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5.1 Differentiation

5.1.1 Introduction to Differentiation

Introduction to Derivatives

e Beforeintroducing a derivative, an understanding of a limitis helpful
Whatis alimit?

¢ Thelimit of a functionis the value a function (of x) approaches as x approaches a
particularvalue from either side

o Limits are of interest when the function is undefined at a particularvalue
x4-1
o Forexample, the function f(x) = :
X —

both below and above butis undefinedat x =1 as this would involve dividing by zero

willapproach alimit as x approaches 1from

What might | be asked about limits?

* You may be asked to predict orestimate limits from a table of function values orfrom the
graphof y = l‘(x)
e YoumaybeaskedtouseyourGDC toplotthe graph andusevalues fromitto estimatea
limit
What is a derivative?

¢ Calculusis aboutrates of change
o thewayacar’s position on aroad changes isits speed (velocity)
o thewaythecar’'s speedchangesisits acceleration
¢ Thegradient (rate of change) of a (non-linear) function varies with x
e Thederivative of a functionis a function thatrelates the gradient to the value of x
e Thederivativeis also called the gradient function

How arelimits and derivatives linked?

e Considerthepoint Ponthe graphof y = f(x) as shown below
o [PQI,] is a series of chords

y = f(x)

,
CHORDS BETWEEN 7,
P AND POINTS Q,

TANGENT AT P

¢ The gradient of the function f(X) atthe point Pis equal to the gradient of the tangent at
point P

» Thegradient of the tangent at point Pis the limit of the gradient of the chords [PQI,] as

point Q ‘slides’ down the curve and gets ever closerto point P
¢ The gradient of the function changes as x changes
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¢ Thederivativeis the function that calculates the gradient from the value x

What is the notation for derivatives?

e Forthefunctiony= f(x) the derivative, with respect to x, would be written as
dy
=f
dx (x)

« Differentvariables may be used

dv
o e.g.If V=1£(s) then ds =f(s)
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7 Worked Example

°
Thegraphof y = f(x) where f(x) = x3 — 2 passes through the points
P(2,6), A(2.3, 10.167), B(2.1, 7.261) and C(2.05, 6.615125).

a)
Find the gradient of the chords [ PA], [ PB] and [ PC].

Gradieqr o<\\— o line (c\ﬁo\‘e&) e "t Yaa "

=3¢,
[Pgl, lo-\e7-6 = 1384
2-3-2
[Pe;k T-2¢\-6 = \26\
2\=-2
[Pd: 6°6\S\25-6 = 9.3

2:05-2

GrdienY & chorde ose: PA] 1381
frel 12:e
[p¢] 12-302s

b)
Estimate the gradient of the tangent to the curve at the point P.

Theré Gl be o lemE the %\'oA'\en'\‘ & Yhe'hord reochet
ce the difference in Yhe x-coodindies appeaches zero.

Eetiorncke of SroA‘\en‘\' oy ‘\’an@n"c o x=2ig I
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Differentiating Powers of x
What s differentiation?

» Differentiationis the process of finding an expression of the derivative (gradient
function) from the expression of a function

How do | differentiate powers of x?

¢ Powers of x are differentiated according to the following formula:
o If flx)=x"then £ (x)=nx""1wheren €Q
o Thisis givenin the formula booklet
» |fthe power of x is multiplied by a constant then the derivative is also multiplied by that

constant
o If f(x) = ax then f(x) = anx" ~! where n € Q and ais a constant
d
« Thealternative notation (to f'(x))is touse di
dy
If y = ax" then = anx?~!
o Ify=ax dx anx
1 1 1
dy - - -
" eq. =—-4 2 — = —4X —Xx2 = — 2
eg. Ify X thendX 4 5 XX 2x

¢ Don'tforgetthese two special cases:
o If flx)=axthen f'(x)=a
_ dy _
= eg. lfy=6xthen dx =6
o If flx)=athen f'(x)=0
_ dy _
= eg. Ify=5then dx =0
o Theseallow you to differentiatelinear termsin x and constants

e Functionsinvolvingroots willneed to be rewritten as fractional powers of x first
1

o e.g. If flx)=2./x thenrewriteas f(x)=2x2 anddifferentiate
¢ Functionsinvolving fractions with denominators in terms of x willneed to be rewritten as
negative powers of x first

4
o eg.lf f(x) = X thenrewrite as z‘(x) =4x~! and differentiate

How do | differentiate sums and differences of powers of x?

« Theformulae for differentiating powers of x apply to all rational powers soitis possible to

differentiate any expression thatis a sum or difference of powers of x
2

o e.g. If lx)=5x%-3x3 +4then
2

2 1
f(x)=5x4x4"1-3x 3X3 +0
1
f'(x)=20x3-2x 3
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¢ Products and quotients cannot be differentiatedin this way so would need
expanding/simplifying first

Q

o eg. If flx)=(2x—3)(x2—4) thenexpandto f(x) =2x3 —3x2 —8x+ 12 whichis a
sum/difference of powers of x and can be differentiated

ExamTip
¢ Acommon mistakeis not simplifying expressions before differentiating
o The derivative of can not be found by multiplying the
derivatives of and
Worked Example

The function l‘(x) is given by

4
f(x)=2x3+—=, wherex >0
X

Find the derivative of f(x)
Rewrte §lx) co every Yerm € o povser § o
flo)s 2 + o

Di??eren'\'ioié \’3 "PP\&‘ﬂ e %crm\a
?(‘x\ = 6 - 2 "

N
7 Aol core st ooopies

ane o S

. ?‘ (’I) - fo’-_ Qo %
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5.1.2 Applications of Differentiation

Finding Gradients

How dol find the gradient of a curve at a point?

The gradient of a curve at a pointis the gradient of the tangent to the curve at that point
Find the gradient of a curve at a point by substituting the value of x atthat pointinto the
curve's derivative function
Forexample, if f{x) =x2+3x—4

o then f'(x)=2x+3

o andthegradientof y = f(x)whenx=1is f(1)=2(1)+3=5

o andthegradientof y = f(x)whenx=—2is f'(-2)=2(-2)+3= -1
Although your GDC won't find a derivative function foryou, itis possible to use your GDC to

d
evaluate the derivative of a function at a point, using dx ( |:| )X [
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> Worked Example
®  Afunctionis defined by A(x) =x3+6x2+5x—12.

(a) Find '(x).
Find  0'f) bj d\'w(renwl-"d.}\j
i) = 322+ 2%x62" +5%°
P(x\ = 3%* +12x +§

(b) Hence show that the gradient of y = f(x) whenx=1is20.

Su\fasli‘u\j& x :\ l‘/\lrb f'(ﬂ
PY = 30 ¢ 120) ¢ 5
=3+ 12 +98
£'0) = 20

(c)Findthe gradientof y = f(x) whenx= —2.5.

Ue 1 GDC to evaluale Athe “dervative of Ni) of xX=-2-5

d
—(x3+6- X245 x— 12)pc=—2.5
dx

f'(-2-5)=-¢25
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Increasing & Decreasing Functions
What are increasing and decreasing functions?

« Afunction, f(x),isincreasing if '(x)>0

o This means the value of the function (‘output’) increases as x increases
« Afunction, f(x),is decreasingif f'(x) <0

o This means the value of the function (‘output’) decreases as x increases
« Afunction, f(x),is stationary if f'(x) =0

y y = f(x)
GRADIENT =0
INCREASING INCREASING
(POSITIVE ° (POSITIVE
GRADIENT) GRADIENT)
0 X
DECREASING | 2
(NEGATIVE
GRADIENT)
GRADIENT =0

How dol find where functions are increasing, decreasing or stationary?
e Toidentify theintervals on which a functionis increasing ordecreasing

STEP1
Find the derivative f'(x)

STEP 2
Solve theinequalities

f'(x) > 0 (forincreasingintervals) and/or
£'(x) < 0 (for decreasingintervals)

e Mostfunctions are acombination of increasing, decreasing and stationary
o arange of values of x (interval) is given where a function satisfies each condition
o e.g. Thefunction f(x) = x2has derivative £ (x)=2xso
» f(x)is decreasing forx <0
= f(x)is stationaryatx=0
. f(X) is increasing forx >0
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) Worked Example
° f(x)=x2-x-2

a)

Determine whether f(x) isincreasing or decreasing at the points where x =0 and
x=3.

Differestisie
()= 20c-)
At =0, §'(0)= 250-1=-1 €0 = decrenting

At =3 §3)7 243-126>0 + incressing

» Ak x=0, §(x)ic decrecting
At x=3, §lx) Einerecding

pe———_ .

b)
Find the values of x forwhich f(x) is anincreasingfunction.

S'(x) i incresing when ¥‘bc)>0
? Kx) >0
2x-\ >0

x>

& -ﬂac) IS increoSing i’or x? %
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Tangents & Normals
Whatis atangent?

e Atany point onthe graph of a (non-linear) function, the tangent is the straightline that
touches the graph at a point without crossing through it
 |ts gradientis given by the derivative function

y = f(x)

TANGENT

How do | find the equation of a tangent?

e Tofindthe equation of a straightline, a point and the gradient are needed
« Thegradient, m, of the tangent to the function y = f(x) at (x;, ,)is f’(xl)

« Therefore find the equation of the tangent to the function y = f(x) at the point (x,, y,) by
substituting the gradient, f’(xl), andpoint (x, y,)intoy =y, = m(x - Xl), giving:
o y-y, =f(x)(x-x,)
* (Youcouldalso substituteinto y = mx + cbutitis usually quicker to substituteinto
Y=y =mx=x)
Whatis a normal?

e Atany point onthe graph of a (non-linear) function, the normalis the straightline that
passes through that point andis perpendicular to the tangent
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y = f(x)
NORMAL

TANGENT

= :

How do| find the equation of a normal?

-1
« Thegradient of the normal to the function y = f(x)at (xl, yl) is —7
f (X1)
« Therefore find the equation of the normal to the function y = f(x) at the point (Xl’ yl) by
using ~1 ( )
y=y; =~ (x-x
1 f’(xl) 1
(') ExamTip
w

e You are not given the formula for the equation of a tangent orthe equation of a
normal

e Butboth can be derived from the equations of a straight line which are givenin
the formula booklet
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%9 Worked Example
The function f(x) is defined by

3
f(x)=2x*+ ) xz0
X

a)
Find an equation forthetangentto thecurve y = f(x) atthepointwhere x =1,

givingyouranswerin the form y = mx + c.

First Fod §'x) by di?fefeﬁ\(ol\‘ins

Tlc) = 2™ +3x72 Rewrite a8 powers & x

)= B> - 63

For q+omaen£ h Yy: ?\0“96-90.)“

At x=y, 4 2(\)"«- % =5

)
FO=8)’-_€_ =2
O}
- 3-5 = 2(x)

ﬁn&eﬁ\'d\' x=\, i :Eﬂac +3l

b)
Find an equation for the normal at the point where x = 1, giving youranswerin the
form ax + by + d=0,where a, b and d areintegers.

or o notmo), B 3-3‘ = -\ \x-x,\"
¥
UQ'\c‘s recolts Si"om porf Q)
3-5 = =V (ac- \)
2
)

U
Y= "ax *t3

23:-7‘;-\'\\

* Bopion o nored & x42y-1 =0
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5.2 Further Differentiation

5.2.1 Differentiating Special Functions

Differentiating Trig Functions
How do |l differentiate sin, cos and tan?

d
¢ Thederivative of y =sin xis d_i = cos X

d
¢ Thederivative of y = cos xis d_:: = —sin x

d
o Thederivativeof y=tan xis d—:: = sec2x

o Thisresult can be derived using quotient rule
Forthelinear function ax + b, where a and b are constants,

o thederivative of y=sin(ax+b) s % = acos(ax+b)

o thederivative of y = cos(ax+b)is % = —asin(ax +b)
d
o thederivative of y = tan(ax+b)is d—';' = asec2(ax +b)

Forthe general function f(x),

d
o thederivative of y = sin(f(x))is d—';’ = £ (x) cos(£(x))
d
o thederivative of y = cos(f(x))is d_i = — f'(x)sin(£(x))
o thederivative of y = tan(f(x)) is % = f'(x)sec2(f(x))
Theselast threeresults can be derived using the chainrule

For calculus with trigonometric functions angles must be measuredinradians
o Ensureyou know how to change the angle mode on your GDC

(f) Exam Tip
' e Assoonasyouseeaquestioninvolving differentiation and trigonometry put
your GDC intoradians mode
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9 Worked Example

[ J
a)

Find f'(x) forthe functions

i. f(x)=sinx
i. f{x)=cos(5x+1)

§ )= eos

5 Ssin(5x “) KLinear %Unc\bn axe +\:\>

|
b) Acurvehasequation y =tan (6X2 ~ 4 ) .

Findthe gradient of the tangentto the curve at the pointwhere x =

N
Giveyouransweras an exactvalue.

2
ﬂig S o?- e ?’orm y Yan u—(ﬂ)
So éé : %'(:!:)Sec:k“ﬂ>
dx
%—\cc) = Gw:_ T/:_
- ?[x}’ V2

éi - 2o sec® (G”Cz"ﬂ
dx

Pt x=yT, & s
x ‘:'_:' ﬁ.:l?\%

e )sec elE)- %
N

Sec’ x = \
coc ks%) k cos™x )

.:c—::)-=\2\1? oF x=

aE
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Differentiating e*x & Inx
How do | differentiate exponentials and logarithms?

d
e Thederivativeof y=¢€*is Y =eXwherex €R

dx
y 1
» Thederivativeof y=In xis —— =— where x>0
dx x

e Forthelinearfunction ax+ b,where a and b are constants,

d
o thederivativeof y=e(@+b)js a';’ = ge(ax+b)

o _ dy  a
o thederivativeof y=In(ax+b)is ax " @x+ D)
nthe specialcase b=0, <% =~ (a's cance
» inthespecialcase b=0, ix -~ x (a's cancel)

« Forthegeneral function f(x),
d
o thederivativeof y= of (X s d—’;’ = f’(x)ef(x)

dy _f'&)
dx ~ f(x)
e Thelasttwo sets of results can be derived using the chainrule

o thederivative of y=n(f(x))is

O ExamTip
et ¢ Rememberto avoid the common mistakes:
o thederivative of withrespectto is ,NOT
o the derivative of withrespectto is ,NOT
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*> Worked Example
o
Acurvehas theequation y = e 3x+ 1401 5x.

Find the gradient of the curve at the point where x =2 gvingyouranswerin the form
y=a+ be¢,where a, b and c areintegers to be found.

gz €727+ 2o 5x)

“ oy .3g3=t g (i)

dx
}‘ & " Y= lo(eocrb), specio)
. ax+b ax v’ =0, "
Y ,?’:ae coSe b ;hz;-;

At =2, 3:_3'3—3\2)*«\ + 12. = =357+

CYooe 60C woybedde
* Grodied ck 2218 1-35 | Yo Hod qodients b
ie. a=\, b=-3 ¢=-5 E P@\Doso\bho\c 'm"\)he
: B exm\'?onn Tequit ed.
\tie okl \\dp%u\ Yo C&\G:\(
oppaxinaie orfwers

holy
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5.2.2 Techniques of Differentiation

ChainRule
Whatis the chainrule?

e Thechainrulestatesif yisafunctionof #and uisafunctionof Xthen

y = flu(x))
dy _dy du
dx  du " dx

o Thisis givenin the formula booklet

¢ |nfunctionnotation this couldbe written

y = 1{g(x))

= () ()

How do |l know when to use the chainrule?

e Thechainruleis used when we are trying to differentiate composite functions
o “function of afunction”
o thesecanbeidentified as the variable (usually x) does not ‘appearalone’
» sin X - not a composite function, x ‘appears alone’
= sin(3x +2) is a composite function; x is tripled and has 2 added to it before the
sine functionis applied

How dol use the chainrule?

STEP1

Identify the two functions
Rewrite y as a function of u; y = f(u)
Write u as afunctionof x; u= g(x)

STEP 2
dy
Differentiate y with respect to u to get du
du
Differentiate u with respectto x to get dx
STEP 3
_dy . dy _dy du . .
Obtain by applying the formula = X and substitute u backin for g(x)
dx dx du dx

¢ Intrickier problems chainrule may have to be applied more thanonce
Are there any standard results for using chain rule?
e Therearefive generalresults that can be useful

Y opG)n-1

o If y=(f(x))"then dx

www.exampaperspractice.co.uk
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d ’
Ify=e () then Ei/ =f (x)e £(x)

o

o If y=tn(f(x) then ¢ = 1;((;))
o If = sin(£(x)) then % - £ (eos(F(x))

o

|fy=cos(f(x)) then % = —f’(x)sin(f(x))

@ ExamTip

w
¢ Youshouldaimtobe able to spotand carry out the chain rule mentally (rather

than use substitution)
o every timeyou useit, say it toyourselfin yourhead
“differentiate the first function ignoring the second, then multiply by the
derivative of the second function”
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*> Worked Example

([ ] a)

Find the derivative of y=(x2 —5x+7)7.

STErP \den‘\'\% e two ?unc\'(me ond recrite

3 = 07 ie. ﬂu\'-o?
0= -5t \e. sny 2-6x 4T
oeP2 Find dy ond du.
dv doc

4
% = 1° d—q-: = 2-5
ser3  Ppply chainrle, dy | dy , dv
Chain role it in Fhe Jormda bodklet
&2 To(2c-5)
doe

ond subshioVe o badk Sor sk-x)

_1 H
%ﬁx- = 7k2x-i)\30 'Sx*j)

b)
Find the derivative of y = sin(e2¥).

y*: Sin (eh) A'\?}ereﬂ%a\re Sin O, ignoe &

d aT C " R . "
b CoS tei ) % len . mwitigly \>y dervdive o e

dx
K “ ox+b C_sg_ oxth
j’ c K dm= oe

or \)ﬂ opp\:j\ﬂa croin ro\e Oep.'\n

h %c = 27 %cos ()
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ProductRule
Whatis the productrule?

e Theproductrulestatesif yis the product of two functions u(x) and V(X) then
y=uv

dy_ dv  du
dx_udx de

o Thisis giveninthe formula booklet
¢ |Infunctionnotation this could be written as

y= f(X)g(X)
L~ (e () + 2 ()

dx
e ‘Dashnotation’ may be used as a shorter way of writing the rule

y=uv
4 4 ’
y =uv +tvu

e Finalanswers should match the notation used throughout the question

How do | know when to use the product rule?

e Theproductruleis usedwhen we are trying to differentiate the product of two functions
o these can easily be confused with composite functions (see chainrule)
] sin(cos X) is a composite function, “sin of cos of x”
= sin XCos X is a product, “sinxtimes cos x”

How dol use the product rule?

e Makeitclearwhat u, v, u' and v' are
o arrangingthemin asquare can help
= oppositediagonals matchup

STEP1
Identify the two functions, uand v
Differentiate both u and v with respectto x tofind u' and v'

STEP 2

Ob'dyb lying the prod eformula 2 =, 4 4, 4
tain , byapplyingthe productruleformula 7= =u 4 +v

Simplify the answer if straightforward to do so orif the question requires a particular form

« Intrickier problems chainrule may have to be used when finding u' and v'
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¢) ExamTip
' e Use and forthe elements of productrule
o laythemoutina'square' (imagine a 2x2 grid)
o thosethatare paired togetherare then on opposite diagonals( and
and )
e Fortrickierfunctions chainrule may bereugiredinside product rule
o i.e. chainrule may be neededto differentiate and

%) Worked Example
° a) Findthederivative of y =eXsin x.
' exSin x
STEP) \dea‘\’\?j forctione ond Mferecnide
v=e* V=80
v':e* >< v'=Cosx
& oTanging vy, U,V in 0 copore
makes predoct ole ‘dioopna QoS

2 QA ¥ ro\e: | A T0dv yvdo’
CTEP PP“:SPrOAQC' e _dgl_mzu;_c,\.va?c

(Reibie gven inthe formda boddet)

X x
g=e¢:oscc+e S\n C

. ﬂ = ex(w < +Sio I) ks ﬁ@s\\'%vuo&'é'\%
doc Yeke o Joder & € ot

b) Findthederivativeof y= 5x2 cos 3x2.
y Sac cos I
2 2
15114 v=5x V= cos 3x chain rule

X

: 2
0= 0x v'= -6in 3 6

v'z - 6xsin 3t

STEP 2 \,'=-3C):r.3'3in3arfL +10xcos 3

‘:3_3‘ = |Ox kCos 3~ 3sin 393)
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Quotient Rule
What is the quotient rule?

u(x)
e Thequotientrulestatesif yisthe quotient V(X) then

_u
Yoy

du _ dv
dy Vax Yax

dx 2

o Thisis giveninthe formula booklet
¢ Infunctionnotation this could be written

(x)

Y7 alx)
dy _ g ()= 10e'x)
dx [g(x)12

e Aswith productrule, ‘dash notation’ may beused

_u
YTy
,_vu' —uy
Y = V2

e Finalanswers should match the notation usedthroughout the question

How do | know when to use the quotient rule?
e Thequotientruleis used when trying to differentiate a fraction where both the numerator
and denominator are functions of x
o if the numeratoris a constant, negative powers can beused
o if the denominatoris a constant, treat it as a factor of the expression

How dol use the quotient rule?

o Makeitclearwhat u, v, u' and v' are
o arrangingthemin a square can help
= opposite diagonals match up (like they do for productrule)

STEP1
Identify the two functions, uand v
Differentiate both 11 and v with respectto x tofind u' and v'

STEP 2

du dv
v dx u dx

V2

Obt'dyb lying th tientrule f Iﬂ—
ain dx y applying the quotient rule formula i
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Be carefulusing the formula - because of the minus signin the numerator, the order of the
functionsisimportant
Simplify the answer if straightforward or if the question requires a particular form

« Intrickier problems chain rule may have to be used when finding u' and v/,

O Exam Tip

w
e Use and fortheelements of quotientrule

o laythemoutina'square' (imagine a 2x2 grid)

o thosethatare paired togetherare then on opposite diagonals( and
and )

e Lookoutforfunctions of the form

o These can be differentiated using a combination of chainrule and product
rule
(itwould be good practice to try!)

o ..butitcanalsobeseenas aquotientrule questionin disguise

o ...andviceversa!

= Aquotient could be seen as a product by rewriting the denominatoras
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*> Worked Example

Differentiate f( )—Coszx ith tt
Irrerentiate X)= 3x+2 withrespectto X.

STer) \Aen\“.?ﬂ Lond v, A'\%ﬁ\—'\d—e

ciee 2

vz Ccoe 2 v= 3o
v’z =20 A v'=
T \ Ye diapncl
<\ \
choin role o‘:gn\wp
Red e e’ oy | V-
PPY c‘ao‘\‘\eﬁ ) %‘3{ __vr_

(Rsikie gven in the %nm\a Eco\l\et)

%c) = (3c+2)28in2e) - (cos 22)(3)
L'3:x:-\—:1)'1

& g‘,' \m\ - -’1\370*2)9'\:\ Be=3cee 2x
(3e+2)’

\Nv\'\\kﬁ o\w'\oug}ee&/ o 9'\«\9\1?5 ond o‘.s@’non
doeB n6Y eped% & portico\ar %om)
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5.2.3 Higher Order Derivatives

Second Order Derivatives

Whatis the second order derivative of a function?

If you differentiate the derivative of a function (i.e. differentiate the function a second
time) you get the second order derivative of the function
There are two forms of notation for the second order derivative

o y=1f(x)
d
o —y=f'(x) (First order derivative)
dx
&y -
o —==1"(x) (Secondorderderivative)
dx?

Note the position of the superscript2’s
o differentiating twice(so d2) with respect to x twice (so x2)
The second order derivative can bereferred to simply as the second derivative
o Similarly, the first order derivative can be just the first derivative
Afirst order derivativeis therate of change of a function
o asecond orderderivativeis therate of change of the rate of change of a function
= j.e.therate of change of the function’s gradient
Second order derivatives can be usedto
o testforlocal minimum and maximum points
help determine the nature of stationary points
help determinethe concavity of afunction
graph derivatives

o

(o)

o

How do | find a second order derivative of a function?

By differentiating twicel

e Thismayinvolve

o rewriting fractions, roots, etc as negative and/or fractional powers
differentiating trigonometric functions, exponentials andlogarithms
using chainrule

using product or quotient rule

o

o

o

O Exam Tip

* Negative and/orfractional powers can cause problems when finding second
derivatives so work carefully through each term
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Worked Example

3
Giventhat f(x)=4- \/; +—

Jx

a)
f ! r
Find f'(x) and f'"(x).
P /—EREWR\TE AS POWERS OF x
@ fx) =4 - x4 3x
i Ay
#x) = —~(x w3
DIFFERENTIATE ONCE
-1 -3 /,
f = -3 3 TO FIND fx)
- v -
Pl = L= 3=
= -5
Foa = 1aF 4 843 DIFFERENTIATE A
SECOND TIME
TO FIND f'(x)

Evaluate f''(3).

Giveyouranswerin the form a/ b, where bisanintegerand ais arational number.

P 9 3
b) HX):A—:ﬁ*—W x;=x47 x%=x2~f7
noy O
=07 "33
2 4,3
3643 343 3 9

RATIONALISE
DENOMINATOR
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Higher Order Derivatives
What is meant by higher order derivatives of a function?

e Many functions can be differentiated numerous times
o Thethird, fourth, fifth, etc derivatives of a function are generally called higher order
derivatives
e |tmaynotbe possible, or practical to (algebraically) differentiate complicated functions
more than once ortwice
e Polynomials will, eventually, have higher order derivatives of zero
o Since powers of xreduce by leachtime

What is the notation for higher order derivatives?

e Thenotation forhigher order derivatives follows the logic from the firstand second
derivatives

dly

dx?

f(n)(x) or

except the ‘dash’ (prime) notation is replaced with numbers as this would become cumbersome
afterthe firstfew
o e.g.thefifth derivative would be

f(s)(x) or d555/

dx

How do | find a higher order derivative of a function?

e By differentiating as many times as required!
e Thismayinvolve

o rewriting fractions, roots, etc as negative and/or fractional powers
differentiating trigonometric functions, exponentials andlogarithms
o usingchainrule
using product or quotientrule

o

o

@ ExamTip
' e |fyou arerequiredto evaluate a higher order derivative at a specific point your
GDC canhelp

o Typically a GDC will only work out the first and second derivative directly
from the original function

o But, if you wanted the fourth derivative, say, you only need differentiate
twice algebraically, then call this the ‘original’ function on your GDC
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%) Worked Example
® s giventhat f(x)=sin 2x.

a)
Showthat £4(x) = 16£(x).

2 is Yhe FOURTH dervdive

?(x) = Gin 2
$e)= 2eos 2 (‘sin = c8 choin rle)
‘P‘ kx\ = = WGin 2oc k‘ ot = =8in, chain ro\e>

;3 kx) = -8cos 2x Yoo Shed\d netice o pattem by now....
£* o) = 16810 20

-F' (x\= l6in 2 = ‘Gﬁ.x) as feqowred
b)
Without furtherworking, write down an expression for fg(x).
We can cee Yrom port @)
* the coefficient o cachdesivaive S o power S 2
* Sin 2 (ﬂx}) Slirvclved in every even derivaive
)6\ e pesitiveideieReiher Eved\deTiative

s $ )= 256610 2
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5.2.4 Further Applications of Differentiation

Stationary Points & Turning Points
What is the difference between a stationary point and a turning point?
¢ Astationary pointis a point at which the gradient functionis equal to zero
o Thetangent to the curve of the functionis horizontal
¢ Aturningpointis a type of stationary point, butin addition the function changes from
increasing to decreasing, orviceversa
o Thecurve ‘turns’ from ‘going upwards’ to ‘going downwards’ orvice versa

o Turning points will either be (local) minimum or maximum points
¢ Apoint ofinflection could also be a stationary point but is not a turning point

Howdol find stationary points and turning points?
e Forthefunctiony= f(x),stationary points can be found using the following process
STEP1
dy
Findthe gradient function, dx = f(X)
STEP2
Solve the equation f'(x) =0 to find the x-coordiante(s) of any stationary points

STEP 3
If the y-coordaintes of the stationary points are also required then substitute the x-
coordinate(s) into f(x)

o AGDC willsolve z"(x) =( and most will find the coordinates of turning points (minimum
and maximum points) in graphing mode
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Testing for Local Minimum & Maximum Points

What are local minimum and maximum points?

¢ L ocalminimum and maximum points are two types of stationary point
o The gradient function (derivative) at such points equals zero

o ie f(x)=0
¢ Alocal minimum point, (X, z‘(x)) willbe the lowest value of f(x) in thelocal vicinity of the
value of x

o Thefunction mayreach alower value furtherafield
¢ Similarly, alocal maximum point, (X, f(x)) willbe the lowestvalue of f(x) inthelocal
vicinity of thevalue of x
o Thefunction mayreach a greatervalue furtherafield
e The graphs of many functions tend to infinity forlarge values of x
(and/orminus infinity forlarge negative values of x)
¢ The nature of a stationary point refers to whetherit is alocal minimum point, alocal
maximum point or a point of inflection
¢ Aglobal minimum point wouldrepresent the lowest value of z‘(x) forall values of x
o similarfora global maximum point

How dol find local minimum & maximum points?

¢ Thenature of a stationary point can be determined using the first derivative butitis
usually quicker and easier to use the second derivative
o onlyincases whenthe second derivative is zero is the first derivative method needed
e Forthefunction f(x)

STEP1
Find f'(x) andsolve f'(x) =0 to find the x-coordinates of any stationary points

STEP 2 (Second derivative)
Find ''(x) and evaluate it at each of the stationary points foundin STEP 1

STEP 3 (Secondderivative)
o |f f'(x) =( then the nature of the stationary point cannot be determined; use the first
derivative method (STEP 4)
o If f''(x) >0 thenthe curve of the graph of y= f(x) is concave up and the stationary
pointis alocal minimum point
o |f f”(x) <0 thenthe curve of thegraph of y = f(x) isconcavedown andthe
stationary pointis a local maximum point

STEP 4 (First derivative)
Find the sign of the first derivative just either side of the stationary point; i.e. evaluate
f'(x—h) and f'(x + h) forsmall h

o Alocal minimum point changes the function from decreasing to increasing
= thegradient changes from negative to positive
« f(x—h)<0, f'(x)=0, F(x+h)>0

o Alocal maximum point changes the function fromincreasing to decreasing
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= thegradient changes from positive to negative

y y = f(x)

LOCAL
MAXIMUM

GRADIENT =0

INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
0 X
DECREASING 5z
(NEGATIVE
GRADIENT)
GRADIENT =0
LOCAL
MINIMUM

* Astationary point of inflectionresults from the function eitherincreasing or decreasing
onbothsides of the stationary point
o thegradient does not change sign
o f(x=h)>0, f(x+h)>0 or f(x—h)<0, f(x+h)<0
o apoint of inflection does not necessarily have f'(X) =0
= this method will only find those that do - and are often called horizontal points of
inflection
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INCREASING DECREASING
(POSITIVE (NEGATIVE
GRADIENT) GRADIENT)

GRADIENT =0 GRADIENT =0

\

POINT OF
INFLECTION

POINT OF
INFLECTION

\ X

DECREASING
(NEGATIVE
GRADIENT)

INCREASING
(POSITIVE
GRADIENT)

(’) ExamTip

* e Exam questions may use the phrase “classify turning points” instead of “find
the nature of turning points”

e Usingyour GDC to sketch the curveis a valid test forthe nature of a stationary
pointin an exam unless the question says "show that..." orasks foran algebraic
method

e Evenifrequiredto show a fullalgebraic solution you can stilluse your GDC to tell
you what you’re aiming forand to check yourwork
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*) Worked Example

Findthe coordinates and the nature of any stationary points on the graph of
y=f(x) where f(x) =2x3—3x2 - 36x +25.

At s\t\'&mu\'\/ po'm‘\'g, %‘ (x)=0
Y- 6 - 6 -36 = 6o~ €)
€(o-x-€)=0
(x-3)(x-\-2) =0
x=3  y=§(3)= 203)-3(3) - 3¢l3) +25 - - 56
=-2, ye Fla)= 2k2)™-3(a)-3¢k2) +25 - @
Using the cecond derivative T delermine their naure
-P('x) = |2x-6= G(ﬁbc-\)
$'(3)= €(2x3-1)=30>0
% 2=3ie a Voco) miniewm 90'\6\‘
§"(-2)= 6(ax-2-1)=-30%0
% 2=-2 is a \ocel maxitom point

(No*e‘ \r, ¥his case, bt S\’d\'xomry po'm‘\'g QYE‘\'ofh'ms po'm‘\‘s)

Torning peints ore:
(3.-56) locel minimuen poict
-2, €1) locod maximom point

Use o 60C to 8VQP\'| =¥ e) and the
max,m‘m Qo\viﬁﬂ gfed\'ore o check the anowere.

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

5.2.5 Concavity & Points of Inflection

Concavity of a Function

Whatis concavity?

¢ Concavityis thewayinwhich a curve (orsurface) bends

e Mathematically,
o acurveis CONCAVEDOWN: if f''(x) <0 forallvalues of xinaninterval
o acurveis CONCAVEUPif f''(x) >0 forallvalues of x in aninterval

» TANGENTS

CONCAVE UP
CONCAVE
DOWN
TANGENTS
@ Exam Tip

' . .
e Inanexamaneasy way toremember the differenceis:

o Concavedownis the shape of (the mouth of) a sad smiley A

o Concaveup is the shape of (the mouth of) a happy smiley ©
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) Worked Example
®  Thefunction f(x)is givenby f(x)=x3-3x+2.

a)

Determine whetherthe curve of the graph of y = l‘(x) is concave down orconcave
up atthepointswhere x= —2and x=2.

%('x) 22~ 3c +2
? (ocy 3*-3
§le)= €x

;u t_l) - 6;’2 == 40 (chcuve down)

¥ \1) =€x2:12 20 |concave op)

At x=-2, y=?(x) iS Concave down
Ae x=2 y=§(x)ic concave vp

Uce yoor 6DC Yo plet the gogh ot 3=?(x)
and o help cee i Yoo answers ofe Sensible

b)
Findthe values of x forwhich the curve of the graph y = f(x) ofis concave up.

%“ \‘x) = 6x" fom port @
Concove vp ie " (x) >0
6x >0 when x>0

 ye¥(x) is concove vp Jor %20

Use your 60C to check yoor answer
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Points of Inflection

Whatis a point of inflection?

e Apointatwhichthecurve of thegraphof y= ﬂx) changes concavity is a point of
inflection
¢ Thealternative spelling, inflexion, may sometimes be used

What are the conditions for a point of inflection?
¢ Apoint of inflection requires BOTH of the following two conditions to hold

o thesecond derivativeis zero

= '(x)=0
AND

o thegraphof y= (x) changes concavity
= f"'(x) changes sign through a point of inflection

POINT OF
o INFLECTION.*
CONCAVE %)

DOWN

CONCAVE
DOWN

f(x) <0 f(x) <0

CONCAVE UP CONCAVE UP
f7(x) >0 f“(x) >0

¢ |tisimportant tounderstandthat the first conditionis not sufficient onits owntolocatea
point of inflection
o points where f''(x) =0 could be local minimum or maximum points
= thefirst derivative test would be needed
o However, ifitis already known f(x) has a point ofinflection at x = a, say, then

'"(a)=0
What about the first derivative, like with turning points?

¢ Apoint ofinflection, unlike a turning point, does not necessarily have to have a first
derivative valueof O ( £(x)=0)
o Ifitdoes,itis also a stationary point andis often called a horizontal point of inflection
= thetangenttothe curve at this point would be horizontal
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o The normal distributionis an example of acommonly used function thathas a graph
with two non-stationary points of inflection

How dol find the coordinates of a point of inflection?
e Forthefunction f(X)

STEP1

Differentiate f(X) twiceto find f”(X) andsolve f”(X) =0tofindthe x-coordinates of
possible points of inflection

STEP 2
Use the second derivative to test the concavity of f(x) eithersideof x=a

o If ''(x) <0 then f(x) is concave down
o If £'(x) >0 then f(x)is concaveup

If concavity changes, x = a is a point of inflection

STEP 3
If required, the y-coordinate of a point of inflection can be found by substituting the x-
coordinateinto f(x)

(") Exam Tip
' ¢ You canfindthe x-coordinates of the point of inflections of by
drawing the graph andfinding the x-coordinates of any local
maximum or local minimum points
¢ Anotherway is to draw the graph and find the x-coordinates of the

points where the graph crosses (not just touches) the x-axis
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*> Worked Example
°
Find the coordinates of the point of inflection on the graph of

y=2x3—18x2+24x+5.
Fully justify that youransweris a point of inflection.

stee1: Differentidre twice, sove §{"lx)=0
()= ac>- 182> + e + S
§'(c)z 6= 36 + 20
$lc)* 125c-36
122 -36:0 when x23

STEP 2+ Utethe Second dervative Yo Yest concovity
i*(3)=0
§*(29)< 0 (concave down)
f (31)>0 (concove up)
< CO\‘\COM'\*’Y c\-omges ‘\'\'\\"oua\ﬁ x=3

STEP 3 The y-coordindre-it-Fequired
$(3)= 203y~ 18l #amiz)s 5 = -3)

Ss'nc(e $'(3):0 Aang the 3\'031-. of .
={(x) chonges concavi o
v:ac=‘.;:,t)-\'\se Pgin‘\' (3 -3\)‘?; o =
point of inflection.

Uce yoor 60C o plot the gogh o 3=$(x)
and 1o help see i} Yoor answer is Sensible
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5.2.6 Derivatives & Graphs

Derivatives & Graphs
How are derivatives and graphs connected?

¢ |fthegraph of afunction y= f(x) is known, or can be sketched, then itis also possible to
sketch the graphs of the derivatives y = f'(x) and y = f'(x)
e Thekey properties of a graphinclude
o the y-axisintercept
o the X-axisintercepts - theroots of the function; where (x)=0
o stationary points; where f'(x) =0
turning points - (local) minimum and maximum points
(horizontal) points of inflection
o (non-stationary, f'(X) # 0) points of inflection
o asymptotes - vertical and horizontal
o intervals where the graphis increasing and decreasing
o intervals where the graph is concave down and concave up
¢ Notallgraphs have all of these properties and not all can be determined without knowing
the expression of the function
¢ Howeverquestions will provide enough information to sketch
o theshapeofthegraph
o some of the key properties such as roots or turning points

How dol sketch the graph of y = f'(x) from the graph of y = f(x)?

e Thegraphof y= f'(x) willhaveits
o Xx-axisintercepts atthe x-coordinates of the stationary points of y = f(x)
o turning points atthe x-coordinates of the points of inflection of y = f(X)

e Forintervals where y = f(x) isconcaveup, y = f'(x) willbeincreasing

¢ Forintervals where y= f(x) isconcavedown, y= Id(X) willbe decreasing

¢ Forintervals where y = f(X) isincreasing, y = f'(x) willbe positive

e Forintervals where y = f(x) is decreasing, y = Id(X) willbe negative

How dol sketch the graph of y = f''(x) from the graph of y = f(x)?

e Firstsketchthegraphof y= f'(X) from y = f(x) as perthe above process
« Then, using the same process, sketch the graph of y = f''(x) from the graph of y = f'(x)
e Therearea couple of things you can deduce about the graph of y = f'(x) directly fromthe
graphof y= l‘(x)
o Thegraphof y=f""(x) willhave its x-axis intercepts at the x-coordinates of the
points of inflection of y = f(x)
o Forintervals where y = f(x) is concave up, y = f''(x) willbe positive
o Forintervals where y = f(X) isconcavedown, y = f"(x) willbe negative
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y = flx)
y=f(x)  CONCAVE UP

y = f'(x)  INCREASING
y = f*{x) POSITIVE

y=f(x) CONCAVE DOWN
y=f(x) DECREASING
X y=f"(x) NEGATIVE

y=f(x)  INCREASING
y =fx y=f(x) POSITIVE

y=f(x) DECREASING
u= f(x)  NEGATIVE

NOTE:
X THE GRAPHS OF y = f(x) AND

y = f(x) HAVE POINTS OF
INFLECTION AT CHANGE OF

y = f"(x) CONCAVITY (o)

THESE BECOME TURNING POINTS
ON THE GRAPHS OF y = f(x)
AND y = f“(x) RESPECTIVELY
BUT WITHOUT FURTHER
INFORMATION THE

0 \ , X x—COORDINATES OF THESE

POINTS CANNOT BE
LDEDUCED.

Isit possible to sketchthe graph of y = f(x) from the graph of a derivative?

e |tis possibletosketchagraphof y= f(x) by considering thereverse of the above
o Forintervals where y = f'(x) is positive, y = f(x) will be increasing but is not
necessarily positive
o Forintervals where y = f'(x) is negative, y = f(x) willbe decreasing but is not
necessarily negative
o Roots of y = f'(x) give the x-coordinates of the stationary points of y = f(x)
e There are some properties of the graph of y = f(x) that cannot be determined from the
graphof y=f'(x)
o the y-axisintercept
o theintervals forwhich y = f(x) is positive and negative
o therootsof y= l‘(x)
e Unless a specific point the curve passes throughis known, the constant of integration
cannot be determined
o theexactlocation of the curve willremain unknown
o butit willstillbe possible to sketchits shape
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« If starting from the graph of the second derivative, y = f''(x), itis easier to sketch the
graphof y= f(x) first, then sketch y = f(x)
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*> Worked Example
[ ]
Thegraphof y= f(x) is shownin the diagram below.

: y = f(x)

O/ x
On separate diagrams sketch the graphs of y = £'(x) and y = £''(x), labelling any
roots and turning points.
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5.3 Integration

5.3.1 Introduction to Integration

Introduction to Integration
Whatisintegration?

¢ Integrationis the opposite to differentiation
o Integrationis referred to as antidifferentiation
o Theresult of integrationis referred to as the antiderivative
¢ Integrationis the process of finding the expression of a function (antiderivative) froman
expression of the derivative (gradient function)

What is the notation forintegration?

¢ Anintegral is normally writtenin the form
ff(x) dx

o thelarge operator fmeans “integrate”

o “dx”indicates which variable to integrate with respect to

o f(x)is thefunctiontobe integrated (sometimes called the integrand)
e Theantiderivativeis sometimes denoted by F(X)

o there’sthennoneedtokeep writing the whole integral; refertoit as F(X)
. F(X) may also be called the indefinite integral of f(x)

What s the constant of integration?

¢ Recallone of the special cases from Differentiating Powers of x
o If A{x)=athen f'(x)=0

¢ This means thatintegrating O will produce a constant termin the antiderivative
o azerotermwouldn’tbe written as part of a function
o every function, whenintegrated, potentially has a constant term

¢ Thisis called the constant of integration andis usually denoted by theletter ¢
o itis oftenreferredtoas “plus c¢”

¢ Without moreinformationitis impossible to deduce the value of this constant
o thereareendless antiderivatives, F(X) ,forafunction f(x)
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Integrating Powers of x
How dolintegrate powers of x?

e Powers of x areintegrated according to the following formulae:

o If f{x)=x"then ff(x) dx=

ofintegration

Xn+1

Py + cwhere n €Q, n# — 1 and cis the constant

o Thisis givenin the formula booklet

¢ |fthe powerof x is multiplied by a constant then theintegralis also multiplied by that
constant

o If f(x) = ax™ then ff(x)dx= P

and cis the constant of integration
dy . . o .
. notation can stillbe used with integration

dx
* Notethattheformulae above donotapplywhen x = — 1 as this wouldlead to division by

3XH+1

+ cwheren €Q, n# — 1 and ais aconstant

zero
¢ Rememberthe special case:

o fadx=ax+c
e.g. f4dx=4x+c

o This allows constant terms to beintegrated

¢ Functionsinvolving roots willneed to be rewritten as fractional powers of x first
1

o eg.lf f(x)= 53/x then rewrite as f(x)=5x3 and integrate
¢ Functionsinvolving fractions with denominators in terms of x willneedto berewritten as
negative powers of x first

4
o eqg. If f(x)= , + x2 thenrewrite as f(x) =4x~2 + x2 andintegrate
X

¢ Theformulaeforintegrating powers of x apply to all rational numbers soitis possible to
integrate any expression that is a sum or difference of powers of x
gx3+t1l o1+l

3+1 1+1

o e.q. Iff(x)=8x3—2x+4then ff(x) dx = +dx+c=2x%—x2+4x+c

¢ Products and quotients cannot be integrated this way sowould need
expanding/simplifying first
o e.g. If flx)=8x2(2x~-3)then

16x4  24x3
ff(x)dx=f(16x3—24x2)dx= :— 3X+c=4x4—8x3+c

What might | be asked to do once I’ve found the anti-derivative
(integrated)?

* With moreinformation the constant of integration, ¢, can be found
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e Theareaundera curve can befoundusingintegration

(’) ExamTip

w
¢ You canspeedup the process of integration in the exam by committing the

pattern of basicintegration to memory
o Ingeneralyou can think of it as 'raising the power by one and dividing by

the new power'
o Practice this lots before yourexam so thatit comes quickly and naturally

when doing more complicatedintegration questions

" Worked Example
Given that

d 1

< 3x4-2x243-——

dx \/X
findan expression for y in terms of x.

Firg\;\tj \'ewﬁ\'e o\\ terme 08 poviet cﬂ: x
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2
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5.6 Kinematics

5.6.1 Kinematics Toolkit

Displacement, Velocity & Acceleration
What is kinematics?

¢ Kinematics is the branch of mathematics that models and analyses the motion of objects
¢ Commonwords such as distance, speed and acceleration are usedin kinematics but are
used accordingto theirtechnical definition

What definitions do | need to be aware of?

o Firstly, only motion of an objectin a straight lineis considered
o this couldbe a horizontal straightline
the positive direction would be to theright
o orthis could be a vertical straightline
the positive direction would be upwards

Particle

e Aparticleis the generaltermforan object
o some questions may use a specific objectsuch as a carora ball

Time fseconds

+ Displacement, velocity and acceleration are all functions of time ¢
* Initially timeiszero t=0

Displacement s m

* Thedisplacement of a particleis its distance relative to a fixed point
o thefixed pointis often (but notalways) the particle’s initial position
» Displacement will be zero s = 0 if the objectis at orhas returned toits initial position
+ Displacement will be negativeif its positionrelative to the fixed pointis in the negative
direction (left ordown)

Distance dm

¢ Useoftheworddistance needs to be considered carefully and could referto
o thedistancetravelled by a particle
o the(straightline) distance the particle is from a particular point
e Becarefulnotto confuse displacement with distance
o ifabusroute starts andends at abus depot, when the bus has returned to the depot,
its displacement will be zero but the distance the bus has travelled will be the length of
theroute
» Distanceis always positive

Velocity vms™!
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¢ Thevelocity of a particleis therate of change of its displacement at time ¢
¢ Velocity willbe negative if the particleis movingin the negative direction
» Avelocity of zero means the particleis stationary v=0

Speed |v|ms™!

* Speedis the magnitude (a.k.a. absolute value ormodulus) of velocity
o astheparticleis movingin a straightline, speed is the velocity ignoring the direction
ifv=4,|v|=4
if v=—6,|v|=6

Acceleration am s

¢ Theacceleration of a particleis the rate of change of its velocity attime ¢
e Acceleration can be negative but this alone cannot fully describe the particle’s motion
o if velocity and acceleration have the same sign the particle is accelerating (speeding
up)
o if velocity and acceleration have different signs then the particle is decelerating
(slowing down)
o ifaccelerationis zero a = ( the particle is moving with constant velocity
o inallcases thedirection of motion is determined by the sign of velocity

Are there any other words or phrases in kinematics | should know?

¢ Certain words and phrases canimply values ordirections in kinematics
o aparticle described as “atrest” means thatits velocity iszero, =0
o aparticle described as moving “due east” or “right” or would be movingin the positive
horizontal direction
this also means that v> 0
o aparticle “dropped from the top of a cliff” or “down” would be movingin the
negative vertical direction
this alsomeansthat v<0

What are the key features of avelocity-time graph?

¢ The gradient of the graph equals the acceleration of an object

¢ Astraightline shows thatthe objectis accelerating at a constant rate

¢ Ahorizontal line shows that the objectis moving at a constant velocity

¢ Theareabetween graph and the x-axis tells us the changein displacement of the object
o Graph above the x-axis means the object is moving forwards
o Graph below the x-axis means the objectis moving backwards

* Thetotal displacement of the object fromits starting pointis the sum of the areas above
the x-axis minus the sum of the areas below the x-axis

¢ Thetotal distance travelled by the objectis the sum of all the areas

¢ |fthe graph touches the x-axis then the objectis stationary at that time

« Ifthegraphis above the x-axis then the object has positive velocity andis travelling
forwards

¢ |fthe graphis below the x-axis then the object has negative velocity andis travelling
backwards
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4
VELOCITY .
(v ms™)

TIME
(t SECONDS)

SPEEDING UP BUT MOVING
BACKWARDS

[~]

(1] [INTIAL VELOCITY |

(2] | CONSTANT ACCELERATION |

SLOWING DOWN BUT
STILL MOVING BACKWARDS

3] [ VARIABLE ACCELERATION |

DISTANCE TRAVELLED
E | CONSTANT VELOCITY ] FORWARDS

o] " =]

E DECELERATING (SLOWING DOWN DISTANCE TRAVELLED
BUT STILL MOVING FORWARDS) BACKWARDS

—_
3]

E INSTANTANEQUSLY AT REST
(STATIONARY FOR AN
INSTANT)

(') ExamTip

w
e Inanexamifyou are given an expression for the velocity then sketching a
velocity-time graph can help visualise the problem
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%) Worked Example
®
Aparticleis projectedvertically upwards from ground level, taking 8 seconds to

return to the ground.

The velocity-time graph below illustrates the motion of the particle forthese 8
seconds.

v

(@)

IS

3N

i)
How many seconds does the particle take to reach its maximum height?
Give areason foryouranswer.

ii)
State, with areason, whetherthe particleis accelerating or decelerating at time
t=3.
i, Rt MO \-eiﬁ\\\:, Ve\od\’\\/ 8 2eve
v=0 ok t:=%

~The partide Yokes % Secordo o TROCH
s moxienom height. This & becavse
e Ue\od{\’y e O m&' arW seconde.

W At £=3, velecily i POSITNE
p\ccs,\e\“a'\"\on icthe a\'bc\'\en't c? ve\oc‘\\'y
At £=3, occeleralion o NEGRTINE
% Ak 3 ceconds Yhe portide is éece\efd\ing
oe 8 vdlecty ard occe\estion hove
dFererY SierS.
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5.7 Basic Limits & Continuity

5.7.1 Basic Limits & Continuity

Limits
What are limits in mathematics?
¢ Whenwe considera limitin mathematics we look at the tendency of a mathematical
process as it approaches, but never quite reaches, an ‘end point’ of some sort

e Weusea speciallimitnotation toindicate this
o Forexample lim f{x) denotes ‘the limit of the function f(x) as x goes to (or
x-3
approaches) 3’
l.e., whatvalue (if any) f(x) gets closerand closerto as x takes on values closerand
closerto 3
We are not concerned here with what value (if any) f(x) takes when xis equal to 3 -
only with the behaviour of f(x) as x gets close to 3
e Thesum of aninfinite geometric sequenceis a type of limit
o Whenyou calculate SOo foran infinite geometric sequence, whatyou are actually
findingis lim Sn
n—>oo
l.e.,whatvalue (if any) the sum of the first n terms of the sequence gets closerand
closerto as the number of terms (n) goes to infinity
The sum neveractually reaches Soo, butas more and more terms areincludedin

the sumit gets closerand closerto that value
¢ Inthis section of theIB course we will be considering the limits of functions
o This may include finding the limit at a point where the function is undefined

sinx .
Forexample, f(x)= is undefined when x = 0, but we might want to know
X

how the function behaves as x gets closerand closerto zero
o Oritmay include finding the limit of a function f(x) as x gets infinitely big in the positive
ornegative direction
Forthis type of imitwe write lim f(x) or lim f(x) (the firstone canalsobe

X > o0 x> —o00

writtenas lim f(x) to distinguish it from the second one)

x> +oo

o Thesesorts of limits are often used to find the asymptotes of the graph of a function

How do | find a simple limit?
« STEP1:To find lim f(x) begin by substituting a into the function f(x)

X—>a

o If f(a) exists with a well-defined value, then thatis also the value of the limit

x—1
o Forexample, for f(X)= X we may find the limit as x approaches 3 like this:
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i oox—-1 3-1 2
i

In this case, is simply equalto f(3)
o STEP 2:If f(a) does notexist, it may be possible to use algebra to simplify f(x) so that
substituting a into the simplified function gives a well-defined value
o Inthatcase, thewell-definedvalue at x = a of the simplified version of the functionis

also thevalue of the limit of the function as xgoes toa
2
X
o Forexample, f(x)= isnotdefinedatx =0, butwemay use algebra to find the limit
X

as x approaches zero:
. .oxr X . \_ 0
lim A(x) = lim — = lim T (cancelling the x's) = 1= 0
x—0 x—0 x—0

x?2 .
Notethat f{x)=_ and g(x)= x arenotthe same function!
X

They are equal for all values of x except zero
Butforx=0, g(0) = 0 while f(O) is undefined
However f(x) gets closerand closerto zero as x gets closerand closer to zero
e Ifneitherof these steps gives a well-defined value for the limit you may need to consider
more advanced techniques to evaluate the limit
o Forexamplel’Hopital’s Rule or using Maclaurin series

How do | find alimit to infinity?

e Asxgoesto+oo or—o0, atypical function f(x) may converge to a well-defined value, orit
may diverge to + o0 or —o0
o Otherbehaviours are possible - forexample lim sinx is simply undefined, because

X =00
sinxcontinues to oscillate betweenTand-1as x gets largerandlarger
e Therearetwokeyresults tobeusedhere:

k
o lim _  convergestoOforalln>Oandallk €R

X > oo

o lim x"divergesto+oo foralln>0

X = +0oo

lim x” forn> O willneedto be considered on a case-by-case basis, because of

X = —00

the differing behaviour of x for different values of n when xis negative

e STEPT:If necessary, use algebra torearrange the function into a form where one orthe
otherof the key results above may be applied

o STEP 2:Usethekeyresults above to evaluate yourlimit
e Forexample:
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2 1
L S 37Xt 3-040 3
e A2 —x+2 DL L2 T 4-040 4
X x2
e Or
2
i x2+5x =2 ; X+5=7 (409 +5-0
m —&=——— = lm = = +o0o
e 3203 T N 5 3240
x2+5x-2

o le,thelimitdivergesto +oo (because ,, ., itgetsbiggerandbiggerwithoutlimit

as x gets biggerandbigger)
0 + oo
¢ Rememberthatneither 0 nor +00 has a well-definedvalue!
o |fyouattempttoevaluate alimitand getone of these two forms, you willneed to try
anotherstrategy
o This mayjust mean different or additional algebraic rearrangement
o Butitmay alsomean thatyou needto considerusingl’Hopital’s Rule or Maclaurin

series to evaluate the limit

k
« Itis alsoworth remembering thatif lim f(x)=oo,then lim W =( forany non-zero

X —> 00 X —> 00

kER
o This can be useful forexample when evaluating the limits of functions containing

exponentials

lim eP¥ = coforany p> 0, soweimmediatelyhave lim e”P*= lim _  =0forp

X = 0o X =00 X =00

>0
See the worked example below for a more involved version of this

Do limits ever have ‘directions’?
¢ Yestheydo!

Thenotation lim f(x) means ‘the limit of f(x) as xapproaches afromabove’

x—>at

o |l.e, thisis thelimitas xcomes ‘down’ towards a, only considering the function’s
behaviourforvalues of xthat are greaterthana

Thenotation lim f(x) means ‘the limit of f(x) as xapproaches a frombelow’
xX—>a-
o |l.e, thisisthelimitas xcomes ‘up’ towards a, only considering the function’s behaviour

forvalues of xthatareless thana
¢ Oneplacethese sorts of limits appearis for functions defined piecewise
o Inthis casethelimits ‘from above’ and ‘from below’ may well be different for values of x
atwhich the different ‘pieces’ of the function are joined
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e Butalsobeaware of a situation like the following, where the limits from above and below
may also be different:

o lin(r)l+ = +oo(because )1( >( forx> 0, with )1( becoming biggerand biggerin the
X
positive direction as x gets closerand closerto zero ‘from above’)

o lirf)l = + oo (because }1( <0 forx <0, with )1{ becoming biggerand biggerin the
x—>0"
negative direction as x gets closerand closerto zero ‘from below’)

o Thegraphofy= Py shows this limiting behaviour as x approaches zero from the two

different directions
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Worked Example
?

[ J
a)

Considerthe function

) 3—4x—5x4
X)= ,
2x4+x3+7
find lim f(x).
X =00
3 Y
3-Y4Yx-5x! %ﬁ X 5
2t e 7 ‘Aw - 1+—;—+-—:—_,
Y
i 37 4x-5x" i = %5
XK= 00 1{0*‘3*7 = X200 7-*__\)(_4__;1_‘.
0-0-5 R 3
2+0+0 | "7
b)
Considerthe function
1-5x <5
X
— 2
gx)=1 x

x2—4x—-6, x25

find (i) lim g(x),and (i) lim g(x).
x=5" x-57t
(‘) For ;.‘_':\5_’ we oa\] comsider %<5

lim :
x=5" 3(*) x=5 x*

g Lim
(“) For ,(_,5*' we 50\7 considar x>5

Lim
+

x5t 900 = 3:—':5 (- x- @)

= (3) -4(s)-6 = |-V
c)
Considerthe function
2e3x =3
hix) =
() 4-5e3x

find lim A(x).

X > 00
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3
2%-3 %3“ Y Rairs -
4 - 5 AR 4.5
e
3x =k
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e
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Continuity & Differentiability
What does it mean for a function to be continuous at a point?

e Ifafunctionis continuous at a point then the graph of the function does not have any

‘holes’ orany sudden ‘leaps’ or jumps’ at that point

o Oneway tothink about this is toimagine sketching the graph
Solongasyou can sketch the graph without lifting your pencil from the paper,
then the functionis continuous at all the points that your sketch goes through

Butif you would have to lift your pencil off the paperat some point and continue

drawing the graph from another point, then the functionis not continuous atany

such points where the function ‘jumps’

CONTINUQUS AT ALL POINTS

AV

A

NOT CONTINUOUS AT x=0

NOT CONTINUOUS AT x=d

Y

Y

e There aretwomain ways a function can fail to be continuous at a point:

yd
0

—
a
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o Ifthefunctionis notdefinedfora particularvalue of xthenitis not continuous at that
value of x

1
Forexample, f(x)= _ isnotcontinuous atx=0
X

o Ifthefunctionis defined fora particularvalue of x, but then the value of the function
‘jumps’ as xmoves away from that xvalue in the positive ornegative direction, then the
functionis not continuous at thatvalue of x

This type of discontinuity can occurin a piecewise function, forexample, where
the different pieces of the function’s graph don’t ‘join up’
e You canuselimits to show that a functionis continuous at a point
o Letf(x) beafunction definedatx=a, suchthatf(a)=b

If lim Alx)=band lim f(x)=b,thenf(x)is continuous atx=a
xX—=>a- x—>at+

If either of those limits is not equalto b, then f(x) is not continuous atx=a
o Thisis a slightly more formal way of expressing the ‘you don’thave to lift your pencil
from the paper’ ideal!

What does it mean for a function to be differentiable at a point?

¢ Wesaythatafunction f(x) is differentiable at a point with x-coordinate x, if the derivative
f'(x) exists and has a well-defined value f'(xg) at that point

e Tobedifferentiable ata point a function has to be continuous at that point
o Soifafunctionis not continuous at a point, thenitis also not differentiable at that point
e Butcontinuity by itself does not guarantee differentiability

o This means that differentiability is aistronger condition than continuity

o [fafunctionis differentiable at a point, then the functionis also continuous at that
point

o Butafunction may be continuous at a point without being differentiable at that point

o This means there are functions that are continuous everywhere but are not
differentiable everywhere

¢ |Inaddition to being continuous a point, differentiability also requires that the function be
smooth atthat point

o ‘Smooth’means thatthe graph of the function does not have any ‘corners’ orsudden
changes of direction at the point

o Anobvious example of a function thatis not smooth at certain points is a modulus

function |[f(x)| at any values of x where f(x) changes sign fro ositive to negative
itan;}s(u)clzh pointa modulus\qyunctio(n)wil no %e Aﬁ'ferenrlc]lgble g
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y = If(x)|

CONTINUOUS AND CONTINUQOUS AT
DIFFERENTIABLE AT ALL POINTS BUT NOT
ALL POINTS DIFFERENTIABLE AT

THESE TWO POINTS

(’7 Exam Tip
' ¢ Ontheexamyou willnotusually be askedto test a function for continuity at a
point

o You should however be familiar with the basic ideas about continuity
outlined above

e Ontheexamyouwillnotbe asked totest a function for differentiability at a

point
o You should howeverbe familiar with the basic ideas about differentiability

andits relationship with continuity as outlined above
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%) Worked Example
°
Considerthefunction fdefinedby

x2—-2x-1, x<3

f(x)= 2 x=3

a)

uselimits toshow that f’is not continuous at x =3.

f3)=2

Vim _ lim 2 » 4 "

x=3" E(x) T %=1 ()( '1’*“) = (3) '1(3)" | =2
The limit “from below’

Ve lim x*2 \ . 3*2 _ S
x> at f(x) zx—)g e 2 U

Tue \imit "from obove’

Vim

*_»3-0— -F(X) # ‘F('B)’ tLQrQ'anQ i not

continuous of x =73,

AR BV ™= B

A_‘ mnse

(

b)

Hence explainwhy fcannotbe differentiableat x =3.

Ta oer.r 1o be A;‘Ffﬁrtf\t;a\:‘e ol o To'\nt

o '\:Unc_t;cn wosl \:e cont;nuous G o thiot
Po;nt.

‘F 15 wol 4ant§nuou5 N X = 3, t\nqre“:ofe
.\t co.nnot \)2 c“-{:*krev\t;a‘o\e At X=3.
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5.8 Advanced Fifferentiation

5.8.1 First Principles Differentiation

First Principles Differentiation
What is differentiation from first principles?

« Differentiation from first principles uses the definition of the derivative of a function f(x)
The definition s

flx+h) - (x)

f'(x) = lim A

h-0

e lim meansthe'limitas htends to zero'

h-0
fix+h)-fx) fx)-fx) 0
= = _ whichisundefined
h 0 0
o Insteadwe considerwhathappens as h gets closerand closerto zero
Differentiation from first principles means using that definition to show what the
derivative of a functionis

The first principles definition (formula) is in the formula booklet

When h=0,

How do | differentiate from first principles?
STEP 1: Identify the function f(x) and substitute this into the first principles formula

e.g. Show, from firstprinciplés, thatthederivative of 3x%is'éx

x+h)— f(x 3(x+h)?2 - 3x2
f(x)=3x2so f'(x)= lim fl )= 1(x) = [im ( )
h—=0 h h—=0 h

STEP 2: Expand f(x+h) in the numerator

3(x2+2hx + h2) —3x2
f'(x)= lim ( )

h-0 h
3x2+6hx+3h%-3x?
f'(x)= lim
h-0 h

STEP 3: Simplify the numerator, factorise and cancel h with the denominator

h(6x +3h)
f'(x)= lim 5
h-0
STEP 4: Evaluate theremaining expression as h tends to zero

f'(x)=lim(6x+3h)=6x Ash-0,(6x+3h)~(6x+0)-6x
h-0
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.. The derivative of 3x2 is 6x

(’) Exam Tip
' e Mostof the time you will not use first principles to find the derivative of a
function (there are much quickerways!)
However, you can be asked to demonstrate differentiation from first principles
e Togetfullmarks make sureyou are are writing lim h -> O right up until the
concluding sentence!

7 Worked Example

Prove, from first principles, that the derivative of 5x3 is 15x2.

STEP ) For fla)=5x
{' L’J:) = fien S;kx"\‘x ¥k°°) ﬂ'\i@ e g\vem inYhe

h—=0 h

‘Y’orﬁ'\o\&book\e\:
= fm 5 LX-\'\'1\3 - Sgc3
h—=0 —\1
STEP X =i S(2¥32h #300T 1Y) - 5

\—\—?0 / \_}
EXP&DC\ Lac#\—»f Ueing Bieial theorem
= lim Gk 1B h + 155\ 4—5\33 Onc

h—=0 h
CTee 2 =l 1653k + 16\ + G\ 3
h—=0 h

= limn ng +16> 4—5\,‘3)
h—=0

Steew Rech—o0
(152 +15xh + 5k ) — |15+ 152(0) + 5 (0] ) = 15:¢

= The dervave o‘- 5 ic 15
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As with other problems in integration the results in this revision note may have furtheruses such
as

e evaluating a definiteintegral
o finding the constant of integration
e findingareas undera curve, between alineanda curve or between two curves
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5.9 Advanced Integration

5.9.1 Integrating Further Functions

Integrating with Reciprocal Trigonometric Functions

cosec(cosecant, csc), sec (secant) and cot (cotangent) are the reciprocal functions of sine,
cosine andtangentrespectively.

What are the antiderivatives involving reciprocal trigonometric
functions?

. fseczxdx=tanx+c
. fsecxtanxdx=secx+c
. fcosecxcotxdx=—cosecx+c

. f cosec2 x dx=—cotx+c

¢ Thesearenot givenin the formula booklet directly
o theyarelisted the otherway round as ‘standard derivatives’
o be careful with the negatives in thelast two results
o andremember “+c” !

How dolintegrate these if a linear function of xiis involved?

¢ Allintegration rules could apply alongside the results above
e Theuseofreversechainruleis particularly common
o Forlinearfunctions the followingresults can be useful

1
f sec(ax + b) tan(ax + b) dx = 4 sec(ax +b) +¢
1
f cosec(ax + b) cot(ax + b) dx= — 2 cosec(ax+b) +c¢

1
f cot(ax+b) dx= — ) cosec2(ax+b) +c¢

o Thesearenotinthe formula booklet
they can be deduced by spotting reverse chainrule
they are not essentialto remember but can make problems easier

(') Exam Tip
* ¢ Evenifyou thinkyou have remembered these antiderivatives, always use the
formula booklet to double check
o thosesquares, negatives and"Tover"'s are easy to get muddled up!
¢ Remembertouse 'adjust' and'compensate’ forreverse chainrule when
coefficients areinvolved
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*> Worked Example
[

Thegraphofy= z‘(x) where f(x) = f 2sec? 5x dx passes through the point

T
(59)
ShowthatSy = Z(ﬁ + tan 5x).

Reverse chain e i€ needed

j 2sec” S doe = 2’(15' jSSecn 5x dxc

7N ‘odjug\:'

fon 5 +c \\jseczxéx=+anx+c"

3= %’-k‘\'cu-s Ssc +\§)

53= RU'/B +rton 57&3
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Integrating with Inverse Trigonometric Functions

arcsin, arccos andarctan are (one-to-one) functions defined as the inverse functions of sine,
cosine andtangentrespectively.

What are the antiderivatives involving the inverse trigonometric
functions?

1
v
1

. f dx=arctan x+ ¢
1+x2

dx=arcsin x+ ¢

¢ Notethatthe antiderivative involving arccos x would arise from

f —ﬁ dx=arccosx+c

o However, the negative can be treated as a coefficient of -land so

= —arcsin x + ¢

1 1
f ——m dx=—f—m dx

o Similarly,

1 1
f —— dx= —f —————dx= —arccosx+c¢
J1—x2 \J1—x2
e Unless a question requires otherwise, stick to the first two results

e Thesearelistedin the formula booklet the otherway roundas ‘standard derivatives
« Forthe antiderivative involving arctan x; notethat (1 +x2) is the sameas (x2 + 1)

)

How dolintegrate these expressions if the denominatoris notin the
correct form?

e Some problems involve integrands thatlook very similar to the above but the denominators
start with anumber otherthanone
o denominators of the form a2 + (bx)2 (with orwithout the squareroot!)
o theintegrand can be rewritten by taking a factor of a2
this means the denominatorwill start with 1

4 2}
e.9.9+4x2=9 1+§X2 =91+ 3 X

— Xis alinearfunction of x, souse ‘adjustand compensate’

3
o Anothertype of problem has a quadratic denominator
denominators of the form ax2 + bx + ¢
arearrangement of this is more likely but it is still quadratic
theintegrand can be rewritten by completing the square
eg.5—-x2+4x=5-(x2+4x)=5-[(x+2)2-4]=9-(x+2)?
This can then be dealt with like the first type of problem above
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(’7 Exam Tip
' * Always startintegrals involving the inverse trig functions by rewrtiting the

denominatorinto the correct form
o With orwithout the square root, the denominator should be of the form

o Thenumerator can be dealt with afterwards using 'adjust' and
‘compensate'if necessary
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‘) Worked Example
°

1
a) Findf 0+ 4x2 dx.

Rewrife the '\ﬁ\'egra\ so ¥he demominater
(NP '\'\"'e %o\’m |+ L\Dac)l

I: ‘— d:c H —‘ dDC
9+ b Oi\\a-i *)
A | Ax
2
| \ + kgm)
‘ HAJQQ‘\’ and Compensal e' %’" 33":
1 2 L/—\CLA;\\)S\:
I"L 1 3 doe
N P E
J

Now reverse chain e cppiec

m = w mesrs

R Sy w—

“ T Loon (539 ve

1
b) Find | —— dx.
b f J5—x2+4x *
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The denominator ig qooc\r'cﬂ"\c So Comp\ete Hhe Squese

| doc ‘ a
J /5-:»2“'\\-:1: J /5*(301-\-\9&)

X

I-._

C

I I

J/S{uaﬁﬂ

=J L R
/C\—br,-z)1

Now "@Wﬁ'\'e o an '\n‘\’eﬂrol\’ e %:DVM

Wwl—-

T- ‘—AI: VA

S N | R ™

éx—%) ¢ o \ineor %)ﬁc)\"m § x So \OLAAUQ‘C 0.0d Compened\’e'

N /'aé“\us\c'
I- - x3 J 3 @ 4=

3 /‘_tl_aw_%)z

\Compeﬂgo*e' ]
" T- ortom (3%-2) e
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Integrating Exponential & Logarithmic Functions

Exponential functions have the general form y = aX. Special case: y = ¢e*.
Logarithmic functions have the generalform y = logax. Specialcase: y = logex =Inx.

What are the antiderivatives of exponential and logarithmic functions?

e Thoseinvolvingthe special cases have been met before

° f eXxdx=eX+c¢

1
° f ;dx=ln|x|+c

o Thesearegiveninthe formulabooklet
e Also

1
X = X 4
o fa dx ma® te

o Thisis also giveninthe formulabooklet
e Byreversechainrule

1
o = +
/ na dx logalxl c

o Thisis notin the formula booklet
e Thereis alsothereversechainrule tolook outfor
o this occurs when the numeratoris (almost) the derivative of the denominator

f'(x)
o f de=ln|ﬂX)|+C

How dolintegrate exponentials and logarithms with a linear function of x
involved?

¢ Inthecaseoflinearfunctions of theform ax + b

1
° feax+bdx= e tbtc
a

1 1
° f dx=—In|ax+b|+c
ax+b a

o Thesearenotin the formula booklet but can be derived using ‘adjustand compensate’
fromreverse chainrule

O ExamTip

w
¢ Rememberto always use the modulus signs forlogarithmic terms in the

antiderivative
o Onceitis deducedthat in (say)is guaranteedto be
positive, the modulus signs can be replaced with brackets
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> Worked Example

[ ]
a) Find‘/‘32"+4 dx.

Using reverce chainmle with ‘adjost and compenedre
‘odjusk
Qe+ W | / 2 +\
L=1 3 dx = ; 2x 3 adsc
J

\Com‘)eﬁ%olb.
1 |
=32 k w3 *3

Qo+
Cc

b) Gi dy_ > h h = > In|1-7x|+ h i
) Given |\ =77, showthaty=—= n |1 =7x|+ ¢, where cis aconstant.

\=Toe = =T ¥\ coic oy e forem oz b

Ue'ms feverce Chainmle Witk 0008V E6RA" Co mpe ode
c —odjock
Y
gES |

i A
=T
' CO(YYPQﬂgd.e'

5:. —%\n\\qx\-\-g
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5.9.2 Further Techniques of Integration

Integration by Substitution
What s integration by substitution?

e Integration by substitutionis used when anintegrand wherereverse chainruleis either not
obvious oris not spotted
o inthelattercaseitis like a “back-up” methodforreverse chainrule

How do | useintegration by substitution?

e Forinstances where the substitutionis not obvious it willbe givenin a question

o eqg. Findf cot x dx using the substitution u=sin x

e Substitutions are usually of the form u =g(X)
o insome cases u? =g(X) andothervariations are more convenient
as these would not be obvious, they would be given in a question
o ifneedbe, this canberearrangedto find x in terms of u
* Integration by substitution then involves rewriting the integral, including “dx” in terms of u

STEP1
Name theintegral to saverewritingit later
Identify the given substitution u = g(X)

STEP 2

du
Find andrearrangeinto the form f(u) du =g(X) dx such that (some of) theintegral can

dx

berewrittenin terms of u

STEP 3
If limits areinvolved, use u = g(x) to change them from x values to u values

STEP 4
Rewrite theintegral so everythingis in terms of uratherthan x
This is the step when it may become apparent that x is neededin terms of u

STEP5
Integrate with respect to u and eitherrewrite in terms of x orapply the limits using their u
values

e Forquotients the substitution usually involves the denominator
e |tmaybenecessarytouse ‘adjustand compensate’ to deal with any coefficients in the
integrand
du
e Although dx
andthemaths behinditis beyondthe scope of the B course

can be treatedlike a fraction it should be appreciated that this is a ‘shortcut’
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@ ExamTip
w
e |fasubstitutionis not givenina question, itis usually becauseitis obvious
o Ifyoucan'tseeanything obvious, oryou find that your choice of
substitution doesn'treduce theintegrandto something easy tointegrate,
consider thatit may not be a substitution question

) Worked Example

°®
1
Use the substitution u = (1 +2x) to evaluate f x(1+2x)7 dx.
0

STEe Name'“\e '\&\’ e@' A\, ideﬁ\‘s’j +he Go\)g'\;-“'u*om
! u
I- I x(\+2x) dx
[
v 1+

STEP 2: Find &u and rearrange

dxc
do _
- 2
zdo=dx

STeP 3 Cho.mae Nimifs §om o values te ovaloes
=0, o=1+2(0)=\
x:\' u:\-l-l(\):a
orer ¥+ Rewrtte Yhe \a‘\'esm\, find 2 Y6} o
3 3
I=j é‘lu-\)u’,‘;'léu = tj (ue-u-’) do
] 'r [}
2 'lﬁ‘\'e\-wﬂ ﬁ' [
o= 1+2x
ko)
ClEP S: \n‘\'esﬁﬂ'e and evaludre

N q e3
==l v -
I-.,[— 8
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Integration by Parts
Whatisintegration by parts?

¢ Integration by parts is generally used tointegrate the product of two functions
o howeverreverse chainrule and/or substitution should be considered first

e.g.f 2XCOS(X2) dx can be solved usingreverse chain rule or the substitution

u=x?

o Integration by parts is essentially ‘reverse productrule’
whilst every product can be differentiated, not every product can be integrated
(analytically)

What is the formula forintegration by parts?

dv du
. u— dx=uv-—

dx v dx dx

e Thisis givenin the formulabooklet alongsideits alternativeformf udv=uv—f vdu

How doluseintegration by parts?
dv
dx
¢ Generally, the function that becomes simplerwhen differentiated should be assignedto u
e Therearevarious stages of integratingin this method

o onlyoneoverallconstant of integration (“+c”) is required

o putthisinatthelaststage of working

o ifitis a definiteintegralthen “+c”is notrequired atall

e Foragivenintegraluand (ratherthan u and v) are assigned functions of x

STEP1
Name theintegralifitdoesn’thave one already!
This saves having torewriteit several times - | is often used for this purpose.

e.g.I=f xsin x dx

STEP 2
. dv
Assign uand dx
du 14
Differentiate utofind andintegrate tofindv
dx dx
u=x V= —C0S X
e.g. du dv |
Ax =1 dx =sin x
STEP3

Apply theintegration by parts formula
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eg I = —xcosx —f —cosx dx

STEP 4
du
Workoutthesecondintegral,f VdX dx

Now include a “+c” (unless definite integration)
eg. /= —xcosx +sinx+c

STEP 5
Simplify the answer if possible or apply the limits for definite integration
eg. [=sinx—xcosx+c

¢ Intrickier problems otherrules of differentiation andintegration may be needed
o chain, product orquotient rule
o reverse chainrule, substitution

Canintegration by parts be used when there is only a single function?

* Somesingle functions (non-products) are awkward to integrate directly
o e.g.y=Inx, y=arcsin x, y = arccos X, y = arctan x
¢ Thesecanbeintegrated using parts however

dv
o rewriteastheproduct‘l X f(x)' andchooseu= f(x) and , =1

dx
o liseasytointegrate andthefunctions above have standard derivatives listedin the

formula booklet

(’) Exam Tip
* o |If orone of theinverse trig functions are one of the functions involvedin
the product then these should be assignedto” "when applying parts
o They are (realtively) easy to differentiate (tofind ) but are awkwardto

integrate
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9 Worked Example
°

a) Findf 5xe3x dx.

STEP 1: Namethe 'm‘\'esfa\
3
1- J G ™ dx = Sj’ce ax

STep 2 9%9'\3(\ v ad V'

F\'\A v ond V
3
vz X v:é‘e * (reverze C\'\o'.\n\'o\e>
, . 3=
| vi=e
x becomed Gionder when diTeradiidted

Step 3¢ Rpp\)/ Yhe '\n‘\'eal"a on \Jy Pos‘\'% ?Drmu\o.

I=5 —éxesx- [é’eﬁ Aacil

oep w: Work oot the cecond 'm‘\'ea\‘d\

1:-5 éxe?m B ':3631 + c4=indlode " +¢' dr Jact working Slage
) T@verte chain le
oTep Sy Simplity

I- %e?"‘(h-\) re

b) Showthat f 8xIn x dx=2x2(1+1In x2) + c.
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STEP 1: Namethe '\n‘\'esfa\

I‘ J Boc\n x dxc

ciep 2 Retign 0 aed v - oe lo ieiovdved, o=inx
Fad 0 ond v
0z lnx V= h-'xf
o= = v'= 8x

Siep 3 ﬂpp\/ Yhe '\n‘\'eard\‘\m \ay pm‘\'e. foremola
1- \\-f\n:c—Jhaéx;—C dx = kol Jc-j\bac doc

oep w: Work oot the cecond in'\'ea\‘&\, incdlode “+c" é’ this S\'o.ﬂe
I: bollo 22 - 3+ ¢

oieps: Simpliy
=2 (R\Qx -\> te

2 T2 22 baodt-1) rel
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RepeatedIntegration by Parts
When willl have torepeat integration by parts?

¢ Insome problems, applyingintegration by parts still leaves the secondintegralas a
product of two functions of x
o integration by parts willneed to be applied again to the secondintegral
¢ This occurs when one of the functions takes more than one derivative to become simple
enough to make the secondintegral straightforward
o Thesefunctions usually have the form ng(X)

How dol apply integration by parts more than once?

STEP1
Name theintegralifit doesn’thave one already!

STEP 2

v du
Assign uand < Find andv

d dx

STEP 3
Apply theintegration by parts formula

STEP 4
Repeat STEPS 2 and 3 forthe secondintegral

STEP5
Work out the secondintegralandinclude a “+c” if necessary

STEP 6
Simplify the answerorapply limits

What if neither function never becomes simpler when differentiating?

e |tis possible thatintegration by parts willend upin a seemingly endless loop
o considerthe product e¥sin x
o thederivative of eX is eX
no matterhow many times a function involving € is differentiated, it will still
involve eX
o thederivative of sin x is cos x
cos x wouldthen have derivative —sin x, andso on
no matterhow many times a function involving sin x or cos x is differentiated, it
will stillinvolve sin x or cos x
e Thisloop canbe trapped by spotting when the secondintegral becomes identicalto(ora
multiple of) the originalintegral
o namingthe originalintegral (1) at the start helps
o [thenappears twiceinintegration by parts
eqg. I= g(x) -1
Whereg(x) are parts of theintegral not requiring furtherwork
o Itis then straightforwardtorearrange and solve the problem
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=" eg. 2]=g(x) +c
1
I=Zglx)+c
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%) Worked Example
[ ]

a) Findf x2cos x dx.
STee 1* Namethe '\n‘\'es\'a\
I= J x’“cog x A
oTeP 2 ﬂseksn v od V'

Fnd 0 amd v
v= ‘ch V=Ginx
u'= lx,‘ v'= cosx
" becomea Gingler when differatiated
STep 3¢ F\PP\)' Yhe '\n'\’eara o by pof\'s Pormola

T=xcinx- 2] >Sin ¢ dx

STPw: Repedr STERS 2 aca 3 Jor. The Second \n‘\'earaL

(S o V=-cesx

o= v'=Gia
I= T)(‘?Qin x-l[-xcog ox -~ X‘ CcS d':cil
STEp 5: Work ook the Second idfegi now i ie ClraigForuasd

]:=‘3c?‘9‘m x +2Axect -2 +C

orepe: Simpliy

1= (o?-2)simoc + 28 +c

b) Findf eXsin x dx.
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STEP I* Namethe '\n‘\'es\‘a\
1 J exSin x O

Siep 2 gg@\sn o acd v'. Nether %unc‘\fon becomes QEmp\e\' when
dfferedtidYed. Find o and v

o -
v e V=-coS

U= gt v'z Gin

Stee 3 Rpp\y Yhe '\n'\'ea\'o. oa \)y Pm‘\'% %JT‘m ol
T=-¢e cos = —j—excog x de = "eccCcQ xx +§excoe x dAc

STew: Repedr STERS 2 ard 3 Jor the cecond '\ﬁ‘\’ear'a\.
us @x v=0\ oC

vze o v'z= CoS
T:-€ et *{exs'm x ‘KexG\n x dec]
/
Soot Wt hie i€ Yhe Cacre 08
The Oﬁg\m\ c\ue%‘\‘ron, ve. L
otep 5 Work ot thececond 'm‘\'ea\ﬁ\, inclode,"+e' g Hhis s\’c\ae
I: ¢ sinx-ectxc-L+C
ClerP6: S\ﬂ')p\\?s
21= € Lg'm c-eoc) +e

e I,
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5.9.3 Integrating with Partial Fractions

Integrating with Partial Fractions
What are partial fractions?

¢ Partial fractions arise when a quotientis rewritten as the sum of fractions
o Theprocess is the opposite of adding or subtracting fractions
e Each partial fraction has a denominatorwhich s alinear factor of the quotient’s
denominator
o e.g. Aquotient with a denominatorof x2 +4x +3
factorises to (x + 1)(x +3)
so the quotient will splitinto two partial fractions
one with the (linear) denominator (X + 1)
one with the (linear) denominator (X + 3)

How do | know when to use partial fractions inintegration?

e Forthis course, the denominators of the quotient will be of quadratic form
o ie flx)=ax2+bx+c
f'(x)
o checktoseeif the quotient can be writtenin the form Ax)
in this case, reverse chain rule applies
e |fthe denominatordoes not factorise then theinverse trigonometric functions are
involved

How dolintegrate using partial fractions?

STEP1

Write the quotientin theintegrand as the sum of partial fractions

This involves factorising the denominator, writing it as an identity of two partial fractions
andusingvalues of x to find theirnumerators

I_j' 1 d _f 1 dx= lf 1 1 d
S9N wax+3 T GrnG+3) Y2 \x+r T x+3)
STEP2
Integrate each partial fraction leading to an expressioninvolving the sum of natural
logarithms

1 1 1 1
e.g.I=5f (X+1 - X+3)dx=5[1n |x+1|=In|x+3]|]+c
STEP 3

Usethelaws of logarithms to simplify the expression and/or apply the limits
(Simplifying first may make applying the limits easier)

1 x+1
eg. I= ) In <13

e Byrewriting the constant of integration as alogarithm (¢ = In k, say) itis possible to write
the finalansweras a singleterm
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AR N RN | Eul) BTN P L LA
€9 i=om x+3 na=in x+3 nx=m x+3
(’) ExamTip
w

e Always checkto seeif the numerator can be written as the derivative of the
denominator
o Ifsothenitisreverse chainrule, not partial fractions
o Usethenumberof marks a question is worth to help judge how much work
shouldbeinvolved

*9 Worked Example
[ J

/‘ 3x+1
Find X2+3X— 10 dx.

The '\ﬁ\’esrami ic NOT & the (f'orm & bt +he d@wcm'\m‘\'or does S]:ac‘\?:nse
Flx)
1 Wite the qua\"-en‘\' oS Par‘ﬁa\ roctions

3+ R A . =Y
o+ 32-10 T x4+5 -2

Boe+l = Alx-2) + B(x45)
Lek 222 \/7=78, /B=\

Let x=-5 -I4=<TA A=2

. B+l - 2 \
) I:J X +3x-10 o -J (’”5 " x-?") o

57ep 2: Irecrae Hhe parkiol fradiens
T2 2 jc+s) + o -2\ +e

sTer3: Simplify using lows of logprithens
T= o (oe+5) +la|x-2) +e

2Trn | e8] be) e

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

;=

EXAM PAPERS PRACTICE

5.9.4 Advanced Applications of Integration

Area Between Curve & y-axis
What is meant by the area between a curve and the y-axis?

,, /
b y = f(x)
R
a
\—-&—//
0] X
b
AREA OF REGION R =S Ix| dy
d

e Theareareferredtois theregion bounded by
o thegraphofy= f(x)
o the y-axis
o thehorizontalliney=a
o thehorizontalliney=b
e Theexactareacanbe foundby evaluating a definite integral
e Thegraphofy= f(X) couldbeastraightline
o usingbasic shape area formulae may be easier than integration

1
e.g.areaof atrapezium: A = ) h(a+b)

How do find the area between a curve and the y-axis?

o Usetheformula

A=fb|X| dx

a

o Thisis givenin the formulabooklet
o Thefunctionis normally givenin the form y = f(x)
sowillneedrearranginginto the form x = g(y)
o aand b may notbe given directly as couldinvolve the x-axis (y = 0) and/oraroot of

x=g(y)

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

F e

EXAM PAPERS PRACTICE

usea GDC toplot the curve, sketchitandhighlight the area to help

STEP1

Identify the limits 2aand b

Sketch the graph of y = f(x) orusea GDC todoso, especially if 2 and b are not given
directly in the question

STEP2
Rearrangey = f(X) into theform x =g(y)
This is similar to finding the inverse function 1! (X)

STEP3
Evaluate the formula to evaluate the integral and find the area required
If usinga GDC remembertoinclude the modulus (| ...|) symbols around x

¢ Intrickier problems some (orall) of the area may be ‘negative’
o this willbe any area thatis left of the y-axis (negative x-values)
o |x| makes such areas ‘positive’
aGDC willapply ‘| x| automatically as long as the| ... | areincluded
otherwise, to apply ‘| x|’, split the integral into positive and negative parts; write an
integraland evaluate each part separately and add the modulus of each part
togetherto give the totalarea

(’7 ExamTip
w
e Longerproblems may require you torotate an area aroundboththe -axisand
the -aixs

e Sketch and/oruse your GDC to helpvisualise what the problemlooks like

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

7

EXAM PAPERS PRACTICE

7 Worked Example
[

Find the area enclosed by the curve with equation y =2 + ./ x + 4, the y-axis and
the horizontallines with equations y=3 and y =6.

STeEP \: lAeﬂ\‘u?S Kenibe, Skelch gragh|use GoC
From GoC. 6“‘" . a;m

—
o~

I
-4

Step 2 Recm‘anae 5=$(ch o x=gL3)
Yy 2+t t
2= (y2) -z gletey AWt
x= -ty
oter 3: Fuoludve T eaﬂ':\\ +o %OA oseo.
Rg come orea. ‘it ﬂeso:\"we, cplit the 'm‘\'eam\

W (3

_ A

A J (-4 & *j )& soge0c o com
3 "

s\ do this i oce oo

T
F\"meoclgké'dﬂ & 2
y d
[ 11885 o

thic osen s neolive .
S K.

A=32 _ _ 5

3 3

SA= %’ Squose onife
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Volumes of Revolution Around x-axis
What is a volume of revolution around the x-axis?

¢ Asolid of revolutionis formed when an area bounded by a function y = f(x)
(and other boundary equations) is rotated 2 7T radians (360°) around the x-axis
¢ Thevolume of revolutionis the volume of this solid

e Becareful - the’front’ and ‘back’ of this solid are flat
o theywere created from straight (vertical) lines
o 3D sketches can bemisleading

How do solve problems involving the volume of revolution around x-
axis?

e Usetheformula
b
V= ﬂf y2 dx
a
¢ Thisis givenin the formula booklet

e yisafunctionof x
e x=aandx = b arethe equations of the (vertical) lines bounding the area

o If x=aandx = b arenotstatedin a question, the boundaries couldinvolve the y-axis (

x=0)and/orarootof y = (x)
o UseaGDC toplotthe curve, sketchitandhighlight the area to help
» Visualising the solid createdis helpful
o Try sketching some functions andtheir solids of revolution to help

STEP1
Identify the limits aand b

Sketchingthe graph of y = f(x) orusinga GDC to do sois helpful, especially when a and b

arenot given directly in the question

STEP 2
Squarey

STEP3
Usethe formula to evaluate theintegral and find the volume of revolution
An answermay berequiredin exact form

(’) Exam Tip
w
» |fthe givenfunctioninvolves a squareroot(s), problems can seem quite
daunting

o However, this is often deliberate, as the square root will be squared when
applying the Volume of Revolution formula, and should leave the integrand
as something more manageable

* Whethera diagramis given ornot, using your GDC to plot the curve, limits, etc
(where possible) can help you to visualise and make progress with problems
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*> Worked Example

Find the volume of the solid of revolution formed by rotating the region bounded by

the graph of y =4/ 3x% + 2, the coordinate axes and the line x = 3 by 2 radians
aroundthe x-axis. Give youranswer as an exact multiple of 7.

STer \: |c\eﬁ\‘\§\3 \%m'kg_ ket st’c\én'uge 60C

From G’DC
y: 3242
(——-‘“e\’\nex=3
(o) 3
bounded by the 2 0=0 b3

coevdindie oxes

kP 2 quore Y
2
j"= U?»Z‘a—l\ = 3o+ 2

sTer 3+ Find Yhe volome

3
= rrj k3oc1\-1> dx = Tr{ac3+2u1z
° T k'l7+€)

“\=33r cobic on'\‘\’S
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Volumes of Revolution Around y-axis
What is a volume of revolution around the y-axis?

* Verysimilarto above, this is a solid of revolution which is formed when an area bounded by
afunctiony = f(x) (and other boundary equations) is rotated 2 rrradians (360°) around
the y-axis

¢ Thevolume of revolutionis the volume of this solid

How dol solve problems involving the volume of revolution around y-
axis?

e Usetheformula

V= 1'[be2 dy
a

¢ Thisis givenin the formula booklet
e Thefunctionisusually givenintheform y = f(x)

o sowillneedrearranginginto the form x =g(y)
» aand b may notbe given directly as couldinvolve the x-axis (y =0) and/oraroot of

x=g(y)

o Usea GDCtoplotthecurve, sketchitand highlight the area to help

¢ Visualising the solid createdis helpful

STEP1

Identify the limits aand b

Sketchingthe graphof y = (x) orusinga GDC to do sois helpful, especially if aand b are
not given directly in the question

STEP2
Rearrange y = f(x) intothe form x =g(y)
This is similarto finding theinverse function ~1(x)

STEP3
Square x

STEP 4
Usetheformula to evaluate theintegral and find the volume of revolution
An answermay be requiredin exact form

(’) Exam Tip
* » |fthe givenfunctioninvolves a squareroot, problems can seem quite daunting
o This is often deliberate, as the square root willbe squared when applying
the Volume of Revolution formula and the integrand will then become more
manageable
e Whethera diagramis given ornot, using your GDC to plot the curve, limits, etc
(where possible) can help you to visualise the problem and make progress
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) Worked Example

°
Find the volume of the solid of revolution formed by rotating the region bounded by
the graph of y = arcsin (2x + 1) andthe coordinate axes by 2Tt radians aroundthe
y-axis. Giveyouranswerto three significant figures.

sTer 1+ ldenhify Kombs, cketdh graghuze 60C
From GoC, /.

5N
N bounded by ¥he

coctrdindie oxes

< 0z=0 b 11'/2

STeP 2: Reaﬂ'o.nae 3‘ ?('763 'ln'\'o x = 5(3)
y= aresin (20e )
Cin :3 = Qe +\
x’= i kg'\nn - \>
SVEP 3: quare x
B4 MR A
2T W \Q\n 3 -' \)
STeP b Find Hhe volome

T 2
\]—_ "-J ;kgin ‘3—\) 65
(o]

Ao thicis owkwsord, vse yoor BOC bot
" your 6OC will expeck the idfegrand in Yerme & x

'\’emem\:e\' T l
\/= 0-27% 75% ...

= \/= 0380 cobic onte (3 ¢f)

The volume of the solid of revolution formed by rotating an area through 2 Tt radians around the

b b
x-axisis V= nf y2 dx,andforthe y-axisis V= ‘l'[f x2 dy.These are both givenin the
a

a

formula booklet.
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5.9.5 Modelling with Volumes of Revolution

Adding & Subtracting Volumes
When would volumes of revolution need to be added or subtracted?

e The‘curve’boundary of an area may consist of more than one function of x
o Forexample
the ‘curve’ boundary fromx =0 to x =3 is y = f(x)
the ‘curve’ boundary fromx =3 tox = 6is y = g(x)

3 6
o Sothetotal volumewouldbe V= nf [Ax)]? dx + nf [g(x)]? dx
0 3

¢ Thesolid of revolution may have a ‘hole’ init
o e.g.a ‘toiletroll’ shape would be the difference of two cylindrical volumes

How do |l know whether to add or subtract volumes of revolution?

* Whentheareatoberotated aroundthe x-axis has more than one function definingits
boundary it can be trickier to tellwhetherto add or subtract volumes of revolution
o ltwilldependon the nature of the functions and their points of intersection
o With help from a GDC, sketch the graph of the functions and highlight the area
required

How do | solve problems involving adding or subtracting volumes of
revolution?

¢ Visualisingthe solid created becomes increasingly useful (but also trickier) for shapes
generated by separate volumes of revolution
o Continue trying to sketch the functions and theirsolids of revolution to help

STEP1

Identify the functions (y= f(X), y= g(X), ) involvedin generating the volume
Determine whetherthe separate volumes willneed to be added or subtracted
Identify the limits foreach volumeinvolved

Sketchingthe graphs of y = l‘(X) andy= g(X), orusinga GDC todoso, is helpful,
especially when the limits are not given directly in the question

STEP 2

Square y forallfunctions ([ Ax)?, [g(x) T3 ...)

This stepis not essentialif a GDC can be usedto calculateintegrals and an exactansweris
notrequired.

STEP 3

Usethe appropriate volume of revolution formula for each part, evaluate the definite
integraland add or subtract as necessary

The answermay be requiredin exact form

(’7 Exam Tip

* o Asketch of the graph, limits, etcis always helpful, whether one has been given

in the question ornot
Useyour GDC where possible
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*) Worked Example

[
Find the volume of revolution of the solid formed by rotating the region enclosed by

the positive coordinate axes and the graphs of y =2% and y =4 — 2X by 2 Tt radians
aroundthe x-axis. Give youranswer to three significant figures.

STeP \: \Aen*".?.j Sfuncs\'iong, limite and whether 46 add or Su\stack
Lse GOC +5 ‘\e\p ckereh the 3\'09\—\9
From GOC, 5=2°"

— Roick o icversediion : %= W22

2=y
I \
V=V, +V, y=h-2

=2
'-\'L", 3=2‘=2
BrR,, a=0, b=\
F¢>\' Rl, Q-‘»\, B‘l
STep2: Square ol forctiore - thic ceyiear required inthis quecton
oer3: Uge fornola Yor each gasbpevaloderand add
\ 2
v "] (2 & ¥ w] (1-2%)" ae
o '

Ogce Yoor 6oC Yo evdudie - 1o ovoid ‘\'39\03 efere evdude

o

cach 'm‘\'earo\ Separo‘l’e\:i, Sorein memary, +hen add
V= 6798 S4O0...+ LA4\ 68\ = 1740 ...

“N=WT evbie onils (3 %)
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Modelling with Volumes of Revolution

What is meant by modelling volumes of revolution?
¢ Many everyday objects such as buckets, beakers, vases andlamp shades can be modelled

as asolid of revolution
¢ Thevolume of revolution of the solid can then be calculated
e Anobject that would usually standupright can be modelled horizontally soits volume of

revolution can be found

What modelling assumptions are there with volumes of revolution?
¢ Thesolids formed are usually the main shape of the body of the object
o Forexample, the handle on a bucketwouldnotbeincluded

¢ Thethickness of the solidis negligible relative to the size of the object
o thickness willdepend on the purpose of the object and the material it is made from

How dol solve modelling problems with volumes of revolution?

¢ Visualising and sketchingthe solid formed can help with starting problems
e Familiarity with applying the volume of revolution fomulae

b
o aroundthex-axis: V=/ v dx
a

b
o aroundthey-axis: V=f x2dy
a

¢ Thevolume of revolution may involve adding or subtracting partial volumes
¢ Questions may askrelated questions incontext
o g.Aquestionabout a bucket may ask aboutits capacity
this would be measuredin litres
so a conversion of units may be required
(100 cm3 =1litre)
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(') Exam Tip
* » Rememberto answer questions directly
o Inmodelling scenarios, interpretation is often needed after finding the
‘finalanswer'
¢ Modelling questions often ask about assumptions, criticisms and/or
improvements
e Examples
o jtis assumedthe thickness of the material an objectis made fromis
negligible
o a'smooth' curve may notbe a good modelif theitem is beingmade from a
rough material
o otherthings may significantly reduce the volume found andimpact
conclusions
e.g. Stones, plants and decorations placedin an aquarium willreduce
the volume of water needed to fillit - and hence the number/size/type
of fishit can accommodate may beimpacted

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

) Worked Example

The diagram below shows theregion R, which is bounded by the function
y=+/x—1,thelines x=2 and x =10, and the x-axis.

Dimensions arein centimetres.

|

-

0 2 46? 10 X

Amathematical model for a miniature vaseis produced by rotating theregion R
through 2mradians around the x-axis.

Find the volume of the miniature vase, giving your answerin litres to three
significant figures.
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STer 1 lderiy Vierire
o=
b=10

UOGES N
31= U_Jo’—\-) =x-\
CEP3  Hdusiethe \6\'@6@&
\0
V= ﬂ—L kx'\\ dx = Tr[o-5acl- x}‘:
NEERE)
= 4Orr

Now we need 1o interpret Hhis in the costext
& Yhe minicure vase

STEP 2

V=4or coa”

V= 4omr liree 1000c>=\ e
1000

V=025 663 -

Volume o% the minicfure vate is 0126 lites (3 s.‘{—.)
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5.4 Further Integration

5.4.1 Integrating Special Functions

Integrating Trig Functions
How dolintegrate sin, cos and sec”*2?

e Theantiderivatives forsine and cosine are

fsinxdx= —cos x+c¢

fcos xdx=sinx+c¢

where c¢isthe constant of integration

e Also, fromthe derivative of tan x

fsec2xdx=tan x+c

e Thederivatives of sin x, cos x and tan x arein the formula booklet
o sotheseantiderivatives can be easily deduced
¢ Forthelinearfunction ax + b, where @ and bare constants,

1

fsin (ax+b) dx= =~ cos (ax+b)+c
1|

fcos (ax+b) dx=;sm (ax+b)+c

1
fsec2 (ax+b) dx=;tan(ax+b)+c

e Forcalculus with trigonometric functions angles must be measured in radians
o Ensureyou know how to change the angle mode on your GDC

(') Exam Tip
* e The formula booklet can be usedto find antiderivatives from the derivatives
o Make sureyou have the page with the section of standard derivatives
open
o Usethesebackwards to find any antiderivatives you need
o Remembertoadd'c’, the constant of integration, for any indefinite
integrals
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*> Worked Example

°
a)

Find, in the form F(X) + ¢, an expression foreach integral

i fcosxdx

i, fsecz (3x— g)dx

jCogoc dx = Cin X +¢

i,

J sef(Bx-%)dx : ’:|‘3‘+an (33:.-%) +c
k\.ineor %)ﬁcéﬁo"\ 0’1‘,4'\3)

b) Acurvehasequation y= f2sin(2x+ 1g)dx.

T
The curve passes through the point with coordinates ( 3 \/?)

Find an expressionfor y.

y* Rjginkloc*%) Aoc
y= li'écoe\%c*'%;‘\*c

At x=1m =V3 6"‘%(_2—“—""1‘6‘:‘)"'6

__.,d' 3
’ c= o (T)+3
c= 3
2

& 3: % -cgg(lgu-%)
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Integratinge”x & 1/x
How dolintegrate exponentials and 1/x?

» Theantiderivativesinvolving eX and In xare
f exdx=eX+c
1
f— dx=In|x| +c¢
X

where c¢is the constant of integration

o Thesearegiveninthe formulabooklet
« Forthelinearfunction (ax + b), where a and b are constants,

1
ex*tb dx=—ex*b+¢
a

[ dx=-tmjax+b| +
ax+b X~ g & ¢

¢ |tfollows fromthelastresultthat

a
fa”b dx=In|ax +b| +¢

o which can be deducedusing Reverse Chain Rule
e WithlIn, it can be usefultowrite the constant of integration, ¢,as alogarithm
o usingthelaws of logarithms, the answercan be written as a singleterm

1
o f; dx =In|x| + In k=1n k|x|where kisaconstant

o Thisis similarto the special case of differentiating In (ax + b) when b=0

@ Exam Tip
' e Make sureyou have a copy of the formula booklet during revision but don't try
toremember everythingin the formula booklet
o However, do be familiar with the layout of the formula booklet
You’llbe able to quickly locate whatever you are after
You do not want to be searching every line of every page!
o Forformulae you think you have remembered, use the booklet to double-
check
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*> Worked Example
°

Acurve has the gradient function f(X) = +etx,

3x+2

Given the exact value of (1) is In 10— 3 find an expression for f(x).

flooy- I (Z5+e"™) e
e 3T o )T e

[ Lapperal] -t v

f)= 10 -€> In |30+l -e” ve =l t0-¢
~c=lal0-n5
C=\n k%}‘\nl

. ;\x\ = \n \3:>C+1\ - CT‘..=c ¥ \7«\ P
G o 2{3xe2f-e")
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5.5 Optimisation

5.5.1 Modelling with Differentiation

Modelling with Differentiation
What can be modelled with differentiation?

¢ Recallthatdifferentiationis abouttherate of change of a function and provides a way of
finding minimum and maximum values of a function
¢ Anythingthatinvolves maximising or minimising a quantity can be modelled using
differentiation; forexample
o minimising the cost of raw materials in manufacturing a product
o themaximum height a football could reach when kicked
e Theseare called optimisation problems

What modelling assumptions are used in optimisation problems?

» The quantity being optimised needs to be dependent on a single variable
o |f othervariables areinitially involved, constraints orassumptions about them will
needto be made; forexample
minimising the cost of the mainraw material - timberin manufacturing furniture
say
the cost of screws, glue, varnish, etc can be fixed or considered negligible
¢ Othermodelling assumptions may have to be made too; forexample
o ignoringairresistance and wind when modelling the path of a kicked football

How do solve optimisation problems?

¢ Inoptimisation problems, letters otherthan x, y and f are often usedincluding capital
letters
o Visoftenusedforvolume, S forsurface area
o rforradiusif a circle, cylinder orsphereis involved
e Derivatives can stillbe found but be clearabout which letteris representing the
independent (x) variable and which letteris representing the dependent (y) variable
o AGDC may always usexandy but ensure you use the correctletters throughout your
working and final answer
e Problems often start by linking two connected quantities together - forexample volume
andsurface area
o Wheremore than onevariableis involved, constraints will be given such that the
quantity of interest can be rewritten in terms of one variable
¢ Oncethe quantity of interestis written as a function of a single variable, differentiation can
be used to maximise orminimise the quantity as required

STEP1
Rewrite the quantity to be optimisedin terms of a single variable, using any constraints givenin
the question

STEP 2
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won

Differentiate and solve the derivative equal to zero to find the “x"-coordinate(s) of any stationary
points

STEP 3
If thereis more than one stationary point, orthe requirement tojustify the nature of the
stationary point, differentiate again

STEP 4
Usethe second derivative to determine the nature of each stationary point and select the
maximum or minimum point as necessary

STEP5
Interpret the answerin the context of the question

(’) ExamTip

w
e Thefirstpart of rewriting a quantity as a single variable is often a “show that”

question - this means you may still be able to access later parts of the question
even if you can’t do this bit

¢ Evenwhen an algebraic solution is required you can stilluse your GDC to check
answers and help you get anidea of whatyouare aiming for
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*> Worked Example
[

Alarge allotment bedis being designed as a rectangle with a semicircle on each
end, as shownin the diagram below.

The total area of the bedis to be 100 Tt m?.

a)
Show that the perimeter of the bed s given by the formula
( 100\
P=mlr+
\ )
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STEP \: ‘Wﬁe width c? '\'\'\G @(‘:\’o\nﬁ\e e Arm omd \'\'9 brﬁs‘\'\\ [N
The ARER ¢} the bed, 1007 e gen by

ém—z + 2rk + ﬁm—* = \O0r
7 1 N N 4okl orea
Semi-citt\e rec’rq«ﬁ\e Com-cirdle \Com“*)

ST+ 2L =\ 00
2r\.= \OOr - T Wete b inYerve S5 v
L= SO -1 ¢
T 2

The PERMETER 6} the bed is
P= 7 +7 + 21
2 f N two S\\"aa\'\'\‘
Semi-owovlor orte ‘eﬂe,“ﬁ

Oge & Srom the area contimaral Yo wide P
inTermo oF Fonly

P= 2+ 2(&!’ - T_l'r)
C 2

P= 7+ 00
T

o P= n'(ri»\%o)

dpP

b) Find ar
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oTep|: Rewrte P o6 powet &rr

P= rr(r+ \OO\:‘)
: dp_ -
seor (o100

ar 2

- n'(l- \_0_9)

c)

Find the value of rthat minimises the perimeter.

STEP 2 n—(|- |o_0)=o

rﬂ.
r*-100-= 0
r=10 (Reject~10 oo v ie o lenghh)
Thic is the only/e¥alicnary poiat co

we.Can aRume-iE. 8. minimal .
=210 m minimmices the perimeter

d)
Hence find the minimum perimeter.

STErs: \aferpret andwer in context

Minienom peﬁ'me,ter i¢ when =10
"'P: " 10+ \00)=20Tr
[s)

Mininom pe\‘ime\-'er ¢ 20 ™

Use your 60C Yo check
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e)
Justify that this is the minimum perimeter.

otepw:  Uge Cepond dervaive

Qe -3
~ 2
okr=10, &P | O  Minicom

a> 5
= 20 ie Yhe miowmom peimelEr
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5.3 Integration

5.3.2 Applications of Integration

Finding the Constant of Integration
What is the constant of integration?
¢ When finding an anti-derivative thereis a constant term to consider
o this constantterm, usually called ¢, is the constant of integration

¢ Interms of graphing an anti-derivative, there are endless possibilities

o collectively these may bereferred to as the family of antiderivatives or family of
curves

o theconstant ofintegrationis determined by the exact location of the curve
if a point on the curveis known, the constant of integration can be found

How do| find the constant of integration?

o ForF(X) +c= ff(x) dx, the constant ofintegration, ¢ - andso the particular

antiderivative - can be foundif a point the graph of y = F(x)+c passes throughis known

STEP1
If need be, rewrite f(x) into an integrable form
Eachtermneeds to be a power of x (ora constant)

STEP 2

Integrate each term of f'(x), remembering the constant of integration, “+c¢”
(Increase power by 1and divide by new power)

STEP3

Substitute the x and y coordinates of a given pointinto F(x) + ¢ toformanequationin ¢
Solvetheequationtofind ¢

(’) ExamTip

w
e |faconstant of integration can be found then the question willneed to give you

some extra information
o Ifthisis given then make sureyou useittofindthevalue of ¢
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> Worked Example
°

The graph of passes through the point . The gradient function of
is given by (v

Find f(x).

el ¥ (x) ie o&recdy in an '\n)\'earoﬁo\e %b\‘m
?(x\’ 3 - Yo -\
STEP 2 \ﬁ'\‘eam‘\'e, Fémem\aeﬁrg "4
Floo) = 3% - Mo’ - +e
3 2
¥loc) = - 2oc- W + ¢
stEr 3 Sdwtitole o and y coordindres to find ¢
te)-w
= (3)*- 2L3)1- w@)+e =-%
7-\8-12 +te=-%
c=-\

* §loe)= - 20" - W - \-|
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Area Under a Curve Basics
What is meant by the area under a curve?

y y = f(x)

L

0 x=a x=b A

| R IS THE AREA UNDER THE CURVE y = f(x)

e Thephrase “areaunderacurve” refers to the area bounded by

o thegraphofy= (x)

o the x-axis

o theverticallinex=a

o theverticallinex=>b
¢ The exactareaunderacurveis found by evaluating a definite integral
e Thegraphofy= f(x) couldbe a straightline

o theuseofintegration described below would stillapply

but the shape created would be a trapezoid

1
soitis easiertouse“A = 5 h(a + b)”

What is a definite integral?

[ 1) dx=F(8) - F(a)

e Thisis known as the Fundamental Theorem of Calculus
e aandb are calledlimits
o aisthelowerlimit
o bistheupperlimit
o f(x) is theintegrand
« F(x) is an antiderivative of f(x)
¢ Theconstant of integration (“+ ¢”) is not neededin definite integration
o "+¢” would appearalongside both F(a) and F(b)
o subtractingmeansthe “+c¢”’s cancel

How do | form a definite integral to find the areaunder a curve?

e Thegraphofy= f(x) and the x-axis should be obvious boundaries for the area so the key
hereisinfinding aand b - the lower and upper limits of the integral

STEP1

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

Usethe given sketch to helplocate the limits
You may prefer to plot the graph on your GDC and find the limits from there

STEP 2
Look carefully where the ‘left’ and ‘right’ boundaries of the area lie
If the boundaries are verticallines, the limits will come directly from theirequations
Look out for the y-axis being one of the (vertical) boudnaries - in this case the limit (x) will
beO
One, orboth, of the limits, could be a root of the equation f(x) =0
i.e. wherethegraphof y = f(x) crosses the x-axis
In this case solve the equation ﬂx) =0 tofindthelimit(s)
AGDC will solve this equation, either from the graphing screen or the equation solver

STEP3
The definiteintegral for finding the area can now be setup in the form
b
A =f f(x) dx
a
(’7 Exam Tip
-

e ook outforquestions that askyou to find anindefiniteintegralin one part (so
“+c” needed), thenin a laterpart use the sameintegral as a definite integral
(where “+¢” is not needed)

e Addinformation to any diagram providedin the question, as well as axes
intercepts and values of limits

o Markandshadethe areayou’re trying to find, andif no diagram is provided,
sketch one!
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Definite Integrals using GDC
Does my calculator/GDC do definite integrals?

e Modern graphic calculators (and some ‘advanced’ scientific calculators) have the
functionality to evaluate definiteintegrals

o i.e.theycan calculate the areaunder a curve (see above)
If a calculatorhas a button for evalutaing definite integrals it will look something like

[
O

e This may be a physical button oraccessedvia an on-screen menu
¢ Some GDCs may have the ability to find the area under a curve from the graphing screen
e Becarefulwith any calculator/GDC, they may not produce an exact answer

How doluse my GDC to find definite integrals?
Without graphing first ...

¢ Onceyou know the definiteintegral function your calculator willneed three things in order
toevaluateit
o Thefunctiontobeintegrated (integrand) ( (x))
o Thelowerlimit(a from x = a)
o Theupperlimit(b from x = b)
e Haveaplay with the orderin which your calculatorexpects these to be entered - some do
not always work left toright as it appears on screen!

With graphing first ...

e Plotthegraphofy= f(x)
o Youmay alsowish to plottheverticallinesx=aandx=b
make sureyour GDC is expectingan "x = " style equation
o Onceyouhave plotted the graph you need to look foran option regarding “area” ora
physicalbutton

itmay appearas theintegral symbol (e.g. fdx)

your GDC may allow you to select the lower and upperlimits by moving a cursor
alongthe curve - however this may not be very accurate
your GDC may allow you to type the exact limits required from the keypad

the lowerlimit would be typedin first

read any information that appears on screen carefully to make sure

(f) Exam Tip
' * Whenrevising foryour exams always use your GDC to check any definite
integrals you have carried out by hand
o This willensure you are confident using the calculatoryou plan to take into
the exam and should also get you into the habit of usingyou GDC to check
yourwork, something you should do if possible
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9 Worked Example

o
a)

Usingyour GDC to help, orotherwise, sketch the graphs of
y=x4-2x%2+5,

x=1and

X =2 onthesamediagram

Use 4he '3\'&9\{ mMenu on yeor GOC +o plot y= -2+ 5,
Yoo tnay then need to c\-»ar@ bre ‘inpitype ko ‘o=’

*o ecter =l ard x=2.

Plet Yhe ‘3‘-’:‘?\" o ypor 60C cnd ketth the recdlt, eneuﬁns
Yo inclode o\l the main properties o eoch srap\n.

=) x=2 Y x\’—2£+5

|
\ b}

b)
The area enclosed by the three graphs from part (a) and the x-axis is to be found.
Write down an integral that would find this area.

;M En mws Al By B P TR

’ (x\\-— 27£+5> dx
|

c)
Usingyour GDC, or otherwise, find the exact area describedin part (b).

a
where a and b areintegers.

b

Giveyouranswerin the form

2
Hreo,:-j (x“" 212*'5) Ao = q_g_ Squase uﬁ'\\'g
L IS

From the 3@%\% Sereen on our 60C the 'm\’ea\a\
vdve wes given g 6-53333333 - not exack!
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5.4 Further Integration

5.4.2 Techniques of Integration

Integrating Composite Functions (ax+b)
What is a composite function?

* Acomposite functioninvolves one function being applied afteranother
¢ Acomposite function may be described as a “function of a function”
 This Revision Note focuses on one of the functions beinglinear - i.e. of the form ax + b

How dolintegratelinear (ax+b) functions?

 Alinear function (of x)is of the form ax + b
¢ Thespecial cases fortrigonometric functions and exponential andlogarithm functions
are

1
° fsin(ax+b)dx=—acos(ax+b)+c
1
o fcos(ax+b)dx=asin(ax+b)+c

1
° feax+bdx= a'e"”‘“’+c

1 1
fax+b dx= aln|ax+b|+c

e Thereis one more special case
1
+ p)n =—— +p)ntl4 #z —
° f(ax b)7 dx D) (ax +b) cwhere n€Q, n 1

e c,inallcases,is the constant of integration
¢ Allthe above canbe deducedusingreverse chainrule
o However, spotting them can make solutions more efficient

(’7 Exam Tip

e Although the specific formulaein this revision note are NOT in the formula
booklet
o almostall of theinformation you willneed to apply reverse chainrule is
provided
o make sureyou have the formula booklet open at the right page(s) and
practiceusingit
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*9 Worked Example

Find the followingintegrals

5
a) f3(7—2x)3 dx

1- ]. 3(7' 2x)5/3 dx 3}_ ('Qxﬂ )5'3 dx

USin5 I(mc-k\:)n ox = ﬁ uau\a)n“ +cC,
| /a+\
"[:3[_1"% k—lxﬂ) ]+C 8

%
~TI=- ?—G(Flac) +C

1
b) f 3005(3){ -2)dx

I- j %Cog k?)x,-l) dx = iJCoQ (3x-2) &<
Dting jcw (00e4bY doc = FOm{axcab) +c

1- ‘_2[ "3' Sinbx-z)-_\ Yc

- su m = e m mE_ = mu

= ¢ Sin(3x-2)Fe
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Reverse ChainRule
Whatisreverse chainrule?

e The ChainRuleis a way of differentiating two (ormore) functions
¢ Reverse ChainRule (RCR) refers tointegrating by inspection
o spotting that chainrule wouldbe usedin thereverse (differentiating) process

How do | know when to usereverse chainrule?

* Reversechainruleis used whenwe have the product of a composite function and the
derivative of its second function
¢ Integrationis trickier than differentiation; many of the shortcuts donot work

ef(X )

o Forexample,in generalfef(x) dx #

f'(X)
o However, thisresultis trueif f(x) is linear (ax + b)
e Formally,in function notation, reverse chainruleis used forintegrands of the form

1= [ 1{e(x) dx

o this does nothavetobe strictly true, but ‘algebraically’ it should be
if coefficients do not match ‘adjust and compensate’ can beused
e.g. 5x2is not quite the derivative of 4x3
the algebraic part (x2)is 'correct’
but the coefficient5is ‘wrong’
use ‘adjust and compensate’ to ‘correct’it
e Aparticularly usefulinstance of reverse chainrule torecogniseis

ff()dx In|Ax)|+¢

o i.e. thenumeratoris (almost) the derivative of the denominator
o 'adjust and compensate' may needto be used to deal with any coefficients

e.g.

x2+1 x2+1 3x2+3 1
—3 : -—_ 3

! '[X3+3X 3f x3+3x dx= 3'[X3+3X 3ln|X *3x|+e
How dolintegrate usingreverse chainrule?

 |fthe product canbeidentified, the integration can be done “byinspection”
o there may be some “adjusting and compensating” to do

e Noticealotof the "adjust and compensate method” happens mentally
o thisisindicatedin the steps below by quote marks

STEP1
Spot the ‘main’ function

eg. I= | x(5x2-2)6 dx

"the main functionis ( ... )® which would come from ( ... )7”
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STEP 2

‘Adjust’ and ‘compensate’ any coefficients requiredin theintegral
e.g. " (...)7 would differentiate to 7( ... )6"

“chain rule says multiply by the derivative of 5x2 —2, whichis 10x”

“thereisno'7' or ‘10’ in theintegrand so adjust and compensate”

1 1
— 2 _9)6
1 7x l0><f7><10Xx(5x 2)6 dx

STEP 3
Integrate and simplify

1 1
= — R 2 - 7+
eqg. I 7><10><(5x 2)7+¢

I= 1(5 2-2)7+
—70 X c

« Differentiation can be usedas a means of checking the finalanswer
¢ Aftersome practice, you may find Step 2is not needed

o Douseitonmore awkward questions (negatives and fractions!)
¢ Ifthe product cannot easily be identified, use substitution

@ ExamTip

w
e Before the exam, practice this until you are confident with the pattern and do

not need to worry about the formula or steps anymore
o This willsave timeintheexam
e You can always check yourwork by differentiating; if you have time
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> Worked Example
°
Acurve has the gradient function f'(x) = 5x2sin(2x3).

Given that the curve passes through the point (0, 1),findan expression for f(x).
o) = IS:JJ Sin (21,3) doc

)= 5 JA € Sin kaﬁg) dx Toke S ook 08 o Jodter

Thieie o produck, dmedl inthe foren 4 ) Flaf))
STER1: Spot Hhe “main’ Funckien

* Hhe cnain Jurctien i8 Sin (..) which wodd
o© % come fom cos ()"

eTEP2: 'Adjock ard compensdre coéfpiente
" cos l) woold d\%eﬁ\'\d&'e'\'o =Cn (') )
2o wodd Afferedticte o 6 <

oEP 2 v eqrate ond Q’\mP\'\?—a

He)= ‘%Cos \2:-.3) *e
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Substitution: Reverse Chain Rule
What isintegration by substitution?

¢ Whenreverse chainruleis difficult to spot orawkward to use then integration by
substitution can beused
o substitution simplifies the integral by defining an alternative variable (usually u) in
terms of the original variable (usually x)
o everything (including “dx” andlimits for definite integrals) is then substituted which
makes theintegration much easier

How dolintegrate using substitution?

STEP1
Identify the substitution to be used - it will be the secondary function in the composite
function

So g(x) in fg(x)) and u= g(x)

STEP 2

Differentiate the substitution andrearrange
du

dx can betreated like a fraction

(i.e. “multiply by dx” to getrid of fractions)

STEP 3

Replace all parts of the integral

All x terms should be replaced with equivalent u terms, including dx

If inding a definite integral change the limits from x-values to u-values too

STEP4

Integrate and either

substitute x backin

or

evaluate the definteintegralusing the u limits (eitherusinga GDC ormanually)

STEP5
Find ¢, the constant of integration, if needed

e Fordefiniteintegrals, a GDC should be able to process theintegral without the need fora
substitution
o beclearabout whetherworkingis required ornotin a question

(’) Exam Tip

-
e UseyourGDC to checkthevalue of a definiteintegral, evenin cases where

working needs to be shown
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) Worked Example
[

a)
Findtheintegral

j‘ 6x+5
(3x2+5x—1)3 dx

STEP 1+ \denkTy the shatilution
The co @A‘e %unc‘\‘m e k?nc +5- \)
The secondary function & Whisis 3oc+ 5 -
= Leb 0=3o" +5x -1
ser2: Differedide 0 ond eofTonog

éﬁ = 61-\—5
doc
& dos th-»s) &oc
oTeP 3: Reploce o\ pore 4% Yhe \ﬁ\'eam\
1- 6x+5 ax | do
(_3&.-*5::,-\)2 0>

STEP W |n‘\’@3ra\‘e ocd shechitule ¢ back ie
(STEP 5 odr necded, eva\ud\'mg C is 0oF requireC\)
I= J* +c
-2

= - -kgxz'\-Sx-l) +c

* 1= -\ Yo
2B+ 5e-1)

b)
Evaluate theintegral

f 6x+5 d
(3X2 +5x—1)3 X

givingyouranswer as an exact fractioninits simplest terms.
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Nete ¥hal you codld wte your 60C For this post
Ca‘\'d\dy e 'k J\'o check yoor ancwer)

x=)
Fom STEP 3 chowe, I=j 0% Qo
x=\

C\'nn&e Kemike +oo, o\, o= 3(,\)1-\- S\ =7
x=2, v=3l)v 5(@)-)=2)
STEP & Istegrele and @xm\oo)fe

I- [ 2-1 '[’z\‘)l(_zu 1
2I- %

L2
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5.6 Kinematics

5.6.2 Calculus for Kinematics

Differentiation for Kinematics
How is differentiation used in kinematics?

» Displacement, velocity and acceleration are related by calculus
¢ Interms of differentiation and derivatives
o velocity is therate of change of displacement

ds .
V= dt or V(l‘)=s (t)

o accelerationis therate of change of velocity
dv

a= or a(t)=v'(¢
4 or a)=v(
o soaccelerationis also the second derivative of displacement
d2s

a= p O a(t)=s"(?)

e IfagraphisnotgivenyoucanuseyourGDC todraw one
o youcanthenuseyourGDC’s graphing features to find gradients
velocity is the gradient on a displacement (-time) graph
accelerationis the gradient on a velocity (-time) graph
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> Worked Example

Thedisplacement, s m, of a particle at ¢ seconds, is modelled by
s(t)=28 -27£ + 84t

i.Find v(f) and a(t).
ii. Find the times at which the particleis atrest.
L ulb)zelk)= G- 5w +8% = 69k + )
alt)= v'(b)= 12E-Sk = |2tA)
= ulk)= 6T (k-2) s odr essential o
alk)= 6lat-) Sedesce the §od accuer

i The pa\*\'ide i oF ==X when ulk)=0
6(tT)(E-2)=0
k=7 t-2
= Tre portide ie aF reck ok I
2 cecondd and {seconds |
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Integration for Kinematics
How isintegration used in kinematics?

ds
e Sincevelocity is the derivative of displacement (v = d )it follows that

s=/vdt

« Similarly, velocity will be an antiderivative of acceleration

V=fadt

How would | find the constant of integration in kinematics problems?

¢ Aboundary orinitial condition would needto be known
o phrasesinvolving the word “initial”, or “initially” are referring to time being zero, i.e.
t=0
o youmightalso be giveninformation about the object at some othertime (this is called
aboundary condition)
o substituting the valuesin from the initial or boundary condition would allow the
constant of integration to be found

How are definite integrals used in kinematics?
¢ Definiteintegrals can be usedto find the displacement of a particle between two pointsin

time
t
2
° f v(t) dt would give the displacement of the particle betweenthe times t = t1 and

f

t= t2
This can be found using a velocity-time graph by subtracting the total area
below the horizontal axis from the total area above

t
2
° f |V(t)| dt gives the distance a particle has travelled between the times t = t1 and

4

t=t
2
This can be foundusing a velocity velocity-time graph by adding the total area
below the horizontal axis to the total area above
Use a GDC to plot the modulus graph y = |v(#)]

J

ol \/ 1 % ol T 1 %
ty tyts t t,t,

13 ts
EO v(t) dt IS THE SD [v(t)] dt IS THE

DISPLACEMENT OF THE DISTANCE THE PARTICLE
PARTICLE FROM ITS INITIAL HAS TRAVELLED AT TIME t;
POSITION AT TIME t;
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(’) ExamTip
' e Sketchingthe velocity-time graph can help you visualise the distances
travelled using areas between the graph and the horizontal axis
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*> Worked Example

Aparticle movingin a straight horizontal line has velocity (v m s 1) at time ¢
seconds modelled by v(f) =88 — 122 — 2¢.

i. Given that theinitial position of the particleis at the origin, find an expression
forits displacement from the origin at time ¢t seconds.

ii. Find the displacement of the particle from the origin in the first five seconds of
its motion.

iii. Find the distance travelled by the particle in the first five seconds of its motion.

Use your GOC Yo ckeveh

(o \le\oc,'\‘\’y L—‘\'\me) 3\'6.;&‘»
00d vte '\t bo check

'\'o See \? v ondwess )
ose terbble. ]

i Yoo — \:-‘-O, “O\'iain" —¢=0
slt)= J vik) at:j (@\é-\at’—;\h) K\=

olt) = 2ET-wE -4 ¢

where ¢ i& 6 congast
ok £:=0,¢:0, ~¢c=0

= olk)= 2E-uiS-E

i " firct $ve seconds’ — E,=0, =5
\-)S‘\(a& GOC thie woMd be

g: J"os (8- 1222t ab
6=725m
ii. Uing o GOC thic weuld be
d= j: |eE-iar-2t| ek d Jer dickence
a=736-T3w 020...
= d=T3Tm (3<})
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5.8 Advanced Differentiation

5.8.2 Applications of Chain Rule

Related Rates of Change
What is meant by rates of change?

e Arateof changeis a measure of how a quantity is changing with respect to another
quantity
e Mathematically rates of change are derivatives

o could betherate at which the volume of a sphere changes relative to how its

dr
radius is changing
e Contextisimportant wheninterpreting positive and negative rates of change
o Apositiverate of changewouldindicate anincrease
e.g.thechangeinvolume of wateras a bathtub fills
o Anegativerate of changewouldindicate a decrease
e.g.thechangeinvolume of waterin a leaking bucket

What is meant by related rates of change?

e Relatedrates of change are connected by a linking variable or parameter
o thisis often time, represented by ¢
o seconds is the standard unit for time but this willdepend on context
¢ e.g. Waterrunninginto a large hemi-spherical bowl
o boththe heightandvolume of waterin the bowl are changing with time
timeis the linking parameter between therate of change of height and therate of
change of volume

How dol solve problems involving related rates of change?

e Useofchainruleandproductrule are commonin such problems
e Beclearaboutwhich variables are representing which quantities

STEP1

Write down any variables and derivatives involvedin the problem
tdy dx dy

SN hgxr A de

STEP 2
Use an appropriate differentiation rule to set up an equationlinking ‘rates of change’
dy dy y dx

e.g. Chainrule: ar = odx S de

STEP 3
Substitutein knownvalues

twhent=3, & =2and Y =8 theng= ¥ x2
e.g. i,whent= ,dt— an dt_ ,then _dX
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STEP 4
Solve the problem andinterpret the answerin context if required
d
e.g. di(/ =5 =4 ‘when t=3, y changes atarate of 4, withrespectto x’
(’) Exam Tip
* e |fyoustruggle to determine whichrate touse then you canlook at the units to
help

o e.g. Arate of 5cm3 persecond implies volume per time so therate would

be
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? Worked Example
°

Ina manufacturing process a metal componentis heated such thatit’s cross-
sectional area expands but always retains the shape of aright-angled triangle. At
time t seconds the triangle has base b cm and height A cm.

At the time when the component’s cross-sectional areais changingat 4 cms™!, the
base of the triangleis 3cm andits heightis 6 cm. Also at this time, therate of
change of the heightis twice therate of change of the base.

Findtherate of change of the base at this point of time.

GTEP): Lic vornoblee and dervdtives

Ab bk @,d_\a,ci
ot dc atc

A Lt
oTeP 20 Use o difteredtiation rle o link 'raVes cﬂ-c\won%e'
A=3bh ie o preduck = Sojese predoct wle

o b
ac 2k <t dt

STER 3:, Subgtitule (Koowncvaluss
i) e

,\ éh - 2db iq qoee\icx\

dat &
CTEP W' Sove ond interpret
G- 12 dbo
R\

~db_ 2 -\

a3 Cm§S
The refe & change & the bage

2

s 5 Cm per second.

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

;=

EXAM PAPERS PRACTICE

Differentiating Inverse Functions
Whatis meant by aninverse function?

e Somefunctions are easierto process with x (ratherthan y) as the subject
o je.intheformx= f(y)
e Thisis particularly true when dealing with inverse functions
o eg. lfy= f(x) theinverse wouldbewrittenas y = ~1(x)
finding £~1(x) can be awkward
sowritex = f(y) instead

How do | differentiate inverse functions?

e Sincex = f(y) itis easier to differentiate “x with respect to y” ratherthan “y with respect to

»

X

x
o j.e. find ratherthan

y
dy dx

dx
o Notethat dy willbe in terms of y but can be substituted

STEP1
Forthefunctiony = f(X),the inversewillbe y = f‘l(x)

Rewrite this as x = f(y)

STEP 2
dx

Fromx = f(y) find dy

STEP 3

o dy  dy

Find dx using dx — dx
dy

- this willusually beinterms of y

e |fanalgebraic solutionin terms of x is required substitute z‘(x) foryin dx
e If anumerical derivative (e.g. a gradient) is required then use the y-coordinate
o Ifthe y-coordinateis not given, you should be able to work it out from the orginal

function and x-coordinate
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(’) Exam Tip

e With 'sand 'severywhere thiscansoon getconfusing!
o Beclearof thekeyinformation andsteps - and setyourwokring out
accordingly
The orginal function,
Itsinverse,
Rewriting theinverse,

Finding first, then findingits reciprocal for

e Your GDC can help when numerical derivatives (gradients) are required
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) Worked Example

[ )
a)

Find the gradient of the curve at the point where y =3 on the graph of y = f‘l(x)

where f{x) =+/(5x+1)3.

STEP1: Rewrte woverse o6 x=$(3)
$)=V (S
“For y= i), 30:?(3)
x= (53+\)3
ceP2: Fnd d}
Y

x= \53'\’\)3/1

Weite s powers
)‘/ax S US'mg Ahain role

eree 3 Rnd %
A gro.d\en‘\' \S reqo'\ret\‘ So\ns\‘f\'o‘\’ () y=3
dy | ) \ ) 2
px  8X 1S G 15/5y+ |

de  15/5(3)+ I

L Gfb.A'\en'\', o 133, on the S\"o.P\n
o$ 3=$-‘(x) e L

30

1
b) Giventhat y = e* show thatthederivativeof y =In x is X
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'W—xe key '\'o'“sis queg\fon \S rea\'\s'mg 'de\' e ond
\nx are wveross
51 e oo j =l ¢ will \38 ‘\kg \owerse

S g
 Theiverce will be oc=ed 3:?‘\0&), oc"l\’(gy

TP 2: éizeﬂ
\n
oEP3: dy b ; .4 e =% Sice €
doc ed e\n = x o \ne ore inveral
oo I‘fs:\nx d_%':,LI
axc "J
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5.4 Further Integration

5.4.3 Definite Integrals

Definite Integrals
What is a definite integral?

[ t0) ax=[F (1 =F(8) - F(e)

This is known as the Fundamental Theorem of Calculus
e aandb arecalledlimits
o aisthelowerlimit
o bistheupperlimit
f(x)is theintegrand
« F(x)is an antiderivative of f(x)
The constant of integration (“+c¢”) is not needed in definite integration
o “+c” would appearalongside both F(a) and F(b)
o subtractingmeans the “+c”’s cancel

How do find definite integrals analytically (manually)?

STEP1
Givetheintegralanameto save having torewrite the whole integral every time
If need be, rewrite theintegralinto anintegrable form

I= fbf(x) dx

STEP2
Integrate without applying the limits; you willnot need “+c”
Notation: use square brackets [] with limits placed at the end bracket

STEP 3
Substitute the limits into the function and evaluate

(’) ExamTip
' e |faquestion does not state that you can use your GDC then you must show all

of yourworking clearly, howeveritis always good practice to check you answer
by usingyour GDC if you haveitin the exam

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

7

EXAM PAPERS PRACTICE

> Worked Example
°

a)
Show that

4
f 3x(x2—2) dx =144
2

STEP : Name 4he in‘\'eﬁ('o\ and rewsite ido oo k\‘\’eard\’o\a\e fre
“
I=j (32&3- 6x) dx
)

CTeP 2: \ci\'egra\’e
1- [ f—‘_tx;‘* -330{_\:
P2 BEvdode
T-[ 2o 2" 3@)1]

T=iw4=0

W
j 31(:&1-1): \FA0 I
2

b)
UseyourGDC to evaluate

1 5.
f 36X sin X dX
0

giving your answer to three significant figures.

Us'mg GoC,

| 2.
j e:cg\nx 61 - 3%71q57
()

\ .,
§ j 3L 367 k3 s?)

(o}
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Properties of Definite Integrals
Fundamental Theorem of Calculus

[t dx=[FG1=F () -F(e)

e Formally,
o f(x)iscontinuousintheinterval a<x<b
° F(X) is an antiderivative of f(X)

What are the properties of definite integrals?

¢ Some of these have been encountered already and some may seem obvious ...
o taking constant factors outside theintegral

b b
f kf(x) dx= kf f(x) dx where kis a constant
a a

usefulwhen fractional and/ornegative values involved
o integratingterm by term

J 100+ gax= [0 ax+ [ el ax

a a a
the above works for subtraction of terms/functions too
o equalupperandlowerlimits
a
[0 ax=0
a
on evaluating, this would be a value, subtractitself !
o swappinglimits gives the same, but negative, result

fbf(x) dx= - faf(x) dx

a b
compare 8 subtract 5 say, with 5 subtract 8 ...
o splitting theinterval

fbf(x) dx= fcf(x) dx + fbf(x) dxwhere a<c<b

a a C
thisis particularly useful forareas under multiple curves orareas underthe x-axis

o horizontal translations

b b—k
f f(x) dx=f f(x + k) dx where kis aconstant
a a—k
thegraphof y = f(x ik) is a horizontal translation of the graph of y = f(x)
(f(x + k) translates left, f(x — k) translates right)

(') Exam Tip

e Learningthe properties of definite integrals can help to save timein the exam
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) Worked Example

f(x) is a continuous functionin theinterval 5< x < 15.

10 15
Itisknownthatf f(x) dx=12andthatf f(x) dx=5.
5 10

a)
Write down the values of
i)

f 7f(x) dx
7
ii)
f 5f(X) dx
10
Y = “equal lieniEs’
L %[ac\ ox = O j‘a ?—\m\aaczO
i S " gwo.PPeA \'\m\\:S” "
L o e =212 | Sl = -5 o
b)

Findthevalues of
i)

15
f f(x) dx

5
ii)

10
f 6f(x +5) dx
5
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CTf s [ fse o ) e - R26e7

§ “sp s
J, Sl = Fl e 4] T o=

L\S o) doc = 17

5+5
*botzoie) Arardlaion

L‘f flocrtd) doc 5 c::‘ Her) &

15
I= Gj\o $(°°\ & = 6x5=30

S

jw 6$Lgc+5\_aac = 30
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5.8 Advanced Differentiation

5.8.3 Implicit Differentiation

Implicit Differentiation
What is implicit differentiation?
¢ Anequation connectingxandy is not always easy to write explicitly in the form y = f(X) or
x=1(y)
o Insuch cases the equationis writtenimplicitly

asafunctionof x and y
in the form f(x,y) =0

¢ Suchequations can be differentiated implicitly using the chainrule

d dy
dx L=

¢ Ashortcut way of thinking about this is that ‘y is a function of a x’
o when differentiating a function of y chainrule says “differentiate with respectto y,
dy

dX)

then multiply by the derivative of y” (which is
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Applications of Implicit Differentiation
What type of problems could involve implicit differentiation?

¢ Broadly speakingthere are three types of problem that could involve implicit differentiation
o algebraic problemsinvolving graphs, derivatives, tangents, normals, etc
whereitis not practical to write y explicitly in terms of x
y .
dx willbeinterms of x and y
o optimisationproblems thatinvolve time derivatives
more than one variable may beinvolved too

usuallyinsuch cases,

e.g. Volume of acylinder, V= mrh
e.g. Thesidelength and(so) area of a square increase overtime

o any problemthatinvolves differentiating with respect to an extraneous variable

d
y)

d
eg.y= f(X) but the derivative dx

Y
do

is required (ratherthan

How do | apply implicit differentiation to algebraic problems?

dy\
» Algebraic problems revolve around values ofthederivative(gradient)(dX/
o if notrequiredto find this value it will either be given orimplied
¢ Particular problems focus on special case tangent values
o horizontaltangents
alsoreferredto as tangents parallel to the x-axis
d
thisis when y=0
dx
o verticaltangents
alsoreferred to as tangents parallel to the y-axis

dx
thisis when =0
dy
1
Insuch casesitmay appearthat dy =( but this has no solutions; this occurs
dx

y
when fornearby values of x, - t oo

dx
(i.e. very steep gradients, near vertical)

¢ Otherproblems may involve finding equations of (other) tangents and/ornormals
e Forproblems thatinvolve finding the coordinates of points on a curve with a specified
gradient the method below can be used

STEP1
Differentiate the equation of the curve implicitly
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STEP 2

' to createan equationlinkingx and y

dx

Substitute the given orimplied value of
STEP3
There are now two equations

o the originalequation
o thelinking equation

Solve them simultaneously to find the x and y coordinates as required

(’) ExamTip
w
e Aftersomerearranging, willbein terms of both and
o Thereis usually noneed (unless askedto by the question) to write in

terms of (or )only
» |fevalutaingderivatives, you'llneedboth and coordinates, soonemay

have to be found from the otherusing the original function
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‘) Worked Example

°
The curve C has equation x2 +2y2 = 16.

a)
Findthe exact coordinates of the points where the normal to curve C has gradient
2.

CTee 1t Di??e(eﬂ'\;\d\— e ’\(Ylp\i(‘,.\‘\'\tj
2x, + \‘\‘n_d& = O
aoc

5P 2: Sbeliote valve of 34 i
ax

Gradienr o% nora) & 2

* fediedt of Tonge (%‘i ) e -3

kNOVma\ aﬁd‘\'o.rgzﬁ\' ofe pery PenA\cu\ar.
o prodocoy their grodieniBge -\

: Qe kg (2] =0
Ax - 25 =0
x:‘j Equoﬂ*\m \in\dma > and y
St 3¢ Selve simdanebidy; Sstoie Caofdibates
x+ 2416

=
o+ =16

3702=\G '+i=t%6 o Y° 1'%5

» CoordinaYes ase (% 3, -;—5)
oo ('35 -39

b)

Findthe equations of the tangents to the curve that are
(i) paralleltothe x-axis

(i) parallelto they-axis.
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’\/\weee are epec'\a\ coges,
(3] pcr\: Ln) é_\j_ =0 tpc\ra\\e\ Yo :t,—&x'\gs
dx

0 pof\: (’.\), ax _ E__ =0 LPOJ_&\\Q\ to 3-0.%@)
44 A

3
702“'232'\6
Qaufknég:o
A
dx o =0 2311‘6
3=tJ§=t2\I§
W) 0y . =2 . =
dr by y
dx | 2y
ds -2C
doe _ 2420
63 =0 )ﬂiz\e
5 x:t‘-\-

% 1;0390‘\'9 @) parcﬂ\e\ fox-axnsore 3= 202 0sd 5=-2J’z'
ond () parollel o y-oxie ore =W ond x=-4

How do | apply implicit differentiation to optimisation problems?

e Forasinglevariable use chainrule to differentiate implicitly
o e.g.Asquarewith sidelength changing overtime, A = x2
dA 5 dx
=2x
dt dt
e Formorethan onevariable use productrule (and chain rule) to differentiate implicitly
o e.g.Asquare-based pyramid with base length and height changing overtime,

1
= 2
Vv 3Xh
av _11,dh o dx 1 L (dh ) dx
ar 3 dr Tar T 3 M dr dt
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After differentiating implicitly the rest of the question should be similar to any other
optimisation problem
o beaware of phrasing
dh
“therate of change of the height of the pyramid” (overtime) is dt

o when finding thelocation of minimum and maximum problems

thereis notnecessarily a turning point

the minimum ormaximum could be at the start orend of a given orappropriate

interval

(’) Exam Tip
“ e |fyou arestruggling to tellwhich derivative is needed for a question, writing all
possibilities down may help you
o Youdon'tneedtoworkthem out at this stage but if you conisder themiit
may nudge you to the next stage of the solution

o e.g. For , possible derivatives are and
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*> Worked Example

)
Theradius, rcm, and height, h cm, of a cylinder are increasing with time. The
volume, V cm?3, of the cylinderat time ¢ seconds is given by V= mr2h.

dv
de ’

a) Findanexpression for
Using imglicit differeciaion with pradocr wle
v, ‘"’{Zra—"k + éh"l]
at ax ok

-\ Tn—ti&\\a_r +rdh
ak 0=\ -\

b)

Attime T seconds, theradius of the cylinderis 4 cm, expandingatarateof 2cms™.

At the same time, the height of the cylinderis 10 cm, expanding atarateof 3cms™.

Findtherate at which the volumeis expanding at time T seconds.

9\:‘\’(mp_T, r=% dr=2

ax
h=10, dh23

a¥
SV S Weeainiv,3)

ak

* At ¥me T seconds, the volome is
@xponéinso’.\—afa.\'e ¢>$ 208 cm3 g

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

F =

EXAM PAPERS PRACTICE

5.4 Further Integration

5.4.4 Further Applications of Integration

Negative Integrals

e Theareaunderacurve may appear fully or partially under the x-axis
o This occurs when the function f(x) takes negative values within the boundaries of the
area
¢ Thedefiniteintegrals usedto findsuch areas
o willbe negativeif the areais fully under the x-axis
o possibly negativeif the areais partially underthe y-axis
this occurs if the negative area(s) is/are greater than the positive area(s), theirsum
willbe negative
¢ Whenusinga GDC use the modulus (absolute value) function so that all definite integrals
have a positive value

a= [yl ax
a

o Thisis givenin the formula booklet

How do find the area under a curve when the curve is fully under the x-

axis?
y
y = f(x)
d b
TN
AREA R ENTIRELY UNDER x—AXIS
STEP1

Write the expression for the definite integral to find the area as usual
This may involve finding the lower and upperlimits from a graph sketch or GDC and f(x) may
needto berewrittenin anintegrable form
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STEP 2

The answerto the definite integral will be negative

Area must always be positive so take the modulus (absolute value) of it

e.g. If I= —36thentheareawould be 36 (square units)

How dol find the areaunder a curve when the curveis partially under the
X-axis?

y = f(x)

o° N X

e Forquestions thatallow theuse of a GDC you canstilluse
C
A=f | A(x)| dx
a

¢ Tofindthe area analytically (manually) use the following method

STEP1
Split the areainto parts - the area(s) that are above the x-axis and the area(s) that are below the
X-axis

STEP 2

Write the expression for the definite integral foreach part (give each partaname, I;, 15, etc)
This may involve finding the lower and upper limits of each part from a graph sketch ora GDC,
finding theroots of the function (i.e. where z‘(x) =(0) andrewriting f(x) inanintegrable form

STEP 3
Findthe value of each definite integral separately

STEP4

Find the area by summing the modulus (absolute values) of each integral
(Mathematically this would be written A = |I1 | + |12| + |I3| +..)
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(") Exam Tip
* e Ifnodiagramis provided, quickly sketch one so that you can see where the
curveis above and below the x - axis and split up yourintegrals accordingly

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

F =

EXAM PAPERS PRACTICE

) Worked Example
H
The diagram below shows the graph of y = f{x) where f(x) =(x+4)(x—1)(x-5)

y = f(x)

R\ P

Theregion R1 is bounded by the curve y = f(x), the x-axis and the y-axis.
Theregion R2 is bounded by the curve y = f(x), the x-axis andtheline x =3.

a)
Determine the coordinates of the pointlabelled P.
o) The x-coordingte o P ic a oot & Sl
fle)=0
e+ W) e 1) e-5)=0
x=-4 x=|, x=5

Clearly from the grogh, x=\ ot poick P

~P(),0)

b)

i)

Find a definiteintegral that would help find the area of the shaded region R2
and briefly explain why this would not give the area of the region Rz'

i)

Findthe exact area of the shaded region R2 .
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b ) 3
Iz:}' (o +W)(oe-1)(x-6) @x

'
Ry is vnderneath the x-axie o the
valoe 6} Hhe actinite istegrol will be
nega¥ive. Area cannct be negative.
3
§ smer ) eeenles) a
T (@ede-es) e Rewe in oo idfegraie $ron
I,=jls (53~ 222182 + 20) &
Ta= [xT‘* - %,3 - g + noxr Ietegre (ro neea For ')
= (3 -aP-nae) +0E)| - (L -2 - 19 s
o (g g5
L=-B -1
YT
I,=-lco
3
STEP 2: * Area of Ry, A, = \co Squnﬂ‘zon’d's
3

c)
Findthe exact total area of the shadedregions, R1 and Rz'

\
9 owepiL2: Ry I,=J (o®- 25~ 1%e + 20) & Use Yhe revardt
' ° . Fesoi¥s from b i)
Tzt -2 -2 e20s]
w 3 2 o
STEP 3: T= -0
2
STEPW: = A+R, = 121 + oo = 521
2 3 2
~ To¥ol area shaded = 52V cquare on'\‘\'sl
:8

You con eheck the finel ancwes usingyour 6OC
cind Hhel formnla o beolee) Rz [yl
(-3

oo, e | | Gerwen) -5 3
H (-]
A= w3-%1666€...

(Nete that our GOC was oot e to
preduce the exack orower..)
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AreaBetweena Curve andaline

¢ Areas whoseboundariesinclude a curve and a (non-vertical) straight line can be found
usingintegration
o Foranareaundera curve a definiteintegral willbe needed
o Foranareaunderaline the shape formed will be a trapezium or triangle

basic areaformulae can be usedratherthan a definiteintegral

(although a definite integral would stillwork)
¢ Thearearequired couldbe the sumordifference of areas underthe curve andline

SUM
Y
.-——/
0 l [ N Tx
a b (o
SHADED | _ | AREA UNDER . | AREA UNDER
AREA | = | CURVE (INTEGRAL)| © | LINE (TRIANGLE)
(a TOb) (b TO c)
| DIFFERENCE |
Y
0 X
a b c
SHADED | _ | AREA UNDER _ | ARea UNDER
AREA | ~ | CURVE (INTEGRAL) | ~ |LINE (TRIANGLE)
(a TO ) (b TO c)

How do | find the area between a curve and aline?

STEP1
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If not given, sketch the graphs of the curve andline on the same diagram
Use a GDC to help with this step

STEP 2
Findtheintersections of the curve and theline
If no diagramis given this will help identify the area(s) to be found

STEP 3

Determine whetherthe arearequiredis the sum or difference of the area under the curve and the
areaundertheline

Calculate the area undera curve using aintegral of the form

fbydx
a

1 1
Calculate the area underaline using either A = ) bh foratriangleor A = ) h(a+ b)fora

trapezium (y-coordinates will be needed)

STEP 4
Evaluate the definiteintegrals and find their sum or difference as necessary to obtain the area
required

O Exam Tip

' ¢ Addinformation to any diagram provided
* Addaxes intercepts, as well asintercepts between lines and curves
¢ Markandshade the areayou’re trying to find
¢ |fnodiagramis provided, sketchone!
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*> Worked Example

Theregion R is bounded by the curve with equation y = 10x — x2 — 16 and theline
with equation y =8 — x.

R lies entirely in the first quadrant.

a)

Usingyour GDC, or otherwise, sketch the graphs of the curve and theline on the
samediagram.

Identify andlabel the region R onyoursketch anduseyour GDC tofindthe x-
coordinates of the points of intersection between the curve and theline.

STEP

STep 2t Pointt of icYersection are
(3.5) and (8,0)

b)
i)
Write down anintegral that would find the area of the region R.
ii)
Find the area of the region R.
) orep 37 Cirme 8 opper’ boundary § R
“ oy = 10x-x™-1e

Ya= 8-
Yim¥a = 0% =o-16 - (8-c) = Mo - o - 20

8
o Area oT—R, Ag I u\x-xz'l\b) dxc
3

13
i) orEe b ﬂwj (B -o-2w) @
3

Ao [ s - - 2]

N [—1 3 ]3

et [u\_s)’—\_sf-mks)]{w-uj—zub)]
2 3 2 3

her -2 - -E2
3 2

* Rrea ot region Ris 125 square onits
(4
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AreaBetween 2 Curves
¢ Areas whoseboundariesinclude two curves can be found by integration
o Theareabetweentwo curves will be the difference of the areas underthe two curves
both areas will require a definite integral
o Finding points of intersection may involve a more awkward equation than solving fora
curveandaline

y = f(x)

ﬂ y =g(x)

0 a b c &

b
R,= {Lf(x) - g(x)1dx
4

2
R,= [[g(x)—f(x)1dx
b

How do| find the area between two curves?

STEP1
If not given, sketch the graphs of both curves on the same diagram
Use a GDC to help with this step

STEP 2
Findtheintersections of the two curves
If no diagram s given this will help identify the area(s) to be found

STEP 3
Foreach area (there may only be one) determine which curveis the ‘upper’ boundary
Foreach area, write a definite integral of the form

b
f (v, =) dx
a
where Y, is the function for the ‘upper’ boundary and Y, is the function for the ‘lower’ boundary

Be carefulwhen thereis more than oneregion - the ‘upper’ and ‘lower’ boundaries will swap

STEP 4
Evaluate the definiteintegrals and sum themup to find the total area
(Step 3means no definiteintegral willhave a negative value)
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(’) Exam Tip

e Ifnodiagramis provided sketch one, evenif the curves are not accurate
e Addinformation to any given diagram as you work through a question
e Maximise use of your GDC to save time and maintain accuracy:

o Useitto sketch the graphs and help you visualise the problem

o Useittofind definiteintegrals
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*> Worked Example

The diagram below shows the curves with equations y = f(X) and y= g(X) where
f(x) =(x —2)(x - 3)?
g(x)=x2-5x+6

Findthe area of the shadedregion.
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STEP 1: Sketeh of graph gven

oTeP 2: Two isYerceckions are the roots & Flx)
bz be-a)loe-3'=0 ok x=2,  (y4=0)
oand =3 h:o)
Solve §x) = gfzc) o Fiod the dher isterseckion
(oe-2)(ec-3)" = x™-5x+6
(oe-2)lee-3) = (e-2)e-3)
x-3=\
xzh, = 2)ws)e2

STRP 3+ The orsa, A, of the %:gf fegion s gjuen by
A= [ edleraf'- (a2 Sve] o

A= ].3 \x—x)(rs)[ Lac-s)-ﬂ dx Fockorice (oc-2)(c-3)
f j: (2 5x +6)e-4) o
f,: j: (o3 9 4 26 - 24) e
A [ x* - 3 +\3c¢‘-2»x]3
% 2
A= Lb_)"' -3l3)? ;\3\3)’-2»\3)) _ \ @) -3 +el)- 2»\:\)
[ [y

f: -6 --16 =0
" [

For Ay, the “upper ana lower” boundosies Suap
s | 5000t o
S j; ek 3] &

A= J? (o5 + 6) =) ac
Ry= I: (-2 + 9 - 26 + 24 A0

A,z [ -1\.* 13 3x3- 32 + Z\Vx]"
L 3

Ay L L +30- 1+ 2) ) (o 3 -3l + 1»\3\)
[y %

Totel aren is A +A,

+ Rrea & Shoded region is _;7 Ssquare vmit
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5.8 Advanced Differentiation

5.8.4 Differentiation Further Functions

Differentiating Reciprocal Trigonometric Functions
What are the reciprocal trigonometric functions?

¢ Secant, cosecant and cotangent and abbreviated and defined as

1 1 1

seCx=—— cosec x=—— cotx=
COS X sin x tan x

e Rememberthat forcalculus, angles needto be measuredinradians
o @ maybeusedinstead of x
e cosec x is sometimes furtherabbreviated to csc x

What are the derivatives of the reciprocal trigonometric functions?
« f(x)=secx
o f(x)=sec x tan x
o f(X) = C0S€C X

o f'(x)= —cosec x cot x
« f{x)=cotx
o fI(x)= —cosec? x

e Thesearegivenin the formula booklet
How do | show or prove the derivatives of the reciprocal trigonometric
functions?

e Fory=secx
1

COS X

o Rewrite, y =

dy _ cosx(0) = (1)(—sin x)
dx ~ cos? x

dy sinx
o Rearrange, d = 5
X Ccos? X
dy 1 sin x
o Separate, = X
dx cosx cosx

o Usequotientrule,

_dy
o Rewrite,-, =sec x tan x

dx
 Similarly, for y = cosec x
_ 1
° Y= sin x
dy 3 sin x(0) — (1)cos x
°dx sin? x
dy —cosx
®dx  sin2x
dy 1 cos X
o =—-— X .
dx sinx sinx
dy
o = —COSeC X cot x
dx
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What do the derivatives of reciprocal trig look like with a linear functions
of x?
e Forlinearfunctions of the form ax+b
o fx)=sec(ax+b)
f'(x)=asec (ax+ b) tan (ax + b)
o f(x)=cosec (ax+b)
f'(x) = — a cosec (ax + b) cot (ax + b)
o flx)=cot(ax+b)
f'(x)= —acosec? (ax + b)
o Thesearenotgivenin the formula booklet
they can be derived from chainrule
they are not essential to remember

(’) ExamTip

-
¢ Evenifyou thinkyou have remembered these derivatives, always use the

formula booklet to double check
o thosesquares andnegatives are easy to get muddled up!
* Where two trig functions are involvedin the derivative be careful with the angle

multiple; ,etc
o Anexample of acommon mistake is differentiating
—— = —3 cosec x cot 3x_insteadof —— = — 3 cosec 3x cot 3x
dx dx
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%) Worked Example
[ ]

Curve C has equation y = 2c0t(3x - g)

a)
Show that the derivative of cot x is —cosec? x.

y=ectx = €hx
Gio x

QUD’\'ier\'\' ru\e
v=CoS x V =8in ¢
0':=8in ¢ v'=Cct x

2 X
* dy  -8in ¢ = COS X

dx Sin*x

@ - ksinax. + Lcslx)

dx sin>oc

2
S\'nlac +co8 x 2|

Sy __
dac Sn ¢

-3
48 . _ cosec’x
dx

dy
b) Find forcurve C.
dx

C\'\C\in rle / Linear % nc‘\‘\m o? x

j—:‘; —2Cosecn(31‘%_) x3
“ dy 2 L
I = - 6cosec (3x-‘§')

T

c) Findthe gradient of curve C atthe pointwhere x = 54
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=
When = 2

.
dy ¢ a 2 -1r)
2z -6eogec | == &
4 (2\48 8

=3
S | -6 . _-6
a a3 GV
x Sin k‘l’) k—:)
- dﬁ = -)2 Your GOC may be dlete dothis direa\'\:s
dx | . Tm =
x= 2
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Differentiating Inverse Trigonometric Functions

What are the inverse trigonometric functions?

e arcsin, arccos and arctan are functions defined as theinverse functions of sine, cosineand

tangentrespectively
o arcsin{—3 1= T hichis equivalentto sin( n)=_3
\"2 )73 whichis equiv 3 '2
tan(— 1) 3n hichi ivalenttot (—3ﬂ\| 1
o —_ = = -
arctan 1 whichis equivalentto an\ 4 )

What are the derivatives of the inverse trigonometric functions?

« f(x)=arcsin x

o F(X)=;

1—x2
 f(x)=arccos x

o Flx)= - —

V1-x2
° f(x) = arctan x
1

o £'x)= 1+x2
Unlike other derivatives these look completely unrelated at first

o theirderivationinvolves use of the identity cos? x +sin? x = 1

o hencethesquares and squareroots!
Allthree are given in the formula booklet
Note with the derivative of arctan x that (1 + x2) is the sameas (x2 + 1)

How do | show or prove the derivatives of the inverse trigonometric
functions?

e Fory=arcsin x
o Rewrite, sin y=x

dy

o Differentiate implicitly, Cosde =1

. dy 1
° Rearrange, | = cos y

. S , o dy 1
o Usingtheidentity cos? y = 1 —sin? y rewrite, =— =

dx  /1-sin?y
d 1
o Since,siny=x,— =

x = [iox
¢ Similarly, for y = arccos x
°© COSy=x
o sinydy =1
dx
dy 1
dx sin y
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1
dx V1-cos?y
dy 1

dx /1 - x2
 Notice how the derivative of y = arcsin x is positive butis negative for y = arccos x
o This subtle but crucial difference can be seenin their graphs
y=arcsin x has a positive gradient for all values of x inits domain
y = arccos x has anegative gradient forallvalues of x in its domain

What do the derivative of inverse trig look like with a linear function of x?
 Forlinearfunctions of the form ax + b
f(x) = arcsin(ax + b)

. f'(x)=;
J1-(ax+b)?

f(x) = arccos(ax + b)

. f’(x)=;
1 —(ax + b)?
o f(x)=arctan(ax + b)
W= T o

These arenotin the formula booklet
o they canbe derived from chain rule
o theyarenotessential toremember
o theyarenotcommonly used

(’) Exam Tip

w
e For the terms on the denominator can bereversed(as they are
beingaddedratherthan subtracted)

o

o Don't be fooled by this, it sounds obvious but on awkward "show that"
questions it can be off-putting!
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9 Worked Example

¢ 1

+x2

a) Showthatthederivative of arctan x is

Y= arcYan ¢
+on 3'— ¢

Diﬁe@n\’} e '|mp\€c'r\3\j

92&15 d_ﬂ_ -\

dx

dg \

dx Sec’y
USina'\‘\ﬁe '\den\"u‘\'s ‘\'anaﬂ +1= Secls
Oy _ |

Jdx ‘ "'anas*\

Qince '\'&ns =t
d 1
dx  x%+)\

. Ay \

de VA

b)
Find the derivative of arctan(5x3 — 2x).

B~ 2 is ndta linear unckion of ¢, vge chain Tole
cj = Ox C\’an (513- 23(:)

| 2
%‘ RPN [15:2-2)

dy - 1=
dx |+ kSaca- 21)2
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Differentiating Exponential & Logarithmic Functions
What are exponential and logarithmic functions?

e Exponential functions have term(s) where the variable (x) is the power (exponent)
o Ingeneral, these would be of the form y = a*
The specialcaseof thisiswhena=¢,i.e. y=¢€*
e | ogarithmic functions have term(s) where the logarithms of the variable (x) areinvolved
o Ingeneral, these wouldbe of theform y = logax

The specialcase of thisiswhena=e,ie. y= logex= In x

What are the derivatives of exponential functions?
e Thefirsttworesults, of the special cases above, have been met before
o fx)=e, f'(x)=ex
1
o flx)=Inx, f(x)= N

o Theseare givenin the formula booklet
¢ Forthe generalforms of exponentials andlogarithms

o flx)=ax
f'(x)=a*(In a)

o flx)= logax
f'x)= Xhll a

o Thesearealsogivenin the formulabooklet

How do | show or prove the derivatives of exponential and logarithmic
functions?

e Fory=a*
o Takenaturallogarithms of both sides, In y=xIn a
o Usethelaws of logarithms, In y = xIn a

Diff i implicitl ! dy =]
o Differentiate, implicitly, y dx =lna
d

o Rearrange, Y =ylna
dx

o Substitute fory ¥ =aXlna
"dx

e Fory= logax

o Rewrite,x=a”

dx
o Differentiate x withrespect to y,usingthe aboveresult, dy =a’ln a
dy 1 dy 1
° Using dx dx dx  &lna

dy
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dy 1
o Substitutefory, d_ = oz x
X 2% Ina
o dy
o Simplify, ix xIna

What do the derivatives of exponentials and logarithms look like with a
linear functions of x?
e Forlinearfunctions of the form px + g
o f(x) =gpx+q
f'(x) = par**+4(In a)
o f(x)=log (px+q)

p
r'(x)= (px+qg)lna

o Thesearenotinthe formula booklet
they can be derived from chainrule
they are not essentialto remember

(’) Exam Tip
w
e Forquestions thatrequire the derivativeinaparticular format, you may needto

use thelaws of logarithms
o With In appearingin denominators be careful with the division law

but cannot be simplified (unless there is some numerical

connection between and )
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*9 Worked Example

[ J
a)

Find the derivative of a3x =2,

Chain role or pX+q chortect e Tenpired

d [031-11 - 0\31-2 " 3
dac

o LA 3x-2 |
% The dervdtive o o e

?w?ac-2 Ina

dy
gy Sven thaty logS(ZX )

b) Findan expression for
Choin e ie needed.

3

S 1 .8
de 2¥h 5

o da 3

dac xl\n 8
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5.10 Differential Equations

5.10.1 Numberical Solutions to Differential Equations

First Order Differential Equations
What is a differential equation?

« Adifferential equationis simply an equation that contains derivatives

7 = 12xy? is a differential equation

dx

dsoi dx SdX+7 = 5sint
o Andsois 42 dt X =15sIn

o Forexample

What is a first order differential equation?
« Afirst order differential equationis a differential equation that contains first derivatives
but no second (orhigher) derivatives

o Forexample ' = 12xy? is a first order differential equation

dx
d2x |
o But P -5 d + 7x = 5sint is not a first order differential equation, because it
. o d%x
contains the second derivative e

Wait - haven’t | seen first order differential equations before?

¢ Yesyouhave!

o Forexample =3x2is also a first order differential equation, becauseit contains a

dx
first derivative and no second (or higher) derivatives
o Butforthatequationyou canjustintegrate tofind the solutiony =x>+c(wherecis a
constantof integration)
¢ Inthis section of the course youlearn how to solve differential equations that can’tjustbe
solvedright away by integrating
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Euler’s Method: First Order
What is Euler’s method?

¢ Euler’s method is a numerical method for finding approximate solutions to differential
equations

¢ |ttreats the derivatives in the equation as being constant overshort ‘steps’

e Theaccuracy of the Euler's Method approximation can be improved by making the step
sizes smaller

How doluse Euler’s method with a first order differential equation?

dy
e STEP1.Make sure yourdifferential equationisin dx =1‘(X, y) form

* STEP 2:Write down therecursion equations usingthe formulaey =y +hX f(xn, yn)

and X =X + h from the exam formula booklet

o hinthose equationsis the step size
o theexam question willusually tellyou the correctvalue of htouse

e STEP 3:Usetherecursion feature on your GDC to calculate the Euler’'s method
approximation overthe correct number of steps

o thevalues forxO and Y willcome from the boundary conditions given in the question

(’) Exam Tip

* e Becarefulwith letters - in the equations in the exam, andin your GDC’s
recursion calculator, the variables may not be xandy
e |fanexam question asks you how to improve an Euler's method approximation,
the answerwillalmost always have todo with decreasing the step size!
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*> Worked Example
[ J

Considerthe differential equation
¥(0)=0.5.

a)

Apply Euler’'s method with a step size of h =0.2 to approximate the solution to the
differential equationatx=1.

d
dy + y=x+ 1 with the boundary condition
X

feom

Euler's method Vo =Yy Hhx f(5,,3,)5 X, =X, +h h is a constant focmola
(step length)

booklet

STEP 1: —7=x—7+|
dx

—"

?(x,y)

STEP 2: = Y+ 0.2%(x - ya* 1) x . =x_+0.2
7’n+1 7"\ - Y" ax| X-‘ -
~

W (from
1_«:51.'.") s, 7”)

STEP 31 We need to gel x feom O 1o 1, 5o we

1-0 _

=5 steps.

will need

0.2

7(0)= 0.5

feom GDC

I
2
3
ﬁ 03 1 l.oo48
5 | 116384

y(1) = 1.16 (3s.£)

b)
Explain how the accuracy of the approximation in part (a) could be improved.

Make the stv.r size smaller.
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5.10.2 Analytical Solutions to Differential Equations

Separation of Variables
What is separation of variables?

+ Separation of variables can be usedto solve certain types of first order differential
equations

d
o Lookoutforequations of the form _di(/ =g(X)I1(y)

d
o ie. d_i(/ is a function of x multiplied by a function of y

o becareful - the ‘function of x’ g(x) may justbe a constant!
d
Forexamplein di{l =6y,g(x)=6andh(y)=y

¢ Iftheequationisinthatformyou canuse separation of variables to try to solveit
¢ |ftheequationis notin thatformyou willneedto use anothersolution method

How dol solve a differential equation using separation of variables?

dx
o STEP 2:Taketheintegral of both sides to change the equationinto the form

f%(y)d):fg(x) dx

o You can think of this step as ‘multiplying the dx across andintegrating both sides’
Mathematically that’s not quite whatis actually happening, but it will get you the
rightanswerhere!

e STEP 3: Work out the integrals on both sides of the equation to find the general solution to
the differential equation

o Don’tforgettoinclude a constant of integration
Although there are twointegrals, you only need to include one constant of
integration

o Lookout forintegrals that require you to use partial fractions to solve them
See ‘Integrating with Partial Fractions’in 5.9 Advanced Integration

e STEP 4:Useanyboundary orinitial conditions in the question to work out the value of the
integration constant
e STEP5:Ifnecessary, rearrange the solutioninto the form required by the question

1 \dy
e STEPT:Rearrangethe equationinto the form Ty) =g(X)
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(") ExamTip

-
e Becarefulwith letters - the equation on an exammaynotuse and asthe
variables

e Unless the question asks forit, you don’t have to change your solutioninto
form - sometimes it might be more convenient to leave your solutionin
anotherform
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) Worked Example

Foreach of the following differential equations, either (i) solve the equation by using
separation of variables givingyouranswerin the form y = f(X) or (i) state why the
equation may not be solved using separation of variables.

) dy eX+4x
a = .
dx 3_y2
A S * [}
STHE PHILE 37’11%:& + Y x 3(7‘):5 + 4 \«(7):—37—1
STEP 2 5371 A7 = S(e**‘*x) dx
Don't “'orﬁut conslonl
STEP 3 7,“ T L of integration
STEP 4: No l,wm\”7 conditions given, so skip slep
& 3 ® 2
STEPS: 7'7- [e +Ax"+c \/=‘?(x)
b) dy 4 21
5 T4a4Xxy—Inx.
dx Y

‘-lxy- 2Zlax 5 nol of the form 3(*)‘/\(7’),
sof it ey wot~ ba so\vaJ usin: szl:o.ro.'t(an

Of VO"I‘@L‘CS.

dy 5 . _ :
c) dx =2y +2y,giventhaty=2 whenx=0.
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| d .
STEPL: ooy o =2 a00:2 hp=yty

STEP 2° 57?17 dy = Sléx

pactial Fractions
———
\

T N | S TN

Don't For 5&1. conslonl

\ﬂ |_L\ = 2x+ ¢ of ’mtq:)ro.t(on

f7=2 when x=0

2= 200)r e = c= 13

STEP 4: |n

STEP 5 Foe the boundary condition y=2, 7‘/4‘. >0.

Therefore we can deop the modulos sign from \i}ﬁ )

721_1 B ez;uln(‘/o) _ (eu)(al.\(“/,)) _ %_E’Lx

ze‘LX

S = —— =.F x)
7Y 3-72e™ e
—
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Homogeneous Differential Equations
What is a homogeneous first order differential equation?

d
o |f afirst order differential equation can be writtenin the form di/ = f(i/ ) thenitis saidto be

homogeneous

How do | solve ahomogeneous first order differential equation?

e Theseequations can be solvedusing the substitution v = Y S y=vx
X

d
e STEPT:.If necessary, rearrange the equation into the form di(/ =I(i/)

e STEP 2:Replaceallinstances of ';/ inyourequation with v

d
e STEP 3:Usethe product rule andimplicit differentiation toreplace di(/ in yourequation
ith v+ v
with v XdX
dy d d d dv
o = > —=— =v—x)+x——\v)=v+
o Thisisbecause y = vx dx dX(VX) VdX(X) XdX(V) 1% XdX

e STEP 4:Solveyournew differential equation to find the solution in terms of vand x
o Youmay needtouse othermethods for differential equations, such as separation of
variables, at this stage

e STEP5:Substitute v= i; into the solution from Step 4, in order to find the solution in terms
of yandx

What else should | know about solving homogeneous first order
differential equations?

¢ Afterfindingthe solutionin terms of y and x you may be asked to do other things with the
solution
o Forexample you may be asked to find the solution corresponding to certain initial or
boundary conditions
o Oryoumay be askedto express youranswerin a particular form, such as y = f(x)
¢ |tis sometimes possible to solve differential equations that are nothomogeneous by using

the substitution v= Y
X

o Forsuch asituationinan exam question, you would be told explicitly to use the
substitution

o Youwouldnot be expectedtoknow that you could use the substitutionin a case
where the differential equation was nothomogeneous
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(’7 ExamTip
* e Unless the question asks forit, you don’thave to change your solutionintoy =

f(x) form - sometimes it might be more convenient to leave your solution in
another form

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

F =

EXAM PAPERS PRACTICE

Worked Example

Consider the differential equation xy di(/ =y2 — x2 where y =3 when x=1.

a)
Show that the differential equationis homogeneous.

=> - I ke 0k iyt F)

=> The e:Luo.T.ion s Lamojenious.

b)

Usethesubstitution v= " to solve the differential equation with the given

boundary condition.

i
sTEP1: o= (k)" (—,‘/?) Lfeam pact ()

X
sTep 2: Lel w=-L | =Trea %:V_—\‘/—.
STEP 30 Aad y= uX =>_§XL= U x 42

STEP 4: §2vdv = 22 di Separabion of vaciables

2 Don't Forgel conslonl
v = Llalxlre = c- la ) of 'mtjejratiun

STEP S (l>1= c-lalx) = \/2 = x"(c- \n(xl))

R

Now vse the Lcuaclafy condition

Red y()=3, s0 (3)7= () (e~ 1al) => c= 4

% 2

y = x (2 1a M)

Question doasn't ask for solulion to be in Y:f(x) foem,
so it's eosiest jusl 1o \w.qf it ke this.
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Integrating Factor
What s anintegrating factor?

¢ Anintegrating factor can beusedto solve a differential equation that can be writtenin the

dy

standard form dx + p(x) y = q(x)

o Becareful - the ‘functions of x’ p(x) and q(x) may just be constants!
d
Forexamplein Ei(/ +6y=¢e¢"2% p(x)=6andq(x) = e X
y
X

1
5 —12,p(x)— 2% andqg(x)=12

d
Whilein - 4 +
dx
e Foranequationinstandardform, theintegrating factoris € fp(x) dx

How doluse anintegrating factor to solve a differential equation?
o STEPT:If necessary, rearrange the differential equationinto standard form
e STEP 2:Findtheintegrating factor
o Notethatyoudon’tneedtoinclude a constant of integration here when youintegrate

Jp(x) dx
STEP 3: Multiply both sides of the differential equation by the integrating factor

This willturn the equationinto an exact differential equation of the form

di(yefp(x) dx) _ q(x)e fp(X) dx
X

STEP 4. Integrate both sides of the equation with respect to x
fp(x) dx

o Theleftsidewillautomatically integrate to. ye

o Fortherightside, integrate fq(x)efp(x)dxdx usingyourusual techniques for
integration
o Don’tforgettoinclude a constant of integration
Although there are twointegrals, you only need to include one constant of
integration
e STEP 5:Rearrangeyoursolutionto getitinthe formy =f(x)

What else should | know about using an integrating factor to solve
differential equations?

e Afterfinding the general solution using the steps above you may be asked to do other
things with the solution
o Forexample you may be asked to find the solution corresponding to certain initial or
boundary conditions
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*9 Worked Example
[ J

d
Consider the differential equation Ei(/ =2xy+ 5¢x” where y=7 when x=0.

Useanintegrating factorto find the solution to the differential equation with the
given boundary condition.

Integrating factor for e }f{r,:mlﬂ
Py : booklet
4 K2 .
STEP 1 ﬁ—l’v/ = 5e \a(x)=_/2_x ‘L(")=5eﬁ
t
STEP 20 oo Prdn L X
_wt 2 2
ster s (g - ’“7) e (st )e
"4y _ S
€ dx ,lx7e =05

2
'1_;(73-7\ ) =5 Exocl diffecential Q‘L""'t;un

Don't ‘T’orjet comslonl

k8
STEP t:, Y& s SS dx = Sxac af (rtegration

2
STEP 5 7: e* (Sx'f c)
Now use the ]:)oun:lafr condition

"}=e_°(5(0)+c) => c=71

Y = exl(5x+7)
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5.10.3 Modelling with Differential Equations

Modelling with Differential Equations
Why are differential equations used to model real-world situations?

+ Adifferential equationis an equation that contains one ormore derivatives
e Derivatives deal with rates of change, and with the way that variables change with respect
tooneanother
¢ Therefore differential equations are a natural way to model real-world situations involving
change
o Most frequently inreal-world situations we are interested in how things change over
time, so the derivatives used willusually be with respecttotime t

How dol set up a differential equation to model a situation?

¢ Anexam question may require you to create a differential equation from information
provided
¢ The question will provide a context from which the differential equationis to be created
e Mostoften this willinvolve therate of change of a variable being proportionalto some
function of the variable
Forexample, therate of change of a population of bacteria, P, at a particular time
may be proportional to the size of the population at that time
e Theexpression ‘rate of (‘rate of change of...’, ‘rate of growth of...’, etc.) in amodelling
questionis a strong hint that a differential equationis needed, involving derivatives with
respecttotimet
dpP
Sowiththe bacteria example above, the equation willinvolve the derivative d
¢ Recallthe basic equation of proportionality
o Ifyis proportionalto x, then y = kx forsome constant of proportionality k

Soforthe bacteria example above the differential equation needed would be
dpP

dt =kP
o The precisevalue of k willgenerally not be known at the start, but willneed to be found
as part of the process of solving the differential equation
o |tcanoftenbeusefultoassumethatk> O when settingup yourequation
In this case, -k willbe usedin the differential equation in situations where the rate
of changeis expectedto be negative
Sointhe bacteria example, if it were known that the population of bacteria was
decreasing, then the equation couldinstead be written ap = —kP

dt
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> Worked Example

a)

In a particularpond, therate of change of the area covered by algae, A, atany time t
is directly proportional to the square root of the area covered by algae at that time.
Write down a differential equation to model this situation.

—j_?_ = k\rﬂ- (.,.,\.,Qre k is & conslaant

of rroror'[.;ono.\ |t7)

b)

Newton’s Law of Cooling states that therate of change of the temperature of an
object, T, atany time tis proportional to the difference between the temperature of
the object and the ambient temperature of its surroundings, T, , at that time.
Assuming that the object starts off warmer than its surroundings, write down the
differential equationimplied by Newton’s Law of Cooling.

The otject s o,SSu-neA To be woarmee than vt
surrounéinjsl So T-T°_> O

{

XAM RAPE
s RAPERS

(whece k>0 is o constant of Yrofortiono.\it’)

We e.xra.e.t the T_EmFQratut‘e To be decreasing,
s0 -k n the El\lmt;ar\ combined with k>0

assures thet —i;{.- \s nejative,
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The Logistic Equation

Whatis thelogistic equation?
dN

dt
change of a population atany momentin timeis dependent on the size of the population
(N) atthat time
o Thesolutionis N= Aek!(where A> Qis aconstant)
o Ifk> O, this represents unlimited exponential growth of the variable N
¢ Inmany real-world contexts (forexample when considering populations of living
organisms), unlimited growth is not a realistic modelling assumption
o Forreproducing populations itis logicalto assume that therate of change of the
population willbe dependent on the size of the population (more rabbits means more
production of baby rabbits!)
o Butthere are generally limiting factors on populations that prevent them from growing
without limits
Forexample, availability of food or otherresources, orthe presence of predators
orotherthreats, may limit the population that can existin a given area
* Alogistic equationincorporates such limiting factors into the model, and therefore can
provide a morerealistic model for real-world populations
¢ Thestandard logistic equationis of the form

¢ Thedifferential equation = kN is avery simple example of a modelin which the rate of

dN
T =kN(a—N)

o trepresents thetime (since the momentdefinedas t = 0) that the population has been
growing
o Nrepresentsthe size of the population attime t
o k €Risaconstant determining therelative rate of population growth
Forthe models dealt with hereitis most common to have k> O, with alargervalue
of krepresenting a fasterrate of change
o a€Risaconstantthatplaces alimit on the maximum size to which the population N
can grow
Fora population modelitcanbeassumedthata> 0O
Fork> 0 andaninitial population Ng such that O <Ng < a, the population N will
grow andwillconverge tothevalue a as time tincreases
Fork> O andaninitial population Ng such that O <Ng < a, the population N will
shrinkandwillconverge to thevalue a as time tincreases
¢ There are otherforms of logistic equation
o The exact form of the logistic equation you are to use willalways be givenin an exam
question

How dol solve problems that involve a logistic equation model?

e Solving the differential equation will generally involve the technique of separation of
variables
o Usually this willalso involve rearranging one of the integrals using partial fractions
(see the worked example below foran example)
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* You willusually be given ‘boundary conditions’ specific to the context of the problem
o Forexample, you may be told theinitial population attimet=0
o These conditions will allow you to work out the exact value of any integrating
constants that occurwhile solving the differential equation
¢ You willneed to take account of the context of the questionin answering the question orin
commenting on the modelused
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) Worked Example
[

A group of ecologists are studying a population of rabbits on a particularisland.
The population of rabbits, N, on theislandis modelled by the logistic equation

dN
wr =0.0012N(1500- N)

where trepresents the timein years since the ecologists began their study. At the
time the study begins there are 300 rabbits on theisland.

a)
1500¢!-8¢
Show that the population of rabbits at time tyears is givenby N = W .
el

\
SN(ISOO-—N) c“\l = 0.00\2 S‘lt SeFo.ro.'t},,n o wociables

\ | . .
S (.—q = m)m = 1.8 Sat Portial Feaclions
N . Don't '\"orgﬂ.t constont
‘n \ N'\SOD\ g \St € i Djf: 'lv\tesfo.t.\on
o —A=e"
N N .81
\500-N A e

D - N
N=1500° T 1500=N

~N
o = -
04 MNLI900, o \ N—lSOO\

200 _ 1.8(0) _A Use iaitial
N(0) = 300, se tS00-300 - fle = A= Y condition
_ N R U = S YN _ w8t
= 1s00-N 4 ¢ - 1500-N ~ ¢
1.8t
1500 ¢
=> - .81 REo.rro.nSE

“+e

b)
Findthe population of rabbits that the model predicts willbe on the island two years
afterthe beginning of the study.
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g 3.6
1500 e
N(2Z) = —47 8@ = Tqa 56 =1352.210.

"3 S ?_ f&\)b;t s Rovad to naocesl ro.\o\;:t

c)
Determine the maximum size that the model predicts the population of rabbits can
grow to. Justify youranswer by an appropriate analysis of the equationin part (a).

kae \\.-r\:t to AQtEf‘rﬂlnz \aﬂj"tefwﬂ \JQ‘no.v;Our -

&y =
I \SOOe‘s
[y ]

t2 00 b g0

P 1500 1500 .
.8t = = = 1500
) L\‘.st*' | o+

e

\500 ra\:\:its 15 t\no. MoK imuen Pofu\mt‘on

?rac‘ictel ‘97 t‘n!. moéc\.

i ———————
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5.11 MacLaurin Series

5.11.1 Maclaurin Series

Maclaurin Series of Standard Functions
What is a Maclaurin Series?

e AMaclaurin series is a way of representing a function as an infinite sum of increasinginteger
powers of x (x!, x2, x3, etc.)
o If all of theinfinite number of terms are included, then the Maclaurin series is exactly
equalto the original function
o Ifwetruncate (i.e., shorten) the Maclaurin series by stopping at some particular power
of x, then the Maclaurin series is only an approximation of the original function
» AtruncatedMaclaurin series will always be exactly equalto the original function for x =0
¢ Ingeneral, the approximation from a truncated Maclaurin series becomes less accurate as
the value of x moves furtheraway fromzero
¢ Theaccuracy of a truncated Maclaurin series approximation can beimproved by including
more terms from the complete infinite series
o So,forexample, a series truncated at the x’ term will give a more accurate
approximation than a series truncated at the x> term

How do find the Maclaurin series of a function ‘from first principles’?

¢ Usethe general Maclaurin series formula

)= F0) + x£(0) + ’j 100) + ..

This formula is in your exam formula booklet

STEP 1: Find the values of £{0), £'(0), £''(0), etc. forthe function

o Anexam question will specify how many terms of the series you need to calculate (for
example, “up to andincluding the termin x4”)
o Youmay be abletouseyour GDC to find these values directly without actually having
tofind allthe necessary derivatives of the function first
STEP 2: Putthevalues from Step Tinto the general Maclaurin series formula
STEP 3: Simplify the coefficients as faras possible for each of the powers of x

Is there an easier way to find the Maclaurin series for standard functions?

¢ Yesthereis!
¢ Thefollowing Maclaurin series expansions of standard functions are containedin your
exam formula booklet:

X=1+4+x+ _ +
€ 1X2!
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x2  x3
In(l+x)=x—_, + -..
(1+x) 5t 3
) x3  x
= _ + —_
sinx=x-— +
| x2 x4
=1-- + —_
cosx 217 4
x3  x°
arctan x=x —- + ...
3 5

¢ Unless a question specifically asks you to derive a Maclaurin series using the general

Maclaurin series formula, you can use those standard formulae from the exam formula
bookletinyourworking

Is there a connection Maclaurin series expansions and binomial theorem
series expansions?

¢ Yesthereis!
e Forafunctionlike (1 + X)H the binomial theorem series expansion is exactly the same as
the Maclaurin series expansion for the same function
o Sounless a question specifically tells you touse the general Maclaurin series formula,
you can use the binomial theorem to find the Maclaurin series for functions of that type
o Orifyou’ve forgotten the binomial series expansion formula for (1 + X)“ where n is not

a positiveinteger, you can find the binomial theorem expansion by using the general
Maclaurin series formula to find the Maclaurin series expansion
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) Worked Example
([ ]
a)

Use the Maclaurin series formula to find the Maclaurin series for f{x)=+/1+2x up
toandincluding the termin x*.

fo = Jieae = (leax)”

sTEP1: F0)=1 f'(o)=1 F'(0)=-1
£"(0)=3  £%0)= -5

2 )
STEP 2 £(x)=\* x(1) +~;—!(~1) +—;—3-(3)+¢x?—(-15)+...

STEP 3: U? teaadlla xu' 1erm,

" n_ = -3 2, 3 s 4
|+2.X-‘*x q_x *7_* —8')(
—

Note @ This is The some o5 the binomiol theorem

exFo.ns:nn a": (\+7.1~)Z

b)

Useyouranswer from part (a) to find an approximation for the value of \/ 1.02 , and
compare the approximation foundto the actual value of the squareroot.
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Uf tu t‘ne X‘* t&rm,
‘?rom o.rt (OM)
Toane b albaf sl =2 8 P

2 8

Lel x=0.01. Thea Jix2x = f1r2(0.01) = f102 .

Y
,‘.02_ Z {1+ (o.o'.)——lf(o.ol)lq- -;—_- (o.ol)g——sé-(o.ol)

.}\.oz_ £ 1.00995049315

TLQ e)tﬁ-ct Vo.luﬂ. of t\nQ 51'00.('& ront ;S

.02 = 1.009950%9383(...

TL\e, d-rffo:(;m&t;on '|s Acf.uro.te

to 10 JP o | s.f.
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Maclaurin Series of Composites & Products
How canl find the Maclaurin series for a composite function?

¢ Acomposite functionis a ‘function of a function’ ora ‘function within a function’
o Forexamplesin(2x) is a composite function, with 2x as the ‘inside function’ which has
been putinto the simpler ‘outside function’ sin x
o Similarly e’isa composite function, with x2 as the ‘inside function’ and eX as the
‘outside function’
e Tofindthe Maclaurin series fora composite function:
o STEP 1: Start with the Maclaurin series for the basic ‘outside function’
Usually this will be one of the ‘standard functions’ whose Maclaurin series are
givenin the exam formula booklet
o STEP 2: Substitute the ‘inside function’ every place that x appears in the Maclaurin
series forthe ‘outside function’
Soforsin(2x), forexample, you would substitute 2x everywhere that x appears in
the Maclaurin series for sin x
o STEP 3: Expandthe brackets and simplify the coefficients for the powers of xin the
resultant Maclaurin series
e This method can theoretically be used for quite complicated ‘inside’ and ‘outside’
functions
o Onyourexam, however, the ‘inside function’ willusually not be more complicated than
something like kx (for some constant k) orx” (forsome constant powern)

How canl find the Maclaurin series for a product of two functions?

¢ Tofindthe Maclaurin series fora product of two functions:

o STEP1: Start with the Maclaurin series of the individualfunctions
Foreach of these Maclaurin series you should only use terms up toan
appropriately chosen power of x (see the worked example below to see how this is
done!)

o STEP 2:Puteach of the series into brackets and multiply them together
Only keep terms in powers of x up to the poweryou are interestedin

o STEP 3: Collect terms and simplify coefficients for the powers of xin the resultant

Maclaurin series
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Find the Maclaurin series for the function f(X) = ln(l + 3X), uptoandincludingthe

termin x*.

Maclaurin series for

2

special functions e‘=1+x+%+... ln(1+x)=x—x7+%—.‘.
L. . from exem
sinx:x—%+%—". cosle—%+%—,.- formula
o o booklet
x3 xs
arctanx=x——+——...
35
L} 3 4
® b4 *x
ETEPL D jalli*a)mu- Tt aeore,
1 3 'l
‘ B (3x) (3x) _ (3x)
STEP 2 \-—.(1+3x)—3x- a4 —F -
|
. 2 |
STEP 3 l.-.(l+‘3x)=3x-—qfx *C’xg‘%‘. X‘*".-.
H_ B
b)

Find the Maclaurin series for the function g(x) = e¥sinx, up toandincluding the

termin x*.
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Maclaurin series for
special functions

2
x

e =l+x+—+...
2!

2 3
m(1+x)=x—%+"——...

3
. s . from exom

sinx=x-%+%—,,. cosx=l—%+%—,,, formula
- - booklet
13 Xf

arctanx=x——+——...

5
) ) x3 <« H:?Lgr powers \:‘f ;:‘ Le;: ..:'.\\‘*
ive powars Wighear an
T . ‘ Ft— 4 — + 3 f
° EP 1 & 5 when mu\t;r\:ﬁA Br the
SinX secies.
x "t meed Tacms i es of
Sim X = X - 4 & Don'l nee @rms in powers o
b ® \n‘-j\na.r Then %
)(1 Xa X3
STEP 2: e sinx = (\*x*‘T*’a—",..)(K-T*...)
3 H £y Y

2 kS A XK A

= I > 7’Z -,’Z

R+ X+ (€] © & 2 306

. x . N 2
STEP 3: .} €, S1nX, SRt X+
WA

?

Nole thalethe x°

t!tn& Ch‘\cll Dﬂt
-~

3

—_—
Discord terms for

Powu‘b L::Lq.r tL».n \*

3
»
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Differentiating & Integrating Maclaurin Series
How can |l use differentiation to find Maclaurin Series?

¢ |fyou differentiate the Maclaurin series for a function f(x) term by term, you get the
Maclaurin series for the function’s derivative f'(x)
¢ You canuse this tofind new Maclaurin series from existing ones
o Forexample, the derivative of sinxis cos x
o Soif you differentiate the Maclaurin series for sin x term by term you willget the
Maclaurin series for cos x

How canluseintegration to find Maclaurin series?

e |fyouintegrate the Maclaurin series fora derivative f'(x), you get the Maclaurin series for the
function f(x)
o Becarefulhowever, as you willhave a constant of integration to deal with
o Thevalue of the constant of integration willhave to be chosen so that the series
produces the correct value for f(O)
¢ You canuse this tofind new Maclaurin series from existing ones
o Forexample, the derivative of sinxis cos x
o Soifyouintegrate the Maclaurin series for cos x (and correctly deal with the constant
of integration) you will get the Maclaurin series for sin x
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Write down the derivative of arctanx.

(i)

Hence use the Maclaurin series for arctanx to derive the Maclaurin series for

arctan x

Standard derivatives

1

f(x)=arctanx = f'(x)= ”
X

2

Maclaurin series for
special functions

3

2 2
e‘=l+x+%+... ln(1+x)=x—x?+

X

3
I3 Is x2 I4
sinx=x——+=—-—.. cosx=1-"—+"——..
31 5! 2! 4
X X
arctanx =x ——+——...
3 5
|
d 1
(i) (o.rc.to.n x) = |
dx \+ X
|
3 S x‘l
(n‘) o,f‘CT_ou-\ P w - =

:> ! :-—-A-— X +XS__
\+x® A\ T3 TS
\ 2 4 G
v I Bt SRS S

b)
(i)

1

1+x

‘fron QRow

‘farmu‘m

booklet

TLis is the same o5 the binomial

-1
t\»@.orﬁm E.XPQnsllan u% (“"Xl)

Write down the derivative of —sinx.

(ii)

Hence derive the Maclaurin series for cosx, being sure tojustify yourmethod.
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Maclaurin series for 5 x TS
special functions e"=1+x+ o +.. 1n(1+x)—x—7+?— .
from eLXowm
3 ] 5 4
sinx=x—%+%—,., cosx:l—%+%—‘. formula
T o booklet
)C3 xs
arctanxy =x——+—-—...
S
Xa Xs X-'
(i) _Slﬂx = -x*al psl + ] -..-

('ﬁ) ~sinx s the decivalive of cos X, S0 wWe con

'\ntejrmte tLQ Ma.r_lo.ur.;ﬂ se_r'nej '&o‘- —s.lr\)(
ta ‘F-nJ t\ng Mo.:.‘o.ur‘\n ser'ues *or cosS K .

= L L e GRS — Aox
CTT X TYIRT T sT Y
¢
- xl**__§:+ Ks_
TCTZ T Y TeteTg!
1 % © 8
0 ol 0° o
AA.d co§(0)=\, s0 C—Tl._+ g -'ET*' g —___=\ - c =
N1Vl M LXK FK/AAGNS | I
2 % (S 8
x +x .-.A—-\-_x——
cos x = | -2 *4v )
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5.11.2 Maclaurin Series from Differential Equations

Maclaurin Series for Differential EqQuations
Canl apply Maclaurin Series to solving differential equations?
dy 3
dx ©
possible to build up the Maclaurin series of the solution y = f(x) term by term
o This does not necessarily tell you the explicit function of x that corresponds to the
Maclaurin series you are finding
o Butthe Maclaurin series you findis the exact Maclaurin series for the solution to the
differential equation
e The Maclaurin series can be used to approximate the value of the solution y = f(x) for
differentvalues of x
o You canincrease the accuracy of this approximation by calculating additional terms of
the Maclaurin series forhigher powers of x

¢ |fyouhave a differential equation of the form (X,y) alongwith thevalue ofy(O) itis

How canl find the Maclaurin Series for the solution to a differential
equation?
« STEP1:Useimplicit differentiation to find expressions for y'', y'"'
lower-orderderivatives of y
o The number of derivatives you need to find depends on how many terms of the
Maclaurin series you wantto find
o Forexample, if you want the Maclaurin series up to the term, then you willneedto find
derivatives up to y(4) (the fourth derivative of y)
« STEP 2:Using the given initial value for y(0), ind the values of y'(0), y''(0), y'"'(0), etc.,
onebyone
o Eachvalueyou findwillthen allow you to find the value for the next higher derivative
e STEP 3:Putthevalues foundin STEP 2into the general Maclaurin series formula

etc.,interms of x, y and

Ax) = A0) + x£(0) + ’j £10) + ..

o This formulais in yourexam formula booklet
o y= ﬂx) is the solution to the differential equation, soy(O) corresponds to 1‘(0) inthe
formula, y'(O) corresponds to £'(0), andsoon
e STEP 4: Simplify the coefficients foreach of the powers of x in the resultant Maclaurin
series
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> Worked Example

(]
Consider the differential equation y' = y2 — x with the initial condition y(O) =2.

a)
Useimplicit differentiation to find expressions for y'', y''" and y).

STEP 1:
" A 2 L 3 1
Ve Y) Gt s 2yt

y = Zyy' -l

S v VAR o TR ER PR AODN

eyt 2"

7’(4): i’(?’m) ::;l? (’L\/y” + 2(7)1)
RS ARES) R

= SPS Ay

b)
Usethe giveninitial condition to find the values ofy'(O), y”(O), y"'(O) and y(4) =0.

STEP 2

7(0)22' 50 7'(0)=’)_1'O=‘+ 7‘:71 - %
Then  y"(0) = 2()M4) -1 =15 yiE gy -
y"(0) = 2(2)(15) + 2(%)" = 92 ¥ 2y )

yPe) = 6(N05) +2(2)(32) = 128 YW=l s 2yy”

7‘(0) = 4 7"(o)= 1S
y (=92 y™M(0)= 128

Lety= f(x) be the solution to the differential equation with the given initial
condition.

c)
Find the first five terms of the Maclaurin series for f(x) .
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2 from axom
Maclaurin series f(x)=£(0) +xf'(0)+x_f"(0)+ formula
2! Looklet
X" %’ %
STEP 30 f(x) = 2+ x(4) + o (18) + 57 (92) + 7 (28) +

STEP 4:

S |
foo=2emn v Tt 0 e
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5.12 Further Limits (inc 'Hopital's Rules)

5.12.1 Further Limits

I'Hopital's Rule
Whatis|’Hopital’s Rule? .
o]
» I’Hopital’s ruleis a methodinvolving calculus that allows us to find thevalue  certain
limits
— - _ flx) |
¢ Specifically, itallows us to attempt to evaluate the limit of a quotient g(X) forwhich our

0 + 00
usuallimit evaluation techniques wouldreturn one of the indeterminate forms 0 o oo

How dol evaluate alimit using I’Hopital’s Rule?
e STEP 1. Checkthat thelimit of the quotient results in one of the indeterminate forms given
above
flix) _fla) 0
o l.e., checkthat lim = E
a8 gla 0
e STEP 2:Findthe derivatives of the numeratorand denominator of the quotient

0
or
(o ¢}

I+ 1+

'(x
e STEP 3:Checkwhetherthelimit lim ,, | exists
a8 (%)

- . o flx) . (%)
e STEP 4:If thatlimit does exist, then lim =lim ,
x*ag(x) x*ag(x)

STEP5:If li ) _ ) _0 oo th tth b ideri
o X m = = or enyoumayrepea e process by consiaering
sa8(x) g'(a 0 xoo

. '(x)
lim ,,, | (
x»ag (¥)
o Aslongas thelimits continue givingindeterminate forms you may continue applying
I'Hopital’s rule
o Each time this happens find the next set of derivatives and consider the limit again

and possibly higher order derivatives afterthat)

(’) ExamTip
w
e Somelimits of anindeterminate form can also be evaluated using the Maclaurin
series forthe numeratorand denominator
¢ |f anexam question does not specify a method to use, thenyou are free to use
whichevermethod you prefer
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Worked Example

Usel’'Hbpital’s rule to evaluate each of the following limits:

. sinx
a) lim 1
x>0 e*
I‘F(’o
. lim Siax _ sia(0) o tndeterminete
STEP 1+ oot = oo = 55 fom
3(05
STEP 2: j"‘;(s:n x) = cosX J_Ax’(e“ \) bt Q*
CTEP 3: xli:\o f_‘lef% - .L:o(ﬂ = + = | & lait exists
lim _Siax
STEP 4 : —-=_- -
£ X0 e*-| ;
b) 1 —X3
m N .
>0 ~2x*sin2x
a3 3
. % 0 o twdetecmined
lim = = = - ‘
STEP 11,y TixvsinZe = 12@kemd - 0 < foem

STEP 2: 'IA:(X’!) = 3" %("lx* .s'm')_x) = -2+ 2cosLx

. 3% O ( .
A I | .9 twdetierminate
STEP 3L X0 -2%2cos2x -2+2cws0 O L foewm

STEP 4: That limit is Lill an indelecminate focm, so

‘;roceeé to STEP 5.
-AA: (’.\xl) =(ox

R S S -1 ) I
STEP 5¢ (55 THyzn " wem0 ©

,I‘\,(_l.lu,‘)_,g) z =Y sinlx
r

Thol's sTill an indelerminate form, so rzrqo.t ,3{\"2

IH [€) [ TAT((”):(O

Xx—0 -8ecoslx -8¢os0

=|»

,_L(_»\s:«’).x}= -8 eos2x
-

And thot liait exists, so

lim  _ ___Xg = 3
X=20 “Lx*sin2Zx 4
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Limits Using a Maclaurin Series
How do | evaluate alimit using Maclaurin series?

flx) (%)
e Limits of the form lim or lim may sometimes be evaluated by using Maclaurin
w28 7 L g®)
series
¢ Usually this willbe in a situation where attempting to evaluate the limitin the usual way
. . 0 +oo
returns anindeterminate form _ or .
0 zo©
¢ Insuchacase:
o STEP1:Findthe Maclaurin series forﬂX) andg(X)

X
o STEP 2:Rewrite g(X) using the Maclaurin series in the numerator and denominator

X
o STEP 3:Use algebra to simplify your new expression for g(X) as faras possible

o STEP 4:Evaluate the limit using your simplified form of the expression

@ ExamTip
- AL
e Somelimits of anindeterminate form canalso be evaluated usingl’Hopital’s
Rule

e |fanexam question does not specify amethod to use, thenyou are free touse
whichever method you prefer
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) Worked Example

® . . .
Use Maclaurin series to evaluate the limit
I X
m— .~
>0 ~2x*sin2x
Maclaurin series for . X X X
special functions e =l+x+z+... ln(l+x)=x—7+?—...
from exom
. I 2 X £ \
smx=x—?+;—... cosx=1—5+?—,.. ormulo
- o booklet
x> X
arctanx = x ——+——_..
3 5
3 3
‘-m * = O = _9__ &~ '\-:‘Je.term'ma'[q
xX= 0 LR Fginlx —7.(0)+ 51a 0 0 foewm
3 s
. 2% A
STEP 1: -2%x* sin2x = -Zx*(’l_x—(g‘) +(;,) - )
= _ M43 4 s
= T Fphetas X
STEP 2 * X
T N =
SLlx*sinlx -%x‘*-?—sxs'.“
a ) =
3
STEP 31 A ML
- \ R M 2
-Fr tgx < TR
. | | \
‘|v'\ 3
STEP Y4 : % L% 2 = Ta L wm = Ts T
_ M 2 _ _ %
X—=0 _g--i-‘sx .._3_+_G.(D) =5
\ \r-:s\nﬂr powers of %
will alse be zere
3
liem X = -3
X0 “Lx+sinZx Y
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