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4.1 Correlation & Regression

4.1.1 Bivariate Data

Scatter Diagrams
What does bivariate data mean?

e Bivariatedatais datawhichis collected on two variables andlooks athow one of the
factors affects the other
o Eachdatavalue fromonevariable will be paired with a data value from the other
variable
o Thetwovariables are oftenrelated, butdonothavetobe

Whatis a scatter diagram?

* Ascatterdiagramis a way of graphing bivariate data
o Onevariable will be on the x-axis and the other will be on the y-axis
o Thevariable that can be controlled in the data collectionis known as the independent
orexplanatory variable andis plotted on the x-axis
o Thevariable thatis measured ordiscoveredin the data collection is known as the
dependent orresponse variable andis plotted on the y-axis
¢ Scatterdiagrams can contain outliers that do not follow the trend of the data

(') Exam Tip
* » |fyouusescatterdiagrams inyourlnternal Assessment then be aware that
finding outliers for bivariate data is different to finding outliers forunivariate
data
o (x,y) couldbe an outlier for the bivariate data evenif xandy are not outliers
fortheir separate univariate data
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Correlation
Whatis correlation?

e Correlationis how the two variables changeinrelation to each other
o Correlation could be theresult of a causal relationship but this is not always the case
¢ Linear correlationis when the changes are proportional to each other
e Perfectlinear correlation means that the bivariate data will all lie on a straightlineon a
scatterdiagram
¢ When describing correlation mention
o Thetype of the correlation
= Positive correlationis when anincreasein onevariable results in the other
variableincreasing
= Negative correlationis when anincreasein one variableresults in the other
variable decreasing
= Nolinear correlationis when the data points don’t appearto follow a trend
o Thestrength of the correlation
= Stronglinear correlationis when the data points lie close to a straight line
= Weak linear correlationis when the data points are not close to a straight line
 |fthereis stronglinear correlation you can draw a line of best fit (by eye)
o Theline of best fit will pass through the mean point (X, )
o |fyouareaskedtodraw aline of best fit
= Plotthe mean point
= Drawaline going throughit that follows the trend of the data

STRONG WEAK NO
POSITIVE POSITIVE CORRELATION
CORRELATION CORRELATION

x X
x
WEAK STRONG
NEGATIVE NEGATIVE
CORRELATION CORRELATION

What is the difference between correlation and causation?
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e |tisimportanttobe aware thatjustbecause correlation exists, it does not mean that the
changeinone of thevariables is causing the changein the othervariable
o Correlation does notimply causation!
e |fachangeinonevariable causes a changein the otherthen the two variables are said to
have a causal relationship
o Observing correlation between two variables does not always mean that thereis a
causalrelationship
= There couldbe underlying factors which is causing the correlation
o Lookatthetwo variables in question and considerthe context of the question to
decideif there could be a causalrelationship
= |fthetwo variables are temperature and number of ice creams sold at a park then
itis likely to be a causalrelationship
= Correlation may exist between global temperatures and the number of monkeys
keptas petsinthe UKbut they are unlikely to have a causalrelationship
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%) Worked Example

®
Ateacherisinterestedin therelationship between the number of hours her

students spend on a phone perday and the number of hours they spendon a
computer. She takes a sample of nine students andrecords theresults in the table

below.
H t
oursspentonal; ¢ 170/8.9(3.0/3.0/ 75| 21/13 5.8
phone perday
Hours spentona
computerper |17 |11]0.7/58/ 52|17 69|71|3.3
day
a)

Draw a scatterdiagram for the data.

8

o

IS

Hours spent on a computer per day

Rty
SELE

Hours spent on a phone per day

b)
Describe the correlation.

51‘\'0{\3 negahve |'|near (om‘oﬂon

C)
Draw aline of best fit.
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Mean poiat (3,3) = (5.133.., 3322..)

Plot the mean pownt

/—\Dm\p it ba eye

X

4 6 8 10
Hours spent on a phone per day
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4.1.2 Correlation & Regre

Linear Regression
Whatislinear regression?

¢ |fstronglinear correlation exists on a scatterdiagram then the data can be modelledby a
linear model
o Drawinglines of best fit by eyeis notthe best method as it can be difficult to judge the
bestposition fortheline
¢ Theleast squaresregressionlineis theline of best fit that minimises the sum of the
squares of the gap between thelineand each datavalue
¢ |tcanbe calculated by eitherlooking at:
o vertical distances between theline and the data values
= Thisistheregressionline of yonx
o horizontal distances between theline and the data values
= Thisistheregressionlineof xony

How do find theregressionline of y on x?

e Theregressionline of yonxis writtenintheform y=ax+ b
¢ aisthegradient of theline
o ltrepresents the changeiny foreachindividual unit changein x
= |fais positive this means yincreases by a fora unitincreasein x
= |f ais negative this means y decreases by |a| fora unitincreasein x
¢ bisthey-intercept
o |tshows thevalue of ywhen xis zero
* You are expectedtouseyour GDC tofind the equation of theregression line
o Enterthebivariate data andchoose the model “ax+b”
o Rememberthe mean point (X, ¥) will lie on the regression line

How do find theregressionline of xony?

» Theregressionline of xony is writtenintheform x=cy + d
e cisthegradient of theline
o ltrepresents the changein xforeachindividualunitchangeiny
= [fcis positive this means xincreases by c fora unitincreaseiny
= |f cis negative this means x decreases by |c| fora unitincreaseiny
¢ disthex-intercept
o Itshows thevalue of xwhenyis zero
¢ You are expectedtouseyour GDC to find the equation of theregressionline
o Itisfoundthe sameway as theregression line of y on xbut with the two data sets
switched around
o Rememberthe mean point (X, }) willlie on the regression line

How doluse aregressionline?

¢ Theregressionline can be usedto decide what type of correlation thereis if thereis no
scatterdiagram
o Ifthe gradientis positive then the data set has positive correlation
o Ifthe gradientis negative then the data sethas negative correlation
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e Theregressionline canalsobeusedto predict the value of a dependent variable from an
independent variable
o The equation forthe y on xline should only be used to make predictions fory
= Usingayonxlinetopredict xis not always reliable
The equation forthe xon y line should only be used to make predictions for x
= Usinganxonylineto predictyis not always reliable
Making a prediction within therange of the given data is called interpolation
= Thisis usually reliable
= Thestrongerthe correlation the morereliable the prediction
Making a prediction outside of therange of the given data is called extrapolation
= Thisis much less reliable
The prediction willbe more reliable if the number of data values in the original sample
setis bigger
 Theyonxandxonyregression lines intersect at the mean point (X, )

o

o

o

o

(") Exam Tip

w
¢ Onceyou calculate the values of aand b store theninyour GDC

o This means you can use the full display values rather than the rounded
values when using the linearregression equation to predict values
o This avoids rounding errors
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*> Worked Example
[

The table below shows the scores of eight students fora maths testand an English
test.

Maths (x) | 7 | 18 |37] 52 61|68]75]82

English(y)| 5| 3| 9|12 |17 |41|49]|97

a)
Write down the value of Pearson’s product-moment correlation coefficient, r.

Enter data into GDC.
Fe 0194635
r= 0.39% (3sf)

b)
Write down the equation of theregression line of y on x, givingyouranswerin the
form y = ax + b where a and b are constants to be found.

a is te oefiget of x——a= 0.943539..
b is the constart ferm b==18.0539%...
\3: 0‘1‘1-4& - l%‘

c)
Write down the equation of theregression line of X on y, givingyouranswerin the
form x = cy + d where ¢ and d are constants to be found.

Swop the two sefs of doda
¢ s te addent of y ¢ 0.665300.
d is the constant term a = 30. 952k \0...

x = 0.66qy +305

d)
Usethe appropriate regression line to predict the score onthe maths testofa
studentwho gota score of 63 on the English test.

9 of 100 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

10 of 100

7

EXAM PAPERS PRACTICE

Y: 63 SO ude X on Yy line

x: (0.668300.)x63 + (30.52k10..) =32.652...

Maths sore .}
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PMCC
What is Pearson’s product-moment correlation coefficient?

¢ Pearson’s product-moment correlation coefficient (PMCC) is a way of giving a numerical
value to alinearrelationship of bivariate data
¢ The PMCC of asampleis denoted by theletterr
o rcantakeanyvaluesuchthat—1<r<1
o Apositive value of rdescribes positive correlation
o Anegative value of rdescribes negative correlation
o r=0means thereis nolinear correlation
o r=1means perfect positive linear correlation
o r=-Tmeans perfect negativelinear correlation
o Theclosertolor-1thestrongerthe correlation

K

r=0.7 r~ —0.4

How dol calculate Pearson’s product-moment correlation coefficient
(PMCCQC)?

¢ You willbe expectedtouse the statistics mode on your GDC to calculate the PMCC

¢ Theformula canbeuseful to deepen yourunderstanding

Xy

S S
X"y

1‘=
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n n
Z ( )(Zyl) is linked to the covariance
i=1

=1

n 2 n
= S =\/ x2- (Z 1 and S =\/Zy.2— (Zy\ arelinkedto the
* \i= ! i=1 ") S VT L VT I
variances
o Youdonotneed tolearn this as using your GDC will be expected

When does the PMCC suggest thereis alinear relationship?

¢ Critical values of rindicate when the PMCC would suggest thereis a linearrelationship
o Inyourexam you willbe given critical values where appropriate
o Criticalvalues willdepend on the size of the sample
+ |fthe absolute value of the PMCC s bigger than the critical value then this suggests a
linearmodelis appropriate
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4.2 Statistics Toolkit

4.2.1 Sampling & Data Collection

Types of Data

What are the different types of data?
¢ Qualitative datais data thatis usually givenin words not numbers to describe something

o Forexample:the colourof ateacher's car
Quantitative datais data thatis given using numbers which counts or measures

something
o Forexample: the number of pets thata student has
Discrete datais quantitative data that needs to be counted
o Discrete data can only take specific values from a set of (usually finite) values
o Forexample: the numberof times a coinis flipped until a ‘tails’ is obtained
Continuous datais quantitative data that needs to be measured
o Continuous data can take any value within arange of infinite values
o Forexample: the height of a student
¢ Agecan bediscrete or continuous depending on the context orhow itis defined
o Ifyoumeanhow many years old a personis then this is discrete
o Ifyoumeanhowlonga personhas beenalive then this is continuous

What is the difference between a population and a sample?

¢ The populationrefers to the whole set of things which you are interestedin
o Forexample:if avet wantedtoknowhowlonga typical Frenchbulldog slept forina
day then the population would be all the French bulldogs in the world
* Asamplerefers to a subset of the population whichis usedto collect data from
o Forexample: the vet might take a sample of French bulldogs from different cities and
recordhow longthey sleepin a day
¢ Asamplingframeis alist of allmembers of the population
o Forexample: alist of employees’ names within a company
¢ Usingasampleinstead of a population:
o Is quickerandcheaper
o Leadstoless dataneedingtobeanalysed
o Mightnotfully represent the population
o Mightintroduce bias
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Sampling Techniques
Whatis arandom sample and a biased sample?

* Arandomsampleis where every member of the population has an equal chance of being
includedin the sample
¢ Abiased sampleis one from which misleading conclusions could be drawn about the
population
o Random samplingis an attempt to minimise bias

What sampling techniques do | need to know?

Simplerandom sampling

¢ Simplerandom samplingis where every group of members from the population has an
equal probability of being selected forthe sample
e Tocarry this outyou would...
o uniquely numberevery member of a population
o randomly select n different numbers using a random number generator or a form of
lottery (where numbers are selected randomly)
o Effectiveness:
o Usefulwhenyou have a small population orwant a smallsample (such as childrenin a
class)
o |tcanbetime-consumingif the sample orpopulationis large
o Thiscannotbeusedifitis not possible tonumberorlist allthe members of the
population (such as fishin alake)

Systematic sampling

¢ Systematic samplingis where a sampleis formed by choosing members of a population at
regularintervals using a list
e Tocarry this outyou would...
size of population (N)
o calculatethesize of theinterval k= ———
size of sample (n)
o choosearandom starting pointbetweenlandk
o select every kth member afterthe first one
o Effectiveness:
o Usefulwhenthereis anatural order(such as alist of names ora conveyor belt of items)
o Quickandeasytouse
o Thiscannotbeusedifitis not possible to numberorlist allthe members of the

population (such as penguins in Antarctica)

Stratified sampling

o Stratified samplingis where the population is divided into disjoint groups and then a
random sampleis taken from each group
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e Theproportion of a group thatis sampledis equal to the proportion of the population that
belongtothatgroup
e Tocarry this outyou would...
o Calculate the number of members sampled from each stratum
size of sample (n)

size of population (N) X number of members in the group

o Take arandom sample fromeach group
o Effectiveness:
o Usefulwhen there are very different groups of members within a population
o The sample will be representative of the population structure
o Themembers selected from each stratum are chosenrandomly
o This cannotbeusedif the population can notbe splitinto groups orif the groups
overlap

Quota sampling

¢ Quotasamplingis where the populationis splitinto groups (like stratified sampling) and
members of the population are selected untileach quotaiis filled
e Tocarry this outyou would...
o Calculate how many people you need from each group
o Select members from each group until that quotais filled
= Themembers donothave to be selectedrandomly
o Effectiveness:
o Usefulwhen collecting data by asking people who walk past you in a public place or
when a sampling frameis notavailable
o This canintroduce bias as some members of the population might choose notto be
includedin the sample

Convenience sampling

e Convenience samplingis where a sampleis formedusing available members of the
population who fit the criteria
e Tocarry this outyouwould...
o Selectmembers that are easiesttoreach
o Effectiveness:
o Usefulwhen alist of the populationis not possible
o Thisis unlikely to be representative of the population structure
o Thisislikely to produce biasedresults

What are the main criticisms of sampling techniques?

e Mostsampling techniques can beimproved by taking alarger sample

e Sampling canintroduce bias - so you want to minimise the bias within a sample
o Tominimise bias the sample shouldbe as close torandom as possible

e Asampleonly gives information about those members
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o Different samples may lead to different conclusions about the population

) Worked Example

[ J
Mikeis a biologist studying mice in an open enclosure. He has access to

approximately 540 field mice and 260 harvest mice. Mike wants to sample 10 mice
andhe wants the proportions of the two types of mice in his sample toreflect their
respective proportions of the population.

a)
Calculate the number of field mice and harvest mice that Mike shouldincludein his
sample.
Total number of mice
5L0 + 260 - 300
— Fraction of field mice
Feld mice 330 2102635
Sample size
~— Fraction of harvest mice
Harvest mice %%g 2102 3.25
Include F Field mice ond 3Earvesf mice
b)

Given that Mike does not have alist of allmice in the enclosure, state the name of
this sampling method.

No list of popub‘rion 50 an not be a random sample

Quota  sampling

c)
Suggest one way in which Mike could improve his sampling method.

Mark ould improve his sampling method
b\é inreasing his somple size
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Reliability of Data

How canl decideif dataisreliable?
e Datafromasampleis reliableif similarresults would be obtained from a different sample
from the same population
¢ Thesample should berepresentative of the population

e Thesample should be big enough
o Sampling a small proportion of a population is unlikely to be reliable

What can cause data to be unreliable?

¢ Ifthesampleis biased
o |tisnotrandom
 |f errors are made when collecting data
o Numbers could berecordedincorrectly, duplicated or missed out
¢ |fthe person collecting the data favours some members overothers
o They might seek out members who willlead to a desired outcome
o They might exclude members if they would cause the sample to oppose the desired
outcome
« [|fasignificant proportion of datais missing
o Somedatamay be unavailable
o Some members might decide notto be part of the sample
= This willmean theresults are not necessarily representative of the population
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4.2.2 Statistical Measures

Mean, Mode, Median
What are the mean, mode and median?

¢ Mean, median and mode are measures of central tendency
o Theydescribe where the centre of the datais
e Theyarealltypes of averages
¢ Instatisticsitisimportant to be specific about which average you arereferring to
¢ Theunits forthe mean, mode and median are the same as the units forthe data

How are the mean, mode, and median calculated for ungrouped data?

e Themodeis thevalue that occurs most oftenin a data set
o |tis possible forthere to be more than one mode
o ltis possible forthereto be nomode
= Inthis casedonot say the modeis zero
¢ Themedianis the middle value when the datais in order of size
o Ifthere aretwo values in the middle then the medianis the midpoint of the two values
e Themeanis the sum of allthe values divided by the number of values

S
X= 2.X.
n;- 1

n
o Where in =X, + X, +..+ X, is the sum of the n pieces of data
i=1
o Themean can berepresented by the symbol
e YourGDC can calculate these statistical measures if you input the data using the statistics

mode
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*> Worked Example

Find the mode, median and mode for the data set given below.

43 29 70 51 64

MOO‘E’, is ’f‘f\e most ommon

Mode = 43

Median is the middle when in order
9 43 43T5l b 30
43+81 |
2 41
Median = &3

2
Mean = o

Tx = 300 and nsb 3%0=5o
/"\ean=50

www.exampaperspractice.co.uk
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Quartiles & Range
What are quartiles?

¢ Quartiles are measures of location
¢ Quartiles divide a population ordata setinto four equal sections
o Thelower quartile, Q; splits the lowest 25% from the highest 75%
o Themedian, @, splits the lowest 50% from the highest 50%
o Theupperquartile, Qz splits the lowest 75% from the highest 25%
e There are different methods forfinding quartiles
o Values obtained by hand andusing technology may differ
e You willbe expectedtouseyour GDC to calculate the quartiles

What are therange and interquartile range?

+ Therange andinterquartilerange are both measures of dispersion

o Theydescribe how spread outthe datais
e Therangeis thelargestvalue of the data minus the smallest value of the data
e Theinterquartilerangeis therange of the central 50% of data

o ltis the upperquartile minus the lower quartile

IQR=0Q,-Q,

= Thisis givenin the formula booklet
e Theunits fortherange andinterquartile range are the same as the units for the data
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*> Worked Example

Findtherange andinterquartile range for the data set given below.

43 29 70 51 64 43

Ran%e =Max\mum - Min‘lmum
10 - 29
Ronge = 4|

Find upper and lower q,uar‘l’ilEs using aDC
Ql = L|'3 Oﬂd 03 = 6‘1’

lQR - Q3 ‘Q\
bl - 43

IQR= 21

By hand

. Range X

29 L+|3 ASIS) Ul-l- 10
IQR
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Standard Deviation & Variance
What are the standard deviation and variance?

¢ Thestandard deviation andvariance are both measures of dispersion
o Theydescribe how spread out the datais inrelation to the mean

¢ Thevarianceis the mean of the squares of the differences between the values and the
mean

o Varianceis denoted 2
The standard deviationis the square-root of the variance

o Standarddeviationis denoted o
¢ Theunits forthe standard deviation are the same as the units for the data
¢ Theunits forthevariance are the square of the units forthe data

How are the standard deviation and variance calculated for ungrouped
data?

¢ Inthe examyou will be expectedto use the statistics function on your GDC to calculate the
standard deviation and the variance

e Calculating the standard deviation and the variance by hand may deepen your
understanding

k
2. fx,=u)?
=1

e Theformula forvarianceis 62 = 17

o This can berewritten as

i=1

k
2. f(x,—p?
e Theformulaforstandard deviationiso=\ —————

o This canberewritten as

¢ Youdonotneedtolearnthese formulae as you willuseyour GDC to calculate these
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) Worked Example

Findthe variance and standard deviation for the data set given below.

43 29 70 51 64 43

Find variance and standard deviation using GaDC
ot < 189333 and o = 13359

Varance = 189 (3sF)
Standard deviation = 13.3 (3sF)

Bt\ hand
- Ll B 2
- :‘ X

Lx*= 16136 X =90 n:b

ot “’—f" S50 E189333,

o= V184338, = 1359
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4.2.3 Frequency Tables

Ungrouped Data
How are frequency tables used for ungrouped data?

e Frequencytables canbe usedforungrouped data whenyou havelots of the samevalues
within a data set
o Theycanbeusedto collectand present data easily
o |fthevalue 4 has afrequency of 3this means that there are three 4’s in the data set

How are measures of central tendency calculated from frequency tables
withungrouped data?

e Themodeis thevalue thathas the highest frequency
¢ Themedianis the middlevalue
o Usecumulative frequencies (running totals) to find the median
¢ Themean canbe calculated by
o Multiplyingeach value x;by its frequency f;
o Summingto get Xfix
Dividing by the total frequency n = Xf;
This is given in the formula booklet

o

o

X =

Your GDC can calculate these statistical measures if you input the values and their
frequencies using the statistics mode

o

How are measures of dispersion calculated from frequency tables with
ungrouped data?

e Therangeis thelargestvalue of the data minus the smallest value of the data
e Theinterquartilerangeis calculated by

IQR=Q,-Q,

o The quartiles can be found by usingyour GDC andinputting the values and their
frequencies
e Thestandard deviation and variance can be calculated by hand using the formulae
o Variance

o Standard deviation
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k
2. fx2
i=1
o= \|——"—"— ,u2
n
o Youdonotneed tolearn these formulae as you willbe expected to use your GDC to
find the standard deviation and variance
= You may wantto see these formulae to deepen yourunderstanding

(") ExamTip
' ¢ Always check whetheryouranswers make sense when usingyour GDC

o Thevalue fora measure of central tendency should be within the range of
data
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9 Worked Example

The frequency table below gives information number of pets owned by 30 students

inaclass.
Numberofpets | O 1 2
Frequency n 5 8 6
Find
a)
the mode.
Mode = value with highes‘r frequencs
Mode = 0
b)
the median.
Medion = middle value
n=30 5o medionis.midpoiat of 15" and 16"
Numher 0‘: Pe{'S 0 \ 2 3
Cumul otive Frequgn(ﬁ [} 160 24130
Median = |
c)
the mean.
Formb\la ] $ 7 )
Book‘et ean, ¥, of asetof dota [ ¥ == n=;f,
. 20 . IxD + 5| + B2 4 643 39
n [+ D+%+§ 30
Mean = 1.3
d)

the standard deviation.
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Use GDC o = 1159..
Stondard deviation = .16 (3s)
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GroupedData
How are frequency tables used for grouped data?

e Frequency tables can be used for grouped data whenyou have lots of the samevalues
within the sameinterval
o Classintervals willbe written using inequalities and without gaps
= 10<x<20and20<x<30
o Iftheclassinterval 10 < x <20 has a frequency of 3 this means there are three values in
thatinterval
= You donotknow the exact data values when you are given grouped data

How are measures of central tendency calculated from frequency tables
with grouped data?

« Themodal classis the class that has the highest frequency
o Thisis forequal classintervals only
¢ Themedianis the middlevalue
o Theexactvalue cannotbe calculated butit can be estimated by usinga cumulative
frequency graph
* The exact meancannotbe calculated as you donothave theraw data
¢ Themeancan be estimated by
o |dentifying the mid-interval value (midpoint) x;for each class
o Multiplying each value by the class frequency f;
o Summingto get Xfix;
o Dividing by the total frequency n = Xf;
o Thisis givenintheformula booklet

x=

o YourGDC can estimate the mean if you input the mid-interval values and the class
frequencies using the statistics mode

How are measures of dispersion calculated from frequency tables with
grouped data?

¢ Theexactrange cannotbe calculated as thelargest and smallest values are unknown
¢ Theinterquartilerange can be estimated by

IQR=Q,- Q,

o Estimates of the quartiles can be found by using a cumulative frequency graph
¢ Thestandard deviation andvariance can be estimated using the mid-interval values x;in
the formulae
o Variance
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k
2 fx2
I'= 1 1 1
n
o Standard deviation
k
2 fx?
=

n

o Youdonotneed tolearnthese formulae as you will be expectedto useyour GDC to
estimate the standard deviation and variance using the mid-interval values
= You may wanttousethese formulae to deepenyourunderstanding

(’7 Exam Tip
w
e Asyoucanonly estimate statistical measures from a grouped frequency table it
is good practice toindicate that the values are not exact
o You can do this by rounding values ratherthan leaving as surds and
fractions

o (3sf) ratherthan
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) Worked Example
[

The table below shows the heights in cm of a group of 25 students.

Height, h Frequency
150<h<155 3
155<h<160 5
160<h<165 9
165<h<170 7
170<h<175 1

a)
Write down the modal class.

Moda\ class = closs with hi3h9.5+ Frequenc3
Modal class = 160 < h <165

b)
Write down the mid-interval value of the modal class.

Uppec=—boundary + [ower boundary

Mid-isterval valve

160 + 165
2

- sw wa FA S BV B S R R S

Mid-intervol volue = 1625 cm |

c)
Calculate an estimate forthe mean height.

Use mid-iterval values fo estimate the wean

Formula . k

Mean, X, of a set of data | ¥ ==L ":Z:
Rook let - i
__3x152.5+5x15%5 +9x162.5 + Fx 1635+ 1x1 RS _ 40525
X : 3 +5+0+7F+| 25

Estimagted mean = 1621 (m
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4.2.4 Linear Transformations of Data

Linear Transformations of Data
Why arelinear transformations of data used?

e Sometimes data mightbeverylarge orvery small
e You can apply alinear transformation to the data to make the values more manageable
o Youmay have heardthis referred to as:
= Effects of constantchanges
= Linearcoding
e Lineartransformations of data can affect the statistical measures

How is the mean affected by a linear transformation of data?

o Letx bethemeanof somedata
 |fyou multiply each value by a constant k then you willneed to multiply the mean by k
o Meanis kx
e |fyouadd orsubtract a constantafrom allthe values then you willneedto add or subtract
the constantatothemean
o Meanisx*a

How is the variance and standard deviation affected by a linear
transformation of data?

* Let o2 bethevariance of some data
o oisthestandard deviation
e |f youmultiply eachvalue by a constant k then you willneed to multiply the variance by k2
o Varianceis k? 62
o You willneed to multiply the standard deviation by the absolute value of k
= Standarddeviationis |k|o
o Ifyouadd orsubtract a constanta from allthe values then the variance and the
standard deviation stay the same
» Varianceis 62
= Standarddeviationis o

(’7 Exam Tip
' o |fyou forget theseresults in an exam then you canlookin the HL section of the

formula booklet to see them written in a more algebraic way
o Lineartransformation of a single variable

o where E(...) means the mean and Var(...) means the variance
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7 Worked Example

®
Ateachermarks his students’ tests. Theraw mean scoreis 31 marks and the

standard deviationis 5 marks. The teacher standardises the score by doubling the
raw score andthen adding10.

a)
Calculate the mean standardised score.

If data is mu\hplied 53 K then mean is multiplied 53 k
It k is added to data then k is added 1o the mean
3x2 +10

Mean of standardised swres = 12

b)
Calculate the standard deviation of the standardised scores.

IF data is multiplied by k then standard deviation
is multiplied bylk|

It k is added 1o data —hen standard deviation is

unchansed
52

Standosd deviakion-of2 %tandordised siares =10
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4.2.5 Outliers

Outliers
What are outliers?

¢ Outliers are extreme data values that do not fit with therest of the data
o They areeitheralotbiggeroralot smallerthan therest of the data

¢ Qutliers are defined as values that are more than 1.5 x IQR from the nearest quartile
o xisanoutlierifx<@;-1.5xIQRorx> Q3 +1.5xIQR

e Qutliers can have a big effect on some statistical measures

Should I remove outliers?

e Thedecisiontoremove outliers willdepend on the context
¢ Outliers should beremoved if they are found to be errors
o Thedatamayhavebeenrecordedincorrectly
o Forexample: The number17 may have beenrecorded as 71 by mistake
¢ Qutliers should not be removed if they are a valid part of the sample
o Thedatamayneedtobecheckedtoverify thatitisnotanerror
o Forexample: The annual salaries of employees of a business might appeartohave an
outlier but this could be the director’s salary
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9 Worked Example

([ ]
The ages, inyears, of anumber of children attending a birthday party are given
below.
2,7,5 4,8,4,6,5 5,29, 2,513
a)

Identify any outliers within the data set.

x is an outlier if x<Q-1551QR or x> Q+1541QR
Us‘mg C\D(

Q:4 ad Q=15 - 1QR=35

Q,- 15%IQR = 4-1.5x35 = -1.25

O, 15 51QR =35¢1.5:35 = 12.95

Outliers are 13 and 29

b)
Suggestwhichvalue(s) should be removed. Justify youranswer.

13 should not be \'Uﬂov:d as-if ; a valid atk\c;cF
o dhld

AV should be /rembled2as this s/ onade! of Fan
adult.
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4.2.6 Univariate Data

Box Plots

Univariate datais data thatis in one variable.

Whatis a box plot (box and whisker diagram)?

¢ Aboxplotis a graph thatclearly shows key statistics from a data set

o ltshows the median, quartiles, minimum and maximum values and outliers

o |tdoes notshow any otherindividual dataitems
The middle 50% of the data will be represented by the box section of the graph and the
lowerandupper 25% of the data will be represented by each of the whiskers
¢ Any outliers arerepresented with a cross on the outside of the whiskers

o Ifthereis an outlierthen the whiskerwillend at the value before the outlier

¢ Only oneaxisis used when graphing a box plot
Itis stillimportant to make sure the axis has a clear, even scale andis labelled with units

LOWER QUARﬂ@\ /@PER QUARTILE
THE BOX CAN
X
« OUTLIER

BE ANY DEPTH.
[ MAXIMUM VALUE \

MINIMUM VALUE}]

THEWHISKERS (WITHOUTLIERS REMOVED)

What are box plots useful for?

¢ Boxplots can clearly show the shape of the distribution
o Ifaboxplotis symmetrical about the median then the data could be normally
distributed
¢ Boxplots are often used forcomparing two sets of data
o Two boxplots willbe drawn next to each otherusing the same axis
o They areuseful forcomparing data becauseitis easy to see the main shape of the
distribution of the data from a box plot
= You can easily compare the medians andinterquartile ranges

@ ExamTip

w
e Inanexamyoucanuseyour GDC to draw a box plot if you have theraw data
o You calculator's box plot can alsoinclude outliers so this is a good way to
check
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*> Worked Example

°
Thedistances, in metres, travelled by 15 snails in a one-minute period are recorded

and shown below:
0.5, 0.7, 10, 11,12, 12,12, 1.3, 1.4, 1.4, 1.4, 1.4, 1.5, 1.5, 1.5
a)
i)
Find the values of Ql, 02 and Q3.
ii)

Findtheinterquartilerange.

iii)

Identify any outliers.
Usme GDC
Qf“m Q,_:LS m 03-'U|—m
|QR - Q3 Qo Lk- 1
QR = 0.3 m
Q- 155108 = [1-15x03-=0.65
Q,* 1.5 1QR =1k + |S%0B3"=135
05 m_1s o outler_

b)

Draw a box plot for the data.

e

T R
04 06 0.9 .0 12 I l.b
Distance (m)
Label outlier Use next smallest
with o cross after outlier
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Cumulative Frequency Graphs
What is cumulative frequency?

¢ The cumulative frequency of xis the running total of the frequencies forthe values that are
less than orequaltox

e Forgroupeddatayou use theupperboundary of a class interval to find the cumulative
frequency of thatclass

What is a cumulative frequency graph?

¢ Acumulative frequency graphis used with data that has been organisedinto a grouped
frequency table
¢ Some coordinates are plotted
o Thex-coordinates are the upper boundaries of the class intervals
o They-coordinates are the cumulative frequencies of that class interval
e Thecoordinates are then joined togetherby hand using a smoothincreasing curve

What are cumulative frequency graphs useful for?

e Theycanbeusedtoestimate statistical measures
o Draw ahorizontal line from the y-axis to the curve
= Forthemedian: draw theline at 50% of the total frequency
= Forthelowerquartile: draw theline at 25% of the total frequency
= Fortheupperquartile: draw theline at 75% of the total frequency
» Forthe p percentile: draw the line at p% of the total frequency
o Draw a verticalline down from the curve to the x-axis
o This x-valueis therelevant statisticalmeasure
e Theycanusedto estimate the number of values that are bigger/small than a given value
o Draw averticalline from the given value on the x-axis to the curve
o Draw a horizontal line from the curve to the y-axis
This valueis an estimate forhow many values areless than orequalto the given value
= Toestimatethenumberthatis greaterthan the value subtract this numberfrom
the total frequency
They can be usedto estimate the interquartilerange IQR = Q3 - Q1

o

o

o

They canbeusedto construct a boxplot for grouped data
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*> Worked Example

The cumulative frequency graph below shows the lengths incm, I, of 30 puppies in
a training group.
30

25

20

Cumulative
frequency 15

v 35 40 45 50 55 60
Length of puppy (cm)

a)
Given thattheinterval 40 < [ <45 was used when collecting data, find the
frequency of this class.

-8
Frequenca -3

-

o 35 40 4 50 55 60
Length of puppy (cm)

b
U)sethegraphtoﬁndanestimatefortheinterquartilerangeoftheIengths,
] 4130:35 Q345
. 3.30:25 Q514
- 1QR = Q, -0, =51k -345
: R R QR =119 (m
c)

Estimate the percentage of puppies with length more than 51cm.
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30-22 =% puppies
|or\aer than 5l m

ﬁ 9 o,
% A |00/o - 26 %6 /0

L 1263 (3sF)

oY

35

Length of puppy (cm)
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Histograms
What s a (frequency) histogram?

e Afrequency histogram clearly shows the frequency of class intervals
o Theclasses willhave equal class intervals
o Thefrequency willbe on the y-axis
o Thebarforaclassinterval willbegin at the lowerboundary and end at the upper
boundary
e Afrequency histogramis similar to abar chart
o Abarchartis usedforqualitative or discrete data and has gaps between the bars
o Afrequency histogramis used for continuous data and has no gaps between bars

What are (frequency) histograms useful for?

e They show the modal class clearly

e They show the shape of the distribution
o |tisimportantthe classintervals are of equal width

¢ They canshow whetherthe variable can be modelled by a normal distribution
o Iftheshapeis symmetrical and bell-shaped
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*> Worked Example

The table below andits corresponding histogram show the mass, in kg, of some
new born bottlenose dolphins.

Mass, mkg Frequency
4<m<8 4
8<m<12 15
12<m<16 19
16<m<20 10
20<€m<24 6

a)
Draw a frequency histogram to represent the data.

A

20
gj‘ 1b
TN
$ s
N

0 & /% 1 b 02 ™

Mass, (ka)
No qops

b)
Write down the modal class.

Modal class = class with highe&’r Freq’uenca
Modal class = IR ¢ mclb
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4.2.7 Interpreting Data

Interpreting Data
How dolinterpret statistical measures?

¢ Themodeis useful forqualitative data
o Itisnotasuseful forquantitative data as thereis not always a uniqgue mode
 Themeanincludes all values
o ltis affected by outliers
o Asmaller/largermeanis preferable depending on the scenario
= Asmallermean time forcompleting a puzzle is better
= Abiggermeanscore on atestis better
¢ Themedianis not affected by outliers
o |tdoesnotuseallthevalues
* Therangegives the full spread of the all of the data
o ltis affected by outliers
¢ Theinterquartilerange gives the spread of the middle 50% about the median andis not
affected by outliers
o |tdoesnotuseallthevalues
o AbiggerlQR means the data is more spread out about the median
o AsmallerlQR means the datais more centred about the median
* Thestandard deviation andvariance use all the values to give a measure of the average
spread of the data about the mean
o They are affected by outliers
o Abiggerstandard deviation means the datais more spread out about the mean
o Asmallerstandard deviation means the data is more centred about the mean

How dol choose which diagram to use torepresent data?

* Boxplots
o Canbeusedwithungroupedunivariate data
o Shows therange, interquartile range and quartiles clearly
o Very useful forcomparing data patterns quickly
¢ Cumulative frequency graphs
o Canbeusedwith continuous groupedunivariate data
o Shows therunningtotal of the frequencies that fall below the upperbound of each
class
¢ Histograms
o Canbeusedwith continuous groupedunivariate data
o Usedwith equalclassintervals
o Shows the frequencies of the group
e Scatterdiagrams
o Canbeusedwithungroupedbivariate data
o Shows the graphicalrelationship between the variables

How dol compare two or more data sets?

« Compare a measure of central tendency
If the data contains outliers - use the median
o Ifthedatais roughly symmetrical - use the mean
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Compare ameasure of dispersion
o |fthe data contains outliers - use theinterquartilerange
o |fthedatais roughly symmetrical - use the standard deviation
Considerwhetheritis betterto have a smallerorbiggeraverage
o This willdepend on the context
= Asmalleraverage time forcompleting a puzzle is better
= Abiggeraverage scoreonatestis better
e Considerwhetheritis bettertohave a smaller orbigger spread
o Usually a smaller spread means itis more consistent
o Always relate the comparisons to the context and considerreasons
o Considerthe sampling technique and the data collection method

*> Worked Example

o
The box plots below show the waiting times for the two doctor surgeries, HealthHut
and FitFirst.

HealthHut ’— —-[
EuE EE AR S
FitFirst gmr= e

0 10 20 - 30 40 50 60
Waiting time (minutes)

Compare the two distributions of waiting times in context.

(.ompare, ?
*a measure of (central fendenc:\

©a Measure of dispersion

HealthHuts medion waiting time is smaller thaa
F‘nf\:.rsiﬁ (20<2‘|’)4 On average paﬁem‘s gef
seen cLuicker ot HealthHut.

Fit First 5 inferquartile range is smaller than
HealthHut5 (13 <19) There is less eriaBi|i+3
of waifins times of FitFiest
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4.3 Probability

4.3.1 Probability & Types of Events

Probability Basics
What key words and terminology are used with probability?

e Anexperimentis arepeatable activity thathas aresultthat can be observed orrecorded
o Trials are what we callthe repeats of the experiment
¢ Anoutcomeis a possibleresult of a trial
e Aneventis an outcome ora collection of outcomes
o Events areusually denoted with capitalletters: A, B, etc
o n(A)is the numberof outcomes thatareincludedin event A
o Aneventcanhaveoneormorethan oneoutcome
 Asamplespaceisthe setof allpossible outcomes of an experiment
o Thisis denoted by U
o n(U)is thetotal number of outcomes
o |tcanberepresentedasalistoratable

How dol calculate basic probabilities?

 |falloutcomes are equally likely then probability foreach outcomeis the same
1
o Probability foreach outcomeis ——=-
Y n(U)

¢ Theoretical probability of an event can be calculated without using an experiment by
dividing the number of outcomes of that event by the total number of outcomes

o Thisis givenin the formula booklet
o |ldentifying all possible outcomes eitheras a list ora table can help
e Experimental probability (also known as relative frequency) of an outcome can be
calculatedusingresults from an experiment by dividing its frequency by the number of trials
Frequency of that outcome from the trials

o Relative frequency of an outcomeis .
q y Total number of trials (1)

How do calculate the expected number of occurrences of an outcome?

» Theoretical probability can be usedto calculate the expected number of occurrences of
an outcome fromn trials
 |fthe probability of an outcomeis p and there are n trials then:
o The expected number of occurrences is np
o This does not mean that there will exactly np occurrences
o If the experimentis repeated multiple times then we expect the number of occurrences
toaverageouttobenp

What is the complement of an event?

e Theprobabilities of allthe outcomes add up to1
e Complementary events are when there are two events and exactly one of them willoccur
Oneeventhastooccurbutboth events cannotoccuratthe sametime

* Thecomplement of event Ais the event where event A does not happen
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o This canbethought of asnot A
o Thisis denoted A’

P(A)+P(A") =1

This is in the formula booklet
Itis commonly writtenas P(A') =1 —P(A)

What are different types of combined events?

e Theintersection of two events (AandB) is the eventwhereboth Aand B occur
o This canbethoughtofas Aand B
o Thisis denotedas AN B

e Theunionoftwo events (AandB)is the event where A or Borboth occur
o ThiscanbethoughtofasAorB
o Thisis denoted AU B

e Theeventwhere A occurs given thatevent B has occurredis called conditional probability
o Thiscanbethoughtas AgivenB
o Thisis denoted A| B

How dol find the probability of combined events?

e Theprobability of Aor B (orboth) occurring can be found using the formula
P(AUB)=P(A) +P(B) -P(ANB)

Thisis given in the formula booklet
You subtract the probability of Aand B both occurringbecauseit has been
includedtwice (onceinP(A)andoncein P(B))

e Theprobability of Aand B occurring can be foundusing the formula

P(ANB)=P(A)P(B|A)

Arearrangedversionis given in the formula booklet
Basically you multiply the probability of A by the probability of B then happening

(’) Exam Tip
' e Inanexam drawinga Venn diagram or tree diagram can help even if the
question does notask you to
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) Worked Example
o
Dave has two fairspinners, Aand B. Spinner A has three sides numbered1, 4, 9 and

spinner B has four sides numbered 2, 3,5, 7. Dave spins both spinners and forms a

two-digit number by using the spinner A for the first digit and spinner B for the
seconddigit.

T is the event that the two-digit numberis a multiple of 3.

a)
Listallthe possible two-digit numbers.

A ’rwo—wag table would be a systematiC way
to list all the outcomes

|2 3 5 5
L]z 13 15 17

kb2 43 45 43
9192 93 95 9%

b)
Find P(T).
“— Number of multiples of 3
P)- ( )‘_Tofo| number of outomes
11215,624593] " are the multiples of 3
e =
c)
Find P(T").
P(TY+ P(T')=) = P(T') =|-P(T)
PTY: 1=
(WE
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Independent & Mutually Exclusive Events
What are mutually exclusive events?

e Two events are mutually exclusive if they cannot both occur
o Forexample: whenrolling a dice the events "getting a prime number" and "gettinga 6"
are mutually exclusive
¢ IfAandBare mutually exclusive events then:
o P(A N B) =0

What areindependent events?

* Two events areindependent if one occurring does not affect the probability of the other
occurring
o Forexample: when flipping a coin twice the events “getting a tails on the first flip” and
“getting a tails on the secondflip” areindependent
+ I[fAandBareindependent events then:
o P(A|B)=P(A)andP(B|A)=P(B)
e IfAandBareindependent events then:
o P(ANB)=P(A)P(B)
This is given in the formula booklet
This is a useful formula to test whethertwo events are statistically independent

How do | find the probability of combined mutually exclusive events?

e |f Aand B are mutually exclusive events then
P(AUB)=P(A) +P(B)

This is givenin the formula booklet
This occurs because P(AN B) =0
 Foranytwoevents AandBtheevents A N Band A N B' are mutually exclusive andAiis
theunion of these two events
o P(A)=P(ANB)+P(ANB")
This works forany two events Aand B
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) Worked Example

[ )
a)

Astudentis chosen atrandom from a class. The probability that they have a dogis
0.8, the probability they have a catis 0.6 and the probability that they have a cator
adogis 0.9.

Find the probability that the student has both a doganda cat.

Let D be event has a dog” and C be “has a at”
P(D u )= P(D) +P(C) -P(DNC)

09 0% +06 -P(DnC)
P(Dn¢)= 0.5

b)
Twoevents, Q and R, are such that P(Q) =0.8 and P(QN R) =0.1.
Giventhat Q and R areindependent, find P(R).

Q and R independest = P(QnR) = P(Q)P(R)
01:08+P(R) - P(R)Mivpy

P(R)- 0125 or gT

|

c)

Two events, Sand T, are such that P(S) =2P(T).

Giventhat S and T are mutually exclusive andthat P(SU T) =0.6 ind P(S) and
P(7).

S and T maually exclusne = P(SuT) = P(s)+P(T)
0.6= P(S) + P(T)
0.6 2(TFPT)
06 = 3P(T) \
P(M:02 and PS)=04

P($)=2P(T)
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4.3.2 Conditional Probability

Conditional Probability
What is conditional probability ?

« Conditional probability is where the probability of an event happening canvary
depending on the outcome of a priorevent
» TheeventAhappening given that event B has happenedis denoted A|B
+ Acommon example of conditional probability involves selecting multiple objects from a
bag without replacement
o The probability of selecting a certain item changes depending on whatwas selected
before
This is because the total number of items will change as they are not replaced
oncethey have been selected

How do | calculate conditional probabilities?

» Some conditional probabilities can be calculated by using counting outcomes
o Probabilities without replacement can be calculated like this
o Forexample: Thereare10 ballsin abag, 6 of them arered, two of them are selected
without replacement
To find the probability that the second ball selectedis red given that the firstoneis
red counthow many balls are left:
Aredonehas already been selected so there are 9 balls leftand 5 arered so the
probability is ;
¢ Youcanusesample space diagrams to find the probability of A given B:
o reduceyoursample spacetojustinclude outcomes forevent B
o findthe proportionthat also contains outcomes forevent A
e Thereis aformula for conditional probability that you shoulduse
P(ANB)
P(B)
o Thisis givenin the formulabooklet
o This canberearrangedto give P(A N B) =P(B)P(A | B)
o By symmetry you can also write P(ANB)=P(A)P(B | A)

o P(A|B)=

How dol tell if two events are independent using conditional
probabilities?
» If Aand B aretwo events then they areindependent if:
o P(A|B)=P(A)=P(A|B')
e Equallyyoucanstilluse P(A N B) =P(A)P(B) to test forindependence
o Thisis giveninthe formulabooklet
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> Worked Example

°
Let R bethe eventthatitisrainingin Weatherville and T be the event that thereis a

thunderstormin Weatherville.
Itis known that P(T) =0.035, P(TN R) =0.03 and P(T| R) =0.15.

a)
Find the probability thatitis raining in Weatherville.

Formu\q book‘e‘i’ Conditional probability P(A| B):M

P(B)
P(TIR)= TG

Substitute the values in

. 003
0.I5 - P
. 003
P(R) - 0.15
P(R) = 0.2,

b)
Statewhetherthe events R and T areindependent. Give areason foryouranswer.

i R od T are iddependestthen P(T|R)= P(T)
P(TIR): 015 aad” P(T) = 0.035

R ad T are not independent as
P(TIR) # P(T)
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4.3.3 Bayes' Theorem

Bayes' Theorem
What is Bayes’ Theorem
e Bayes’ Theorem allows you switch the order of conditional probabilities
o Ifyouknow P(B), P(B'") and P(A | B) then Bayes’ Theorem allows you to find P(B|A)
e Essentially if you have a tree diagram you will already know the conditional probabilities of

the second branches
o Bayes’ Theorem allows you to find the conditional probabilities if you switch the

order of the events
e Foranytwoevents AandBBayes’ Theorem states:
P(B)P(A|B
b(B| A)= (B)P(4|B)

P(B)P(A|B) +P(B")P(A|B")

o Thisis giveninthe formula booklet
o This formula is derived using the formulae:
P(BNA)
P(A)
P(A)=P(BNA)+P(B'NA)
P(BNA)=P(B)P(A|B)andP(B'NA)=P(B')P(A | B')
¢ Bayes’ Theorem can be extended to mutually exclusive events B;, B, ..., B,and any other
eventA
o Inyourexam you willhave a maximum of three mutually exclusive events

P(B)P(Al1B)
P(B,JP(ATB,) +P(B,)P(AIB.)* P(B)P(A])

P(B|A)=

P(,]4)=

This is givenin the formula booklet

How do calculate conditional probabilities using Bayes’ Theorem?

e Startbydrawingatree diagram

o Label By & B3 (& Bz if necessary) on the first set of branches

o Label A& A’onthe second set of branches
¢ The questions will give you enough information to label the probabilities on this tree
¢ Identify the probabilities needed to use Bayes’ Theorem

o The probabilities willcomein pairs: P(BI.) and P(AlBI.)
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PIAIB) A

PINIBNA

P(B)) P (AIB))

P(B,| A) =
P(B,) P (AIB,) +P(B) P (AIB,) +P(B) P (AlB,)

SWAP B; for B,,B, or B; DEPENDING ON THE PROBABILITY NEEDED
THE DENOMINATOR DOES NOT CHANGE

(’7 Exam Tip
' e Inanexamyou are less likely to make a mistake when using the formula if you
draw a tree diagram first
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%) Worked Example
[ ]
Lucyis doinga quiz. Foreach question there’s a 45% chance thatitis about music,

30% chancethatitis about TVand 25% chancethatitis aboutliterature. The
probability that Lucy answers a question correctly is 0.6 formusic, 0.95 forTV and

0.4 forliterature.
a)
Draw a tree diagram to represent this information.
let M be the eveat that the question is on Music
T be the event that the guestion is on Tv

L be the event that the aluesﬁon iS on |i+era’rure
C be the event that Luu\‘ answers Lorrec+|3

06 C P(c M) = 1-P(CIM)
=1-0.b
C

P T)= 1-P(CIT)
, = 1-045

L g PeL)=1-P(CIL)
o :|-0.4
b)

Given that Lucy answered a question correctly, find the probability that it was about
TV.

, _ P(B)P(4|B)
Formuia booklet [Beves theorem P(B"A)_P(B,)P(A\Bl)+P(B:)P(A\Bz)+P(Bx)P(A|B;)

let A:C  B:M R,:T B,-L

) P(T)P(CIT)
F(T Q) = P(M)P(cIM) + P(T)P(CIT) + P(L)P(CIL)

0.3x0.95
0.45x06 + 0.3x0.95 + 02520 &
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4.3.4 Sample Space Diagrams

Venn Diagrams
Whatis a Venn diagram?

¢ AVenndiagramis away toillustrate events from an experiment and are particularly useful
when thereis an overlap between possible outcomes
e AVenndiagram consists of
o arectanglerepresenting the sample space (U)
Therectangleis labelled U
Some mathematiciansinsteaduseSor¢é
o acircleforeachevent
Circles may or may not overlap depending on which outcomes are shared
between events
¢ Thenumbers in the circles represent either the frequency of that event or the probability
of thatevent
o Ifthefrequencies are used then they should add up to the total frequency
o Ifthe probabilities are used then they shouldadd up to1

What do the different regions mean on a Venn diagram?

+ A'isrepresentedby theregions thatare notinthe A circle
o AN Bisrepresented by the region where the Aand B circles overlap
o AU Bisrepresented by theregions that arein A or B orboth
¢ Venndiagrams show ‘AND’ and ‘OR’ statements easily
¢ Venndiagrams alsoinstantly show mutually exclusive events as these circles will not
overlap
¢ Independent events cannotbeinstantly seen
o You needtouse probabilities to deduceif two events are independent

@
[

A B|® A

A u B (UNION) A nB (INTERSECTION)
‘A OR B OR BOTH" "A AND B"

A

A’ (COMPLEMENT)
'NOT A"
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THE BUBBLE FOR EVENT B LIES
ENTIRELY IN THE BUBBLE FOR EVENT A
IF EVENT B OCCURS, SO DOES EVENT A
(BUT NOT NECESSARILY VICE VERSA)

—

A AND C DO NOT OVERLAP:

A 8 C THE BUBBLES FOR EVENTS
THEY ARE MUTUALLY EXCLUSIVE

How do solve probability problems involving Venn diagrams?

e Draw, oraddto a givenVenn diagram, fillingin as many values as possible from the
information providedin the question
e Itisusually helpfultowork from the centre outwards
o Fillinintersections (overlaps) first
¢ Iftwoevents areindependentyou canuse the formula
o P(ANB)=P(A)P(B)
« Tofind the conditional probability P(A | B)
o Addtogetherthe frequencies/probabilities in the B circle
This is yourdenominator
o Outofthose frequencies/probabilities addtogetherthe ones thatare alsointhe A
circle
This is yournumerator
o Evaluatethefraction

Event AlB
"A given B"

- PANB) é’/E’ Shade second ‘
- P(B) o Shade first

'double shading"
"single shading"

P(A|B) =
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O Exam Tip
* e |fyoustruggletofillinaVenn diagramin an exam:
o Labelthe missing parts using algebra
o Form equations using known facts such as:
the sum of the probabilities should be 1
P(ANB)=P(A)P(B) if Aand B areindependent events
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*9 Worked Example
[

40 people are asked if they have sugarand/or milkin their coffee. 21 people have
sugar, 25 people have milk and7 people have neither.

a)
Draw a Venn diagram to represent the information.

Find the centre first
e& 4 Total should be 40
#| (U-x) ta+ (25-x) +3 =40

3-x:40 o azl3

b)
One of the 40 people arerandomly selected, find the probability that they have
sugar but not milk with their coffee.

S and ot M is the pait.of 9 circle  that does
not include M

P(Snm)- %0 Remember o write as a frackion
'\/oF the total
P(SﬂM') 140

c)
Giventhata personwho has sugaris selected atrandom, find the probability that
they have milk with their coffee.

(iven that Sugar has been selected we onlg want the
S dnle as our total
Out of the § ¢rdde 13 also hae mik

P(MIS) = 3
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Tree Diagrams
Whatis a treediagram?

¢ Atreediagramis anotherway to show the outcomes of combined events
o Theyarevery usefulforintersections of events
¢ Theevents onthe branches mustbe mutually exclusive
o Usually they are an eventandits complement
* Theprobabilities on the second sets of branches can depend on the outcome of the first
event
o These are conditional probabilities
¢ When selecting theitems from a bag:
o Thesecondsetof branches will be the same as the firstif the items arereplaced
o Thesecondset of branches will be the different to the first if the items are not
replaced

How are probabilities calculated using a tree diagram?

e Tofindthe probability thattwo events happen togetheryou multiply the corresponding
probabilities on theirbranches
o Itis helpfulto find the probability of all combined outcomes once you have drawn the
tree
e Tofindthe probability of an eventyou can:
o add together the probabilities of the combined outcomes that are part of that event
Forexample:P(AUB)=P(ANB)+P(ANB')+P(A'NB)
o subtract the probabilities of the combined outcomes that are not part of that event
from1
Forexample:P(AUB)=1-P(A'N B'")

1t EXPERIMENT | [ 2™ EXPERIMENT |
PBIAI B P(A nB)
. 4 B P (A n B
. P (®A)
PIAY ™~ P (BIA)

i B P (A’ B)
PUBR A B P (A’ n B
Dol havetouseatree diagram?

 |fthere are multiple events or trials then a tree diagram can get big
e You can break down the problem by using the words AND/OR/NOT to help you find
probabilities without a tree
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e You canspeedup the process by only drawing parts of the tree thatyou areinterestedin

Which events do | put on the first branch?

¢ Iftheevents AandB areindependent then the order does not matter

¢ Iftheevents AandB are notindependent then the order does matter
o Ifyouhave the probability of A given B then put Bonthe first set of branches
o Ifyouhave the probability of Bgiven A then put Aonthe first set of branches

O ExamTip
w
¢ |Inanexam donotwaste time drawing a full tree diagram for scenarios with lots

of events unless the question asks you to
o Only draw the parts that you are interestedin
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*> Worked Example

O
20% of peoplein a company wear glasses. 40% of peoplein the company who

wearglasses areright-handed. 50% of people in the company who don’t wear
glasses areright-handed.

a)
Draw a tree diagram to represent the information.

bet G be the event wears slasses" and R be "is ngh#hanokd”
o.k'/K—\ Ll'oo/o of people who wear

%G 00 g’ ca‘aSSes are righ‘r—hano\ed
EA";"CJ‘;S \ \_/40"6 C 0.5‘/2—\500/0 OF Peaple who dont wear

05~ | glasses are right-handed

b)
One of the peoplein the company arerandomly selected, find the probability that
they areright-handed.

Find options L T

ob2R  P(GNR)=0:2x04 = 0.0
MuHiplg

R' alor\g bm«h£
<a P(G'OR): 0-5% 0.5,04

P(R) - P(ann)* P(GOR') = 0.08 +0.4
P(R) = 0.4%

c)
Given thata personwhoisright-handedis selected atrandom, find the probability
thatthey wearglasses.

PlenR) _ 0.08
RalR) = PRy ~ 0.4

P(GIRY: —
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4.4 Probability Distributions

4.4.1 Discrete Probability Distributions

Discrete Probability Distributions
Whatis a discrete random variable?

 Arandomvariableis a variable whose value depends on the outcome of arandom event
o Thevalue of therandom variable is not known until the eventis carried out (this is what
is meant by 'random’in this case)
» Randomvariables are denoted usingupper caseletters (X, Y, etc)
¢ Particular outcomes of the event are denoted using lower case letters (x, y, etc)
« P(X=x) means "the probability of the random variable X taking the value x"
o Adiscreterandom variable (often abbreviated to DRV) can only take certain values within a
set
o Discreterandom variables usually count something
o Discreterandom variables usually can only take a finite number of values butitis
possible thatit can take aninfinite number of values (see the examples below)
e Examples of discreterandom variables include:
o Thenumber of times a coin lands on heads when flipped 20 times
this has a finite number of outcomes:{0,1,2,...,20}
o Thenumber of emails a managerreceives within an hour
this has aninfinite number of outcomes:{1,2,3,..}
o Thenumber of times a diceis rolled untilitlands ona 6
this has aninfinite number of outcomes:{1,2,3,..}
o Thenumberthatadicelands onwhenrolledonce
this has a finite number of outcomes:{1,2,3,4,5,6}

What is a probability distribution of a discrete random variable?

o Adiscrete probability distribution fully describes all the values that a discrete random
variable can take along with theirassociated probabilities
o This canbegivenin atable
o Oritcanbegiven as a function (called a discrete probability distribution function or
“paf’)
o Theycanberepresented by vertical line graphs (the possible values foralong the
horizontal axis and the probability on the vertical axis)
¢ The sum of the probabilities of all the values of a discreterandom variableis 1
o Thisis usually written ZP(X=X) =1
¢ Adiscreteuniformdistributionis one where therandom variable takes a finite number of
values each with an equal probability

o Iftherearenvalues then the probability of each oneis n
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LET X BE THE NUMBER THAT THE SPINNER LANDS ON

1

p
3 =03
x NN 1
3 z x =-2
P(X =x) =
a1l a I
pox =x) [ >
0 OTHERWISE
P(X =x)
1
2
4]
4
4]
8 | |
1 — -
2 o 1 5
3

How dol calculate probabilities using a discrete probability
distribution?
* Firstdrawatabletorepresent the probability distribution
o Ifitis given as afunction then find each probability
o Ifany probabilities are unknown then use algebra to representthem
* Formanequationusing ZP(X= x)=1
o Addtogetherall the probabilities and make the sumequalto1
Tofind P(X = k)
o If kis apossible value of the random variable X then P(X = k) will be given in the table
o If kisnotapossiblevaluethen P(X=k) =0
Tofind P(X < k)
o |dentify allpossible values, X that X can take which satisfy X, <k

o Addtogetheralltheircorresponding probabilities
o P(X<k)= 2 P(X=x)
XI.S](
o Some mathematicians use the notation F(X) torepresent the cumulative distribution
F(x)=P(X <x)
Using a similar method you can find P(X < k), P(X > k) and P(X > k)
As all the probabilities add up to 1you can form the following equivalent equations:
o P(X<k)+P(X=k)+P(X>k)=1
o P(X>k)=1-P(X<k)
o P(X>k)=1-P(X<k)

How dol know which inequality touse?

. P(Xsk) would be used forphrases such as:
o Atmost,nogreaterthan, etc
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« P(X < k) wouldbe usedforphrases such as:

o Fewerthan

« P(X > k) would be used for phrases such as:
o Atleast,nofewerthan,etc
. P(X> k) would be usedforphrases such as:

o Greaterthan,etc

*> Worked Example

The probability distribution of the discrete random variable X is given by the

function
P(x= )_{kX2 x=-3,-1,2,4
B 0 otherwise.
a)
k= 1
Showthat k= 30"
Construct o table
x [-3]-]a]x
Substtute in the values of x
P(X=x) | Ak | k |&k| |6k

\/ eq. PlX=-3)2 k(-3)"= 4k

The probabilitis add up to /3
 +k+ b+ lbl = |

30k =)
L
k 30
b)
Calculate P(X <3).
Swbditute k ik the probabilities
x [-3[a]2] 4
3 | ]
PO |3 | 36 | | 1%
X&3: X=-3,-,2
P(X ¢3) = P(X=-3) 4 P(x=-1) + P(X=2)
- 3 | 2
"o " tas

P(Xs3) = %
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4.4.2 Mean & Variance

Expected Values E(X)
What does E(X) mean and how do | calculate E(X)?

¢ E(X) means the expected value orthe mean of arandomvariable X
o The expectedvalue does not needto be an obtainable value of X
o Forexample: the expectedvalue number of times a coin willland on tails when flipped
5timesis 2.5
e Foradiscreterandomvariable,itis calculatedby:
o Multiplying each value of X with its corresponding probability
o Addingallthese terms together

E(X)= 2 xP(X=x)

This is givenin the formula booklet
» | ook out forsymmetrical distributions (where the values of X are symmetrical and their
probabilities are symmetrical) as the mean of these is the same as the median
o Forexample:if Xcantakethevalues 1,5, 9 with probabilities 0.3, 0.4, 0.3respectively
then by symmetry the mean wouldbe 5

How canl decide if a gameis fair?

e LetXbetherandom variable thatrepresents the gain/loss of a playerina game
o Xwillbe negativeif thereis aloss
Normally the expected gain orloss is calculated by subtracting the cost to play the game
from the expected value of the prize
If E(X) is positive then it means the player can expect to make a gain
If E(X) is negative thenit means the player can expect to make aloss
e Thegameis called fairif the expected gainis O

o E(X¥)=0
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*9 Worked Example
[ J

Daphne pays $5 to play a game where she wins a prize of $1, $5, $10 or $100. The
random variable W represents the amount she wins and has the probability
distribution shown in the following table:

w 1 5 10 100

P(W=w) 035 0.5 0.05 0.0]
a)
Calculate the expectedvalue of Daphne's prize.

Expected value of a

Forrnu\o book|d discrete random E(X)=) xP(X=x)

variable X

E(W): L wP(W=w)
= |x0.35 + 505 +|0x 0.05 +10040.0

Expeded value = $4.35

b)
Determine whetherthe gameis fair.

A game is fair s expected sam/loss is 0

Pr‘uze_ - (Cost
L.35 - 5 =-065

Expeded loss is .f>0.65 S0 game is not fair
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Variance Var(X)
What does Var(X) mean and how do | calculate Var(X)?

¢ Var(X) means the variance of arandom variable X
o Thestandard deviationis the squareroot of the variance
This provides a measure of the spread of the outcomes of X
o Thevariance and standard deviation can never be negative
e Thevariance of Xis the mean of the squared difference between Xand the mean

Var(X) =E(X — )2

o Thisis giveninthe formulabooklet
e This formula can berearrangedinto the more useful form:

Var(X) =E(X2) - [E(X)]?

o Thisis givenin the formula booklet
Compare this formula to the formula for the variance of a set of data
o This formula works forboth discrete and continuous X

How do | calculate E(X2) for discrete X?
¢ E(X2) means the expected value or the mean of the random variable defined as X2
e Foradiscreterandomvariable,itis calculatedby:
o Squaring each value of X to get the values of X2

o Multiplying each value of X2 whichits corresponding probability
o Addingallthese terms together

E(X2)=2_x2P(X=x)
This is given in the formula booklet as part of the formula for Var(X)
Var(X) = 2 x2P(X=x) — u?

e E(f(X)) canbefoundinasimilarway

Is E(X2) equal to E(X)2?

¢ Definitely not!
o Theyareonly equalif Xcan only take onevalue

¢ E(X2)is the mean of the values of X2

e E(X)2is the square of the mean of the values of X

e Toseethedifference
o Imagine arandomvariable Xthat can only take 1and -1with equal chance
o E(X)=0soE(X)2=0
o Thesquarevaluesareland1soE(X2) =1
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(") Exam Tip

* ¢ Inan examyou can enter the probability distribution into your GDC using the
statistics mode
o Enterthepossiblevalues as the data
o Enterthe probabilities as the frequencies
¢ You canthen calculate the mean andvariancejust like you would with data

> Worked Example
[ J

The score on a gameis represented by the random variable S defined below.
S 0 1 2 10

p(s=s) 04 03 025 005
Calculate Var(S).

Ca\ (u\ ofe E(S)
Expected value of a

FO\'M\A\G boo kld’ discrete random variable X
E() = ZgP($=5) = 0x0k + %034 2x0.25 + 10x0.05 = 1.3
(alculate E(S?)

E(595 J 2P($=5). 5:0% 0 #-1%0.3 + 2% 0.25+-4020.05-% b3
Colculate  Var (S)

E(X)=2xP(X=x)

Formala  booklet [veriance [ Var(0 =B -’ =B -[EQ0] |
Var (8) = E(5)- [E®) = 63-13"
Var(s) = k.6l
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Transformation of a Single Variable

How do| calculate the expected value and variance of a transformation
of X?
¢ Suppose Xis transformed by the function fto form a new variable T = f(X)
o This means the function fis applied to all possible values of X
e Create anew probability distributiontable
o Thetoprow contains thevalues ¢, = f(xl,)

o Thebottomrow stillcontains the values P(X= XI.) which areunchangedas:
P(X=x)=P(f{X)=1fx))=P(T=t)
Somevalues of Tmay be equal so you can add their probabilities together
e Themeanis calculatedin the sameway
o E(T)=2_P(X=x)
e Thevarianceis calculated usingthe same formula
o Var(T)=E(T?) - [E(T)]?

Are there any shortcuts?

e There areformulae which canbe usedif the transformationis linear
o T=aX+ bwhereaandb areconstants

o |fthetransformationis notlinear then there are no shortcuts
o Youwillhave tofirst find the probability distribution of T

What are the formulae for E(aX £ b) and Var(aXtb)?

e |faandbareconstants then the following formulae are true:

o E(aXxb)=aE(X)xb

o Var(aXzb) =a2Var(X)

These are given in the formula booklet

e Thisisthe sameaslineartransformations of data

o Themeanis affected by multiplication and addition/subtraction

o Thevarianceis affected by multiplication but not addition/subtraction
¢ Rememberdivision can be written as a multiplication

X 1

o] —_
a a
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*) Worked Example
°
X is arandom variable such that E(X) = 5and Var(X) =4.

Find the value of:
(i)

E(3X+5)

(i)

Var(3X +5)

(iii)

Var(2 — X).

Linear transformation of a E(aX+b)=aE(X)+b
Formu\a bookld’ single random variable 2
Var(aX +b)=a’ Var(X)

E(3x+5) = 3E(X) +5 =3(5) +5 [E(3%x +5)= 20
Var (3%+5) = 3*Var (X) = Q (&) Var(3X+5) =3
Var(2-X) = (1) Var (). (1) Var(2-X): &
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4.5 Binomial Distribution

4.5.1 The Binomial Distribution

Properties of Binomial Distribution
What is a binomial distribution?

e Abinomial distributionis a discrete probability distribution
» Adiscreterandomvariable X follows a binomial distributionif it counts the number of
successes when an experiment satisfies the following conditions:
o There are a fixed finite number of trials (n)
o The outcome of each trialis independent of the outcomes of the othertrials
o There are exactly two outcomes of each trial (success or failure)
The probability of success is constant (p)
« If X follows a binomial distribution then it is denoted X ~ B(n, p)
o nisthe number of trials
o pisthe probability of success
e Theprobability of failureis 1- p which is sometimes denotedas q
e Theformula forthe probability of r successful trials is given by:
o P(X=1) =”Crxpf(1 —p)ﬂ‘fforr=0, 1,2,..,n
n!
”Cr=mwheren!=nX(n— Dx(n—2)x..x3x2x1
o You willbe expectedto use thedistribution function on your GDC to calculate
probabilities with the binomial distribution

o

What are the important properties of a binomial distribution?

e The expected number (mean) of successful trials is
E(X)= np

o You aregiven thisin the formula booklet
¢ Thevariance of the number of successfultrialsis

Var(X) =np(1 - p)

o You are given thisin the formula booklet
o Squarerootto getthe standard deviation
e Thedistribution can berepresentedyvisually using a verticalline graph
o IfpisclosetoOthenthe graph has a tail to theright
o |fpisclosetolthenthe graphhas a tail to the left
o Ifpiscloseto0.5thenthe graphis roughly symmetrical
If p = 0.5then the graph is symmetrical

o
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X ~ B(10, 0.2) |

P(X=x)

0.30 -
0.25 -
0.20 -
0.15 -
0.10 -
0.05 A
0.00

L. .

T T T T 1 x
0] 2 4 6 8 10

| X ~ 810, 0.5) |

P(X=x)
0.25
0.20 -
0.15 -

0.10 A

0.05 1 ' |
0.00 L , | .

| x ~ 810, 0.8) |

P(X=X)

0.30 -
0.25 -
0.20 -
0.15 -
0.10 -
0.05 -
0.00 i ,
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Modelling with Binomial Distribution
How do | set up a binomial model?

¢ |dentify what a trialis in the scenario
o Forexample:rolling a dice, flipping a coin, checking hair colour
¢ Identify what the successful outcomeisin the scenario
o Forexample:rollinga 6, landing on tails, having black hair
¢ |dentify the parameters
o nisthenumberof trials and pis the probability of success in each trial
e Makesureyou clearly state whatyourrandomvariableis
o Forexample, let X be the number of students in a class of 30 with black hair

What can be modelled using a binomial distribution?

¢ Anythingthat satisfies the four conditions
o Forexample:let T be the number of times a fair coin lands on tails when flipped 20 times:
o Atrialis flipping a coin: There are 20 trials son =20
o We canassume each coin flip does not affect subsequent coin flips: they are
independent
o Asuccessis when the coinlands on tails: Two outcomes - tails ornot tails (heads)
o Thecoinis fair: The probability of tails is constant withp = 0.5
e Sometimes it might seemlike there are more than two outcomes
o Forexample:let Y bethe number of yellow cars that arein a car park fullof 100 cars
Although there are more than two possible colours of cars, here the trialis whether
acaris yellow so there are two outcomes (yellow ornot yellow)
Y would still need to fulfilthe other conditions in order to follow a binomial
distribution
e Sometimes a sample may be taken froma population
o Forexample: 30% of peoplein a city have blue eyes, a sample of 30 people from the
city is taken and X is the number of them with blue eyes
As long as the populationis large and the sampleis random thenit can be
assumedthateach personhas a 30% chance of havingblue eyes

What can not be modelled using a binomial distribution?

¢ Anythingwhere the number of trials is not fixed oris infinite
o Thenumber of emails receivedin an hour
o Thenumberof times a coinis flipped untilitlands on heads
¢ Anythingwhere the outcome of one trial affects the outcome of the other trials
o Thenumberof caramels that a person eats when they eat 5 sweets fromabag
containing 6 caramels and 4 marshmallows
If you eat a caramel foryourfirst sweet then there are less caramels leftin the bag
when you chooseyoursecond sweet
o Anythingwhere there are more than two outcomes of a trial
Aperson's shoesize
The number a dice lands on whenrolled
o Anythingwhere the probability of success changes
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The number of times that a person can swim a length of a swimming poolin under
aminute when swimming 50 lengths
The probability of swimming a lapin under a minute willdecrease as the
person gets tired
The probability is not constant

(") Exam Tip

-
¢ Anexam question mightinvolve different types of distributions so make it clear

which distribution is being used foreach variable
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*) Worked Example

Itis known that 8% of a large population are immune to a particularvirus. Mark takes
a sample of 50 people from this population. Mark uses a binomial model forthe
number of peoplein his sample that areimmune to the virus.

a)
State the distribution that Mark uses.
A frial is d\eckina i+ a person is immune to the virus
A sugess 1s if the person is immuae.
ket X be the number of people in the sample immune to the virus

X~ B(50,0.08)

Probability of
Number of SOl
people il\\su/mAple t/ being immune o the viruy

b)
Statetwo assumptions that Mark must make in order to use a binomial model.

Mark needs to assume that :

*each person in the population_has.aa B/ chance
of being immune

“the sample is random and the pecple’ are independent
a person being immune does not affed the
immunity of others

= SN nm AW W 4 I WA N | W oy A W | L N I

For example:
lf ol 50 came from the same familg then
fh"fj would not be 'mdepg\den}

c)

Calculated the expected number of people in the sample that areimmune to the
virus.

Fm-mu|a book‘ef Ii;nfrgigi :i;s)tribution
E()-50x006 = it

b people
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4.5.2 Calculating Binomial Probabilities

Calculating Binomial Probabilities

Throughout this section we will use the random variable X ~ B(n, p) .Forbinomial, the
probability of X taking a non-integer or negative valueis always zero. Therefore any values of X
mentioned in this section willbe assumed to be non-negative integers.

How dol calculate P(X = x): the probability of a single value for a binomial
distribution?
¢ Youshouldhave a GDCthat can calculate binomial probabilities
¢ Youwanttousethe "Binomial Probability Distribution” function
o Thisis sometimes shortenedto BPD, Binomial PD or Binomial Pdf
¢ Youwillneedtoenter:
o The 'x'value - the value of x for which you want to find P(X=x)
o The'n'value -the number of trials
o The 'p'value - the probability of success
¢ Some calculators will give you the option of listing the probabilities for multiple values
of xatonce
e Thereis aformulathatyoucanusebutyou are expectedto be able touse the distribution
function onyour GDC
o P(X=x) =nC, XpX(l —p)” X
n!

n -
x rl(n=r)!

How dol calculate P(a = X = b): the cumulative probabilities for a binomial
distribution?
¢ Youshouldhave a GDC that can calculate cumulative binomial probabilities
o Most calculators wil find P(a < X < b)
o Some calculators can only ind P(X < b)
Theidentities below will helpin this case
¢ You shoulduse the "Binomial Cumulative Distribution” function
o Thisis sometimes shortenedto BCD, Binomial CD or Binomial Cdf
¢ Youwillneedtoenter:
o Thelowervalue - thisis thevaluea
This can be zeroin the case P(X < b)
o Theuppervalue - thisis thevalueb
This canbeninthe case P(X > a)
o The'n'value -the number of trials
o The'p'value - the probability of success

How dol find probabilities if my GDC only calculates P(X = x)?

e Tocalculate P(X =x)just enterxinto the cumulative distribution function

e Tocalculate P(X <x) use:
o P(X<x)=P(X<x-1)whichworks when Xis a binomial random variable
P(X <5)=P(X <4)
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e Tocalculate P(X> x) use:
o P(X>x)=1-P(X < x) which works for any random variable X
P(X>5)=1-P(X<5)

e Tocalculate P(Xz x) use:
o P(X>x)=1-P(X<x—1)whichworks when Xis a binomial random variable
PX=5)=1-P(X<4)

e TocalculateP(a <X =b)use:
o P(a<X<b)=P(X<b)—P(X<a—1)whichworks when Xis a binomial random
variable
P(5<X<9)=P(X<9)-P(X<4)

What if aninequality does not have the equals sign (strictinequality)?
e Forabinomial distribution (asitis discrete) you could rewrite all strictinequalities (<and>)
as weakinequalities (= and =) by using the identities for a binomial distribution

o P(X<x)=P(X<x-1)andP(X>x)=P(X2x+1)
o Forexample:P(X<5)=P(X<4)andP(X>5)=P(Xz 6)

¢ |thelpstothink abouttherange of integers you want
o |dentify the smallestand biggestintegersintherange

e Ifyourrange has no minimum ormaximumthenuse O orn
o P(X<b)=P(0<X<b)
o P(X>a)=P(a<sX<n)

« P(a<X<b)=Pla+1<X<h)
o P(5<X<9)=P(6=<X<9)

« PlasX<b)=PlasX<b-1)
o P(6=X<9)=P(5=<X<8)

« Pla<Xx<b)=Pla+1<X<b-1)
o P(6<X<9)=P(6=<X<8)

(') Exam Tip
w
» |fthe questionisin context then write down the inequality as well as the final
answer

o This means you stillmight gain a mark even if you accidentally type the
wrong nhumbers into your GDC
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> Worked Example
° Therandom variable X ~B(40, 0.35). Find:

%(X=10).
ldentfy o ond p =40 p:035
Use \;)‘\nom'la\ Pmbabﬂh‘& dis*r"\buﬁon on GDC
P(X<10) = 0.05%056..

P(x=10) = 0.053 (3sf)
i)
P(X<10).
\denhpg upper 0nd lower values
P(X¢10) = P(D ¢ X<10)
Use binomial cumulativesmdisiribution on GDC
P(X<10) = 0.12491..

P(X<10) = 0.12) (@

iii)
P(8 < X <15).

\dmﬁfg upper 0nd lower values
P(%<Xc15) = P(q ¢ X¢ )

Use binomial cumulative distribution on GDC
P(q ¢ X< W) = 054827,

P(3<X<15)= 0.542 (3sf)
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4.6 Normal Distribution

4.6.1 The Normal Distribution

Properties of Normal Distribution

The binomial distribution is an example of a discrete probability distribution. The normal
distribution is an example of a continuous probability distribution.

What is a continuous random variable?

A continuous random variable (often abbreviated to CRV) is arandom variable that can
take any value within arange of infinite values

o Continuous random variables usually measure something

o Forexample, height, weight, time, etc

What is a continuous probability distribution?

A continuous probability distribution is a probability distribution in which the random
variable Xis continuous
The probability of X being a particular valueis always zero
o P(X=k)=0foranyvaluek
o Insteadwe define the probability density function f(X) fora specificvalue
This is a function that describes the relative likelihood that the random variable
would be closetothatvalue
o Wetalk about the probability of X being within a certainrange
A continuous probability distribution can be represented by a continuous graph (the values
for X along the horizontal axis and probability density on the vertical axis)
The area under the graph between the points x = aand x = bis equaltoP(a< X < b)
o Thetotal areaunderthe graphequals1
As P(X= k) =(foranyvaluek, it does not matterif we use strict orweak inequalities
o P(X<k)=P(X< k)foranyvalue kwhen Xis a continuous random variable

What is a normal distribution?

78 of 100

Anormaldistribution is a continuous probability distribution
The continuous random variable X can follow a normal distribution if:
o Thedistributionis symmetrical
o Thedistributionis bell-shaped
If X follows a normal distribution thenitis denoted X~N(y, o?)
o uisthemean
o ¢%isthevariance
o oisthe standard deviation
If the mean changes then the graph is translated horizontally
If the variance increases then the graph is widened horizontally and made taller vertically
tomaintainthe same area
o Asmallvarianceleads to a tall curve with a narrow centre
o Alargevarianceleads to a short curve with a wide centre
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SAME VARIANCES SAME MEANS
DIFFERENT MEANS DIFFERENT VARIANCES

What are the important properties of a normal distribution?
e Themeanis u
¢ Thevarianceis o2
o Ifyouneedthe standard deviationrememberto squareroot this
e Thenormaldistributionis symmetrical about
o Mean=Median=Mode =y
e Therearetheresults:

o Approximately two-thirds (68%) of the data lies within one standard deviation of the
mean (u+ o)

o Approximately 95% of the data lies within two standard deviations of the mean (u+
20)

o Nearly all of the data (99.7%) lies within three standard deviations of the mean (u+

, 952

#=30 p-20 p-0O » p+O  p+20 p+30
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Modelling with Normal Distribution
What can be modelled using a normal distribution?

¢ Alotof real-life continuous variables can be modelled by a normal distribution provided
that the populationis large enough and that the variable is symmetrical with one mode
e Foranormaldistribution X cantake anyrealvalue, howevervalues farfrom the mean (more
than 4 standard deviations away from the mean) have a probability density of practically
zero
o This factallows us to modelvariables that are not defined forallreal values such as
height and weight

What can not be modelled using a normal distribution?

¢ Variables which have more than one mode orno mode

o Forexample: the number given by arandom number generator
¢ Variables which are not symmetrical

o Forexample: howlongahuman lives for

(f) ExamTip

w
e Anexam question mightinvolve different types of distributions so make it clear

which distribution is being used for each variable

) Worked Example

°
Therandom variable S represents the speeds (mph) of a certain species of

cheetahs when they run. The variable is modelled using N(40, 100).

a)
Write down the mean and standard deviation of the running speeds of cheetahs.
,A= q‘o Qnd 0'1 = |00

!

Square root to ad standard deviation

Mean ,,\:‘\-0
Standard devigtion o = 1D

b)
State two assumptions that have been made in orderto use this model.

We assume that the distribution of the speeds is
- 53mmd'r"|m|

* bell-shaped
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4.6.2 Calculations with Normal Distribution

Calculating Normal Probabilities

Throughout this section we willuse therandom variabIeX‘\'N(,u, 02). For X distributed
normally, X can take any real number. Therefore any values mentionedin this section willbe
assumedto berealnumbers.

How do | find probabilities using a normal distribution?

o Theareaunder anormal curve between the points x = a and x = b is equaltothe
probability P(a < X < b)
o Rememberforanormal distribution you do not needto worry about whether the
inequality is strict (< or>) orweak (s or=)
P(a<X<b)=P(a<X<b)
¢ You willbe expected to usedistribution functions on your GDC to find the probabilities
when working with a normal distribution

How dol calculate P(X = x): the probability of a single value for a normal
distribution?
e Theprobability of a single value is always zero for a normal distribution
o You can picture this as the area of a singlelineis zero
« P(X=x)=0
e YourGDC is likely to have a "Normal Probability Density" function
o Thisis sometimes shortened to NPD, Normal PD or Normal Pdf
o IGNORETHIS FUNCTION for this course!
o This calculates the probability density function at a point NOT the probability

How dol calculate P(a < X < b): the probability of arange of values for a
normal distribution?

You need a GDC that can calculate cumulative normal probabilities
You want to use the "Normal Cumulative Distribution” function
o Thisis sometimes shortenedto NCD, Normal CD orNormal Cdf
Youwillneed to enter:
o The'lowerbound' - thisis thevaluea
o The'upperbound' - thisis thevalueb
The'u' value - thisis the mean
The's' value - thisis the standard deviation
Check the order carefully as some calculators ask for standard deviation before mean
o Rememberitis the standard deviation
soif you have the variance then squareroot it
¢ Always sketch a quick diagram to visualise which area you are looking for

]

e}

How dol calculate P(X > a) or P(X < b) for a normal distribution?

¢ You will stilluse the "Normal Cumulative Distribution" function
. P(X> a) can beestimated using an upper bound that is sufficiently bigger than the mean
o Usingavaluethatis morethan 4 standard deviations bigger than the meanis quite
accurate
o Oraneasieroptionisjusttoinputlots of 9's for the upperbound (99999999... or10%%)
. P(X< b) can beestimatedusing alower bound that is sufficiently smaller than the mean
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o Usingavaluethatis morethan 4 standard deviations smaller than the meanis quite
accurate

o Oraneasieroptionisjusttoinputlots of 9's for the lowerbound with a negative sign
(-99999999... or -10%9)

Are there any useful identities?

. P(X<,u)=P(X>,u)=0.5

« AsP(X=a)=0youcanuse:
o P(X<a)+P(X>a)=1
o P(X>a)=1-P(X<a)
o P(a<X<b)=P(X<b)-P(X<a)

e Theseareusefulwhen:
o Themean and/orstandard deviation are unknown
o Youonlyhaveadiagram
o You are workingwith theinverse distribution

(') Exam Tip
* e Checkcarefully whetheryou have entered the standard deviation orvariance
intoyour GDC
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) Worked Example
¢ The randomvariable Y ~N(20,52). Calculate:

i)

P(Y=20).
Hm‘ﬁ(g poand o
p:l0 5" 0 o:=5

Skerth!

/K e

20 Y

i)
P(18<Y<27).

Sketth! USRMQ (??(_

ower = u
e (a
upperﬂy n :“or <
y—P (18 <Y <23)= 0.534665..

10:595 (35F)

i)
P(Y>29)

Skeetth! \Xs’mg GdL
Lower = 29
Upper - 49949

P(Y>24):0.035430...
20 29 J
M Uffﬂ' bou/\dso 003“ (33‘)
Uvooe o big Aumber
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Inverse Normal Distribution
Given the value of P(X < a) how do | find the value of a?

e Your GDC willhave a function called "Inverse Normal Distribution”
o Some calculators call this InvN
» Giventhat P(X< a) = p you willneedtoenter:
o The'area'-thisisthevaluep
Some calculators might ask forthe 'tail' - this is the left tail as you know the area to
theleftofa
o The'u'value -thisis themean
o The'cs value - thisis the standard deviation

Given the value of P(X > a) how do| find the value of a?

e Ifyourcalculatordoes have the tail option (left, right or centre) then you can use the
“Inverse Normal Distribution” function straightaway by:
o Selecting 'right’ forthe tail
o Enteringtheareaas'p’
 |fyourcalculatordoes not have the tail option (left, right or centre) then:
o GivenP(X > a) =p
o UseP(X <a)=1-P(X > a) torewritethis as
P(X<a)=1 -p
o Thenusethemethod forP(X<a)tofinda

(’) ExamTip

' ¢ Always check youranswer makes sense
o If P(X<a)isless than0.5then a should be smaller than the mean
o If P(X <a)is morethan 0.5then a shouldbe bigger than the mean
o Asketch willhelpyou see this
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9 Worked Example
Therandom variable W~N(50, 36).

Find the value of w such that P(W> w) =0.175.

ldentify g and o
p=50 oc*3b 0 o:6

Sketth!

PlWew =\-P(W>w)
e \;(\):62;15 P(W>w) = 0.115

9 w

LPMN»\ is less than 0.9

50 W is bigger than the mean

Acen from left 13 0825

We \werse Normol Dichibution fundion on GDC
ws 55.60%5...

w=55.6 (3s)

. A A & n ™)
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4.6.3 Standardisation of Normal Variables

Standard Normal Distribution
What is the standard normal distribution?

¢ Thestandard normal distributionis a normal distribution where the meanis O and the
standard deviationis 1
o |tisdenotedby Z
o Z~N(0, 12)

Why is the standard normal distributionimportant?

¢ Anynormal distribution curve can be transformed to the standard normal distribution
curve by a horizontal translation and a horizontal stretch
¢ Therefore we have therelationship:
X—pu
o
o Where X~N(u, 62) and Z~N(0, 12)
* Probabilities arerelated by:

—_ b_
o P(a<X<b)=P(a—aﬂ <Z< ﬂ)

o /=

o
o This willbe usefulwhen the mean orvarianceis unknown
 Some mathematicians use the function ®(z) torepresent P(Z < z)

z-values
What are z-values (standardised values)?

e Foranormaldistribution X~N(,u, az)thez—value(standardised value) of an x-value tells
you how many standard deviations itis away from the mean

o Ifz=1thenthatmeans thex-valueis1standard deviation biggerthanthe mean

o Ifz=-1thenthatmeans thex-valueis 1standard deviation smallerthan the mean
If the x-value is more than the mean thenits corresponding z-value will be positive
¢ Ifthex-valueisless thanthe meanthenits corresponding z-value willbe negative
e Thez-value canbe calculated using the formula:

X—H
o

o Thisis giveninthe formulabooklet

e z-values canbeusedto compare values from different distributions

o z
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Finding Sigma and Mu

How do| find the mean (p) or the standard deviation (o) if one of them is
unknown?

o |fthemeanorstandard deviation ofX~N(,u, 02) is unknown then you willneedtouse
the standard normal distribution
¢ You willneedtouse the formula
X —

o z= oritsrearrangedformx = u+ oz

* You willbe given a probability for a specific value of
o P(X<x) =porP(X>X)=p
e Tofindtheunknown parameter:
e STEP1:Sketchthenormalcurve
o Labeltheknownvalueandthemean
e STEP 2: Find the z-value for the given value of x
o Usethelnverse Normal Distribution to find the value of zsuch that P(Z < z) =por
P(Z>2)=p
o Make sure the direction of the inequality for Z is consistent with the inequality for X
o Trytouselots of decimal places for the z-value or store your answer to avoid
rounding errors
You shoulduse atleast one extra decimal place within yourworking than your
intended degree of accuracy foryouranswer
e STEP 3: Substitute the knownvalues intoz= * . orx=u+oz
o You willbe given and one of the parameters (10r o) in the question
o Youwillhave calculatedzin STEP 2
e STEP 4:Solve the equation

How do| find the mean (p) and the standard deviation (o) if both of them
are unknown?

e |fboth of them are unknown then you will be given two probabilities for two specific values
of x
e Theprocessisthesameasabove
o Youwillnow be able to calculate two z -values
You can form two equations (rearranging to the form x = u + oz is helpful)

o

o

You now have to solve the two equations simultaneously (you can use your
calculatorto do this)
Be carefulnot to mix up which z-value goes with which value of x

[e)
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*) Worked Example
[ ]

Itis known that thetimes, in minutes, taken by students ata school to eat their
lunch can be modelled using a normal distribution with mean uminutes and

standard deviation ominutes.

Giventhat 10% of students at the school take less than 12 minutes to eat theirlunch
and 5% of the students take more than 40 minutes to eat theirlunch, find the mean
andstandard deviation of the time taken by the students at the school.

let T~N(u,c*) be the fime taken fo eat lunch
Stee |
Sketch the information

P(VHMM: 0.05

L M 4D
Stee 2
Find the rresponding 2-vakies using inverse normal on ADC
L~N(0,1%)

P(2<2):0\ = z:-128)5..
P(252,):0.05 » P(Z<2):0.95.= 2,¢ |.bukb..

Stee 3

Form  equations using £z = JL;_M o X=Mt02
122 W £(12815.. ) o

LD =p +(1.bbk8. )5

Stee b

Solve equations  using V]8

Mean = 263 mins (3P
Standosd deviation = 4.5F mins (3sP)
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4.7 Further Probability Distributions

4.7.1 Probability Density Function

Calculating Probabilities using PDF

Acontinuous random variable can take any valuein aninterval sois typically used when
continuous quantities are involved (time, distance, weight, etc)

What is a probability density function (p.d.f.)?

¢ Foracontinuous random variable, a function can be used to model probabilities
o This functionis called a probability density function (p.d.f.), denoted by f(x)
e Forf(x)torepresent a p.d.f. the following conditions must apply
o f(x) = O forall values of x
o Theareaunderthe graph ofy = f(x) must total 1
¢ Inmost problems, the domain of xis restricted to aninterval, a < X <b say, with all values of x
outside of theinterval having f(x)=0

How dol find probabilities using a probability density function (p.d.f.)?

¢ The probability that the continuous random variable Xlies in the intervala <X <b, where X
has the probability density function f(x), is given by

Plas X<b)= [ fx) dx

o P(asX=b)=P(a<X<b)
Forany continuous random variable (including the normal distribution) P(X=n) =0
Oneway tothink of thisis thata =bin theintegralabove

e Forlinearfunctionsit can be easierto find the probability using the area of geometric
shapes

o Rectangles: A=bh

o Triangles: A ="2(bh)

o Trapezoids: A ="2(a+b)h

How do | determine whether a functionis a pdf?

e Some questions may ask forjustification of the use of a given function for a probability
density function
o Insuch cases checkthatthe function meets the two conditions
f(x) = O forall values of x
total areaunderthe graphis

How do | use a pdf to find probabilities?

STEP1
Identify the probability density function, f(x) - this may be given as a graph, an equationoras
a piecewise function
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0.02x 0<x<10
0  otherwise

eq f(x>={

Identify the limits of X for a particular problem
RememberthatP(a <X <b)=P(a<X<b)

STEP2

Sketch, oruse your GDC to draw, the graph of y =f(x)

Look forbasic shapes (rectangles, triangles and trapezoids) as finding these areas is easier
withoutusingintegration

Look forsymmetry in the graph that may make the problem easier

Break the arearequiredinto two ormore parts if it makes the problem easier

STEP 3
Findthe area(s) required using basic shapes orintegration and answer the question

« Trickier problems may involve finding a limit of the integral giveniits value
o j.e.Findone of theboundaries in the domain of X, given the probability
e.g.Findthevalue of agiventhatP(O <X <a)=0.09
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) Worked Example

°
The continuous random variable, X, has probability density function.

0.08x 0<x<5
0 otherwise

f(X)=[

a)
Show that f(x) canrepresent a probability density function.

There are Yoo conditioe or 0 Jondiion Yo'be o p3%
5
f O 0%x A = { O'O%f]s

0 2 o

3 = 004, 5 - O =\
: j_w foe) & =0

Rleg, ?(x) %20 %CX'OX\ valoes c%l o'
% ) meett bath condhions Yo foprecest
a prb\m\s'\\i\‘y Aens'f\y %omi\'&on

b)
Find, both geometrically and usingintegration, P(O =X =2).
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STEP1: \dent§y the paf. - given piecewise inthe opection
ldestiy the limits & X
fle) = 0:08%
PlO«x<¢2): Lower limik O
Opper femk 2
orer 2: Skeleh, or wae GDC Yo draw, y '—?(x)

Feyr
oy
—r\ﬁe pre o\ao‘\a'\\'\jry reqo\reA
— Ehorea&c‘\'ﬁan \e
(o) Y 5 b & 3

CER3: Fird Yhe TequiT SaWely eaks} 00d onswer the qoeg’rkom
A= 3x2x(008x2) = 016

s
Ocin \n'\' Tcé\"\on 2
3T H=§ O-Cbx Ax

A= [o-owa&__l: = 0O\e

= Plo¢x¢2)= 06

)
Write down P(X = 3.2).

PX=32) 20| plx=0)=0 Girchivdese §
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Median & Mode of a CRV
What is meant by the median of a continuous random variable?
e Themedian, m, of a continuous random variable, X, with probability density function f(x)
is defined as the value of Xsuch that

P(X<m)=P(X>m)=0.5

e SinceP(X=m) =0 this can alsobewrittenas P(X< m)=P(X>m)=0.5
e |[Fthep.d.f.is symmetrical (i.e. the graph of y = f(x) is symmetrical) then the median will be
halfway between the lower and upper limits of x
o Insuch cases the graph of y = f(x) has axis of symmetry in thelinex=m

How do | find the median of a continuous random variable?

e Themedian, m, of a continuous random variable, X, with probability density function f(x) is
defined as the value of X such that

fmf(x) dx= ;

—00

or

foof(x) dx= ;

m

¢ Theequationthatshould be used willdepend on theinformationin the question
o |fthegraph of y = f(x) is symmetrical, symmetry may be used to deduce the median
o This may often be the caseif f(x) islinear and the area under the graphis a basic shape
such as arectangle

How do | find the median of a continuous random variable with a
piecewisep.d.f.?

* Forpiecewise functions, thelocation of the median will determine which equationto use
in orderto findit
o Forexample

1
—X 0<x<2

5
it £lx)= i(5—x) 2<x<5
15
0 otherwise

21
thenf 5Xdx=0.4sothemedianmustlieinthein'cervalzsxs5
0

m 2
sotoﬁndthemedian,m,solvef I—S(S—X)dx=0.l
2

('O.4 of thearea' already usedforO <x <2)
Usea GDC toplot the function and evalutaeintegral(s)

What is meant by the mode of a continuous random variable?
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¢ Themode of a continuous random variable, X, with probability density function f(x) is the
value of xthat produces the greatest value of f(x)

How do | find the mode of a continuous random variable?

e This willdepend on the type of function f(x); the easiest way to find the modeis by
considering the shape of the graph of y = f(x)
e |fthegraphis a curve with a maximum point, the mode can be found by differentiating
andsolving f'(x) =0
o Ifthereis more than one solutionto f'(x) = O then further work may be neededin
deducing the mode
There could be more than one mode
Look forvalid values of x from the domain of the p.d.f.
Usethe second derivative (f(x)) to deduce the nature of each stationary point
Check the values of f(x) at the lower and upper limits of x, one of these could be
the maximum value f(x) reaches
e Ifthe graph of y = f(x) is symmetrical, symmetry may be used to deduce the mode
o Forasymmetrical p.d.f., median = mode = mean
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%) Worked Example
[ ]

The continuous random variable X has probability function f(x) defined as
)= | (16x-x) 0<x<4
64 -0

a)
Find the median of X, giving your answer to three significant figures.

Ske¥eh the Srap\w oi: Yy $x) WSing your 60C Yo help

h
For 4he medion, go\\le“J\M Yle)da= é

"

| ” |
ajo (162 -22) dammg

N~ ﬂpc)=0 %r 2 <O

[Sx?--:—r ﬂm =32
(@]

Bow - tm‘* =32

MY = 32, +128:0
‘Wﬂg ¢ o .\'ﬁééen o\ued\' ot\‘(c‘ o

Using o GOC,

n = +5-22¢€ 25\ ...

or s =t 2-16% 7w

Only one o Yhese Jour volues Vies in the ranoe O o4

: Medion, m=216 (3 c})

b)
Findthe exactvalue of the mode of X.
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Differerticte, sdving §'lec)=0 4o Fird Yhe mode

Tl = g le-32)

\6-3< =0

Osmg a GOC Leneure you Se‘\' exoc'\' orewe@>
Y

x= + 2

3
C\eur\nj %—OM S\<e‘\'c33 C% 8\'0&‘, x= %@ Lo k\tﬁo&\ DNOXITHON

Algo, 2c= - ™3 does nor lie in the isteol 04t W
3

»Mede = %\J/B
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Mean & Variance of a CRV
What are the mean and variance of a continuous random variable?

¢ E(X)is the expected value, ormean, of the continuous random variable X
o E(X) canalsobedenotedby u

e Var(X)is the variance of the continuous random variable X
o Var(X) canalsobedenoted by o2
o Thestandard deviation, o, is the squareroot of the variance

How do | find the mean and variance of a continuous random variable?

e Themeanis given by
u= E(X)= f xf(x) dx

o Thisis givenin the formulabooklet
o Ifthe graph of y = f(x) has axis of symmetry, x=a, then E(X) =a
e Thevarianceis given by

62 = Var(X) = E(x2) - [E(X)]

where E(X2) = fwx2f(X) dx

o Thisis givenin the formula booklet
o Anotherversion of the varianceis givenin the formula booklet

Var(x) = [w(x—u)z f(x) dx = j;ooxzf(X) dx — u?

o butthe first version aboveis usually more practical for solving problems
 Becareful about confusing E(X?) and [E(X)]2

. E(X?)= f x2(x) dX "mean of the squares"
e} 2
o [E(X)]2= [f xf(x) dx] "mean of the squares"

How do | find the mean and variance of alinear transformation of a
continuous random variable?

e Forthe continuous randomvariable, X, with mean E(X) and variance Var(X) then
E(aX+b)=aE(X)+b

and
Var(aX + b) = a?> Var(X)
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(’7 Exam Tip
' e Usingyour GDC to draw the graph of y = f(x) can highlight any symmetrical
properties which reduce the work involved in finding the mean and variance
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%) Worked Example
[

Acontinuous random variable, X, is modelled by the probability distribution
function, f(x), such that

1.5x2(1-0.5x) 0<x<2
fx)= )
0 otherwise

a)
Findthe mean of X.

Use your 6DC 1o ckefchthe gragh or 3=¥\x>

No S\/mme‘\'ra\

2

p: r x[l'SJr?k\‘O'sac;J doc Evoluse Ling your GOC
p=k2

To &0 without 6OC,
p= I K\Sx-075x") dx
[0375:0 0\5::;5]
,,- 6-wg =12 |

b)
Find standard deviation of X.
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o Vorly)  Vor(X)- Eb@\‘m"ﬂl
ety clcliosd o

Using GOC, E(X*)=16

s o= Jle-(12) =Jol6 O
Ek) N Elx)

U=OL|‘
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