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3.1.1 Coordinate Geometry

Basic Coordinate Geometry
What are cartesian coordinates?

» Cartesian coordinates are basically the x-y coordinate system
o They allow us tolabel where things are in a two-dimensional plane
* Inthe 2D cartesian system, the horizontal axis is labelled x and the vertical axis is labelled y

What can we do with coordinates?

» Ifwehavetwo points with coordinates (x;, y;) and (x5, y») then we should be able to find
o Themidpoint of thetwo points
o Thedistance between the two points
o Thegradient of theline between them

How do | find the midpoint of two points?

*« Themidpointis the average (middle) point
o [tcan befoundby finding the middle of the x-coordinates and the middle of the y-
coordinates
» Thecoordinates of the midpoint will be

X +x, yi+Yy,
22

o Thisis givenin the formula booklet under the priorlearning section at the beginning

/‘(El(x). ¥l
[¥] / ¥
M
THE MICPOINT, M, OF
THE LINE SEGMENT AB

. | XX W+
I'b'| 1;22' 1? :I

¥
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How do | find the distance between two points?

+ Thedistance between two points with coordinates (x;, y;3) and(x2, y2) can be foundusing
the formula

d = \/(Xl_ 2+ (v = 3,)

o Thisis givenin the formula bookletin the priorlearning section at the beginning

» Pythagoras' Theorem a* = b?+ ¢? is used to find the length of a line between two
coordinates

» |fthecoordinates are labelled A and B then theline segment between them is written with
the notation [AB]

k)

N

f.x..n‘.\ 4 a=f+e
0 a\ X
(30730 \

How do | find the gradient of the line between two points?

* Thegradient of aline between two points with coordinates (x;, y7) and(xz, y2) can be found
using the formula

Y= ¥

X=X

m:

o Thisis giveninthe formula booklet under section 2.1 Gradient formula
rise

o Thisisusuallyknownas m=——
run
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*) Worked Example

Paint Ahas coordinates (3, -4) and point B has coordinates (-5, 2).
i)
Calculate the distance of the line segment AB.

A:(3 -4¢) B:(-5 2)

AR r X
x, Y .
Formula {or distance between two points:

d = Jlx,-x)"+ (y, -9

Subp Coordinokes -@c( A ond B Lﬂ'hn tHhe

FnrMmLm :

d = J(3-C+(-4-2)

= 8%+ (-6) = Ji00

ii)
Find the gradient of the line connecting points Aand B.

A:(3 -4) BE(-5 2)
» rox
x Y, Xz J

Formula, for gradient of o Llne segment !
M = 'é!. _\rj'-

1’. —1'3‘:1

Sub Coovdinokes for A ond B o the

'Farmu.‘u:k :

Fig] = 2——‘!‘
-5-3

£
-8

+w

= -3
™ %

jii)
Find the midpoint of [AB] .

Www.exampaperspractice.co.uk
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.%

x, Y T2 :jf.

A:(3 -4) 8:(-52)
» p A

Formula, for te midpoint of +two ceordinobes:

,

(':x..;ﬁh ol ;_'j"—>

Sue values cda:

&= = z
HQG'.Paint = (3 ?_I: S); 4--: ) = ('l.: -1)

Midgoint = (-1,-1)

Www.exampaperspractice.co.uk
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Perpendicular Bisectors
What is a perpendicular bisector?

» Aperpendicularbisector of aline segment cuts theline segment in half at aright angle
o Perpendicularlines meet atright angles
o Bisect means tocutin half

» Twolines are perpendicularif the product of their gradientsis -1

How do | find the equation of the perpendicular bisector of aline
segment?

» Tofindthe equation of a straight line you need to find
e The gradient of the line
o Acoordinate of apointontheline
*« Tofindtheeqguation of the perpendicular bisector of a line segment follow these steps:

o 5TEP1:Findthe coordinates of the midpoint of the line segment
= \We know that the perpendicularbisectorwill cut theline segmentin half sowe can
use the midpoint of theline segment as the known coordinate on the bisector
STEP 2:Find the gradient of the line segment

o

o

STEP 3: Find the gradient of the perpendicularbisector

= This will be -1 divided by the gradient of the line segment
STEP 4: Substitute the gradient of the perpendicular bisector and the coordinates of
the midpoint into an equation for a straight line

= Thepoint-gradientform y— 'y, =m (x— xl)istheeasiest

o

o

STEP 5:Rearrange into the required form
» Eithery = mx + corax + by + d =0
» These equations fora straight line are given in the formula booklet

Www.exampaperspractice.co.uk
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*) Worked Example
[
Point Ahas coordinates (4, -6) and point B has coordinates (8, 6). Find the equation

of the perpendicularbisector to [AB]. Give your answerin the form
ax + by + d = 0.
Step |: £ind the coordinakes of the midpoint :

Ak, -2) B:(3,8)

r

(1.-!11 Eﬁ‘*f’.‘lz>

=X, le. Xz :j"'- z [
Sub wvalues da:
+ -b+b
H{dpm;nt=(£+18 ) — )zfé;c’)
Step 2: tind the %ro,d.ie.n.k‘. of [A8):
m = Y=Y = b--6 =12 =3
xz. -'mL % — {1' q-
Step 3 Find the Sro.die_nt of the gperpendiculor
bisector :
My ="m =-3

Step & Substbute %mdie_ﬂk andh Coordinate nte an

eqpation for o straght Lne.
ingesk  Coordinates of the midponk.

¢
(5-3,) = m (= F\?cl)
(}J)-O) ="'1§{55-6)
Step 5 Remrraazft (Mo te form ax + by +d =0
(y-0) =-Fl=-6) (-3
-3y =x -6 (+ 3

Www.exampaperspractice.co.uk
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3.1.2 Radian Measure

Radian Measure
What areradians?

» Radians are an alternative to degrees for measuring angles
lradianis the anglein a sector of radius landarc length ]
o Acirclewithradius lis called a unit circle
Radians are normally quotedin terms of m
e 2Z2mradians = 360°
o mradians =180°
The symbol forradians is “but itis more usualto seerad
o Often, whenmisinvolved, nosymbolis given as itis obvious itis in radians

o Whilstitis okay to omit the symbol forradians, you should never omit the symbol for
degrees

In the exam you should useradians unless otherwise indicated

UNIT 'CIRCLE
. _{s MINCR ARC PQ
- \____.7_._

THE OTHER PART
OF CIRCUMFERENCE

WOULD BE THE
MAJDRSARS PG

How do | convert betweenradians and degrees?
* Usem©=180° to convert between radians and degrees
180
o Toconvert fromradians to degrees multiply by —

L

o Toconvert from degrees toradians multiply by 130

+ Some of the common conversions are:

o 2m¢ = 360°
o m¢=180°
o 5 =90°
c
o% = 60°
¢
o Ty =45°
Mme
o o =30°

* |tisagoodideatoremembersome of these and use them to work out other conversions
* Your GDC will be able to work with both radians and degrees

Www.exampaperspractice.co.uk
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27 = 3601
n
|
%:90‘ < { 7= 180" }—; %:30'
‘ %cso' - '.=-I %:45‘ ‘

O Exam Tip

* « Sometimes an exam question will specify whether you should be using degrees
orradians and sometimes it will not, if it doesn'tit is expected that you will work
inradians

» |fthe questioninvolves mthen workinginradians is useful as there will likely be
opportunities where you can canceloutm

* Make surethatyourcalculatorisin the correct mode for the type of angle you
are working with

Www.exampaperspractice.co.uk
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’ Worked Example
® )
Convert 43.8° toradians.

8.8 Y = j2a°

13 (® =1g0°)
300 )XTEG

37T

300°

43.8° = 0764° (3sf)

i) Convert ST“ to degrees.

% .
X480
225°
APERS 2H
T -225

Www.exampaperspractice.co.uk
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3.1.3 Arcs & Sectors

LengthofanArc
Whatisanarc?

» Anarcis apartof the circumference of a circle
o |tis easiesttothink of it as the crust of a single slice of pizza
* Thelength of an arc depends of the size of the angle at the centre of the circle
« Iftheangleatthecentreisless than180° thenthearcis known as aminorarc
o This couldbe considered as the crust of a single slice of pizza
» |fthe angle at the centre is more than180° then the arcis known as a major arc
o This could be considered as the crust of the remaining pizza after a slice has been
taken away

How dol find the length ofanarc?

» Thelength of an arcis simply a fraction of the circumference of a circle
o The fraction can be found by dividing theangle at the centre by 360°
« Theformulaforthelength, I, of anarcis

I - 2
=E—— X 4IMT
360
o Where fis the angle measuredin degrees
o ristheradius
o Thisisinthe formulabooklet, you do not need torememberit

) ExamTip
-
« Make surethatyouread the question carefully to determine if you needto
calculate the arclength of a sector, the perimeter or something else that
incorporates the arc length!

Www.exampaperspractice.co.uk
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*) Worked Example
o

Acircular pizza has had a slice cut from it, the angle of the slice that was cut was 38
° Theradius of the pizza is 12 cm. Find

i)
the length of the outside crust of the slice of pizza (the minorarc),

A d[o.aram will help

ag® &__r-n‘.nor

axrc

12em,

formulo. for the Lleagth of an arc:
A -%x i Ag

Sulostabute :

hength of crust = 7.96 em (3s6)

i)
the perimeter of the remaining pizza.

A diagram will help:

majer e olso Parkof
Orec ——s @ o Perimeber

Formulo. for tne Lenst]n of an arc:

A= 3%0 x 2T
Sulostibute :

L =%§x 27 (12)
= 3&‘{‘/ Ler\ﬁ'}'n of mojor owc
15
Find perimetar:
P= Mojpr orc + rodius + rodiug
= '_3_?.:_1 +# 12 +12 =9L.43495...em

Pe.rimz.b&r = 9. em (3&?)

Www.exampaperspractice.co.uk
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Areaof aSector
Whatis a sector?

+ Asectoris apartofacircleenclosedby tworadii(radiuses) andan arc
o |tis easierto think of this as the shape of a single slice of pizza

+ Thearea of a sectordepends of the size of the angle at the centre of the sector

« |ftheangleatthecentreis less than180° then the sectoris known as a minor sector
o This could be considered as the shape of a single slice of pizza

+ [ftheangle atthecentreis morethan180° thenthe sectoris known as a major sector

o This couldbe considered as the shape of the remaining pizza after a slicehas been
taken away

How do | find the area of a sector?

* Theareaof asectoris simply a fraction of the area of the whole circle
o Thefraction can be found by dividing the angleat the centre by 360°
+ Theformulaforthearea, A, of a sectoris

6
— 2
A 360 X Mr-

o Where fis theanglemeasured in degrees
o ristheradius
o Thisisinthe formula booklet, you donot needtorememberit

Www.exampaperspractice.co.uk
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*) Worked Example
@
Jamie has divided a circle of radius 50 cminto two sectors; a minor sector of angle

100° andamajor sectorof angle 260°. He is going to paint the minor sector blue
and the major sectoryellow. Find

i)
the area Jamie will paint blue,

Startk wdtn o dCosrqm=

Minoe
sectoc

Formuwa. €oc the oreo of o. Sector:
A__Q. x-n:(?.

— 360°
100 z
S%Sﬁbu'c.e_-' A = 260 xTL % 50
9

= 218).6b..cm*

Blue oreo = 2180 em™ (3sf)

i)
the area Jamie will paint yellow.

Www.exampaperspractice.co.uk
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Minor
secktoc

me‘w £oc the oven of o. Seckor:
O 2
A=360'xn"

SU&JS'I.il'.ul:.r;: A = 360 xT x S50

= 162501
q

= 5672.32..¢m”

Www.exampaperspractice.co.uk
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Arcs & Sectors Using Radians

How doluseradians to find thelengthofanarc?
?
¢ Astheradian measure fora full turnis 2, the fraction of the circle becomes ——

2m
» Workinginradians, the formula for the length of an arc willbecome

I=E X2mr

« Simplifying, the formula forthelength, I, of anarcis
=1

o Bistheangle measuredinradians
o ristheradius
o Thisis giveninthe formula booklet, you do not need to rememberit

How do | useradians to find the area of a sector?

i
« Astheradian measure fora fullturnis 2 7, the fraction of the circle becomes —

2m
» Workinginradians, the formula for the area of a sector will become
0

A=§ X TP

» Simplifying, the formula forthe area, A, of a sectoris

1
A=—r4¢
2
o fistheangle measuredinradians
o ristheradius
o Thisis giveninthe formula booklet, you donot need torememberit

Www.exampaperspractice.co.uk
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‘, Worked Example
@

' . . T ' '
Aslice of cake forms a sector of a circle with an angle of I radians andradius of 7

cm. Find the area of the surface of the slice of cake andits perimeter.

Drow o d.io.gf'o.m_ g
-

Fomn
I
Areo. of o sector: A =7r?*0

Swostitute : v = :E, e = %

A=7 (R (F)==4iz

i | |

Areo. = 12.9cm” (3s4)

Perimeter' = ovre Lengtin. +2(radius)
Lex\ﬂ'l-_h_ of an oxe: L=r6
P=32(%)+1(=

Pecmeter = |F.F cm (3s4£)

Www.exampaperspractice.co.uk
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3.2.1 3D Coordinate Geometry

3D Coordinate Geometry

How does the 3D coordinate system work?
* Inthree-dimensional spacewe can label where any objectis using the x-y-zcoordinate

system
* Inthe 3D cartesian system, the x- and y- axes usually represent lateral space(length and

width) and the z-axis represents vertical height

What canwe do with 3D coordinates?
» |fwehave two points with coordinates (x;, y;, z;)and(x2, y2, Z2) then we should be able to

find:
o Themidpoint of the two points

o Thedistancebetween the two points
» Ifthe coordinates are labelled A and B then the line segment between them is written with

the notation [AB]

How do | find the midpoint of two pointsin 3D?

« Themidpointis the average (middle) point
o |tcanbe foundby finding the middle of the x-coordinates and the middle of the y-

coordinates
« Thecoordinates of the midpoint willbe

4%, V4y, Z+z
2 ° 2 " 2

o This is givenin the formula booklet, you do not need to rememberit

How do| find the distance between two pointsin 3D?
* Thedistance between two points with coordinates ((x;, v, z;))and (x2, ¥z, 22) can be found
using the formula

d= \/(Xl_ P+ (= ) + (2= )

o Thisis givenin the formula booklet, you do not need to remember it

Www.exampaperspractice.co.uk
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*> Worked Example
L ]

The points Aand B havecoordinates (-2,1,5) and(4, -3, 2} respectively.
i)
Calculate thedistance of theline segment AB.

Formula. for the distoance of a Line
5?.371&:\.*:.‘-

I ParmuLD-
¥  loaskisk

d = J(c, -2 )% (y4-Y)" + (2, -2)?
A:(-2,1,58  B:(4-32)
AT PO

=, Y = Xz Yz E2
Subs{n:{:.uta'-
d

Jez-a)+ (- + (5-2)*

JE8) + 4% 4 32

=J36+I‘6 + 9
= J 6l

ol.-= 7/81 u.ni‘l:s- (3 sF)

if)
Find the midpointof [AB].

Formula for tre midpoink o€ a Uine

523\‘\21‘\1.'- in formulo
¥ oeok‘sk
MP = <'—T-‘. + X4 U.*ﬂz =, +1t)
I ) ———
2 2 2
A:(-2,1,5) B:(4,-32)
A r e Art
X Y g Yz "2
Substituke:
MP = (—zur, 1+(-3) S+2
= , z
=L .2 3
( L T ‘i)

mMP = (1,-1,35)

Www.exampaperspractice.co.uk
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3.2.2 Volume & Surface Area

Volume of 3D Shapes
Whatis volume?

* Thevolume of a 3D shapeis a measure of how much 3D spaceit takes up
o A3Dshapeis alsocalled a solid
* Youneedtobeableto calculate the volume of a number of common shapes

How do | find the volume of cuboids, prisms and cylinders?

» Aprismis a3-Dshapethathas twoidentical base shapes connectedby parallel edges
o Aprismhasthe samebase shape allthe way through
o Aprismtakesits namefromits base

» Tofindthevolume of any prism use the formula:

Volume of aprism = Ah

o Where Ais the area of the cross sectionandhis the base height
= hcouldalsobethelength of the prism, depending on how itis oriented
o Thisisintheformula bookletin the priorlearning section at the beginning
o Thebasecouldbeany shapesoaslongas youknowits areaandlength youcan
calculatethevolume of any prism

Www.exampaperspractice.co.uk
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* Notetwo special cases:
o Tofindthevolume of a cuboid use the formula:

Volume of a cuboid = length x width x height
V = Iwh
o Thevolume of a cylinder can be foundin the same way as a prismusing the formula:
Volume of a cylinder = mr? h

o whereristheradius, his the height (orlength, depending on the orientation
o Notethata cylinderis technically not a prism as its baseis not a polygon, howeverthe
method for findingits volume is the same
* Bothoftheseareinthe formula bookletin the priorlearning section

How do | find the volume of pyramids and cones?

+ |In aright-pyramid the apex(the joining point of the triangular faces) is vertically above the
centre of the base
o Thebasecanbe any shape butis usually a square, rectangle ortriangle
* Tocalculate the volume of aright-pyramid use the formula

1
V—EAII

o WhereAis the area of the base, his the height
o Notethatthe height mustbe vertical tothe base

« Aright coneis a circular-based pyramid with the vertical height joining the apex to the
centre of the circularbase
+ Tocalculate the volume of aright-cone use the formula

1
V=—mr2h
3

o Where ris theradius, his the height

* Theseformulae are both givenin the formula booklet

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

How do | find the volume of a sphere?

* Tocalculatethevolume of a sphere use the formula

4
V=—mnr
3

o Whereris theradius
= theline segment fromthe centre of the sphere to the surface
e This formulais givenin the formula booklet

@ Exam Tip
* » Rememberto make use of the formula booklet in the exam as all the volume
formulae you need willbe here
o Formulae forbasic 3D objects (cuboid, cylinder and prism) are in the prior
learning section
o Formulae for other 3D objects (pyramid, cone and sphere) are in the Topic
3: Geometry section

Www.exampaperspractice.co.uk
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*> Worked Example
L

Adessert can be modelled as aright-cone of radius 3cmandheight12cmand a

scoop of ice-creamin the shape of a sphere of radius 3 cm. Find the total volume
of theice-creamandcone.

-,
Volume of o Sphere: V=%If3 (In formula
booklet)
. 4 3
Substitute: ¥ =3 =INVI=SET x 3
=37

Volume of a Night [Cone : V= %?szh. (In fvmula
booklet)

Substitude. . /A3 T2 = &5 D)
= T

Total Volume = ??_ﬂ.cmz

Total Volume = 226cm’ (3s6)

Www.exampaperspractice.co.uk
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Surface Area of 3D Shapes
Whatis surface area?

+ Thesurface area of a 3D shapeis the sum of the areas of all the faces that make up a shape
o Afaceis one of the flat orcurved surfaces that makeupa 3D shape
o |toften helps to considera 3D shapein the form of its 2D net

How do | find the surface area of cuboids, pyramids and prisms?

« Any prisms and pyramids that have polygons as their bases have only flat faces
o Thesurfaceareais simply found by adding up the areas of these flat faces
o Drawinga 2D netwill help to see which faces the 3D shape is made up of

How do | find the surface area of cylinders, cones and spheres?

» Cones, cylinders and spheres allhave curved faces soitis not always as easy to see their
shape
o Thenet of a cylinderis made up of two identical circles and arectangle
Therectangleis the curved surface area and is harder to identify
Thelength of therectangle is the same as the circumference of the circle
The area of the curved surface area is

A=2nrh

= whereris theradius, his the height
o Thisis givenin the formula bookinthe priorlearning section
o Thearea of thetotal surface area of a cylinderis

A=2nrh+2nr2

o Thisis not givenin the formula book, howeveritis easy to put together as both the area
of a circle and the area of the curved surface area are given

o

o]

[+]

* Thenetof a cone consists of the circularbase along with the curved surface area
o Thearea of thecurved surfaceareais

A =mrl

» Whereris theradius and/is the slant height
o Thisisgiveninthe formula book
= Becarefulnottoconfusethe slantheight, |, with the vertical height, h
= Notethatr, hand/will create aright-triangle with /as the hypotenuse
o Thearea of thetotal surface area of aconeis

A= mrl+ nr?

o Thisis not givenin the formula book, howeveritis easy to put togetheras both the area
of a circle and the area of the curved surface area are given

« Tofindthesurface area of asphereuse the formula

Www.exampaperspractice.co.uk
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A=4mr

= whereris theradius (line segment from the centre to the surface)
o Thisis giveninthe formula booklet, you do not have to rememberit

O Exam Tip

' * Rememberto make use of the formula bookletin the exam as all the area
formulae you need will be here
o Formulae forbasic 2D shapes (parallelogram, triangle, trapezoid, circle,
curved surface of a cylinder) arein the prior learning section
o Formulae forother 2D shapes (curved surface area of acone and surface
area of asphere) arein the Topic 3: Geometry section
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*> Worked Example

)
In the diagram below ABCD is the square base of a right pyramid with vertex V. The

centre of thebase is M. The sides of the square base are 3.6 cm and the vertical
heightis 8.2 cm.

i)
Use the Pythagorean Theoremto find the distance VM.

SK‘?_’:QJ/L the -triomg!_o_ MNV :
v

B.2¢em

M igem N

t .
M (s the mudpoint
Se MN = 3.6+2

Btﬁ Yne ?&%@urw Theoreon. :

\v.frs4r1L=J*-..e'tv‘l""+Mn:~~|"L

= ]32% + 1.8°
= ,ITD. &3
VN = 8.40 cm (35‘?)
ii)
Calculate the area of the triangle ABV.
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Aceo. AABY =ocea ABCYV

Sketoh ABCV:
.I?—D.‘r‘s cm

B 36w C

A"E'_Q. of o ',cr{&r\alg = L*Lbh

Substitute b=346, h= [ 70,48

Aceo. = 7(3.6)(J70.48)
- ]E!l” C.Ml

Aceo. AARY = 1Sl

iii)

Find the surface area of theright pyramid.

Conaide.rfr\t,j the. ek Mtﬁ help:

Sguore bose

7
A Lsosceles
Lr"qnﬁla
O
et T Spare * H(00)
SA = 26% + &(15.011.)

= #3.405... cm’*

SA = 734 et (3sF)
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3.3.1 Pythagoras & Right-Angled Trigonometry

Pythagoras
What is the Pythagorean theorem?

» Pythagoras' theoremis a formula that works forright-angled triangles only
= |tstates thatforanyright-angledtriangle, the square of the hypotenuseis equal to the
sum of the squares of the two shorter sides

o Thehypotenuseis thelongest sidein aright-angledtriangle
= [twillalways be oppositetheright angle

o |fwelabelthe hypotenuse c, andlabelthe othertwo sides a and b, then Pythagoras’
theorem tells us that

az + b2 = ¢2

* Theformula for Pythagoras' theorem is assumed prior knowledge and is not in the formula
booklet

o You willneedtoremember it

How canweuse Pythagoras’ theorem?
« |fyouknow two sides of any right-angledtriangle you can use Pythagoras' theorem to find
the length of the third side
o Substitute thevalues you have into the formula and either solve orrearrange
« Tofindthelength of the hypotenuse you canuse;

c=+ at+b?

* Tofindthelength of one of the other sides you canuse:

1=J@-Rob=yE-2&

« MNotethatwhenfinding the hypotenuse you should add inside the square root and when
finding one of the other sides you should subtract inside the square root

» Always check youranswer carefully to make sure that the hypotenuseis thelongest side

» MNotethatPythagoras’ theorem guestions will rarely be standalone questions and will often
be 'hidden’ in other geometry questions

What is the converse of the Pythagorean theorem?
+ The converse of the Pythagorean theorem states thatif a2 + b2 = ¢2 istruethenthe
triangle must be a right-angled triangle
o Thisis avery usefulway of determiningwhether a triangle is right-angled

« |fadiagraminaguestion does not clearly show that somethingis right-angled, you may
needtousePythagoras' theoremto check

) ExamTip
* = Pythagoras' theorem pops upin lots of exam questions so bearitin mind
wheneveryou see a right-angled triangle in an exam question!
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* Worked Example

°
ABCDEF is a chocolate barin the shape of a triangular prism. The end of the

chocolatebaris anisosceles trianglewhere AC=3cmandAB=BC =5cm. Mis the
midpoint of AC. This information is shown in the diagram below.

CalculatethelengthBM,

Skekeh the Jcr;angLa ARM:

B
-
-
-
5
\\
51‘_1"‘- ‘\‘
-
LY
LY
L)
LY
-
L)
‘\
A '.'] .......... .‘lc
1S e M

e,_,_gm_—_—-—p

BM* = | AR? - AM®

r f Rshor’te.r side
sheoctes h-{ﬁ?o tenwse
Side.
= ]| gt - 158"

= ,i'Z'l.?S

BM = 437 cm (3sf)
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Right-Angled Trigonometry
What is Trigonometry?

» Trigonometry is the mathematics of angles in triangles
+ |tlooks at therelationship between side lengths and angles of triangles
» |[tcomes from the Greek words trigonon meaning 'triangle’ and metron meaning ‘'measure’

What are Sin, Cos and Tan?

» Thethree trigonometric functions Sine, Cosine and Tangent come from ratios of side
lengths inright-angled triangles
» Toseehow theratios work you must first label the sides of aright-angled triangle in relation
toachosenangle
o The hypotenuse, H, is thelongest sidein a right-angled triangle
= [twillalways be opposite theright angle
o |fwelabelone of the otherangles 6, the side opposite 6 will be labelled opposite, O,
andtheside nextto o willbelabelled adjacent, A
* Thefunctions Sine, Cosineand Tangent aretheratios of thelengths of thesesides as

follows

opposite 0
Sin f = o

hypotenuse  H
Cos o A adjacent A
osv= hypotenuse T H

_ opposite O

Tan 0 = adjacent A

o Thesearenotinthe formula book, you must remember them
» The mnemonic SOHCAHTOA is often used as a way of remembering which ratio is which
o 5inis Opposite overHypotenuse
o Cosis Adjacent over Hypotenuse
o Tanis Opposite over Adjacent
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THE LONGEST SIDE |

OF A RIGHT-ANGLED
TRIANGLE

THE SIDE
OPPOSITE ol
THE ANGLE (@) \-.\

|lllr
\ /
I|I Ii"f
Y HYPOTENUSE
OPPOSITE
g

ADJACENT

i
THE SIDE NEXT] .~
TO THE
ANGLE (6

| R
ADJACENT
Cos® = o oTENUSE

OPPOSITE |
ADJACENT |
)

O A 8]
S_r' C_F ‘ T_T

How can we use SOHCAHTOA to find missing lengths?

+ |fyouknow the length of one of the sides of any right-angled triangle and one of the angles
you canuse SOHCAHTOA to findthe length of the other sides
o Always start by labelling the sides of the triangle withH, Oand A
o Choosethe correctratio by looking only at the values that you have and that you want
» Forexampleif you know theangle and the side oppositeit(O) andyou want to
find the hypotenuse (H) you should use the sineratio
o Substitute thevaluesinto theratio
o Useyourcalculatorto find the solution

Sinf = OPPOSITE

= HYPGTENUSE Tan® =

How can we use SOHCAHTOA to find missing angles?

« |fyouknow two sides of any right-angled triangle you canuse SOHCAHTOA to find the size
of one of theangles
« Missingangles are foundusing the inverse functions:

6 = Sin~! O 0 = Cos™! A 0 = Tan~! O
=Smn~' — , 0=Cos™! — ,0=Tan"' —
H H A
« Afterchoosingthecorrectratio and substituting the values use the inverse trigonometric
functions on yourcalculatorto find the correct answer

O Exam Tip

-
* Youneedtorememberthe sides involvedin the different trig ratios as they are

not given toyouin theexam
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%) Worked Example
®

Find the values of X and y in the following diagram. Give your answers to 3
significant figures.

8.4 cm
n a3
60°
123 ¢
e
- NOT TO SCALE

Stort by Labelu«&j the sides of the 'Lrio.nﬂle:

SOHCAHTOA
= A We _know H ond we
12.3¢cm % e wonk +to Fad A so
Wwe need to wuse

Cos@ = A
H
Cos60° = =<
12.3
% = \2.3Cos bO°
a = b.15em
A
B.4cm
OHCAHTOA
o= £15em S -.Fﬂ-q_jo (»)
on =9
’ "= 6.15 : &
Town = b.
J T34 6
R ~ [6.15
3 = Ton ('B_H-)

u'= 36.2° (3s.8)
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3D Problems

How does Pythagoras workin 3D?

+ 3Dshapes canoften be broken down into several 2D shapes
= With Pythagoras’ Theorem you will be specifically looking forright-angled triangles
o Theright-angled triangles you need will have two known sides and one unknown side

o Look forperpendicularlines to help you spotright-angled triangles
* Thereis a 3D version of the Pythagorean theorem formula:

d2=x2+y2+ 2

o Howeveritis usually easierto see a problem by breaking it down into two or more 2D
problems

How does SOHCAHTOA work in 3D?
« Againlook fora combination of right-angledtriangles that would lead to the missing angle
orside
* The angle you are working with can be awkwardin 3D
o Theanglebetween aline and a planeis not always obvious
o Ifunsureputapointon theline and draw a new line to the plane
= This should create aright-angledtriangle

ANGLE BETWEEN A LINE AND A PLANE

F . G
|
|
|
|
= o I
g F‘::_F_ _ __JH
-~ ",
L~ |
-~ I|
_ "x—: Ve A POINT OW THE LIMNE COMNWECTED
,-’ i I"-\\ TO THE PLANE CREATES A
) RIGHT =ANGLED TRIAMGLE AND
A P D THIS CAN HELP IDENTIFY THE

ANGLE REQUIRED®

¥* IS5 THE ANGLE BETWEEN THE LINE PQ AND
THE FLANE ABCD (LINE PS)

y* 15 THE ANGLE BETWEEN THE LINE PQ AND
THE PLANE AEHD (LINE PR}

z® |15 THE ANGLE BETWEEN THE LINE PR AND
THE LINE AD
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O Exam Tip

-
* Annotatediagrams that are given to you with values that you have calculated

+ |tcanbeusefulto make additional sketches of parts of any diagrams that are

given toyou, especially if there are multiple lengths/angles that you are asked
tofind

» |fyouarenotgiven adiagram, sketch a nice, big, clearone!
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) Worked Example
®

A pencil is being put into a cuboid shaped box which has dimensions 3cmby 4 cm
by 6 cm. Find:

a)
the length of the longest pencil that could fit inside the box,

Drow o C)\iagrmm: B
The Lcmse.st pencil

E

couwld 4\ € on on
of Mre dicagonals,
B / E-S- g SO
3m ..._P— ‘‘‘‘‘‘‘‘‘‘‘‘ —
P -
A =

To find AF we muct Firse Bad BF:

£ %4em g B = 4 . b?
BES =16 + 36
6 e BE = 52 . pon leave
as BF Lor
E) Moos,
] g AFT=3T4BET
=9 + 52
BC”V AE = 61
A AF =J%] = %%102..

F.3lcon (3s£)

b)
the angle that the pencil would make with the top of the box.
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Find Af% :

Ady
B 52 Cmou + AlL three sides
O?P gre known o Con
Dcm use o ¢
Y o
6T con +he bn'5 rokios,
A My
SOl T %
1
Chocsa Lonee = %
2
bonw = =
L@
=22 5%%

| AFB =.22-b (3s)A

¥ == N B B % o | BV am &
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3.3.2 Non Right-Angled Trigonometry

Sine Rule
Whatis the sinerule?

* Thesinerule allows us to find missing side lengths orangles in non-right-angled triangles
* |tstatesthatforanytriangle withangles A, Band C

a b c

sin A sin B sin C

o Where
» gisthesideoppositeangle A
» bistheside oppositeangle B
» cisthesideoppositeangleC
¢ This formulaisinthe formula booklet, you do not need to remember it
* Sin90° =1soif one of theangles is 20° this becomes SOH from SOHCAHTOA

ALWAYS RELABEL YOUR
PP TRIANGLE S ABC/abe TO
\ggMATEHTHE RULE YOU MNEED

LABEL YOUR TRIANGLE
WITH CAPITALS FOR
ANGLES ARD/ LOWER |
CASE FOR THE
OPPCSITE SIDE

How can we use the sinerule to find missing side lengths or angles?

* Thesinerule can be usedwhen you have any opposite pairs of sides and angles
« Always start by labelling your triangle with the angles and sides
o Rememberthe sides with the lower-case letters are opposite the angles with the
equivalent upper-caseletters
» Usetheformulain theformula booklet to find the length of a side
Tofinda missing angle you can rearrange the formula and use the form

s A B sin B B sin C
a b c

o This is notinthe formula booklet but can easily be found by rearranging the one given

Substitute the values you haveinto the formula and solve

¢) ExamTip
- s Ifyou'reusinga calculatormake sure thatitis in the correct mode

(degrees/radians)
» Rememberto give youranswers as exact values if you are asked too
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) Worked Example
The following diagram shows triangle ABC. AB = 8.1 em, AC = 12.3 cm,
BCA=27°.

NOT TO SCALE

Usethesineruleto calculate the value of;

i)
X,

Sketch the diagrum and. Label the
gides

o e Lower case b qoes
opposice Q.r'ﬁ]g B

usiﬂs the sine vule:

. . We. ore lpoks
L‘"‘A =S‘_"""B =S‘_n'c’rf"of o O \Ef.a

o o c S0 this vecrson s
eosier,
Sinct = Swn 2%
12.% <.
<.
~ = Sin_("?' 3ASwn ‘?_‘1-)
<.

o =43.6° (3s.f)

ii)
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Sketch the dio«gmm ond Lalel the

O~
E} 12.3em

Sides :

v e Lower cose. b goes
Ooppesite o..nﬁlp_ B

Find ABC: 130- (2% + 43.582..)
ABC = 109 4%

U.sina the sine vule:

We ore (pok:
6 =_©  =_c ¥ s asde S0
sin A sinB SinC  Hnis version s

easier.
Y == 2,1

Sin(l0%. 4%, | SR
8.15a(109. &[7.)
SN2

B =

Y 16.Bem (2sf) |
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Ambiguous Sine Rule

What is the ambiguous case of the sinerule?

« |[fthesineruleis usedin a triangle giventwo sides and an angle whichis not the angle
between them there may be more than one possible triangle which could be drawn
* Theside opposite the given angle could be in two possible positions
* This will create two possible values for each of the missing angles and two possiblelengths
forthe missing side
+ Thetwo angles found opposite the given side (not the ambiguous side) willadd up to 180°
o InIBthequestionwillusually tellyou whetherthe angle you are looking foris acute or
obtuse
o Thesinerulewill always give you the acute option but you can subtract from180° to
find the obtuse angle
o Sometimes the obtuse angle will not be valid
= |tcould cause the sum of the threeinterior angles of the triangle to exceed 180°

—

TWO POSSIBLE
ANGLES BETWEEN
A _AND B

——

——
———

bem
=B
TWO DIFFERENT - [ TWO POSSIBLE
OPTIONS FOR THE o— "PLACES FOR SIDE B
THIRD ANGLE

180 - &
(=] ! J'jf: n
,/I "\
OBTUSE ANGLE ¢~ ACUTE ANGLE
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@ ExamTip
+ Make surethat you are clear which of the two answers is the one that is required
and make sure that you communicate this clearly to the examiner by writing it on
the answerline!
*» Worked Example

Giventriangle ABC, AB = 8 em, BC = 5 cm, BAC =35°. Findthetwo possible
options forAEB, giving both answers to 1decimal place.

Theve are two ways triangle ABC con be drown:

e s h
AB and BAC ABC ‘s unknown
owe known So S0 we should use
bhis siwde B O Pair of compasses
is net € to find the position
a.m‘bisuous. BC.T'\. of BC
S5em
A ~ —
7 N/
S;‘:rt' with Tweo possible
COSE osikions
(Unknown side) Eof C
Fad ACR : Sin35° _ siac
5 B
C = g %s;ngsj
5
= 6b.51...

AEE: = 66.6" o 1134" (1dp)
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Cosine Rule
Whatis the cosinerule?

* Thecosinerule allows us to find missing side lengths orangles in non-right-angled
triangles
« |tstates thatforany triangle

at + b2- c?

¢2 = g2 +b2—23bcosC; cos C =
2ab

o Where
= cisthesideoppositeangleC
= gandbarethe othertwo sides
« Bothoftheseformulae areinthe formula booklet, you do notneed toremember them
o Thefirstversionis usedto find amissing side
o Thesecondversionis arearrangement of this and can be used to find a missing angle
* Cos90°=0so0if C=90° this becomes Pythagoras’' Theorem

How can we use the cosine rule to find missing side lengths or angles?

* Thecosinerule can beusedwhen you havetwosides and the angle between them or all
threesides
Always start by labelling your triangle with the angles and sides

o Rememberthe sides with the lower-case letters are opposite the angles with the

equivalentupper-caseletters
Usetheformula ¢? = a> + b2 — 2abcosCtofindanunknown side
a2 +'= 8

Usetheformulacos C = 2ab tofindanunknown angle

o Cistheanglebetweensidesaandb

Substitute the values you haveinto the formula and solve

L]

L]

L]

O ExamTip
- + Ifyou'reusing a calculator make sure thatitis in the correct mode
(degrees/radians)

*« Rememberto give youranswers as exact values if you are asked too
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) Worked Example
The following diagram shows triangle ABC. AB = 4.2 km, BC = 3.8 km,

AC = 7.1 km.

NOT TO SCALE

Calculate the value of ABC.
Sketch the diagmm ond. Lavel the

sides: a o

T.lem
b e lower cose b goes

Opposte Ch'ﬁ'le_ B

usiaa the cosivie [vrale. :

. 2 We. ore 'Lm\:.‘\(ﬁ
cosczm for on omale™
2 0b So this vec¥on s

easier.

cos e = 42%+ 3.31— +1°

2(4.2)(2.8)
e = CDS-‘(q.ah 38%-%.*
2(4.2)(2.8)
0=128° (3s%)
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Area of aTriangle
How do| find the area of a non-right triangle?
« The area of any triangle can be found using the formula

1
A= E&bsinC

o Where Cistheangle betweensidesaandb

o This formulaisinthe formula booklet, you do not need to remember it
« Becarefultolabelyourtriangle correctly so that Cis always the angle between the two
sides
* Sin90°=1s50if C=90° this becomes Area =2 x base x height
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IS THE TRIANGLE
RIGHT ANGLED?

o e

USE SOH CAH TOA

DOES THE QUESTION

INVOWWVE ANY OPPOSITE

PAIRS OF SIDES AND
ANGLES?

g5 e

INVOLVE ~ AREA

DOES THE QUESTION

USE SINE RULE

s o

USE AREA FORMULA

O Exam Tip

USE COSINE RULE

« |fyou'reusinga calculatormake sure thatitis in the correct mode

(degrees/radians)

+ Rememberto give youranswers as exactvaluesif you are asked too
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% Worked Example
¢ The following diagram shows triangle ABC.AB = 32 cm, AC = 1.1 m,
BAC = 74°.

1.1 m

e

A 32 cm
NOT TO SCALE

Calculate the area of triangle.

Lobel twe sides oF the krianelu

A 3Lem =0.32m

K_chonge all wuniks
to ke the Some

AT‘% of o 'hﬁo.nﬁ'te'- A = La;__&bsinc.
A = 5(11)(032) sin?4°

A=0.169 m?
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3.3.3 Applications of Trigonometry & Pythagoras

Bearings
What are bearings?

» Bearings are a way of describing andusingdirections as angles
» They arespecifically definedforusein navigation because they give a precise location
and/ordirection

How are bearings defined?

« There are three rules which must be followed every time a bearing is defined
o Theyare measured from the North direction
= Anarrow showing the North line should be included on the diagram
o They are measured clockwise
o Theangleis always written in 3 figures
= |[ftheangleisless than100° the first digit will be a zero

What are bearings used for?

» Bearings questions willnormally involve the use of Pythagoras or trigonometry to find
missing distances (lengths) and directions (angles) within navigation questions
o Youshould always draw a diagram
» There may be a scale given oryou may need to considerusing a scale
o Howevernormallyin IByouwill be usingtriangle calculations to find the distances
+ Some questions may alsoinvolve the use of angle facts to find the missing directions
+ Toanswera guestion involving drawing bearings the following steps may help:
o STEP1: Draw a diagram addingin any points and distances you have been given
o STEP 2: Draw a North line (arrow pointing vertically up) at the point you wish to measure
the bearing from
= |fyou are given the bearing from Ato B draw the Northlineat A
o STEP 3: Measure the angle of the bearing given fromthe Northline in the clockwise
direction
o STEP 4:Draw aline and add the point B at the given distance
* Youwilllikely then need to use trigonometry to calculate the shortest distance oranother
given distance

¢) ExamTip
. = Always draw a big, clear diagram and annotate it, be especially careful to label
the angles in the correct places!
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‘, Worked Example
o

The point Bis 7 km from A on a bearing of 105°. The distance fromBto Cis 5 kmand
the bearing fromBto Cis 230°. Findthe distance fromAto C.

Al.woﬁs stort with o cln'.aﬁmmr
N

Morkh
Line

é Weshse o gides ond the
ovale. betuueen tem so we
don wsge Eve cogine vule
for the tird side

ct= o0+ b*- 2obcosC
ACt= F%+ 5% = 2(3)(s) cos (55°)
= 33.9419...

AC = 582 km (3s.f.)
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Elevation & Depression
What are the angles of elevation and depression?

+ |fapersonlooks atan objectthatis not onthe same horizontalline as their eye-level they
willbe looking at eitheran angle of elevation ordepression
o |f apersonlooksup atan object theirline of sight will be at an angle of elevation with
the harizontal
o |f a personlooks down at an object theirline of sight willbe at an angle of depression
with the horizontal
+ Angles of elevation and depression are measured from the horizontal
* Right-angled trigonometry can beusedto findan angle of elevation ordepression ora
missingdistance
* Tanis often usedinreal-life scenarios with angles of elevation and depression
o Forexampleif weknow the distance we are standing from a tree and the angle of
elevation of the top of the tree we canuse Tan to findits height
o QOrifwearelookingataboatattoseaandweknow ourheight above sealevelandthe
angle of depression we can find how faraway the boat is

- A;
* OBJECT
HORIZONT AL

ANGLE OF
ELEVATION

ANGLE OF
DEPRESSION

@ ExamTip

* |ltmay beuseful to draw more than one diagramiif the triangles thatyou are

interestedin overlap one another
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* Worked Example

¢ Acliffis perpendicularto the sea and the top of the cliff stands 24 m above the level
of the sea. The angle of depression from the cliff to a boat at seais 35°. Ata point x
mup the cliffis a flag marker and the angle of elevation from the boat to the flag
markeris 18°,

a)
Draw andlabel a diagram to show the top of the cliff, T, the foot of the cliff, F, the
flagmarker, M, and the boat, B, labelling all the angles and distances given above.

Angle of depression
(Bouwn From Viocizovikall)

2% m

Angle of elevotion
( v fromm Vo zonkall)

b)
Find the distance from the boat to the foot of the cliff.
_____________________ 1,
['rﬁi -3s"
anales on
p:gsu.q.l. Lines) G
=M
| 11 ) R — 3
T
Cornsider ktri angle TBF 4 o
2% m
SOHCAHTOR, el e

- 8

we hkﬁ'/o??nss’c-& A

ond md{;&unh Se
wse Tow 24
Tan 35" = g
y i,
Bf = =———,
Tan 35

BF = 3¢.3m (3sf)

c)
Findthevalueof x.
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Consider tvi mw.a‘ta F&M

SOHCAHTOA
we have opgosice
ond odyocenk Seo

use Ton
Ton 138° (
Ton 35°
x = Tan 8" x ('To.n 25
skl 308

x =llm {355)
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Constructing Diagrams
What diagrams will | need to construct?

» [nIByouwillbe expected to construct diagrams based oninformation given
» Theinformation willinclude compass directions, bearings, angles
o Lookoutforthe plane the diagram should be drawn in
o |twill either be horizontal (something occurring at sea oron the ground)
o Oritwill be vertical (Including height)
» Work through the statements given in the instructions systematically

What do | need to know?

* Yourdiagrams will be sketches, they donotneedtobeaccurateorto scale
o Howeverthe moreaccurate yourdiagram is the easieritis to work with
» Readthefull set ofinstructions once before beginning to draw the diagram soyou have a
rough idea of where each objectis
» Make sureyou know your compass directions
o Dueeastmeans on a bearing of 090°
= Draw theline directly to the right
o Duesouthmeans on a bearingof 180°
= Draw theline vertically downwards
o Duewest means on a bearing of 270°
= Draw theline directly to the left
o Duenorth means on a bearing of 360° (or 000°)
= Draw theline vertically upwards
» Usingthe above bearings for compass directions will helpyou to estimate angles for other
bearings on yourdiagram

) ExamTip

= Drawyourdiagramsin pencil so that you can easily erase any errors
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9 Worked Example

@
Acity atBis due eastof a cityatAandAis duenorth of acity atE. Acity at Cis due

south of B.
The bearingfromAtoDis 155° and the bearing fromDto Cis 30°.

Thedistance AB=50km, thedistances BC =CD =30 km andthedistances DE=AE
— 40 km

Draw and label a diagram to show the cities A, B, C, D and Eand clearly mark the
bearings and distances given.

N~ Drow this to help if Yow need.

N%E
N Drow ta a north

- Line for ol

South of B

>

Armmmm -

40km
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3.4.1 The Unit Circle

Defining Sin, Cosand Tan
Whatis the unit circle?

« Theunitcircleis a circlewithradius 1and centre (0, O)
» Angles are always measured from the positive x-axis and turn:
o anticlockwise forpositiveangles
o clockwise fornegative angles
» |tcanbeusedtocalculate trigvalues as a coordinate point (x, y) on the circle
o Trig values can be found by making a right triangle with the radius as the hypotenuse
o fistheangle measuredanticlockwise from the positive x-axis
o Thex-axis willalways be adjacentto the angle, 0
* SOHCAHTOA canbeusedto find the values of sinf, cose and tand easily
» AstheradiusisTunit
o the xcoordinate gives thevalue of cosé
o theycoordinate gives the value of sind
» Astheoriginis one of the end points - dividing the y coordinate by the x coordinate gives
the gradient
o the gradient of the line gives the value of tan@

: ™
» [tallows us to calculate sin, cos and tan forangles greater than 90° {T rad)

TRIG WALUES CAM BE
FOUMD BY MAKING

A RIGHT AMGLED
TRIANGLE 'WITH THE
RADIS AND x-AXIS |

——— 42 SuSL
THE UNIT CIRCLE |
HAS RADIUS 4 *f~ ¥/
AND CENTRE (0,00 ) ",

vl

| Iy
ANY POINT txyh ON THE | HYPOTENUSE ) | Ho1 )
UNIT CIRCLE CAN BE ! g
FOUND USING (cosfl, snfl | 8 [

s-ne.a.-;--ﬂ
ADIACENT
X

How is the unit circle used to construct the graphs of sine and cosine?
» Ontheunit circle the y-coordinates give the value of sine
e Plotthe y-coordinate from the unit circle as the y-coordinate on a trig graph for x-
coordinates of #=0, /2, w, 3m/2 and 2m
e Jointhese points upusing a smooth curve
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s Togetacleareridea of the shape of the curve the points for x-coordinates of 8=
n/4, 3n/4,5n/4 and /1i/4 could also be plotted

Y / Y /N

¢ Ontheunitcircle the x-coordinates give thevalue of cosine
o Plotthe x-coordinate from the unit circleas the y-coordinate on a trig graph for x-
coordinates of =0, /4, /2, 3n1/4 and 21
o Jointhese points up usinga smooth curve
= Togetacleareridea of the shape of the curve the points forx-coordinates of 6=
n/4,3n/4,51/4 and 7n/4 could also be plotted

7 Y THE x—COORDINATE FROM THE

UNIT CIRCLE BECOMES THE
y—COORDINATE ON THE GRAPH

+ Lookingattheunitcircle alongside of the sine or cosine graph will help to visualise this
clearer
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‘, Worked Example
]

The coordinates of a point on a unit circle, to 3 significant figures, are (0.629,0.777).

Find8° to the nearest degree.

Y
[ We. know (I,g]) = (cosB, E}Eng)
(@629,0377) S0
| CosB = 0629
y =" Sin B = 03F%#1
cne ' U‘E’:’m\s eitiner Yolio :
B = cos”(0.629)
= BL023% .
0

9 = 5 (ﬂea\res’o de_ﬂree)
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Using The Unit Circle
What are the properties of the unit circle?
« Theunitcircle can besplitinto fourquadrants at every 90° ( % rad)

o Thefirstquadrantis forangles between O and%0°
= Allthree of Sinf, Cosf and Tand are positive in this quadrant

[+ ]

The second quadrant s for angles between 90° and 180° ( % radand m rad)

= Singis positivein this quadrant

[+ ]

The third quadrant is for angles between 180° and 270° (n rad and 37“ )

= Tan0is positive in this quadrant

o

The fourth quadrant is for angles between 270° and 360° ( 37“ radand2m)

= Cosfis positive in this quadrant
Starting from the fourth quadrant (on the bottom right) and working anti-clockwise
the positive trig functions spell out CAST

= Thisis whyitis oftenthought of as the CAST diagram

= You may have your ownway of remembering this

= Apopularone starting from the firstquadrantis All Students Take Calculus
To help picture this better try sketching all three trig graphs on one set of axes and look
atwhich graphs are positivein each 20° section

o

o

How is the unit circle used to find secondary solutions?

» Trigonometric functions have more than one input to each output
o Forexamplesin30°=sin150°=0.5
o This means that trigonometric equations have more than one solution
o Forexampleboth 30°and150° satisfy the equationsinx=0.5
« Theunit circle can be usedto find all solutions to trigonometric equations in a given interval
o Your calculatorwill only give you the first solution to a problem such as x = sin(0.5)
= This solutionis called the primary value
o However, due to the periodic nature of the trig functions there could be aninfinite
number of solutions
= Furthersolutions are called the secondary values
o This is why you will be given a domain in which your solutions should be found
= This could eitherbein degrees orinradians
» [fyou see Tt orsome multiple of mthen you must work in radians
+ Thefollowing steps may help you use the unit circle to find secondary values

STEP 1: Draw the angle into the first quadrant using the x or y coordinate to help you

* [fyouareworkingwith sinx =k, draw the line from the origin to the circumference of the
circle at the point where they coordinateis k

« [fyouarewarkingwith cos x = k, draw the line from the origin to the circumference of the
circle at the point where the x coordinateis k

= [fyouareworking with tan x = k, draw theline from the origin to the circumference of the
circle such that the gradient of thelineis k
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o Notethatwhilstthis methodworks fortan, itis complicated and generally
unnecessary, tan x repeats every 180° (mradians) so the quickest methodis just to add
or subtract multiples of 180° to the primary value

» This will give you the angle which should be measured from the positive x-axis...
= . anticlockwise for a positive angle
» .. clockwiseforanegative angle

STEP 2: Draw theradius inthe other gquadrant which has the same...

» . x-coordinateif solvingcosx=k
o This will be the quadrant which is vertical to the original quadrant
» .. y-coordinateifsolvingsinx=k
o This willbe the quadrant which is horizontal to the original quadrant
« . gradientifsolvingtanx=k
o Thiswillbe the quadrant diagonally across from the original quadrant

STEP 3: Work out the size of the second angle, measuring from the positive x-axis

» .. anticlockwise fora positive angle
» .. clockwise foranegative angle
o Youshouldlook at the given range of values to decide whether you need the negative
or positive angle

STEP 4: Add or subtract either 360° or 2m radians to both values untilyou have all solutions in the
requiredrange

@) ExamTip

- : S n
+ Beingableto sketch outtheunit circle and remembering CAST can helpyou to
find all solutions to a problemin an exam question
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* Worked Example

&
Giventhatonesolution of cosfd=0.8is #=0.6435 radians correct to 4 decimal

places, find all other solutions intherange -2m < # < 2m1. Give your answers correct

to 3significant figures.,

et

Prlmwj i
value Cosine is pasitive. in
| — ke -'::lrgl,-_ and Fﬁur*.‘h
comine C{(u&dr‘ME 5o dirow

'{.-""Pa&ilr.iﬂt

the le  fram the

herizonkal axis in

G’EE 2o ITC bet qrmaalfh.rl’tf_-..

¥, Cosine
.Fnsi'r.iw-'l

Primaft-j value = 06435

U&iﬂa diaarmm, S&camianfﬂ volue = -0.6435

Eafe.ﬁnre_ allF\waldes “are 0.4435 & 2L
ond. —0.6435 T 2N

Wikhin given domain : -2M<€ B <2

G = 564, —0.644°, 0644, 5.6%
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3.4.2 Simple Identities

Simple Identities
What is a trigonometric identity?

» Trigonometric identities are statements that are true for all values of x or
» They areused to help simplify tigonometric equations before solving them

» Sometimes you may seeidentities written with the symbol=
o This means 'identical to'

What trigonometric identities do | need to know?
+ Thetwo trigonometric identities you must know are
sin @
cos 0
» Thisis theidentity fortan @
o sin?0 + cos?0 = 1
» Thisis the Pythagorean identity
= Notethat the notationsin 26 is the same as (sin 8) 2
« Bothidentities can be foundin the formula booklet
» Rearrangingthe secondidentity often makes it easierto work with
o sin?@= 1- cos? @
o cos*f= 1- sin?f

o tan @ =

Where do the trigonometric identities come from?

» Youdo not needto know the proof for these identities butitis a goodidea to know where

they come from
¢ From SOHCAHTOA we know that
. sit ()
o sin g = —2pposite O

hypotenuse  H
adjacent A

S cosi'= hypotenuse T H
5 ()= {}ppnsite _0
adjacent A

« Theidentity for tan & can be seen by diving sin # by cos 07

o This can also be seen from the unit circle by considering a right-triangle with a
hypotenuse of 1
O sin 6

" tanf = A - cos @

+ The Pythagoreanidentity canbe seen by considering a right-triangle on the unit circle with
a hypotenuse of 1

o Then (opposite)?+(adjacent)?=1
o Thereforesin® @+cos> 8 = 1

» Considering the equation of the unit circle also shows the Pythagorean identity
WWww.exampaperspractice.co.uk
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o Theequation of theunitcircleis xZ + y2 = 1
o Thecoordinates on the unit circle are (cos @, sin 6)
o Therefore the equation of the unit circle could be written cos? #+sin2 8= 1

« Athird very usefulidentity s sin 8= cos (90°— ) orsin @ =cos (% - 0)

o Thisis notincludedin the formula booklet butis usefulto remember

How are the trigonometric identities used?

« Most commonly trigonometric identities are used to change an equationinto a formthat
allows it to be solved
* Theycan also be used to prove furtheridentities such as the double angle formulae

) ExamTip
- « |fyou areaskedtoshowthatonethingisidentical (=) to another, look at what
parts are missing - forexample, if tan x has goneit must have been substituted
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‘, Worked Example
L]

Show that the equation 2sin? x — cos x =0 can be written in the form
acos? x + bcos x+ ¢=0,where a, b and c areintegers to be found.

7<sin®x - cosac = 0
h
\

Eq;uo\'uion s both sinx ond cosx sSo will wveed

C'ho.-f\:zji(‘ﬂ.l before it con be colved
Use Ehe id\ent[t\j Sin*ot = | - costoc
. 2
Subskitute : 2('1 — COs J"_) -cosoc =0

Expc\nr}\ . 2 - 2costx - Cosx =0

Rf,c«'ranse_ . 2costoc + CoSie - 9 = O

a=2, b=, c=-2
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3.4.3 Solving Trigonometric Equations

Graphs of Trigonometric Functions
What are the graphs of trigonometric functions?

+ Thetrigonometric functions sin, cos and tan all have special periodic graphs
« You'llneedtoknow their properties and how to sketch them for a given domain in either
degrees orradians
+ Sketchingthetrigonometric graphs can help to
o Solve trigonometric equations and find all solutions
o Understandtransformations of trigonometric functions

What are the properties of the graphs of sin xand cos x?

« Thegraphs of sinxand cos x are both periodic
o Theyrepeatevery 360° (2rradians)
o Theangle will always be on the x-axis
= Eitherin degrees orradians
+ Thegraphs of sinxand cos xare alwaysintherange-1<y=<1
o Domain: {Xx | x € R}
o Range:{y|-1 <y <1}
o The graphs of sinx and cos x areidentical however oneis a translation of the other
= sinxpasses through the origin
= cosxpassesthrough(0,1)
+ The amplitude of the graphs of sinxand cos xis 1

What are the properties of the graph of tan x?

» Thegraph oftanxis periodic
o |trepeats every180° (mradians)
o Theanglewill always be on the x-axis
» Eitherin degrees orradians
= Thegraphoftanxis undefined at the points +90°,+270° etc
o Thereareasymptotes at these points on the graph

o Inradians thisis at thepoints + % E 37“ etc
= Therange of the graph of tan xis

o Domain:[x| X ¢%+kn', k€ Z}

o Range: {y| y € R}
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| y=sinx AND y=cosx

Sinx AMD Cosx ARE ALWAYS Simx PASSES THROUGH THE ORIGIN
IM THE RAWNGE -1 TO 4 Cos x PASSES THROUGH 4
¥
Wedos X
— 180 ]ém o 180 }'m 360 X
r’ e _ o w=ginm
Sinx AND Cosx Sinx HAS ROTATIOMAL SYMMETRY ABOUT
ARE PERICDIC THE OCRIGHN 50 sinl=x]=—sin(x)
REPEATING EVERY 360° Cosx IS SYMMETRICAL THROUGH THE y-AXIS
S,D- m[_ 3 I'\;f.-ii'\\.’.-‘.-‘

| Tanx %S /UNDEFINEDATCE 50
=T 2270 24s0h TAEANING” T
T RANGES FROM -t TO +ee
v A, E}_}_, {THESE POINTS ARE CALLED

EE | ASYMFTOTESI
2

1- = tan ®

; K

Tanx 15 PERIODIC
REPEATING EVERY 480"
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How do | sketch trigonometric graphs?
* You may need to sketch a trigonometric graph so you willneed to remember the key
features of each one
+ Thefollowing steps may help you sketch a trigonometric graph
o STEP1:Checkwhetheryou shouldbeworkingin degrees orradians
= You should check the domain given for this
= |fyouseetinthe given domain thenyou shouldworkin radians

o STEP 2:Labelthe x-axisin multiples of 20°
L
2
= Make sure you cover the whole domain on the x-axis
o STEP 3:Labelthe y-axis
= Therange forthey-axis willbe-1<y <1forsinorcos
= Fortanyouwillnot need any specific points on the y-axis

o STEP 4. Drawthegraph
= Knowingexactvalues will help with this; such as remembering that sin(0) =0 and

= This will be multiples of — if you are working inradians

cos(0)=1
= Mark theimportant points on the axis first
= |fyou aredrawing the graph of tan x put theasymptotes in first

= |fyou aredrawing sin x orcos¥mark in where the maximum and minimum points

will be
= Tryto keep the symmetry and rotational symmetry as you sketch, as this willhelp

when using the graph to find solutions

O ExamTip
* = Sketch allthree trig graphs on your exam paper soyou canreferto themas
many times as you need to!
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Worked Example
Sketch the graphs of y = costl and y = tantl on the same set of axes in the interval -
=0 = 2m. Clearly mark the key features of both graphs.

Mark in +he

i s and “

Magimim poinks Doy b {?-SHI‘"IE'EM
& for the don Eln'-ph

for coal ‘\'

Plat the 'KE:]!
values and
tren ja...a. thaem
L O a,

Srvicath  curvie
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Using Trigonometric Graphs
How can| use a trigonometric graph to find extra solutions?

« Yourcalculatorwill only give you the first solution to a problem such as sin~'(0.5)
o This solutionis called the primary value
+ However, due to the periodic nature of the trig functions there could be an infinite number
of solutions
o Furthersolutions are called the secondary values
» This is why you willbe given a domain (interval) in which your solutions should be found
o This could either be in degrees orinradians
n |[fyouseemorsome multiple of mthen you must work in radians
= Thefollowing steps will help you use the trigonometric graphs to find secondary values
o STEP 1. Sketch the graph for the given function andinterval
» Checkwhetheryou should be working in degrees orradians and label the axes
with the key values
o STEP 2:Draw a horizontal line going through the y-axis at the point you are trying to find
thevalues for
= Forexampleif you arelooking for the solutions to sin”'(-0.5) then draw the
horizontalline going through the y-axis at -0.5
= The number of times this line cuts the graph is the number of solutions within the
giveninterval
o STEP 3:Findthe primary value and mark it on the graph
= This will either be an exact value and you should know it
= Oryouwillbeabletouseyourcalculatorto findit
o STEP 4; Usethe symmetry of the graph to find allthe solutionsin the interval by adding
orsubtracting from the key values onthe graph

What patterns can be seen from the graphs of trigonometric functions?

+ The graph of sinx has rotational syrnmetry about the origin
o Sosin(-x) = - sin(x)
o sin(x) =sin(180° - x) orsin(1m - x)

+ The graph of cos xhas reflectional symmetry about the y-axis
o Socos(-x)=cos(x)
o cos(x)=cos(360° - x) orcos(2m-x)

+ Thegraph oftanxrepeats every 180° (rrradians)
o Sotan(x)=tan(x+180%)ortan(x+ m)

* Thegraphs of sinxandcos xrepeat every 360° (2 radians)
o Sosin(x)=sin(x £+ 360°) orsin(x = 2m)
o cosi(x)=cos(x+ 3607 orcos(x + 21)

@ ExamTip
' « Takecaretoalways check whattheinterval forthe angleis that the questionis
focusedon
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*>» Worked Example
®
Onesolutiontocosx=0.5is 60°. Find allthe other solutions intherange -360° = x =
360°.

The horizonkal Line ok
D't"mu ‘thﬂ_ %‘rﬂph ﬂ‘{: cosat ¢ :? 3 =0% Shows thak

there sare 4 Solutions

\ ________________________ / \\/ __________________ A/
-360 -2 -0 g 180 Al
R «— —
60 \_/ Bt e \/N 0

Selubions are : 60, 360°-60° -60°, -36C° + 60°

- 60°, -3606°"60°, 200°

'
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3.5.1 Voronoi Diagrams

Drawing Voronoi Diagrams
What are Voronoi Diagrams?

« AVoronoidiagram shows theregion containing the set of all points which are closer to one
given site than to any other site on the diagram
o Asiteislocatedatthe coordinates of a specific place of interest on a Voronoidiagram
* Itwillbe partitionedinto a number of regions
o Theseregions are often called Voronoi cells and will be polygons
» Therewillbe the same number of regions as sites on the diagram
o Forexample, if a city contains five parks a Voronoi diagram could be drawn for that city
dividingitinto fiveregions based on theirclosest park
« Theedges of each region willbe the perpendicular bisector of two of the sites
o Theedges may also be called boundaries
« Thevertices of eachregion are the intersections of three of these perpendicular bisectors
o The perpendicularbisectors of threeindividual points will always intersect at the point
that is equidistant from the three points

How are Voronoi diagrams drawn for three sites?

* Youwillnot be expected to draw a Voronoi diagram from scratch, however you should
understand how oneis constructed
o First, the perpendicularbisector of the line segment joining each pair of sites willbe
constructed
= Theseshouldbe constructedusingdashedlines as only a part of each line will be
needed for the final diagram
o The points of intersection of these perpendicular bisectors will create the vertices
o Each perpendicularbisector should stop when it meets another perpendicular
bisector
= Remove the part of the perpendicular bisector thatis not in the region of the two
sites
= Noperpendicularbisectorshould cross overanother
» This willform theregions, or cells
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How are Voronoi diagrams drawn for more than three sites?
+ |tis challengingto draw a Voronoidiagram from scratchif it has more thanthree sites
* Inthis caseitis easiest to draw the Voronoi diagram for three sites first and then add the
next sites one by one following these steps

o STEP 1. The fourth site willbe in one of the cells containing an existing site
» Drawthe perpendicular bisector of the line segment between these two sites

o STEP 2: Stop this new line at the point where it meets an existing boundary in the
Voronoi diagram
o STEP 3: Therewillnow be an existing edge in the region of the new site

» This should be shortened to meet the new boundary

o STEP 4:The fourth site willnow be in the same cell as a different existing site

= Draw the perpendicular bisector of the line segment between these two sites
= Thisis the step you willmost likely carry outinan exam
* Youmay be askedto find the equation of a missing edge
o This willmean finding the equation of the perpendicular bisector between the two
sites that are both within one region
» Youmay be asked to add the location of a missing site to the Voronoidiagram
o This willmean using the given edge of one ortwo of the regions and finding the second
site that would make this edge a perpendicular bisector
= Draw a perpendicularline from the site to the edge
= Checkthedistance of this line and then continue it on the othersite of the edge
forthesamedistance
= This willbe the location of your new site
o Youmay needto find the gradients of the edges you have and thenuse the negative
reciprocal to find the gradient of the perpendicular bisector of the current and new site

O ExamTip

* » Makesurethatyou have astraight edge and an eraserwith youin the exam so
that any perpendicularbisectors that you draw are clearand any mistakes that
are made can be erased

» |fyouare askedtoadjusta given Voronoidiagram and a perpendicular bisector
that needs to be removed or shortened, you can put a series of littlelines along
ittoindicate thatitis crossed out
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*Y Worked Example
®

The Voronoi diagram below shows sites A, B,CandD.

¥
B(2,5)
L]

A(1,2) |

¢ G (3. 5)

|
|

a)
Explain how you knowthat theVoronoidiagramisincomplete.

‘H’I-E. VDFOT‘.OL d‘xasmm hae four sites
but only three Voronowv cells.

b)

Find the equation of the line which would complete the Voronoi cell containing site
A.

Giveyouranswerintheformax + by + d = Owherea, b, d € Z.
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Sites A ond D oe both n the Some fegjion
so £ind the perpendiculor bisector of the Lline
segment c-onne.ck'ma A ond D.

A:(1,2) D:(6,0)
Flnd the midpoink:

MP = (";_6 ,1:‘? = (as,1)

Perpendiculor
grodient AD fsm:ﬁ.f.nh.
My =9-2 =-Z . M5 =%

Sub MP and Mamp inko equakion for a
strajght Lline :
W-y, = m(se -=x,)
5 = hipiy bu 2
Y- 1= 7= 2) b e the

Ferocki d
2g-12 = 5 EBE] || i o0

"0 -4y -31=0
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Interpreting Voronoi Diagrams
What is a Voronoi diagram used for?

+ Voronoidiagrams are oftenusedinland management towork out where the bestlocation
would be according to where sites are already situated

+ Theycanshowwhere to put something to make sure thatitis

Closest to a particular site

Closerto onesite than another

Equidistant from two orthree specific sites

o Asfaras possible fromany othersite

o

o

o

What do I need to know about Voronoi diagrams?

+ Youmay be askedtofindthe shortestdistance froma point toits closest site

o UsePythagoras' Theorem to find the distance between the given coordinate and the

siteinthe sameregion asit

o |fthecoordinateis on an edge then there willbe two sites equidistant from it
* You may be askedto find the point which is furthest from any of the sites

o This will be one of the vertices

o Tochoose which vertexlook at which is the centre of the largest empty circle
+ Youmay be askedtoestimate the success of anew site

o Thisis done by looking at the data forthe nearest site

o The prediction forthe new sitewouldbe assumedtobethesame

= Thisis called nearest neighbourinterpolation
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9 Worked Example
.

TheVoronoidiagram below shows the four sites A, B, C and D with coordinates (2,
10),(14,14),(14, 4), and (6, 2) respectively. Tunitrepresents 10 km.

y

B (14, 14)
®

A (2, 10)

i)
Statewhich site a new business opening at the coordinate (5, 8) shouldlook atto
predict future sales.

Plot the point and loock for the site

in the Same resian.-
y

B (14, 14)
-

“The new business
is in the same
region as site A,

A(2,10)
-

C(14,4)

i)

Findthe shortest distance from the point (5, 8) toits nearest site.
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The paoink (58) (s closest to site A,
Formula for distonce between two points:

d = ‘J(T—.“xz)i*{ﬂ."ﬂz}z
(5 A: (2,10

FE. ,31) {,- *)

x g X2 e

Sup Cpordinates:

d = J( 2 -8)% + (n::—'s)"L

= Jea+@" = |13

distonce = |3 X |Okm = 36055 . km

Aistonee = 3&.1km  (3sf)
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3.5.2 Toxic Waste Dump Problem

Toxic Waste Dump Problem
What is the toxic waste dump problem?

* Thetoxic waste dump problem s the name given to the generalidea of finding the point
on a Voronoi diagramwhich is furthest from any of the sites
o Asiteis the coordinates of a specific place of interest on a Voronoi diagram
« |tis given this name because of the common problem of finding a place to put a toxic waste
dumpthatis equally far away fromanyinhabited area
o Forexample, if a province contains five towns a Voronoidiagram could be used to find
the point within the province which is furthest from each town
* Thetoxic waste dump problem is more of an idea than a specific problem
o Thesame concept could be applied to other contexts such as
= Finding a position fora new supermarket thatis equally far from all competitors
» Finding a placetoplantanew tree thatis equally far from other trees competing
forwaterresources
» Finding the quietest place to enjoy a picnic that is equally far from other noisy
groups of people
o Notethatthetermequally faris usedin all of the above examples

How is a Voronoi diagram used to find the furthest point from any site?

« Within any Voronoi diagram the furthest point from any site will always be either
o one of the cell vertices, or
o somewhere on a boundary of the diagram
* Inan|Bexam, thesolution willalways be one of the cell vertices
« Tofindthefurthest point you willneed to consider each of the cell vertices separately and
findwhich oneis furthest from all of the sites
« Thisis done by constructing the largest empty circle

What is the largest empty circle?

* Thelargest empty circleis thelargest possible circle constructed on a Voronoi diagram
thatcontains no sites
* Thecentre of the circle willbe one of the vertices of a cell orregion
o Thevertices of eachregion are theintersections of the boundaries
« Theradius of the circle will be the distance from the vertex to the closest site
o Theclosestsite willbe on the circumference
o UsePythagoras' Theoremto findthe distance
* There may be a scale to convert the distance found on the Voronoidiagram into a distance
inreallife
o Forexampleifthescaleis 1unitrepresents 5 kmthen 5 units represents 25 km
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@) ExamTip
* » Thesolution to the toxic waste dump will always be one of the points of
intersection between the perpendicular bisectors, so you need to know the
coordinates of these points
o Rememberthatyou canuseyour GDC to solve a pair of the simultaneous
equations quickly if you know the equations of two of the perpendicular
bisectors thatintersect at that point
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*> Worked Example

TheVoronoidiagram below shows fourcities at the sites A, B, CandD. The
5 7 53
coordinates of the points XandY are (E , E) and (EE) respectively.

6

B34

Determine the optimal position where a toxic waste site couldbe located and,
given that Tunitrepresents 50 km, find the distance from this point to its nearest
city.
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The opkimal posibion would be ok Bhe poink Yoee Y
Drow the LME:FS.&. possible circle cenkved at X and Y
Tre blue civcle is Loreger
Ehan the red so bhe
lorogst empty circle
is  cenbred, ok ¥
B(3.4)

Choose. oy
of the Sibes
on. e cirde
to Pind the
diskonca

Formula for distance between two points:

d = J('I, —x1)1+ ('j'ntj")z Xi%,%} B (E’;i}
Sub Cpordinokes T g' X2 e
d - JEIT G-aTHERE -

= 2. 8504&.. unks
GL.;SEAHCL = 29504 _ X 50km = 142972 km

\l‘ A MMM e A~

Aistonce. = 143km (3sh)
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3.6.1 Matrix Transformations

Transformation by a Matrix
What is a transformation matrix?

« Atransformation matrix is used to determine the coordinates of animage from the
transformation of an object
o Commonlyusedtransformation matricesinclude
= reflections, rotations, enlargements andstretches
+ (In2D)a multiplication by any 2x2 matrix could be considered a transformation (in the 2D
plane)

X
« Anindividual pointin the plane can berepresented as a position vector, (
¥

o Several points, that create a shape say, can bewritten as a position matrix

X, X, X
Yy ¥y Yy e
abllx e
« Amatrix transformation will be of the form +
cd)\y f

X
o where( Jrepresents any pointinthe 2D plane
Y

ab g e . .
o cd an r are given matrices
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How do| find the coordinates of animage under a transformation?

+ Thecoordinates (x', y') - theimage of the point (x, y) under the transformation with matrices

ab : e .
cd and| . |-aregivenby

x' [ab)«x . e
y' “led y f
* Similarly, for a position matrix

X)Xy Xy (ab) X2 Jfeee-
Y, V5 Y5 cdj x, x, x, ... i i -

3

o |fyouusethis methodthenremembertoadde andftoeach column
+ AGDC can beused formatrix multiplication
o |fmatrices involved are small, it may be as quick to do this manually

+ STEP1
Determine the transformation matrix (T) and the position matrix (P)
Thetransformation matrix, if uncommeon, will be given in the question
The position matrixis determined from the coordinates involved, it is best to have the
coordinates in order, to avoid confusion

« STEP2
Setup and perform the matrix multiplication and addition required to determine the image
position matrix, P’
P'=TP

« STEP3
Determine the coordinates of the image from the image position matrix, P
How do | find the coordinates of the original point given the image under
a transformation?

« To'reverse atransformation wewould need theinverse transformation matrix
o e T

Fora2xzmatrx| * * |thei saventy Gzl e o
o FOradxsmatrx cd theinverseis given ydEtT ¢ a

» wheredetT= ad - be
o AGDC canbeusedtoworkoutinverse matrices

g = (4 W
serl G HC-C)
@ ExamTip

+» The formula for the determinant andinverse of a 2x2 matrix can be found in the
Topic1: Number and Algebra section of the formula booklet
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*> Worked Example
Aquadrilateral, Q, has the fourvertices A(Z, 5), B(5, %), C(11, 9) and D(8, 5).

-1
Find the coordinates of the image of Q underthe transformation T= ( 1 2 )

STEPIX  Determine the Transformakien and pesition malvices

T=( 3 -\ P25 W\ &
-\ 2 59 a4 5
TT * 1
A B C o
Step2: P'=TP
P- 3~|)(::.5 I 3)
- 2J\5 9 9 5

P:| 6-5 15-9 334 M%-5
=340 -5+ -NTB -8x\0

f' : ( | [ 2% “ ﬁﬁm'mjﬁue\.b JBe o GOC
8 3 7 2 for mati multigicaYion

STep 3¢ Defermiae the image cocraindres Trom '
A(Le) 8(613) c(aw,7) U(A, 2)
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Matrices of Geometric Transformations

What is meant by a geometric transformation?

« Thefollowingtransformations can berepresented (in 2D) using multiplicationof a 2x2
matrix
o rotations (about the origin)
o reflections
o enlargements
(horizontal) stretches parallelto the x-axis
o (vertical) stretches paralleltothe y-axis
« Thefollowingtransformations can berepresented(in 2D) using addition of a 2x1 matrix
o translations

o

What are the matrices for geometric transformations?

» Allof the following transformation matrices are given in the formula booklet

* Rotation
o Anticlockwise (or counter-clockwise) through angle 6 about the origin

( cosf —sind )
\ sinf cost )
o Clockwise through angle 6 about the origin
( cosO sind )

\ —siné cos@ )
o Inbothcases

m 00

= fmaybemeasuredin degrees orradians

+ Reflection
o Intheline y=(tanf)x
cos2f sin20
] (5in29 —c0525')

o B maybemeasuredin degrees orradians
o forareflectioninthex-axis, 6=0°(0 radians)
o forareflectioninthey-axis, 8 =90°(m/2radians)
« Enlargement
o Scalefactork, centre of enlargement at the origin (O, O)

(o)
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+ Horizontal stretch (orstretch parallelto the x-axis)
o Scalefactork

(o)

« Vertical stretch (or stretch parallel to the y-axis)
o Scalefactork

(o)

« Translation (vector)
o punitsin the (positive) x-direction
o gunitsinthe(positive) y direction

] [p]
q
= Thisis not giveninthe formula booklet

How do| solve problems involving geometric transformations?

» The matrixequations involved in problems willbe of the form
o P'=zAPor
o P’=AP+bwherebis a translation vector
= (sometimes called an affine transformation)
e where
= Pisthe position vectoroftheobject coordinates
= P'isthe position vectorof theimage coordinates
s Aisthetransformation matrix
= bisatranslationvector
» Problems may askyouto
o findthe coordinates of point(s) ontheimage
o findthe coordinates of point(s) on the object using an inverse matrix (A™)
o deduce/identify a matrix corresponding to one of the common geometric
transformations
= E.g.Findthematrix of a rotation of 45° clockwise about the origin

¢) ExamTip
- * Theformulae forthe all of the transformation matrices can be foundin the Topic
3: Geometry and Trigonometry section of the formula booklet
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’ Worked Example
°
Triangle PQR has coordinates P(-1,4), Q(5, 4) and R(2Z, -1).

Thetransformation Tis areflectionin theline y = xﬁ.

a)
Find the matrix T that represents a reflectionin theline y = Xﬁ.

Froem formda bocklel:  Refleckon in lire y=(fan €)x
e |26 GinIO
(sze -*c.ne.’JQ)
5-xJ'§, :¥on ©:43 0:60°
“ T =L<:ee 126 &in r.w")

Siey oc® -ces |
T: L-l}z 431:?
G2 2
b)

Find the position matrix, P’, representing the coordinates of the images of points P,
Q@ and Runderthe transformation T.

P':TP ("8'=0e")
. E':(-l]l ﬁll)('l 5 1)‘*'_po§r\1an
NE RV WANL N et P
: 2 ; LUEE&.EDC%-

AT m‘ﬁip‘ﬁﬂ&fﬂ%

P'=t‘al*+*rﬁ) slewE)  -Hana)
ToiwE) g(eesn) -,{U-aﬁ))

Be coreo Copjng & cole\dler display
2403 -2443
2 * 2
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Matrices of Composite Transformations

The orderin which transformations occur can lead to different results - forexample a reflection
in the x-axis followed by clockwise rotation of 0° is different to rotation first, followed by the
reflection.

Therefore, when one transformation is followed by another orderis critical.

What is a composite transformation?

+ Acomposite functionis the result of applying more than one function to a point or set of
points
o e.g. arotation, followed by an enlargement
* |tis possible to find a single composite function matrix that does the same job as applying
theindividual transformation matrices

How do | find a single matrix representing a composite transformation?

« Multiplication of the transformation matrices
+ However, the orderinwhich the matrices is important
o |fthetransformation represented by matrixMis applied first, andis then followed by
another transformation represented by matrix N
= the composite matrixis NM
e.P'=NMP
(NM s not necessarily equalto MN)
= Thematrices are applied right to left
= The composite function matrixis calculated left toright
o Anotherway toremember this is, starting from P, always pre-multiply by a
transformation matrix
» Thisis the same as applying composite functions to a value
» Thefunction (ormatrix) furthestto therightis applied first

How do | apply the same transformation matrix more than once?

« [fatransformation, represented by the matrixT, is applied twice we would write the
composite transformation matrix as T2
o T2=TT
* This would be the case forany number of repeated applications
o T%would be the matrix for five applications of a transformation
» AGDC can quickly calculate T2, T% etc
« Problems may involve considering patterns and sequences formed by repeated
applications of a transformation
o Thecoordinates of point(s) follow a particular pattern
= (20,16)-(10,8)-(5,4)-(2.5,2)..
o The area of a shapeincreases/decreases by a constant factorwith each application

e.g.ifonetransformation doubles the area then three applications willincrease the (original)
area eight times (2°)
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@ Exam Tip
* + When performing multiple transformations on a set of points, make sure you put
your transformation matrices in the correct order, you can check this inan exam
but sketching a diagram and checking that the transformed point ends up
where it should
+ Youmay be asked to show yourworkings but you can stillcheck that you have
performed you matrix multiplication correctly by putting it through your GDC
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*9 Worked Example

The matrix Erepresents an enlargement with scale factor 0.25, centredonthe
origin.

The matrix Rrepresents arotation, 90° anticlockwise about the origin.

a)

Findthe matrix, C, thatrepresents a rotation, 90° anticlockwise about the origin
followed by an enlargement of scale factor 0.25, centred on the origin.

C-ER
C:[025 O\ o -Gn Od'"‘) Use +he %nrmu‘m beoklek
0 025)\c- W cocF
\! onenkt rehedion, anthi- ceckwice
. E-)S snﬂn"
§= o2 o© o -\ Uge o 6DC Sfbr rndltix
o o-ag) | © )

mulhp\uir_‘o‘hcﬂ
. .S'= O '025
025 (s

b)
00 256 256
0 256 256 0

matrix of theimage square afterit has been transformed n times by matrix C. Find
T4

0 ] T,represents the position

Asquare has positionmatrix T, = (

-T‘L; _ g‘f‘]’é= ( 0 _0.25)&( 0 o 256 256)

- " 625 o O 256 a5¢ ©

Uce a GDC r ingy e in Cnrefu\".tj as one calcu\ation

.'.1;:00"
“\o | VO

c)
Find the single transformation matrix that would map T4 to Tp.
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To To T; Wodd be the inverte of C'
LNojhe Mt [C}]-t doee ndt menn E."r)
Use 6 60C 46 Fiod [CT" in ore caled\dtion

[c]': (156 o )

O 256
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3.6.2 Determinant of a Transformation Matrix

Determinant of a Transformation Matrix
Whatis a determinant?

ab
+ Forthe2x2 matrix A=
c d
o thedeterminantisdetA=ad-bc

What does the determinant of a transformation matrix (A) represent?

+ The absolute value of the determinant of a transformation matrixis the area scale factor
e Areascalefactor=|detA|

* Thearea of theimage will be product of the area of the object and |det Al
o Areaofimage = |det A| x Area of object

» Notetheareawillreduceif |detA| <1

» |fthedeterminantis negative then the orientation of the shape will be reversed
o Forexample: the shape has beenreflected

How do | solve problems involving the determinant of a transformation
matrix?
* Problems mayinvolve comparing areas of objects andimages
o This couldbe as a percentage, proportion, etc
« Missingvalue(s) from the transformation matrix (and elsewhere) can be deducedif the
determinant of the transformation matrixis known
» Remembertousethe absolutevalue of the determinant
o This canlead to multiple answers to equations
o UseyourGDC tosolvethese

¢) ExamTip
- » Rememberthat the formula for finding the determinant of a matrix is given in the
formula booklet!
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*9 Worked Example
]
Anisosceles triangle has vertices A(3, 1), B(15,1) and C(9, 9).

a)
Find the area of theisosceles triangle.

R ckelth or plet on 60C will hdp find the aren

B\a4)
A3 1) IB cls)
% 11 7
Areg : 3 *12x8 ("A=5bh)

* Arza. "T‘ ARBC = 48 Squase onifD

b)

3 2
Triangle AABC is transformed using the matrix T= ( 12 ] Findthe area of the

transformed triangle.

Preo. ceale Yodorie | dek T\
| debTf =352 - 2-1=8
» Area. o} image = W08 = 3B%

RArea Cg: Jﬂ'hngi'or‘med +ﬁo.n3b = 38, Sopese un'n.“fg

c)

a -2
3 2 thereaEE.

Given that the area of theimage is twice as large as the area of the object, find the
valueof a.

bk 0= 0ndl - -2,3 2 P4 6
\G3+@}:.2

For a’+€:2, o=, ag Z rejeck
For o.3+6‘-*:l, 0>:-8 a=-2, a€ Z

v a-.--‘l

Triangle AABC is now transformed using the matrix U= {
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3.7.1 Introduction to Vectors

Scalars & Vectors
What are scalars?

= Scalars are quantities without direction
o Theyhaveonly a size (magnitude)
o Forexample: speed, distance, time, mass
+ Mostscalarquantities can never be negative
o Youcannothave a negative speedordistance

What are vectors?

» Vectors are quantities which also have a direction, this is what makes them more than just
ascalar
o Forexample: two objects with velocities of 7m/s and -7 m/s are travelling at the same
speed but in oppositedirections
Avector quantity is described by both its magnitude and direction
Avectorhas components in the direction of the x-, y-, and z- axes
o Vectorqguantities can have positive or negative components
Some examples of vector quantities you may come across are displacement, velocity,
acceleration, force/weight, momentum
o Displacementis the position of an object from a starting point
o Velocityis a speedin a given direction (displacement over time)
o Accelerationis the changein velocity overtime
Vectors may be givenin either 2- or 3- dimensions

[wmaL veLocrTy . 4 [VELOCITY v AFTER
" [[CONSTANT (Tesecowos |

/TACCELERATION a| |,

]
s METRES B
= Mo

. [ POSITION AFTEH|

) [ secon
mSPLACEMENTs_-}' ek SECONTES

[mst = m/s = METRES PER SECOND

| ms=2 = m/s*= METRES PER SECONDS
| SQUARED

v — A
INIT AL /
|POSITION |

O Exam Tip

-
» Make sure you fully understand the definitions of all the words in this section so

that you can be clear about what your exam question is asking of you
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*) Worked Example
[

State whether each of the followingis a scalar or a vector quantity.

a)
A speedboat travels at 3m/s on a bearing of 052°

%PEE'OL with o fjiv&.ﬂ direckion — Va“.nc.klu:s

Vector

b)
Agardenis 1.7 mwide

]_e.ns’rh with no  diveckion

Scalar

c)
A caraccelerates forwards at 5.4 ms2

Accal&ra‘aion hoas direckion

Vector

" AL A

d)
Afilmlasts 2 hours 17 minutes

_ﬁme_ fhos no direckion
Scalar

e)
An athleteruns atan averaae speed of 10.44 ms~

S?ead-. with ne direckion (s o scalar

1

Scalar

1)
Aballrolls forwards 60 cm before stopping
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Dis?‘ta«c&maﬂh hos direckion

Vector
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Vector Notation
How are vectors represented?

+ Vectors areusually representedusing an arrow in the direction of movement

o Thelength of the arrow represents its magnitude
They are written as lowercase letters eitherin bold orunderlined

o Forexample avector from the point O to Awill be writtenacra

= Thevectorfromthe point Ato O willbe written -aor-a

If the start and end point of the vectoris known, it is written using these points as capital
letters with an arrow showing the direction of movement

o Forexample: AB or BA
Two vectors are equal only if their corresponding components are equal
Nurnerically, vectors are eitherrepresented using column vectors or base vectors

o Unless otherwise indicated, you may carry out allworking and write your answers in

either of these two types of vectornotation

L]

What are column vectors?

+« Columnvectors are where one numberis written above the otherenclosedin brackets

+ In2-dimensions the top numberrepresents movementin the horizontal direction
(right/left) and the bottom number represents movement in the vertical direction
(up/down)

+ Apositive valuerepresents movement in the positive direction (right/up)and a

negative value represents movementin the negative direction (left/down)

3
5 ) represents 3units in the positive horizontal (x)

o Forexample: The column vector(

direction (i.e., right) and 2 units in the negative vertical (y) direction (i.e., down)
+ In3-dimensions the top numberrepresents the movement in the xdirection (length),
the middle number represents movement in the y direction (width) and the bottom

number represents the movement in the zdirection (depth)
3

o Forexample: The columnvector —4 represents 3units in the positive xdirection, 4

units in the negative y direction and 2 units in the positive zdirection

What are base vectors?

» Basevectorsusei,jandknotation wherei,jandk areunit vectors in the positive x, y, and z
directions respectively
o This is sometimes also called unit vector notation
o Aunit vectorhas a magnitude of 1
* In2-dimensions i represents movement in the horizontal direction (right/left) and j
represents the movement in the vertical direction (up/down)
o Forexample: The vector(-4i + 3j) would mean 4 units in the negative horizontal (x)
direction (i.e., left) and 3 units in the positive vertical (y) direction (i.e., up)
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« In3-dimensionsirepresents movementinthe x direction (length), jrepresents
movementinthe y direction (width) and k represents the movementin the zdirection
(depth)

o Forexample: Thevector(-4i + 3j - k) would mean 4 units in the negative x direction, 3
unitsin the positive y direction and Tunit in the negative zdirection

» Astheyarevectors,i, jand k are displayedin bold in textbooks and online butin
handwriting they would be underlined (i, j and k)

|'THE ARROW EH'DWSJ
lll.l"--

THE DIRECTION
|
[ B B
\ % [THE LENGTH OF
“~_LTHE LINE SHOWS
SIZE OR MAGNITUDE
A a0
T oR @ S |n =

[}
T-L{_vecmﬁs, CAN BE WRITTEN AS A
BOLD OR UNDERLINED LOWERGASE \

VECTORS CAN BESWRITIENIN CAPITALS WITH

|
IF THE START AND'END"POINTS ARE KNOWN '~/_.'
AN ARROW AB@WE TO SHOW THE DIRECTION

| COLUMN VECTCR I,) BASE VECTOR |
jreding i e
aifiires 4+ PERPENDICULAR
BASE VECTORS
B = = i+ yje——

-

i1

[A BASE VECTOR MEANS THEY] /
\HAVE A MAGNITUDE OF ONE_]

HOW FAR
UP/DOWM

[-HI. =1 |

— [ 31
eq. Af=||=37
7]
i

LHI‘E UNITS RIGHT
7 UNITS DOWN |
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@ ExamTip
- » Practice working with all types of vector notation so that you are prepared for
whatevercomes upinthe exam
o Yourworking and answerinthe examcan bein any formunless told
otherwise
o |tis generally best to write your final answerin the same form as givenin the
question, however you will not lose marks for not doing this unless it is
specifiedin the question
+ Vectors appearin bold (non-italic) fontin textbooks and on exam papers, etc
(i.e. F, @) butin handwriting should be underlined(i.e. E, a)
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‘) Worked Example

[ ]
a)

-4

0
Write the vector s using base vector notation.

'g = -4i + Oy + Sk
S t
0} is ok needed
when i\:jviﬂﬁ onswer
Sk L . vose veckor focm.

b)

Write the vector k— 2j using eolumn vector notation.
k -23_ = 0 -2 +Mk
Be cocefull withn ﬂcsahive_ tovpovienks oOnd.
miss.\'rﬁ terms  when Fwerking Wit -boase verkscs

0 +—The zemo bterm 8 nesded when
2 uﬁir:a_\l column  vecker rokokion
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Parallel Vectors

How do you know if two vectors are parallel?

« Twovectors are parallelif oneis a scalar multiple of the other

o This means that allcomponents of the vector have been multiplied by a common
constant (scalar)
Multiplying every component in a vector by a scalar will change the magnitude of the
vector but not the direction

1
o Forexample:thevectorsa= 0 andb=2a= 2 willhave the same

3 3 6
direction but the vector b will have twice the magnitude of a
= They are parallel
If a vectorcan be factorised by a scalar thenitis parallel to any scalar multiple of the
factorisedvector
o Forexample: Thevector i+ 6j - 3k can be factorised by the scalar 3to 3(3i+ 2j - k) so
thevector 9i + 6j - 3k is parallel to any scalar multiple of 3i+ 2Zj - k
If a vectoris multiplied by a negative scalarits direction will be reversed
o [twill stillbe parallel to the original vector
Two vectors are parallel if they have the same orreverse direction and equal if they have
the same size and direction
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2a
W IF THE SCALAR 15 NEGATIVE
THE DIRECTION WILL CHAMNGE
3a+ 12k
33a + 17b
;—_ 3a + 42b)|
Ga + 36k ' '
qd+2h ALL THESE WECTORS
> ARE PARALLEL
I3 ' 3) ] -
- | g om v - S
i B B ol & n.
k\ 3a =33+ TP =01+ 21
| I
FOR COLUMN WECTORS | | FOR i] VECTORS
JUST MULTIPLY TOP ¢ JUST MULTIRLY
AND BOTTOM HUMBERS BOTH NUMBERS
By THE-SCALAR By THE SCALAR

ABCD IS A PARALLELOGRAM
MEANING AB=CD AND AC=BD |

LABEL PARALLEL SIDES OW

c ] i - DIAGRAMS, TO MAEE MEW

= VECTORS EASIER TOD SPOT
—_—

% e AD=g+t OR +t+g

—

Bl==-t+g OR g-%

REMEMBER THE ORDER
B LI:'IDESN‘T MATTER

¢) ExamTip
* * |tis easiest tospotthattwo vectors are parallel when they are in column vector
notation
o inyourexam by writingvectors in column vector form and looking fora
scalarmultiple you will be able to quickly determine whether they are
parallel or not
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‘) Worked Example
]
2

Showthatthevectorsa = andb = 6k — 3iareparalleland find the scalar

multiple thatmaps aontob.

Convert bothh veckors inko the some form

ond then lock for o value of k such

thot & =kb, where k s o scalorc

-

b = bk -3 = =3i+0} + bk
AR (3)
= -3
2 a
b=-3a k=-%
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3.7.2 Position & Displacement Vectors

Adding & Subtracting Vectors
How are vectors added and subtracted numerically?

» Toadd orsubtract vectors numerically simply add or subtract each of the corresponding
components

« |Incolumnvectornotation justaddthe top, middle and bottom parts together
o Forexample: 2\ ! = :
1 4 -3
-5 3 -8
« Inbasevectornotation add each of thei, j, andk components together separately
o Forexample: (2i+] - 5k) - (i + 4j + 3k) = (i - 3j - 8k)

DIAGRAM ‘ COLUMN VECTOCR ‘
P

3l -2 4]
a+b:[_5|+|?zl—lq|
3 \ / ” [ R A
+ b .
? h\ ."’ ADD TOP AND

VECTOR ADDITION BOTTOM NUMBERS

| b
DR&W WECTORS |/ AND SUBTRACTION “] TO GIVE NEW
NOSE TO TAIL ! COLUMN WECTOR
r 2 AT
i T T2
i, ] NOTATION

a=8+] b=31-3]

+ b= {8+ + (9 e

a-+b=(B1+j +(9 -3} g\\ R |
= {8+ 8h+{1- 31 h TERMS FOR

= 17i — 2j i AND j |

How are vectors added and subtracted geometrically?

+ \ectors can be added geometrically by joining the end of one vector to the start of the next
one
+ Theresultant vectorwillbe the shortest route from the start of the first vector to the end of

thesecond
o Aresultant vectoris a vector that results from adding or subtracting two ormore
vectors
+ |[fthetwovectors havethe same starting position, the secondvectorcan be translated to
the end of the first vector to find the resultant vector
o Thisresultsin a parallelogram with the resultant vector as the diagonal
« Tosubtractvectors, considerthis as adding on the negative vector
o Forexample:a-b=a+(-b)
o Theend of theresultant vector a - b willnot be anywhere near the end of the vectorb
» |nstead, it willbe at the point where the end of the vector -b would be
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THE ROUTE FROM ONE POINT TO ANOTHER

{

t-u |
'n\k WE NEED TO GO

WEDIAGR.-&MS ARE HELPFUL TO SEE WECTORS AND

THE OPPOSITE
DIRECTION ALONG u

h
I \\ THINK OF VECTORS
LIKE JOURNEYS

— —
AL =g++ " DA =u+(-%)+(-8)
=U=t=8 |

\ THIS IS THE SAME

\\H_ AS —-s—-t+u

THE ORDER DOESN'T
MATTER

@ ExamTip
-
« Workingin column vectors tends to be easiest when adding and subtracting
o inyourexam,itcan help to convertany vectors into column vectors before

carrying out calculations with them
 |fthereis nodiagram, drawing one can be helpful to help you visualise the

problem
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9 Worked Example
L]

Findtheresultant of thevectorsa=5i-2jandb =

a = Si -2} + Ok -(_g) b_=(",3’
0 2

wf'\‘a'\ﬂa os o column veckor
makes addine, ond S\.-\‘b’:r-ﬂs.chiv\s

Cosier.

() ()6

Resulcant  veckor = 7i -3 +2k
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Position Vectors
What s a position vector?

» Apositionvectordescribes the position of a pointin relation to the origin

o |tdescribes the direction and the distance from the point O: Qi + Qj + Ok or

0
o |tis different to a displacement vector which describes the direction anddistance
between any two points

* Thepositionvectorof point Ais written with the notationa = a&
o Theoriginis always denoted O

* Theindividualcomponents of a position vector are the coordinates of its end point
o Forexample the point with coordinates (3, -2, -1) has position vector 3i - 2j - k

9 Worked Example
L]

Determine the position vector of the point with coordinates (4, -1, 8).

4 -_j_ + 3k
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Displacement Vectors

Whatis a displacement vector?
+ Adisplacement vector describes the shortestroute between any two points

o |tdescribes the direction and the distance between any two points
o |tis different to a position vector which describes the direction and distance from the

0
point O: Oi + 0j or( (}J
« Thedisplacementvector of point B from the point Ais written with the notation AB
* Adisplacementvector bbetween two points can be written in terms of the displacement

vectors of a third point
o AB=AC+CB
» Adisplacementvectorcanbe writtenin terms of its position vectors
o Forexamplethe displacementvectonﬁ canbewritteninterms of (ﬁ and(Té
o AB= AO + OB = — OA + OB = OB - OA
o Forposition vectora:O_A. andb :O_B'the displacementvectorﬁ canbewrittenb

-a
THIS POSITION VECTOR
OF A IS OA=a )
Vi
A THE DISPLACEMENT VECT OR-AB
N\ _———{CAN BE WRITTEN.USING
. N THE POSITION VECTORS
¥ —_—
N
o —%;— B ‘ AB = - OA+ 0B =08 - OA
J =-a+b=b-a
f]‘ _ A.
[THE POSITION VECTOR |/ THIS SHOWS THE | /
|OF B 1S DB =b ROUTE FROM A TO
B VIA O
¢) ExamTip
-

* Inanexam, sketchinga quick diagram can help to make workingout a
displacement vector easier
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" Worked Example
L]

The point Ahas coordinates (3, 0, -1) andthe point B has coordinates (-2, -5, 7).
Find the displacement vector Iﬁ

) -0
-l 7

n

|
>
+
o]
R

n
o
(o1
I

o
=

1]
e
ad /)

|

]
— oW
"'h-___,-r""
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3.7.3 Magnitude of a Vector

Magnitude of a Vector
How do you find the magnitude of a vector?

« The magnitude of a vector tells us its size or length
o Foradisplacementvectorit tells us the distance between the two points
o Forapositionvectorittells us the distance of the point from the origin

« The magnitude of the vectorﬁ is denoted |ﬁ}
o The magnitude of the vectorais denoted |a|

« Themagnitude of a vector can be foundusing Pythagoras’ Theroem

* The magnitude of avector v=v, i+ sz + v3k is found using

o |v]= \/V|2+ 1.!2?-+1.f3_2

¥y

o wherey=| ¥,

¥

o Thisis giveninthe formula booklet

| MAGNITUDE

x

[1’) =x3 + ys + 2%

z

REMEMBER THERE/SARE™LOTS" QF

=P DEEERENT WAYS“TOUREPRESENT
| THE SAME WVECTOR

| lal = Ixi + yj + zkl =

Z

E
lal = 1ABI =

L]
L\CA VECTOR'S MAGMNITUDE IS SOMETIMES |
i\ﬁErERREI':I TO AS ITS MODULUS |

3 "I‘
{ 7 | = |31 + 7j = 2kl
'.—2.-|

e —
ABI=AF + 77+ 2" = {BZ = 7874... =79 (1dp

YOU CAN IGNORE | -
MINUS  SHGN

How do | find the distance between two points?

« Vectors canbeusedtofindthedistance(ordisplacement) between two points
o ltis the magnitude of the vectorbetween them

* Giventhe positionvectors of two points:
¢ Findthe displacement vector between them
o Find the magnitude of the displacement vector between them
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@ Exam Tip
- + Findingthe magnitude of a vectoris the same as finding the distance between

two coordinates, itis a useful formula to commit to memory in orderto save
timein the exam, howeveritis in your formula booklet if you need it

9 Worked Example
Findthe magnitude of the vectorAB =4i-j+ 2k.

7
ABl = Jur+r+2® = ]2

AB| = [2r

Magratuda of 8 vecior |¥|=dw" +v,t +3 , where
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Unit Vectors

What is a unit vector?

* Aunit vectorhas a magnitude of |
= |tcanbefoundby dividing a vector by its magnitude
o Thiswillresultin a vectorwith a size of 1unitin the direction of the original vector

a
« Aunitvectorinthedirection of ais denoted m

| e Bi-4)) 3.4,
o Forexample aunitvectorin the direction 3i - 4jis ——==—1— =

/32 4 42 5 59
) ExamTip
-

» Findingtheunitvectorwillnot be a question on its own but will be a useful skill
forfurthervectors problems soit is important to be confident with it

Www.exampaperspractice.co.uk
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‘, Worked Example
Find the unit vectorin the direction 2i - 2j + k.
Let o =2i-2i+k
Find the maﬁn§md9_ of o

g
o] =2 +2*+1* =] =3
Divide a )o:j ks waanitude :

- %i_—l;srﬂs
| 3

Magribude of 8 vecior [o]= 3T+ v 4w, whare

1o

Unit veckor =

1®

22,1y
ILT3IFr 3=
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3.7.4 The Scalar Product

The Scalar ('Dot') Product
Whatis the scalar product?

+ Thescalarproduct (also known as the dot product) is one form in which two vectors can be
combined together
» Thescalarproductbetween twovectorsaandbis denoteda b

* Theresult of taking the scalar product of two vectors is a real number
o j.e.ascalar
« Thescalarproduct of two vectors gives information about the angle between the two
vectors

o |fthescalarproductis positive then the angle between the two vectors is acute (less
than 90°)

o |fthescalarproductis negative then the angle between the two vectors is obtuse
(between 90°and180°)

o |fthescalarproductis zerothen the angle between the two vectors is 90° (the two
vectors are perpendicular)

How is the scalar product calculated?

» There aretwo methods for calculating the scalar product
* Themostcommon methodusedto findthe scalar product between thetwo vectors vand
wis to find the sum of the product of each component in the two vectors
o V'W=Vw|+vw2+ V., W

I 2 3173
"1 W)
o Wherev= and w=
v, W,
L Hy

o Thisis giveninthe formula booklet
* Thescalarproductis also equal to the product of the magnitudes of the two vectors and
the cosine of the angle between them
o v-w=|v||w|cos 8
o Where fis the angle betweenvandw
= Thetwovectors vandwarejoined atthe start and pointing away from each other

* Thescalarproduct can beusedin the second formula to find the angle between the two
vectors

What properties of the scalar product do I need to know?

» |ftwovectors, v andw, are parallel then the magnitude of the scalar productis equalto the
product of the magnitudes of the vectors
o |v-wl=|wl|v
o Thisis becausecos 0°=1andcos180° = -1
« Iftwovectors are perpendicular the scalar productis zero
o Thisisbecausecos90°=0
wWww.exampaperspractice.co.uk
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) ExamTip

* Whilstthe formulae forthe scalar product are given in the formula booklet, the
properties of the scalar product are not, however they areimportant anditis
likely that you will need to recall them in your exam so be sure to commit them to
memory

# Worked Example

Calculate the scalar product between the twovectors v = and

w=3j—2k—1iusing:

i)
theformula v w= v, W, + v.w.+ v W,

22 33
= z = : .
v = (G) = 2i+ 0y - Sk
-5
W= 3-2k -L = -3y -2x

Be owore of the order of the Eerms.

W !
vy |, W g
LW ¥

Ve (2 <~ -(oxa) s (-5 A2) = -2l 1o

Scalar product FoWE VM 4N 4 v, where ks

VoW =g
ii)
the formula v+ w= |v||w|cos 8, given that the angle between the two vectors is
66.6°.

vV = (%) =21+03-Sk W =-lg+33-2¢
-5

Scalar product vow=|v| w|cosd

Find the mu.&n]'c.mckt, of boktw veckors:
ly| = [+ (-sF =120 |W|=[1"43r«(D)* =&
V-W = JZa x it cos 664

VW =@
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7

EXAM PAPERS PRACTICE

Angle Between Two Vectors
How do | find the angle between two vectors?

» |ftwo vectors with different directions are placed at the same starting position, they will
forman angle between them

* Thetwo formulae forthe scalarproduct can be usedtogetherto find this angle

Vl WI + V2W2+ V3W3

| vl wi
o Thisis givenin the formula booklet
+ Tofindthe angle between two vectors:
Calculatethe scalarproduct between them
Calculate the magnitude of each vector
Use the formulatofindcos @
Useinversetrigto find 6

o cos @ =

o]

[a]

[a]

[a]

@ Exam Tip

- T
+ Theformula forthis is givenin the formula booklet so you donotneed to

rememberit but make sure that you can find it quickly and easily in your exam
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‘) Worked Example

®
Calculate the angle formed by the two vectors v= [ _31 ] and w=31+4j-k.

=] . 3
vo(3) ) wegiski-k -
(3) » w=siokoe = (3)

Dtark b:j_ -@ind{rﬂ the scolar product:

()0

= (-1x3)+ Bxw)+(2x-1) = F
Find the maﬂv{-.hudw. of bobw wveckors:
ly| =+ 3%+ 2% = ie

W[ = |32+ 42 4(-1)" = J28

e
cos@ = o F ., = 03668..
T <[

6 = cos '(0.3668...)

6 = 685" (3sf)
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Perpendicular Vectors

How do | know if two vectors are perpendicular?
« |fthescalar product of two (non-zero) vectors is zero then they are perpendicular
o |f v- w=0thenvandwmustbe perpendicularto each other
« Twovectors are perpendicular if theirscalar productis zero
¢ Thevalue of cos =0 therefore |v||w|cos8=0

9 Worked Example

-
Find the value of t such that the twovectors v= | > | and w=(t—1)i-j+kare

perpendicularto each other.

Fﬁw_ kwe veckers ¥ and. W ore ?af?Eﬂdicmmf

Ff vw =0
7 T — |
Y = E F w = 1
5 |

2 (ay £6) + BL)

1<
Iz
1

I

2L-2-E+5

Thevefore ¥ ond W ore perpendicular if

=

t+3=0

L=-3
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3.7.5 The Vector Product

The Vector ('Cross') Product
What is the vector (cross) product?

+ Thevectorproduct (alsoknown as the cross product) is a form in which two vectors can be
combined together
= Thevectorproduct between twovectors vandwis denotedv xw
» Theresult of taking the vector product of two vectors is a vector
« Thevectorproductis a vectorinaplanethatis perpendicularto the twovectors from
which itwas calculated
o This couldbe in either direction, depending on the angle between the two vectors
o Theright-hand rule helps you see which direction the vector product goes in
» By pointing yourindex finger and your middle finger in the direction of the two
vectors your thumb will automatically go in the direction of the vector product

How do | find the vector (cross) product?

» There are two methods for calculating the vector product
» Thevectorproduct of the two vectors v andwcan be written in component form as
follows:
VoW T VW,

o VAW= V3W].- V1W3

Vi w,- VW

Vi W
o Wherev= and w=

Vs W,

Yy W3

o Thisis giveninthe formula booklet
+ Thevectorproductcan also be foundin terms of its magnitude and direction
* The magnitude of the vector product is equalto the product of the magnitudes of the
two vectors and the sine of the angle between them
o |vx w|=|v||w|sind
o Wherefis the angle betweenvandw
= Thetwovectors vandw arejoined at the start and pointing away from each other
o Thisis giveninthe formula booklet
+ Thedirection of the vector productis perpendiculartobothvandw

What properties of the vector product do | need to know?

= |ftwovectors are parallel then the vector productis zero
o Thisisbecausesin0°=sin180°=0
« If vX w=0thenvandwareparallelif they are non-zero
« |[ftwovectors, v andw, are perpendicular then the magnitude of the vector productis
equalto the product of the magnitudes of the vectors
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o |lvx w|=|w||¥
o Thisis becausesin?0" =1

@) ExamTip
- « Theformulae forthe vector product are given in the formula booklet, make sure
you use them as this is an easy formula to get wrong
* Theproperties of thevector product are not givenin the formula booklet,
however they areimportant anditis likely that you willneed to recall them in your
exam so be sure to commit them to memory
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9 Worked Example
°
Calculate the magnitude of the vector product between the two vectors

V= 3 and w=3i-2j-kusing

theformula vxw= | V.W,— V. W.

Y, 2 iy 3
() -6
v/ \s ws/ \-|
Use the formuln ko find the cross - produck:
Vaws - Vaws\ [ (O)-D) - S)ez -
VXxwW = (H’3 Wi -V, ws) = ({-S}LSJ— [2)[—0) = —llg
ViWg — Vi, (2)(-2)- (0)(3) -k
Find twe maﬁn'\tud& of ¥ x w:

JEot ) +Egits (285

I xw |

n

m—
lv xw| =169 (3sf)

i)
the formula, given that the angle between themis 1radian.

Find the mnﬂnitud.e of ¥ oand w:

I¥| = [2* s0*+(-5)* = [7a

lwl= |32+ (2w ) = Jin

Mxw| = [¥|lw]| sin@

= J2ax Jig sin (1)

lv xw| = 17.0 (3sf)
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Areas using Vector Product
How do luse the vector product to find the area of a parallelogram?

+ Thearea of the parallelogram with two adjacent sides formed by the vectors vand wis
equal to the magnitude of the vector product of two vectors vand w
o A=|v x w| wherevandwformtwo adjacent sides of the parallelogram
= Thisis giveninthe formula booklet

How do luse the vector product to find the area of a triangle?

+ Thearea of the triangle with two sides formed by the vectors v and wis equal to half of the
magnitude of the vector product of two vectors vandw

1
o A= b) |v x w| wherevandw form two sides of the triangle
= Thisis not giveninthe formula booklet
¢) ExamTip
* + Theformula forthe area of the parallelogramis given in the formula booklet but

the formula for a triangleis not
o Rememberthat the area of a triangleis half the area of a parallelogram
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*) Worked Example
]

Findthe area of the triangle enclosed by the coordinates (1,0, 5),(3, -1, 2)and (2,0,
-1).

Let A be (1,0,5) 8 be (3,-1,2) and C be (2,0,-1)

B
\.‘rou Con use any bue
direckion veckors nmvws
c aum"j From angy verkex,

— —3
Find the twe direction wveckors AR and AC

B(0)-6) @) ~-@)-() @)

Find the cross product of the two direckion veckors:

e - (3)(5) - (BB - 1)

A

tzyte)= 1) |
Find tne macjﬂl'l:.ude-_ of e cross Prqd..ac.h

|ABxAL|= [4%va%al =[N3

Area af e Lriw*ta'w. 5 ol the moﬂntthla

Acea = §|ABxAL| = £[1

Areo. = S.463 [35{)
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3.7.6 Components of Vectors

Components of Vectors

Why do we write vectors in component form?

L]

When working with vectors in context it is often usefulto break them downinto
components actingin a direction thatis not one of the base vectors
The base vectors are vectors actingin the directionsi, jand k
Thevectorwillneed to beresolvedinto components that are acting perpendicular to each
other
Usually, one component will be acting parallel to the direction of anothervectorand the
otherwill act perpendicular to the direction of the vector
Forexample: the components of a force parallel and perpendicular to the line of motion
allows different types of problems to be solved
o The parallel component of a force acting directly on a particle willbe the component
that causes an effect on the particle
o The perpendicular component of a forceactingdirectly on a particle willbe the
component that has no effect on the particle
The two components of the force will have the same combined effect as the original vector

How do we write vectors in component form?

Use trigonometry toresolve avector actingat anangle
Given avectoraacting atan angle 6 to anothervectorb
o Draw avectortriangle by decomposing the vectoraintoits components parallel and
perpendicularto the direction of thevectorb
Thevector a will be the hypotenuse of the triangle and the two components willmake up
the opposite and adjacent sides
The component of a acting parallel to b will be equal to the product of the magnitude of a
andthecosineof theangle®
o Thecomponent of aactingin the direction of b equals |a|cos 6
a'b
| Bl
The component of a acting perpendicular to b will be equal to the product of the
magnitude of aand the sine of the angle 6

o The component of a acting perpendicularto the direction of b equals |a|sin 6

|a x b
o Thisis equivalentto Ibl

o Thisis equivalentto

The formulae for the components using the scalar product and the vector product are
particularly useful as the angleis not needed
The question may give you the angle the vectoris actingin as a bearing

o Bearings are always the angle taken from the north
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COMPONENT

COMPONENT OF a ACTING%\;
PERPENDICULAR TO b - OF a ACTING

b PARALLEL TO b

¢) ExamTip
-
+ |[faquestion asks you to finda component of a vectoritis a goodidea to sketch
a quick diagram so that you can visualise which vectors are goingin which
direction
o Thisis especiallyimportant if the question involves forces
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* Worked Example
@

A force with magnitude 10 N is acting on a bearing of 060° on an object whichis
moving with velocity vectorv = 2i - 3j.

a)
By finding the components of theforcein theiandj direction, write down the force
as a vector.

Fo [10sin60" _ (SE) N s
(iDcos&O‘ 5 ?101%60 T_;&
o ION

060
108w bo

F= 51"55_1-5}

b)
Find the component of the force acting parallel to the direction of the object.

Method 1: Componert: of F ackingupawollel to v = F-

oy - (55) (‘-’;_,) - (5B NE(5)9) )

= =13
EALSVI 154 003 I g, N (3s8)

M Iz

Mebhod 2: Use o diagrao

< Com?omn'r. of § ml-.'rﬁ
perpendiculor to ¥

Compomert of o.;:t'ufj
Pwnllel_ to

Component. of § octing povollel to v =10sin3.69°

0.644+N (2 sf)
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3.7.7 Geometric Proof with Vectors

Geometric Proof with Vectors

How can vectors be used to prove geometrical properties?

« Iftwovectors can be shown to be parallel then this can be used to prove parallel lines
o |Iftwo vectors are scalar multiples of each otherthen they are parallel
o Toprove thattwo vectors are parallel simply show that oneis a scalarmultiple of the
other
« |ftwovectors can be shown to be perpendicular then this can be usedto prove
perpendicularlines
o |fthescalarproductis zero then the two vectors are perpendicular
« [ftwovectors can be shown to have equalmagnitude then this can be used to prove two
lines are the same length
* Toprovea2Dshapeis a parallelogram vectors canbeusedto
o Show that there are two pairs of parallel sides
o Show that the opposite sides are of equal length
= Thevectors opposite each otherwith be equal
o |fthe angle between two of the vectors is shown to be ?0° then the parallelogramis a
rectangle
+« Toprovea2Dshapeis arhombus vectors canbeusedto
o Show that there are two pairs of parallel sides
= Thevectors opposite each otherwith be equal
o Show that all four sides are of equal length
o |ftheangle between two of the vectors is shown to be 90° then therhombus is a
square

How are vectors used to follow paths through a diagram?

 Inageometric diagram the vector ﬁ forms a path from the point Ato the point B
¢ Thisis specific tothepath AB
o Ifthevector PTé is labelled a then any othervector with the same magnitude and
directionasacouldalsobelabelleda
* Thevector E?k would belabelled -a
o |tis parallel to a but pointingin the opposite direction
« [fthe pointMis exactly halfway between AandBitis called the midpoint of Aand the vector

— 1
AM could belabelled Ea

« [fthereis a point Xon theline AB such that ﬁ( = Zﬁ then Xis two-thirds of the way along
thelineAB
o Otherratios can be foundin similarways

o Adiagram often helps tovisualise this
 |fapointXdivides a line segment ABinto theratiop:qgthen

o AX= AB
p+q
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-1 3
pt+q

How canvectors be used to find the midpoint of two vectors?

o XB

» |fthe point Ahas position vectora andthe point B has position vectorb then the position
vector of the midpoint of AB s %{a +b)
o Thedisplacement vectorﬁ =b-a
()= 5 (b-9)

2
_— — — 1 1 1 1
o ThepositionvectorOM= OA+ AM=a+ E(b—a)=5b+ 3a=5(a+ b)

o LetMbethemidpoint ofﬁ then m =

How can vectors be used to prove that three points are collinear?
* Threepoints are collinearif they alllie on the sameline
o Thevectors between the three points will be scalar multiples of each other
* Thepoints A, BandC are collinear if AB = kBC
« |fthepoints A, BandM are collinearand AM= MB then Mis the midpoint of AB

@) ExamTip

- « Think of vectors like a journey from one place to another
o Youmay have totakea detoure.g. Ato BmightbeAtoOthenOtoB
« Diagrams can help, if thereisn't one, draw one
o |fadiagram has been given begin by labelling all known quantities and
vectors
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‘) Worked Example

®
Usevectors to prove that the points A, B, C and D with position vectorsa = (3i - 5 -
4k), b =(8i-7j-5k),c=(3i-2j + 4k) andd = (5k - 2i) are the vertices of a
parallelogram.

Find the displocement vectors ﬁ , E}C, -:'_T[; ond, ﬁi

o
-
1]
P
I
12-
]
.-r";'T"‘\
on
s S
|
~
mo e
e —
]
1
BN
——
eE

= =

AR =-CD and 8t =-DA .. ABCD

Muskt be o Pmro\ll.z.l.uﬁmm

P AW LY k™ HL‘I‘
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3.8.1 Vector Equations of Lines

Equationof aLine in Vector Form
How do | find the vector equation of aline?

« Theformula for inding the vector equation ofalineis
o r=a+Aib
= \Whereris the position vector of any pointon theline
= aisthe positionvector of a known pointon theline
= bisadirection(displacement) vector
» Aisascalar
o Thisis giveninthe formulabooklet
o Thisequationcanbeusedforvectorsinboth 2-and 3- dimensions
= This formula is similarto a regular equation of a straight line in the form y = mx + ¢ but with a
vector to show both a point on theline and the direction (or gradient) of theline
o In2D the gradient can be found from the direction vector
o |n 3D anumerical value for the direction cannot be found, it is given as a vector
* Asacouldbethe positionvector of any point on theline and b could be any scalar multiple
of the direction vectorthere are infinite vector equations for a singleline
* Givenany two points on aline with position vectors a and b the displacement vectorcan
bewrittenasb-a
o Sotheformular=a+i(b-a)canbeusedto findthevectorequation of theline
o Thisis not giveninthe formula booklet

How do | determine whether a point liesonaline?

. . , 4 b, ) , » ¢ .
« Giventheequationofaliner = +4 the point ¢ with position vector is
82 bz 92
83 b3 03
onthelineif there exists a value of Asuch that
c a b
1 1 1
o = + 4
c, a, 1:-2
{."3 83 bE

o This means that there exists a single value of Athat satisfies the three equations:
= ¢ = a +4b,

=c,= 32+,1b2

" C, = a, +,u;-3
+ AGDC canbeusedtosolvethis system of linearequations for

o Thepointonlylies ontheline if a single value of 4 exists forall three equations
« Solve one of the equations first to find a value of Athat satisfies the first equation and then

check that this value also satisfies the other two equations
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« |fthevalue of A does not satisfy all three equations, then the point ¢ does not lie on the line

@ ExamTip

-
e Remember that the vector equation of a line can take many different forms
o This means that the answer you derive might look different from the answer
in a mark scheme
e You can choose whether to write your vector equations of lines using unit
vectors or as column vectors
o Use the form that you prefer, however column vectors is generally easier to
work with
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*> Worked Example

a)

Find a vector equation of a straight line through the points with position vectors a =
4i-5Skandb =3i- 3k

Use the position vecktors to find the displacement veckor
between them.

5-() 3~ A-0-0)- 0

Vector equation of a line r=a+ib

osibion veckar posikion wvecker
¥ of poink o ¥ of point b
@) M), o @) rE)
=S z =3 7
K direckion K direckion
veekor vecker
& B |
Y = o + )\- O |
=5 2
ol

b)
Determine whether the point C with coordinate (2, 0, -1) lies on this line.

2
Let ¢ =(O) , then check ko gee iF bPhere exisks o value

o A/ suel | twsk

(6)-() " (3)

From the 1 cormpanenkt b-A =2 @
From Yhe :.J- comparent : 0 +OL =0 @(,/"} Works for oll A

From Yhe ¢ companent : =D +2h =~ @
O = 2=2 suo e @ = _54(2x2)=-S+b =iy

Foint C Lies on the \ine
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Equation of a Line in Parametric Form
How do | find the vector equation of aline in parametric form?

+« Byconsideringthe three separate components of a vectorinthe x, yandzdirections itis

possible to write the vector equation of a line as three separate equations
X

o Lettingr= thenr=a+ Abbecomes
¥
Z
X
0 |
o X = + A
y Yo m
z n
“o
*o |, . 1Y, L
» Where is a position vectorand is a direction vector
Yo
7 n

0
o This vectorequation can then be splitintoits three separate component forms:
= X=X+ Al
= y=y,t Am
= z=z+ An
o Theseare giveninthe formulabooklet
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*9 Worked Example
o
Write the parametric form of the equation of the line which passes through the point

(-2, 1, O)with direction vector

—4

Parametric form of the =+ A y=y,+dm, 2=z, +dn
equalion of a line

Use T =o +3&b ko write bhe eguakion in wveckor form Fimk:

=®)-(D)*(3)

aatkicn N diceckion veckas
veckor of
o poink

%?_?a.fa‘t.a tae Covaporents ko Hhewr 5 Eq?mrm‘te, Enlmk;inﬂﬁ_

X = -7 +3)
Yy = |+ A
Z2 ==X
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Angle BetweenTwo Lines
How do we find the angle between two lines?

« Theangle between twolines is equalto the angle between their direction vectors
o |tcanbefoundusingthe scalar product of their direction vectors
Giventwolinesintheformr=a, +Ab andr=a, + Ab, usetheformula

o H—cns"( o " b )
|bI| bzl

If you are given the equations of the lines in a different form or two points on a line you will
need to find theirdirection vectors first
Tofindthe angle ABC the vectors BAand BC would be used, both starting from the point B
Theintersection of two lines will always create two angles, an acute one and an obtuse one

o Apositivescalarproduct willresultin the acute angle and a negative scalar product

willresultin the obtuse angle
= Usingthe absolute value of the scalar product will always resultin the acute

-

angle
@) ExamTip
-
* |Inyourexamread the question carefully to seeif you need to findthe acute or
obtuseangle

o Whenrevising, getinto the practice of double checkingattheendofa
questionwhetheryourangleis acute orobtuseandwhether this fits the
question
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9 Worked Example

®
Findthe acute angle, inradians between the twolines defined by the equations:
2 1 | -3
I: a=| 0 |+4f -4 Jand l: b=| -4 |+pu|l 2
3 -3 3 5

STEP 1: find the scolor productk of the dicection veckors:

[ =3

&)l 2] =(12-2 t.-&..:l L—%KBJ =—3+[‘E)‘!f‘l5)= -26

(—3> (5> (= a n /T w
Negokive, 50 the angle Lol
\pg&nf'nL oobuse d:é%ﬁ-

Step 2: find the ma&nﬂtwies of the direckion wvecksrs:
JOt + )+ (<D =J26 Je=D (2 + (s =J38

/_\ o, the olosoluk
STF—F CE nﬂd tre anﬁ‘le_'- I’.Dse - |‘2‘=‘ L&Sv‘ﬁ &

value will vesulk

41&.@ in the acuke o.r@t

i &
0 = cos| 4 )

J26 /38

6=059% rodians (3sf)

- - = = o= - — — —
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3.8.2 Shortest Distances with Lines

Shortest Distance Between aPoint and aLine

How do | find the shortest distance from a pointto aline?

» Theshortest distance fromany point to a line will always be the perpendicular distance
o Givenaline!/ with equationt = a+ b andapointPnoton/
o Thescalar product of the direction vector, b, and the vectorin the direction of the

shortest distance willbe zero

» Theshortestdistance can be foundusing the following steps:
o STEP1: Let the vectorequation of theline be rand the point not on theline be P, then

the point on the line closest to Pwillbe the point F

= Thepoint Fis sometimes called the foot of the perpendicular
STEP 2: Sketch a diagram showing the line/and the points Pand F

o

= Thevecmr}?.E'willbeperpendic:ulartothelineI
STEP 3: Use the equation of the line to find the position vector of the point F in terms of
i
STEP 4: Use this to find the displacement vector FPin terms of o
STEP 5: The scalar product of the direction vectorof theline | and the displacement

=]

o

o

vector E‘;will bezero
= Forman equation FP- b=0 andsolve tofinda
STEP 6: Substitute into FPand find the magnitude |ﬁ’|
= Theshortest distance fromthe point to the line will be the magnitude of F_‘.P

o

+ MNotethatthe shortest distance between the pointandthe lineis sometimes referred to as
the length of the perpendicular

|
- A

SHORTEST -
DISTANCE T

# L

W

-

\“~-~£SCI'M'ETIMES CALLED THE FOOT

OF THE PERPEMDICULAR

How do we use the vector product to find the shortest distance from a
pointtoaline?
* Thevectorproduct can beusedtofindtheshortest distance fromany pointtoalineona 2-
dimensional plane
+« Givenapoint,P,andaliner=a+ib
| AP xb|
|b]

o Theshortestdistance from P tothe line willbe

o WhereAis a pointon theline
o This is not givenin the formula booklet
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@ ExamTip
* + Columnvectors can be easierand clearerto work with when dealing with scalar
products.
9 Worked Example
2 0

Point A has coordinates (1,2, 0) andtheline / has equationr=| 0 |+ 4] |
6 2

Point Blies onthe I such that [AB] is perpendicularto /.
Findthe shortestdistancefromAtotheline l.

Bis on L so can be writben ia beems of A:

08 = <%> + l(?)
6 2
Find AB using AB =0B -0
— 1
AB = A -
<$+M,> (
»’Té 5 Perlpq.nd.]culo.r (W Y e ,ﬁ-(:)=0

(itlzi) ' @ "0

A-2 +2(&+z,1,}-c.
SA+w0=0
A==2

Substitle back inko AB and find the magutude:
s (40
b +2(-2 z
|ﬂ;| = [1rre+2t = [2

Shortest distance = V2! units

Www.exampaperspractice.co.uk



Fe

EXAM PAPERS PRACTICE

Shortest Distance Between Two Lines

How do we find the shortest distance between two parallel lines?

= Two parallel lines willneverintersect

» Theshortestdistance between two parallel lines will be the perpendicular distance
between them
= Givenaline /, withequation r=a, + Ad andaline /, with equation r= a, + ud, thenthe

shortest distance between them can be found using the following steps:

[s]

« Alternatively, the formula

a]

o]

s}

STEP 1: Find the vector between a, and a general coordinate from /, interms of i

STEP 2: Setthe scalarproduct of the vectorfoundin STEP 1and the direction vector dl

equaltozero
= Remember the direction vectors d, andd, are scalar multiples of each otherand

so eithercan be usedhere
STEP 3. Form and sclve an equation to find the value of u
STEP 4: Substitute the value of 1 backinto the equation for , to find the coordinate on

L, closestto ],

STEP 5:Find the distance between a, andthe coordinate foundin STEP 4
Lﬂ? X dl
" ldl
Where AB is the vector connecting the two given coordinates a and a,

can beused

d is the simplied vectorin the direction of dl and u:l2

This is not given in the formula bogklet

How do we find the shortest distance from a given pointon aline to
anotherline?

» Theshortest distance from any point on a line to another line will be the perpendicular
distance from the point to theline

» |fthe angle between the two lines is known or can be found then right-angled trigonometry
can beusedto find the perpendicular distance

o Theformula

1,4_£.?>:d|

El given above is derived using this method and can beused

= Alternatively, the equation of theline can beused to find a general coordinate and the steps
above can be followed to find the shortest distance

How do we find the shortest distance between two skew lines?
+ Two skewlines are not parallel but will neverintersect
+ Theshortest distance between two skew lines will be perpendicular to both of thelines
o This will be at the point where the two lines pass each otherwith the perpendicular

distance where the point of intersection would be

o Thevector product of the two direction vectors can beusedtofind avectorin the

direction of the shortest distance

o Theshortestdistancewillbe a vectorparallel to the vector product
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* Tofindthe shortestdistance between two skew lines with equations r=a, + Ad, and
r= a2+pd2 ,
o STEP1:Find thevector product of the direction vectors 4.'11 and d2
v d= dI X d2
o STEP 2:Find the vectorin the direction of the line between the two general points on /,
and/, interms of 4 and u
« AB=b - a
o STEP 3: Set the two vectors parallel toeach other
= d = kAB
o STEP 4:Setupandsolve asystem of linear equations in the three unknowns, k, A and
u

@) ExamTip

* + Examquestions will often ask forthe shortest, or minimum, distance within
vectorquestions
« |fyou'reunsure start by sketching a quick diagram
» Sometimes calculus can be used, howevervectormethods are usually required
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*> Worked Example

Adronetravelsin a straightline and at a constant speed. It moves froman initial
|
point(-5,4, -8)inthedirection of thevector| , |.Atthesametimeasthedrone

1

begins moving a bird takes off from initial point (6, -4, 3) and moves in a straight line

2
ataconstantspeedin the direction of the vector -3/

4

Find the minimum distance between the bird and the drone during this movement.
Find the vector product of the direction weckors.

2 - 3 (1) - (4)(2) -l
3)%(2] = (ﬂr)(—l)—(?-}ﬂl)) -6
& ' (2)(2)-63)-1), '

Find bre veckor in Ure direckion of the lne loelween
the am-—ak. coordinales.

- -5- 1 E+24 =ll-m-22
AB = b+ 21 | — -4 — 34 = | +2L +31
-3+ M4 3+ 44 TR )
A point on L2 A paint on L;
MR -Z30\  y f\ s peraliel h(")
a2 431 | -6 I
=+ -4 I s & = k(,)

Sek up ond solve a syskem of equaions,

Ik - 21_)’; Solve usirﬂ GDC:
6K + 31+ U= -3 k:% 1= 233 ﬂ___sz
"lu-_":h:L = k - ||

Subsbilube back inke the expression for AB and find the mogritude:

|AB| = |[-n —( ) (233) / 1:' z : 1
i) ol S RS RS
T ( q_(ﬂsa :;

Shortest distonce = 493 units (3s£.)
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3.9.1 Kinematics with Vectors

Kinematics using Vectors
How are vectorsrelated to kinematics?

» Kinematicsis the use of mathematics to model motion in objects
= |f anobjectis movingin onedimension thenits velocity, displacement and time are related
usingtheformulas =vt
o wheres is displacement, vis velocity and tis the time taken
s |f anobjectis movingin more than one dimension then vectors are needed to representits
velocity and displacement
o Whilst time s a scalar quantity, displacement and velocity are both vector
quantities
* ‘ectors are often usedin guestions in the context of forces, acceleration or velocity
» The position of an object at a particulartime can be modelled using a vector equation

How do | find the direction of a vector?

» ‘lectors have opposite directions if they are the same size but opposite signs
The direction of a vectoris what makes it more than just a scalar
o E.g.two objects with velocities of 7m/s and -7 m/s are travelling at the same speed
butin oppositedirections
Twovectors are parallel if and only if oneis a scalar multiple of the other
Forreal-life contexts such as mechanics, direction can be calculated from a given vector
using trigonometry
o Giventheiandjcomponents aright-triangle canbe created and the angle found
using SOHCAHTOA
Itis usually given as a bearing or as an angle calculated anticlockwise from the positive x-
axis

-

How do | find the distance between two moving objects?

+ |f two objects are moving with constant velocity in non-parallel directions the distance
between themwillchange
* Thedistance between them can be found by finding the magnitude of their position
vectors at any pointintime
= Theshortest distance between the two objects at a particular time can be found by finding
the value of the time at which the magnitude is atits minimum value
o Letthetimewhenthe objects areatthe shortestdistancebet
o Findthe distance, d, in terms of t by substituting into the equation for the magnitude of
their position vectors
o d?willbe an expression in terms of t which can be differentiated and set to O
o Solving this will give the time at which the distanceis at a minimum
o Substitute this backinto the expression for dto find the shortest distance
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@ Exam Tip

- , . . . L
« Kinematics questions can have a lot of information in, read them carefully and

pick out the parts that are essential to the question
« Lookout forwhere variables used are the same and/or different within vector
equations, you willneed to use different techniques to find these
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‘, Worked Example
.

Two objects, Aand B, are moving so that their position relative to a fixed point, O at

3 -2
timet, in minutes can be defined by the position vectors r, = ( ] ) + r( ) and

o () (2) 4

Theunitvectorsiandjare a displacement of I metre due Eastand North of O
respectively.

a)
Find the coordinates of the initial position of the two objects.

The initiol position is when k=0
“=(3)+od) - )
<-(6) o =)
-—
A (3,-1) and BL?.,S).

o))
Find the shortest distance between the two objects and the time at which this will
occur,
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Let the shockest distamce occur ab time, £, twen :
A: (3-28,-1448) B (2+3t,5-4)

Find. the diskonce between A ond B in kecms of £
b= |[@+39-@-26] + [(6-0)-C1 +4e]]

= JCrese) + (6-50)°

= J(l—mt+25L‘)+(35—50t+25+})
A" = 3% -0t + S0t?

Find the minimum pownt ot dF:

fiff = -70 4 |00t S =30+100L = O
ke 20 -p3
00

Whent L =07 |, d= ,/3?- -20(@3)* So(0F)" = N2s

d =,354m (2 s.lf)F

b NAMMIYL T M =
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3.9.2 Constant & Variable Velocity

Vectors & Constant Velocity
How are vectors used to model linear motion?

= |f anobjectis moving with constant velocity it will travel in a straight line
+ Foranobject movingin a straight linein two orthree dimensions its velocity, displacement
andtime can berelated using the vectorequation of aline
o r=a++b
o Letting
» rbethe position of the object at thetime, t
= abethepositionvector, rgatthestart(t=0)
= Arepresentthetime,t
= bbethevelocityvector, v
o Then the position of the object at the time, t can be given by
B r=rg+tv
+ Thevelocity vector is the direction vectorin the equation of theline
» Thespeed of the object will be the magnitude of the velocity |v|

*> Worked Example
H

A car,moving atconstant speed, takes 2 minutes to drive in a straight line from
point A (-4, 3) topointB (6, -5).

Attimet,in minutes, the position vector(p) of the carrelative to the origin can be
givenintheform p=a+ tb.

Findthevectorsaandb.

Veckor o re.qrasem't_s the wnkial position ond veckor

IQFE,?rFL&E,ﬁI;.S bre direckion veeker per minuke

Pa:.';l:.'mn veckor J.; = [F;)
AL L= Ominukes, p =0 so o=0h= (%)

Foa'|'bi.nﬂ veckar I".’Té = {\—65}
AL L=172 minukes, the cor 15 ok the poink B ond =0 C_llé:= 0- \—?.IQ

(6) = ("%) + 20
Gesion sk 25 (4)-(4) =(9

a=(¢) k=(%)

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Vectors & Variable Velocity
How are vectors used to model motion with variable velocity?

« Thevelocity of a particle is therate of change of its displacement overtime

* Inonedimension velocity, v, is found be taking the derivative of the displacement, s, with
respecttotime,t

ds

dt

* Inmorethan onedimension vectors are used to represent motion

* Fordisplacementgiven as a function of timein the form

£(1)
tl=
© I{ ) fz(f)
» Thevelocity vector can be found by differentiating each component of the vector
individually

-0}
B A
dr fl (0
I W)

The velocity should be left as a vector
The speed is the magnitude of the velocity
« |fthevelocity vectoris known, displacement can be found by integrating each component
of the vectorindividually
o Theconstant of integration foreach component willneed to be found
* Theacceleration of a particleis therate of change of its velocity overtime
* Inonedimension acceleration, a, is found be taking the derivative of the velocity, v, with
respecttotime, t
dv _ dr
dt P
* Intwo dimensions acceleration can be found by differentiating each component of the
velocity vectorindividually

o V=

(5]

(4]

(s}

o a=

a (1
I X0
o e ﬁ= v, {0)
dt vz’(r)
o as ar-’r= fl”(t)

Cde | £
» |fthe acceleration vectoris known, the velocity vector can be found by integrating each

component of the acceleration vectorindividually
o Theconstant of integration foreach component willneed to be found
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@) ExamTip
* Lookoutforclues inthe question as to whetheryou should treat the question as
a constant or variable velocity problem

o 'moving at a constant speed’ willimply using a linear model
o an object falling orrolling would imply variable velocity

*Y Worked Example
5

Aballis rolling down a hillwith velocity v= (5)+f( 0 ).Atthetimet:(]the
3) \-08

coordinate of the ball are (3, -2).

a)
Findthe acceleration vector of the ball's motion.

i = (3? D.Eb) »> &= % ) (—%.'a)
Q= - 0.‘3&-

b)
Find the position vector of the ball at the time, t.

L =j£‘ﬂ" :J(S?D.sb dt = G:%}d)

ok £=0 r= (-?“1) A constonk of Lﬂ’cﬁﬂ(ﬁbnm
s vieeded Ffor both Componenks.

S(0) +¢ _(3 . € =3, d=-2
3{93_0.;3_{0)+.:L “kz

€ = (st+3)i + (3t-0.4t™-2)]
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3.10.1 Introduction to Graph Theory

Parts of a Graph

Agraphis a mathematical structure thatis used to represent objects and the connections
between them. They can be usedin modelling many real-life applications, e.g. electrical circuits,
flight paths, maps etc.

What are the different parts ofagraph?

* Avertex(point) represents an objectoraplace

o Adjacent vertices are connected by an edge

o Thedegree of avertex can be defined by how many edges are connectedtoit
+ Anedge(line) forms a connection between two vertices

o Adjacent edges share a common vertex

o Anedgethatstarts andends at thesamevertexis called aloop

o There may be multiple edges connectingtwo vertices
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Types of Graphs
What are the types of graphs?

« Acompletegraphis a graphinwhich eachvertexis connected by an edge to each of the
othervertices
+ Theedges in a weighted graph are assigned numerical values such as distance ormoney
+ Theedgesinadirected graph can only be travelled alongin the direction indicated
o thein-degree of a vertexis the number of edges thatlead to that vertex
o theout-degreeis the numberof edges that leave from that vertex
« Asimplegraphisundirected andunweighted and contains no loops ormultiple edges
« Givenagraph G, a subgraph will only contain edges and vertices that appearin G
* Inaconnected graphitis possible to move along the edges and vertices to find a route
between any two vertices
o |fthegraphis strongly connected, this route can bein eitherdirection between the
two vertices
« Atreeis agraphinwhichanytwovertices are connected by exactly one path
+ Aspanningtreeis a subgraph, whichis alsoatree, of a graph G that contains all the vertices
from G

@ ExamTip

“ » There are a lot of specific terms involvedin graph theory and you are often
askedto describe themin an exam - make sure you learn the definitions
+« Make surethatany graphsyou draw are big and clear sotheyare easy forthe
examiner toread

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

*> Worked Example
®

Thegraph Gshown below is a strongly connected, unweighted, directed graph
with 5 vertices.

A
= “u
.'R\:.-l e |'I .."
\\‘ K‘. I,' I|I
,

T e T A
Vo™ N
l'.. |II ‘“\\ ||
NSNS

a)

Statethein-degree of vertex A.

Dnhj the eiﬂt Lbﬂnecﬁfﬁ A and C s gong nto

In- J.o_ﬁru of verkex A = |

b)

Explain why the graph is considered to be strongly connected.

F 4
The 5mFL is :l:ro.-ﬁhj connecked because b s

poftible, by lconstenck o wolk in cither Airection
bebueen omy two verbices
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3.10.2 Walks & Adjacency Matrices

Walks & Adjacency Matrices

Adjacency matrices are anotherway to represent graphs and connections between the
different vertices.

Whatis an adjacency matrix?

* Anadjacency matrixis a square matrix where all of the vertices in the graph are listed as the
headings forboth therows (1) and columns (j)
* Anadjacency matrix can be usedto show the number of direct connections between two
vertices
« Anentry of Ointhe matrixmeans that there is no direct connection between that pair of
vertices
* |Inasimplegraphtheonlyentries areeitherOorl
* Aloopisindicatedin an adjacency matrix with avaluein the leading diagonal (the line from
top left to bottom right)
o |nanundirected matrix the value in theleading diagonal willbe 2 because you can use
thelooptotravel out of andinto the vertexin two different directions
o |nadirected matrix, if the loop has been given a direction, the value in the leading
diagonal willbe1as you can only travel along the loop out of and back into the vertexin
onedirection
o Fora graphwith noloops every entry in the leading diagonal willbe O
* Anundirected graph will be symmetrical in the leading diagonal
* Thesum of theentries in a rowis thein degree of that vertex
* Thesum of the entries in a column s the out degree of that vertex
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*9 Worked Example
Let Gbethe graph below.

Write down the adjacency matrix for G.

AR C D E
Afo Il I o |
Gofrln @ © OO0
(o (N S ) [
ol o oo 0 |
eVZ2 1 L1 2
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Number of Walks

Whatis a walk?
+« Awalkis a sequence of vertices that are visited when moving through a graph alongits
edges
+ Both edges andvertices can berevisitedin a walk
+ Thelength of awalk is the total number of edges that are traversedin the walk

How do you find the number of walksin a graph?
 LetMdenote the adjacency matrix of a graph. The (i, ) entry in the matrix M¥ will give the
number of walks of length k from vertexito vertex;
« |fthereis anentry of 2intheleading diagonal of the matrix, this shouldbe changedtoal

beforethe matrixis raised to a power
+« Thenumberof walks, between vertexiandvertexj, of length n orless can be given by the

matrixS", where §"=M'+ M2+ _+_ M"
o |fallof theentriesin a singlerow of 8" are nan-zero values then the graph is connected

¢) ExamTip
-
+ Readthe question carefully to determing if you need to choose a specific power
forthe adjacency matrix orif you needto play around with different powers!
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*> Worked Example

°
The adjacency matrix M of a graph Gis given by

ABCDE

ATo1101]
Bl1oo1o
Cli10010
Dlio1101
E{10010

Draw the graph described by the adjacency matrix M.

&

b)
Findthe number of walks of length 4 from vertex B to Vertex E.

Enber the mabnx nbo Your LDL  and rmise it to the

power L
4
o 1 | 0 |
0 0 1 0
M= 1 001 O
o | 1 0|
1 0 01 O
B O 0 I8 C 5 Value in row B and
e )
“ G |1 ‘2 0 I\L_./I (Elumn E
M = O 1 12 0 12
i 0 0 18 ©
012 IL 0 12

The nomber of walks of lengte & from verkex 8
to werkex € s I1

c)
Find the number of walks of 3 orless from vertex Atovertex C.
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Enker bthe maktnrn ko Your LDL and o0dd  successive
powsars of ik

Uﬂ.LuL o Fowss A n\né.
colvawan C

\7) 3

fo =l M R =l

2
2
ki
2

The nuomber o{c wolks uf: I.-anﬁi;:l- 1 or less o
verkex A to wvertex € is 7
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Weighted Adjacency Tables

Aweighted adjacency table gives more detailed information about the connection between
different vertices in a weighted graph.

What is a weighted adjacency table?

« Aweighted adjacency tableis different to an adjacency matrixas thevaluein each cellis
the weight of the edge connecting that pair of vertices
o Weight couldbe cost, distance, time etc.
+« Anemptycell can beusedtoindicate that thereis no connection between a pair of
vertices
« Adirectedgraphis not symmetrical along the leading diagonal(the line from top left to
bottom right)
+ When drawing a graph fromits adjacency table be careful when labelling the edges
o Foranun-directed graph the two cells between a specific pair of vertices willbe the
same so connect the vertices with one edge labelled with the relevant weight
o Foradirected graphif the two cells between a specific pair of vertices have different
values draw two lines between the vertices and label each with the correct weight and
direction
+ Aweightedadjacency table can be used towork out the weight of different walks in the

graph

Www.exampaperspractice.co.uk
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‘, Worked Example
°

The table below shows the time taken in minutes to travel by car between 4

different towns.
iy B C D
A 16 35
B 16 20 18
C 35 20 34
D 23 34
a)

Draw the graph described by the adjacency table.

b)
Statethe timetaken to drive from Town B to Town D.

13 m'mutes
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3.10.3 Minimum Spanning Trees

Kruskal's Algorithm

In a situation that can be modelled by a graph, Kruskal’s algorithm is a mathematical tool that
can beusedtoreduce costs, materials ortime.

Why do we use Kruskal’s Algorithm?

Kruskal's algorithm is a series of steps that when followed will produce the minimum
spanning tree for a connected graph
Finding the minimum spanning treeis usefulin a lot of practical applications to connect all
of the vertices in the most efficient way possible
The number of edges in a minimum spanning tree will always be one less than the number
of vertices inthe graph
Acycleis awalkthat starts at a given vertexand ends at the same vertex.

e Aminimum spanning tree cannot contain any cycles.

What is Kruskal’s Algorithm?
« STEP]

Sortthe edges in terms of increasing weight

STEP 2

Select the edge of least weight (if there is more than one edge of the same weight, either
may be used)

STEP 3

Select the next edge of least weight that has not already been chosen and add it to your
tree provided that it does not make a cycle with any of the previously selected edges
STEP 4

Repeat STEP 3 until all of the vertices in the graph are connected

O ExamTip

* When using any of the algorithms for finding the minimum spanning tree, make
sure thatyou state the order in which the edges are selected to get fullmarks
forworking!
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Worked Example
Considerthe weighted graph G below.
& E g F ;
a3 1 5 &
L T
IJ/ ] C

a)
Use Kruskal's algorithm to find the minimum spanning tree. Show each step of the
algorithm clearly.

Lisk tee tﬂﬁu n order °F r.-.ne_.\.le:
ER (1)
DU (2)
A (&)
eFr (s)
F. (5)
8C (&)
efF (1)
0 (8)
Gh (3)
AD (9)
AE ()
i (18)

ﬁ.aui e z‘ﬂe o]r lessk m:&kl'a Hne_n Bee ™ nexk ozl emiat_ ’F Leask
Luus'l* (u;u\nuk raking o Eﬂf_lli_) webilall verkices fare “esrnecked

E.isu added in bhis erder:
EH, DH, AR, EF, FG, BC, BF

,\/

MNoke. EF ameh FL could be
sddid in eibhar ordar

b)
State the total weight of the minimum spanning tree.

Add up e wg_nslu\fs D-F’Unl.’,_ Q_r.JAJ_.lltl n Bt miaisaw e
spann'mﬁ bree

l+ 2 + 4L+ S + 5 + & + 7 = J30
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Prim's Algorithm

Prim’s algorithmis a second method of finding the minimum spanning tree of a graph.

What is Prim’s Algorithm?

-

Prim’s algorithminvolves adding edges from vertices that are already connected to the
tree,

Cycles are avoided by only adding edges that are not already connected at one end.
STEP1

Start at any vertex and choose the edge of least weight thatis connectedtoit
STEPZ

Choosethe edge of least weight thatis incident (connected) to any of the vertices already
connected anddoes not connectto anothervertexthatis already in the tree
STEP 3

Repeat STEP 2 until all of the vertices are added to the tree

Www.exampaperspractice.co.uk
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‘, Worked Example
L]
Consider the weighted graph below.

A

Ceé6

21 30

a)
Using Prim’s algorithm, find the minimum spanning tree.

Seleck o sl'«-'{mﬁ vertex () and ehoost the QJ?. of least
Mﬁ\* Brak it Corvecked be it

A 15 [ AG (L‘j)
Conbinue to seleck Hee e.lﬁg nf leask u.:’]..': tat

is connected to auny DF the obher wedice: +hak
ore a\ren.d.j connected in the tree

s . ag (15)
AT 8¢ (13)

Repeak bwis process
rwhﬂrl-\s ts

whil oll werbices are connected,
record bhe order 1 whick Ehe eAﬂqs

were added
A 5 a
13 AR (lsj
12 BC (13)
: [k} . ce (iz)
gD ()
N

Add up ez u.w_u..jkd.s of bz e‘lﬂ“ P T P L
spaminﬂ_ bree

1S4 13 + 12 % V] = 57

b)
State the total weight of the minimum spanning tree.

Add up the h_-eijuh .:F e 2&3@5 in the Minimune
Sp ornng tree

1S54 13 4+ 12 + 11 = |57
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Prim's Algorithm Using a Matrix

Information may be given to you eitherin the form of a graph or as a weighted adjacency table.
Prim’s algorithm can be adaptedto be used from the adjacency matrix.

How do you apply Prim’s algorithm to a matrix?

Aminimum spanning treeis built up from the least weight edges that are incident to vertices
alreadyin the tree by looking at therelevant rows in the adjacency table

STEP1

Select any vertex to start from, cross out the values in the column associated with that
vertex andlabelthe row associated with the vertex

STEP 2

Circlethelowest valuein any cellalong that row and add the edge to your tree, cross out
theremaining values in the column of the cell that you have circled

STEP3

Labeltherow associated with the same vertex as the column in the previous STEP with the
next

STEP 4

Circlethelowestvaluein any cell along any of the rows that have been labelled and add the
edgetoyourtree, cross out the remaining values in the column of the cell that you have
circled

STEPS

Repeat STEPS 3and 4 until allrows have been labelled and all vertices have been added to
thetree

Which should | use Prim’s or Kruskal’s Algorithm?

-

Kruskal’s algorithm can be used when the informationis in graph form whereas Prim’s
algorithm can be usedin either graph or matrix form.
Prim’s algorithmis sometimes considered to be more efficient that Kruskal’s algorithm
das

o theedges donotneedtobeordered atthestartand

o itdoes notrely on checkingforcycles at each step

An exam question will usually specify which method should be used, otherwise you have
the choice

If you are asked to find the minimum spanning tree and the information givenin the
question is in the form of a table, you should use Prim’s algorithm

@ ExamTip

« Lookoutforquestions that ask you tominimise the cost orlength etc. froma
weighted graph - they are implying that they want you to find the minimum
spanning tree!
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*9 Worked Example

Celesteis building a model city incorporating 6 main buildings that needto be
connectedtoan electrical supply.

Eachvertexlistedin the table below represents a building and the weighting of
eachedgeis thecostin USD of creating a link to the electrical supply between the
givenvertices.

A B D E F
A - 4 9 8 11 3
B 4 - 13 2 5 12
C ? 13 - 7 1 A
D 8 7 - 10 3
E 1 1 10 - 15
F 3 12 4 3 15 =

Celestewants to find the lowest cost solution that links all 6 buildings up to the
electrical supply.

a)
Starting fromvertex A, use Prim’s algorithm on the table to find and draw the
minimum spanning tree. Show each step of the process clearly.

Www.exampaperspractice.co.uk
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Sterk ok any werbex and lakel b 1, crosc out
bhe volwes n columa A and seleck the e&c_lfg of
least wziaht in row A

A B C D E F
O A 4 9 8 |11 @ AF (3)
B 4 - 13 2 5 12
c 9 13 -7 1 a
D [ 2 7 - 10 3
E (11 5 110 - |15
F |3 12 4 3 15 -

Lobel row F 2, delebe the remanng valuts
in ol F and mleck bthe q%r. of Teest wel‘.-jl.r&
from vrows A and F

B C D E F
O} 4 (9 8 |11 @] AF (3)
B 4 - [13] 25 12| 1F (3

c (9 13 - 7|1 ¢4

D 8 2 7 - |10 3

E (10 | 5 1 10 - | 15

@ F 3 124 @15

Conkinne in bhis oy uabil all yertices ore selecled,
s Lnalog 1 g te record thee order 1A whicl, Hee
edaes ore ohded

A B C D|E _F
MO A 4 |9 8 |13 AF  (3)
&) B | 4 B 25 12 pF ()
&  c | 9 13 1T @ 4 ed @)
@ o |8 @71 1p | 3 cF (&)
@ E |11 5 10 15 ce (1)
@[ aFol 2 [ 12 ) @ @) fudbd
A e
2
F & c
3 ]
E b

Elju added a Bhis order:
AF, DF, 8D, CF, CE

b)
Statethe lowest cost of connecting all of the buildings to the electricity supply.

PAL up bre weights of the o,ATj in bhe  miininanm
SMIHS bree

L 40y o+ 2+ L o+ Vo= 113
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3.10.4 Chinese Postman Problem

Eulerian Trails & Circuits

What are Eulerian trails and circuits?

L]

L]

Atrailis awalkinwhich no edgeis repeated
An Eulerian trail is a trail that visits each edgein a graph exactly once
Acircuitis a trailthat begins and ends at the same vertex
An Eulerian circuitis a trail that visits each edgein a graph exactly once and begins and
ends atthe same vertex
A graph which contains an Eulerian circuit is called an Eulerian graph
o InanEuleriangraphthe degree of each vertexis even
A semi-Eulerian graph contains an Eulerian trail but not an Eulerian circuit
o |nasemi-Eulerian graph exactly one pairof vertices have an odd degree
o Thesearethestart and finish points of any Eulerian trail
An adjacency matrix can be usedto determineif agraph is Eulerian or semi-Eulerian as the
degree of each vertex can be found by inspecting the sum of the entries in the rows (out-
degree) orcolumns (in-degree)

¢) ExamTip
-

« |fyou candraw a graph without taking your pen off the paper and without going
over any edge more than once then you have an Eulerian orsemi-Eulerian
graph!
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Worked Example
Let G be the graph shown below.

- =

a)
Show that Gis a semi-Eulerian graph.

Lock at bhe degree of ench. verbes

mEgnE
Fo P PR

I -
G 15 a semi- Bulecion  gragh becomie it hos
e;nclhj one por of odd vertices L and D

b)
WWrite down an Bulerian trail for G.

Pn  Bubiriasm Erail weausk sterk oed faisk ab /D

There art seweral possible Eulerion troils one solution is

D E A & E C D @ C

Www.exampaperspractice.co.uk
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Chinese Postman Problem
The Chinese postman problemrequires you to find the route of least weight that starts and
finishes at the same vertex andtraverses every edge in the graph. Some edges may needtobe
traversed twice and the challenge is to minimise the total weight of these repeated edges.

How do | solve the Chinese postman problem?

« [fallof thevertices ina graph are eventhenthe shortestroute will be the sum of the weights
of the edges in an Eulerian circuit

= |fthereis one pair of odd vertices in the graph then the shortest route between them will
need to be found andrepeated before finding an Eulerian circuit

o Therewill always be an even number of odd vertices as the total sum of the degrees
of the vertices is double the number of edges

« [fthere are morethantwo odd vertices, then each possible pairing of the odd vertices
must be consideredin order to find the minimum weight of the edges thatneedtobe
repeated

* The maximum number of oddvertices that could appearin an exam guestion is 4

What are the steps of the Chinese postman algorithm?

« STEP1
Inspect the degree of all of the vertices and identify any odd vertices
« STEP2
Find the possible pairings between the odd vertices
« STEP3
Foreach possible combination of vertices, find the shortest walk between the vertices and
addthe edges toberepeated to the graph
« STEP4
Write down an Eulerian circuit of the adjusted graph to find a possible route and find the

sumof the edges traversedto find the total weight

What variations may there be on the Chinese postman algorithm?

+ Theweighting of the edge between a pair of vertices may be different depending oniif itis
the first timeitis being traversed or a repeat.

o Forexample,if aninspectorwas checking a pipeline for defects then the first time
going along a section of pipeline could take longer during inspection than if it is being
repeatedin order to get from one vertex to another

¢ |fthere are 4 odd vertices you may be asked to start and finish at different vertices. Find
the length of the routes for all possible pairings of the odd vertices and choose the
shortest route between any 2 of them to berepeated. The othertwo oddvertices will be

yourstart and finish points.
¢) ExamTip
-

» Lookcarefully forthe shortest route between two vertices exam questions
often have graphs where a combination of edges will turn out to be a shorter
distance than a more directroute
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‘, Worked Example
®

The graph G shown below displays the distances, in kilometres, of the main roads
betweentowns A, B,C,DandE. Eachroadis tobeinspected for potholes.

a)
Explain why G does not contain an Eulerian circuit.
Inspeck the J.Eﬂ'u CF each wverbex

A: 3 (odd)
B: 3 (odd)
C: 3 (odd)
D: 3 (odd)
E: 1 (’r;w'nj

B _ mm
The Srapk G does rebk conbaimn an Eulerion

circuit a3 some of the/vertices are ocdd

b)

Findthe shortest route that starts and finishes at town A and allows foreachroad to
beinspected.
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There are 4 odd verbices 5o all of bhe possible pairings
mmust be considered to  fnd the sherbest  diskouwe baak

needs ko be r{lnm"cEA

Possible pmr.'.\ﬂ;:
ADE  CD
AR + CD = |2 + 10 = 23
ADCL  a&D
AC + BD = IE &+ 4 = 12
AD e

AT + BC = 8 + 9 =17 & gpartest

Add the edges b be remobed onbr the groph and
{:;-\J- on  Eulerion Cirewib :,tnrtinﬂ from A

One possible Eulerian circuik is:

ADARD C & C E.A

c)
State the total length of the shortest route.

Addthe slangiy ofgeack edge pim e pamaghe thew pld the
weignk’ ‘of “ithe’ repeatedledqes
Papeaked edges

Be 1T+ B+ 4 +9+ 10+ 6+ 17 = | 86Ekm

Ehgei - tha origeal graga
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3.10.5 Travelling Salesman Problem

Hamiltonian Paths & Cycles
What are Hamiltonian paths and cycles?

» Apathis awalkinwhich novertices arerepeated
o A Hamiltonian pathis a pathinwhich each vertexin a graph is visited exactly once
» Acycleis awalk that starts and ends atthe same vertex andrepeats no other vertices
o AHamiltoniancycleis a cycle which visits each vertex in a graph exactly once
If a graph contains a Hamiltonian cycle thenitis known as a Hamiltonian graph
» Agraph is semi-Hamiltonianif it contains a Hamiltonian path but not a Hamiltonian cycle
» Theonlywaytoshow that a graphis Hamiltonian or semi-Hamiltonianis tofind a
Hamiltonian cycle or Hamiltonian trail

¢) ExamTip
* = |fyou are given an adjacency matrix and are asked to find a Hamiltonian cycle,
make sure that you sketch out the graph first

9 Worked Example
@
Let Gbethe graph shown below.

A B
L .

v . )
m C

Show that Gis a Hamiltonian graph.

To show that the grogh i3 Houws o ian | adﬂ.w.L‘IFlj a

Houmi L Eoeioun E\j_th

One possible Hamiltenian cycle 1s:

A G CF D E A
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Travelling Salesman Problem

The travelling salesman problem requires you to find the route of least weight that starts and
finishes atthe same vertex and visits every other vertexin the graph exactly once.

How dol solve the travelling salesman problem?

+ |Intheclassical travelling salesman problem the following conditions are observed:
o thegraphis complete
o thedirectroute between two vertices is the shortest route (it satisfies the triangle
inequality)
« Listall of the possible Hamiltonian cycles and find the cycle of least weight
o Acomplete graph with 3 vertices will have 2 possible Hamiltonian cycles, 4 vertices will
have 6 possible cycles and a graph with 5 vertices will have 24 possible cycles
« Thereis no known algorithm that guarantees finding the shortest Hamiltonian cyclein a
graph so this methodis only suitable forsmall graphs

¢) ExamTip

-
+ Torememberthe difference betweenthe travelling salesman problem and the

Chinese postman problem, rememberthat the salesman is interested in selling
at each destination (vertex) whereas the postman wants towalk along every
road(edge) in orderto deliver the letters
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9 Worked Example
®

The graph below shows fourtowns and the distances between themin km.

Asalesman lives in city A andwishes totravelto each of the other three cities before
returning home.

Find the shortestroute that the salesman could take and state the total length of
theroute.

List Mall iz Fnssil:l.e TP S Cﬂﬂ,lt.& anch Hheir ue_ijln.t

ARCD A= 1+16+T+9= 43
The rewbe if U'v;_- It:-‘-\ﬂ
biak v rEvErie @ €
ADC B A = 43 o one akovt owd Hetrefus

kot bhe geme weigk

ABD C A =1l+I15+ T7+146= 47
ACDBRA-=47

ADBCA= 9 +15 +16+14

34

ACBDA=Ssy

Route og— leask ueiSLJ:

43 bEwm

Aea cDA
oR

Abce A
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3.10.6 Bounds for Travelling Salesman Problem

This revision note discusses more complex situations forthe travelling salesman problem and
you may wish to refer to the revision note 3.10.5 Travelling Salesman Problem.
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Table of Least Distances

In some real-life contexts a graph may not be complete nor satisfy the triangle inequality, for
example, when looking at a rail network, not every stop willbe connected to every otherstop
anditmay be quickertotravel from stop Ato stop B via stop C ratherthan to travel fromAto B
directly. Thus, the problemis considered to be a practical travelling salesman problem.

Finding the table of least distances (orweights) can convert a practical travelling salesman
probleminto a classical travelling salesman problem that can then be analysed.

Whatis a table of least distances?

« Atable of least distances shows the shortest distance between any two vertices ina

graph
o Insome cases, thedirect route between two vertices may not be the shortest

« Byfindingthetable of least distances, a graph can be convertedinto a complete graph
that satisfies the triangle inequality

*« STEP1
Fillin the information for vertices that are adjacentin the graph (at this stage checkif the
direct connections are actually the shortest route)

*» STEP2
Complete therest of the table by finding the shortest route that can be travelled between
each pairof vertices that are not adjacent

@ ExamTip

- .
+« Rememberthatthe table of leastvalues has a line of symmetry along the

leading diagonal for an undirected graph, so complete one half carefully first,
then map over to the second half
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*> Worked Example

®
The graph G below contains six vertices representing villages and the roads that

connect them. The weighting of the edges represents the time, in minutes, that it
takes towalk along a particularroad between two villages.

a)
Explain why Gis not complete graph.

G is not a complete elrn.p\n as eocl verkex

is not connecked o e other vertex by a

Slmﬂ'ut QAﬂL t-ﬁ- there is ne s{aﬂle Ealgz.
meEC—t’-inﬁ & ad D

b)
Completethe table of least weights below.

A B C D E F

MmO m| =
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Fill in the toble wibh the direck connections from the
groph but check thak Hne,nj ore bthe shortest roukes

as yow go n*hnﬂ
Shorkest rouke betieen D and F: D= F = 20
D>E-=>F= 138

Rewember bhalk Ao an undirecked ﬁraplx there will
be o line oF sﬂmm&hrﬂ alanﬁ Hye i&aﬂinﬂ aLm.aaM[
so start by filling in one half

A B C D E F
A —
B | &4 —
C 1 13 —
D i S -
E 13 6 10 -
F q 18 3 —

Find the ghorbest routesmbebween unconnected vertices
Aand E: A=C—=2E =13
Aand F : A=C-=E =F = 2|

Qanch D B2>2C 2D = I3

Coand F: C2E>F =4

A B C D E F
A - I 4 7 1 13 21
B |4 - 13 I8 I3 9
C 7 I3 — S 6 4
D ] I8 5 — 10 18
E I3 13 6 10 — 3
F 21 q 14 13 3 —
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7

EXAM PAPERS PRACTICE

Nearest Neighbour Algorithm

As the number of vertices in a graphincreases, so does the number of possible Hamiltonian
cycles andit can becomeimpractical to solve. The nearest neighbour algorithm can beusedto
find the upper bound for the minimum weight Hamiltonian cycle.

What is the nearest neighbour algorithm?

« Foracomplete graph with atleast 3 vertices, performing the nearest neighbour algorithm
willgenerate a low (but not necessarily least) weight Hamiltonian cycle

= This lowweight cycle can be considered the upper bound

» Thebestupperbound is the upper bound with the smallest value

» Thenearestneighbouralgorithm can only be used on a graph thatis complete and satisfies
the triangleinequality so the table of least distances should be found first

What are the steps of the nearest neighbour algorithm?

« STEP1
Choose a starting vertex
« STEPZ2
Follow the edge of least weight from the current vertex to an adjacent unvisited vertex (if
there is more than one edge of least weight pickone at random)
« STEP3
Repeat STEP 2 until all vertices have been visited
» STEP4
Addthe final edgetoreturnto thestarting vertex

¢) ExamTip

L 9 4
« |fasked towrite down theroute forthe lower bound, don't forget that some of
the entries in the table of lowest distances may not be direct routes between
vertices!
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‘) Worked Example
]
The table below contains six vertices representing villages and the roads that

connect them. The weighting of the edges represents the timein minutes that it
takes towalk along a particular road between twovillages.

A B C D E F
A - 14 7 1 13 21
B 14 - 13 18 13 Q
C 7 13 - 5 6 14
D 1 18 5 - 10 18
E 13 13 6 10 - 8
F 21 ? 14 18 8 -

Starting atvillage A, use the nearest neighbour algorithm to find the upper bound of
the timeitwould take tovisit each village and return tovillage A.

Skark ot verter A (coluain A) B select Hae
edae of least weight (ACY;“wrike it down

Move bo colomn €, dressioubBhe value Hal
Loswld jor C b A At vertex A hos al

beer wisited . Seleck bhe EoLjQ of least Lighk
(DY [oAd wiritd) (bl

Move to column D, cruss eub the valws for Hee
verbicer alrwduj visited (A and Cj and select the
{-'_J.ﬁt of lesst miﬁht fron Hee remaining valws
ard  weribe B dbras

Continue walil all verhces howe been wsited been

choote bthe final edge o et back Fron Hee losk
verbex b He ,E.k.a..z{:i.mﬂ pesition
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A B C D E F
A |-l | x| | & | o
B | &4 — 13 I8 13 @)
C @ 13 — 5 & L
D I E (5) - | 1
E I3 13 6 (0) — )1
F 21 q Iy I3 @' —

53 mins 5 o vpper bouwnd
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Deleted Vertex Algorithm

The deleted vertex algorithm can be used to find the lower bound for the minimum weight
Hamiltonian cycle.

Whatis the deleted vertex algorithm?

* Thedeletedvertexalgorithm can only be usedon a graph thatis complete andsatisfies the
triangleinequality so the table of least distances should be found first

» Deletingdifferent vertices may give different results, the best lower bound is the lower
bound with the highest value

» |fyouhavefounda cyclethe samelength as the lowerbound then you have foundthe
shortest route for the travelling salesman problem

+ |fthelowerbound and the upper bound are the same weight then you have found the
shortest route forthe travelling salesman problem

What are the steps of the deleted vertex algorithm?

« STEP]
Choose a vertex and delete it along with alledges that are connectedtoit

+ STEP2
Find the minimum spanning tree for the remaining graph (see revision note 3.10.3 Minimum
Spanning Trees)

« STEP3
Addthetwo shortest edges that were deleted from the original graph to the weight of the
minimum spanning tree

O Exam Tip

* + Becarefulwhenusing a weighted adjacency table not to get confused
between using Prim’s algorithm and the nearest neighbouralgorithm.

o Rememberthat Prim’s is used to find a minimum spanning tree, so vertices
can be connectedto several othervertices and hence can have more than
onevaluein a column circled

o When using the table for the nearest neighbour algorithm, vertices cannot
berevisited so only one value will be circled in each column
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*® Worked Example
®
Thetable below contains six vertices representingvillages and theroads that

connect them. The weighting of the edges represents the time in minutes that it
takes towalk along a particularroad between two villages.

A B C D E F
A - 14 7 1 13 2]
B 14 - 13 18 13 9
C 7 13 - 5 6 14
D 1 18 5 - 10 8
E 13 13 6 10 - 8
F 21 9 14 18 8 -

a)
By deleting vertex Aand using Prim’s algorithm, find a lower bound for the time
taken tostartatvillage A, visit each of the athervillages andreturn to village A

A B C D E F

A H 7 = 13 21
B 14 - 1z I8 13 @)
@| C ] 3 — 5 é T
=l D ) L 5 - |2 48
@1=“E 8 =1 3 Io - g

2 F 2|1 4 14 18 ® —

Add -Lclﬁc.s i~ bhe erder: :F ({::;
[
ce (&)
cp (5)

Tekal Hﬁi&'ht- 0{' P LR s'ﬂﬁhn-u'ﬂ tree = 18

Add wzia‘-‘-:& OF' bwo eJLgi-'a of: leask weighl wnrecked to Ar AC (7)

ap (i)

Lower bownd = 28 + T + 11 = | 46 miaukes

b)
Show that by deleting vertex B instead, a higherlower bound can be found.
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A B C D E F
A - 4 @ W i3] 2l
—r—B— e -+ 13 H—T 13— q
@| € A B — S, © 14
@| D W I8 5 - |@ 18
@| E 13 3 & 1o ~ ®
©| F 24 9 b 18 3 —

7+ 8+ & +5

Tokal ues'&ki‘ OF' P L A, .spmlnﬁ tree =
= 16

Neight of two edges of least weight comnected o 8: BF (3)
gc/p (13)

Lower bound = 48 mins

This is a k.'jker lower bound  than
fourd  when de\et}nﬁ verkex A

Www.exampaperspractice.co.uk



