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5.1.1 Introduction to Differentiation

Introduction to Derivatives

+ Beforeintroducing a derivative, an understanding of a limit is helpful
Whatis a limit?

+ Thelimit of a functionis the value a function (of x) approaches as x approaches a
particular value from either side
o Limits are of interest when the functionis undefined at a particularvalue

o Forexample, the function f(x) = g willapproach a limit as x approaches 1from

both below and above butis undefined at x = | as this would involve dividing by zero

What might | be asked about limits?

+ Youmay be asked to predict orestimate limits from a table of functionvalues orfrom the
graph of y = flx)
+ Youmay be asked touse your GDC to plot the graph anduse values fromitto estimatea
limit
What is a derivative?

+ Calculus is about rates of change
o theway acar's position on aroad changes is its speed (velocity)
o thewaythecar's speed changesis its acceleration
+ Thegradient (rate of change) of a (non-linear) functionvaries with x
+ Thederivative of a functionis a function that relates the gradient to the value of x
+ Thederivativeis also called the gradient function

How are limits and derivatives linked?

» Considerthe point Ponthegraphof y= J’(x) as shown below
o [PQ!_] is a series of chords

.
CHORDS BETWEEM . 4Q,
P AND POINTS Q, 7./

+ The gradient of the function f(x) at the point Pis equal to the gradient of the tangent ;
point P
» Thegradient of the tangent at point Pis the limit of the gradient of the chords [ PQ ] as

point  ‘slides’ down the curve and gets evercloserto point P
» Thegradient of the function changes as x changes

Www.exampaperspractice.co.uk
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+ Thederivativeis the function that calculates the gradient from the value x

What is the notation for derivatives?

* Forthefunction y = f(x),the derivative, with respect to x, would be written as

dy
4~ &)
» Different variables may be used
dV
o e.g.lf V=1f(s) then T f'(s)

wWww.exampaperspractice.co.uk
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9 Worked Example
¢ The graph of y = f{x) where f(x) = x* — 2 passes through the points
P(2,6), A(2.3,10.167), B(2.1, 7.261) and ((2.05, 6.615125),

a)

Findthe gradient of the chords [PA |, [ PB] and [ PC].
Gradiedy of o line Lc'honi) e " Y2 "

2ta =3,
[Pﬂ] Ie-1e7-€ = 1384
2-3-2
[Pﬂ T2e\-€ = \26\
24=-2
[PC_]. &+-6\IS125-¢ = 12-3

2:05-2

Crdiect & chorda are: [PA] 13-84
Pel 12-e
[Pc] 12-3cas

b)
Estimate the gradient of the tangent to the curve at the point P.

There will be o limit the gdiedt ot the chord reaches
ce the diﬁerewe. i ¥he x-coorddingyee OPF‘_DGCE\'ED ZcTo,

Eekorcke D? aﬁ::d».en‘\' oY *bnaan"t & x=2ie IR

Www.exampaperspractice.co.uk
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Differentiating Powers of x
What s differentiation?

« Differentiationis the process of finding an expression of the derivative (gradient
function) from the expression of a function

How do | differentiate powers of x?

* Powers of x are differentiated according to the following formula:
o If f{x)=x"then f(x)=nx"—!wheren€Q
o Thisis givenin the formula booklet
« |fthe power of X is multiplied by a constant then the derivative is also multiplied by that

constant
o If f{x)=ax"then f(x)=anx"~! wheren € Q and ais a constant
d
« Thealternativenotation(to f'(x))istouse i
dy
o |fv= ax?th — = n-1
y=ax"then dx anx
1 1 1
_ dy S __
= eg Ify 4x< then e 4 x 5 XX 2x

+ Don't forget thesetwo special cases:
o If f{x)=axthen f(x)=a
- d_
» e.qg. If y=6x then ax =6
o If f{x)=athen f(x)=0
dy
= eg. lfy=5then dx =0
o Theseallow you to differentiate linear terms in X and constants

» Functions involving roots willneed to be rewritten as fractional powers of x first
|

o e.g. If flx)=2./x thenrewriteas f(x)=2x2 anddifferentiate
+ Functionsinvolving fractions with denominators in terms of x will need to be rewritten as
negative powers of x first

4
o eg. If f(x)= ~ thenrewriteas f(x) =4x~! and differentiate

How do | differentiate sums and differences of powers of x?

« Theformulae for differentiating powers of x apply to all rational powers soitis possible to

differentiate any expression thatis a sum or difference of powers of x
2

o e.g. If f{x)=5x—3x3 +4then

2

=-1

2
fl(x)=5x4x4~! —3><§x3 +0
L
f'(x)=20x3-2x 3

Www.exampaperspractice.co.uk
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+ Products and quotients cannot be differentiatedin this way so would need
expanding/simplifying first
o eg. If flx)=(2x-3)(x2-4) thenexpandto f(x)=2x3—3x2—8x+ 12whichisa
sum/difference of powers of x and can be differentiated

@) ExamTip
- +« Acommon mistakeis not simplifying expressions before differentiating
o Thederivative of can not be found by multiplying the
derivatives of and

Www.exampaperspractice.co.uk
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9 Worked Example
The function f(x) is given by

4
fx)=2x3+ ——, where x>0

Jx
Find the derivative of f(X)
Rewrite %I\x‘; Co every ':\hrm € o powser o 2
%l.x‘j‘. 213 += 'ﬂ-‘!‘: *

?Lx]= bx - 9-.::.'3::\
J foke cose wsth neaplives
[ 3

Gﬁx -':"— = -;‘

Www.exampaperspractice.co.uk
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5.1.2 Applications of Differentiation

Finding Gradients
How do| find the gradient of a curve at a point?

+ Thegradient of acurve ata pointis the gradient of the tangent to the curve atthat point
« Find the gradient of a curve at a point by substituting the value of x atthat pointintothe
curve's derivative function
« Forexample,if {x)=x2+3x—4
o then f'(x)=2x+3
o andthegradientof y = fx)whenx=1is £(1)=2(1)+3=5
o andthegradientof y = f{x) whenx= —2is f(-2)=2(-2)+3=—-1
+ Althoughyour GDC won't find a derivative function foryou, itis possible touse your GDC to

d
evaluate the derivative of a function at a point, using E( [ ] ), ]

Www.exampaperspractice.co.uk
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*> Worked Example

Afunctionis defined by f(x) = x3 +6x2 +5x — 12.
(a) Find f'(x).

Find  0'(x) by d.-F?:reniuMmql

o
wd

‘i::ll:').':\} = ?}Iz ¥ ?xéi" +5_:(_°
J?‘(ﬂ =3%* +12x +§

(b) Hence show that the gradient of y = ﬂx) when x=1is 20.
S'-:-;hllm:;.-ll.-ll leiz

P ()

1 = "nlho rl(?&'
30+ 12(0) 4 5

3+ 11+ 9

£'0)= 20

il

(c) Findthe gradientof y = f(x)whenx = =2.5.

- b 0 N £ | I
U-:s::; e GNDC 1o f:'u'afuaqt JrL.E derivefive o ‘CI’I,J at ¥=-2-5

d
—(x3+5- x245. x-12)|x--2.5‘
dx

f'(-2-5)=-¢ 25

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Increasing & Decreasing Functions
What are increasing and decreasing functions?

« Afunction, f(x),isincreasingif £'(x)> 0

o This means the value of the function(‘output’) increases as x increases
« Afunction, f(x),is decreasingif f'(x)<0

o This means the value of the function (‘output’) decreases as x increases
« Afunction, f(x), is stationaryif f'(x)=0

¥ y = fix]

GRADDIENT =0

INCREASING
{POSITIVE
GRADIENT)

GRADIENT =0

How do | find where functions areincreasing, decreasing or stationary?

« Toidentify the intervals onwhich a functionis increasing or decreasing
STEP1
Findthe derivative f'(x)

STEP 2

Solve theinequalities

f'(x) > ((forincreasingintervals) and/or
f'(x) < (0 (fordecreasingintervals)

« Mostfunctions are a combination of increasing, decreasing and stationary
o arangeofvalues of x (interval) is given where a function satisfies each condition
o e.g. Thefunction f(x) = x2 has derivative f’[x)=2x SO
= f(x)is decreasingforx <0
» f(x)is stationaryat x=0
= f(x) isincreasingfor x >0

Www.exampaperspractice.co.uk
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*) Worked Example
¢ flx)= x2-x-2

a)
Determine whether f(x) is increasing or decreasing at the points where x =0 and
x=3.

Diﬁﬁf@n‘\id\'@
(o) = 20c-)
At =0, §'(0)= 2x0-1=-1 <O - decrenting

At «=3 ?b): 243-1=6>0 - 'lncfeosing
» Ak x=0, ¥lx) .decreating

At x=3, $lx) Sincredding

b)
Find the values of x forwhich f(x) is anincreasing function.

Fl) isincressing when §'lx)> 0
Py 0
Ax-\ >0
x 7 !’g

& -ﬂx} IS increcSing Jor 2> 'i-

Www.exampaperspractice.co.uk
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Tangents & Normals

Whatis a tangent?

+ Atanypoint onthe graph of a (non-linear) function, the tangent is the straight line that
touches the graph at only that point
« |ts gradientis given by the derivative function

y = fix)

TANGENT

[ |
/

How do | find the equation of a tangent?

+ Tofind theequation of a straightline, a point and the gradient are needed
+ Thegradient, m, of thetangent to the function y = f(x) at (x,, ¥,)is f'(xl)

+ Therefore find the equation of the tangent to the function y = f(x) at the point (x,, ¥,) by
substituting the gradient, F(xl), andpoint (x, y,)intoy - y, = m(x — x,). giving:

o y-y,=f(x)x-x,)
« (You could also substituteinto y = mx + ¢ butitis usually quicker to substitute into
Y=y = mx=x,)

Whatisanormal?

= Atany point onthegraph of a (non-linear) function, the normal is the straightline that
passes through that point and is perpendicular to the tangent

y = fix)

HORMAL

TAMNGEMT

How do | find the equation of a normal?
-1
f'(xl)

» Thegradient of the normal to the function y = f(x)at (x , y, ) is

Www.exampaperspractice.co.uk
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+ Therefore find the equation of the normal to the function y = f(x) at the point (xl . yIJ by
-1
f(x)

usingy -y, = (x—xl)

@ ExamTip

-
* YYou are not given the formula for the equation of a tangent or the equation of a

normal

+ Butboth canbederived from the equations of a straight line which are given in
the formula booklet

Www.exampaperspractice.co.uk
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*> Worked Example
The function f(x) is defined by

3
f(x)=2x4+—2 x#=0
X

a)
Find an equation for the tangent to the curve y = f(x) atthe pointwherex =1,
giving your answerin the form y = mx + ¢.

First Sind §'(x) by affreredhatiog
?’L‘I]= 2" +3x72 Rewrte 08 power? o x
?'L:c'} = 8x* - 63

Fer n"h?n&: h 3-8‘ = ?[@“’I -1"..5"
AE x =, ' 2+ 3 =5
Uy
oY=’ - € =2
o

3-5 = .'lkz-l)
ﬁnﬁgﬁ\'df’ x=\ s L dx +3
b)

Find an equation for the normal at the point where x = 1, giving your answer in the
form ax + by + d=0,where a, b and d are integers.

for o normal, “3-5‘ = =\ ki‘xl}"
T
Ugire resuits sf\'m pm"t Q)
3-5 = =\ Lx- l)
2

Y
Y= "ax *z
23:—)(,1'“

* Fouion 6 pormna is x+2y-\ =0

Www.exampaperspractice.co.uk
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Local Minimum & Maximum Points
What are local minimum and maximum points?

+ Local minimum and maximum points are two types of stationary point
o Thegradient function(derivative) at such points equals zero

Le. £'(x)=0
« Alocal minimum point, (x, f(x)) willbe the lowest value of f(x] in the local vicinity of the
value of x

o Thefunction mayreach alower value furtherafield

« Similarly, alocal maximum point, ( x, f(x)} willbe the greatest value of f(x) inthelocal
vicinity of the value of x

o Thefunction mayreach a greater value further afield
« Thegraphs of many functions tendto infinity forlarge values of x
(and/or minus infinity forlarge negative values of x)

+ Thenatureof a stationary point refers to whetheritis a local minimum orlocal maximum
point

How do | find the coordinates and nature of stationary points?

« Theinstructions below describe how to findlocal minimum and maximum points using a
GDC on the graph of the function y = f(x)

STEP1

Plot the graph of y = f(x)

Sketch the graph as part of the solution

STEP 2

Use the options from the graphing screen to “solve forminimum”

The GDC willdisplay the x and y coordinates of the first minimum point
Scrollonwards to see there are anymore minimum points

Mote down the coordinates and the type of stationary point

STEP 3
Repeat STEP 2 but use "solve formaximum” on your GDC

« |In STEP 2 the nature of the stationary point should be easy to tell from the graph
o alocalminimum changes the function from decreasing toincreasing
» the gradientchanges from negative to positive
o alocal maximum changes the function fromincreasing to decreasing
» thegradient changes from positive to negative

Www.exampaperspractice.co.uk
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¥/ v = flxl
LOCAL
MAAXIMILIN
GRAPIENT =0
INCREASING INCREASING
POSITIVE (POSITIVE
GRADIENT! GRADIENT!
|::' o
DECREASING 5
INEGATIVE
GRADIENT
~ GRADIENT =0
[ L'DCAL_
MM IRA LI

Www.exampaperspractice.co.uk
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‘, Worked Example
@

Find the stationary points of f{x) = x(x2-27), and state their nature.

PleY the glfc:.p"h n? y* Ilﬂl:i-i?) on GOC and Skelch here.

MUOOCLNAT

locel
AR ON
|| |

s Stakicnary points are

(3,-5%)" LocAL mwimum PoraT
(-3, 5%) LocAL MmAximum PoiwT

Www.exampaperspractice.co.uk
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5.1.3 Modelling with Differentiation

Modelling with Differentiation
What can be modelled with differentiation?

» Recallthat differentiationis about therate of change of a function and provides a way of
finding minimum and maximum values of a function
» Anything thatinvolves maximising or minimising a guantity can be modelled using
differentiation; for example
o minimising the cost of raw materials in manufacturing a product
o themaximum height a football could reach when kicked
* These arecalled optimisation problems

What modelling assumptions are used in optimisation problems?

* The guantity being optimised needs to be dependent on a single variable
o |f othervariables areinitially involved, constraints orassumptions about them will
needtobemade; forexample
= minimising the cost of the main rawmaterial=timber in manufacturing furniture
say - the cost of screws, glue, varnish, etc can be fixed or considered negligible
o Othermodelling assumptions may havetobe made too; forexample
» ignoring airresistance and wind whenmaodelling the path of a kicked football

How do| solve optimisation problems?

« Inoptimisation problems, letters otherthan x, v and f are oftenusedincluding capital
letters
o Visoftenusedforvolume, S forsurfacearea
o rforradius if a circle, cylinder or sphereis involved
« Derivatives can still be found but be clear about which variable is independent (x) and
whichis dependent (y)
o a GDC may always use X and ¥ but ensure you use the correct variable throughout
yourworking and final answer
* Problems often start by linking two connected quantities together - forexample volume
andsurfacearea
o where morethan onevariable is involved, constraints will be given such that the
quantity of interest can be rewritten in terms of a single variable
= Oncethe guantity of interestis written as a function of a single variable, differentiation can
be usedto maximise or minimise the quantity as required

STEP1
Rewrite the quantity to be optimised as a single variable, using any constraints given in the

question

STEP2

Useyour GDC to find the (local) maximum or minimum points as required

Plot the graph of the function and use the graphing features of the GDC to “solve for
minimum/maximum” as required

STEP3

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Note down the solution from your GDC andinterpret the answer(s) in the context of the
question

@ ExamTip
-
+ Thefirst part of rewriting a quantity as a single variable is often a “show that”

guestion - this means you may stillbe able to access later parts of the question
even if you can't do this bit

Www.exampaperspractice.co.uk
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9 Worked Example

Alarge allotment bedis being designed as a rectangle with a semicircle oneach
end, as shownin the diagram below.

G

The total area of the bedis to be 100 m m?2.

a)
Show that the perimeter of the bedis given by the formula

n'( 100)
P=mlr+—
r

mewi&%&%mﬁ’l‘mﬂ\e © 2r »_ond 2 length L w
The AREA o Yhe bed, 1007 o' iga'uen\:i

I+ 2rk *+ a7 = 1007
T 0 R S48kl osea
Semi-citde  fectonde £ Comi-cimle (¥his iethe concireist)

& 77"+ 2rL = \00m
2r\.= \0Or -7 Wete L inYero S5 1

L= 50m - r
- ]

The PERIMETER o} the bed i
P= It +7v + 21
> D N fo S‘fr'o.g'i\'
Semi-ciredlor arts lengfhe

Dge L from the area. condimoist Yo write P
inTerg o Fonly

P= 27+ Rksﬂ_f —J'Lr)
r e}

Www.exampaperspractice.co.uk
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P= 7 + |00
r

& Ps= u'(r-r L?)

bF'dE
) Fin ar

Rewrite P 00 powert & r

P= n‘Lr‘t— ‘.DO'."")
aP _ -
s -TI'L\- \OOrn)

- rr(l- M)
ar e

c)
Find thevalue of rthat minimises the perimeter.

Use GOC Yo plotr \,ﬂﬁkxw‘- @) ond
>

cketeh the recolc
3 /\

O lb 7

GOC indicares the ONLY
\ocal Minipobm PO'm'H' i o x=10

& The volue o? r thar minimices
the perimeter ic r=10

d
Hence find the minimum perimeter.

Www.exampaperspractice.co.uk
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The minimom perfmeler will be the Y- Coordingte
ot the locol minimumn poist foved in port (¢)
fom 6DC, 4=62-831853..  (when x=10)

S Mininom peﬁme\:er iS

€2-8m (3sf)

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

5.2.1 Differentiating Special Functions

Differentiating Trig Functions
How do | differentiate sin, cos and tan?

d
+ Thederivative of y=sin xis —d:: =C0os X
—— _dy :
+ Thederivative of y= cos xis g smx
L _ dy 1
+ Thederivativeof y=tan xis dx 2y

o This result can be derived using quotient rule
« Allthree of these derivatives are givenin the formula booklet
« Forthelinearfunction ax + b, where aand b are constants,

o thederivative of y=sin(ax +b) s :—i = acos(ax +b)

d ;
o thederivativeof y= cos(ax+b)is d—i = —asin(ax + b)

y a
dx cos? (ax+b)

o thederivative of y = tan(ax + b)is
« Forthegeneral function f(x).

o the derivativeof y = sin(f(x))i % = £ (x) cos(£(x))

o thederivative of y = cos(f(x))is dy _ - f'(x)sin(f(x))

dx
o thederivative of y=tﬂﬂ(f(x)} IS gi = msfg'gx))

+« Theselast threeresults can be derived using thechainrule
+ Forcalculus with trigonometric functions angles must be measuredin radians
o Ensureyou know how to change the angle mode on your GDC

@ ExamTip
-
+ Assoon asyou see a question involving differentiation and trigonometry put
your GDC intoradians mode

wWww.exampaperspractice.co.uk
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*9 Worked Example

H
a)
Find f'(x) forthe functions
i. flx)=sinx
i. f(x)=cos(5x+1)
b Fly=coe x
Fl)® -Ssin\Sx+1) \Linear Jundlion coc+b)

b
b) Acurvehasequation y=tan (6;(2 - E) .
Vv T
Findthe gradient of the tangent to the curve at the pointwhere x = >

Give youransweras anexactvalue,

Theis of ¥e Jorem 5 Jﬁ;nL?rL:))
o FEin
AT raet | Tl
e
?‘(Iy \2ac
fly 1
dx g’ (6-5)
Pex=a, dy . 2(%)
2 e CD‘S‘l[EHPzY—_—
= 6fr

e
N g b
doc

J.
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Differentiating e”x & Inx
How do | differentiate exponentials and logarithms?

d
+ Thederivativeof y=e*is £ =efwherex €ER

The derivativeof y=1In xis L Am g where x>0

dx
Forthelinear function ax + b,where a and b are constants,
d

o thederivativeof y=el@&*b)js d—i = gelax +b)

L. _ _dy a
o thederivative of y=In(ax+b)is ix =~ (ax+b)

dy

= inthespecialcase b=0, dx - x (a's cancel)

Forthe general function f(x).
d
o thederivative of y=ef(*‘)is d—'; =f'(x)ef("‘)

_ _ dy f'(x)
o thederivativeof y=In(f(x))is ix S 10

Thelast two sets of results can be derived using the chainrule

¢) ExamTip

-
« Rememberto avoidthe common mistakes:

o thederivative of withrespectto is ,NOT

o thederivative of withrespectto is ,NOT

wWww.exampaperspractice.co.uk
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9 Worked Example

°
Acurve has the equation y= e=3x+ 140y 5.

Find the gradient of the curve at the point where x = 2 gving your answer in the form
y=a+ be° where a, b and ¢ areintegers to be found.

j: éh* l + 2 Un 5.1:)

C 4.3 ()
dx
T e 5-.1;,1@1“,}, Speciol

. x+b ' . .
5:ER . i:qﬂnﬂ. 'I'.Dgelh 0 i:i

P =2, c_}i__&'-’SLi)*'l +%..= '39:5+L

ox
= t‘{jnur GOC W.hed‘o\e
% Gradiedk &k x=2ie A=3ey o fied ﬁen’i:*c
e a- — . Pﬁ:': nel o
e asl, be-3 c=-5 mn?%%hrwred-
lE\a-eiil Walgyol Yo check
OPPEXINEIE CFOwer

thouh.
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5.2.2 Techniques of Differentiation

Chain Rule
Whatis the chainrule?

+ Thechainrulestatesif yisafunctionof gand uis afunction of xthen

y= flu(x))
dy _dy  du
dx du  dx

o Thisis givenin the formula booklet

+ |nfunction notation this could be written

y=1(g(x))
2 = (e

How do | know when to use the chain rule?
+ Thechain ruleis used when we are trying to differentiate composite functions
o “function of a function”
o thesecanbeidentified as thevariable (usually x) does not ‘appearalone’
» sin x - not a composite function, x ‘appears alone’
» sin(3x +2) is a composite function; x is tripled and has 2 added to it before the
sine functionis applied

How do |l use the chainrule?

STEP1

Identify the two functions
Rewrite y as afunctionof u; y= flu)
Write u as a function of x; u= g(x)

STEP2
dy
Differentiate y with respect to u to get E
du
Differentiate u with respect to x to get ax
STEP3
d d d du
Obtain % by applying the formula % = ﬁ X andsubstitute u backin for g(x)

» Intrickier problems chain rule may have to be applied more than once

Are there any standard results for using chain rule?
» There are five generalresults thatcan be useful
o If y=(F()) then & = nf (e(x)n~ !

Www.exampaperspractice.co.uk
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o

dy
it y=¢ FX) then ﬁ = £'(x)e fx)

o If y=In(f(x)) then % = i{%)
dy

= £ (x)cos(£(x))

o

If y=sin(f(x))then

o

If y = cos(£(x) then % - (sin(F(x))

@) ExamTip
- ¢ Youshouldaimto be able to spot and carry out the chain rule mentally (rather
than use substitution)

o everytimeyouuseit, sayittoyourselfin your head
“differentiate the first function ignoring the second, then multiply by the
derivative of the second function”
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*) Worked Example

® a)

Find the derivative of y=(x2—5x+7)7.

oTER 'ldeﬁ\'\?ﬂ the two ?unc\iore and recrte

y* o ie. ¥lb)=0"
U= :c:"5x+_l' \E. sfetf xi‘Sx*T
oeP2 Fed dy ond do.
do dx

d
%.‘- 706 d—:_: 21-'-5

eer3 Ppgly chaintole, dy . dy, do
et dv &<

Chain role igin the formda bodklet
. 7805
)
and Substiote v back %a- afee)

N 6
4. Tl 4l 527

"—‘-v- - F e N e W W S - -“

b)
Find the derivative of y =sin(e2¥).

Qo . .
Y= Sinle ) Aiﬁa‘en'\irﬁ‘e ¢in O, igrore e

i‘! : Cot 621) » 262x " mu\‘\"up\-,- By AerivdTive S eh_."

dx
&“ oxvb g:L Q'I.*"b"
e Smoe
or by opplyjng choin e agpin

g - 2% cos (€
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ProductRule

What is the product rule?
« Theproductrulestatesif yis the product of two functions u(x) and v(x) then

y=uv
dy _ dv+ du
dx  Yax " Vax

o Thisis giveninthe formula booklet
= |nfunctionnotation this could be written as

y=f{x)g(x)

L = 1)g () + 200 ()

= ‘Dashnotation’ may beusedas a shorterway of writing the rule

Yy=uv
r r '
¥ =uv +vu

+ Finalanswers should match the notation used throughout the question

How do | know when to use the product rule?
* Theproductruleis used whenwe aretrying to differentiate the product of two functions
o these caneasily be confused with composite functions.(see chainrule)
. sin(cos x) is a composite function, “sin of cos of x”
= Sin XCcOos X is a product, “sin xtimes cos x"

How doluse the productrule?

« Makeitclearwhat u, v, u' and v' are
o arrangingthem in asquare canhelp
» opposite diagonals matchup

STEP1
|dentify the two functions, uand v
Differentiate both u and vwithrespectto x to find u' andv'

STEP2
dv du

_dy . dy
Obtain ix by applying the product rule formula ix - Udx +de

Simplify the answerif straightforwardto do so orif the question requires a particular form

« Intrickier problems chain rule may have to be used when finding u' and v'
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7

EXAM PAPERS PRACTICE

O Exam Tip
- + Use and fortheelements of productrule
o laythemoutina'square' (imaginea2x2 grid)
o thosethat are pairedtogether arethen on opposite diagonals( and
and )
» Fortrickier functions chain rule may be reugiredinside product rule
o i.e. chainrule may be needed to differentiate and

% Worked Example
¢ a) Findthe derivative of y =e¥sin x,
y= exsa’n x
STEP 1 ldenkify furctiont ond differeide
Ve VES8in x
v:=e* >< v'=ooe e
'K oSTanging vy, g, ¥ N0 Sauore
mokes preductrle-dieeond) poirs

Ctera R ¥ et Av 3 vdo’
Pﬂvi?ﬁém ?-::ua+“;

(Roib s i e il budet)
l:jl = e,tcce o« ¥ exsin b o

- e,ch,cﬂ o +Sia I) \is s'na;.a‘nﬁummﬁﬁa
doc toke o foder § €° ok

b) Findthe derivative of y=5x2 cos 3x2.
y: St K
SEPL  0=5% _ vtem3x  _ chainrile
0= 10x ><\l'= -Sin 3 % 6%

y'=- Exsin 31‘.?'

swPa  y'® -30::,35;.1 3oe: + 10 Ces 3o

“ 25 . 10 co8 32 3ucsin )

Www.exampaperspractice.co.uk
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Quotient Rule
What is the quotient rule?

u(x)
» Thequotientrulestatesif visthe quotient (x) then

o Thisis givenin the formula booklet
« |nfunction notation this could be written

_ W
y= g{ X)

dy [ g0f ()= (x)g'(x)

dx (50012

« Aswith productrule, ‘dash notation’ may be used

u
Y- ¥

r I

,vu—uv
Y V2

» Finalanswers should match the notationused throughout the question

How do | know when to use the quotient rule?
* Thequotientruleis usedwhen trying to differentiate a fraction where both the numerator
and denominator are functions of x
o if the numerator is a constant, negative powers canbeused
o if the denominatoris a constant, treat it as a factor of the expression

How do | use the quotient rule?

« Makeitclearwhat u, v, u' and v' are
o arrangingthemin a square can help
= opposite diagonals match up (like they do for product rule)

STEP1
Identify the two functions, v and v
Differentiate both u and v withrespectto x tofind u' and v'

STEP2

du _ dv
dy , . dy Viax ~Ydx
E by applyingthe guotient rule formula — = ————

Obtain dx 2
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Be carefulusing the formula - because of the minus sign in the numerator, the order of the
functions is important
simplify the answerif straightforward orif the question requires a particular form

« Intrickier problems chainrule may have to be used when finding u' and v',

@ ExamTip

-
* Use and fortheelements of quotientrule

o laythemoutina’square' (imagine a 2x2 grid)

o thosethat are pairedtogetherare thenon oppositediagonals{ and
and )

+ Lookoutforfunctions of the form

o These can be differentiated usinga combination of chainrule and product
rule
(itwould be good practice to try!)

o ...butitcanalsobe seen as a quotientrule questionin disguise

o ..andviceversa!

= Aquotient could be seen asaproduct by rewriting the denominatoras
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9 Worked Example

e
cos 2x

3x+2

Differentiate f(x)= with respectto x.

Crer) \deﬁh?ﬂ v and v, &aﬁﬂh’hﬂi’&

Uz s Ax VERC R
v’z = A0 A v'=73
T g
chain rule ﬁ::;\,‘w
o P\ \ ’\'Fu s _U%'u% '
Pa PP\:j q.d\‘en \e %’;_ -__F__—
(Reibie guen in Fhe Tommula boddet)
Too)= Bra2)lcasinx)~ (cos 2x)3)
L'3::n::,+‘.7-1)11L
S ?l KI).: -1(%*2)%%’&5521
(3=+3)°
\Netion dbvievsfedsy 1o Sion oWy lEnan ceestion
! »EY AR
Aoel et Efﬂ’:ﬁ":' o pnrbcw'l.p.r ‘?l:ﬂn)
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5.2.3 Related Rates of Change

Related Rates of Change
What is meant by rates of change?
+ Arate of changeis a measure of how a quantity is changing with respect to another

quantity
= Mathematically rates of change are derivatives

o could be tthe rate at which the volume of a sphere cahnges relative to how its

radiusis changing
 Contextisimportantwheninterpreting positive and negative rates of change
o Apositiverate of change wouldindicate anincrease
» e.g.thechangeinvolume of water as a bathtubfills
o Anegativerate of changewouldindicate a decrease
= g.g.thechangeinvolume of waterin aleaking bucket

What is meant by related rates of change?
» Related rates of change are connected by a linking variable or parameter
o thisis usually time, represented by ¢
o seconds is the standard unit for time but this will depend on context
* e.g. Waterrunninginto a large bowl
o both the height and volume of waterin the bowl change with time
o timeis thelinking parameter
How do | solve problems involving related rates of change?

« Useofchainrule

B dy dy du

+ Chainruleis giveninthe formula booklet in the format above
o Different letters may be usedrelative to the context
= e.g. Vforvolume, Sforsurfacearea, h forheight, rforradius
« Problems ofteninvolve one quantity being constant
o soanotherquantity can be expressedin terms of a single variable
o this makes finding a derivative a lot easier
« Fortime problems atleast, itis more convenient touse

dy dx dy
dr ~ dr *dx
L . X 4 . .
andifitis more convenient to find E than Ethen usechainrulein the form
dy dx dx
dt — dt ~ dy

= MNeither of these alternative versions of chainrule are in the formula booklet
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STEP1
Write down the rate of change given and the rate of change required
(Ifunsure of therates of changeinvolved, use the units given as aclue

e.g. ms~! (metres persecond) would be the rate of change of length, pertime, —)

dt

STEP2

Use chain rule to form an equation connecting theserates of change with a thirdrate
The third rate of change willcome from a related quantity such as volume, surface area,
perimeter

STEP3
Write down the formula for the related quantity (volume, etc) accounting for any fixed quantities
Find the third rate of change of the related quantity (derivative) using differentiation

STEP4
Substitute the derivative and known rate of cahnge into the equation and solve it

@ ExamTip
-
« |fyou struggle to determine whichratetousein an exam then you can look at
theunits to help

o e.g. Arate of 5em? persecond implies volume pertime so the rate would

be
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*» Worked Example

Acuboidhas a square cross-sectional area of side length x cm and a fixed height
of 5cm.

The volume of the cuboidis increasing at arate of 20 cm®s,

Findtherate atwhich the side lengthis increasing at the point when its side length is
3cm.

eTEr 1+ \white dewn rates tﬁ'drm\gz gver and r‘en.ui!‘ed

aVv . 20 (Unite ore em® \welome) &' (per gw))
dc

ax o Fequired

ak

g.rE—P 2 F'i-:rrlm equm '?l'om C\'ﬂ:l!"l 'I_'Ui'lﬁ'. and a 'Phir[\ .fpnnmjﬁﬁﬂl rﬂ-Jr'E

AV . dx, &N
at  dc  ox

6rEe 3+ Formola for licking quorilly, Ond e dettycfe
Ndume to% a l:dhc:ﬂ) ie the Nek
Ve 555x  (Crem-cefen B 00, hert & egodinat)
Diﬁa‘m\*&e, &V . \0x
dx
e w: Subchtite and oolve

N_ o> &
dt dE dx

20 = dx \ﬂl‘?:)
d R, Side length e 3

dk

2 =}
= - n S
3 C
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5.2.4 Second Order Derivatives

Second Order Derivatives
What is the second order derivative of a function?

s |fyou differentiate the derivative of a function (i.e. differentiate the function a second
time) you get the second order derivative of the function
There are two forms of notation for the second order derivative

-

o y=1fx)
dy
o —— =f'(x) (Firstorderderivative)
dx
d2
o 2= f'"(x) (Secondorderderivative)
dx?

-

Note the position of the superscript 2's
o differentiating twice (so d2) with respect to x twice (so X2)
The second order derivative can bereferredto simply as the second derivative
o Similarly, the first order derivative can bejust the first derivative
Afirst order derivative is therate of change of afunction
o asecond orderderivativeis therate of change of the rate of change of a function
= j.e therateof change of the function’s gradient
Second order derivatives can be usedto

-

» test forlocal minimum and maximum points

= help determinethe nature of stationary points
= determine the concavity of a function

= graph derivatives

How do | find a second order derivative of a function?
« Bydifferentiating twice!
¢ This mayinvolve
o rewriting fractions, roots, etc as negative and/or fractional powers
o differentiating trigonometric functions, exponentials andlogarithms
o usingchainrule
o usingproduct orquotientrule

@ ExamTip
-
» Negative and/or fractional powers can cause problems when finding second
derivatives so work carefully through each term
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Worked Example

3
Giventhat flx)=4—-./x + —

Jx

a)
i T
Find f'(x) and £"'(x).
5 " /—‘—E’REWNTE AS POWERS OF ",
dl fix) =4 — x7 + 3Ix? =
' 1, 31 .
fixt =—lzl%" + 335
//_EJIFFEHENTIATE OMNCE
i = H
fiix) = —%x‘ - %5.;" TO FIND fix]
I 3
£l = ==t == Fit
Fr = 1aF 4 DIFFERENTIATE A
SECOND  TIME
TO FIND =)

Evaluate £''(3).
Give youranswerinthe form a,/ b, where bis anintegerand ais arational number.

@ ] Y =
B flxi= IJJ?_ ¥ = %——JE e

) 4 2
= Y
f13) 124 365
L\ LA @
3643 23 AT g
F13)= 54T RATIONALISE
DENOMINATOR
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7

EXAM PAPERS PRACTICE

5.2.5 Further Applications of Differentiation

Stationary Points & Turning Points

What s the difference between a stationary point and a turning point?

« Astationary pointis a point at which the gradient functionis equaltozero
o Thetangent tothe curve of the functionis horizontal
« Aturning pointis a type of stationary point, butin addition the function changes from
increasing to decreasing, orviceversa
o Thecurve ‘turns’ from ‘goingupwards’ to ‘going downwards’ orvice versa
o Turning points will either be (local) minimum or maximum points
+ Apointofinflection could also be a stationary point but is not a turning point

How do | find stationary points and turning points?

+ Forthefunctiony= f(x), stationary points can be foundusing the following process

STEP1

dy
Find the gradient function, s f'(x)
STEP 2

Solve the equation f'(x) =0 to find the x-coordiante(s) of any stationary points

STEP 3
If the y-coordaintes of the stationary points are also required then substitute the x-
coordinate(s) into f(x)

« AGDC willsolve f'(x) =0 and most will find the coordinates of turning points (minimum
and maximum points) in graphing mode
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Testing for Local Minimum & Maximum Points
What are local minimum and maximum points?

+ Localminimum and maximum points are two types of stationary point
o The gradient function (derivative) at such points equals zero
o ie F(x)=0
= Alocal minimum point, (x, f(x)) willbe the lowest value of f(x)inthelocal vicinity of the
valueof x
o The function mayreach alower value further afield
« Similarly, a local maximum point, (x, f{x)) willbe the lowestvalue of f(x) inthe local
vicinity of thevalue of x
o Thefunction may reach a greatervalue further afield
* Thegraphs of many functions tend toinfinity forlarge values of x
(and/orminus infinity forlarge negative values of x)
* Thenature of a stationary point refers to whetheritis a local minimum point, a local
maximum point or a point of inflection
+ Aglobal minimum pointwould represent the lowest value of J‘(x) forall values of x
o similar for a global maximum point

How do | find local minimum & maximum points?

+ Thenature of a stationary point can be determined using the first derivative but it is
usually quicker and easiertouse the second derivative
o onlyincaseswhen the second derivative is zero is the first derivative method needed
« Forthefunction f(x) ..

STEP1
Find f'(x) andsolve f'(x) =0 tofindthe x-coordinates of any stationary points

STEP 2 (Secondderivative)
Find f''(x) and evaluateit at each of the stationary points foundin STEP 1

STEP 3 (Second derivative)
o If £''(x) =0 then the nature of the stationary point cannot be determined; use the first
derivative method (STEP 4)
o If f''(x) >0 then the curve of the graph of y = 1(x) is concave up and the stationary
point is alocal minimum point
o If f''(x) <0then the curve of the graph of y= f(x) is concave down and the
stationary pointis alocal maximum point

STEP 4 (First derivative)
Find the sign of the first derivative just either side of the stationary point; i.e. evaluate
f'(x = h) and f'(x + h) forsmall h

o Alocal minimum point changes the function from decreasing to increasing
= the gradient changes fromnegative to positive
» ff(x=h)<0, f(x)=0, f(x+h)>0

o Alocal maximum point changes the function from increasing to decreasing
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= thegradient changes from positive to negative
» f(x-h)>0, f'(x)=0, F(x+h) <0

y y = f(x)
LOCAL
MAXIMUM
GRADIENT = 0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
D k4
DECREASING
(NEGATIVE o
GRADIENT)
GRADIENT = 0
| LocaL
MINIMUM |,

« Astationary point of inflection results from the function eitherincreasing or decreasing
on bothsides of the stationary point
o the gradient does not change sign
o fllx=h)>0, ff(x+h)>0 or f'(x—h)<0, f(x+h)<0
o a point of inflection does not necessarily have fi(x)=0
= this methodwillonly find those thatdo - and are often called horizontal points of
inflection
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INCREASING DECREASING
(POSITIVE (NEGATIVE

GRADIENT) GRADIENT)
Y Y

GRADIENT =0 GRADIENT =0

POINT OF POINT OF
INFLECTION INFLECTION

\ . Vi

INCREASING DECREASING
(POSITIVE (NEGATIVE
GRADIENT) GRADIENT)

e\
_
<V

¢) ExamTip
- + Exam questions may use thephrase “classify turning points” instead of “find

the nature of turning points”
+ UsingyourGDC to sketch the curveis a valid test forthe nature of a stationary
pointinan examunless the question says "show that..." orasks foran algebraic

method
+ Evenif requiredto show a full algebraic solution you can stilluse your GDC to tell

you whatyou're aiming forand to check yourwork
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*? Worked Example

Findthe coordinates and the nature of any stationary points on the graph of
y = f(x) where f(x)=2x3—3x2 - 36x+25.

At S‘\'u'rimnry powid  {'(x)=0
Ple) 62~ -36 = 6ot}
€(o-x-€)=0
Lx-?.:)kx*l) =0
x=3, g=§(3)= 23)-3(3) - 3la)vas - -6
=22, ye Fl2)= 2k2)™-3(2) - 3¢2) +25 - 69
USin.ﬂ the cecond defivative To deferiune their nalrure
-Plx)'— |12%-€6=6€ L?.x.-\)
§(3)= 6(2x3-1)=30 20
& 23 i o locd moiewm poin'\'
£ 2)= €(2x-251)=-3040
~ x=-2 i¢ a locol moxiruen pnin‘\‘.

(N&re: |n ¥his case, bt stetionasy peicks are Yuming peics)

ﬁfnins poin‘\'s ofe:
(3.-5€) locol minimum poiat
-2, €8) locod maximom poink

Use o 6DC Yo arhp\-n =¥ ec) ana the
maxjmin Qo\vihﬁ ?ad\‘ure o theck the anowers.
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5.2.6 Concavity & Points of Inflection

Concavity of a Function

Whatis concavity?

+ Concavity is theway inwhich a curve (orsurface) bends
+ Mathematically,

o acurveis CONCAVEDOWNif ''(x) <0 forallvalues of x in aninterval
o acurveis CONCAVEUPIif f''(x) >0 forallvalues of x inaninterval

TANGENTS

\ ‘ CONCAVE UP

TANGENTS

| CONCAVE
DOWN \
/
@ ExamTip

* |Inanexam an easy way to remember the differenceis:

o Concavedownis the shape of (the mouth of) a sad smiley @

o Concaveup is the shape of (the mouth of) a happy smiley ©
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*9 Worked Example
®  Thefunction f(x)isgivenby f(x)=x3 - 3x+2.

a)

Determine whether the curve of the graph of y = f{x) is concave down orconcave
upatthepointswhere x= —2and x=2.

%{1) 2 200- 3 +2

? LIF 3-3

T )= €x

i“ L‘i) = 6x-2:-12 ¢ 0 (concave dc.wn)
f'(2)= 6x2:12>0 \concave o)

At x=-2, y=?(::) iS Concove down
At x= 2, y=§(e) ic concave vp

Uce yoor 60C o plot the goeh ot 5-1?—(3:)

ond o hédp'ceeliy Yool BASWETE ofe sengi\e

b)
Find the values of x forwhich the curve of the graph y = f{(x) of is concave up.

¥“l11=62€. 'T'rbmlpcﬂ:@:l.}
Coocone vpie {*(x)»0
€x >0 when x>0

- 1‘Fl") iS Cencave vp i:br x>0

Uge yeor 60C to check your answer
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Points of Inflection

Whatis a point of inflection?

* Apointatwhichthecurve of thegraphof y = ﬂ:x} changes concavity is a point of
inflection
* Thealternative spelling, inflexion, may sometimes beused

What are the conditions for a point of inflection?
+ Apoint ofinflection requires BOTH of the following two conditions to hold

o thesecond derivativeis zero

= '(x)=0
AND
o thegraphof y = f(x) changes concavity
» £""(x) changes sign through a point of inflection
POINT_OF
'INFLECTDN
CONCAVE £(x) = | CONCAVE
DOWN DOWN
r
#(x) <0 y = fix)

CONCAVE UP CONCAVE UP
f(x) >0 (x>0

* [tisimportant to understand thatthe first condition is not sufficient onits own tolocate a
point of inflection
o points where f''(x) =0 could be local minimum or maximum points
s the first derivative test would be needed
o However, ifitis already known f'(x) has a point of inflection at x = a, say, then

'(a)=0
What about the first derivative, like with turning points?
» Apointofinflection, unlike a turning point, does not necessarily have to have a first
derivativevalueof O F[x) =0)

o |fitdoes,itis also a stationary point and is often called a horizontal point of inflection
» thetangenttothecurve atthis point would be horizontal
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o The normal distribution is an example of a commonly used function that has a graph
with two non-stationary points of inflection

Howdo | find the coordinates of a point of inflection?
* Forthe function f{x)

STEP1

Differentiate f(x) twicetofind f"(x) andsolve f”(x) =( tofind the x-coordinates of
possible points of inflection

STEP 2
Usethe second derivative to test the concavity of f(x) eithersideof x=2a

« If f''(x) <0then f(x)is concave down
« If f''(x) >0then f(x)is concaveup

If concavity changes, x = 4 is a point of inflection

STEP 3
If required, the y-coordinate of a point of inflection can be found by substituting the x-
coordinateinto f(x)

¢) ExamTip
- + You can findthe x-coordinates of the point of inflections of by
drawing the graph and finding the x-coordinates of any local

maximum or local minimum points
+ Anotherwayis todraw the graph andfind the x-coordinates of the
points where the graph crosses (not just touches) the x-axis
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*9 Worked Example

®
Find the coordinates of the point of inflection on the graph of
y=2x3—18x>+24x+5.
Fully justify that youranswer is a point of inflection.

stee = Differenticre twice, scve {"(x)=0
£la)= 22> = 18ac* + e + S
£'lx) 6 - 36 + 2%
£ ()= 125c-36
2 -36:0 when x=3

STEP 2: Utethe Second derivative Yo Yeot mnmui‘\y
s_n l.s) =0
§"(29)¢ 0 (Concave down)
" (31)>0 (coscove op)
COncoui\'y chnnaes H\fbug\ x=3

oTEP 3¢ The y-coordinale it Feguirzd
§(2)= 203 -1efa) ¥ {3y ¥ 5= -3y

Sincle §'(3):0 ann the qroph of
*§{x) changes concovity through
‘lxt'B,)'H\e pEirﬁ' (3,-31) ¢ o
poin+ l:? in? lection.

Use yoor 6OC o plot the goph o} 5=?(::)
and o help see it yoor answer is sensible
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5.3.1 Trapezoid Rule: Numerical Integration

Trapezoid Rule: Numerical Integration
Whatis the trapezoid rule?

* Thetrapezoidalruleis a numerical method used to find the approximate area enclosed by

acurve, the x-axis andtwo verticallines
o jtisalsoknown as ‘trapezoid rule’ and 'trapeziumrule’

+ Thetrapezoidal rule finds an approximation of the area by summing of the areas of

trapezoids beneaththe curve
° ¥, = f(a), = fla+h), Y, = fla+2h)etc

b 1
f ﬂ:x) dx = Eh|:(_yﬂ +_yn]+2[_y] +_].r2 +... +_yn_]):|
b—a

where h=

« Notethatthereare n trapezoids (also called strips) but (n + l)function values (yf]

» Thetrapezoidalruleis given in the formula booklet

What else can| be asked to do with the trapezoid rule?

« Comparingthetrue answerwith the answer from the trapezoid rule
o This mayinvolve finding the percentage errorin the approximation
o Thetrue answermay be givenin the question, found from a GDC orfromwork on

integration

¢) ExamTip
* = Ensureyou are clear about the difference between the number of data points (
values) and the number of strips (number of trapezoids) used in a Trapezoid Rule

question
« Although it shouldn't be too much trouble to type the trapezoid rule into your
GDCinonego, it may be wise to work parts of it out separately and write these

down as part of yourworking out
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*9 Worked Example

a)

Using the trapezoidal rule, find an approximate value for

f4 6x2 q
0 B2

to 3decimal places,usingn=4.

b)

STEP 2: USING
WIDTH h=1,
VALUES ARE
01,2, 3,4

: E b=a
1 Fi ==
4-0 STEF 4 FIND h=2=
a) hs —==1 b=
4 USING [ AND n=4
a=i

STEP 3: SETUP TABLE

=0 AMD USE EQUATION TO
" / CALCULATE y WALUES

y, =2
=2 | y=24
=3 | y =18682..
X = y, = 1454,

STEF 4: USING
FORMULA FROM
FORMULA BOOKLET

E‘ydx = %htﬁ+yh+2[y, +t gl

a

SUBSTITUTE ALL “ALUES

s [0+ 1454, 4 202 + 2.4 + 18620

1

2
A %[4.-154... +12.524..)
=6.

98930 = 6.989(3 dp!

Given that the area bounded by the curve , the x-axis andthelinesx=0andx =4
is 6.993 1o three decimal places, calculate the percentage errorin the trapezoidal

rule approximation.

USING
ESTIMATE — EXACT .
EXACT

% ERRDR = 100

w  6.989-6.993 o0
6.993

IGNORE MINUS, YOU COULD
= ~0.057200 DO EXACT-ESTIMATE TO
GET RID OFF THIS

=0.06% (2dpl
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5.3.2 Introduction to Integration

Introduction to Integration
Whatis integration?

* |ntegrationis the opposite to differentiation
o Integration is referred to as antidifferentiation
o Theresult of integration is referredto as the antiderivative
* |Integrationis the process of finding the expression of a function (antiderivative) from an
expression of the derivative (gradient function)

What is the notation for integration?

» Anintegralis normally written in the form
ff'[x} dx

e thelarge operator fmeans “integrate”

o "dx"indicates which variable to integrate with respect to

o f(x) is the function to beintegrated (sometimes called the integrand)
« Theantiderivativeis sometimes denoted by F(x)

o there's then no need to keep writing the whole integral: refer toit as F(x)
« F(x) may alsobe called the indefiniteintegral of f{x)

Whatis the constant of integration?

« Recalloneofthe special cases from Differentiating Powers of x
o If flx)=athen f(x)=0

» This means thatintegrating O willproduce a constant term in the antiderivative
o azerotermwouldn’t bewritten as part of a function
o every function, whenintegrated, potentially has a constant term

» Thisis called the constant of integration andis usually denoted by the letter ¢
o jtis oftenreferredtoas "plus ¢’

« Without moreinformationitis impossible to deduce the value of this constant
o thereare endless antiderivatives, F(x), fora function f(x)
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Integrating Powers of x
How dolintegrate powers of x?
* Powers of x areintegrated according to the following formulae:

xn+1
o If f{x)=x"then fﬂx) dx=

of integration

1 + cwhere n €, n# =1 and cis the constant
o Thisis giveninthe formula booklet

« |fthe powerof x is multiplied by a constant then theintegralis also multiplied by that
constant

+
o If f{x) = ax” then fﬂx) dx = nn_'_ ll +cwhere n €Q, n= —1 and ais a constant
and cis the constant of integration
. g—i notation can stillbe used with integration
* Notethatthe formulae above donot apply when x = — 1 as this would lead to division by
zero

* Rememberthe specialcase:
o fa dx=ax+c

= eg. f4dx=4x+c

o This allows constant terms to beintegrated

= Functions involving roots will need to be rewritten as fractional powers of x first
1
1

o eg.lf f(x) = 513,:‘ Xx thenrewrite as f'(x) =5x3 and integrate
¢ Functions involving fractions with denominators in terms of X willneed to berewritten as
negative powers of x first

- i 2 ; —Adx—2 4 x2 -
o e.g. If f{x)=— +x2 thenrewriteas flx) =4x~2+ x2 andintegrate
X

+ Theformulae forintegrating powers of x apply to all rational numbers soitis possible to

integrate any expression thatis a sum or difference of powers of x

Sx3+l 2x1+]

— 83— f - _ —oxd_ 2 :
o e.g. If f(x)=8x7-2x+4then | f(x)dx 3T 1 +dx+c=2x=x2+4x+c

¢ Products and quotients cannot beintegrated this way so would need
expanding/simplifying first
o e.g. If flx)=8x2(2x-3)then

16x4  24x3
ff(x)dx=f(16x3—24x2)dx= :— ;+c=4x4—8x3+c

What might | be asked to do once I’ve found the anti-derivative
(integrated)?

« Withmoreinformation the constant of integration, ¢, can be found
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= Theareaunder a curve can be foundusingintegration

@ ExamTip
- + Youcanspeedup the process of integration in the exam by committing the

pattern of basic integration to memory
o Ingeneralyou canthink ofitas ‘raising the power by one and dividing by

the new power'
o Practice this lots before yourexam so that it comes quickly and naturally

when doing more complicated integration questions
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7

EXAM PAPERS PRACTICE

9 Worked Example
¢ Giventhat

% =3x4-2x243-

Jx

find an expression for yinterms of x.

E@H&j Few!"u'\’e o\ termne a8 powe cﬁ x

8- 3,0 24 3ot 4 Frodonad o e

y- g (322 +3-%%) ax

T S, WP S
Specicl ctemmE I regpetien
doke core o
ne@ﬁweﬂ, 'i*"ﬂi

: = 5
R 2'5-:1: -%-:c?+3x-llﬁ+c

L
& WmE wmE -8 - wmE —

- ma u -
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5.3.3 Applications of Integration

Finding the Constant of Integration
What is the constant ofintegration?

« When finding an anti-derivative thereis a constant term to consider
o this constantterm, usually called ¢, is the constant of integration
= |nterms of graphing an anti-derivative, there are endless possibilities

o collectively these may bereferred to as the family of antiderivatives or family of
curves

o theconstantof integration is determined by the exact location of the curve
= if apointonthecurveis known, the constant of integration can be found

How dol find the constant of integration?

e ForF(x)+c= fﬂx} dx, the constant of integration, ¢ - and so the particular
antiderivative - can be foundif a point the graph of y = F(x) + ¢ passes throughis known
STEP1

If need be, rewrite f(x) into an integrable form
Each term needs to be a power of X (ora constant)

STEP 2

Integrate each term of £'(x), remembering the constant of integration, “+¢”
(Increase power by 1 and divide by new power)
STEP 3

Substitute the x and y coordinates of a given pointin to F(x) + ¢ toforman equationin ¢
Sclvetheequationtofind ¢

¢) ExamTip
- « |[faconstant ofintegration can be found then the question willneed to give you
some extra information

o |fthisis given then make sureyou useit tofindthevalue ofc

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

) Worked Example
&

The graph of y = f(x) passes through the point (3, —4) . The gradient function of
f(x) isgivenby f'(x) =3x2—4x—4.

Find f(x).

sreer Tla) ie crecdy in an in‘\'eﬂrnha"e fortm
NESE 3o - Mo -\
STEP 2 \ﬁ\‘earnﬁ‘e, femembering g
Floo)* 3% - Boc’ - + ¢
3 Py
¥loc) = = - hoe + ¢
cer3  Sdehitole scand yrcoorainaye o fird e
o)t
3 LB)B- 2L3)1- w@)¥e =W
27-\8-12+c=-W
cC=-\

“ §loe)= 2>~ 200 o -
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AreaUnder a Curve Basics
What is meant by the area under a curve?

/] ﬁ““““‘//

R

y= flx)

D x=4d x==h

| R 15 THE AREA UNDER THE CURWE y = fix] J

* Thephrase “areaunder a curve” refers to the area bounded by

o thegraphof y = flx)

o the x-axis

o theverticallnex=a

o theverticallinex=>5h
« Theexactareaundera curve is found by evaluating a definiteintegral
* Thegraphofy= f(x) could be a straight line

o theuseofintegration described below would stillapply

= buttheshape created would be atrapezoid

= soitiseasiertouse“A = Eh(a +b)"

What is a definiteintegral?

[ f(x) dx = F(8) - F(a)

» Thisis known as the Fundamental Theorem of Calculus
* aandb arecalledlimits
o aisthelower limit
e bistheupperlimit
f(x) is the integrand
F(x) is an antiderivative of f(x)
The constant of integration ("+¢") is not needed in definite integration
e "+ ¢"would appear alongside both F(a) and F(b)
o subtractingmeans the “+¢"'s cancel

How do | form a definite integral to find the area under a curve?

*» Thegraphofy= f(x) and the x-axis should be obvious boundaries forthe area so the key
hereis in finding a and b - the lower and upper limits of the integral

STEP1
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Use the given sketch to help locate the limits
You may prefer to plot the graph on your GDC and find the limits from there

STEP 2
Look carefully where the ‘left’ and ‘right’ boundaries of the area lie
If the boundaries are vertical lines, the limits will come directly from theirequations
Look out for the y-axis being one of the (vertical) boudnaries - in this case the limit (x) will
beO
One, orboth, of thelimits, could be a root of the equation f(x) =()
i.e. wherethe graph of y= f(x) crosses the x-axis
In this case solve the equation f(x} =0 to find the limit(s)
A GDC will solve this equation, either from the graphing screen orthe equation solver

STEP 3
The definite integral for finding the area can now be setupin the form
b
A =f f(x) dx
a
¢) ExamTip
-

* Lookoutforquestions that ask youtofind anindefiniteintegralin one part(so
‘+c¢" needed), thenin a laterpartuse the same integral as a definiteintegral
(where “+¢" is not needed)

« Addinformation to any diagram provided in the question, as well as axes
interceptsandvalues of limits

o Markandshade the area you're trying to find, and if no diagram s provided,
sketchone!
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Definite Integrals using GDC
Does my calculator/GDC do definite integrals?

+ Modern graphic calculators (and some ‘advanced’ scientific calculators) have the
functionality to evaluate definiteintegrals
o i.e.theycancalculate the areaundera curve (see above)
* |facalculatorhas a button forevalutaing definite integrals it willlook something like

O
[ o
m

¢ This may be a physical button oraccessedvia an on-screen menu
+ Some GDCs may have the ability to find the area under a curve from the graphing screen
« Becarefulwith any calculator/GDC, they may not produce an exact answer

How do | use my GDC to find definite integrals?
Without graphing first ...

+ Onceyou know the definite integral function your calculator willneed three things in order
toevaluateit
o The function to beintegrated (integrand) ( fx))
o Thelowerlimit(afromx=a)
o Theupperlimit (b from x = b)
+ Havea play with the orderin which your calculator expects these to be entered - some do
not always work left toright as it appears on screen!

With graphing first ...

+ Plotthegraphof y= f(x)
o Youmay alsowish toplottheverticallinesx=aandx=b
= makesureyour GDC is expectingan "x = "style equation
o Onceyou have plotted the graph you needto look foran option regarding “area” ora
physical button

= itmay appear as the integral symbol(e.g. fdx}
= your GDC may allow you to select the lower and upper limits by moving a cursor
along the curve - however this may not be very accurate
= your GDC may allow you to type the exact limits required from the keypad
= thelowerlimitwould be typedin first
= read anyinformation that appears on screen carefully to make sure

O ExamTip
* + Whenrevising foryourexams always use your GDC to check any definite
integrals you have carried out by hand
o This will ensure you are confident using the calculatoryou plan to take into
the exam and should also get you into the habit of using you GDC to check
yourwork, something you should do if possible
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*> Worked Example

® a)

Usingyour GDC to help, orotherwise, sketch the graphs of
y=x4=-2x2+35,

x=1and

x =2 onthesamediagram

USE the 5‘.‘&9‘\'\' meou on 5csur Goc +c ?\a\t tj: x'q._ ‘lxl * 5
Yoo Mmay then need to c\‘»o.ro\:; Bre 'inp&’fape' b ‘=

to edter =) and x=2.

Pl Yhe 5@;:\—\ o ypor 6DC and cketth the resolt, enguﬁnﬁ
1o indlude ol the maia PGPE!:EGG & eoch {a.p\-u.

4 x=) x=] 3:1“-2334;5

o \ a

b)
The area enclosed by the three graphs from part (2) and the x -axis.is to be found.
Write downanintegral that would find this area.

2

fo‘b- :11_2+ 5) dx

C)
Usingyour GDC, orotherwise, find the exact area describedin part (b).

d
Give your answer in the form — where a and b are integers.

b

2
Hf’ea"j Lx‘**th\rS) ac = 38 Squase uoie
: IS

From ‘“—;e 3f'ni§:mr3 Sereen on our EOC +Hhe iﬁ'\'earo.'\
voloe weS gen oe 653333333 - not exack!
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5.4.1 Integrating Special Functions

Integrating Trig Functions
How do lintegrate sin, cos and 1/cos??
« Theantiderivatives forsine andcosine are

fsinxdx= —-cos x+c¢
fmsxdx=sin x+c

where c¢is the constant of integration

+ Also, from the derivative of tan x

1
f—z dx=tan x+c¢
cos~ X

» Allthree of these standard integrals arein the formula booklet
+ Forthelinearfunction ax + b, where @and bare constants,

fsin (ax+b) dx= —%cns (ax+b)+c

1
fcns (ax+b) dx=;sin (ax+b)+c

[ dx=—tan(ax+b) +
X=— ax [
cos2 (ax +b) a
= Forcalculus with trigonometric functions angles must be measured in radians
o Ensureyou know how to change the angle mode on your GDC

) ExamTip
- » Make sureyou have a copy of the formula booklet during revision but don't try
to remember everythingin the formula booklet
o However, do be familiar with the layout of the formula booklet
= You'llbe able to quickly locate whateveryou are after
= You do notwant to be searching every line of every page!
o Forformulaeyou think you have remembered, use the booklet to double-
check
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‘, Worked Example

°
a)

Find, in the form F(x) + ¢, an expression foreach integral

. fcosxdx

1
i. f dx
cos2 (3): - %)

[Coeac dx = Sin X +C

kLirﬁ&r %mc\'icn &'Jc.+'~o)

b) Acurvehasequation y= IESin(Zx + %) dx.

!
The curve passes through the point with coordinates (? ﬁ)

Find an expression for y.
y* Q\I QmLQﬁ:*—) dac
= ii ccp\\11+ i\i- c

H\: x= 1 d*r \«ré SI}JI_TT""TE)'{'C
c= e (Z)+3

c= I3
2

o 5: %-cgg(:{x«\-—s-)
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Integratinge”x & 1/x
How dolintegrate exponentials and 1/x?

« The antiderivativesinvolving eX and In x are

[erdax=ersc
f%dx=ln|x|+c

where ¢ is the constant of integration

o Thesearegiveninthe formula booklet
« Forthelinearfunction (ax + b), where a and b are constants,

fem+b dx=le'“*!’+c
a

[—— dx=—In|ax+b| +
ax+b T a ax ¢

« [tfollows fromthelastresult that

a
fax+b dx=In|ax+b| +¢

o which can be deducedusing Reverse Chain Rule
» WithIn, it can be useful to write the constant of integration, ¢, as a logarithm
o usingthelaws of logarithms, the answercan be written as a single term

1
o f; dx=In|x| + In k=In k|x|where k isaconstant
o Thisis similarto the special case of differentiating In (.&x + b} when b=10
@ ExamTip
- » When revising, familiarise yourself with the layout of this section of the formula

booklet, make sureyou know whatis andisn'tin thereand how to findit very
quickly
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‘, Worked Example

¢ 3

3x+2

A curve has the gradient function f'(x) = +ed—x,

Given the exactvalue of f{1)is In 10— e* ind an expression for f(x).

flor | (<) o=
flox) - 3).3::'4 S j“-k-x dx

: 3[%"«‘ \3*‘-*1\1 - E.H-x +e

?LI.\" a0 ‘Eaj Ia \31.'!*1\ *2}4 ¢ = 'ln ID-E-3
“czlnl0-1n5
C:In k%)='ﬁn Py
VE uw APERS -y
2 fle) o |Bera|-e a2
k= \o 2\32:*'1\-&“_;)
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5.4.2 Techniques of Integration

Integrating Composite Functions (ax+b)
What is a composite function?

= Acomposite functioninvolves one function being applied afteranother
= Acompositefunction may be described as a "function of a function”
« This Revision Note focuses on one of the functions being linear - i.e. of theform ax+ b

How dolintegrate linear (ax+b) functions?

« Alinear function(of x)is of theform ax+ b

= Thespecial cases fortrigonometric functions and exponential and logarithm functions
dare

|
o fsin(ax+b)dx= —;cns(ax+b)+c
|
o fms(ax+b} dx=;sin(ax+b)+c

1
o feﬂ.t+bdx=—e&t+b+c
d

1 |
o f dx=—Inlax+ b|+ ¢
ax+b a

o f(ax+b)“dx=-m

+ ¢ inallcases,is theconstant ofintegration
* Allthe above canbededucedusingreverse chainrule
o However, spotting them can make solutions more efficient

+ Thereis one more specialcase
) (ax+b)a* v cwhere n€Q, n= =1

¢) ExamTip
- * Although the specific formulaein this revision note are NOT in the formula
booklet
o almost all of the information you willneed to apply reverse chainrule is
provided

o make sure you have the formula booklet open at theright page(s) and
practiceusingit
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‘) Worked Example
&

Find the following integrals

5
2) f3{7—23)3 dx

I=I3L1-zx)5’3 B * 3] L'J.’::*-T)Ehdx

UEinﬁ J [nm+'h-.]" dx = al_:-.u:l an-\;)““ +c,
Wy 5
s 3[_;‘% (-22+7) ] wc

%
2 To - 202w

|
b) ffms{Sx—E} dx

1= j %c::e L3x,-.'1) d = IEJ-EI.E [3:::-2) dx
Uting Im: (p.:HL) doc = éeinﬂax.+‘n)+c

L- ﬁ[’gs¢nLSx-1ﬂ rc

. T= g Sin(3x-2)+c
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Reverse Chain Rule
What isreverse chainrule?

» The ChainRuleis a way of differentiating two (ormore) functions
» Reverse ChainRule (RCR) refers tointegrating by inspection
o spottingthatchainrule would be usedin the reverse (differentiating) process

How do | know when tousereverse chainrule?

= Reversechainruleis usedwhenwehave the product of a composite functionand the
derivative of its second function
» Integrationis trickier than differentiation; many of the shortcuts do notwork

ﬁ-ﬂ:x }

e Forexample, in general f&ﬂ:"} dx =
X

o However, this resultis trueif f{x) is linear [:ax + b:]'
« Formally, in function notation, reverse chainruleis used forintegrands of the form

I= fg'(x)f{g(x}) dx

o this does not have to be strictly true, but ‘algebraically'it should be
= if coefficients donotmatch ‘adjust and compensate’ canbe used
» e.g. 5x?isnotquite the derivative of 4x3
» thealgebraic part [xz) is 'correct’
= butthe coefficient5is ‘wrong’
= use'adjustandcompensate’ to 'correct’it
« Aparticularly usefulinstance of reversechainrule to recognise s

% =In|fx)] +¢

o |.e. the numeratoris (almost) the derivative of the denominator
o 'adjust and compensate’ may needto be used to deal with any coefficients
" eg.

/ fx2+l f x2+1 f3x2+3 ll 343
= x=— + +c
x4 3x 3 x3+3x 3 X +3x 3 n|x x| +e

How dolintegrate using reverse chainrule?

« |fthe product can beidentified, the integration can be done “"byinspection”
o there may be some “adjusting and compensating” to do

» Noticealotof the "adjust and compensate method” happens mentally
o thisisindicatedin the steps below by quote marks

STEP1
Spotthe ‘'main’ function

eq I= [x(5x2-2)6 dx

"the main functionis ( ... )¢ which would come from ( ... )7"
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STEP 2

‘Adjust’ and ‘compensate’ any coefficients requiredin theintegral
e.g. "(...)7 woulddifferentiateto 7( ... )6"

“chain rule says multiply by the derivative of 5x2 =2, whichis 10x”
“thereisno'7' or'10’intheintegrand so adjust and compensate”

o1
I== x5 f?x 10 x x(5x2 = 2)6 dx
STEP3

Integrate and simplify

1= L x(sx2-2)7
eg. == x 7= x(5x +c

= —(5x2—2)"
=25 (5x2=2)7+¢

« Differentiation can beused as a means of checking the finalanswer

« Aftersome practice, you may find Step 2is not needed

o Douseiton more awkward questions (negatives and fractions!)

+ |fthe product cannot easily be identified, use substitution

@ Exam Tip

+ Before the exam, practice this until you are confident with the pattern and do

not need to worry about the formula or steps anymore
o Thiswillsavetimeintheexam

« You can always check yourwork by differentiating, if you have time
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*> Worked Example

H
Acurve has the gradient function £'(x) = 5x2sin(2x3).

Given that the curve passes through the point (0, 1), find an expression for f(x).
)= j B 5in (22¢3) doc

=) = EJ- 2 Sin Lﬂf) dx Toke 5 ook 08 0 Joctor

Theic o produck, dmesk inthe foren q () S;'(%(x))
STEP1: Spot the ‘main’ onckien

* the main %.mc&_m e Sin [) which wod\d
DG come Sf‘\'b'm CDS{}“

ciErPa: 19&&:&\: ond mmpensd!re‘ CofTtien D

cEp 3 l.r’.‘\" ea\"c:., e Ond Qim?\i?'u

o) ~E s (227) v
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Substitution: Reverse Chain Rule
What is integration by substitution?
+ Whenreverse chainruleis difficult to spot orawkward to use then integration by
substitution can be used

o substitution simplifies theintegral by defining an alternative variable (usually ur) in
terms of the original variable (usually x)

o everything (including “dx" and limits for definite integrals) is then substituted which
makes theintegration much easier

How dolintegrate using substitution?

STEP1
Identify the substitution to beused - it will be the secondary function in the composite
function

So g(x) in Alg(x)) and u=g(x)

STEP2

Differentiate the substitution andrearrange
du . _

4 5N betreated like a fraction

(i.e. "multiply by dx " to getrid of fractions)

STEP 3

Replace all parts of theintegral

All x terms should be replaced with equivalent u terms, including dx

If finding a definite integral change thelimits from x-values to u-values too

STEP 4

Integrate and either

substitute x backin

ar

evaluate the definteintegral using the u limits (eitherusing a GDC ormanually)

STEPS5
Find ¢, the constant of integration, if needed

+ Fordefiniteintegrals, a GDC should be able to process the integral without the need fora
substitution
o beclearaboutwhetherworking is required ornotin a question

¢) ExamTip
' » UseyourGDC tocheckthevalue of a definiteintegral, evenin cases where
working needs to be shown
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9 Worked Example
.
a)

Findtheintegral

f 6x+5
(3x2+5x— 1)3

T.“E "ie %"und‘m i LBx +5::r.-'|)

The secondory fundion & Abis is 3¢+ 5 -\
» leb 0= 3o +5x-1

P 2: Differediide 0 ond reorTonce

é-u.. = '6;;,+5
doc

“ do=(6c+5) doc
sTeP 3: Reploce ol parts & Aheiategral

1- j €x+5 ax
L?néarSr\) J

3 W
STEP ln-\'e&rai'e ocd sdehitite xLar,\u \o
(evee 5 ndr needed em\u&riu_:,c ignﬁ\‘req:irad)
I[= ¢ +c
-2

I- - §k312+5m-i)-: e

., I= -1
233+ Ge-t)

+c

b)
Evaluate theintegral

f 6x+5
(3x2+5x— 1}3

giving youranswer as an exact fractionin its simplest terms.
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Nate thal you codd wee your 60C or v past
Cerfaidly ose & o dheck your anower!

x=)
Fom STEP 3 choie, I=j 6% A
x=\

C\'\D.vﬁe himie ‘lbn x:=1, u:ﬂ\)aqr SU]-I =7
x=2, v230a)' 5@)-1=21
CTEP W: \n"ﬁarjrc#e and evalude

1- -iu"‘]? = Eﬂmﬂ{-ih)ﬂ
“I= %

L)
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5.4.3 Further Applications of Integration

Negative Integrals

* Theareaundera curve may appear fully or partially under the x-axis

o This occurs when the function f(x) takes negative values within the boundaries of the

area

« Thedefiniteintegrals usedto findsuch areas

o willbe negativeifthe areais fully underthe x-axis

o possibly negativeif the area is partially under the v-axis

® this occursifthe negative area(s) is/are greater than the positive area(s), theirsum
willbe negative

How do | find the area under a curve when the curve is fully under the x-
axis?

STEP1

Write the expression forthe definite integral to find the area as usual

This may involve finding the lower and upper limits from a graph sketch or GDC and f(x) may
needto berewritten in an integrable form

STEP2

The answer to the definite integral willbe negative

Area must always be positive so take the modulus (absolute value) of it
e.g. If I= =36 thenthe area would be 36 (square units)

How do | find the area under a curve when all, or some, of the curveis
below the x-axis?

* Usethemodulus function
o The modulus is also called the absolute value (Abs)
o Essentially the modulus function makes all function values positive
o Graphically, this means any negative areas are reflected in the x-axis

Www.exampaperspractice.co.uk
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YN Y N

y = |fix)]

| MODULUS =

=N/
o

=]
x N/

N

y = Tix)

"NEGATIVE AREA"
AREA BELOW x—-AXIS REFLECTED IN x—AXIS
"NEGATIVE AREA® SO NOW POSITIVE

« AGDC willrecognise the modulus function
o lookforakey oron-screeniconthatsays'Abs’ (absolutevalue)

A= ["Ivlax

o Thisis giveninthe formula booklet

STEP1
If a diagramis not given, use a GDC to draw the graph of y = f(x)
If notidentifiable from the question, use the graph to find the limits aand b

STEP 2

Write down the definite integral needed to find the required area
Remember toinclude themodulus (| ...|) symbols around the function
Usethe GDC to evaluateit

@ ExamTip
- * |fnodiagramis provided, quickly sketch one so that you can see where the

curve is above and below the x - axis and split up yourintegrals accordingly
o Youshoulduseyour GDC todothis

Www.exampaperspractice.co.uk
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9 Worked Example
®

The diagram below shows the graph of y = f{x) where f{x) =(x+4)(x = 1)(x - 5)
y = f(x)

R\ P

Theregion R1 is bounded by the curve y = f(x) ,the x-axis and the y-axis.
Theregion R2 is bounded by thecurve y = f(x) ,thex-axis andtheline x=73.

Find the total area of the shaded regions, R| and Rz.

GTer 1. Grogh gven, iderihify limits
a=0 [3-@41.9)
b=3  (line x=3)

TEP2: Wiite down the inTegrel fequired
ond vee a 6GOC Yo evaludte it

3
A= L ‘ (x+‘l~)[,::c-\)[:c-5j ‘ dax

A= k3-166 €66 ..

< A=k3-2 Squote onits k3 9?)
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Area Between Curve & y-axis
Whatis meant by the area between a curve and the y-axis?

Y /
b y = f(x)
R
a
—-_‘H--_--_-—___-—__-_—.—-r./
0 X

b
AREA, OF REGION R = g Ix| dy
a

+ Theareareferredtois the region bounded by
o thegraphof y= f(x)
o the y-axis
o thehorizontal line y=a
o thehorizontalline y=b
« Theexact areacan be found by evaluating a definite integral

How dol find the area between a curve and the y-axis?
+ Usetheformula

A=fb|x|dy
a

o Thisis givenin the formula booklet
o Thefunctionis normally givenin the form y = J"(x)
= sowill needrearrangingintothe form x = g(y)
o aand b may notbe given directly as couldinvolve the the x -axis (y = 0) and/oraroot
of x=g(y)

= usea GDC toplotthe curve and findroots as necessary

STEP1

If a diagramis not given, usea GDC to draw the graph of y = ﬂ:x)

(or x = g(y) if already in that form)

If notidentifiable from the question, use the graph to find thelimits aand b

STEP2
If needed, rearrange y = f(x] intotheform x = g[y)

Www.exampaperspractice.co.uk
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STEP 3

Write down the definite integral needed to find the required area

Usea GDC toevaluateit

AGDC s likely torequire the function written with "x”" as the variable (not ' y’)
Remember toinclude the modulus (| ... | ) symbols around the function
Modulus may be called ‘Absolute value (Abs) onsome GDCs

« Intrickier problems some (or all) of the area may be 'negative’
o thiswouldbe any area thatis to the left of the y-axis (negative x values)
o |x| makes such areas 'positive' by reflecting themin the y-axis

= aGDC willapply |x| automatically as long as themodulus (| ... | )symbols are
included
@) ExamTip
-

+ |fnodiagramis provided, quickly sketch onesothatyoucanseewherethe
curveis to the left andright of the y - axis and split up yourintegrals accordingly
o Youshoulduseyour GDC todothis

Www.exampaperspractice.co.uk
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*Y Worked Example
g

Find the area enclosed by the curve with equation y =2 + / x +4  the y-axis and
the horizontallines with equations y =3 and y = 6.

STEP \: GDC lp‘lrh' Thowt Far}ﬁrﬁl'nﬂ nESca'”nuE aren. ; Vi 3"-\112-‘.1"1 (! c‘uef_‘hm
Fl"pm G‘DC a7

5-7/34,,5;:
A~

I
4

ol 7%

STEP 2 Rmﬂtmﬁe 5=$l1c) iAo o= ‘3)L‘:})

y* 20fxan
e (ga) -t s oy Hhew
x= -ty
STEP 3¢ Write down irﬁ'eara\; vee EOE¥p evalude

[
P.=i 2 .

3 ’ Nﬁl 9 t@:e%@nsj | oY d-r_onaGDC)
Az 12333 333 N T

mi@x‘r:'he A
on o GoC

“A123 gqeare onife (35F)

The Ex;-c‘t anawer € 373 bt cor GDC
Woe nal adle Yo recognee the, éegpr\'e
ve Jﬂ'jna'b ute Hhe ©¥ack- appradmde
buben (D). Thic may vary betuween
makesmoddle and wit be dve Yo the
cloprithm weed to coleolate in"f&ﬂi’o_\f.":.
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AreaBetweenaCurveandaline

* Areaswhoseboundariesinclude a curve and a (non-vertical) straight line can be found
usingintegration
o Foranareaunderacurve a definite integral will be needed
o Faoranareaunder aline the shape formed will be a trapezium or triangle
» basic area formulae can be usedratherthan a definiteintegral
= usinga GDC, one methodis not particularly trickierthan the other
* Thetotal arearequired could be the sum or difference of the area under the curve andthe
area undertheline

v i )
™, ;._'
.
\\ /”X
[ I ;\\_}x
a b 4
. SHADED r AREA, UNDER I N AREA UNDER
| AREA CURVE INTEGRALY UINE (TRIANGLE)
fa TO b} o | (IO o) |
| DIFFERENCE
w M
i
r a ! ‘
!
SHADED | _ [ AREA UMDER ) AREA UMDER |
AREA ~ | CURVE (INTEGRAL} LINE [TRIAMGLE]
Ll:::l TO ¢} Ec_ TO -:.fl_

How do| find the area between a curve and aline?

STEP1
If a diagramis not given, use a GDC to draw the graphs of the curve and line and identify the area
tobefound

STEP2
Usea GDC to find the root(s) of the curve, the root of theline, and the x-coordinates of any
intersections between the curve and theline,

STEP3

Usethe graphto determine whether areas will need adding or subtracting

Deducethelimits and thus the definiteintegral(s) to find the area(s) under the curve and the line
Usea GDC tocalculate the area under the curve

[*1y1 dx
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Remembertoinclude the modulus (|...|) symbols around the function
Usea GDC to calculate the area under the line - this could be another definite integral or

1 1
A= Ebh foratriangleor A = Eﬁ(ﬂ + b) foratrapezium

STEP 4
Addorsubtract areas accordingly to obtain a final answer

O ExamTip
et + Addinformation to any diagram provided
« Add axes intercepts, as well as intercepts between lines and curves
+ Mark andshadethe area you're trying to find

+ |[fnodiagramis provided, use your GDC to graph one and if you have time copy
the sketchinto yourworking

Www.exampaperspractice.co.uk
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9 Worked Example
®
Theregion R is bounded by the curve with equation y = 10x — x> — 16 and theline
with equation y=8 — x.

R lies entirely in the first quadrant.

Findthe area of theregion R,

STep1 Skefeh the 3&'&;&-. %‘am GOC pldt; i&enﬁﬁj ol Mequired

P

~

/

step 2: Ooly ickersections. o requied (use 60€)

Point o} inYersechion are
(35) and (8.0)

STEP 3 Defermine +- lienits, in+%r&3. ée

-3
Area under my] |\0de->16] ax = 100
3

Aren Ynde fine = lg"* k%-—'f,)f-‘;_, =225
pl

p“—mc?[m o0 - 25 = 1256
3 8 [

Rrea n? R= % SqJore units [20-8 39.?)

If fioding the area ot R direcHy frem wpor 60C
Yoo way Tiod T wsll naf ghe on exadr ontuer
Inthic coge. on exect ancwer wos nof demonded
co other 2% or 208 (3c}) ic accepioble
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Definite Integrals
What is a definite integral?

[t dx=[F(x)1°=F(b) ~F(a)

This is known as the Fundamental Theorem of Calculus

aandb are called limits
o aisthelowerlimit
o bistheupperlimit
f(x)is theintegrand
F(x)is an antiderivative of f(x)
The constant of integration (“+c”) is not neededin definite integration
o “+c"would appearalongside both F(a) and F(b)
o subtractingmeansthe"+c"'s cancel

L]

How do | find definite integrals analytically (manually)?

STEP1T
Give theintegral a name to save having to rewrite the whole integral every time
If need be, rewrite the integralinto an integrable form

1= *px) dx

STEP2
Integrate without applying the limits; you willnot need “+c”
Notation: use square brackets [ Jwith limits placed at the end bracket

STEP 3
Substitute the limits into the function and evaluate

@ ExamTip
-
* |faquestion does not state that you can use your GDC then you must show all

of yourworking clearly, howeverit is always good practice to check you answer
by using your GDC if you haveitin the exam

wWww.exampaperspractice.co.uk
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*> Worked Example
[ ]

a)
Show that

[f3x(x2-2) dx=144
2

91? \: Nﬂi‘rﬂ h m'\'%ﬂx\ and ’ﬁswl'.l.*e i an u#%lﬂ'ﬁhh %fm
Y
I‘j (3‘&3- €x) d=
3

creP 2: ‘Iﬁ‘l‘eercﬂ*e.
T[],
orP3: Evdude
RN ECIEEERE)

I=wh=0

"
j 31(11- J.) = v !
2

b)
UseyourGDC to evaluate

[13extinx ax
0

giving your answer to three significant figures.

Usiog 60C,

\ 2.
j 37" e = 3872957

| 2,
. I 361911‘:11 dr = 3e7 Lg SSE)

(o]
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5.4.4 \Volumes of Revolution

Volumes of Revolution Around x-axis
What is a volume of revolution around the x-axis?

« Asolid of revolutionis formedwhen an area bounded by a function y = f’(x)
(and other boundary equations) s rotated 2  radians (360°) around the x-axis
« Thevolume of revolutionis the volume of this solid

+ Becareful - the 'front’ and 'back’ of this solidare flat
o theywere created from straight (vertical) lines
o 3D sketches can be misleading

How dol solve problems involving the volume of revolution around the x-
axis?

« Usetheformula
b
V= rrf > dx
a

o Thisis givenin the formula booklet
o yisafunctionofx
o x=aandx = b aretheequations of the(vertical) lines boundingthe area
» [f x=aandx = barenotstatedinaquestion, the boundaries couldinvolve the y-
axis (x=0)and/orarootof y = f(x)
s Usea GDC toplotthe curve, sketchit and highlight the area to help
+ Visualisingthe solid created is helpful
o Try sketchingsome functions and their solids of revolution to help

STEP1
If a diagram is not given, use a GDC to draw the graph of y = f(x)
If notidentifiable from the question, use the graph to find the limits aand b

STEP2
Usea GDC and the formula to evaluate theintegral
Thus find the volume of revolution

¢) ExamTip
- « Functions involved can be quite complicated so type theminto your GDC
carefully

¢ Whetheradiagramis given ornot, using your GDC to plot the curve, limits, etc
(where possible) can help you to visualise and make progress with problems
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‘, Worked Example
®
Findthe volume of the solid of revolution formed by rotating the region bounded by

the graph of y =4/ 3x2 + 2, the coordinate axes and theline x =3 by 2 mradians
around the x-axis. Give youranswer as an exact multiple of .

6TeP 1+ Use GoC To plar tf?{m); ache.-ﬁ:% licmio
F["pm GDC

T,

Gy

bounded by the 2 a=0, b=3

coetdinde owes

S1er 2: Use GOC acd %Fhm\a, %n& Ndome

3 1
\= T,-J /3 AR)ESRS 334

% N=337 cobic unite llﬂh 3:})

DePenc!iwﬂ oo makefmode of your 6OC yeu
Moy mené‘getmemcﬁ'mmaf

I oo dosk, Jﬁf} eﬂoludﬂ?pg Yhe iﬁ\‘earn'\
withoot 7 [bu‘\' femerber fo n,::-ulr ik bock
Yor vpor writien cmea.,ser".)
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Volumes of Revolution Around y-axis

What is a volume of revolution around the y-axis?

« Verysimilarto above, this is a solid of revolutionwhich is formed when an area bounded by
afunctiony= f(x) (and otherboundary equations)is rotated 2 radians (360°) around
the y-axis

+ Thevolume of revolutionis the volume of this solid

How do | solve problems involving the volume of revolution around y-
axis?
¢ Usetheformula

V=Tl:fbx2 dy
a

o Thisis givenin the formula booklet
o xisafunctionofy
= thefunctionis usually givenin the form y = f(x)
= this willneedrearrangingintotheform x =g{y]
o y=aandy= b aretheequations of the (horizontal) lines bounding the area
» |f y=aandy= barenotstatedinthequestion, the boundaries couldinvolve the
x-axis (y=0)and/oraroot of x = g(y)
» Usea GDC toplot the curve,sketch it and highlight the area to help
« Visualising the solid created is helpful
o Try sketchingsome functions and theirsolids of revolution tohelp

STEP1
If a diagramis not given, use a GDC to draw the graph of y = f(x)

(or x = g() if already in that form)
If not identifiable from the question use the graph to find the limits 2and b

STEP 2
If needed, rearrange y = f(x) into the form x = g(v)

STEP 3

Use a GDC and the formula to evaluate theintegral

A GDC willlikely require the function written with 'x" as the variable (not " y')
Thus find the volume of revolution

¢) ExamTip
- « Functions involved can be quite complicated so type theminto your GDC
carefully

» \Whethera diagramis given or not, using your GDC to plot the curve, limits, etc
(where possible) can help you to visualise and make progress with problems

Www.exampaperspractice.co.uk
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9 Worked Example

®
Findthe volume of the solid of revolution formed by rotating the region bounded by

the graph of y =arcsin (2x + 1) and the coordinate axes by 2Tt radians around the
y-axis. Give youranswer to three significant figures.

sTer 1+ Use Gocto P]o‘%’ 3:?(1); d’er\*{_’fﬁ lici¥e
Fl"pm GoC. LY

N
N\ bounded by the

CoeTdindE OMeS

ez O, b= /2

STEP 2 Reaﬂ‘aﬁﬂﬁ 5’%’3) NG E‘Lj)
Y= aresin (2 )
Ciry 4 = Qe ¥\

€L = %‘_kghnn - 1)
6TEP 3+ Use GOL and Jortadla, fied Vdume

V] oo o oo oncoo

V= 0-27% 75w ...

2 \I= 0280 cobic onte 13 c§)
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5.5.1 Kinematics Toolkit

Displacement, Velocity & Acceleration
What is kinematics?

» Kinematicsis the branch of mathematics that models and analyses the motion of objects
« Commonwords such as distance, speed and acceleration are usedin kinematics but are
used according to their technical definition

What definitions do | need to be aware of?

= Firstly, only motion of an objectin a straight lineis considered
o this could be a horizontal straightline
= the positive direction would be to theright
o orthis could be a vertical straightline
= the positive direction would be upwards

Particle

« Aparticleis the general termforan object
o some guestions may use a specific cbject such as a car or a ball

Time {seconds

« Displacement, velocity and acceleration are all functions of time ¢
« Initially timeiszerof=0

Displacement s m

+ Thedisplacement of a particleis its distance relative to a fixed point
o thefixed pointis often (but not always) the particle's initial position
+ Displacement willbezero s =0 if the objectis at orhas returned toits initial position
* Displacement will be negativeif its position relative to the fixed point is in the negative
direction (left or down)

Distance dm

» Use of the word distance needs to be considered carefully and could referto
o thedistancetravelled by a particle
o the(straightline) distance the particleis from a particular point
+ Becarefulnotto confuse displacement with distance
o if abus route starts and ends at a bus depot, when the bus has returned to the depot,
its displacement will be zero but the distance the bus has travelled will be the length of
theroute
» Distanceis always positive

Velocity vms™!

Www.exampaperspractice.co.uk
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* Thevelocity of a particle is therate of change of its displacement at time ¢
« Velocity will be negative if the particle is moving in the negative direction
* Avelocity of zero means the particle is stationary v=1(

Speed |v|ms!

* Speed is the magnitude (a.k.a. absolute value ormodulus) of velocity
o astheparticleis movingin a straight line, speed is the velocity ignoring the direction
v if v=4, |v]|=4
. ifv=—6, |v|=6

Acceleration ams2

« Theacceleration of a particle is therate of change of its velocity at time ¢
« Acceleration can be negative but this alone cannot fully describe the particle’s motion
o ifvelocity and acceleration have the same sign the particle is accelerating (speeding
up)
o if velocity and acceleration have different signs then the particle is decelerating
(slowing down)
o if accelerationis zero a = () the particleis moving with constant velocity
o inallcases thedirection of motionis determined by the sign of velocity

Are there any other words or phrases in kinematics | should know?

* Certainwords and phrases canimply values ordirections in kinematics
o aparticledescribed as “atrest” means that ts velocity is zero, v =0
o gparticledescribed as moving "due east” or “right” orwould be movingin the positive
horizontal direction
= thisalsomeansthat v>0
o aparticle “dropped from the top of a cliff’ or “down” would be movingin the
negative vertical direction
» thisalsomeansthat v<0

What are the key features of a velocity-time graph?

= Thegradient of the graph equals the acceleration of an object

* Astraightline shows that the object is accelerating at a constant rate

+ Ahorizontal line shows that the cbject is moving at a constant velocity

« Theareabetween graph andthex-axis tells us the change in displacement of the object
o Graph above the x-axis means the objectis moving forwards
o Graphbelowthe x-axis means the objectis moving backwards

+ Thetotal displacement of the object fromits starting point is the sum of the areas above
the x-axis minus the sum of the areas below the x-axis

« Thetotal distance travelled by the objectis the sum of all the areas

« |fthe graphtouches the x-axis thenthe objectis stationary at that time

« |fthegraphis abovethe x-axis thenthe object has positive velocity andis travelling
forwards

« |fthe graphis below the x-axis then the object has negative velocity andis travelling
backwards
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VELOCITY 4

(v ms1)

—

TIME
(t SECONDS)

SPEEDING UP BUT MOVING
BACKWARDS

| INITIAL VELOCITY

1 CONSTANT ACCELERATION

-l ]
[~

SLOWING DOWN BUT
STILL MOVING BACKWARDS

[3] [ VARIABLE ACCELERATION |
|

DISTANCE TRAVELLED
FORWARDS

| CONSTANT VELOCITY

DECELERATING (SLOWING DOWN DISTANCE TRAVELLED
| BUT STILL MOVING FORWARDS) BACKWARDS

—
3

E] INSTANTANEOUSLY AT REST
(STATIONARY FOR AN
INSTANT)

(@) ExamTip
et * [nanexamif you are given an expression for the velocity then sketching a
velocity-time graph can help visualise the problem

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

*> Worked Example

®
Aparticleis projected vertically upwards from ground level, taking 8 seconds to

return to the ground.

Thevelocity-time graph below llustrates the motion of the particle forthese 8
seconds.

L |

|
o
|

|

I

i)

How many seconds does the particle take to reach its maximum height?

Give areason foryouranswer.

i)

State, with areason, whether the particleis accelerating or decelerating at time
t=3.

i. Ak moximom \-\eia\-\‘cr ueloc,‘f‘r\; 0 20
V=0 ok k=4

= The portide fekes % ceconde o och

ks moxisom height. This e becouce
e ue‘iocl.’ry i6 O m&' oW cecende.

W Ak k=3, velecily i POSITVE
Pcceleralion ie the grdiest o velecity
Pt £=3, occelemlion it NEGRTINE
% Ak 3 ceconds the pnr:\:ic'\e () éﬁe\Bﬁrﬁ
08 W3 velectly aed ocoe) eration hove
N )
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5.5.2 Calculus for Kinematics

Differentiation for Kinematics
How is differentiation used in kinematics?

+ Displacement, velocity and acceleration arerelated by calculus
« Interms of differentiation and derivatives
o velocity is therate of change of displacement

v=$ or () =5'(0)

o accelerationis therate of change of velocity

. .51—E or a(f)=v'(1)

o soaccelerationis also the second derivative of displacement

d2s
or a(t)=s""(t
5 ora()=5"(2)
o Sometimes velocity may be a function of displacement rather than time

n v{s) ratherthan V(t)
dv

m insuch circumstances, accelerationis a= VE

A=

= thisresultis derived fromthe chain rule
o Allacceleration formulae are given in the formula booklet
« Evenifamotion graphis given, if possible, use your GDC to draw one
o youcan thenuseyour GDC's graphing features to find gradients
= velocity is the gradient on a displacement (-time) graph
= accelerationis the gradient on a velocity (-time) graph
« Dotnotationis often usedtoindicate time derivatives

o Xissometimesusedas displacement (ratherthan §)in such circumstances

- dx I
o X= SDXIS ye DClt
dt y
" dz "
o X= d 2 , 50X IS ECCEIEFE“UH
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Worked Example

a)
Thedisplacement, x m, of a particle at f seconds, is modelled by the function
x(t)=26-2712 + 84t.

Find expressions for X and X.

2 = 2397 + 8wk

x=dxe & o= 6 -5kl +BW
de x = G(E-Ak +w)
2= BLE-DET) | |1 i conerdio o Soctaroe oo

x: & s %= 12k-5%
ac

= 5(2\:-‘\)

b)

Thevelocity, vm s, of a particleis given as v(s) =6s— 552 — 4, where s mis the
displacementofthe particle.

Find an expression, interms of s, forthe acceleration of the particle.

v=6e-5-\%
a= vdv % a.= | 6s-5¢*- w)(6-100)
™ T T

vis) &
a8

o= 3(2-55) | €e-5¢™W)
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Integration for Kinematics
How isintegration used in kinematics?

ds
» Sincevelocity is the derivative of displacement (v = — ) it follows that

dt
S=fvdt

« Similarly, velocity will be an antiderivative of acceleration
v= |adt

* Youmight be given the acceleration in terms of the velocity and/or the displacement
o Inthis caseyou cansolve a differential equation to find an expression for the velocity
interms of the displacement

dv
a=v—

ds

How would | find the constant of integration in kinematics problems?

+ Aboundary orinitial condition would need to be known
o phrases involving the word “initial”, or “initially” are referring to time being zero, i.e.
t=0
o you mightalso be giveninformation about the object at some other time (this is called
a boundary condition)
o substituting the values in fromtheinitial or boundary condition would allow the
constant of integration to be found

How are definite integrals used in kinematics?

» Definiteintegrals can be usedto find the displacement of a particle between two pointsin
time

o f “ (1) dt would give the displacement of the particle between the times ¢t = fl and

t‘=f2

= This can befoundusing a velocity-time graph by subtracting the total area
below the horizontal axis from the total area above

b
o f [v(£)] dt gives the distance a particle has travelled between the times ¢ =, and

t‘=f2

= This can be found using a velocity velocity-time graph by adding the total area
below the horizontal axis to the total area above
» UseaGDC toplot the modulus graph y = |v(£)|
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¢) ExamTip
- s Sketchingthevelocity-time graph can help you visualise the distances
travelled using areas between the graph and the horizontal axis
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9 Worked Example
®

Aparticle movingin a straight horizontal line has velocity (v m s ~2) attime ¢
seconds modelled by v(f) =8 — 1242 - 2¢.

i. Given that the initial position of the particle is at the origin, find an expression
forits displacement from the origin at time f seconds.
ii. Find the displacement of the particle from the origin in the first five seconds of
its motion.
ii. Find the distance travelled by the particle in the first five seconds of its motion.

Use your GOC Yo ckeveh
o Ue\bci"\'y Lj’hme) 5‘!69\1
and vee\t ko check
Yosee it YU ondwers ..*"
ore Cerfble —
i “ioikal" — ’E=O, “El'ia"m" —¢c=0
slt)= JUKE\ al::j (‘th-ilhl—lh) Ak
olt) = 2% -w’-Pa e where ¢ i6 6 corgiask
k=0, c=0, ~¢c=0
~ elr)= r-ud-p
i " Yot $ve seconds’ — =0, =5
Uting 0. GOC fhie woud be
[
5= (e-1t-ak) av
o
6=725m
iii. Using o 6OC thic weld be
5
d:j | S0k | ae a Sor dicYance
b d;?ﬂ ™ L?i S?)
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5.6.1 Modelling with Differential Equations

Modelling with Differential Equations
Why are differential equations used to model real-world situations?

« Adifferential equationis an equation that contains one or more derivatives
» Derivatives dealwithrates of change, andwith the way that variables change with respect
tooneanother
+ Therefore differential equations are a natural way to model real-world situations involving
change
o Most frequentlyin real-world situations we are interested in how things change over
time, so the derivatives used will usually be with respect to time t

How do | set up a differential equation to model a situation?

+ Anexam question may require you to create a differential equation from information
provided

* The gquestion will provide a context from which the differential equation is to be created

» Most often this willinvolve the rate of change of a variable being proportional to some
function of the variable

» Forexample, therate of change of a population of bacteria, P, at a particulartime
may be proportional to the size of the population at that time

* Theexpression ‘rate of ('rate of change of...", ‘rate of growth of...", etc.)in amodelling
questionis a strong hint that a differential equationis needed, involving derivatives with
respecttotimet

dpP

s Sowith the bacteria example above, the eguation willinvolve the derivative E
* Recallthe basic equation of proportionality
o |fyis proportional to x, then y = kx for some constant of proportionality k

» Soforthebacteria example above the differential equation needed would be

dP
T =kP
o The precise value of k willgenerally not be known at the start, but will need to be found
as partof the process of solving the differential equation
o |tcanoften beusefulto assumethatk> 0 when settingup yourequation
= |nthis case, -k willbe usedin the differential equation in situations where the rate
of change is expectedto benegative
s Sointhebacteria example, if it were known that the population of bacteria was

dpP
decreasing, then the equation couldinstead be written o kP
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*9 Worked Example

a)

Ina particularpond, therate of change of the area covered by algae, A, atany timet
is directly proportional to the square root of the area covered by algae at that time.
Write down a differential equation to model this situation.

5’—;—- = kJ—ﬁ_ (whqre k is & conslant

of fra?or[inna‘. xtv)

b)

Newton's Law of Cooling states that therate of change of the temperature of an
object, T, at any time tis proportional to the difference between the temperature of
the object and the ambient temperature of its surroundings, T, , atthattime.
Assuming that the object starts off warmer than its surroundings, write down the
differential equation implied by Newton's Law of Cooling.

The -ﬁ‘Ljﬂ.r-t rso s surred A obe=g srwer then s
surfau-n.:l :“35’ BT T‘ TL? C'

{

LA 2 1

—

d
(-u-t'lntre k-:O is o r.ans'tg.nt e{' Pf#fort;nﬂmlit'}!)

\

‘u-ulﬂ. a 'rl'ﬂ-ﬂ-t tLQ t!fﬂFQ.ra.tuf'E -tﬂ }:E chflns;ﬂjl

s0 -k n the elUnt'nun S can <UL k30

ossures that -j—_.[- s ntjnt-lvq_
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5.6.2 Separation of Variables

Separation of Variables
What is separation of variables?
* Separation of variables can be usedto solve certain types of first order differential

eqguations
. dy
» Lookoutforequations of the form dx =g{x)h(y)
dy . _ - .
o ie. dx s@ function of x multiplied by a function of y
o becareful - the ‘function ofx’g(x} may justbe a constant!
d
» Forexamplein d—i =6y,g(x)=6andh(y)=y

« |ftheequationisin thatformyou canuse separation of variables to tryto solveit
« |ftheequationis notin that form you willneed to use another solution method

How do | solve a differential equation using separation of variables?

+ STEP1:Rearrange the equationinto the form =1 Eli:g{x)
' 9 4 h(y) ) dx

* STEP 2:Taketheintegral of both sides tochange the equation into the form

f%wdy=fg(.x)dx

o You can think of this step as ‘multiplying the dx across and integrating both sides’
= Mathematically that’s not quite whatis actually happening, but it will get you the
right answer here!
« STEP 3:Work out the integrals on both sides of the equation to find the general solutionto
the differential equation
o Don'tforgettoinclude a constant of integration
= Although there are twointegrals, you only need toinclude one constant of
integration
+ STEP 4:Use any boundary orinitial conditions in the question to work out the value of the
integration constant
« STEP5:If necessary, rearrange the solution into the form required by the question

@ ExamTip

' » Becarefulwith letters - the equationonanexammaynotuse and asthe
variables
* Unless the question asks forit, you don’'t have to change your solution into
form - sometimes it might be more convenient to leave your solution in
anotherform
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*> Worked Example
M
Foreach of the following differential equations, either (i) solve the equation by using

separation of variables giving your answerin the form y = f(x), or(ii) statewhy the
equation may not be solved using separation of variables.

dy e'+4x
dx — 3y2

a)

d = ) .
STEP 1 3?«11{ =g * Hx gle)=e s+ 4x 'h()«'llr;?

STEP 2 53}'1 A:,' = S(e'*“h&) dx

— Don't iofn_li-r_ Lun}to"‘t
q - 3 teqration
STEP 3° y = e Lx'*c & ALagpd)

STEP 4: Ne Laurnla.r?'- condifions j:vﬂn, so \-L-F stq?

. 3
S5TEFP 5 71 ,‘e“*—‘lx"*r. ‘I=J?m

Y ey 21
b) - nx,

L}x}r- 2lax s nol of the form 5(1)L{}1)J
So 'lt -.mn.? nut 'I::d. tuhv&cl. ul-;.nj 51Fnrmt:on

nf va-rie-'ulzs.

dy
) 4x =3y.giventhat y=2when x=0.
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{'nr&tt r.a-_s! n--t

Den't
f_ ot '.nT_ajfu.‘l".o-‘

g"'_'_}l=2 --'Inl.ﬂ'il.":‘
la|2] = 3(0)+e => c=1a2

Far ‘f.'-q_ Ihcluﬂl!l.n.l'?l f_nncll\t;dﬂ ,T: '1 5 :{ > C’

Thqrzfnrq_ i EEn :Iurqfl tha ,.-_..."1._.'|._,.5 5:511 lFrnu‘\- |‘IF'I|

et L (e (e)

=y | y= 2e>* y= T
—l
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5.6.3 Slope Fields

Slope Fields
What are slope fields?

* We are considering here a differential equation involving two variables of the form

dy
E_g-(xi _V)

d

S Yy . i
o |e.,thederivative dx is equaltosome function of xandy

* Insomecasesitmay be possible to solve the differential equation analytically, while in
othercases this is not possible

* \Whetherornot the equation can be analytically solved, however, itis always possibleto

d

calculate the derivative d—i atany point (x, y) by puttingthe xand y values into g{x, y)

o This means thatwe can calculate the gradient of the solution curve at any point that
the solution might go through
+ Aslope field for a differential equation is a diagram with short tangent lines drawn at a
number of points
o Thegradient of the tangent line drawn at any given point will be equal to the value of

dy |
E atthat point
o Normally the tangentlines will be drawn for points that form a regularly-spaced grid of

xandyvalues
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SLOPE FIELD FOR % = ysinX — e "¢ X cog x

How canluse slope fields to study the solutions of a differential
equation?
» Lookingatthetangentlinesin a slope field diagram will give you a general sense forwhat
the solution curves to the differential equation will look like
o Rememberthat the solution to a given differential equation is actually a family of
solutions
o We need appropriate boundary conditions orinitial conditions to determine which of
that family of solutions is the precise solution in a particular situation
» Youcanthink of thetangentlinesin aslopediagram as "flowlines’
o From a given point the solution curve through that point will*flow’ away from the point
inthe direction of the tangent line
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« Foragiven point, you canuse a slope field to sketch the general shape of the solution curve
that goes through that point
o Thegiven point here serves as a boundary condition, letting you know which of all the
possible solution curves is the one you want to sketch
o Thesketch should go through the given point, and follow the general ‘flow’ of the
tangent lines through the rest of the slope field diagram
o Ingeneral, the sketched solution curve should not attempt to connect togethera
number of different tangent lines in the diagram
= Thereis noguarantee that the solution curve willgo through any exact point in the
‘grid’ of points at which tangent lines have been drawn
= Theonly tangentline that your solution curve should definitely go through is one at
the given ‘boundary condition’ point
o Thesketchedsolution curve may go along some of the tangent lines, butitshould not
should not cut across any of them
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¥ A
LU T N U e T U U T N 3 S S A N Y A B R NN
VY NAYAYNANANNNNN S~ s — NN
VY VNN NANNNNNRBSE s S s~
VYOV NN NN NN N = s s S~ N
VYOV NN NN NN N =2 s s S SS S =N
VAV OV NN NN NN SN — s S s = N
YOMONN N NN~ s s S S = NN
VYV VN NN NN S — s s S S S M — NN
VYV ANNNNNSN NS~ s s s s s N Y,
VAV VNN N NS s - e s s s S = N A
VLN N NN N = — — 05 s e L
NN et SN NN
-3 '-25 -2 -15 -1 -0, 65 1 415 2 25 ' 3
A T N N e i N N U T
WY NN == -~ o R e A N N U
VAL N N — s s A B i T T S Y W W W T 1
\ N I R U T T
LI e L T S A |
NNNTFT S S S S SR = S N Y N
AR A A A B A A O N A N S U S T W T
NN~ s S A2 — S N N N
AN R S A Y A A S S U U W U W R W T A |
NN~ =25 ~ 5 N N NV 0V Ly
\N= /T s~ L vy
NN —= /S A3 = )y

1 SOLUTION CURVE THROUGH THE E}RIGIH

» Lookout for places where the tangent lines are horizontal

d

34
o h points — =0
Atsuch points dx

o Therefore such points may indicate local minimum or maximum points for a solution

curve

dy
» Be careful - not every point where —— =0 is a local minimum or maximum

dx

- . . . 24
= Buteverylocal minimum or maximum will be at a pointwhere =— =0

dy

o Don'tforgetthatyoucanalsosolvethe equation — =

points where the gradientis zero

dx

d

dx
2(x, y) =0 directly toidentify

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

d
m Forexampleif d_J’ =sin(x —y). then the gradient will be zerc anywhere where
X

x—y=0,%+m +2m, +3m, ...
= Thisis anotherway toidentify possible local minimum and maximum points for the

solution curves
» |[fsuch apoint falls between the ‘grid points’ at which the tangent lines have been

drawn, this may be the only way to identify such a point exactly
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*> Worked Example

]
Considerthe differential equation

2

y__ 04@—2}%(:: - l)e_%
dx ]
a)
Using the equation, determine the set of points forwhich the solutions to the
differential equation will have horizontal tangents.

The solotion will have harizenlal fangeats
O

wheraver 'j; s

TLu_ l',lFUnlr\.t:l-l fu-\t_t;or\ S onever 4_:1_0:.1 ia 1Er O

dy

ax

ZO when ;‘r—I=O er w-1 =0

The sulut;uns will have Ldrizgntnll tn.nagnts
u:t n.n7 Foint thrt ;f=1 or %=1.

Er——

The diagram below shows the slope field for the differential equation, for
-10<x<10and-10<y<10.

1\}’
AAM FFAFPERS Y RAC NG
—— s LSS =N N YN N N~
el A A A A A e T T T T S
—— S S S S =N N NN NN -
——— S S S =N NN NN NN NS
—— e A S S S S =N NN N NN~
—_——— s S S S S S =S N NN N N N s =
i A A i T T
__________ - S S S S S
—e—— e e M NN NN NS S S S S T -
10 K] ) 4 - 2 7 ] A % ° B 10_1’}
—_———~NNAMNANANNYN— S S S S -
———wNNMNANNNYp =SS S S
——— NN AMNANNNN—= S S -
——mwNANANANNNMN =SS S S S —-
———~NANAMANMNNY— S S -
——=—=~NNANANNNS— S S S s
—_—— = = N NN NN -7 S S s
—_——=x~NANANANNNM =SS S S
———~NANMANNN—= S -
——=~NNNMNANANNON— S S S S -

b)
Sketch the solution curve for the solution to the differential equation that passes
through the point (0, — 8).
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5.6.4 Approximate Solutions to Differential Equations

Euler’s Method: First Order
What is Euler’s method?

+ Euler’'s method is a numericalmethod for finding approximate solutions to differential
equations

« |ttreats the derivativesintheequation as being constant overshort ‘steps’

* Theaccuracy of the Euler's Method approximation can beimproved by making the step
sizes smaller

How doluse Euler’s method with a first order differential equation?

| _ o dy
+ STEP1: Make sure yourdifferential equationis in Ax = f(x, y} form

¢ STEP 2:Write down therecursion equations using theformulaeyn gy, t hx f[xn, yn)

and X L TX + h from the exam formula booklet

o hinthoseequations is thestep size
o the exam guestion willusually tellyou the correct value of h to use

« STEP 3:Usetherecursion feature onyour GDC to calculate the Euler's method
approximation over the correct number of steps
o thevalues f<:>r,11:U and Yo willcome from the boundary conditions given in the question

@ Exam Tip

* * Becarefulwith letters — in the equations in the exam, andin your GDC's
recursion calculator, the variables may notbexandy
» |fanexam guestion asks you how toimprove an Euler's method approximation,
the answer willalmost always have to dowith decreasing the step size!
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9 Worked Example
®

d
Consider the differential equation ay + y=x + | with the boundary condition
10)=0.5.

a)
Apply Euler's method with a step size of h = (.2 to approximate the solution to the
differentialequationatx=1.

o from

p o= okl N R =X % s a constand semula
Euler's method Vo = ¥+l (500N &y =5, K fﬁ:pl:ﬂgtf‘\ft Eznklld
dy
STEP 1: —— = x-y + |
ax /
o —
Flx.y)
STEP 72 Yar: = T"+0'}_J (x_f}.-nfl.\)'. X, * X+ 0.2
e B e ™
b (from
1_-:-51.-.,.-.:] Flxa, -'F'"\]
STEFP 3: e need o jnt % feem O ta 1, so we
will weed L= 5 teps.
}'{D:I= 0.5
. _—
»]
_L__L__.__{__'____ [ ‘
? [ o% | 0.1 I F frem GOC
) 0.k 0. 8%k \
4 0.8 l.ooY4 8
5 | 116384

y(1) =116 (3s.5.)

b)
Explain how the accuracy of the approximationin part(a) could be improved.

Mnke T_Lq sttr 511& sv\o.nﬂf.
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Euler's Method: Coupled Systems

How do |l use Euler’s method with coupled first order differential
equations?

dx
+ STEP1:Make sure your coupled differential equations arein ar fl (x,y,r} and
dy
qa - fz(x,y, t) form
« STEP 2: Write down therecursion equations using the formulae
Xn+| =Xn +hx fl[xn’yn’ Irﬂ)'yn+1 =yn +hx fl(xu’yn’ fn)al'ld IILﬂ+| = rﬂ + hfromthe

exam formula booklet
o hinthoseequationsis the step size
o theexam questionwillusually tell you the correctvalue of htouse
+ STEP 3:Usetherecursion feature onyour GDC to calculate the Euler's method
approximation over the correct number of steps
o thevalues forxﬂ, Yy and r{] willcome from the boundary conditions givenin the

question
o frequently you will be given aninitial condition
= |ook outforterms like ‘initially’ or‘atthe start’
= inthiscaserﬂ

O ExamTip

* + Becarefulwithletters - in the equations in the exam, andin your GDC's
recursion calculator, the variables may notbex, yandt.
+ |f an exam question asks you how toimprove an Euler's method approximation,
the answer willalmost always have to do with decreasing the step size!
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9 Worked Example
@

Considerthe following system of differential equations:

dx =2 1

dar X
dy 1
A YT

Initially x=10andy=2.

Use Euler's methodwith a step size of 0.1to find approximations for the values of x
andywhent=0.5.

Euler's mathad for a=xovh=filx, v .0 from
O ¥ =F, vhu flx ¥ . 1) Itt:;h;::!;;:r"t ’Fg..., la
by =iy 4 b bosklat

STEFPF 1: Eu._ua.t;pns are ml.(qul}- L t.l.n.t rfnfﬁr {u-.n
fl{:"" ?'*-t-j‘
fr—'ﬂhﬁh——\-\
STEP 2 :r.““-"‘*\.l’fﬂ-'-"{'l’l.-ﬁ)“*l)
1
= e R T =t « 0.1
s = g G g 2T) bt

L
W eem

L"‘if_!ﬂaj FI. {ﬁn. }I'-‘. t‘j

STEP 3: To gel T fram O 1o 0.5 wa need 23225 stegs.

3 Taitially x210 aed y=1

t. X ( Yo N\

Lal

o o_ 10 2

[ 0.1 1.5 3.3

2 0.1 111.91 4. 3709 frem GOC
3 0.3 14,173 .7323 \

4 0.4 5. 037 4. 8955 |

5 0.5 15.475 .36 J

x(0.5) =15.5 (3 s.%.) ?[0.5)- .4 (3s.f.)
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5.7.1 Coupled Differential Equations

Solving Coupled Differential Equations
How do | write a system of coupled differential equations in matrix form?

+ The coupleddifferential equations consideredin this part of the course willbe of the form

= —ax+b
ar - tby
d—{=cx+dy

o a, b, ¢, d € Rareconstants whose precise value will depend on the situation being
modelled
= |nanexam question the values of the constants will generally be given to you
= This system of equations can also berepresentedin matrix form:

dx

?_ab X
dy | \ed)\y
dr

+ |tis usually more convenient, however, to use the ‘dot notation’ for the derivatives:

L)

« This can bewritten even more succinctly as X = Mx

. [x) [a b] (x)
o Herex=| | M= ,and X=
v cd y

How do | find the exact solution for a system of coupled differential
equations?

+ Theexact solution of the coupled system x = Mx depends on the eigenvalues and
ab
eigenvectors of the matrix of coefficients M= 4
c

o The eigenvalues and/or eigenvectors may be given to you in an exam question
o |fthey are not then you willneedto calculate them using the methods learnedin the
matrices section of the course
+ Ontheexamyou willonly be asked to find exact solutions for cases where the two
eigenvalues of the matrix are real, distinct, and non-zero
o Similar solution methods exist fornon-real, non-distinct and/ornon-zero eigenvalues,
butyou don'tneed to know them as part of the IB AlHL course
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» Letthe eigenvalues and corresponding eigenvectors of matrix M be ,11 and ,12. and p, and
p,.res pectively
o Remember from the definition of eigenvalues and eigenvectors that this means that
JMp1 =}L|p| and pr2 =12p2

« Theexactsolutiontothe system of coupled differential equations is then
At Aot
xX=Ae 1p1+Be 2p2

o This solution formula is in the exam formula booklet
o A, B € R areconstants (they are essentially constants of integration of the sort you
have when solving other forms of differential equation)
« [finitial or boundary conditions have been provided you can use these to find the precise
values of the constants A and B
o Findingthevalues of A and B will generallyinvolve solving a set of simultaneous linear
equations (see the worked example below)
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> Worked Example

M)
Therates of change of two variables, x and y, are described by the following

system of coupled differential equations:

s,
dr Y
dy

E—Zx-&-y

Initially x =2 and y=1.

\2

1
eigenvectors and 5

differential equations.

4 -1
Given that the matrix f ] has eigenvalues of 3 and 2 with corresponding
Bl

nd the exact solution to the system of coupled

Exact solution for coupled i o
linear differential x= Aej"P; +Be p, 2 S e
equations ermula baskle

Pt i‘_llj!ﬂv‘u-idﬂ.s and

S P\ Eat (‘l) A B Elt (‘1) E;jl‘.n«rlttnrs wlis The

volulten formilm
At t=0, x=(3)=(7) e ro
5o Ae(1)* Ber(3) = ()

H ¥ 'AB) ( ) Simulfoneous aiuht;"“’

= A-3, B--

x =3 (1) - ()

o

oy wm= Bt

v] Ei't.

:,’= 3?_31:

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

Phase Portraits
What is a phase portrait for a system of coupled differential equations?

= Herewe are again considering systems of coupled equations that can berepresentedin

. ] X ab X
the matrix form X= Mx, where x=| .M=[ ).andx={ )
¥ cd ¥y

« Aphaseportraitis a diagram showing how the values of xand y change overtime
o Onaphase portrait we willusually sketch several typical solution trajectories
o The precise trajectory that the solution for a particular system will travel along s
determined by the initial conditions for the system
* Let ’11 and .12 be the eigenvalues of the matrix M

o Theoverallnature of the phase portrait depends in large part on the values c:f)ll and .12

What does the phase portrait look like when A, and i, are realnumbers?

+ Recallthatforreal distinct eigenvalues the solution to a system of the above formis
A A :
x=Ae lfpl + Be ztpz,where zll an:::l)l2 are the eigenvalues ofMandpl and p, arethe

corresponding eigenvectors
o AIHL only considers cases 'n.»..fherF-,A1 and ,FL2 aredistinct(i.e., }Ll = }Lz Jand non-zero

+ Aphaseportrait will always include two ‘eigenvectorlines’ through the origin, each one
parallelto one of the eigenvectors

1 -3
= Soif p, = (2 ]and p, =( 1 ),forexample.then these lines through the origin will

have equations y=2xandy = — EX' respectively

o Theselines willdefine two sets of solution trajectories
o |ftheeigenvalue correspondingto aline’s eigenvectoris positive, then there willbe
solution trajectories along the line away fromthe origin in both directions as t
increases
o Ifthe eigenvalue corresponding to aline’s eigenvectoris negative, then there willbe
solution trajectories along the line towards the origin in both directions as tincreases
o Nosolution trajectory will ever cross an eigenvectorline
If both eigenvalues are positive then all solution trajectories will be directed away from the
origin as tincreases
o |nbetween the ‘eigenvectorlines’ the trajectories as they move away from the origin
will all curve to become approximately parallel to the line whose eigenvector
corresponds to the larger eigenvalue

L]

Www.exampaperspractice.co.uk
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BOTH EIGENVALUES REAL AND POSITIVE

AN

A, > A, >0, SO SOLUTION TRAJECTORIES BECOME
PARALLEL TO p, AS THEY MOVE AWAY FROM THE ORIGIN

« |fbotheigenvalues are negative then all solution trajectories will be directed towards the
origin as tincreases
o |nbetween the ‘eigenvectorlines’ the trajectories will all curve so that at points further
away from the origin they are approximately parallel to the line whose eigenvector
corresponds to the more negative eigenvalue
= They willthen converge on the othereigenvalueline as they move in towards the
origin
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BOTH EIGENVALUES REAL AND NEGATIVE

Y/

0>A,>A,, SO SOLUTION TRAJECTORIES START PARALLEL TO
p,, AND CONVERGE ON p, AS THEY APPROACH THE URIGIN

« |foneeigenvalueis positive and one eigenvalueis negative then solution trajectories will
generally start by heading in towards the origin before curving to head out away again from
the originas tincreases

o |Inbetween the 'eigenvectorlines’ the solution trajectories will allmove in towards the
origin along the direction of the eigenvectorline that corresponds to the negative
eigenvalue, before curving away and converging on the eigenvector line that
corresponds to the positive eigenvalue as they head away from the origin
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BOTH EIGENWVALUES REAL, ONE POSITIVE AND ONE NEGATIVE

h Py

7
y

N

Ay >0 >A,, SO SOLUTION TRAJECTORIES COME IN ALONG THE
DIRECTION OF p, THEN CURVE AND CONVERGE.ON p,,AS THEY HEAD OUT

What does the phase portraitlook like when 4, and 1, areimaginary

numbers?

« Herethe solution trajectories will all be either circles orellipses with theircentres at the
origin
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PURELY IMAGINARY EIGENWALUES

)

—

TRAMECTORIES "ORBIT® AROUND THE ORIGIN. THEY MAY

BE ELLIPTICAL OR CIRCULAR, AND MAY BE CLOCKWISE OR

ANTICLOCKWISE (BUT ALL WILL EITHERBE ONE OR THE

OTHER FOR ANY PARTICULAR DIFFERENTIAL EQUATICNI.
...... —

* Youcandetermine the direction (clockwise or anticlockwise) and the shape (circularor

dx d
elliptical) of the trajectories by considering the values of ar and d_{ for points on the

coordinate axes

o

. (1 =2
Fore:-:ample.ccnsidenhesystem .!.'=[ i 1 ]X

1 -1 ]arei and —1, sothe trajectories will be elliptical or

= Theeigenvalues of [

circular

[+]

d d
Whenx=1 andy=0, d—’: =1(1)-2(0)=1 andd—']: =1(1)-1(0)=1

» This shows that from a point on the positive x-axis the solution trajectory will be
|
moving 'to theright and up'in the direction of the vector [ i ]

d d
Whenx=0andy=1, d—’:= 1(0)-2(1) = -2 andTJ:= 10)-1(1)= - 1

= This shows that from a point on the positive y-axis the sclution trajectory will be

-]

-2
moving ‘to theleft and down’ in the direction of the vector [ !

-]

The directions of the trajectories at those points tellus that the directions of the
trajectories willbe anticlockwise
They also tell us that the trajectories will be ellipses
» Forcirculartrajectories, the direction of the trajectories when they cross a
coordinate axis will be perpendicular to that coordinate axis

<]

What does the phase portrait look like when 4, and 1, are complex

numbers?
WWww.exampaperspractice.co.uk
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* Inthis case 11 and 12 will be complex conjugates of the form a + bi, where a and b are non-

zerorealnumbers
o Ifa=0,b=0,thenwehavetheimaginary eigenvalues case above
+ Herethesolution trajectories will all be spirals
o |fthereal part of the eigenvalues is positive (i.e., if 2> 0), then the trajectories will spiral
away from the origin
o Ifthereal part of the eigenvalues is negative (i.e., if a <(0), then the trajectories will
spiral towards the crigin

COMPLEX EIGENVALUES COMPLEX EIGENVALUES
WITH POSITIVE REAL PART WITH NEGATIVE REAL PART

¥ ¥

- -—

TRAJECTORIES SPIRAL TRAJECTORIES SPIRAL
AWAY FROM THE ORIGIN - |INTO THE ORIGIN

* You candetermine the direction (clockwise oranticlockwise)of the trajectaries by
dx d

i ¥ : .
considering the values of —— and —— for points on the cocrdinate axes

dt dt
_ ( 1 5\
o Forexample, considerthesystem X= b4

) 3 )are2+3iand2—3i.sothetrajectorieswillbesnirals

= Theeigenvalues of(
= Because thereal part of the eigenvalues (2) is positive, the trajectories will spiral
away from the origin

dx d
o Whenx=1 andy=ﬂ,a=l(l]+5[{])=landd—};= ~2(1)+3(0)= -2

= This shows that from a point on the positive x -axis the solution trajectory will be
1
moving'totherightanddown‘inthedirectionofthewector( 2

dx dt
o Whenx=0andy= ]'E = 1(0)+5[1)=53nd§ = =2(0)+3(1)=3
= This shows that from a point on the positive y-axis the solution trajectory will be

3
moving ‘to the rightandup’ in the direction of the vector( 3 )

s Thedirections of the trajectories at those points tell us that the directions of the
trajectory spirals will be clockwise
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*> Worked Example
5

Considerthe system of coupled differential equations

e -2x+2y
dy
E—x—:’)y

-2 2
Given that —1 and —4 are the eigenvalues of the matrix[ | -3 ),with

2 -1
corresponding eigenvectors ( 1 ]and ( 1 ) draw a phase portrait forthe

solutions of the system.

Batl e..Jem,...l..er_. are ﬂl:lﬂ-t:uz, so &l T_"-pjec-'[r-l';ﬂ_ﬁ il comverqe
a -
on Tha ur;ﬁin- Sl TR qgj-.t'.ug ther - I.I 50 ewey "'-:ro-n
" i + -
the arigin fle t‘ﬂ-:tl’.L:“"\ti weidlgu e v Lowards the

-] .
( |I ,I E'-Si.rn-'t '.'[of Hlnl.

st

. L
giganveL [\F"J

fav
et 1F
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Equilibrium Points
What is an equilibrium point?
« Forasystem of coupled differential equations, an equilibrium point is a point (x, y) at
. dx dy
which both q 0 and a4 0
o Becauseboth derivatives are zero, therates of change of both x and y arezero
o This means that x and y willnotchange, and therefore that if the system s everat the
point (x, y) then it will remain at that point (x, y) forever
* Anequilibrium point can be stable orunstable
o Anequilibrium pointis stable if forall points close to the equilibrium point the solution
trajectories move back towards the equilibrium point
» This means thatif the systemis perturbed away from the equilibrium point, it will
tend to move back towards the state of equilibrium
o |fanequilibrium pointis not stable, thenitis unstable
= |fasystemis perturbed away from an unstable equilibrium point, it willtend to
continue moving further and further away from the state of equilibrium
» Forasystemthatcan berepresentedinthe matrix form x= Mx, where x= [X .

¥y

ab X
M= ( . d]' and x=[ ] the origin (0, [}) is always an equilibrium point
Y

o Considering the nature of the phase portrait for a particular system will tellus what
sort of equilibrium point the originis
o If both eigenvalues of the matrix M are real and negative, then the origin is a stable
equilibrium point
= This sort of equilibrium point is sometimes known as a sink
o If botheigenvalues of the matrix M are real and positive, then the origin is anunstable
equilibrium point
= This sort of equilibrium point is sometimes known as a source
o |f both eigenvalues of the matrix M are real, with one positive and one negative, then
the originis an unstable equilibrium point
= This sort of equilibrium point is known as a saddle point (you will be expected to
identify saddle points if they occurin an AIHL exam question)
o If both eigenvalues of the matrix M are imaginary, then the origin is anunstable
equilibrium point
» Recallthat for all points other than the origin, the solution trajectories here all
‘orbit” around the origin along circular or elliptical paths
o If both eigenvalues of the matrix M are complex with a negativereal part, then the
originis an stable equilibrium point
» Allsolution trajectories here spiral in towards the origin
o If both eigenvalues of the matrix M are complexwith a positive real part, then the
origin is an unstable equilibrium point
= All solution trajectories here spiral away from the origin
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" Worked Example
°

a)

Considerthe system of coupled differential equations
dx 2x-3y+6
—— —_— +
de X
d
d—::=x+y—?

Showthat (3, 4) is an equilibrium point for the system.

When =73 d.ntl ?'-'*Ut‘

dx ) P

5 " 2(3)-31)+6 =0

A}r - L' - — N

P e
ax ;] 3= L.th. t (3, 4)
Jt & Jt ar e o Terdo a : ’

teodthce (.3. "l') 1S an EILU;‘I;L'!';UM
?u;nt 'Fm' t.LE. srstem.

b)
Consider the system of coupled differential equations
dx 3
—_— +
TR
dy
E =2x+ Zy

1 3
Giventhat4 and —1 are the eigenvalues of the matrix [2 s }with corresponding

2
equilibrium point forthe system.

] —_
eigenvectors ( I ) and ( ) determine the coordinates and nature of the
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Thlrlfnrt t‘nt nfin;ﬂ (0, O) s t\\t
gaLui'l;Lrium foin't 'Fnr ThE systtm.

(e =1 zlﬁznvm\uts s Fos:t;va | ane

15 ﬂtjmt;#e_

Thecefore the ﬂf;j:ﬂ is o saddle fo;nt,

w\—n;sL 'S an un&t Al

4 [} WOC I point.
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Sketching Solution Trajectories

How do | sketch a solution trajectory for a system of coupled differential
equations?
» Aphase portrait shows typicaltrajectories representing allthe possible solutions to a
system of coupled differential equations
» Foragiven set of initial conditions, however, the solution will only have one specific
trajectory
» Sketchinga particular solution trajectory will generally involve the following:
o Make sure you know what the ‘typical’ solutions for the systemlook like
= Youdon'tneedtosketch a complete phase portrait unless asked, butyou should
know what the phase portrait for your systemwould look like
= [fthe phase portraitincludes ‘eigenvectorlines’, however, itis worthincluding
these in yoursketch to serve as guidelines
o Mark the starting point for your solution trajectory
= The coordinates of the starting point will be the x and y values when t=10
» Usually these are given in the question as the initial conditions forthe system
o Determine theinitial direction of the solution trajectory
dx v
= Todo this findthe values of dr and ar when t=0

= This will tell you the directions inwhich x and y are changinginitially

d
= Forexampleif — = -2 and = =3 when =0, then the trajectory from the

dt dt

-2
starting point will initiallybe'totheleftandup',paralleltothevector( 3 )

o Usetheabove considerations to create yoursketch
» Thetrajectory should begin at the starting point (be sure to mark and label the
starting point on your sketch!)
= [tshouldmove away from the starting point in the correctinitial direction
= Asitmoves furtheraway from the starting point, the trajectory should conform to
the nature of a "typical solution’ for the system

Www.exampaperspractice.co.uk



Fe

EXAM PAPERS PRACTICE

7 Worked Example
[ ]

Consider the system of coupled differential equations

dx
E=x—5}‘
dy

i =3x+3y

Theinitial conditions of the system are such that the exact solutionis given by

o)

Sketch the trajectory of the solution, showing the relationship between x and yas ¢
increases fromzero.

TI'HE t;alnvnkut& Llnn‘l JL{{tr!ﬂt 5‘!5!’\'&. 50 t_Lg trnjl;tor? 1.r|.||1. i]!!,&lﬂﬂ
O-'EPFQI‘-;Mh-tl'.I?‘ T‘""‘#ﬁllth t-d t‘ht Pﬂﬁ-'-tlluﬂ. tllﬁl.ﬂvn-ldtl'ﬁ l;j"'f"'f‘i-tﬂ'r I;H‘.
a3 T meoves aiey {fnn . ﬂl';j-lﬂ.

When 120, x= (;) = (:_:) stocli.g peinat

i—‘;=(-n)—5[-5]= 14 %= “3Cu)~3(-5) =18

Se Tha faitial trajactarf will ba tup and To the right’ ia the
4 PefTiGn Deifthe vedtof (.I‘;j
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5.7.2 Second Order Differential Equations

Euler's Method: Second Order

How dol apply Euler’s method to second order differential equations?

A second order differential equationis a differential equation containing one or more
secondderivatives
In this section of the course we consider second order differential equations of the form

dzx_f( dx ]
de X’dt’

o You may need torearrange the differential equation given to getitin this form

dx
In order to apply Euler's method, use the substitution y= E toturnthe second order
differential equationinto a pair of coupled first order differential equations
. dx ) dy d’x
=— then —V—=——
MR dt  de

o This changes the second order differentialequation into the coupled system

Approximate solutions to this coupled system can then be found using the standard Euler’s
method forcoupled systems
o Seethenotes on this methodin therevision note 5.6.4 Approximate Solutions to
Differential Equations

dx B
T

Y = flx,y. )
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9 Worked Example

dx dx
Considerthe second order differential equation F + EE + x = 50cost,
a)
Show that the equation above can berewritten as a system of coupled first order
differential equations.

c‘.ix T éx rfx _ dx
ar - %" Lgp v 50eest at ‘E(*JIE-’C)
dx ,
Lﬂ.t 7'= _H 2 E‘Jmﬂht;tdtlnﬂ
4% ,
TLgn = tl-t'l , 50 tLE aaLua.t-.nn ]ch_.gmqg

0| 0 o b—
—r ~+

- “:(—'l?' + 50%Ces 1

Tl|h:.5 -31\.”15 t‘lne r_nuFlﬂ.A &r&tﬂ.m

dx |

at 7

4y

J't = -x-'le*rSOr.aﬁt

b)

dx
Initially x =2 and & 1. By applying Euler's method with a step size of 0.1, find

dx
approximations for the values of x and ar whent=0.5.
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Euler's method for

coupled systems

'rlfl =I,,+f!?<f,(.l'_,y..f'}l

f

From axem

‘F"I'\illu 'ﬂllﬁ'ﬁ.l‘t

[ =
»

from GDC

Yoa=¥.thxfilx ¥ .,1) h is a constant
t,. =1, +h (step length)
Xoo, = %o+t 0.1y, t.,, =t.+0
Yoo = Yot 01 (-x - 2y, v 50 cost )
/H I"“t‘-ur Kﬁ?. ‘..ﬂl T:F=-i
n t. Xa [ Y n
(o 2 D)
I 0.1 I. 9 Y
2 0.1 2.3 7.989
3 0.3 3.0985 11.058
4 0.4 4. 2043 13.313
5 0.5 5.5356 14.835
y 4
WAL t=0.5, :
nd |

x=5.54% (3s.§.)

dx _
-J—'_E—- 4. 8 (3 5?)
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Exact Solutions & Phase Portraits: Second Order
How can| find the exact solution for a second order differential
equation?
* Insomecases wecan apply methods we already know to find the exact solutions for

second order differential equations

* Inthis section of the course we consider second order differential equations of the form

d?x dx b=
dfz +.de + bHx=

o areconstants

dx
* Usethesubstitution y= E to turn the second order differential equationinto a pair of

coupled first order differential equations

" _dx A dy d’x
N T TR Y=
o This changes the second order differential equationinto the coupled system
dx B
dt &
dy
T bx — ay

o The coupledsystem may also berepresentedin matrix form as

L)

= Inthe‘dotnotation’ here and

o Thatcan be written even more succinctly as X= Mx

) X X 0 1
" Herex=| | X= ,and M=
y ¥y -b —-a

* Oncethe original equation has been rewritten in matrix form, the standard method for
finding exact solutions of systems of coupled differential equations may be used
o The solutions willdepend on the eigenvalues and eigenvectors of the matrix M
o Forthedetails of the solution method see the revision note 5.7.1 Coupled Differential
Equations

o Rememberthat exam questions will only ask for exact solutions for cases where the
eigenvalues of M arereal and distinct

How canluse phase portraits to investigate the solutions to second
order differential equations?

* Herewe are again considering second order differential equations of the form

d2x dx =0
dfz +adt + Dhx=
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o a&barerealconstants

dx

* Asshown above, the substitution y = ar can be usedto convert this second order

differential equationinto a system of coupled first order differential equations of the form
x=Mx
_ X X 0 1
o Herex=| | x= ,and M=
v A -b —a
* Oncetheequation has beenrewritten in this form, you may use the standard methods to

construct a phase portrait or sketch a solution trajectory for the equation

o Forthedetails of the phase portrait and solution trajectory methods see the revision

note 5.7.1 Coupled Differential Equations
o Wheninterpreting a phase portrait or solution trajectory sketch, don't forget that

_dx
Y= a

X
= Soif xrepresents the displacement of a particle, forexample, then y = ar will

represent the particle’s velocity

Www.exampaperspractice.co.uk



7

EXAM PAPERS PRACTICE

*9 Worked Example

d?x

Consider the second order differential equation —-

dx

and —= -2,

a)

dt

de

39 =0 Initially x2 3
g~ 4x=0.Initially x=

Show that the equation above can berewritten as a system of coupled first order
differential equations.

d'x _ dx e
eI e Flx
d x :
Letl y= 3t Stk 3L
TL‘gn %: i_rt
- AT
AN DADE

This 31-«35 the

dx _
d1
dt
b)
i hatth ' 01
venthatthe matrix 4 _3

Lou?‘.&& Systﬂm

7

Wx -3y

50 tLQ E.tLd‘ﬂ-T.'\an loqr_amqs

] has eigenvalues of 1 and -4 with corresponding

1 -1
eigenvectors { ) ) and[ 4 ) find the exact solution to the second order

differential equation.
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Exact solution for coupled F

- . = p— At A rfoawm Axom
linear differential x=Ae” p +Be” p, Fermula Backlet
equations SRS (RS

c)
Sketch the trajectory of the solution to the eguation on a phase diagram, showing

dx

the relationship between xand E .
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i dx _ dy . _n(-1) -
At t= O, 'Hr-'l ﬁnlﬁ-"}(‘}) 3(1)-\3.

Se ;ﬂ;t;._il?r the solution tfnjutnrr s 1o The

( : ) Eiﬁlﬂvtﬂ-tﬂr

L

‘E'Ft dn-'ntl uP.

{ﬂ.ﬂ] TS
jb-:u.!! Fo;ﬁt

y= =

X

(-1_: ) E;ljtﬂvtf.t of
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