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Introduction toDerivatives

Before introducing a derivative,an understanding ofa limit is helpful

What is a limit?

The limit of a function is the value a function (of x ) approaches as x  approaches a

particular value fromeither side

Limits areof interest when the function is undefinedat a particular value

For example, the function f (x)=
x4−1
x−1 will approach a limit as x  approaches 1 from

both below and above but is undefined at x=1 as this would involve dividing by zero

What might I be asked about limits?

You may beasked topredict orestimate limits froma table of function values or from the

graph of y= f (x)

You may beasked touse your GDC toplot the graph and use values from it toestimatea

limit

What is a derivative?

Calculus is about ratesofchange

the way a car’s position on a road changes is its speed (velocity)

the way the car’s speedchanges is its acceleration

The gradient (rate of change) of a (non-linear) function varies with x
The derivative of a function is a function that relates the gradient to the value of x
The derivative is also called the gradient function

How are limits and derivatives linked?

Consider the point P  on the graph of y= f (x) as shown below

[PQ i] is a series of chords

The gradient of the function f (x)  at the point P  is equal to the gradient of the tangent at

point P
The gradient of the tangent at point P  is the limit of the gradient of the chords [PQ i]as
point Q  ‘slides’ down the curve and gets ever closer to point P
The gradient of the function changes as x  changes
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The derivative is the function that calculates the gradient from the value x

What is the notation for derivatives?

For the function y= f (x) , the derivative, with respect to x , would be written as

dy
dx = f '(x)

Differentvariablesmay be used

e.g. If V= f (s) then 
dV
ds = f '(s)
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Worked Example

The graph of y= f (x) where f (x)=x3−2 passes through the points 

P (2, 6), A (2 .3, 10.167), B (2 .1, 7 .261) and C (2 .05, 6 .615125) .

a)

Find the gradient of the chords [PA], [PB] and [PC].

b)

Estimate the gradient of the tangent to the curve at the point P .


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DifferentiatingPowersof x

What is differentiation?

Differentiation is the process offinding an expression of the derivative (gradient

function) from the expression ofa function

How do I differentiate powers ofx?

Powers of x  are differentiated according to the following formula:

If f (x)=xn then f '(x)=nxn−1 where n∈ℚ
This isgiven in the formula booklet

If the power of x is multiplied by a constant then the derivative is also multiplied by that

constant

If f (x)=axn then f '(x)=anxn−1 where n∈ℚ and a is a constant

The alternative notation (to f '(x) ) is to use 
dy
dx

If y=axn then 
dy
dx =anxn−1

e.g.  If y=−4x
1
2 then 

dy
dx =−4×

1
2 ×x

1
2
−1
=−2x

−
1
2

Don't forget these twospecial cases:

If f (x)=ax then f '(x)=a

e.g.  If y=6x then 
dy
dx =6

If f (x)=a then f '(x)=0

e.g.  If y=5 then 
dy
dx =0

These allow you to differentiate linear terms in x  and constants

Functions involving roots will need to be rewritten as fractional powers of x  first

e.g.  If  f (x)=2 x  then rewrite as f (x)=2x
1
2 and differentiate

Functions involving fractions with denominators in terms of x will need to be rewritten as

negative powers of x  first

e.g.  If f (x)=
4
x then rewrite as f (x)=4x−1 and differentiate

How do I differentiate sums and differences ofpowers ofx?

The formulae for differentiating powers of x apply to all rational powers so it is possible to

differentiate any expression that is a sum or difference of powers of x

e.g.  If f (x)=5x4−3x
2
3 +4 then

f '(x)=5×4x4−1−3×
2
3 x

2
3
−1
+0

f '(x)=20x3−2x
−

1
3
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Products and quotients cannotbedifferentiated in thisway so wouldneed

expanding/simplifyingfirst

e.g.  If f (x)= (2x−3) (x2−4)  then expand to f (x)=2x3−3x2−8x+12 which is a

sum/difference of powers of x  and can be differentiated

Exam Tip

A commonmistake is notsimplifying expressions beforedifferentiating

The derivative of ( )x2+3 ( )x3−2x+1  can not be found by multiplying the

derivatives of ( )x2+3  and ( )x3−2x+1

Worked Example

The function f (x)  is given by

f (x)=2x3+
4
x

,  where x>0

Find the derivative of f (x)




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Finding Gradients

How do I find the gradient of a curveat a point?

The gradient of a curve at a point is the gradient of the tangent to the curve at that point

Find thegradient of a curve at apoint by substituting the value of x at that point into the

curve's derivative function

For example, if f ( )x =x2+3x−4
then f '( )x =2x+3
and the gradient of y= f ( )x  when x=1  is  f '( )1 =2( )1 +3=5
and the gradient of y= f ( )x  when x=−2  is  f '( )−2 =2( )−2 +3=−1

Although yourGDCwon'tfindaderivativefunction for you, it is possible touse your GDC to

evaluate the derivative of a function at a point, using 
d

dx ( )x=
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Worked Example

A function is defined by f ( )x =x3+6x2+5x−12.

(a) Find f '( )x .

(b) Hence show that the gradient of y= f ( )x  when x=1  is 20.

(c) Find the gradient of y= f ( )x  when x=−2 .5.



www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Increasing & Decreasing Functions

What are increasing and decreasing functions?

A function, f (x) , is increasing if f ' (x ) > 0
This means the value of the function (‘output’) increases as x increases

A function, f (x) , is decreasing if f ' (x ) < 0
This means the value of the function (‘output’) decreases as x increases

A function, f (x) , is stationary if f ' (x ) =0

How do I find where functions are increasing,decreasing or stationary?

To identify the intervals onwhich a function is increasing ordecreasing

STEP 1

Find the derivative f'(x)

STEP2

Solve the inequalities

f ' (x ) > 0 (for increasing intervals) and/or

f ' (x ) < 0 (for decreasing intervals)

Most functions area combinationof increasing, decreasingand stationary

a range of values of x  (interval) is given where a function satisfies each condition

e.g.  The function f (x)=x2 has derivative f ' (x)=2x  so

f (x) is decreasing for x<0
f (x) is stationary at x=0
f (x)  is increasing for x>0
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Worked Example

f (x)=x2−x−2

a)

Determine whether f (x)  is increasing or decreasing at the points where x=0  and 

x=3.

b)

Find the values of x  for which f (x)  is an increasing function.


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Tangents & Normals

What is a tangent?

Atany point on the graphofa (non-linear) function, the tangent is the straight line that

touches the graph at a point withoutcrossing through it

Itsgradient isgivenby the derivative function

How do I find the equationof a tangent?

Tofind the equationof a straight line, a point and the gradient areneeded

The gradient, m , of the tangent to the function y= f ( )x at (x1, y1)  is f ' (x1 )

Therefore find the equation of the tangent to the function y= f (x) at the point (x1, y1)  by

substituting the gradient, f '
( )
x1 , and point (x1, y1)  into y−y1=m

( )
x−x1 , giving:

y−y1= f ' (x 1) (x−x1)

(You could also substitute into y=mx+c  but it is usually quicker to substitute into 

y−y1=m
( )
x−x1 )

What is a normal?

Atany point on the graphofa (non-linear) function, the normal is the straight line that

passes through that point and isperpendicular to the tangent
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How do I find the equationof a normal?

The gradient of the normal to the function y= f ( )x at (x1, y1)  is 
−1

f ' (x1 )

Therefore find the equation of the normal to the function y= f (x) at the point (x1, y1)  by

using y−y1=
−1

f ' (x 1)

(x−x1)

Exam Tip

You arenotgiven the formula for the equationofa tangent or the equationofa

normal

But both can bederivedfrom the equations ofa straight line which aregiven in

the formulabooklet


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Worked Example

The function f (x) is defined by

f (x)=2x4+
3

x2 x≠0

a)

Find an equation for the tangent to the curve y= f (x)  at the point where x=1,

giving your answer in the form y=mx+c.

b)

Find an equation for the normal at the point where x=1, giving your answer in the

form ax+by+d=0, where a, b and d are integers.


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Differentiating TrigFunctions

How do I differentiate sin, cos and tan?

The derivative of y = sin x is
dy
dx = cos x

The derivative of y = cos x is
dy
dx =− sin x

The derivative of y = tan x  is
dy
dx

= sec 2x

This resultcan bederivedusing quotient rule

For the linear function ax+b , where a and b  are constants,

the derivative of y = sin (ax+b )  is
dy
dx

= a cos (ax+b )

the derivative of y = cos (ax+b ) is
dy
dx

=−a sin (ax+b )

the derivative of y = tan (ax+b )  is
dy
dx

= a sec 2
(ax+b )

For the general function f (x ) ,

the derivative of y = sin (f (x ))  is
dy
dx = f ' (x ) cos (f ( )x )

the derivative of y = cos (f (x )) is
dy
dx =− f ' (x ) sin (f (x) )

the derivative of y = tan (f (x ) )  is
dy
dx

= f ' (x ) sec 2
(f (x ) )

These last three results can bederivedusing the chain rule

Forcalculus with trigonometric functions anglesmust bemeasured in radians

Ensureyou knowhow tochange the angle mode on your GDC

Exam Tip

As soon as you seea question involving differentiation and trigonometryput

your GDC into radians mode


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Worked Example

a)

Find f '(x)  for the functions

i. f (x)=sin x
ii. f (x)=cos(5x+1)

b)  A curve has equation y= tan ⎛
⎜

⎝
6x2−

π
4

⎞
⎟

⎠
.

Find the gradient of the tangent to the curve at the point where x= π
2 .

Give your answeras an exactvalue.


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Differentiatinge^x& lnx

How do I differentiate exponentials and logarithms?

The derivative of y=ex  is 
dy
dx =ex  where x∈ℝ

The derivative of  y= ln x  is 
dy
dx =

1
x  where  x>0

For the linear function  ax+b , where a  and b  are constants,

the derivative of  y=e (ax+b )  is 
dy
dx =ae (ax+b )

the derivative of  y = ln (ax+b )  is 
dy
dx =

a
(ax+b )

in the special case  b=0, 
dy
dx =

1
x     (a 's cancel)

For the general function  f (x ) ,

the derivative of  y = ef (x )  is 
dy
dx = f ' (x ) ef (x )

the derivative of  y = ln (f (x ) )  is 
dy
dx =

f ' (x )

f (x )

The last two sets of results can bederivedusing the chain rule

Exam Tip

Remember toavoid the commonmistakes:

the derivative of ln kx  with respect to x  is
1
x , NOT

k
x

the derivative of ekx  with respect to x  is kekx , NOT kxekx−1



www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

A curve has the equation y=e−3x+1+2ln 5x .

Find the gradient of the curve at the point where x=2  gving your answer in the form

y=a+bec , where a, b and c are integers to be found.


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ChainRule

What is the chain rule?

The chain rule states if y is a function of u and u  is a function of x  then

y= f (u (x) )

dy
dx =

dy
du ×

du
dx

This isgiven in the formula booklet

In functionnotation this couldbewritten

y= f (g (x) )

dy
dx = f '(g (x) )g'(x)

How do I know when to use the chain rule?

The chain rule is usedwhenwe are trying todifferentiatecompositefunctions

“function ofa function”

these can be identified as the variable (usually x ) does not ‘appear alone’

sin x  – not a composite function, x  ‘appears alone’

sin(3x+2) is a composite function; x  is tripled and has 2 added to it before the

sine function is applied

How do I use the chain rule?

STEP 1

Identify the two functions

Rewrite y  as a function of u ; y= f (u)

Write u as a function of x ;  u=g (x)

STEP2

Differentiate y  with respect to u  to get
dy
du

Differentiate u  with respect to x  to get
du
dx

STEP3

Obtain
dy
dx by applying the formula

dy
dx =

dy
du ×

du
dx and substitute u  back in for g (x)

In trickierproblems chain rule may have tobeappliedmore than once

Are there any standard results for using chain rule?

There arefive general results that can beuseful

If y= (f ( )x )
n  then

dy
dx =nf ' (x)f (x)

n−1
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If y=e f (x)  then
dy
dx = f ' (x)e f (x)

If y= ln(f ( )x )  then
dy
dx =

f ' (x)

f (x)

If y= sin (f ( )x )  then
dy
dx = f ' (x)cos (f ( )x )

If y=cos (f ( )x )  then
dy
dx =−f ' (x)sin (f ( )x )

Exam Tip

You shouldaimtobeable tospot and carry out the chain rulementally (rather

than use substitution)

every time youuse it, say it toyourself in your head

“differentiate the first function ignoring the second, then multiplyby the

derivative of the second function"


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Worked Example

a)

Find the derivative of y= (x2−5x+7)
7.

b)

Find the derivative of y=sin(e2x
) .


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Product Rule

What is the product rule?

The product rule states if y is the product of two functions u (x)  and v (x)  then

y=uv

dy
dx =u

dv
dx +v

du
dx

This isgiven in the formula booklet

In functionnotation this couldbewritten as

y= f (x)g (x)

dy
dx = f (x)g' (x)+g (x)f ' (x)

‘Dash notation’ may beusedas a shorterway ofwriting the rule

y=uv
y' =uv'+vu'

Final answers shouldmatch the notationused throughout the question

How do I know when to use the product rule?

The product rule is usedwhenwe are trying todifferentiate the product of two functions

these can easily beconfusedwith composite functions (seechain rule)

sin(cos x)  is a composite function, “sinof cos of x ”

sin xcos x  is a product, “sin x times cos x ”

How do I use the product rule?

Make it clear what u, v, u' and v' are
arranging them in a squarecan help

opposite diagonalsmatch up

STEP 1

Identify the two functions, u and v
Differentiate both u  and v  with respect to x  to find u'  and v'

STEP2

Obtain 
dy
dx  by applying the product rule formula

dy
dx =u

dv
dx +v

du
dx

Simplify the answer ifstraightforward todoso or if the question requires a particular form

In trickier problems chain rule may have to be used when finding u' and v'
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Exam Tip

Use u, v, u' and v' for the elements of product rule

lay themout in a 'square' (imagine a 2x2 grid)

those that are paired together are then on opposite diagonals (u  and v', v
 and u')

For trickier functions chain rulemay be reuqired inside product rule

i.e.  chain rule may be needed to differentiate u  and v

Worked Example

a)   Find the derivative of y=exsin x.

b) Find the derivative of y=5x2 cos 3x2.




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QuotientRule

What is the quotient rule?

The quotient rule states if y is the quotient 
u (x)

v (x)

then

y=
u
v

dy
dx =

v
du
dx −u

dv
dx

v 2

This isgiven in the formula booklet

In functionnotation this couldbewritten

y=
f (x)

g (x)

dy
dx =

g (x)f ' (x)−f (x)g' (x)

⎡
⎢
⎣g (x)

⎤
⎥
⎦

2

Aswith product rule, ‘dash notation’ may beused

y=
u
v

y'=
vu'−uv'

v2

Final answers shouldmatch the notationused throughout the question

How do I know when to use the quotient rule?

The quotient rule is usedwhen trying todifferentiatea fraction where both the numerator

and denominator are functions of x
if the numerator is a constant, negativepowers can beused

if the denominator is a constant, treat itas a factorof the expression

How do I use the quotient rule?

Make it clear what u, v, u' and v' are
arranging them in a squarecan help

opposite diagonalsmatch up (like theydo for product rule)

STEP 1

Identify the two functions, u and v
Differentiate both u  and v  with respect to x  to find u'  and v'

STEP2

Obtain
dy
dx  by applying the quotient rule formula

dy
dx =

v
du
dx −u

dv
dx

v2
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Be careful using the formula – because of the minus sign in the numerator, the orderof the

functions is important

Simplify the answer ifstraightforwardor if the question requires a particular form

In trickier problems chain rule may have to be used when finding u' and v',

Exam Tip

Use u, v, u' and v' for the elements of quotient rule

lay themout in a 'square' (imagine a 2x2 grid)

those that are paired together are then on opposite diagonals (v  and u',  u
 and v')

Look out for functions of the form y= f (x) (g (x) )
−1

These can bedifferentiated using a combinationofchain rule and product

rule

(itwouldbegoodpractice to try!)

... but itcan also beseen as a quotient rulequestion indisguise 

... and vice versa!

A quotient couldbeseen as a productby rewriting the denominator as 

(g (x) )
−1


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Worked Example

Differentiate f (x)=
cos 2x
3x+2  with respect to x .


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SecondOrder Derivatives

What is the second orderderivativeof a function?

If youdifferentiate the derivative ofa function (i.e.differentiate the function a second

time) youget the second orderderivative of the function

There are two forms ofnotation for the secondorderderivative

y= f (x)

dy
dx = f'(x)  (First order derivative)

d2y
dx2 = f''(x)      (Second order derivative)

Note the position of the superscript 2’s

differentiating twice (so d2 ) with respect to x twice (so x2)

The secondorderderivative can be referred tosimply as the second derivative

Similarly, the first orderderivative can be just the first derivative

A first orderderivative is the rate ofchange ofa function

a secondorderderivative is the rate ofchange of the rate ofchange ofa function

i.e. the rate ofchange of the function’sgradient

Secondorderderivatives can beused to

test for local minimum and maximum points

help determine the natureofstationarypoints

help determine the concavity ofa function

graphderivatives

How do I find a second orderderivativeof a function?

By differentiating twice!

Thismay involve

rewriting fractions, roots, etc as negative and/or fractional powers

differentiating trigonometric functions, exponentials and logarithms

using chain rule

using product orquotient rule

Exam Tip

Negative and/or fractional powers can cause problems when finding second

derivatives so work carefully througheach term


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Worked Example

Given that f (x)=4− x +
3
x

a)

Find f'(x)  and f''(x) .

b)

Evaluate f''(3) .

Give your answer in the form a b , where b  is an integer and a  is a rational number.


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Higher Order Derivatives

What is meant by higher orderderivatives of a function?

Many functions can bedifferentiated numerous times

The third, fourth, fifth, etc derivatives ofa function aregenerally calledhigher order

derivatives

It may notbepossible, orpractical to (algebraically)differentiatecomplicated functions

more than onceor twice

Polynomials will,eventually, have higherorder derivatives of zero

Sincepowers ofx reduceby 1 each time

What is the notation for higher orderderivatives?

The notation for higherorder derivatives follows the logic from the first and second

derivatives

f (n)
(x)    or  

dny
dxn

except the ‘dash’ (prime) notation is replaced with numbers as thiswouldbecome cumbersome

after the first few

e.g. the fifth derivative wouldbe

f (5)
(x)     or  

d5y
dx5

How do I find a higher orderderivativeof a function?

By differentiating as many times as required!

Thismay involve

rewriting fractions, roots, etc as negative and/or fractional powers

differentiating trigonometric functions, exponentials and logarithms

using chain rule

using productorquotient rule

Exam Tip

If you are required toevaluatea higherorder derivative at a specific point your

GDC can help

Typically aGDC will only work out the first and second derivative directly

from the original function

But, ifyouwanted the fourth derivative, say, youonlyneed differentiate

twice algebraically, thencall this the ‘original’ function on your GDC


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Worked Example

It is given that  f (x)= sin 2x .

a)

Show that  f 4
(x)=16f (x) .

b)

Without further working, write down an expression for  f 8
(x) .


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StationaryPoints& Turning Points

What is thedifferencebetweena stationary point anda turningpoint?

A stationary point is a point at which the gradient function is equal to zero

The tangent to the curve of the function is horizontal

A turningpoint is a typeofstationarypoint,but in addition the functionchanges from

increasing todecreasing, orviceversa

The curve ‘turns’ from ‘goingupwards’ to ‘goingdownwards’ orviceversa

Turningpoints will eitherbe (local) minimum ormaximum points

A pointof inflectioncould also bea stationary pointbut is not a turning point

Howdo I find stationary points and turningpoints?

For the function y= f (x) , stationary points can be found using the following process

STEP 1

Find the gradient function,
dy
dx = f '(x)

STEP2

Solve the equation f '(x)=0  to find the x-coordiante(s) of any stationary points

STEP3

If the y -coordaintes of the stationary points are also required then substitute the x-

coordinate(s) into f (x)

A GDC will solve f '(x)=0 and most will find the coordinates of turning points (minimum

and maximum points) ingraphing mode

www.exampaperspractice.co.uk

5.2.4 Further Applications of Differentiation

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Testing for LocalMinimum& MaximumPoints

What are local minimum andmaximum points?

Local minimum and maximum points are two types ofstationary point

The gradient function (derivative) at suchpoints equals zero

i.e.  f '(x)=0
A local minimum point, (x, f (x) ) will be the lowest value of f (x)  in the local vicinity of the

value of x
The function may reach a lower value furtherafield

Similarly, a local maximum point, (x, f (x) ) will be the lowest value of f (x) in the local

vicinity of the value of x
The function may reach a greater value furtherafield

The graphs of many functions tend to infinity for large values of x
(and/or minus infinity for large negative values of x )

The nature ofa stationarypoint refers towhether it is a local minimum point,a local

maximum point ora point of inflection

A global minimum point would represent the lowest value of f (x) for all values of x
similar for a global maximum point

Howdo I find local minimum & maximum points?

The nature ofa stationary pointcan bedeterminedusing the first derivative but it is

usually quicker and easier touse the second derivative

only incaseswhen the second derivative is zero is the first derivative methodneeded

For the function f (x) …

STEP 1

Find f '(x)  and solve f '(x)=0 to find the x -coordinates of any stationary points

STEP2 (Second derivative)

Find f ''(x) and evaluate it at each of the stationary points found in STEP 1

STEP3 (Second derivative)

If f ''(x)=0 then the nature of the stationary point cannot be determined; use the first

derivative method (STEP4)

If f ''(x) >0  then the curve of the graph of y= f (x)  is concave up and the stationary

point is a local minimum point

If f ''(x) <0  then the curve of the graph of y= f (x)  is concave down and the

stationarypoint is a local maximum point

STEP4 (First derivative)

Find the sign of the first derivative just either side of the stationarypoint; i.e.evaluate

f '(x−h)  and f '(x+h)  for small h

A local minimum pointchanges the function fromdecreasing to increasing

the gradient changes fromnegative topositive

f '(x−h) <0, f '(x)=0, f '(x+h) >0
A local maximum pointchanges the function from increasing todecreasing
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the gradient changes frompositive tonegative

A stationarypointof inflection results from the function either increasingordecreasing

onboth sidesof the stationarypoint

the gradient does not change sign

f '(x−h) >0, f '(x+h) >0   or   f '(x−h) <0, f '(x+h) <0
a point of inflection does not necessarily have f '(x)=0

thismethodwill only find those that do- and areoften calledhorizontal points of

inflection
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Exam Tip

Exam questions may use the phrase “classify turning points” instead of “find

the natureof turning points”

Using your GDC tosketch the curve is a valid test for the natureofa stationary

point in an exam unless the question says "show that..." orasks for an algebraic

method

Even if required toshowa full algebraicsolution youcan still use your GDC to tell

youwhat you’re aiming for and tocheck your work


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Worked Example

Find the coordinates and the natureofany stationarypoints on the graphof

y= f (x) where f (x)=2x3−3x2−36x+25.


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Concavity of a Function

What is concavity?

Concavity is the way inwhich a curve (orsurface) bends

Mathematically,

a curve is CONCAVEDOWN if f ''(x) <0 for all values of x  in an interval

a curve is CONCAVE UP if f ''(x) >0 for all values of x in an interval

Exam Tip

In an exam an easy way to remember the difference is:

Concave down is the shapeof (the mouthof) a sad smiley☹︎

Concave up is the shapeof (the mouthof) a happy smiley ☺︎


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Worked Example

 The function f (x)  is given by f (x)=x3−3x+2.

a)

Determine whether the curve of the graph of y= f (x)  is concave down or concave

up at the points where x=−2 and x=2.

b)

Find the values of x  for which the curve of the graph y= f (x)  of is concave up.


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Pointsof Inflection

What is a point of inflection?

A point at which the curve of the graph of y= f (x)  changes concavity is a point of

inflection

The alternative spelling, inflexion, may sometimesbeused

What are theconditions fora point of inflection?

A point of inflection requiresBOTH of the following two conditions tohold

the second derivative is zero

f ''(x)=0

AND

the graph of y= f (x)  changes concavity

f ''(x)  changes sign through a point of inflection

It is important tounderstand that the first condition is not sufficient on its own to locatea

point of inflection

points where f ''(x)=0  could be local minimum or maximum points

the first derivative test wouldbeneeded

However, if it is already known f (x)  has a point of inflection at x=a , say, then

f ''(a)=0

What about thefirst derivative, like with turningpoints?

A pointof inflection, unlikea turning point,does notnecessarilyhave tohave a first

derivative value of 0 ( f '(x)=0  )

If itdoes, it is also a stationarypoint and is often calleda horizontal pointof inflection

the tangent to the curve at this point wouldbehorizontal
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The normal distribution is an example ofa commonlyusedfunction that has a graph

with two non-stationarypoints of inflection

Howdo I find thecoordinates of a point of inflection?

For the function f (x)

STEP 1

Differentiate f (x) twice to find f ''(x)  and solve f ''(x)=0 to find the x -coordinates of

possiblepoints of inflection

STEP2  

Use the second derivative to test the concavity of f (x) either side of x=a

If f ''(x) <0  then f (x)  is concave down

If f ''(x) >0  then f (x)  is concave up

If concavity changes, x=a  is a point of inflection

STEP3

If required, the y -coordinate of a point of inflection can be found by substituting the x-

coordinate into f (x)

Exam Tip

You can find the x-coordinates of the point of inflections of  y= f (x)  by

drawing the graph  y= f '(x)  and finding the x-coordinates of any local

maximum or local minimum points

Another way is to draw the graph  y= f ''(x)  and find the x-coordinates of the

pointswhere the graph crosses (not just touches) the x-axis


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Worked Example

Find the coordinates of the point of inflectionon the graphof

y=2x3−18x2+24x+5.

Fully justify that your answer is a point of inflection.


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Derivatives & Graphs

How are derivatives and graphs connected?

If the graph of a function y= f (x)  is known, or can be sketched, then it is also possible to

sketch the graphs of the derivatives y= f '(x) and y= f ''(x)

The key properties ofa graph include

the y -axis intercept

the x -axis intercepts – the roots of the function; where f (x)=0
stationary points; where f '(x)=0

turning points – (local)minimum and maximum points

(horizontal)points of inflection

(non-stationary, f'(x)≠0) points of inflection

asymptotes – vertical and horizontal

intervalswhere the graph is increasingand decreasing

intervalswhere the graph is concave down and concave up

Not all graphs have all of these properties and not all can bedeterminedwithout knowing

the expression of the function

Howeverquestions will provide enough information tosketch

the shape of the graph

some of the keyproperties such as roots or turningpoints

How do I sketch the graph ofy = f'(x) from the graph ofy = f(x)?

The graph of y= f '(x) will have its

x -axis intercepts at the x-coordinates of the stationary points of y= f (x)

turning points at the x -coordinates of the  points of inflection of y= f (x)

For intervals where y= f (x) is concave up, y= f '(x)  will be increasing

For intervals where y= f (x) is concave down , y= f '(x) will be decreasing

For intervals where y= f (x) is increasing, y= f '(x) will be positive

For intervals where y= f (x) is decreasing, y= f '(x) will be negative

How do I sketch the graph ofy = f''(x) from the graph ofy = f(x)?

First sketch the graph of y= f '(x) from y= f (x) , as per the above process

Then, using the same process, sketch the graph of y= f ''(x) from the graph of y= f '(x)

There are a couple of things you can deduce about the graph of y= f ''(x) directly from the

graph of y= f (x)

The graph of  y= f ''(x)  will have its x -axis intercepts at the x -coordinates of the

points of inflection of  y= f (x)

For intervals where y= f (x) is concave up, y= f ''(x) will be positive

For intervals where y= f (x) is concave down, y= f ''(x) will benegative
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Is it possible to sketch the graph ofy = f(x) from the graph of a derivative?

It is possible to sketch a graph of y= f (x)  by considering the reverse of the above

For intervals where y= f '(x) is positive, y= f (x) will be increasing but is not

necessarilypositive

For intervals where y= f '(x) is negative, y= f (x) will be decreasing but is not

necessarilynegative

Roots of y= f '(x) give the x -coordinates of the stationary points of y= f (x)

There are some properties of the graph of y= f (x) that cannot be determined from the

graph of y= f '(x)

the y -axis intercept

the intervals for which y= f (x) is positive and negative

the roots of y= f (x)

Unless a specific point the curve passes through is known, the constantof integration

cannotbedetermined

the exact locationof the curve will remain unknown

but itwill still bepossible tosketch its shape
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Head to savemyexams.co.uk for more awesome resources

If starting from the graph of the second derivative, y= f ''(x) , it is easier to sketch the

graph of y= f '(x) first, then sketch y= f (x)
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Worked Example

The graph of y= f (x)  is shown in the diagram below.

On separate diagrams sketch the graphs of y= f '(x)  and y= f ''(x) , labelling any

roots and turning points.


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Introduction to Integration

What is integration?

Integration is the opposite todifferentiation

Integration is referred toas antidifferentiation

The resultof integration is referred toas the antiderivative

Integration is the process offinding the expression ofa function (antiderivative) froman

expression of the derivative (gradient function)

What is the notation for integration?

An integral is normally written in the form

∫f (x) dx

the large operator ∫means “integrate”

“dx ” indicates which variable to integrate with respect to

f (x)  is the function to be integrated (sometimes called the integrand)

The antiderivative is sometimes denoted by F(x)

there’s then no need to keep writing the whole integral; refer to it as F(x)

F(x)  may also be called the indefinite integral of f (x)

What is the constant of integration?

Recall one of the special cases fromDifferentiatingPowers of x

If f (x)=a then f '(x)=0
Thismeans that integrating 0 will producea constant term in the antiderivative

a zero termwouldn’tbewritten as partofa function

every function, when integrated,potentially has a constant term

This is called the constant of integration and is usually denoted by the letter c
it is often referred to as “plus c”

Without more information it is impossible todeduce the value of this constant

there are endless antiderivatives, F(x) , for a function f (x)
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IntegratingPowersof x

How do I integrate powers ofx?

Powers of x  are integrated according to the following formulae:

If f (x)=xn then ∫f (x) dx=
xn+1

n+1 +c where n∈ℚ, n≠−1 and c is the constant

of integration

This isgiven in the formula booklet

If the power of x  is multiplied by a constant then the integral is also multiplied by that

constant

If f (x)=axn then ∫f (x) dx=
axn+1

n+1 +c where n∈ℚ, n≠−1 and a  is a constant

and c is the constant of integration

dy
dx  notation can still be used with integration

Note that the formulae above do not apply when x=−1 as this would lead to division by

zero

Remember the special case:

∫a dx=ax+c

e.g. ∫4 dx=4x+c
This allows constant terms tobe integrated

Functions involving roots will need to be rewritten as fractional powers of x first

eg. If f (x)=53 x then rewrite as f (x)=5x
1
3 and integrate

Functions involving fractions with denominators in terms of x will need to be rewritten as

negative powers of x first

e.g.  If f (x)=
4
x2 +x2 then rewrite as f (x)=4x−2+x2 and integrate  

The formulae for integrating powers of x apply to all rational numbers so it is possible to

integrate any expression that is a sum or difference of powers of x

e.g.  If f (x)=8x3−2x+4 then ∫f (x) dx=
8x3+1

3+1 −
2x1+1

1+1 +4x+c=2x4−x2+4x+c

Products and quotients cannotbe integrated thisway so wouldneed

expanding/simplifyingfirst

e.g.  If f (x)=8x2
(2x−3)  then

∫f (x) dx=∫ (16x3−24x2
) dx=

16x4

4 −
24x3

3 +c=4x4−8x3+c

What might I be asked to do once I’ve found the anti-derivative
(integrated)?

With more information the constant of integration, c, can be found
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The areaundera curve can befound using integration

Exam Tip

You can speedup the process of integration in the exam bycommitting the

pattern ofbasic integration tomemory

In general youcan think of itas 'raising the powerbyone and dividing by

the newpower'

Practice this lotsbeforeyour exam so that itcomes quickly and naturally

whendoing more complicated integrationquestions

Worked Example

Given that

dy
dx =3x4−2x2+3−

1
x

find an expression for y  in terms of x .




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Displacement, Velocity & Acceleration

What is kinematics?

Kinematics is the branchofmathematics that models and analyses the motionofobjects

Commonwords such as distance, speed and accelerationareused in kinematicsbut are

usedaccording to their technical definition

What definitions do I need to be aware of?

Firstly, onlymotion ofan object in a straight line is considered

this couldbea horizontal straight line

the positive direction wouldbe to the right

or this couldbea vertical straight line

the positive direction wouldbeupwards

Particle

A particle is the general term for an object

some questions may use a specific object such as a car ora ball

Time t seconds

Displacement, velocity and acceleration are all functions of time t
Initially time is zero t=0

Displacement s  m

The displacementofa particle is its distance relative toa fixedpoint

the fixed point is often (but notalways) the particle’s initial position

Displacement will be zero s=0 if the object is at or has returned to its initial position

Displacementwill benegative if its position relative to the fixedpoint is in the negative

direction (leftordown)

Distance d  m

Use of the word distance needs tobeconsideredcarefully and could refer to

the distance travelledbya particle

the (straight line) distance the particle is froma particular point

Be careful not toconfuse displacementwith distance

if a bus routestarts and ends at a bus depot, when the bus has returned to the depot,

its displacementwill bezero but the distance the bus has travelled will be the length of

the route

Distance is alwayspositive

Velocity  vm s-1
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The velocity of a particle is the rateof change of its displacement at time t
Velocity will be negative if the particle is moving in the negativedirection

A velocity of zero means the particle is stationary v=0

Speed 








v ms

Speed is the magnitude (a.k.a. absolutevalue ormodulus) ofvelocity

as the particle ismoving in a straight line, speed is the velocity ignoring the direction

if v=4, 







v =4
if v=−6, 








v =6

Acceleration a  m s

The acceleration of a particle is the rateof change of its velocity at time t
Accelerationcan benegative but this alone cannot fully describe the particle’smotion

ifvelocity and accelerationhave the samesign the particle is accelerating (speeding

up)

ifvelocity and accelerationhave different signs then the particle isdecelerating

(slowing down)

if acceleration is zero a=0  the particle is moving with constant velocity 

in all cases the directionofmotion isdeterminedby the signofvelocity

Are there any otherwords or phrases in kinematics I should know?

Certainwords and phrases can imply values ordirections in kinematics

a particle described as “at rest” means that its velocity is zero, v=0
a particledescribedas moving “dueeast” or “right” orwouldbemoving in the positive

horizontal direction

this also means that v> 0
a particle “dropped fromthe topof a cliff” or “down” wouldbemoving in the

negativevertical direction

this also means that v< 0

Whatare the key features of a velocity-timegraph?

The gradient of the graphequals the acceleration ofan object

A straight lineshows that the object is acceleratingat a constant rate

A horizontal line shows that the object ismoving at a constant velocity

The areabetween graph and the x-axis tells us the change indisplacementof the object

Graph above the x-axis means the object ismoving forwards

Graphbelow the x-axis means the object ismoving backwards

The total displacementof the object from its starting point is the sum of the areas above

the x-axis minus the sum of the areas below the x-axis

The total distance travelledby the object is the sum ofall the areas

If the graph touches the x-axis then the object is stationaryat that time

If the graph is above the x-axis then the objecthas positive velocity and is travelling

forwards

If the graph isbelow the x-axis then the objecthas negative velocity and is travelling

backwards

-1

-2
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Exam Tip

In an exam ifyou aregiven an expression for the velocity then sketching a

velocity-time graph can help visualise the problem


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Worked Example

A particle is projected vertically upwards fromground level, taking 8 seconds to

return to the ground.

The velocity-time graphbelow illustrates the motion of the particlefor these 8

seconds.

i)

Howmany secondsdoes the particle take to reach its maximum height?

Give a reason for your answer.

ii)

State, with a reason, whether the particle is accelerating ordecelerating at time

t=3.


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Limits

What are limits in mathematics?

Whenwe considera limit inmathematicswe lookat the tendencyofa mathematical

process as itapproaches, but neverquite reaches, an ‘end point’ofsome sort

Weuse a special limit notation to indicate this

For example lim
x→3

f ( )x  denotes ‘the limit of the function f(x) as x goes to (or

approaches) 3’

I.e., what value (if any) f(x)gets closerand closer toas x takes on values closerand

closer to3

Wearenotconcernedhere with what value (if any) f(x) takes when x is equal to3 –

only with the behaviour of f(x) as x gets close to3

The sum ofan infinite geometric sequence is a typeof limit

When you calculate S
∞

 for an infinite geometric sequence, what you are actually

finding is  lim
n→∞

Sn

I.e., what value (if any) the sum of the first n terms of the sequencegets closerand

closer toas the number of terms (n) goes to infinity

The sum never actually reaches S
∞

, but as more and more terms are included in

the sum itgets closerand closer to that value

In this sectionof the IB course we will beconsidering the limits of functions

Thismay includefinding the limit at a point where the function is undefined

For example, f (x)=
sinx

x is undefinedwhen x = 0, but we might want toknow

how the function behaves as x gets closerand closer to zero

Or itmay includefinding the limitofa function f(x) as x gets infinitely big in the positive

ornegative direction

For this type of limit we write lim
x→∞

f ( )x  or lim
x→−∞

f ( )x  (the first one can also be

written as lim
x→+∞

f ( )x  to distinguish it from the second one)

These sorts of limits areoften used tofind the asymptotesof the graphofa function

How do I find a simple limit?

STEP 1: To find  lim
x→a

f ( )x  begin by substituting a into the function f(x)

If f(a) existswith a well-definedvalue, then that is also the value of the limit

For example, for f (x)=
x−1

x we may find the limitas x approaches 3 like this:
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lim
x→3

f ( )x = lim
x→3

x−1
x =

3−1
3 =

2
3

In this case, is simply equal to f(3)

STEP2: If f(a) does notexist, itmay bepossible touse algebra tosimplify f(x) so that

substituting a into the simplifiedfunction gives a well-definedvalue

In that case, the well-definedvalue at x = a of the simplifiedversion of the function is

also the value of the limitof the function as x goes toa

For example, f (x)=
x2

x  is not defined at x = 0, but we may use algebra to find the limit

as x approaches zero:

lim
x→0

f ( )x = lim
x→0

x2

x = lim
x→0

x
1 ( )cancelling the x 's =

0
1 =0

Note that f (x)=
x2

x  and g (x)=x  are not the same function!

Theyareequal for all values ofx except zero

But for x = 0, g(0) = 0 while f(0) is undefined

However f(x)gets closerand closer to zeroas x gets closerand closer to zero

If neitherof these stepsgives a well-definedvalue for the limityoumay need toconsider

more advanced techniques toevaluate the limit

Forexample l’Hôpital’s Rule orusing Maclaurin series

How do I find a limit to infinity?

As x goes to+∞ or−∞ , a typical function f(x)may converge toa well-definedvalue,or it

may diverge to+∞ or−∞

Other behaviours are possible – for example lim
x→∞

sinx  is simply undefined, because

sin x continues tooscillatebetween 1 and -1as x gets largerand larger

There are two key results tobeusedhere:

lim
x→±∞

k
xn converges to 0 for all n >0 and all k∈ℝ

lim
x→+∞

xn diverges to +∞  for all n > 0

lim
x→−∞

xn  for n > 0 will need to be considered on a case-by-case basis, because of

the differing behaviour ofx for different values ofn when x is negative

STEP 1: If necessary, use algebra to rearrange the function intoa formwhere one or the

otherof the key results above may beapplied

STEP2:Use the key results above toevaluateyour limit

Forexample:

n
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lim
x→∞

3x2−2x+1
4x2−x+2

= lim
x→∞

3−
2
x +

1

x 2

4−
1
x +

2

x 2

=
3−0+0
4−0+0 =

3
4

Or:

lim
x→+∞

x2+5x−2
32x+3 = lim

x→+∞

x+5−
2
x

32+
3
x

=
( )+∞ +5−0

32+0 =+∞

I.e., the limitdiverges to+∞ (because 
x 2+5x−2

32x+3  it gets bigger and bigger without limit

as x getsbiggerand bigger)

Remember that neither
0
0  nor 

±∞
±∞

 has a well-defined value!

If you attempt toevaluatea limitand get one of these two forms, youwill need to try

another strategy

Thismay just mean different oradditional algebraic rearrangement

But itmay also mean that youneed toconsider using l’Hôpital’s Rule orMaclaurin

series toevaluate the limit

It is also worth remembering that if lim
x→∞

f ( )x =∞ , then lim
x→∞

k
f ( )x =0  for any non-zero 

k∈ℝ
This can beuseful for example whenevaluating the limits of functions containing

exponentials

lim
x→∞

epx=∞  for any p > 0, so we immediately have lim
x→∞

e−px= lim
x→∞

1
epx =0  for p

> 0

See the worked example below for a more involvedversion of this

Do limits ever have ‘directions’?

Yes theydo!

The notation lim
x→a+

f ( )x  means ‘the limit of f(x) as xapproaches a from above’

I.e., this is the limitas x comes ‘down’ towards a, onlyconsidering the function’s

behaviour for values ofx that aregreater than a

The notation lim
x→a−

f
(

x
)

 means ‘the limit of f(x) as xapproaches a from below’

I.e., this is the limitas x comes ‘up’ towards a, onlyconsidering the function’sbehaviour

for values ofx that are less than a

One place these sorts of limits appear is for functions definedpiecewise

In this case the limits ‘from above’and ‘from below’ may well bedifferent for values ofx

at which the different ‘pieces’ of the function are joined
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But also beawareofa situation like the following, where the limits fromabove and below

may also be different:

lim
x→0+

1
x =+∞  (because 

1
x >0  for x > 0, with

1
x  becoming bigger and bigger in the

positivedirection as x gets closerandcloser to zero ‘fromabove’)

lim
x→0−

1
x =+∞  (because 

1
x <0  for x < 0, with

1
x  becoming bigger and bigger in the

negative direction as x gets closerandcloser to zero ‘frombelow’)

The graph of y=
1
x  shows this limiting behaviour as x approaches zero from the two

different directions

www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

a)

Consider the function

f ( )x =
3−4x−5x4

2x4+x3+7 ,

find  lim
x→∞

f (x) .

b)

Consider the function 

g ( )x =

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

1−5x
x2 , x<5

x2−4x−6, x≥5

find (i)  lim
x→5−

g (x) , and (ii)  lim
x→5+

g (x) .

c)

Consider the function

h ( )x =
2e3x−3
4−5e3x

find  lim
x→∞

h (x) .


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Continuity& Differentiability

What does it mean for a function to be continuous at a point?

If a function is continuous at a point then the graphof the function does nothave any

‘holes’ orany sudden ‘leaps’ or ‘jumps’ at that point

One way to think about this is to imagine sketching the graph

So long as youcan sketch the graphwithout lifting your pencil from the paper,

then the function is continuous at all the points that your sketch goes through

But ifyouwouldhave to liftyour pencil off the paper at some point and continue

drawing the graph fromanotherpoint, then the function is notcontinuous at any

suchpointswhere the function ‘jumps’

There are two mainways a function can fail tobecontinuous at a point:
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If the function is notdefinedfor a particular value ofx then it is notcontinuous at that

value ofx

For example, f (x)=
1
x   is not continuous at x = 0

If the function isdefinedfor a particular value ofx,but then the value of the function

‘jumps’ as x moves away from that x value in the positive ornegative direction, then the

function is notcontinuous at that value ofx

This typeofdiscontinuity can occur in a piecewise function, for example, where

the different pieces of the function’sgraphdon’t ‘join up’

You can use limits toshow that a function is continuous at a point

Let f(x)bea function definedat x = a, such that f(a) = b

If lim
x→a−

f ( )x =b  and  lim
x→a+

f ( )x =b , then f(x) is continuous at x = a

If eitherof those limits is notequal tob, then f(x) is notcontinuous at x = a

This is a slightly more formal way ofexpressing the ‘youdon’thave to liftyour pencil

from the paper’ idea!

What does it mean for a function to be differentiable at a point?

Wesay that a function f(x) isdifferentiable at a point with x-coordinatex , if the derivative

f’(x) exists and has a well-definedvalue f’(x ) at that point

Tobedifferentiable at a point a function has tobecontinuous at that point

So if a function is notcontinuous at a point, then it is also notdifferentiable at that point

But continuity by itself does notguarantee differentiability

Thismeans that differentiability is a stronger condition than continuity

If a function isdifferentiable at a point, then the function is also continuous at that

point

But a function may becontinuous at a point without being differentiable at that point

Thismeans there arefunctions that arecontinuous everywhere but arenot

differentiable everywhere

In addition tobeing continuous a point,differentiabilityalso requires that the function be

smooth at that point

‘Smooth’ means that the graphof the function does nothave any ‘corners’ orsudden

changes ofdirection at the point

Anobvious example ofa function that is notsmooth at certainpoints is a modulus

function |f(x)| at any values ofx where f(x) changes sign frompositive tonegative
Atany suchpoint a modulus function will notbedifferentiable

0

0
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Exam Tip

On the exam youwill notusually beasked to test a function for continuity at a

point

You shouldhoweverbefamiliar with the basic ideas about continuity

outlinedabove

On the exam youwill notbeasked to test a function for differentiability at a

point

You shouldhoweverbefamiliar with the basic ideas about differentiability

and its relationshipwith continuity as outlinedabove


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Worked Example

Consider the function  f  defined by

f (x)=

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

x2−2x−1, x<3

2 x=3

x+2
2 , x>3

a)

use limits to show that  f  is not continuous at x=3.

b)

Hence explain why  f  cannot be differentiable at x=3.


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First Principles Differentiation

What is differentiation fromfirst principles?

Differentiation fromfirst principles uses the definitionof the derivative ofa function f(x)

The definition is

f '(x)= lim
h→0

f (x+h)− f (x)

h

lim
h→0

 means the 'limitas h tends to zero'

When h=0, 
f (x+h)− f (x)

h =
f (x)− f (x)

0 =
0
0  which is undefined

Instead we considerwhat happens as h gets closerand closer to zero

Differentiation fromfirst principlesmeans using that definition toshow what the

derivative ofa function is

The first principlesdefinition (formula) is in the formula booklet

How do I differentiate fromfirst principles?

STEP 1: Identify the function f(x) and substitute this into the first principles formula

e.g. Show, fromfirst principles, that the derivative of3x is 6x

f (x)=3x2  so f '(x)= lim
h→0

f (x+h)− f (x)

h = lim
h→0

3(x+h)
2− 3x2

h

STEP2:Expand f(x+h) in the numerator

f '(x)= lim
h→0

3(x2+2hx+h2
)−3x2

h

f '(x)= lim
h→0

3x2+6hx+3h2−3x2

h

STEP3:Simplify the numerator, factorise and cancel h with the denominator

f '(x)= lim
h→0

h (6x+3h)

h
STEP4:Evaluate the remaining expression as h tends to zero

f '(x)= lim
h→0

(6x+3h)=6x As h→0, (6x+3h)→ (6x+0)→6x

2
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∴ The derivative of 3x2  is 6x

Exam Tip

Most of the time youwill notuse first principles tofind the derivative ofa

function (there aremuchquicker ways!)

However, youcan beasked todemonstratedifferentiation fromfirst principles

Toget full marks makesureyou arearewriting lim h ->0 right up until the

concluding sentence!

Worked Example

Prove, from first principles, that the derivative of  5x3   is  15x2 .




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Aswith otherproblems in integration the results in this revision note may have further uses such

as

evaluating a definite integral

finding the constant of integration

finding areas under a curve,between a line and a curve orbetween two curves
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IntegratingwithReciprocalTrigonometricFunctions

cosec (cosecant,csc), sec (secant)and cot (cotangent)are the reciprocal functions ofsine,

cosine and tangent respectively.

What are the antiderivatives involving reciprocal trigonometric
functions?

∫ sec2 x dx= tan x+c

∫ sec x tan x dx=sec x+c

∫ cosec x cot x dx=−cosec x+c

∫ cosec2 x dx=−cot x+c

These arenot given in the formulabookletdirectly

theyare listed the otherway round as ‘standardderivatives’

becareful with the negatives in the last two results

and remember “+c” !

How do I integrate these if a linear functionofx is involved?

All integration rules couldapplyalongside the results above

The use of reverse chain rule is particularly common

For linear functions the following results can be useful

∫ sec( )ax+b tan( )ax+b dx=
1
a sec( )ax+b +c

∫ cosec( )ax+b cot( )ax+b dx=−
1
a cosec( )ax+b +c

∫ cot( )ax+b dx=−
1
a cosec2

( )ax+b +c

These arenot in the formulabooklet

theycan bededuced by spotting reverse chain rule

theyarenotessential to remember but can makeproblems easier

Exam Tip

Even ifyou think you have remembered these antiderivatives, always use the

formulabooklet todouble check

those squares, negatives and "1over"'s areeasy toget muddled up!

Remember touse 'adjust' and 'compensate' for reverse chain rulewhen

coefficients are involved


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Worked Example

The graph of y= f (x)  where f (x)=∫ 2sec2 5x dx  passes through the point

⎛
⎜

⎝

⎞
⎟

⎠

π
3 , 0 .

Show that 5y=2( )3+ tan 5x .


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Integratingwith Inverse TrigonometricFunctions

arcsin,arccos and arctan are (one-to-one) functions definedas the inverse functions ofsine,

cosine and tangent respectively.

What are the antiderivatives involving the inverse trigonometric
functions?

∫ 1

1−x2
dx=arcsin x+c

∫ 1
1+x2 dx=arctan x+c

Note that the antiderivative involving arccos x  would arise from

∫ −
1

1−x2
dx=arccos x+c

However, the negative can be treated as a coefficient of-1and so

∫ −
1

1−x2
dx=−∫ 1

1−x2
dx=−arcsin x+c

Similarly,

∫ 1

1−x2
dx=−∫ −

1

1−x2
dx=−arccos x+c

Unless a question requires otherwise, stick to the first two results

These are listed in the formulabooklet the other way round as ‘standard derivatives’

For the antiderivative involving arctan x , note that ( )1+x2  is the same as ( )x2+1

How do I integrate these expressions if the denominator is not in the
correct form?

Some problems involve integrands that lookvery similar to the above but the denominators

startwith a number other than one

denominators of the form a2± ( )bx 2  (with or without the square root!)

the integrand can be rewritten by taking a factor of a2

thismeans the denominatorwill start with 1

e.g. 9+4x2=9
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
1+

4
9 x2 =9

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
1+

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

2
3 x

2

2
3 x is a linear function of x , so use ‘adjust and compensate’

Another typeofproblem has a quadratic denominator

denominators of the form ax2+bx+c
a rearrangement of this ismore likelybut it is still quadratic

the integrand can be rewrittenbycompleting the square

e.g. 5−x2+4x=5− ( )x2+4x =5− ⎡
⎢
⎣

⎤
⎥
⎦

( )x+2 2−4 =9− ( )x+2 2

This can thenbedealtwith like the first typeofproblem above
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Exam Tip

Always start integrals involving the inverse trig functions by rewrtiting the

denominator into the correct form

Withorwithout the square root, the denominator shouldbeof the form

1± ⎡
⎢
⎣
g (x)

⎤
⎥
⎦

2

The numerator can bedealtwith afterwards using 'adjust' and

'compensate' ifnecessary


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Worked Example

a)  Find ∫ 1
9+4x2 dx .

b) Find ∫ 1

5−x2+4x
dx .


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IntegratingExponential & LogarithmicFunctions

Exponential functions have the general form y=ax .  Special case:  y=ex .

Logarithmic functions have the general form y= logax .  Special case:  y= logex= ln x .

What are the antiderivatives ofexponential and logarithmic functions?

Those involving the special cases have beenmetbefore

∫ ex dx=ex+c

∫ 1
x dx= ln |x | +c

These aregiven in the formulabooklet

Also

∫ ax dx=
1

ln a ax+c

This is also given in the formulabooklet

By reverse chain rule

∫ 1
xln a dx= loga |x | +c

This is not in the formulabooklet

There is also the reverse chain rule to lookout for

this occurswhen the numerator is (almost) the derivative of the denominator

∫ f '(x)

f (x)

dx= ln 







f (x) +c

How do I integrate exponentials and logarithms with a linear functionofx
involved?

In the case of linear functions of the form ax+b

∫ eax+b dx=
1
a eax+b+c

∫ 1
ax+b dx=

1
a ln 








ax+b +c

These arenot in the formulabooklet but can bederivedusing ‘adjust and compensate’

from reversechain rule

Exam Tip

Remember toalways use the modulus signs for logarithmic terms in the

antiderivative

Once it is deduced that  g (x)  in  ln |g (x)|  (say) is guaranteed to be

positive, the modulus signs can be replaced with brackets


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Worked Example

a)  Find ∫ 32x+4 dx .

b) Given
dy
dx =

5
1−7x  show that y=−

5
7 ln 








1−7x +c , where c  is a constant.


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Integration bySubstitution

What is integrationby substitution?

Integrationby substitution is usedwhen an integrand where reverse chain rule is either not

obvious or is notspotted

in the lattercase it is likea “back-up”methodfor reverse chain rule

How do I use integrationby substitution?

For instances where the substitution is notobvious itwill begiven in a question

e.g. Find ∫ cot x dx  using the substitution u=sin x

Substitutions are usually of the form u=g (x)

in some cases u2=g (x)  and other variations are more convenient

as these wouldnotbeobvious, they wouldbegiven in a question

if need be, this can be rearranged to find x  in terms of u
Integration by substitution then involves rewriting the integral, including “dx ” in terms of u

STEP 1

Name the integral tosave rewriting it later

Identify the given substitution u=g (x)

STEP 2

Find 
du
dx  and rearrange into the form f (u) du=g (x) dx  such that (some of) the integral can

be rewritten in terms of u

STEP3

If limits are involved, use u=g (x)  to change them from x  values to u  values 

STEP4

Rewrite the integral so everything is in terms of u  rather than x
This is the step when it may become apparent that x  is needed in terms of u

STEP5

Integrate with respect to u and either rewrite in terms of x  or apply the limits using their u
values

Forquotients the substitutionusually involves the denominator

It may benecessary touse ‘adjust and compensate’ todeal with any coefficients in the

integrand

Although 
du
dx  can be treated like a fraction it should be appreciated that this is a ‘shortcut’

and the maths behind it isbeyond the scopeof the IB course
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Exam Tip

If a substitution is notgiven in a question, it is usually because it is obvious

If youcan't seeanything obvious, oryou find that your choiceof

substitutiondoesn't reduce the integrand tosomething easy to integrate,

consider that itmay notbea substitutionquestion

Worked Example

Use the substitution u= ( )1+2x  to evaluate ∫
0

1
x ( )1+2x 7 dx .





www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Integration byParts

What is integrationby parts?

Integrationbyparts isgenerally used to integrate the productof two functions

however reverse chain ruleand/orsubstitution shouldbeconsideredfirst

e.g.∫ 2xcos( )x2 dx  can be solved using reverse chain rule or the substitution

u=x2

Integrationbyparts is essentially ‘reverse product rule’

whilst every productcan bedifferentiated,notevery productcan be integrated

(analytically)

What is the formula for integrationby parts?

∫ u
dv
dx dx=uv−∫ v

du
dx dx

This isgiven in the formulabooklet alongside its alternative form∫ u dv=uv−∫ v du

How do I use integrationby parts?

For a given integral u  and 
dv
dx  (rather than u  and v ) are assigned functions of x

Generally, the function that becomes simpler when differentiated should be assigned to u
There arevarious stages of integrating in thismethod

onlyone overall constant of integration (“+c”) is required

put this in at the last stageofworking

if it is a definite integral then “+c” is not requiredat all 

STEP 1

Name the integral if itdoesn’thave one already!

This saves having to rewrite it several times – I is often usedfor this purpose.

e.g. I=∫ xsin x dx

STEP2

Assign u  and 
dv
dx .

Differentiate u  to find 
du
dx  and integrate 

dv
dx  to find v

e.g.

u=x v=−cos x
du
dx =1

dv
dx =sin x

STEP3

Apply the integrationbyparts formula
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resources e.g. I = −x cosx −∫ − cosx dx

STEP4

Workout the second integral,∫ v
du
dx dx

Now includea “+c” (unless definite integration) 

e.g. I=−xcos x +sin x+c

STEP5

Simplify the answer ifpossibleorapply the limits for definite integration

e.g. I=sin x−xcos x+c

In trickierproblems other rules ofdifferentiation and integrationmay beneeded

chain, productorquotient rule

reverse chain rule, substitution

Can integrationby parts be usedwhen there is only a single function?

Some single functions (non-products) areawkward to integratedirectly

e.g. y= ln x , y=arcsin x , y=arccos x , y=arctan x
These can be integrated using parts however

rewrite as the product ‘1× f (x) ’ and choose u= f (x)  and 
dv
dx =1

1 is easy to integrateand the functions above have standardderivatives listed in the

formulabooklet

Exam Tip

If  ln x   or one of the inverse trig functions are one of the functions involved in

the product then these should be assigned to "u " when applying parts

They are (realtively) easy to differentiate (to find u') but are awkward to

integrate


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Worked Example

a)  Find ∫ 5xe3x dx .

b) Show that ∫ 8xln x dx=2x2
( )1+ ln x2 +c .


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Repeated Integration byParts

Whenwill I have to repeat integrationby parts?

In some problems, applying integrationby parts still leaves the second integral as a

product of two functions of x
integrationby parts will need tobeappliedagain to the second integral

This occurswhenone of the functions takes more than one derivative tobecome simple

enough tomake the second integral straightforward

These functions usually have the form x2g (x)

How do I apply integrationby parts more than once?

STEP 1

Name the integral if itdoesn’thave one already!

STEP2

Assign u  and 
dv
dx .  Find 

du
dx  and v

STEP3

Apply the integrationby parts formula

STEP4

Repeat STEPS2 and 3 for the second integral

STEP5

Workout the second integral and includea “+c” ifnecessary

STEP6

Simplify the answerorapply limits

What if neither functionneverbecomes simplerwhendifferentiating?

It is possible that integrationby parts will end up in a seemingly endless loop

consider the product exsin x
the derivative of ex  is ex

no matter how many times a function involving ex  is differentiated, it will still

involve ex

the derivative of sin x  is cos x
cos x  would then have derivative −sin x , and so on

no matter how many times a function involving sin x  or cos x  is differentiated, it

will still involve sin x  or cos x
This loopcan be trappedby spotting when the second integral becomes identical to (ora

multipleof) the original integral

naming the original integral (I ) at the start helps

I  then appears twice in integration by parts

e.g. I=g (x)− I
where g (x)  are parts of the integral not requiring further work

It is then straightforward to rearrangeand solve the problem
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e.g. 2I=g (x)+c

I=
1
2 g (x)+c
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Worked Example

a)  Find ∫ x2cos x dx .

b) Find ∫ exsin x dx .


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IntegratingwithPartial Fractions

What are partial fractions?

Partial fractions arise when a quotient is rewritten as the sumof fractions

The process is the opposite ofadding orsubtracting fractions

Eachpartial fraction has a denominator which is a linear factorof the quotient’s

denominator

e.g.  A quotient with a denominator of x2+4x+3
factorises to ( )x+1 ( )x+3
so the quotient will split into two partial fractions

one with the (linear) denominator ( )x+1
one with the (linear) denominator ( )x+3

How do I know when to use partial fractions in integration?

For this course, the denominators of the quotient will beofquadratic form

i.e. f (x)=ax2+bx+c

check tosee if the quotient can bewritten in the form
f '(x)

f (x)

in this case, reverse chain ruleapplies

If the denominator does not factorise then the inverse trigonometric functions are

involved

How do I integrate using partial fractions? 

STEP 1

Write the quotient in the integrand as the sum ofpartial fractions

This involves factorising the denominator, writing itas an identity of two partial fractions

and using values of x  to find their numerators

e.g. I=∫ 1
x2+4x+3

dx=∫ 1
( )x+1 ( )x+3 dx=

1
2∫

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

1
x+1 −

1
x+3 dx

STEP2

Integrateeachpartial fraction leading toan expression involving the sum ofnatural

logarithms

e.g. I=
1
2∫

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

1
x+1 −

1
x+3 dx=

1
2

⎡
⎢
⎣

⎤
⎥
⎦

ln 







x+1 − ln 







x+3 +c

STEP3

Use the laws of logarithms tosimplify the expression and/orapply the limits

(Simplifying first may makeapplying the limits easier)

e.g. I=
1
2 ln

















x+1
x+3 +c

By rewriting the constant of integration as a logarithm (c= ln k , say) it is possible to write

the final answeras a single term
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e.g. I=
1
2 ln

















x+1
x+3 + ln k= ln

















x+1
x+3 + ln k= ln

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠
k

















x+1
x+3

Exam Tip

Always check tosee if the numerator can bewritten as the derivative of the

denominator

If so then it is reverse chain rule, notpartial fractions

Use the number ofmarks a question isworth tohelp judge howmuchwork

shouldbe involved

Worked Example

Find ∫ 3x+1
x2+3x−10

dx .




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Area Between Curve & y-axis

What is meant by the area between a curveand the y-axis?

The area referred to is the regionbounded by

the graph of y= f (x)

the y -axis

the horizontal line y=a
the horizontal line y=b

The exactarea can befound by evaluating a definite integral

The graph of y= f (x)  could be a straight line

using basicshapearea formulae may be easier than integration

e.g. area of a trapezium: A=
1
2 h ( )a+b

How do I find the area between a curveand the y-axis?

Use the formula

A=∫
a

b








x dx

This isgiven in the formulabooklet

The function is normally given in the form y= f (x)

so will need rearranging into the form x=g (y)

a  and b  may not be given directly as could involve the x -axis (y=0) and/or a root of 

x=g (y)
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use a GDC toplot the curve, sketch itand highlight the area tohelp

STEP 1

Identify the limits a  and b
Sketch the graph of y= f (x)  or use a GDC to do so, especially if a  and b  are not given

directly in the question

STEP2

Rearrange y= f (x)  into the form x=g (y)

This is similar to finding the inverse function f −1
(x)

STEP3

Evaluate the formula toevaluate the integral and find the area required

If using a GDC remember to include the modulus ( | … | ) symbols around x

In trickierproblems some (orall) of the area may be ‘negative’

this will be any area that is left of the y -axis (negative x-values)

|x | makes such areas ‘positive’

a GDC will apply ‘|x |’ automatically as long as the | … | are included

otherwise, to apply ‘|x |’, split the integral into positive and negative parts; write an

integral and evaluateeachpart separately and add the modulus ofeachpart

together togive the total area

Exam Tip

Longer problems may require you to rotate an area around both the x -axis and

the y -aixs

Sketch and/oruse your GDC tohelp visualise what the problem looks like


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Worked Example

Find the area enclosed by the curve with equation y=2+ x+4 , the y -axis and

the horizontal lines with equations y=3  and y=6.


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Volumes of Revolution Around x-axis

What is a volume of revolution around the x-axis?

A solid of revolution is formed when an area bounded by a function y= f (x)

(and other boundary equations) is rotated 2π  radians (360°)  around the x-axis

The volume of revolution is the volume of this solid

Be careful – the ’front’and ‘back’ of this solidareflat

they were created fromstraight (vertical) lines

3D sketches can bemisleading

How do I solveproblems involving the volume of revolution around x-
axis?

Use the formula

V=π∫
a

b
y2 dx

This isgiven in the formulabooklet

y  is a function of x
x=a  and x=b  are the equations of the (vertical) lines bounding the area

If x=a  and x=b  are not stated in a question, the boundaries could involve the y-axis (

x=0) and/or a root of y= f (x)

Use a GDC toplot the curve, sketch itand highlight the area tohelp

Visualising the solidcreated is helpful

Try sketching some functions and their solids of revolution tohelp

STEP 1

Identify the limits a  and b
Sketching the graph of y= f (x)  or using a GDC to do so is helpful, especially when a  and b
arenotgivendirectly in the question

STEP2

Square y

STEP3

Use the formula toevaluate the integral and find the volume of revolution

An answermay be required inexact form

Exam Tip

If the given function involves a square root(s), problems can seem quite

daunting

However, this is often deliberate, as the square rootwill besquared when

applying the Volume ofRevolution formula, and should leave the integrand

as something more manageable

Whethera diagram isgivenornot, using your GDC toplot the curve, limits, etc

(where possible) can help you tovisualise and makeprogress with problems


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Worked Example

Find the volume of the solidof revolution formedby rotating the regionbounded by

the graph of y= 3x2+2 , the coordinate axes and the line x=3  by 2π  radians

around the x -axis.  Give your answer as an exact multiple of π .


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Volumes of Revolution Around y-axis

What is a volume of revolution around the y-axis?

Very similar toabove, this is a solid of revolutionwhich is formedwhen an areabounded by

a function y= f (x)  (and other boundary equations) is rotated 2π  radians (360°)  around

the y -axis

The volume of revolution is the volume of this solid

How do I solveproblems involving the volume of revolution around y-
axis?

Use the formula

V=π∫
a

b
x2 dy

This isgiven in the formulabooklet

The function is usually given in the form y= f (x)

so will need rearranging into the form x=g (y)

a  and b  may not be given directly as could involve the x -axis (y=0) and/or a root of 

x=g (y)

Use a GDC toplot the curve, sketch itand highlight the area tohelp

Visualising the solidcreated is helpful

STEP 1

Identify the limits a  and b
Sketching the graph of y= f (x)  or using a GDC to do so is helpful, especially if a  and b  are

notgivendirectly in the question

STEP2

Rearrange y= f (x)  into the form x=g (y)

This is similar to finding the inverse function f −1
(x)

STEP3

Square x

STEP4

Use the formula toevaluate the integral and find the volume of revolution

An answermay be required inexact form

Exam Tip

If the given function involves a square root, problems can seem quite daunting

This is often deliberate, as the square rootwill besquared when applying

the Volume ofRevolution formula and the integrand will thenbecome more

manageable

Whethera diagram isgivenornot, using your GDC toplot the curve, limits, etc

(where possible) can help you tovisualise the problem and makeprogress


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Worked Example

Find the volume of the solidof revolution formedby rotating the regionbounded by

the graph of y=arcsin ( )2x+1  and the coordinate axes by 2π radians around the 

y -axis.  Give your answer to three significant figures.


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The volume of the solid of revolution formed by rotating an area through 2π radians around the 

x -axis is V=π∫
a

b
y2 dx , and for the y -axis is V=π∫

a

b
x2 dy . These are both given in the

formulabooklet.
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Adding& SubtractingVolumes

Whenwould volumesof revolutionneed to be addedor subtracted?

The ‘curve’ boundary of an area may consist of more thanone function of x
Forexample

the ‘curve’ boundary from x=0  to x=3 is y= f (x)

the ‘curve’ boundary from x=3  to x=6 is y=g (x)

So the total volume would be V=π∫
0

3
⎡
⎢
⎣

⎤
⎥
⎦

f (x)
2 dx+π∫

3

6
⎡
⎢
⎣

⎤
⎥
⎦

g (x)
2 dx

The solidof revolutionmay have a ‘hole’ in it

e.g.a ‘toilet roll’ shapewouldbe the differenceof two cylindrical volumes

How do I know whether to add or subtract volumesof revolution?

When the area to be rotated around the x -axis has more than one function defining its

boundary itcan be trickier to tell whether toadd orsubtract volumesof revolution

It will depend on the nature of the functions and their points of intersection

With help froma GDC, sketch the graphof the functions and highlight the area

required

How do I solveproblems involving adding or subtracting volumesof
revolution?

Visualising the solidcreated becomes increasingly useful (but also trickier) for shapes

generated by separatevolumes of revolution

Continue trying tosketch the functions and their solids of revolution tohelp

STEP 1

Identify the functions (y= f (x), y=g (x), . . .)  involved in generating the volume

Determine whether the separatevolumeswill need tobeaddedorsubtracted

Identify the limits for each volume involved

Sketching the graphs of y= f (x)  and y=g (x) , or using a GDC to do so, is helpful,

especially when the limits arenotgivendirectly in the question

STEP2

Square y  for all functions (
⎡
⎢
⎣

⎤
⎥
⎦

f (x)
2, ⎡

⎢
⎣

⎤
⎥
⎦

g (x)
2, . . .)

This step is notessential if a GDC can beused tocalculate integrals and an exactanswer is

not required.

STEP3

Use the appropriatevolume of revolution formula for eachpart, evaluate the definite

integral and addorsubtractas necessary

The answermay be required inexact form

Exam Tip

A sketch of the graph, limits, etc is always helpful, whetherone has beengiven

in the questionornot

Use your GDC where possible


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Worked Example

Find the volume of revolutionof the solid formedby rotating the regionenclosedby

the positive coordinate axes and the graphs of y=2x  and y=4−2x  by 2π radians

around the x -axis.  Give your answer to three significant figures.


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Modelling withVolumes of Revolution

What is meant by modelling volumesof revolution?

Many everyday objects such as buckets, beakers, vases and lamp shades can bemodelled

as a solidof revolution

The volume of revolutionof the solidcan thenbecalculated

Anobject that wouldusually stand upright can bemodelled horizontally so its volumeof

revolutioncan befound

What modelling assumptions are there with volumesof revolution?

The solids formedareusually the main shapeof the body of the object

Forexample, the handle on a bucketwouldnotbe included

The thickness of the solid is negligible relative to the size of the object

thickness will depend on the purpose of the objectand the material it ismadefrom

How do I solvemodelling problems with volumesof revolution?

Visualising and sketching the solid formedcan help with starting problems

Familiarity with applying the volume of revolution fomulae

around the x-axis: V=∫
a

b
y2 dx

around the y-axis: V=∫
a

b
x2 dy

The volume of revolutionmay involve adding orsubtracting partial volumes

Questions may ask related questions incontext

g.A question about a bucketmay ask about its capacity

thiswouldbemeasured in litres

so a conversion ofunits may be required

(100 cm = 1 litre)3
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Exam Tip

Remember toanswerquestions directly

In modelling scenarios, interpretation is often needed afterfinding the

'final answer'

Modelling questions often ask about assumptions, criticisms and/or

improvements

Examples

it is assumed the thickness of the material an object ismadefrom is

negligible

a 'smooth' curve may notbea goodmodel if the item isbeing madefroma

roughmaterial 

other thingsmay significantly reduce the volume found and impact

conclusions

e.g. Stones, plants and decorations placed in an aquarium will reduce

the volume ofwater needed tofill it- and hence the number/size/type

offish itcan accommodatemay be impacted


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Worked Example

The diagram below shows the regionR, which isbounded by the function 

y= x−1 , the lines x=2  and x=10, and the x -axis.

Dimensions are incentimetres.

A mathematical model for a miniaturevase is produced by rotating the regionR

through2π radians around the x-axis.

Find the volume of the miniaturevase,giving your answer in litres to three

significant figures.


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Integrating TrigFunctions

How do I integrate sin, cos and sec^2?

The antiderivatives for sineand cosineare

∫ sin x dx= − cos x+c

∫cos x dx= sin x+c

where c is the constant of integration

Also, from the derivative of tan x

∫ sec2 x dx= tan x+c

The derivatives of sin x, cos x  and tan x  are in the formula booklet

so these antiderivatives can beeasily deduced

For the linear function ax+b , where a and b are constants,

∫ sin (ax+b ) dx= −
1
a cos (ax+b ) +c

∫cos (ax+b ) dx=
1
a sin (ax+b ) +c

∫ sec2
(ax+b ) dx=

1
a tan (ax+b ) +c

Forcalculuswith trigonometric functions anglesmust bemeasured in radians

Ensureyou knowhow tochange the angle mode on your GDC

Exam Tip

The formulabooklet can beused tofind antiderivatives from the derivatives

Makesureyou have the pagewith the sectionofstandardderivatives

open

Use these backwards tofind any antiderivatives youneed

Remember toadd 'c', the constant of integration, for any indefinite

integrals


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Worked Example

a)

Find, in the form F(x)+c , an expression for each integral

i. ∫cos x dx

ii. ∫sec2 ⎛
⎜

⎝
3x− π3

⎞
⎟

⎠
dx

b)  A curve has equation y=∫2sin⎛
⎜

⎝

⎞
⎟

⎠
2x+ π6 dx .

The curve passes through the point with coordinates
⎛
⎜

⎝

⎞
⎟

⎠

π
3 , 3 .

Find an expression for y .



www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Integratinge^x& 1/x

How do I integrate exponentials and 1/x?

The antiderivatives involving ex and ln x are

∫ ex dx= ex +c

∫ 1
x dx= ln 



x 



+c

where c is the constant of integration

These aregiven in the formula booklet

For the linear function (ax+b ) , where a and b are constants,

∫eax+b dx=
1
a eax+b +c

∫ 1
ax+b dx=

1
a ln 



ax+b 



+c

It follows from the last result that

∫ a
ax+b dx= ln 



ax+b 



+c

which can bededuced using Reverse Chain Rule

With ln, it can be useful to write the constant of integration, c, as a logarithm

using the laws of logarithms, the answercan bewritten as a single term

∫ 1
x dx= ln 



x 



+ ln k= ln k 



x 




where k is a constant

This is similar to the special case of differentiating ln (ax+b) when b=0

Exam Tip

Makesureyou have a copy of the formulabooklet during revision but don't try

to remember everything in the formulabooklet

However, dobefamiliar with the layout of the formulabooklet

You’ll beable toquickly locatewhateveryou areafter

You donotwant tobesearching every line ofevery page!

For formulae you think you have remembered,use the booklet todouble-

check


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Worked Example

A curve has the gradient function f '(x)=
3

3x+2 +e4−x .

Given the exact value of f (1)  is ln 10−e3  find an expression for f (x) .


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Modelling withDifferentiation

What can be modelledwith differentiation?

Recall that differentiation is about the rate ofchange ofa function and provides a way of

finding minimum and maximum values ofa function

Anything that involvesmaximisingorminimisinga quantity can bemodelled using

differentiation; for example

minimising the cost of raw materials inmanufacturing a product

the maximum height a football could reachwhen kicked

These arecalledoptimisationproblems

What modelling assumptions are used in optimisationproblems?

The quantity being optimisedneeds tobedependent on a single variable

If othervariables are initially involved, constraints orassumptions about themwill

need tobemade; for example

minimising the cost of the main raw material – timber inmanufacturing furniture

say

the cost ofscrews, glue, varnish, etc can befixed orconsiderednegligible

Othermodellingassumptions may have tobemade too; for example

ignoring air resistanceand wind whenmodelling the pathofa kickedfootball

How do I solveoptimisationproblems?

In optimisationproblems, letters other than x,yand f areoften used including capital

letters

V is often usedfor volume,S for surfacearea

r for radius if a circle, cylinder orsphere is involved

Derivatives can still befound but beclear about which letter is representing the

independent (x) variable and which letter is representing the dependent (y) variable

A GDC may always use xand y but ensureyouuse the correct letters throughout your

working and final answer

Problems often startby linking two connected quantities together– for example volume

and surfacearea

Where more than one variable is involved, constraints will begiven such that the

quantity of interest can be rewritten in terms ofone variable

Once the quantity of interest iswritten as a function ofa single variable,differentiationcan

beused tomaximise orminimise the quantity as required

STEP 1

Rewrite the quantity tobeoptimised in terms ofa single variable,using any constraintsgiven in

the question

STEP2

www.exampaperspractice.co.uk

5.5 Optimisation

5.5.1 Modelling with Differentiation

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Differentiateand solve the derivative equal to zero tofind the “x"-coordinate(s) ofany stationary

points

STEP3

If there ismore than one stationary point,or the requirement to justify the natureof the

stationary point,differentiateagain

STEP4

Use the second derivative todetermine the natureofeach stationary point and select the

maximum orminimum point as necessary

STEP5

Interpret the answer in the contextof the question

Exam Tip

The first partof rewriting a quantity as a single variable is often a “show that”

question – thismeans youmay still beable toaccess later parts of the question

even ifyoucan’tdothisbit

Evenwhen an algebraicsolution is requiredyoucan still use your GDC tocheck

answers and help youget an ideaofwhat you areaiming for


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Worked Example

A large allotment bed isbeing designedas a rectangle with a semicircle oneach

end,as shown in the diagram below.

The total area of the bed is to be 100πm2 .

a)

Show that the perimeterof the bed isgivenby theformula

P=π
⎛
⎜
⎜

⎝
r+

100
r

⎞
⎟
⎟

⎠


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b) Find
dP
dr .
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c)

Find the value of r  that minimises the perimeter.

d)

Hencefind the minimum perimeter.
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e)

Justify that this is the minimum perimeter.
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Finding the Constantof Integration

What is the constant of integration?

When finding an anti-derivative there is a constant term toconsider

this constant term, usually called c, is the constant of integration

In terms ofgraphingan anti-derivative, there areendless possibilities

collectively these may be referred toas the family ofantiderivativesor family of

curves

the constant of integration isdeterminedby the exact locationof the curve

ifa pointon the curve is known, the constantof integrationcan befound

How do I find the constant of integration?

For F(x)+c=∫f (x) dx , the constant of integration, c  - and so the particular

antiderivative - can be found if a point the graph of y=F(x)+c  passes through is known

STEP 1

If need be, rewrite f (x)  into an integrable form

Each term needs to be a power of x  (or a constant)

STEP2

Integrate each term of f '(x) , remembering the constant of integration, “+c”

(Increase powerby 1 and divide by newpower)

STEP3

Substitute the x and y coordinates of a given point in to F(x)+c  to form an equation in c
Solve the equation to find c

Exam Tip

If a constant of integrationcan befound then the questionwill need togive you

some extra information

If this isgiven thenmakesureyouuse it tofind the value ofc


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Worked Example

The graph of y= f (x) passes through the point (3,−4) .  The gradient function of

f (x)  is given by f '(x)=3x2−4x−4.

Find f (x) .


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Area Under a Curve Basics

What is meant by the area under a curve?

The phrase “areaundera curve” refers to the area bounded by

the graph of y= f (x)

the x -axis

the vertical line x=a
the vertical line x=b

The exact areaunderacurve is found by evaluating a definite integral

The graph of y= f (x) could be a straight line

the use of integrationdescribedbelow wouldstill apply

but the shapecreated wouldbea trapezoid

so it is easier to use “A=
1
2 h (a+b) ”

What is a definite integral?

∫
a

b
f (x) dx=F(b)−F(a)

This is known as the Fundamental TheoremofCalculus

a and b arecalled limits

a is the lower limit

b is the upper limit

f (x)  is the integrand

F(x)  is an antiderivative of f (x)

The constant of integration (“+c”) is not needed in definite integration

"+c” would appear alongside both F(a) and F(b)

subtracting means the “+c”’s cancel

How do I form a definite integral to find the area under a curve?

The graph of y= f (x) and the x-axis should be obvious boundaries for the area so the key

here is in finding a  and b  - the lower and upper limits of the integral

STEP 1
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Use the given sketch tohelp locate the limits

You may prefer toplot the graphon your GDC and find the limits from there

STEP2

Look carefully where the ‘left’and ‘right’boundaries of the area lie

If the boundaries arevertical lines, the limits will come directly from theirequations

Look out for the y -axis being one of the (vertical) boudnaries – in this case the limit (x ) will

be0

One, or both, of the limits, could be a root of the equation f (x)=0
i.e.  where the graph of y= f (x) crosses the x-axis

In this case solve the equation f (x)=0 to find the limit(s)

A GDC will solve this equation, either from the graphing screen or the equation solver

STEP3

The definite integral for finding the area can nowbeset up in the form

A=∫
a

b
f (x) dx

Exam Tip

Look out for questions that ask you tofind an indefinite integral inone part (so

“+c” needed), then in a later part use the same integral as a definite integral

(where “+c” is notneeded)

Add information toany diagram provided in the question, as well as axes

intercepts and values of limits

Markand shade the area you’re trying tofind,and ifno diagram is provided,

sketchone!


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Definite Integralsusing GDC

Doesmy calculator/GDCdo definite integrals?

Modern graphiccalculators (and some ‘advanced’ scientific calculators) have the

functionality toevaluatedefinite integrals

i.e. they can calculate the areaundera curve (seeabove)

If a calculator has a button for evalutaing definite integrals itwill looksomething like

∫
□

□
□

Thismay be a physical buttonoraccessedvia an on-screen menu

Some GDCs may have the ability tofind the area under a curve from the graphing screen

Be careful with anycalculator/GDC, they may notproducean exact answer

How do I use my GDC to find definite integrals?

Withoutgraphingfirst …

Onceyou know the definite integral function your calculator will need three things inorder

toevaluate it

The function to be integrated (integrand) ( f (x) )

The lower limit (a from x=a)

The upper limit (b from x=b )

Have a play with the order inwhich your calculator expects these tobeentered – some do

notalways work left to right as itappears on screen!

With graphingfirst ...

Plot the graph of y= f (x)

You may also wish to plot the vertical lines x=a and x=b
make sure your GDC is expecting an "x= " style equation

Onceyou have plotted the graph youneed to look for an option regarding “area” ora

physical button

itmay appear as the integral symbol (e.g.∫dx )

your GDC may allow you toselect the lowerand upper limits by moving a cursor

along the curve - however thismay notbevery accurate

your GDC may allow you to type the exact limits requiredfrom the keypad

the lower limitwouldbe typed in first

read any information that appears on screen carefully to makesure

Exam Tip

When revising for your exams always use your GDC tocheck any definite

integrals you have carried out by hand

Thiswill ensureyou areconfident using the calculator youplan to take into

the exam and shouldalso get you into the habit ofusing youGDC tocheck

your work, something you shoulddo ifpossible


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Worked Example

a)

Using your GDC tohelp,orotherwise, sketch the graphs of

y=x4−2x2+5,

x=1  and

x=2  on the same diagram

b)

The area enclosed by the three graphs from part (a) and the x -axis is to be found.

Write down an integral that wouldfind this area.

c)

UsingyourGDC,orotherwise, find theexactareadescribed inpart (b).

Give your answer in the form 
a
b  where a  and b  are integers.


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IntegratingCompositeFunctions (ax+b)

What is a composite function?

A compositefunction involves one function being appliedafteranother

A composite function may be describedas a “function ofa function”

This Revision Note focuses on one of the functions being linear – i.e. of the form ax+b

How do I integrate linear (ax+b) functions?

A linear function (of x ) is of the form ax+b
The special cases for trigonometric functions and exponential and logarithm functions

are

∫sin(ax+b) dx=−
1
a cos(ax+b)+c

∫cos(ax+b) dx=
1
a sin(ax+b)+c

∫eax+b dx=
1
a eax+b+c

∫ 1
ax+b dx=

1
a ln








ax+b +c

There is one more special case

∫(ax+b)
n dx=

1
a (n+1)

(ax+b)
n+1+c  where  n∈ℚ, n≠−1

c, in all cases, is the constant of integration

All the above can bededuced using reversechain rule

However, spotting themcan makesolutions more efficient

Exam Tip

Although the specific formulae in this revision note areNOT in the formula

booklet

almost all of the information youwill need toapply reverse chain rule is

provided

makesureyou have the formulabooklet open at the right page(s) and

practice using it


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Worked Example

Find the following integrals

a)   ∫3(7−2x)

5
3 dx

b) ∫ 1
2 cos(3x−2) dx


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Reverse ChainRule

What is reverse chain rule?

The Chain Rule is a way of differentiating two (ormore) functions

ReverseChainRule (RCR) refers to integratingby inspection

spotting that chain rulewouldbeused in the reverse (differentiating)process

How do I know when to use reverse chain rule?

Reversechain rule is usedwhenwe have the product ofa compositefunctionand the

derivative of its second function

Integration is trickier than differentiation; many of the shortcutsdonotwork

Forexample, ingeneral ∫ef (x ) dx≠
1

f '(x)

ef (x )

However, this result is true if f (x)  is linear (ax+b)

Formally, in functionnotation, reversechain rule is usedfor integrands of the form

I=∫g'(x) f (g (x) ) dx

thisdoes nothave tobestrictly true,but ‘algebraically’ it shouldbe

ifcoefficients donotmatch ‘adjust and compensate’can beused

e.g.  5x2  is not quite the derivative of 4x3

the algebraic part (x2
)  is 'correct'

but the coefficient 5 is ‘wrong’

use ‘adjust and compensate’ to ‘correct’ it

A particularly useful instanceof reverse chain rule to recognise is

I=∫ f '(x)

f (x)

dx= ln |f (x) | +c

i.e. the numerator is (almost) the derivative of the denominator

'adjust and compensate'may need tobeused todeal with any coefficients

e.g.

I=∫ x2+1
x3+3x dx=

1
3∫3

x2+1
x3+3x dx=

1
3∫

3x2+3
x3+3x dx=

1
3 ln |x3+3x | +c

How do I integrate using reverse chain rule?

If the productcan be identified, the integrationcan bedone “by inspection”

there may be some “adjustingand compensating” todo

Notice a lot of the "adjust and compensate method” happens mentally

this is indicated in the stepsbelow by quote marks

STEP 1

Spot the ‘main’ function

e.g.  I=∫x (5x2−2)
6 dx

"the main function is ( . . . )
6 which wouldcome from ( . . . )

7”
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STEP2

‘Adjust’ and ‘compensate’ any coefficients required in the integral

e.g.  " ( . . . )
7 would differentiate to 7( . . . )

6"

“chain rule says multiply by the derivative of 5x2−2, which is 10x”

“there is no '7'or ‘10’ in the integrand so adjust and compensate”

I=
1
7 ×

1
10 ×∫7×10×x (5x2−2)

6 dx

STEP3

Integrate and simplify

e.g.  I=
1
7 ×

1
10 × (5x2−2)

7+c

I=
1
70 (5x2−2)

7+c

Differentiationcan beusedas a means ofchecking the final answer

After some practice, youmay find Step2 is notneeded

Do use itonmore awkwardquestions (negatives and fractions!)

If the productcannoteasily be identified, use substitution

Exam Tip

Before the exam, practice this until you areconfident with the pattern and do

notneed toworry about the formulaorsteps anymore

Thiswill save time in the exam

You can always check your work by differentiating, ifyou have time


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Worked Example

A curve has the gradient function f '(x)=5x2sin(2x3
) .

Given that the curve passes through the point (0, 1) , find an expression for f (x) .


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Substitution:Reverse ChainRule

What is integrationby substitution?

When reverse chain rule isdifficult tospot orawkward touse then integrationby

substitutioncan beused

substitution simplifies the integral by defining an alternative variable (usually u ) in

terms of the original variable (usually x )

everything (including “dx ” and limits for definite integrals) is then substituted which

makes the integrationmucheasier

How do I integrate using substitution?

STEP 1

Identify the substitution tobeused– itwill be the secondary function in thecomposite

function

So g (x)  in f (g (x) )  and u=g (x)

STEP2

Differentiate the substitution and rearrange

du
dx can be treated like a fraction

(i.e. “multiply by dx ” to get rid of fractions)

STEP3

Replaceall parts of the integral

All x  terms should be replaced with equivalent u terms, including dx
If finding a definite integral change the limits from x -values to u-values too

STEP4

Integrateand either

substitute x  back in

or

evaluate the definte integral using the u  limits (either using a GDC or manually)

STEP5

Find c, the constant of integration, if needed

Fordefinite integrals, a GDC shouldbeable toprocess the integral without the need for a

substitution

beclear about whetherworking is requiredornot in a question

Exam Tip

Use your GDC tocheck the value ofa definite integral,even incaseswhere

working needs tobeshown


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Worked Example

a)

Find the integral

∫ 6x+5
(3x2+5x−1)

3 dx

b)

Evaluate the integral

∫
1

2 6x+5
(3x2+5x−1)

3 dx

giving your answeras an exact fraction in its simplest terms.


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Differentiation for Kinematics

How is differentiationused in kinematics?

Displacement, velocity and accelerationare related by calculus

In terms ofdifferentiation and derivatives

velocity is the rate ofchange ofdisplacement

v=
ds
dt   or  v (t)=s'(t)

acceleration is the rate ofchange ofvelocity

a=
dv
dt   or  a (t)=v'(t)

so acceleration is also the secondderivative ofdisplacement

a=
d2s
dt2   or  a (t)=s''(t)

If a graph is notgiven youcan use your GDC todraw one

youcan then use your GDC’sgraphing features tofind gradients

velocity is the gradient on a displacement (-time)graph

acceleration is the gradient on a velocity (-time)graph
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Worked Example

The displacement, s m, of a particle at t  seconds, is modelled by 

s (t)=2t3−27t2+84t

i.Find v (t)  and a (t) .

ii. Find the times at which the particle is at rest.


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Integration for Kinematics

How is integrationused in kinematics?

Since velocity is the derivative of displacement (v=
ds
dt ) it follows that

s=∫v dt

Similarly, velocity will bean antiderivative ofacceleration

v=∫a dt

How would I find the constant of integration in kinematicsproblems?

A boundary or initial conditionwouldneed tobeknown

phrases involving the word “initial”,or“initially” are referring to timebeing zero, i.e.

t=0
youmight also begiven information about the objectat some other time (this is called

a boundary condition)

substituting the values in from the initial orboundary conditionwouldallow the

constantof integration tobefound

How are definite integrals used in kinematics?

Definite integrals can beused tofind the displacement ofa particlebetween two points in

time

∫
t1

t2
v (t) dt  would give the displacement of the particle between the times t= t1  and

t= t2
This can befound using a velocity-time graphby subtracting the total area

below thehorizontalaxis from the total areaabove

∫
t1

t2








v (t) dt  gives the distance a particle has travelled between the times t= t1 and

t= t2
This can befound using a velocity velocity-time graphby adding the total area

below the horizontal axis to the total areaabove

Use a GDC to plot the modulus graph y= 







v (t)
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Exam Tip

Sketching the velocity-time graph can help you visualise the distances

travelled using areas between the graph and the horizontal axis


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Worked Example

A particle moving in a straight horizontal line has velocity (v m s−1 ) at time t
seconds modelled by v (t)=8t3−12t2−2t .

i.Given that the initial position of the particle is at the origin, find an expression

for its displacement from the origin at time t  seconds.

ii. Find the displacement of the particlefrom the origin in the first five seconds of

its motion.

iii.Find the distance travelled by the particle in the first five seconds of its motion.


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Related Rates of Change

What is meant by ratesofchange?

A rateofchange is a measureofhowa quantity is changing with respect toanother

quantity

Mathematically rates ofchangearederivatives

dV
dr  could be the rate at which the volume of a sphere changes relative to how its

radius is changing

Context is important when interpreting positive and negative rates ofchange

A positive rateofchangewould indicatean increase

e.g. the change in volume ofwater as a bathtub fills

A negative rateofchangewould indicatea decrease

e.g. the change in volume ofwater in a leaking bucket

What is meant by related ratesofchange?

Related rates ofchangeareconnected by a linking variable orparameter

this is often time, represented by t
seconds is the standardunit for time but thiswill depend oncontext

e.g. Water running intoa large hemi-spherical bowl

both the height and volume ofwater in the bowl arechanging with time

time is the linking parameterbetween the rateofchangeofheight and the rateof

changeofvolume

How do I solveproblems involving related ratesofchange?

Use ofchain ruleand product rulearecommon in suchproblems

Be clear about which variables are representing which quantities

STEP 1

Write down any variables and derivatives involved in the problem

e.g. x, y , t,
dy
dx ,

dx
dt ,

dy
dt

STEP2

Use an appropriate differentiation rule toset up an equation linking ‘rates ofchange’

e.g.  Chain rule: 
dy
dt =

dy
dx ×

dx
dt

STEP3

Substitute in known values

e.g.  If, when t=3, 
dx
dt =2  and 

dy
dt =8, then 8=

dy
dx ×2
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STEP4

Solve the problemand interpret the answer incontext if required

e.g.
dy
dx =

8
2 =4    ‘when t=3, y  changes at a rate of 4, with respect to x ’

Exam Tip

If you struggle todetermine which rate touse then youcan lookat the units to

help

e.g.   A rateof5 cm persecond implies volume per timeso the ratewould

be
dV
dt


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Worked Example

In a manufacturing process a metal component is heated such that it’s cross-

sectional area expandsbut always retains the shapeofa right-angled triangle. At

time t  seconds the triangle has base b  cm and height h  cm.

At the time when the component’s cross-sectional area is changing at 4 cms , the

base of the triangle is 3 cmand its height is 6 cm. Also at this time, the rateof

changeof the height is twice the rateofchangeof the base.

Find the rateofchangeof the base at this point of time.


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Differentiating Inverse Functions

What is meant by an inverse function?

Some functions are easier to process with x  (rather than y ) as the subject

i.e.  in the form x= f (y)

This is particularly true whendealing with inverse functions

e.g.  If y= f (x)  the inverse would be written as y= f −1
(x)

finding f −1
(x)  can be awkward

so write x= f (y)  instead

How do I differentiate inverse functions?

Since x= f (y)  it is easier to differentiate “x  with respect to y ” rather than “y  with respect to 

x ”

i.e. find 
dx
dy  rather than 

dy
dx

Note that 
dx
dy  will be in terms of y  but can be substituted

STEP 1

For the function y= f (x) , the inverse will be y= f −1
(x)

Rewrite this as x= f (y)

STEP2

From x= f (y)  find 
dx
dy

STEP 3

Find 
dy
dx  using 

dy
dx =

1
dx
dy

 - this will usually be in terms of y

If an algebraic solution in terms of x  is required substitute f (x)  for y  in 
dy
dx

If a numerical derivative (e.g. a gradient) is required then use the y -coordinate

If the y -coordinate is not given, you should be able to work it out from the orginal

function and x -coordinate
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Exam Tip

With x 's and y 's everywhere this can soon get confusing!

Be clear of the key information and steps - and setyour wokring out

accordingly

The orginal function,   y= f (x)

Its inverse,  y= f −1
(x)

Rewriting the inverse,  x= f (y)

Finding 
dx
dy  first, then finding its reciprocal for 

dy
dx

Your GDC can help when numerical derivatives (gradients) are required


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Worked Example

a)

Find the gradient of the curve at the point where y=3  on the graph of y= f −1
(x)

where f (x)= (5x+1)
3 .

b) Given that y=ex  show that the derivative of y= ln x  is
1
x .


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Definite Integrals

What is a definite integral?

∫
a

b
f (x ) dx= ⎡

⎢
⎣
F (x )

⎤
⎥
⎦ a

b=F (b ) −F (a )

This is known as the Fundamental TheoremofCalculus

a and b arecalled limits

a is the lower limit

b is the upper limit

f (x) is the integrand

F(x) is an antiderivative of f (x)

The constantof integration (“+c”) is notneeded indefinite integration

“+c” wouldappear alongside both F(a) and F(b)

subtracting means the “+c”’s cancel

How do I find definite integrals analytically (manually)?

STEP 1

Give the integral a name tosave having to rewrite the whole integral every time

If need be, rewrite the integral intoan integrable form

I=∫
a

b
f (x) dx

STEP2

Integratewithout applying the limits; youwill notneed “+c”

Notation: use squarebrackets [ ] with limits placed at the end bracket

STEP3

Substitute the limits into the function and evaluate

Exam Tip

If a questiondoes notstate that youcan use your GDC then youmust showall

ofyour working clearly, however it is always goodpractice tocheck you answer

by using your GDC ifyou have it in the exam


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Worked Example

a)

Show that

∫
2

4
3x (x2−2) dx=144

b)

Use your GDC toevaluate

∫
0

1
3ex 2sin x dx

giving your answer to three significant figures.


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Properties of Definite Integrals

Fundamental TheoremofCalculus

∫
a

b
f (x ) dx= ⎡

⎢
⎣
F (x )

⎤
⎥
⎦ a

b=F (b ) −F (a )

Formally,

f (x)  is continuous in the interval a≤x≤b
F(x) is an antiderivative of f (x)

What are the propertiesofdefinite integrals?

Some of these have beenencountered already and some may seem obvious …

taking constant factors outside the integral

∫
a

b
kf (x) dx=k∫

a

b
f (x) dx  where k is a constant

useful when fractional and/ornegative values involved

integrating termby term

∫
a

b
[f (x)+g(x) ] dx=∫

a

b
f (x) dx+∫

a

b
g(x) dx

the above works for subtraction of terms/functions too

equal upperand lower limits

∫
a

a
f (x) dx=0

onevaluating, thiswouldbea value, subtract itself !

swapping limits gives the same,but negative, result

∫
a

b
f (x) dx=−∫

b

a
f (x) dx

compare8 subtract5 say, with 5 subtract8 …

splitting the interval

∫
a

b
f (x) dx=∫

a

c
f (x) dx+∫

c

b
f (x) dx  where a≤c≤b

this is particularly useful for areas under multiple curves or areas under the x -axis

horizontal translations

∫
a

b
f (x) dx=∫

a−k

b−k
f (x+k) dx  where k is a constant

the graph of y= f (x±k) is a horizontal translation of the graph of y= f (x)

(f (x+k)  translates left, f (x−k)  translates right)

Exam Tip

Learning the properties ofdefinite integrals can help tosave time in the exam

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Worked Example

f (x)  is a continuous function in the interval 5≤x≤15 .

It is known that∫
5

10
f (x) dx=12 and that∫

10

15
f (x) dx=5.

a)

Write down the values of

i)

∫
7

7
f (x) dx

ii)

∫
10

5
f (x) dx

b)

Find the values of

i)

∫
5

15
f (x) dx

ii)

∫
5

10
6f (x+5) dx


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ImplicitDifferentiation

What is implicit differentiation?

An equation connecting x and y is not always easy to write explicitly in the form y= f (x)  or 

x= f (y)

In suchcases the equation iswritten implicitly

as a function of x  and y
in the form f (x,y)=0

Suchequations can bedifferentiated implicitly using the chain rule

d
dx

⎡
⎢
⎣

⎤
⎥
⎦

f (y) = f '(y)

dy
dx

A shortcut way of thinking about this is that ‘y  is a function of a x ’

when differentiating a function of y  chain rule says “differentiate with respect to y ,

then multiply by the derivative of y ” (which is 
dy
dx )
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Applicationsof ImplicitDifferentiation

What type ofproblems could involve implicit differentiation?

Broadly speaking there are three types ofproblem that could involve implicitdifferentiation

algebraicproblems involving graphs, derivatives, tangents, normals, etc

where it is not practical to write y  explicitly in terms of x

usually in such cases, 
dy
dx  will be in terms of x  and y

optimisationproblems that involve timederivatives

more than one variable may be involved too

e.g.  Volume of a cylinder, V=πr2h

e.g. The side length and (so) area ofa square increase over time

any problemthat involvesdifferentiatingwith respect toan extraneous variable

e.g. y= f (x)  but the derivative 
dy
dθ  is required (rather than

dy
dx )

How do I apply implicit differentiation to algebraic problems?

Algebraicproblems revolve around values of the derivative (gradient) 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

dy
dx

ifnot required tofind this value itwill eitherbegivenor implied

Particular problems focus on special case tangent values

horizontal tangents

also referred to as tangents parallel to the x -axis

this is when 
dy
dx =0

vertical tangents

also referred to as tangents parallel to the y -axis

this is when 
dx
dy =0

In suchcases itmay appear that 
1

dy
dx

=0 but this has no solutions; this occurs

when for nearby values of x , 
dy
dx →±∞

(i.e. very steepgradients, near vertical)

Otherproblems may involve finding equations of (other) tangents and/ornormals

Forproblems that involve finding the coordinates ofpoints on a curve with a specified

gradient the methodbelow can beused

STEP 1

Differentiate the equationof the curve implicitly
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STEP2

Substitute the givenor implied value of
dy
dx  to create an equation linking x  and y

STEP3

There arenow two equations

the original equation

the linking equation

Solve them simultaneously to find the x  and y  coordinates as required

Exam Tip

After some rearranging,
dy
dx  will be in terms of both x  and y

There is usually no need (unless asked toby the question) towrite
dy
dx  in

terms of x  (or y ) only

If evalutaing derivatives, you'll need both x  and y  coordinates, so one may

have tobefound from the other using the original function


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Worked Example

The curve C has equation x2+2y2=16.

a)

Find the exactcoordinates of the pointswhere the normal tocurve C has gradient

2.

b)

Find the equations of the tangents to the curve that are

(i) parallel to the x-axis

(ii)  parallel to the y-axis.


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How do I apply implicit differentiation to optimisationproblems?

Fora single variable use chain rule todifferentiate implicitly

e.g. A square with side length changing over time, A=x2

dA
dt =2x

dx
dt

Formore than one variable use product rule (and chain rule) todifferentiate implicitly

e.g.A square-basedpyramidwith base length and height changing over time,

V=
1
3 x2h

dV
dt =

1
3

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎦

x2
dh
dt +2x

dx
dt h =

1
3 x

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x

dh
dt +2h

dx
dt
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After differentiating implicitly the rest of the question shouldbesimilar toany other

optimisationproblem

beawareofphrasing

“the rateofchangeof the height of the pyramid” (over time) is
dh
dt

when finding the locationofminimum and maximum problems

there is notnecessarily a turning point

the minimum ormaximum couldbeat the startorend ofa givenorappropriate

interval

Exam Tip

If you arestruggling to tell which derivative is needed for a question, writing all

possibilities down may help you

You don't need towork themout at this stagebut ifyouconisder them it

may nudge you to the next stageof the solution

e.g.  For V=πr2h , possible derivatives are 
dV
dr ,

dV
dh  and 

dV
dt


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Worked Example

The radius, r  cm, and height, h  cm, of a cylinder are increasing with time.  The

volume, V  cm , of the cylinder at time t  seconds is given by V=πr2h .

a)  Find an expression for
dV
dt .

b)

At time T  seconds, the radius of the cylinder is 4 cm, expanding at a rate of 2 cm s .

At the same time, the height of the cylinder is 10 cm, expanding at a rateof3 cms .

Find the rate at which the volume is expanding at time T  seconds.


3

-1

-1
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Negative Integrals

The area under a curve may appear fully orpartially under the x-axis

This occurs when the function f (x)  takes negative values within the boundaries of the

area

The definite integrals used tofind such areas

will be negative if the area is fully under the x -axis

possibly negative if the area is partially under the y -axis

this occurs if the negative area(s) is/aregreater than the positive area(s), their sum

will benegative

When using a GDC use the modulus (absolutevalue) function so that all definite integrals

have a positive value

A=∫
a

b








y dx

This isgiven in the formulabooklet

How do I find the area under a curvewhen the curve is fully under the x-
axis?

STEP 1

Write the expression for the definite integral tofind the area as usual

Thismay involve finding the lowerand upper limits froma graph sketch orGDC and f(x)may

need tobe rewritten in an integrable form
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STEP2

The answer to the definite integral will benegative

Areamust always bepositive so take the modulus (absolutevalue)of it

e.g. If I=−36 then the area would be 36 (square units)

How do I find the area under a curvewhen the curve is partially under the
x-axis?

Forquestions that allow the use ofa GDC youcan still use

A=∫
a

c








f (x) dx

Tofind the area analytically (manually) use the following method

STEP 1

Split the area intoparts - the area(s) that areabove the x-axis and the area(s) that arebelow the

x-axis

STEP2

Write the expression for the definite integral for eachpart (give eachparta name, I , I , etc)

Thismay involve finding the lowerand upper limits ofeachpart froma graph sketch ora GDC,

finding the roots of the function (i.e. where f (x)=0) and rewriting f (x)  in an integrable form

STEP3

Find the value ofeachdefinite integral separately

STEP4

Find the area by summing the modulus (absolutevalues) ofeach integral

(Mathematically this would be written A= 









I1 +










I2 +










I3 + . . . )

1 2
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Exam Tip

If no diagram is provided, quickly sketch one so that youcan seewhere the

curve is above and below the x - axis and split up your integrals accordingly


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Worked Example

The diagram below shows the graph of y= f (x)  where f (x)= (x+4) (x−1) (x−5)

.

The region R1 is bounded by the curve y= f (x) , the x -axis and the y-axis.

The region R2 is bounded by the curve y= f (x) , the x-axis and the line x=3.

a)

Determine the coordinates of the point labelled P .

b)

i)

Find a definite integral that would help find the area of the shaded region R2
and briefly explain why this would not give the area of the region R2 .

ii)

Find the exact area of the shaded region R2 .


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c)

Find the exact total area of the shaded regions, R1  and R2.
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Area Between a Curve and a Line

Areas whose boundaries includea curve and a (non-vertical) straight linecan befound

using integration

Foran areaunder a curve a definite integral will beneeded

Foran areaunder a line the shapeformedwill bea trapeziumor triangle

basicarea formulae can beused rather than a definite integral

(althougha definite integral wouldstill work)

The area requiredcouldbe the sumordifferenceofareas under the curve and line

How do I find the area between a curveand a line?

STEP 1
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If notgiven, sketch the graphs of the curve and line on the same diagram

Use a GDC tohelp with this step

STEP2

Find the intersections of the curve and the line

If no diagram isgiven thiswill help identify the area(s) tobefound

STEP3

Determine whether the area required is the sum ordifferenceof the area under the curve and the

area under the line

Calculate the area under a curve using a integral of the form

∫
a

b
y dx

Calculate the area under a line using either A=
1
2 bh for a triangle or A=

1
2 h (a+b) for a

trapezium (y-coordinates will beneeded)

STEP4

Evaluate the definite integrals and find their sum ordifferenceas necessary toobtain the area

required

Exam Tip

Add information toany diagram provided

Add axes intercepts, as well as interceptsbetween lines and curves

Markand shade the area you’re trying tofind

If no diagram is provided, sketchone!


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Worked Example

The region R is bounded by the curve with equation y=10x−x2−16 and the line

with equation y=8−x .

R  lies entirely in the first quadrant.

a)

Using your GDC, orotherwise, sketch the graphs of the curve and the line on the

same diagram.

Identify and label the region R  on your sketch and use your GDC to find the x -

coordinates of the points of intersectionbetween the curve and the line.

b)

i)

Write down an integral that would find the area of the region R.

ii)

Find the area of the region R.


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Area Between 2 Curves

Areas whose boundaries include twocurves can befound by integration

The areabetween twocurveswill be the differenceof the areas under the two curves

both areas will require a definite integral

Finding points of intersectionmay involve a more awkwardequation than solving for a

curve and a line

How do I find the area between two curves?

STEP 1

If notgiven, sketch the graphs ofboth curves on the same diagram

Use a GDC tohelp with this step

STEP2

Find the intersections of the two curves

If no diagram isgiven thiswill help identify the area(s) tobefound

STEP3

Foreach area (there may only beone)determine which curve is the ‘upper’ boundary

Foreach area, writea definite integral of the form

∫
a

b
(y1−y2) dx

where y1 is the function for the ‘upper’ boundary and y2 is the function for the ‘lower’ boundary

Be careful when there ismore than one region – the ‘upper’ and ‘lower’ boundarieswill swap

STEP4

Evaluate the definite integrals and sum themup tofind the total area

(Step3 means no definite integral will have a negative value)
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Exam Tip

If no diagram is providedsketch one,even if the curves arenotaccurate

Add information toany givendiagram as youwork througha question

Maximise use ofyour GDC tosave time and maintain accuracy:

Use it tosketch the graphs and help you visualise the problem

Use it tofind definite integrals


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Worked Example

The diagram below shows the curves with equations y= f (x)  and y=g (x)  where

f (x)= (x−2) (x−3)
2

g(x)=x2−5x+6

Find the area of the shaded region.


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DifferentiatingReciprocalTrigonometricFunctions

What are the reciprocal trigonometric functions?

Secant, cosecant and cotangent and abbreviated and definedas

sec x=
1

cos x cosec x=
1

sin x cot x=
1

tan x

Remember that for calculus, angles need tobemeasured in radians

θ  may be used instead of x
cosec x  is sometimes further abbreviated to csc x

What are the derivatives of the reciprocal trigonometric functions?

f (x)=sec x
f '(x)=sec x tan x

f (x)=cosec x
f '(x)=−cosec x cot x

f (x)=cot x
f '(x)=−cosec2 x

These aregiven in the formulabooklet

How do I showor prove the derivatives of the reciprocal trigonometric
functions?

For y=sec x

Rewrite, y=
1

cos x

Use quotient rule, 
dy
dx =

cos x (0)− (1) (−sin x)

cos2 x

Rearrange, 
dy
dx =

sin x
cos2 x

Separate, 
dy
dx =

1
cos x ×

sin x
cos x

Rewrite, 
dy
dx =sec x tan x

Similarly, for y=cosec x

y=
1

sin x
dy
dx =

sin x (0)− (1) cos x
sin2 x

dy
dx =

−cos x
sin2 x

dy
dx =−

1
sin x ×

cos x
sin x

dy
dx =−cosec x cot x

www.exampaperspractice.co.uk

5.8.4 Differentiation Further Functions

5.8 Advanced Differentiation

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


What do the derivatives of reciprocal trig look likewith a linear functions
ofx?

For linear functions of the formax+b

f (x)=sec( )ax+b
f '(x)=a sec ( )ax+b tan ( )ax+b

f (x)=cosec (ax+b)

f '(x)=−a cosec (ax+b) cot ( )ax+b
f (x)=cot (ax+b)

f '(x)=−a cosec2
(ax+b)

These arenotgiven in the formulabooklet

they can bederivedfromchain rule

they arenotessential to remember

Exam Tip

Even ifyou think you have remembered these derivatives, always use the

formulabooklet todouble check

those squares and negatives areeasy to get muddled up!

Where two trig functions are involved in the derivative becareful with the angle

multiple;  x, 2x, 3x , etc

An example of a common mistake is differentiating y=cosec 3x
dy
dx =−3 cosec x cot 3x   instead of 

dy
dx =−3 cosec 3x cot 3x


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Worked Example

Curve C has equation y=2cot⎛
⎜

⎝

⎞
⎟

⎠
3x− π8 .

a)

Show that the derivative of cot x  is −cosec2 x .

b) Find 
dy
dx  for curve C.

c) Find the gradient of curve C at the point where x=
7π
24 .


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Differentiating Inverse TrigonometricFunctions

What are the inverse trigonometric functions?

arcsin,arccos and arctan arefunctions definedas the inverse functions ofsine,cosine and

tangent respectively

arcsin
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

3
2 =

π
3  which is equivalent to sin ⎛

⎜

⎝

⎞
⎟

⎠

π
3 =

3
2

arctan(−1)=
3π
4  which is equivalent to tan

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

3π
4 =−1

What are the derivatives of the inverse trigonometric functions?

f (x)=arcsin x

f '(x)=
1

1−x2

f (x)=arccos x

f '(x)=−
1

1−x2

f (x)=arctan x

f '(x)=
1

1+x2

Unlikeotherderivatives these lookcompletely unrelated at first

their derivation involves use of the identity cos2 x+sin2 x≡1
hence the squares and square roots!

All three aregiven in the formulabooklet

Note with the derivative of arctan x  that ( )1+x2  is the same as ( )x2+1

How do I showor prove the derivatives of the inverse trigonometric
functions?

For y=arcsin x
Rewrite, sin y=x

Differentiate implicitly, cos y
dy
dx =1

Rearrange, 
dy
dx =

1
cos y

Using the identity cos2 y≡1−sin2 y  rewrite, 
dy
dx =

1

1−sin2 y

Since, sin y=x , 
dy
dx =

1

1−x2

Similarly, for y=arccos x
cos y=x

−sin y
dy
dx =1

dy
dx =−

1
sin y
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dy
dx =−

1

1−cos2 y
dy
dx =−

1

1−x2

Notice how the derivative of y=arcsin x  is positive but is negative for y=arccos x
This subtle but crucial difference can be seen in their graphs

y=arcsin x  has a positive gradient for all values of x  in its domain

y=arccos x  has a negative gradient for all values of x  in its domain

What do the derivativeof inverse trig look likewith a linear functionofx?

For linear functions of the form ax+b
f (x)=arcsin( )ax+b

f '(x)=
a

1− (ax+b)
2

f (x)=arccos( )ax+b

f '(x)=
a

1− (ax+b)
2

f (x)=arctan( )ax+b

f '(x)=
a

1+ (ax+b)
2

These arenot in the formulabooklet

they can bederivedfromchain rule

they arenotessential to remember

they arenotcommonly used

Exam Tip

For  f (x)=arctan x  the terms on the denominator can be reversed (as they are

being added rather than subtracted)

f '(x)=
1

1+x2 =
1

x2+1
Don't befooledby this, it sounds obvious but on awkward "show that"

questions itcan beoff-putting!


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Worked Example

a)  Show that the derivative of arctan x  is
1

1+x2

b)

Find the derivative of arctan(5x3−2x) .


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DifferentiatingExponential & LogarithmicFunctions

What are exponential and logarithmic functions?

Exponential functions have term(s) where the variable (x ) is the power (exponent)

In general, these would be of the form y=ax

The special case of this is when a=e , i.e.  y=ex

Logarithmic functions have term(s) where the logarithms of the variable (x ) are involved

In general, these would be of the form y= logax
The special case of this is when a=e , i.e.  y= logex= ln x

What are the derivatives ofexponential functions?

The first two results, of the special cases above,have beenmetbefore

f (x)=ex , f '(x)=ex

f (x)= ln x, f '(x)=
1
x

These aregiven in the formulabooklet

For the general forms ofexponentials and logarithms

f (x)=ax

f '(x)=ax
(ln a)

f (x)= logax

f '(x)=
1

xln a
These arealso given in the formulabooklet

How do I showor prove the derivatives ofexponential and logarithmic
functions?

For y=ax

Take natural logarithms of both sides, ln y=xln a
Use the laws of logarithms, ln y=xln a

Differentiate, implicitly, 
1
y

dy
dx = ln a

Rearrange, 
dy
dx =yln a

Substitute for y , 
dy
dx =ax ln a

For y= logax
Rewrite, x=ay

Differentiate x  with respect to y , using the above result, 
dx
dy =ay ln a

Using 
dy
dx =

1
dx
dy

, 
dy
dx =

1
ay ln a
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Substitute for y , 
dy
dx =

1

alogax ln a

Simplify, 
dy
dx =

1
xln a

What do the derivatives ofexponentials and logarithms look likewith a
linear functions ofx?

For linear functions of the form px+q
f (x)=apx+q

f '(x)=papx+q
( )ln a

f (x)= loga (px+q)

f '(x)=
p

( )px+q ln a
These arenot in the formulabooklet

they can bederivedfromchain rule

they arenotessential to remember

Exam Tip

Forquestions that require the derivative in a particular format, youmay need to

use the laws of logarithms

With ln appearing indenominatorsbecareful with the division law

ln
⎛
⎜
⎜

⎝

a
b

⎞
⎟
⎟

⎠
= ln a − ln b

but  
ln a
ln b   cannot be simplified (unless there is some numerical

connection between a  and b )



www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

a)

Find the derivative of a3x−2 .

b) Find an expression for
dy
dx  given that y= log5 ( )2x3


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First Order Differential Equations

What is a differential equation?

A differential equation is simply anequation thatcontains derivatives

For example 
dy
dx =12xy2  is a differential equation

And so is 
d2x
dt2 −5

dx
dt +7x=5sint

What is a first orderdifferential equation?

A first orderdifferential equation is a differential equation that contains first derivatives

but no second (or higher) derivatives

Forexample 
dy
dx =12xy2  is a first order differential equation

But 
d2x
dt2 −5

dx
dt +7x=5sint  is not a first order differential equation, because it

contains the second derivative 
d2x
dt2

Wait – haven’t I seen first orderdifferential equations before?

Yes you have!

Forexample 
dy
dx =3x2  is also a first order differential equation, because it contains a

first derivative and no second (orhigher) derivatives

But for that equation youcan just integrate tofind the solution y= x + c (where c is a

constant of integration)

In this sectionof the course you learn how tosolve differential equations that can’t just be

solved right away by integrating

3
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Euler’s Method:First Order

What is Euler’smethod?

Euler’s method is a numerical methodfor finding approximatesolutions todifferential

equations

It treats the derivatives in the equation as being constant over short ‘steps’

The accuracy of the Euler’s Methodapproximationcan be improvedby making the step

sizes smaller

How do I use Euler’smethodwith a first orderdifferential equation?

STEP 1: Makesureyour differential equation is in
dy
dx = f ( )x, y  form

STEP 2: Write down the recursion equations using the formulae yn+1=yn+h× f
( )
xn , yn

 and xn+1=xn+h  from the exam formula booklet

h in those equations is the step size

the exam questionwill usually tell you the correct value ofh touse 

STEP3:Use the recursion featureon your GDC tocalculate the Euler’s method

approximationover the correct number ofsteps

the values for x0  and y0  will come from the boundary conditions given in the question

Exam Tip

Be careful with letters – in the equations in the exam, and in your GDC’s

recursion calculator, the variablesmay notbex and y

If an exam question asks you how to improve an Euler’s methodapproximation,

the answerwill almost always have todowith decreasing the step size!



www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Consider the differential equation
dy
dx +y=x+1  with the boundary condition

y (0)=0 .5.

a)

Apply Euler’s method with a step size of h=0 .2  to approximate the solution to the

differential equation at x=1.

b)

Explain how the accuracy of the approximation inpart (a) couldbe improved.


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Separation of Variables

What is separationofvariables?

Separationof variables can beused tosolve certain types offirst order differential

equations

Look out for equations of the form
dy
dx =g (x)h (y)

i.e.
dy
dx  is a function of x  multiplied by a function of y

be careful – the ‘function of x ’ g (x)  may just be a constant!

For example in 
dy
dx =6y , g (x)=6  and h (y)=y

If the equation is in that form youcan use separationofvariables to try to solve it

If the equation is not in that form youwill need touse another solutionmethod

How do I solvea differential equationusing separationofvariables?

STEP 1: Rearrange the equation into the form
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

1
h (y)

dy
dx =g (x)

STEP2:Take the integral ofboth sides tochange the equation into the form

∫ 1
h (y)

dy=∫ g (x) dx

You can think of this step as ‘multiplying the dx  across and integrating both sides’

Mathematically that’s notquite what is actually happening,but itwill get you the

right answerhere!

STEP3:Workout the integrals onboth sides of the equation tofind the general solution to

the differential equation

Don’t forget to includea constant of integration

Although there are two integrals, youonly need to includeone constant of

integration

Look out for integrals that require you touse partial fractions tosolve them

See ‘Integrating with Partial Fractions’ in5.9Advanced Integration

STEP4: Use any boundary or initial conditions in the question towork out the value of the

integrationconstant

STEP5: If necessary, rearrange the solution into the form requiredby the question
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Exam Tip

Be careful with letters – the equation on an exam may not use xand y  as the

variables

Unless the question asks for it, youdon’thave tochangeyour solution into

y= f (x)  form – sometimes it might be more convenient to leave your solution in

another form


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Worked Example

Foreachof the following differential equations, either (i) solve the equationby using

separation of variables giving your answer in the form y= f (x) , or (ii) state why the

equationmay notbesolvedusing separationofvariables.

a)  
dy
dx =

ex+4x
3y2 .

b)
dy
dx =4xy−2ln x .

c)
dy
dx =2y2+2y , given that y=2  when x=0.


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HomogeneousDifferential Equations

What is a homogeneous first orderdifferential equation?

If a first order differential equation can be written in the form
dy
dx = f

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

y
x  then it is said to be

homogeneous

How do I solvea homogeneous first orderdifferential equation?

These equations can be solved using the substitution v=
y
x ⇔y=vx

STEP 1: If necessary, rearrange the equation into the form
dy
dx = f

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

y
x

STEP2:Replaceall instances of
y
x  in your equation with v

STEP3:Use the product ruleand implicitdifferentiation to replace
dy
dx  in your equation

with v+x
dv
dx

This is because y=vx ⇒
dy
dx =

d
dx ( )vx =v

d
dx ( )x +x

d
dx ( )v =v+x

dv
dx

STEP4: Solve your newdifferential equation tofind the solution in terms ofv and x

You may need touse othermethods for differential equations, such as separationof

variables, at this stage

STEP 5: Substitute v=
y
x  into the solution from Step 4, in order to find the solution in terms

ofy and x

What else should I know about solving homogeneous first order
differential equations?

After finding the solution in terms ofy and x youmay be asked todoother thingswith the

solution

Forexample youmay be asked tofind the solutioncorresponding tocertain initial or

boundary conditions

Oryoumay be asked toexpress your answer in a particular form, such as y = f(x)

It is sometimes possible tosolve differential equations that arenothomogeneous by using

the substitution v=
y
x

Forsuch a situation in an exam question, youwouldbe toldexplicitly touse the

substitution

You wouldnotbeexpected toknow that youcoulduse the substitution in a case

where the differential equationwas nothomogeneous
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Exam Tip

Unless the question asks for it, youdon’thave tochangeyour solution intoy=

f(x) form– sometimes itmight bemore convenient to leave your solution in

another form


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Worked Example

Consider the differential equation xy
dy
dx =y2−x2  where  y = 3  when  x = 1.

a)

Show that the differential equation is homogeneous.

b)

Use the substitution v=
y
x  to solve the differential equation with the given

boundary condition.


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IntegratingFactor

What is an integrating factor?

An integratingfactor canbeused to solve a differential equation that can bewritten in the

standard form 
dy
dx +p (x)y=q (x)

Be careful – the ‘functions ofx’p(x) andq(x)may justbeconstants!

Forexample in
dy
dx +6y=e−2x , p(x) = 6 and q(x) = e

While in 
dy
dx +

y
2x =12, p (x)=

1
2x   and q(x) = 12

For an equation in standard form, the integrating factor is e ∫p ( )x dx

How do I use an integrating factor to solvea differential equation?

STEP 1: If necessary, rearrange the differential equation intostandardform

STEP2:Find the integrating factor

Note that youdon’t need to includea constant of integration here when you integrate

∫p(x)dx

STEP3:Multiply both sides of the differential equationby the integrating factor

This will turn the equation into an exactdifferential equationof the form

d
dx

( )ye∫p ( )x dx =q ( )x e ∫p ( )x dx

STEP4: Integrateboth sides of the equationwith respect to x

The left side will automatically integrate to  ye∫p ( )x dx

For the right side, integrate∫q (x) e∫p (x ) dx dx  using your usual techniques for

integration

Don’t forget to includea constant of integration

Although there are two integrals, youonly need to includeone constant of

integration

STEP5: Rearrangeyour solution toget it in the form y = f(x)

What else should I know about using an integrating factor to solve
differential equations?

After finding the general solutionusing the steps above youmay be asked todoother

thingswith the solution

Forexample youmay be asked tofind the solutioncorresponding tocertain initial or

boundary conditions

-2x
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Worked Example

Consider the differential equation
dy
dx =2xy+5ex 2

 where  y = 7  when  x = 0.

Use an integrating factor tofind the solution to the differential equationwith the

givenboundary condition.


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Modelling withDifferential Equations

Why are differential equations used to model real-world situations?

A differential equation is an equation that contains one ormore derivatives

Derivativesdeal with rates ofchange, and with the way that variables changewith respect

toone another

Therefore differential equations area natural way to model real-worldsituations involving

change

Most frequently in real-worldsituations we are interested in how things changeover

time, so the derivatives usedwill usually be with respect to time t

How do I set up a differential equation to model a situation?

Anexam questionmay require you tocreatea differential equation from information

provided

The questionwill provide a context fromwhich the differential equation is tobecreated

Most often thiswill involve the rateofchangeofa variable being proportional tosome

function of the variable

Forexample, the rateofchangeofa populationofbacteria, P, at a particular time

may be proportional to the size of the population at that time

The expression ‘rateof’ (‘rateofchangeof…’, ‘rateofgrowthof…’,etc.) in a modelling

question is a strong hint that a differential equation is needed, involving derivativeswith

respect to time t

Sowith the bacteria example above, the equationwill involve the derivative  
dP
dt

Recall the basicequationofproportionality

If y is proportional to x, then y= kx for some constant ofproportionality k

So for thebacteria example above the differential equationneeded wouldbe

dP
dt =kP

The precise value ofk will generally notbeknown at the start, but will need tobefound

as partof the process ofsolving the differential equation

It can often beuseful toassume that k > 0 when setting up your equation

In this case, -kwill beused in the differential equation in situations where the rate

ofchange is expected tobenegative

So in thebacteria example, if itwereknown that the population ofbacteriawas

decreasing, then the equation could instead be written 
dP
dt =−kP
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Worked Example

a)

In a particular pond, the rateofchangeof the area coveredby algae,A,at any time t

isdirectly proportional to the square rootof the area coveredby algae at that time.

Write down a differential equation tomodel this situation.

b)

Newton’s Law ofCooling states that the rateofchangeof the temperatureofan

object, T, at any time t is proportional to the differencebetween the temperatureof

the objectand the ambient temperatureof its surroundings, T , at that time.

Assuming that the object starts off warmer than its surroundings, writedown the

differential equation implied by Newton’s Law ofCooling.



a
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The Logistic Equation

What is the logistic equation?

The differential equation  
dN
dt =kN  is a very simple example of a model in which the rate of

changeofa population at any moment in time isdependent on the size of the population

(N) at that time

The solution is N=Aekt  (where A > 0 is a constant)

If k > 0, this represents unlimitedexponential growthof the variable N

In many real-worldcontexts (for example whenconsidering populations of living

organisms), unlimitedgrowth is nota realistic modelling assumption

For reproducing populations it is logical toassume that the rateofchangeof the

populationwill bedependent on the size of the population (more rabbits means more

production ofbaby rabbits!)

But there aregenerally limiting factors onpopulations that prevent them fromgrowing

without limits

Forexample,availability of foodorother resources, or the presenceofpredators

orother threats, may limit the population that can exist in a given area

A logistic equation incorporates such limiting factors into the model, and therefore can

provide a more realistic model for real-worldpopulations

The standard logistic equation is of the form

dN
dt =kN (a−N)

t represents the time (since the moment definedas t= 0) that the population has been

growing

N represents the size of the population at time t

k∈ℝ  is a constant determining the relative rate of population growth

For the models dealtwith here it ismost common tohave k > 0, with a largervalue

ofk representing a faster rateofchange

a∈ℝ  is a constant that places a limit on the maximum size to which the population N

can grow

Fora populationmodel itcan beassumed that a > 0

Fork> 0 and an initial populationN such that 0 < N < a, the populationN will

growand will converge to the value a as time t increases

Fork > 0 and an initial populationN such that 0 < N < a, the populationN will

shrink and will converge to the value a as time t increases

There areother forms of logistic equation

The exact formof the logistic equation you are touse will always begiven in an exam

question

How do I solveproblems that involvea logistic equationmodel?

Solving the differential equationwill generally involve the technique ofseparationof

variables

Usually thiswill also involve rearranging one of the integrals using partial fractions

(see theworkedexamplebelow foranexample)

0 0 

0 0 
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You will usually be given ‘boundary conditions’ specific to the contextof the problem

Forexample, youmay be told the initial population at time t = 0

These conditions will allow you towork out the exactvalue ofany integrating

constants that occur while solving the differential equation

You will need to takeaccount of the contextof the question in answering the questionor in

commenting on the model used
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Worked Example

A group ofecologists arestudying a populationof rabbits on a particular island.

The populationof rabbits, N, on the island ismodelled by the logistic equation

dN
dt =0 .0012N (1500−N)

where t represents the time in years since the ecologistsbegan their study.  At the

time the study begins there are300 rabbits on the island.

a)

Show that the population of rabbits at time t years is given by N=
1500e1 .8t

4+e1 .8t .

b)

Find the populationof rabbits that the model predictswill beon the island two years

after the beginning of the study.


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c)

Determine the maximum size that the model predicts the populationof rabbits can

grow to.  Justify your answerby an appropriateanalysis of the equation inpart (a).
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MaclaurinSeries of Standard Functions

What is a Maclaurin Series?

A Maclaurin series is a way of representing a function as an infinite sum of increasing integer

powers of x  (x1, x2, x3,  etc.)

If all of the infinite number of terms are included, then the Maclaurin series is exactly

equal to the original function

If we truncate (i.e., shorten) the Maclaurin series by stopping at some particular power

of x , then the Maclaurin series is only an approximation of the original function

A truncated Maclaurin series will always be exactly equal to the original function for x=0
In general, the approximation froma truncated Maclaurin series becomes less accurateas

the value of x moves further away from zero

The accuracy ofa truncated Maclaurin series approximationcan be improvedby including

more terms from the complete infinite series

So, for example, a series truncated at the x7  term will give a more accurate

approximation than a series truncated at the x3  term

How do I find the Maclaurin seriesof a function ‘from first principles’?

Use the general Maclaurin series formula

f (x)= f (0)+xf '(0)+
x2

2! f ''(0)+ . . .

This formula is in your exam formulabooklet

STEP 1: Find the values of f (0), f '(0), f ''(0),  etc. for the function

Anexam questionwill specify howmany terms of the series youneed tocalculate (for

example, “up to and including the term in x4”)

You may be able touse your GDC tofind these valuesdirectly without actually having

tofind all the necessary derivatives of the function first

STEP2:Put the values fromStep 1 into the general Maclaurin series formula

STEP 3: Simplify the coefficients as far as possible for each of the powers of x

Is there an easierway to find the Maclaurin series for standard functions?

Yes there is!

The following Maclaurin series expansions ofstandardfunctions arecontained in your

exam formulabooklet:

ex=1+x+
x2

2! + . . .
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ln(1+x)=x−
x2

2 +
x3

3 − . . .

sin x=x−
x3

3! +
x5

5! − . . .

cos x=1−
x2

2! +
x4

4! − . . .

arctan x=x−
x3

3 +
x5

5 − . . .

Unless a question specifically asks you toderive a Maclaurin series using the general

Maclaurin series formula, youcan use those standardformulae from the exam formula

booklet in your working

Is there a connectionMaclaurin seriesexpansions and binomial theorem
seriesexpansions?

Yes there is!

For a function like (1+x)
n  the binomial theorem series expansion is exactly the same as

the Maclaurin series expansion for the same function

Sounless a question specifically tells you touse the general Maclaurin series formula,

youcan use the binomial theorem tofind the Maclaurin series for functions of that type

Or if you’ve forgotten the binomial series expansion formula for (1+x)
n  where n  is not

a positive integer, youcan find the binomial theorem expansion by using the general

Maclaurin series formula tofind the Maclaurin series expansion
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Worked Example

a)

Use the Maclaurin series formula to find the Maclaurin series for  f (x)= 1+2x  up

to and including the term in x4.

b)

Use your answer from part (a) to find an approximation for the value of 1 .02 , and

compare the approximation found to the actual value of the square root.


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MaclaurinSeries of Composites & Products

How can I find the Maclaurin series for a composite function?

A composite function is a ‘function ofa function’ ora ‘function within a function’

Forexample sin(2x) is a composite function, with 2xas the ‘inside function’ which has

beenput into the simpler ‘outside function’ sin x

Similarly ex 2
 is a composite function, with x2  as the ‘inside function’ and ex  as the

‘outside function’

Tofind the Maclaurin series for a composite function:

STEP 1: Startwith the Maclaurin series for the basic ‘outside function’

Usually thiswill beone of the ‘standardfunctions’ whose Maclaurin series are

given in the exam formulabooklet

STEP2:Substitute the ‘inside function’ every place that x appears in the Maclaurin

series for the ‘outside function’

So for sin(2x), for example, youwouldsubstitute2xeverywhere that x appears in

the Maclaurin series for sin x

STEP3:Expand the brackets and simplify the coefficients for the powers ofx in the

resultant Maclaurin series

Thismethodcan theoretically be usedfor quite complicated ‘inside’and ‘outside’

functions

On your exam, however, the ‘inside function’ will usually notbemore complicated than

something likekx (for some constant k)orx (for some constant powern)

How can I find the Maclaurin series for a product of two functions?

Tofind the Maclaurin series for a productof two functions:

STEP 1: Startwith the Maclaurin series of the individual functions

Foreachof these Maclaurin series you shouldonly use terms up toan

appropriately chosenpowerofx (see the worked example below toseehow this is

done!)

STEP2:Put eachof the series intobrackets and multiply themtogether

Only keepterms inpowers ofx up to the poweryou are interested in

STEP3:Collect terms and simplify coefficients for the powers ofx in the resultant

Maclaurin series

n
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Worked Example

a)

Find the Maclaurin series for the function  f (x)= ln( )1+3x , up to and including the

term in x4.

b)

Find the Maclaurin series for the function  g (x)=exsinx , up to and including the

term in x4.


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Differentiating& IntegratingMaclaurinSeries

How can I use differentiation to findMaclaurin Series?

If youdifferentiate the Maclaurin series for a function f(x) termby term, youget the

Maclaurin series for the function’sderivative f’(x)

You can use this tofind newMaclaurin series fromexisting ones

Forexample, the derivative ofsin x is cos x

So ifyoudifferentiate the Maclaurin series for sin x termby term youwill get the

Maclaurin series for cos x

How can I use integration to find Maclaurin series?

If you integrate the Maclaurin series for a derivative f’(x), youget the Maclaurin series for the

function f(x)

Be careful however, as youwill have a constant of integration todeal with

The value of the constant of integrationwill have tobechosen so that the series

produces the correct value for f(0)

You can use this tofind newMaclaurin series fromexisting ones

Forexample, the derivative ofsin x is cos x

So ifyou integrate the Maclaurin series for cos x (and correctly deal with the constant

of integration) youwill get the Maclaurin series for sin x
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Worked Example

a)

(i)

Write down the derivative of arctanx .

(ii)

Hence use the Maclaurin series for arctanx  to derive the Maclaurin series for 
1

1+x2

.

b)

(i)

Write down the derivative of −sinx .

(ii)

Hence derive the Maclaurin series for cosx , being sure to justify your method.


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MaclaurinSeries for Differential Equations

Can I apply Maclaurin Series to solving differential equations?

If you have a differential equation of the form 
dy
dx =g (x,y)  along with the value of y (0)  it is

possible to build up the Maclaurin series of the solution y= f (x)  term by term

This does not necessarily tell you the explicit function of x  that corresponds to the

Maclaurin series you arefinding

But the Maclaurin series you find is the exactMaclaurin series for the solution to the

differential equation

The Maclaurin series can beused toapproximate the value of the solution y = f(x) for

different values of x
You can increase the accuracy of this approximationby calculating additional terms of

the Maclaurin series for higher powers of x

How can I find the Maclaurin Series for the solution to a differential
equation?

STEP 1: Use implicit differentiation to find expressions for y'', y''' etc., in terms of x, y  and

lower-order derivatives of y
The number ofderivatives youneed tofind depends on howmany terms of the

Maclaurin series youwant tofind

Forexample, ifyouwant the Maclaurin series up to the  term, then youwill need tofind

derivatives up to y (4)  (the fourth derivative of y )

STEP 2: Using the given initial value for y (0) , find the values of y'(0), y''(0), y'''(0),  etc.,

one by one 

Each value you find will then allow you tofind the value for the next higherderivative

STEP3:Put the values found inSTEP2 into the general Maclaurin series formula

f (x)= f (0)+xf '(0)+
x2

2! f ''(0)+ . . .

This formula is in your exam formulabooklet

y= f (x)  is the solution to the differential equation, so y (0)  corresponds to f (0)  in the

formula, y'(0)  corresponds to f '(0) , and so on

STEP 4: Simplify the coefficients for each of the powers of x  in the resultant Maclaurin

series
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Worked Example

Consider the differential equation y'=y2−x  with the initial condition y (0)=2.

a)

Use implicit differentiation to find expressions for y'', y''' and y (4) .

b)

Use the given initial condition to find the values of y'(0), y''(0), y'''(0)  and y (4)=0.

Let y= f (x)  be the solution to the differential equation with the given initial

condition.

c)

Find the first five terms of the Maclaurin series for f (x) .


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l'Hôpital's Rule

What is l’Hôpital’sRule?

l’Hôpital’s rule is a method involving calculus that allows us tofind the value 
of

certain

limits

Specifically, itallows us toattempt toevaluate the limitofa quotient 
f (x)

g (x)

 for which our

usual limitevaluation techniqueswould return one of the indeterminate forms
0
0  or 

±∞
±∞

.

How do I evaluate a limit using l’Hôpital’sRule?

STEP 1: Check that the limitof the quotient results inone of the indeterminateforms given

above

I.e., check that lim
x→a

f (x)

g (x)

=
f (a)

g (a)

=
0
0  or 

±∞
±∞

STEP2:Find the derivatives of the numerator and denominator of the quotient

STEP 3: Check whether the limit lim
x→a

f '(x)

g'(x)

 exists

STEP 4: If that limit does exist, then  lim
x→a

f (x)

g (x)

= lim
x→a

f '(x)

g'(x)

STEP 5: If lim
x→a

f '(x)

g'(x)

=
f '(a)

g'(a)

=
0
0 or 

±∞
±∞

 then you may repeat the process by considering

lim
x→a

f ''(x)

g''(x)

 (and possibly higher order derivatives after that)

As long as the limits continue giving indeterminateforms youmay continue applying

l’Hôpital’s rule

Each time this happens find the next setofderivatives and consider the limitagain

Exam Tip

Some limits ofan indeterminateformcan also beevaluated using the Maclaurin

series for the numerator and denominator

If an exam questiondoes notspecify a method touse, then you arefree touse

whichevermethodyouprefer



www.exampaperspractice.co.uk

5.12.1 Further Limits

5.12 Further Limits (inc I'Hopital's Rules)

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Use l’Hôpital’s rule toevaluateeachof the following limits:

a)  lim
x→0

sin x
ex−1

.

b) lim
x→0

x3

−2x+sin 2x .


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LimitsUsing a MaclaurinSeries

How do I evaluate a limit using Maclaurin series?

Limits of the form lim
x→a

f (x)

g (x)

 or lim
x→∞

f (x)

g (x)

 may sometimes be evaluated by using Maclaurin

series

Usually thiswill be in a situationwhere attempting toevaluate the limit in the usual way

returns an indeterminate form
0
0  or 

±∞
±∞

.

In such a case:

STEP 1: Find the Maclaurin series for f (x)  and g (x)

STEP2:Rewrite
f (x)

g (x)

 using the Maclaurin series in the numerator and denominator

STEP 3: Use algebra to simplify your new expression for 
f (x)

g (x)

 as far as possible

STEP4: Evaluate the limit using your simplifiedformof the expression

Exam Tip

Some limits ofan indeterminateformcan also beevaluated using l’Hôpital’s

Rule

If an exam questiondoes notspecify a method touse, then you arefree touse

whichevermethodyouprefer


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Worked Example

Use Maclaurin series toevaluate the limit

lim
x→0

x3

−2x+sin 2x


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