s y= (- x) is a horizontal reflection about the y-axis
o Ahorizontal reflection can beviewed as a special case of a horizontal stretch
¢« y=-— f(x) is a vertical reflection about the x-axis
o Avertical reflectioncan beviewed as a special case of a vertical stretch

Www.exampaperspractice.co.uk
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How do horizontal and vertical transformations affect each other?

» Horizontal and vertical transformations areindependent of each other
o Thehorizontaltransformations involved will need to be applied in their correct order
o Thevertical transformations involved will need to be appliedin their correct order
* Suppose there are two horizontal transformation Hythen H, and two vertical
transformations V,then V,thenthey can be appliedin the following orders:
o Horizontalthen vertical:
L] H]HEV]VE
o \ertical then horizontal:
x V,VoH Hy
o Mixed up (providedthat H, comes beforeH, and V, comes before V2):
u H]V]Hsz
u H]V|V2H2
= ViH V2 H2
= ViHiH2 V2

@ Exam Tip
-

« Inanexamyou are more likely to getthe correct solution if you deal with one
transformation at a time and sketch the graph after each transformation

Www.exampaperspractice.co.uk
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*> Worked Example
®

The diagram below shows the graph of y = f(x).

A
3

A(—=1,95)

Q

B (3, —-3)

1 (x
Sketch thegraphof y= E‘{E)

A uerﬁmi and horizontal ﬂ‘ansltormfrhun can be done
in ang orr:]er

y: '?‘}[:L) + vertical stretch  scale fachr

1
tﬁ"l:{;}) t horizontal streth sale fachr 2

FI becomes (‘1 i

2)
B beomes (6,-3)

A2 3)

B(6,-3)

Www.exampaperspractice.co.uk
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Composite Vertical Transformations af(x)+b
How do | deal with multiple vertical transformations?

* Order matters when you have more than one vertical transformations
« |fyou are askedto find the equation then build up the equation by looking at the
transformations in order

0
o Avertical stretch by scale factora followed by a translation of( b ]

n Stretch: y=af(x)
= Thentranslation: y=[af(x)]+b
= Finalequation: y=af(x)+b

0
o Atranslation of( b ] followed by a vertical stretch by scale factora

= Translation: y= f(x) +b
= Thenstretch: y=a[ f(x) + b]
» Finalequation: y= af(x)+ ab
« |fyouare askedto determine the order

o The order of vertical transformations follows the order of operations

o Firstwritethe equationintheform y=af(x) +b
= Firststretchvertically by scalefactora
= |[faisnegativethenthereflectionand stretchcanbedoneinany order

0
= Thentranslate by ( b J

Www.exampaperspractice.co.uk
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*> Worked Example
The diagram below shows the graphof v = f(x).
1

Al(=1, 5)

&3, =3)

Sketchthegraphof y=3f(x)-2.

The order uerhml ern,s{"nrmhons Fu|lou:s the order
of opemﬁnns

y= 35 Verticolf stretch scale fucor 3
ys $(2) -2 Trnslate— ($)

A beomes (13) Al-,13) +
B bftomh [3|‘H)

B'(3,-1)
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Composite Horizontal Transformations f(ax+b)
How do | deal with multiple horizontal transformations?

+ Order matters when you have more than one horizontal transformations
« |fyou are askedto find the equation then build up the equation by locking at the
transformations in order

1 —
o Ahorizontal stretch by scale factor P followed by a translation of ( 0 )

m Stretch: y= 1"(&1{)
= Thentranslation: y= fla(x + b))
= Finalequation: y= flax + ab)

- 1
o Atranslation 01{ 0 Jf-::llowed by a horizontal stretch by scale factor ;

= Translation: y=f{x+ b)
= Thenstretch: y=f{(ax) + b)
= Finalequation: y= flax + b)
« |fyou are asked to determine the order
o Firstwrite the equationinthe form y = f{ax + b)
o The order of horizontal transformations is thereverse of the order of operations

-b
= Firsttranslateby( 0 )

1

= Thenstretch by scalefactor P

= |f ais negative then thereflection and stretch can be doneinany order

Www.exampaperspractice.co.uk
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*> Worked Example
The diagram below shows the graph of y= f(x).

.I'.
A(=1.3)

B3 —3)

Sketchthe graphof y=f(2x—1).

The order of horizontol FaaSformations s the
reverse of the order of operations

y: f(==1): Translate (;!;)

%a{[h‘,rnwwﬁu\ stretch scale factor i

P1 hELoﬂe; (D.S)
B becomes {2,'3] A'l0,5)

B(2,-3)
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2.6.1 Properties of Further Graphs

Logarithmic Functions & Graphs

What are the key features of logarithmic graphs?

« Alogarithmic functionis of the form f(x)=a+bInx, x>0
+ Rememberthe natural logarithmic function Inx = ]oge(x}

o Thisistheinverseof fx)=eX
» In(ex) =xandelnr=x
The graphs donot have a y-intercept
= The graphs have avertical asymptote at the y-axis:

(5]

a
The graphs have one root at (E b, B)
= This canbe foundusing your GDC
The graphs do not have any minimum or maximum points
Thevalue of b determines whether the graph is increasing or decreasing
= |fbis positive then the graphis increasing
» |[fbis negative then the graphis decreasing

[&]

[4]

[}

YA y=a+blnx YN
b=>0
= =
S X
y=a+blnx
b<O

Www.exampaperspractice.co.uk
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Logistic Functions & Graphs

What are the key features of logistic graphs?
L

« Alogistic functionis of the form fx)= [+ Cokx
o L, C&karepositive constants
+ |tsdomainis theset of all real values
» |tsrangeis the set of real positive values less than L
L
+ They-interceptis atthepomt( ; 1+C}
+ Therearenoroots
+ Thereis a horizontal asymptoteaty =L
o Thisis called the carrying capacity
= This is the upperlimit of the function
» Forexample:it couldrepresent the limit of a population size
+ Thereis a horizontal asymptoteaty =0
+ Thegraphis always increasing

>N
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2.6.2 Natural Logarithmic Models

Natural Logarithmic Models
What are the parameters of natural logarithmic models?

« Anatural logarithmic model is of the form f(x) =a+bInx
+ Thearepresents the value of the functionwhen x=1
* Thebdetermines therate of change of the function
o Abiggerabsolutevalue of bleads toafasterrate of change

What can be modelled as a natural logarithmic model?

« Anatural logarithmic model can be usedwhen thevariable increases rapidly for a period
followed by a much slowerrate of increase with no limiting value
o M(l)is the magnitude of an earthquake with anintensity of |
o d(l)is the decibels measured of a noise with anintensity of |

What are possible limitations a naturallogarithmic model?

« Anaturallogarithmic graphis unbounded
o Howeverinreal-life the variable might have a limitingvalue
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*> Worked Example
The soundintensity level, L, in decibels (dB) can be modelled by the function
L(l)=a+8InI,
where I is the soundintensity, in watts per square metre (Wm™2).

a)

Given that a soundintensity of 1Wm™? produces a sound intensity level of 110 dB,
write down thevalue of a.

Subgtitule Lzl and L=110

W=a+3ll
o
a: 0
|
b)
Find the sound intensity, in Wm2, of a caralarm that has a soundintensity level of
105 dB.

Use GDC to solve L(I) =105
W0+ BlnI =105
I<0535201..

I:0.535 Wm? (3:)

Www.exampaperspractice.co.uk
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2.6.3 Logistic Models

Logistic Models

What are the parameters of logistic models?
L

Alogistic model is of the form f(x) = T Cbr

]

The L represents thelimiting capacity
o This is thevaluethat the model tends to as xgets large
The C (alongwith the L) helps to determine the initial value of the model

L
o Theinitialvalueis given by ——
SvenBY Ty e
o Oncel has been determined you canthen determine C

The k determines therate ofincrease of the model

L]

What can be modelled using a logistic model?

» Alogistic model can be usedwhen the variableinitially increases exponentially and then
tends towards a limit
o H(t)is the height of a giraffe t weeks after birth
o P(t)is the numberof bacteria on an apple t seconds afterremoving from protective
packaging
o P(t)is the population of rabbits inawoodlands area t weeks afterreleasing aninitial
amountinto the area

What are possible limitations of a logistic model?

« Alogistic graph is bounded by the limit L
o Howeverinreal-life the variable might be unbounded
» Forexample:the cumulative total number of births in a town over time
+ Alogistic graph is always increasing
o Howeverinreal-life there could be periods where the variable decreased or fluctuates
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*9 Worked Example

The number of fishin a lake, F, can be modelled by the function

800
1+ Ce™05¢

Ho)=

where tis the number of months after fish wereintroducedto the lake,

a)
Initially, 50 fish were introduced to the lake. Find the value of C.

Substitde t£:0 and F=50

. 300
0: | + (e
50 - 20
I+C 50
=15

b)
Write down the limiting capacity for the number of fishin the lake.

Find the horizontal asymptote

),
L'im'&m& mpur_ﬁﬂ %00

50

c)
Calculate the number of months it takes untilthere are 500 fishin the lake.

Solve  F(£)=500
800 . 500

l + ISB-D bt
E=5.364F..
5.36 months

Www.exampaperspractice.co.uk
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2.6.4 Piecewise Models

Linear Piecewise Models
What are the parameters of a piecewise linear model?
+ A piecewiselinear modelis made up of multiple linear models f}.(x) =mx+c,

« Foreach linearmodel there willbe
o Therate of change forthatinterval m;
o Thevalueif theindependent variable was not present ¢;

What can be modelled as a piecewise linear model?

* Piecewiselinearmodels can be used when therate of change of a function changes for
differentintervals
o Thesecommonly apply when there are different tariffs orlevels of charges
« Anythingwith a constantrate of change for setintervals
o C(d)is the taxicharge forajourney of dkm
= Thecharge might double after midnight
o R(d)is therental feeforacarusedforddays
» Thedaily fee might triple if the caris rented over bank holidays
o s(t)isthespeed of acartravelling fort seconds with constant acceleration
= Thecarmightreach a maximum speed

What are possible limitations of a piecewise linear model?

+ Piecewiselinearmodels have a constantrate of change (represented by a straight line) in
eachinterval
o Inreal-lifethis might notbethecase
o Thedatainsomeintervals might have a continuously variable rate of change
(represented by a curve) ratherthan a constantrate
o Orthetransition fromone constantrate of change to anothermay be gradual-i.e. a
curveratherthan a sudden changein gradient

@ ExamTip
-

+ Make surethat you know how to plot a piecewise model on your GDC
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" Worked Example

Thetotalmonthly charge, £ C, of phone bill can be modelled by the function

(= { 10+002m  0sm<100
m _{ 9+003m  m>100

where m is the number of minutes used,

a)
Find the totalmonthly chargeif 80 minutes have beenused.

Subafmﬁﬁ m=f}D into the first {undmn
((80)=10 + 0.02(0)
FI.60

0 0

b)
Given that the totalmonthly charge is £16.59, find the number of minutes that were
used.

Substitute ( = 16,89 into the second £m¢+|ar|
16,8949 +0003m &)

159 -

0.03m:= 154 1

o
31.59
0.03

253 minutes
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Non-Linear Piecewise Models
What are the parameters of non-linear piecewise models?

+ Anon-linear piecewise model is made up of multiple functions ff_(x)

o Eachfunction willbe defined forarange of values of x

* Theindividualfunctions can contain any function
o Forexample: quadratic, cubic, exponential, etc

* When graphed theindividual functions should join to make a continuous graph
o Thisfactcanbeusedtofindunknown parameters

fl(X) a<x<
0= o peren then (0)=L0

What can be modelled as a non-linear piecewise model?

* Piecewise models can beusedwhen different functions are needed torepresent the
output for different intervals of the variable
o S(x)isthe standardised score on a test with xraw marks
= Forsmallvalues of xthere might be a quadratic model
» Forlargevalues of xthere might be alinear model
o H(t)is the height of waterin a bathtubwith aftert minutes
= |nitially a cubic model might be a appropriate if the bottom of the bathtubis
curved
= Thenalinearmodel might be a appropriateif the sides of top of the bathtub has
theshape of a prism

What are possible limitations a non-linear piecewise model?

« Piecewise models canbe usedtomodelreal-life accurately
« Piecewise models can be difficult to analyse or apply mathematical techniques to

O ExamTip
* « Readandre-readthe question carefully, try to getinvolvedin the context of the
guestion!

= Payparticularattention to the domain of each section, if itis not given think
carefully about any restrictions there may be as a result of the context of the
guestion

« |f sketching a piecewise function, make sure to include the coordinates of all
key points including the point at which two sections of the piecewise model
meet
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9 Worked Example
®

Jamieis running a race. His distance from the start, x metres, can be modelled by
the function

3t 0<t<s

Xir):{ 125-a(t—15)> 5<t<15

where tis thetime, in seconds, elapsed since the start of therace.

a)
Findthevalue of a.

Tlhe function is ontinvous at E*d

3(5) = 125 -a(5 -15)’
15 = 125 - 100
az || L /

”

b)
Findthe time taken for Jamieto reach 100 metres from the start.

Deode which fundionlto use

x(5)7 18
100 >15 )
Solve  x(t)= 100

5 e
125 =11 (E-15)" = 100 i

E=1023.. or E:19.36..
Rajed as 5 Sk < l5

E=10.2 seconds
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