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Scatter Diagrams

What does bivariate data mean?

Bivariate data isdatawhich is collected on twovariables and looks at howone of the

factors a�ects the other

Eachdata value fromone variable will bepairedwith a data value from the other

variable

The two variables areoften related,but donothave tobe

What is a scatterdiagram?

A scatterdiagram is a way ofgraphing bivariatedata

One variable will beon the x-axis and the otherwill beon the y-axis

The variable that can becontrolled in the data collection is known as the independent

orexplanatory variable and is plotted on the x-axis

The variable that ismeasuredordiscovered in the data collection is known as the

dependent or response variable and is plotted on the y-axis

Scatterdiagrams can containoutliers that donot follow the trend of the data

Exam Tip

If youuse scatterdiagrams in your Internal Assessment thenbeaware that

finding outliers for bivariatedata isdi�erent tofinding outliers for univariate

data

(x, y) couldbean outlier for the bivariatedata even ifx and y arenotoutliers

for their separateunivariatedata



4.1 Correlation & Regression

4.1.1 Bivariate Data
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Correlation

What is correlation?

Correlation is how the twovariables change in relation to eachother

Correlationcouldbe the resultofa causal relationship but this is notalways the case

Linear correlation iswhen the changes areproportional toeachother

Perfect linear correlationmeans that the bivariatedatawill all lie on a straight line on a

scatterdiagram

Whendescribing correlationmention

The typeof the correlation

Positive correlation iswhen an increase inone variable results in the other

variable increasing

Negative correlation iswhen an increase inone variable results in the other

variable decreasing

No linear correlation iswhen the datapointsdon’tappear to followa trend

The strength of the correlation

Strong linear correlation iswhen the datapoints lie close toa straight line

Weak linear correlation iswhen the datapoints arenot close toa straight line

If there is strong linear correlationyoucan draw a lineof best fit (byeye)

The line of best fit will pass through the mean point (
⎯⎯x, ⎯⎯y)

If you areasked todraw a line ofbest fit

Plot the mean point

Draw a line going through it that follows the trend of the data

What is the di�erencebetween correlation and causation?
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It is important tobeaware that just because correlationexists, itdoes notmean that the

change inone of the variables is causing the change in the othervariable

Correlationdoes not imply causation!

If a change inone variable causes a change in the other then the two variables aresaid to

have a causal relationship

Observing correlationbetween two variablesdoes not always mean that there is a

causal relationship

There couldbeunderlyingfactors which is causing the correlation

Look at the two variables inquestion and consider the contextof the question to

decide if there couldbea causal relationship

If the two variables are temperatureand number of ice creams sold at a park then

it is likely tobea causal relationship

Correlationmay exist between global temperatures and the number ofmonkeys

keptas pets in the UKbut theyareunlikely tohave a causal relationship
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Worked Example

A teacher is interested in the relationshipbetween the number ofhours her

students spend on a phone per day and the number ofhours they spend on a

computer. She takes a sample ofnine students and records the results in the table

below.

Hours spent ona

phoneperday
7.6 7.0 8.9 3.0 3.0 7.5 2.1 1.3 5.8

Hours spent ona

computer per

day

1.7 1.1 0.7 5.8 5.2 1.7 6.9 7.1 3.3

a)

Draw a scatterdiagram for the data.

b)

Describe the correlation.

c)

Draw a line ofbest fit.
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LinearRegression

What is linear regression?

If strong linear correlationexists on a scatterdiagram then the data can bemodelled by a

linear model

Drawing lines ofbest fit by eye is not the best methodas itcan bedi�cult to judge the

best position for the line

The least squares regression line is the line ofbest fit that minimises the sumof the

squaresof the gap between the line and eachdata value

It can becalculated by either looking at:

vertical distancesbetween the line and the data values

This is the regression lineof y onx

horizontal distancesbetween the line and the data values

This is the regression lineof x ony

How do I find the regression line ofy on x?

The regression line of y on x is written in the form  y=ax+b
a is the gradient of the line

It represents the change in y for each individual unitchange in x

If a ispositive thismeans y increasesby a for a unit increase in x

If a is negative thismeans y decreasesby |a| for a unit increase in x

b is the y – intercept

It shows the value ofy when x is zero

You areexpected touse your GDC tofind the equationof the regression line

Enter the bivariatedata and choose the model “ax + b”

Remember the mean point (
⎯⎯x, ⎯⎯y)  will lie on the regression line

How do I find the regression line ofx on y?

The regression line of x on y is written in the form  x=cy+d
c is the gradient of the line

It represents the change in x for each individual unitchange in y

If c ispositive thismeans x increasesby c for a unit increase in y

If c is negative thismeans x decreasesby |c| for a unit increase in y

d is the x – intercept

It shows the value ofx when y is zero

You areexpected touse your GDC tofind the equationof the regression line

It is found the same way as the regression line ofy on x but with the two data sets

switched around

Remember the mean point (
⎯⎯x, ⎯⎯y)  will lie on the regression line

How do I use a regression line?

The regression line can beused todecidewhat typeofcorrelation there is if there is no

scatterdiagram

If the gradient ispositive then the data sethas positive correlation

If the gradient is negative then the data sethas negative correlation

4.1.2 Correlation & Regre
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The regression line can also beused topredict the value ofa dependent variable froman

independent variable

The equation for the y on x line shouldonly beused tomakepredictions for y

Using a y on x line topredict x is notalways reliable

The equation for the x on y line shouldonly beused tomakepredictions for x

Using an x on y line topredict y is notalways reliable

Making a predictionwithin the rangeof the givendata is called interpolation

This is usually reliable

The stronger the correlation the more reliable the prediction

Making a predictionoutside of the rangeof the givendata is calledextrapolation

This ismuch less reliable

The predictionwill bemore reliable if the number ofdata values in the original sample

set isbigger

The y on x and x on y regression lines intersect at the mean point (
⎯⎯x, ⎯⎯y)

Exam Tip

Onceyoucalculate the values ofa and b store then in your GDC

Thismeans youcan use the full display values rather than the rounded

valueswhen using the linear regression equation topredict values

This avoids rounding errors
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Worked Example

The table below shows the scores ofeight students for a maths test and an English

test.

Maths (x ) 7 18 37 52 61 68 75 82

English (y ) 5 3 9 12 17 41 49 97

a)

Write down the value of Pearson’s product-moment correlation coe�cient, r .

b)

Write down the equation of the regression line of y on x , giving your answer in the

form y=ax+b where a and b are constants to be found.

c)

Write down the equation of the regression line of x on y , giving your answer in the

form x=cy+d where c and d are constants to be found.

d)

Use the appropriate regression line topredict the scoreon the maths test ofa

student who got a scoreof63on the English test.
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PMCC

What is Pearson’sproduct-moment correlationcoe�cient?

Pearson’s product-moment correlationcoe�cient (PMCC) is a way of giving a numerical

value toa linear relationship ofbivariatedata

The PMCC of a sample is denoted by the letter r
r can take any value such that −1≤ r≤1
A positive valueof r describespositive correlation

A negative valueof r describes negative correlation

r = 0 means there is no linear correlation

r = 1 means perfect positive linear correlation

r = -1means perfect negative linear correlation

The closer to 1 or-1 the stronger the correlation

How do I calculate Pearson’sproduct-moment correlationcoe�cient
(PMCC)?

You will beexpected touse the statisticsmode on your GDC tocalculate the PMCC

The formula can beuseful todeepen your understanding

r=
Sxy
SxSy
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You do not need to learn this as using your GDC will beexpected

Whendoes the PMCC suggest there is a linear relationship?

Critical values of r indicatewhen the PMCC wouldsuggest there is a linear relationship

In your exam youwill begivencritical valueswhere appropriate

Critical valueswill depend on the size of the sample

If the absolute valueof the PMCC isbigger than the critical value then this suggests a

linear model is appropriate
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Types of Data

What are the di�erent typesofdata?

Qualitative data isdata that is usually given inwords notnumbers todescribe something

Forexample: the colour ofa teacher's car

Quantitative data isdata that isgiven using numberswhich counts ormeasures

something

Forexample: the number ofpets that a student has

Discrete data is quantitative data that needs tobecounted

Discrete data can only takespecific values froma setof (usually finite) values

Forexample: the number of times a coin is flipped until a ‘tails’ is obtained

Continuous data is quantitative data that needs tobemeasured

Continuous data can takeany valuewithin a rangeof infinite values

Forexample: the height ofa student

Age can bediscrete orcontinuous depending on the contextorhow it isdefined

If youmean howmany years old a person is then this isdiscrete

If youmean how long a person has been alive then this is continuous

What is the di�erencebetween a population and a sample?

The population refers to the whole setof thingswhich you are interested in

Forexample: if a vetwanted toknowhow long a typical Frenchbulldog slept for in a

day then the populationwouldbeall the Frenchbulldogs in the world

A sample refers toa subset of thepopulationwhich is used tocollect data from

Forexample: the vetmight takea sample ofFrenchbulldogs fromdi�erent cities and

recordhow long they sleep in a day

A samplingframe is a list ofall members of the population

Forexample:a list ofemployees’ nameswithin a company

Using a sample instead of a population:

Is quicker and cheaper

Leads to less data needing tobeanalysed

Might not fully represent the population

Might introducebias

4.2 Statistics Toolkit

4.2.1 Sampling & Data Collection
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Sampling Techniques

What is a randomsample and a biased sample?

A randomsample iswhere every member of the population has an equal chanceofbeing

included in the sample

A biased sample is one fromwhich misleading conclusions couldbedrawn about the

population

Randomsampling is an attempt tominimise bias

What sampling techniquesdo I need to know?

Simple randomsampling

Simple randomsampling iswhere every group ofmembers from the population has an

equal probability ofbeing selected for the sample

Tocarry this out youwould...

uniquely number every member ofa population

randomly select n di�erent numbers using a random number generator ora formof

lottery (where numbers areselected randomly)

E�ectiveness:

Useful when you have a small populationorwant a small sample (such as children in a

class)

It can be time-consuming if the sample orpopulation is large

This can notbeused if it is notpossible tonumber or list all the members of the

population (such as fish in a lake)

Systematic sampling

Systematic sampling iswhere a sample is formedbychoosing members ofa population at

regular intervals using a list

Tocarry this out youwould...

calculate the size of the interval k=
size of population ( )N
size of sample ( )n

choose a random starting point between 1 and k

select every kthmember after the first one

E�ectiveness:

Useful when there is a natural order (such as a list ofnames ora conveyorbelt of items)

Quick and easy touse

This can notbeused if it is notpossible tonumber or list all the members of the

population (such as penguins inAntarctica)

Stratified sampling

Stratified sampling iswhere the population isdivided intodisjoint groups and then a

random sample is taken fromeachgroup 
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The proportionofa group that is sampled is equal to the proportionof the population that

belong to that group

Tocarry this out youwould...

Calculate the number of members sampledfromeach stratum

size of sample (n)

size of population (N)

×number of members in the group

Takea random sample fromeachgroup

E�ectiveness:

Useful when there arevery di�erent groups ofmemberswithin a population

The sample will be representative of the population structure

The members selected fromeach stratum arechosen randomly

This can notbeused if the populationcan notbesplit intogroups or if the groups

overlap

Quota sampling

Quota sampling iswhere the population is split intogroups (likestratifiedsampling) and

members of the population areselected until eachquota is filled

Tocarry this out youwould...

Calculatehowmany peopleyouneed fromeachgroup

Selectmembers fromeachgroup until that quota is filled

The membersdonothave tobeselected randomly

E�ectiveness:

Useful whencollecting databyasking peoplewho walkpast you in a publicplaceor

when a sampling frame is notavailable

This can introducebias as some members of the populationmight choose not tobe

included in the sample

Conveniencesampling

Conveniencesampling iswhere a sample is formedusing available members of the

populationwho fit the criteria

Tocarry this out youwould...

Selectmembers that areeasiest to reach

E�ectiveness:

Useful when a list of the population is notpossible

This is unlikely tobe representative of the population structure

This is likely toproducebiased results

What are the main criticisms ofsampling techniques?

Most sampling techniques can be improvedby taking a larger sample

Sampling can introducebias - so youwant tominimise the bias within a sample

Tominimise bias the sample shouldbeas close to random as possible

A sample onlygives information about those members
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Di�erent samplesmay lead todi�erent conclusions about the population

Worked Example

Mike is a biologist studying mice in an openenclosure. He has access to

approximately 540 field mice and 260 harvest mice.Mike wants tosample 10 mice

and he wants the proportions of the two types ofmice in his sample to reflect their

respective proportions of the population. 

a)

Calculate the number offield mice and harvest mice that Mike should include in his

sample.

b)

Given that Mike does nothave a list ofall mice in the enclosure, state the name of

this sampling method.

c)

Suggest one way inwhich Mike could improve his sampling method.
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Reliability of Data

How can I decide if data is reliable?

Data froma sample is reliable ifsimilar results wouldbeobtainedfroma di�erent sample

from the same population

The sample shouldbe representative of the population

The sample shouldbebig enough

Sampling a small proportionofa population is unlikely tobe reliable

What can cause data to be unreliable?

If the sample isbiased

It is not random

If errors aremadewhencollecting data

Numbers couldbe recorded incorrectly, duplicated ormissedout

If the personcollecting the data favours some members overothers

Theymight seek out memberswho will lead toa desiredoutcome

Theymight excludemembers if they wouldcause the sample tooppose the desired

outcome

If a significant proportionofdata is missing

Some datamay beunavailable

Some membersmight decidenot tobepartof the sample

Thiswill mean the results arenotnecessarily representative of the population
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Mean, Mode, Median

What are the mean, mode and median?

Mean, median and mode aremeasures of central tendency

Theydescribe where the centre of the data is

Theyareall types ofaverages

In statistics it is important tobespecific about which averageyou are referring to

The units for the mean, mode and median are the sameas the units for the data

How are the mean, mode,and median calculated for ungroupeddata?

The mode is the value that occursmost often in a data set

It is possiblefor there tobemore than one mode

It is possiblefor there tobenomode

In this case do not say the mode is zero

The median is the middle value when the data is inorder of size

If there are two values in the middle then the median is the midpointof the two values

The mean is the sumofall the valuesdividedby thenumber of values

⎯⎯x=
1
n

n
∑
i=1

x i

Where 

n

∑
i=1

x i=x1+x2+ . . . +xn  is the sum of the n pieces of data

The mean can be represented by the symbol μ
Your GDC can calculate these statistical measures ifyou input the data using the statistics

mode

4.2.2 Statistical Measures
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Worked Example

Find the mode,median and mode for the data setgivenbelow.

43   29 70 51   64 43
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Quartiles & Range

What are quartiles?

Quartiles aremeasures of location

Quartilesdivide a populationordata set into four equal sections

The lower quartile,Q splits the lowest 25% from the highest 75%

The median,Q splits the lowest 50% from the highest 50%

The upper quartile,Q splits the lowest 75% from the highest 25%

There aredi�erent methods for finding quartiles

Values obtainedbyhand and using technology may di�er

You will beexpected touse your GDC tocalculate the quartiles

What are the rangeand interquartile range?

The range and interquartile range arebothmeasures of dispersion

Theydescribe how spread out the data is

The range is the largest value of the dataminus the smallest value of the data

The interquartile range is the rangeof the central 50% ofdata

It is the upperquartile minus the lowerquartile

IQR=Q3−Q1

This isgiven in the formula booklet

The units for the rangeand interquartile rangeare the sameas the units for the data

1

2

3
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Worked Example

Find the rangeand interquartile rangefor the data setgivenbelow.

43   29 70 51   64 43
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Standard Deviation & Variance

What are the standard deviation and variance?

The standard deviationand variance arebothmeasures of dispersion

Theydescribe how spread out the data is in relation to the mean

The variance is the mean of the squaresof the di�erences between thevalues and the

mean

Variance is denoted σ
The standard deviation is the square-root of the variance

Standard deviation is denoted σ
The units for the standarddeviation are the sameas the units for the data

The units for the varianceare the square of the units for the data

How are the standard deviation and variancecalculated for ungrouped
data?

In the exam youwill beexpected touse the statistics function on your GDC tocalculate the

standarddeviation and the variance

Calculating the standarddeviation and the variancebyhand may deepen your

understanding

The formula for variance is σ2=

k

∑
i=1

f i (x i−μ)
2

n
This can be rewritten as

σ2=

k
∑
i=1

f ix i2

n
−μ2

The formula for standard deviation is σ=

k

∑
i=1

f i (x i−μ)
2

n
This can be rewritten as

σ=

k
∑
i=1

f ix i2

n
−μ2

You do not need to learn these formulae as youwill use your GDC tocalculate these

2

22 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Find the varianceand standarddeviation for the data setgivenbelow.

43   29 70 51   64 43
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Ungrouped Data

How are frequency tables used for ungroupeddata?

Frequency tables can beusedfor ungrouped datawhen you have lots of the same values

within a data set

Theycan beused tocollect and present data easily

If the value 4 has a frequencyof3 thismeans that there are three 4’s in the data set

How are measuresofcentral tendency calculated from frequency tables
with ungroupeddata?

The mode is the value that has the highest frequency

The median is the middle value

Use cumulative frequencies (running totals) tofind the median

The mean can becalculated by

Multiplying each value x by its frequency f

Summing to get Σfx

Dividing by the total frequency n = Σf
This isgiven in the formulabooklet

⎯⎯x=

k
∑
i=1

f ix i

n
Your GDC can calculate these statistical measures ifyou input the values and their

frequencies using the statisticsmode

How are measuresofdispersioncalculated from frequency tableswith
ungroupeddata?

The range is the largest value of the dataminus the smallest value of the data

The interquartile range is calculated by

IQR=Q3−Q1

The quartiles can befound byusing your GDC and inputting the values and their

frequencies

The standard deviationand variance can becalculated byhand using the formulae

Variance

σ2=

k
∑
i=1

f ix i2

n
−μ2

Standard deviation

i i

i i

i

4.2.3 Frequency Tables
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σ=

k
∑
i=1

f ix i2

n
−μ2

You do not need to learn these formulae as youwill beexpected touse your GDC to

find the standarddeviation and variance

You may want tosee these formulae todeepen your understanding

Exam Tip

Always check whetheryour answers makesense when using your GDC

The value for a measureofcentral tendency shouldbewithin the rangeof

data
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Worked Example

The frequency table below gives informationnumber ofpets ownedby 30 students

in a class.

Number ofpets 0 1 2 3

Frequency 11 5 8 6

Find

a)

the mode.

b)

the median.

c)

the mean.

d)

the standarddeviation.
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Grouped Data

How are frequency tables used for groupeddata?

Frequency tables can beusedfor grouped datawhen you have lots of the same values

within the same interval

Class intervalswill bewritten using inequalities and without gaps

10≤x<20 and 20≤x<30
If the class interval 10≤x<20 has a frequency of 3 this means there are three values in

that interval

You donotknow the exactdata values when you aregivengrouped data

How are measuresofcentral tendency calculated from frequency tables
with groupeddata?

The modal class is the class that has the highest frequency

This is for equal class intervals only

The median is the middle value

The exactvalue can notbecalculated but itcan beestimated byusing a cumulative

frequency graph

The exactmean can notbecalculated as youdonothave the raw data

The mean can beestimatedby

Identifying the mid-interval value (midpoint) x  for eachclass

Multiplying each value by the class frequency f

Summing to get Σfx

Dividing by the total frequency n = Σf
This isgiven in the formulabooklet

⎯⎯x=

k
∑
i=1

f ix i

n
Your GDC can estimate the mean ifyou input the mid-interval values and the class

frequencies using the statisticsmode

How are measuresofdispersioncalculated from frequency tableswith
groupeddata?

The exact range can notbecalculated as the largest and smallest values areunknown

The interquartile range can beestimated by

IQR=Q3−Q1

Estimatesof the quartiles can befound byusing a cumulative frequency graph

The standard deviationand variance can beestimated using the mid-interval values x  in

the formulae

Variance

i

i

i i

i

i
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σ2=

k
∑
i=1

f ix i2

n
−μ2

Standard deviation

σ=

k
∑
i=1

f ix i2

n
−μ2

You do not need to learn these formulae as youwill beexpected touse your GDC to

estimate the standarddeviation and varianceusing the mid-interval values

You may want touse these formulae todeepen your understanding

Exam Tip

As youcan onlyestimatestatistical measures froma grouped frequency table it

isgoodpractice to indicate that the values arenotexact

You can dothisby rounding values rather than leaving as surds and

fractions

⎯⎯x=0 .333  (3sf) rather than 
⎯⎯x=

1
3
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Worked Example

The table below shows the heights incmofa group of25 students.

Height, h Frequency

150≤h<155 3

155≤h<160 5

160≤h<165 9

165≤h<170 7

170≤h<175 1

a)

Write down the modal class.

b)

Write down the mid-interval value of the modal class.

c)

Calculatean estimatefor the mean height.
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LinearTransformationsof Data

Why are linear transformations ofdata used?

Sometimesdatamight bevery large orvery small

You can applya linear transformation to the data tomake the valuesmore manageable

You may have heard this referred toas:

E�ects ofconstant changes

Linear coding

Linear transformations ofdata can a�ect thestatistical measures

How is the mean a�ectedby a linear transformationofdata?

Let ⎯⎯x  be the mean of some data

If youmultiply eachvaluebya constant k then youwill need tomultiply themean by k

Mean is k ⎯⎯x
If you add or subtract a constant a fromall the values then youwill need toadd or subtract

the constant a to themean

Mean is ⎯⎯x±a

How is the varianceand standard deviation a�ectedby a linear
transformationofdata?

Let σ2  be the variance of some data

σ  is the standard deviation

If youmultiply each value bya constant k then youwill need tomultiply the variance by k²

Variance is k2σ2
You will need tomultiply the standard deviationby the absolute valueofk

Standard deviation is 








k σ
If you add or subtract a constant a fromall the values then the variance and the

standarddeviationstay thesame

Variance is σ2
Standard deviation is σ

Exam Tip

If you forget these results in an exam then youcan look in the HL sectionof the

formulabooklet tosee themwritten in a more algebraicway

Linear transformationofa single variable

E(aX+b) =aE(X) +b
Var (aX+b) =a2Var (X)

where E(...)means the mean and Var(...)means the variance



4.2.4 Linear Transformations of Data
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Worked Example

A teachermarks his students’ tests. The raw mean score is 31marks and the

standarddeviation is 5 marks. The teacher standardises the scorebydoubling the

raw scoreand then adding 10.

a)

Calculate the mean standardisedscore.

b)

Calculate the standarddeviationof the standardisedscores.
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Outliers

What are outliers?

Outliers areextreme data values that donotfit with the rest of the data

Theyareeithera lot biggerora lot smaller than the rest of the data

Outliers aredefinedas values that aremore than 1.5 × IQR fromthenearest quartile

x is an outlier ifx < Q - 1.5 × IQR orx > Q + 1.5 × IQR

Outliers can have a big e�ect on some statistical measures

Should I remove outliers?

The decision to remove outlierswill depend on thecontext

Outliers should be removed if theyarefound tobeerrors

The datamay have been recorded incorrectly

Forexample:The number 17 may have been recordedas 71bymistake

Outliers should not be removed if theyarea valid part of thesample

The datamay need tobechecked toverify that it is notan error

Forexample:The annual salaries ofemployees ofa business might appear tohave an

outlier but this couldbe the director’s salary

1 3

4.2.5 Outliers
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Worked Example

The ages, in years, ofa number ofchildren attending a birthday party aregiven

below.

2, 7,  5,  4,  8,  4,  6, 5,  5,  29,  2, 5,  13

a)

Identifyany outlierswithin the data set.

b)

Suggest which value(s) shouldbe removed. Justify your answer.
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Box Plots

Univariatedata isdata that is inone variable.

What is a boxplot (boxand whisker diagram)?

A box plot is a graph that clearly shows key statistics froma data set

It shows the median,quartiles, minimum and maximum values and outliers

It does notshowany other individual data items

The middle 50% of the datawill be represented by the box sectionof the graph and the

lowerand upper25% of the datawill be represented byeachof the whiskers

Any outliers are represented with a cross on the outside of thewhiskers

If there is an outlier then the whisker will end at the value before the outlier

Onlyone axis is usedwhengraphing a box plot

It is still important tomakesure the axis has a clear, even scaleand is labelledwith units

What are boxplots useful for?

Boxplots can clearly show the shapeof the distribution

If a box plot is symmetrical about the median then the data couldbenormally

distributed

Boxplots areoften usedfor comparing twosets of data

Two box plots will bedrawn next toeachother using the same axis

Theyareuseful for comparingdata because it is easy tosee the main shapeof the

distributionof the data froma box plot

You can easily compare the medians and interquartile ranges

Exam Tip

In an exam youcan use your GDC todraw a box plot ifyou have the raw data

You calculator's box plotcan also includeoutliers so this is a goodway to

check



4.2.6 Univariate Data
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Worked Example

The distances, inmetres, travelled by 15 snails in a one-minuteperiodare recorded

and shown below: 

0.5,  0.7,  1.0,  1.1,  1.2,  1.2,  1.2,  1.3,  1.4,  1.4,  1.4,  1.4,  1.5,  1.5,  1.5

a)

i)

Find the values of Q1, Q2  and Q3.

ii)

Find the interquartile range.

iii)

Identifyany outliers.

b)

Draw a box plot for the data.
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Cumulative Frequency Graphs

What is cumulative frequency?

The cumulative frequencyofx is the running total of the frequencies for the values that are

less than orequal to x

Forgrouped data youuse the upperboundaryofa class interval tofind the cumulative

frequencyof that class

What is a cumulative frequencygraph?

A cumulative frequencygraph is usedwith data that has beenorganised intoa grouped

frequency table

Some coordinates areplotted

The x-coordinates are the upperboundariesof the class intervals

The y-coordinates are the cumulative frequenciesof that class interval

The coordinates are then joined togetherbyhand using a smooth increasingcurve

What are cumulative frequencygraphs useful for?

Theycan beused toestimate statistical measures

Draw a horizontal line from the y-axis to the curve

For the median: draw the line at 50% of the total frequency

For the lowerquartile:draw the line at 25% of the total frequency

For the upperquartile:draw the line at 75% of the total frequency

For the p percentile: draw the line at p%of the total frequency

Draw a vertical linedown from the curve to the x-axis

This x-value is the relevant statistical measure

Theycan used toestimate the number ofvalues that arebigger/small than a given value

Draw a vertical line from the given value on the x-axis to the curve

Draw a horizontal line from the curve to the y-axis

This value is an estimatefor howmany values are less than orequal to the given value

Toestimate the number that isgreater than the value subtract this number from

the total frequency

They can be used to estimate the interquartile range IQR=Q3−Q1
Theycan beused toconstructa boxplot for grouped data

th
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Worked Example

The cumulative frequency graph below shows the lengths in cm, l , of 30 puppies in

a training group.

a)

Given that the interval 40≤l<45 was used when collecting data, find the

frequencyof this class.

b)

Use the graph tofind an estimatefor the interquartile rangeof the lengths.

c)

Estimate the percentageofpuppies with length more than 51 cm.
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Histograms

What is a (frequency) histogram?

A frequencyhistogram clearly shows the frequencyofclass intervals

The classeswill have equal class intervals

The frequency will beon the y-axis

The bar for a class interval will begin at the lowerboundaryand end at the upper

boundary

A frequencyhistogram is similar to a bar chart

A bar chart is usedfor qualitative ordiscrete data and has gaps between the bars

A frequency histogram is usedfor continuous data and has nogaps between bars

What are (frequency) histograms useful for?

They show the modal class clearly

They show the shapeof the distribution

It is important the class intervals areofequal width

Theycan show whether the variable can bemodelled bya normal distribution

If the shape is symmetrical and bell-shaped
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Worked Example

The table below and its corresponding histogram show the mass, in kg, ofsome

newbornbottlenose dolphins.

Mass, m  kg Frequency

4≤m<8 4

8≤m<12 15

12≤m<16 19

16≤m<20 10

20≤m<24 6

a)

Draw a frequencyhistogram to represent the data.

b)

Write down the modal class.
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InterpretingData

How do I interpret statistical measures?

The mode is useful for qualitative data

It is notas useful for quantitative data as there is notalways a unique mode

The mean includes all values

It is a�ectedbyoutliers

A smaller/largermean is preferable depending on the scenario

A smallermean time for completing a puzzle isbetter

A biggermean scoreon a test isbetter

The median is not a�ectedby outliers

It does notuse all the values

The range gives thefull spread of the all of the data

It is a�ectedbyoutliers

The interquartile range gives thespread of themiddle 50% about the median and is not

a�ectedbyoutliers

It does notuse all the values

A bigger IQRmeans the data ismore spread out about the median

A smaller IQRmeans the data ismore centredabout the median

The standard deviationand variance use all the values togive a measureof the average

spread of the data about the mean

Theyarea�ectedbyoutliers

A bigger standarddeviationmeans the data ismore spread out about the mean

A smaller standarddeviationmeans the data ismore centredabout the mean

How do I choose whichdiagram to use to represent data?

Boxplots

Can beusedwith ungrouped univariate data

Shows the range, interquartile rangeand quartiles clearly

Veryuseful for comparing datapatterns quickly

Cumulative frequency graphs

Can beusedwith continuous grouped univariatedata

Shows the running total of the frequencies that fall below the upperbound ofeach

class

Histograms

Can beusedwith continuous grouped univariatedata

Usedwith equal class intervals

Shows the frequencies of the group

Scatterdiagrams

Can beusedwith ungrouped bivariate data

Shows the graphical relationshipbetween the variables

How do I compare two ormore data sets?

Comparea measure of central tendency

If the datacontains outliers - use themedian

If the data is roughly symmetrical – use themean

4.2.7 Interpreting Data
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Comparea measure of dispersion

If the datacontains outliers - use the interquartile range

If the data is roughly symmetrical – use thestandard deviation

Considerwhether it isbetter tohave a smallerorbiggeraverage

Thiswill depend on the context

A smalleraverage time for completing a puzzle isbetter

A biggeraveragescoreon a test isbetter

Considerwhether it isbetter tohave a smallerorbigger spread

Usually a smaller spread means it ismore consistent

Always relate the comparisons to thecontext and consider reasons

Consider the sampling techniqueand the data collectionmethod

Worked Example

The box plots below show the waiting times for the two doctor surgeries, HealthHut

and FitFirst.

Compare the two distributions ofwaiting times incontext.
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ProbabilityBasics

What key words and terminology are usedwith probability?

Anexperiment is a repeatable activity that has a result that can beobservedor recorded

Trials arewhat we call the repeats of the experiment

Anoutcome is a possible resultofa trial

Anevent is an outcome ora collectionofoutcomes

Events areusually denotedwith capital letters: A,B,etc

n(A) is the number ofoutcomes that are included inevent A

Anevent can have one ormore than one outcome

A sample space is the setofall possibleoutcomes ofan experiment

This isdenotedbyU

n(U) is the total number ofoutcomes

It can be represented as a list ora table

How do I calculate basic probabilities?

If all outcomes areequally likely thenprobability for eachoutcome is the same

Probability for eachoutcome is 
1

n (U)

Theoretical probability ofan event can becalculated without using an experiment by

dividing the number ofoutcomes of that event by the total number ofoutcomes

P (A)=
n (A)

n (U)

This isgiven in the formula booklet

Identifying all possibleoutcomes eitheras a list ora table can help

Experimental probability (also known as relative frequency) ofan outcome can be

calculatedusing results fromanexperiment by dividing its frequency by the number of trials

Relative frequency ofan outcome is
Frequency of that outcome from the trials

Total number of trials (n)

How do I calculate the expected number ofoccurrences of an outcome?

Theoretical probability can beused tocalculate the expected number ofoccurrences of

an outcome fromn trials

If the probabilityofan outcome isp and there aren trials then:

The expectednumber ofoccurrences is np

Thisdoes not mean that there will exactly npoccurrences

If the experiment is repeated multiple times thenwe expect the number ofoccurrences

toaverageout tobenp

What is the complement of an event?

The probabilities ofall the outcomes add up to 1

Complementaryevents arewhen there are twoevents and exactly one of themwill occur

One event has tooccur but bothevents can notoccur at the same time

The complement of event A is the event where event A does not happen

4.3 Probability

4.3.1 Probability & Types of Events
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This can be thought ofas not A

This isdenotedA'

P (A)+P (A')=1
This is in the formula booklet

It is commonly written as P(A')=1−P(A)

What are di�erent typesofcombinedevents?

The intersectionof two events (A and B) is the event where both A andBoccur

This can be thought ofas A andB

This is denoted as A∩B
The unionof two events (A and B) is the event where A orB orboth occur

This can be thought ofas A orB

This is denoted A∪B
The event where A occursgiven that event B has occurred is calledconditional probability

This can be thought as A givenB

This is denoted A |B

How do I find the probability ofcombinedevents?

The probabilityofA orB (orboth) occurring can befound using the formula

P ( )A∪B =P ( )A +P ( )B −P ( )A∩B
This isgiven in the formula booklet

You subtract the probabilityofA and B bothoccurring because ithas been

included twice (once inP(A) and once inP(B) )

The probabilityofA andB  occurring can befound using the formula

P (A∩B )=P (A)P (B |A)

A rearranged version isgiven in the formula booklet

Basically youmultiply the probabilityofA by the probabilityofB then happening

Exam Tip

In an exam drawing a Venn diagram or treediagram can help even if the

questiondoes notask you to



45 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Dave has two fair spinners, A and B.SpinnerA has three sides numbered 1, 4, 9 and

spinnerB has four sides numbered 2, 3, 5, 7. Dave spins both spinners and forms a

two-digit number byusing the spinnerA for the first digit and spinnerB for the

second digit.

T  is the event that the two-digit number is a multiple of 3.

a)

List all the possible two-digit numbers.

b)

Find P(T) .

c)

Find P(T') .
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Independent& Mutually Exclusive Events

What are mutually exclusiveevents?

Two events aremutually exclusive if theycannotboth occur

Forexample: when rolling a dice the events "getting a prime number"and "getting a 6"

aremutually exclusive

If A and B aremutually exclusive events then:

P(A∩B)=0

What are independent events?

Two events are independent ifone occurringdoes not a�ect theprobability of theother

occurring

Forexample: whenflipping a coin twice the events “getting a tails on the first flip” and

“getting a tails on the second flip” are independent

If A and B are independent events then:

P(A |B)=P(A)  and P(B |A)=P(B)

If A and B are independent events then:

P(A∩B)=P(A)P(B)

This isgiven in the formula booklet

This is a useful formula to test whether two events arestatistically independent

How do I find the probability ofcombinedmutually exclusiveevents?

If A and B aremutually exclusive events then

P ( )A∪B =P ( )A +P ( )B
This isgiven in the formula booklet

This occurs because P( )A∩B =0
For any two events A and B the events A∩B  and A∩B' are mutually exclusive and A is

the unionof these two events

P(A)=P(A∩B)+P(A∩B')
Thisworks for any two eventsA and B
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Worked Example

a)

A student is chosen at random froma class. The probability that theyhave a dog is

0.8, the probability theyhave a cat is0.6and the probability that theyhave a cat or

a dog is0.9. 

Find the probability that the student has both a dog and a cat.

b)

Two events, Q  and R , are such that P(Q)=0 .8 and P(Q∩R)=0 .1.

Given that Q  and R  are independent, find P(R) .

c)

Two events, S  and T , are such that P(S)=2P(T) .

Given that S  and T  are mutually exclusive and that P(S∪T)=0 .6  find P(S)  and 

P(T) .



48 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Conditional Probability

What is conditional probability?

Conditional probability iswhere the probabilityofan event happening can vary

depending on the outcome ofa prior event

The event A happening given that event B has happened isdenotedA|B

A commonexample ofconditional probability involves selecting multipleobjects froma

bag without replacement

The probabilityofselecting a certain itemchanges depending onwhat was selected

before

This isbecause the total number of items will changeas theyarenot replaced

once theyhave been selected

How do I calculate conditional probabilities?

Some conditional probabilities can becalculated byusing counting outcomes

Probabilitieswithout replacement can becalculated like this

Forexample:There are 10 balls in a bag, 6 of themare red, two of themareselected

without replacement

Tofind the probability that the second ball selected is red given that the first one is

red count howmany balls are left:

A red one has alreadybeen selected so there are9 balls leftand 5 are red so the

probability is
5
9

You can use sample spacediagrams tofind the probabilityofA givenB:

reduceyour sample space to just includeoutcomes for event B

find the proportion that also contains outcomes for event A

There is a formula for conditional probability that you shoulduse

P(A |B)=
P(A∩B)

P(B)

This isgiven in the formula booklet

This can be rearranged to give  P( )A∩B =P( )B P(




)A B
By symmetry you can also write  P( )A∩B =P( )A P(





)B A

How do I tell if two events are independent using conditional
probabilities?

If Aand B  are two events then they are independent if:

P(A |B)=P(A)=P(A |B')
Equally you can still use P(A∩B)=P(A)P(B)  to test for independence

This isgiven in the formula booklet

4.3.2 Conditional Probability
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Worked Example

Let R  be the event that it is raining in Weatherville and T  be the event that there is a

thunderstorm inWeatherville.

It is known that P(T)=0 .035, P(T∩R)=0 .03 and P(T |R)=0 .15.

a)

Find the probability that it is raining inWeatherville.

b)

State whether the events R  and T  are independent. Give a reason for your answer.
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Bayes' Theorem

What is Bayes’ Theorem

Bayes’ Theoremallows you switch theorderofconditional probabilities

If you know P(B) , P(B')  and P(A |B)  then Bayes’ Theorem allows you to find P(B |A)

Essentially ifyou have a treediagram youwill alreadyknow the conditional probabilities of

the second branches

Bayes’ Theorem allows you tofind the conditional probabilities ifyou switch the

orderof the events

Forany two eventsA and B Bayes’ Theorem states:

P (




)B A =
P ( )B P ( )A |B

P ( )B P ( )A |B +P ( )B' P ( )A |B'
This isgiven in the formula booklet

This formula is derived using theformulae:

P(




)B A =
P( )B∩A
P( )A

P( )A =P( )B∩A +P( )B'∩A
P( )B∩A =P( )B P(





)A B  and P( )B'∩A =P( )B' P(



 )A B'

Bayes’ Theorem can beextended tomutually exclusive eventsB , B , ...,B and any other

event A

In your exam youwill have a maximum of threemutually exclusive events

P
(






)
B i A =

P
( )
B i P( )

A |B i

P
( )
B1 P( )

A |B1 +P( )
B2 P( )

A |B2 +P( )
B3 P( )

A |B3

This isgiven in the formula booklet

How do I calculate conditional probabilities using Bayes’ Theorem?

Startbydrawinga treediagram

Label B &B (&B ifnecessary)on the first setofbranches

Label A & A’on the second setofbranches

The questions will give youenough information to label theprobabilitieson this tree

Identify theprobabilities needed touse Bayes’ Theorem

The probabilities will come in pairs: P
( )
Bi  and P

( )
A |Bi

1 2 n

1 2 3

4.3.3 Bayes' Theorem
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Exam Tip

In an exam you are less likely tomakea mistakewhen using the formula ifyou

draw a treediagram first
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Worked Example

Lucy isdoing a quiz. Foreachquestion there’s a 45% chance that it is about music,

30% chance that it is about TV and 25% chance that it is about literature. The

probability that Lucyanswers a questioncorrectly is0.6 for music, 0.95 for TV and

0.4 for literature.

a)

Draw a treediagram to represent this information.

b)

Given that Lucyanswereda questioncorrectly, find the probability that itwas about

TV.
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VennDiagrams

What is a Venn diagram?

A Venn diagram is a way to illustrateevents froman experiment and areparticularly useful

when there is an overlap between possibleoutcomes

A Venn diagram consists of

a rectangle representing the samplespace (U)

The rectangle is labelledU 

Some mathematicians instead use S or ξ 

a circle for eachevent

Circlesmay ormay notoverlap depending onwhich outcomes areshared

between events

The numbers in the circles represent either the frequency of that event or the probability

of that event

If the frequencies areused then they shouldadd up to the total frequency

If the probabilities areused then they shouldadd up to 1

What do the di�erent regions mean on a Venn diagram?

A' is represented by the regions that are not in the A circle

A∩B  is represented by the region where the A and B circles overlap

A∪B  is represented by the regions that are inA or B or both

Venn diagrams show ‘AND’ and ‘OR’ statements easily

Venn diagrams also instantly showmutuallyexclusive events as these circles will not

overlap

Independent events can notbe instantly seen

You need touse probabilities todeduce if two events are independent

4.3.4 Sample Space Diagrams
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How do I solveprobability problems involving Venn diagrams?

Draw,oradd toa givenVenn diagram, filling in as many values as possiblefrom the

informationprovided in the question

It is usually helpful towork from the centre outwards

Fill in intersections (overlaps) first

If two events are independent youcan use the formula

P(A∩B)=P(A)P(B)

To find the conditional probability P(A |B)

Add together the frequencies/probabilities in the B circle

This is your denominator

Out of those frequencies/probabilities add together the ones that arealso in the A

circle

This is your numerator

Evaluate the fraction
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Exam Tip

If you struggle tofill in a Venn diagram in an exam:

Label the missing parts using algebra

Form equations using known facts such as:

the sum of the probabilities shouldbe 1

P(A∩B)=P(A)P(B) if A and B are independent events
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Worked Example

40 peopleareasked if theyhave sugar and/ormilk in their co�ee. 21peoplehave

sugar, 25peoplehave milk and 7 peoplehave neither.

a)

Draw a Venn diagram to represent the information.

b)

One of the 40 peopleare randomly selected, find the probability that theyhave

sugar but notmilk with their co�ee.

c)

Given that a personwho has sugar is selected at random, find the probability that

theyhave milk with their co�ee.
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Tree Diagrams

What is a treediagram?

A treediagram is anotherway toshow the outcomes ofcombinedevents

Theyarevery useful for intersections ofevents

The events on the branchesmust bemutually exclusive

Usually theyarean event and its complement

The probabilities on the second sets ofbranches can depend on the outcome of the first

event

These areconditional probabilities

When selecting the items froma bag:

The second setofbrancheswill be the sameas the first if the items are replaced

The second setofbrancheswill be the di�erent to the first if the items are not

replaced

How are probabilitiescalculated using a treediagram?

Tofind the probability that two events happen togetheryoumultiply the corresponding

probabilities on their branches

It is helpful tofind the probabilityofall combinedoutcomes onceyou have drawn the

tree

Tofind the probabilityofan event youcan:

add together the probabilities of the combined outcomes that arepartof that event

For example: P(A∪B)=P(A∩B)+P(A∩B')+P(A'∩B)

subtract the probabilities of the combinedoutcomes that arenotpartof that event

from 1

For example: P(A∪B)=1−P(A'∩B')

Do I have to use a treediagram?

If there aremultiple events or trials then a treediagram can get big

You can break down the problem byusing the wordsAND/OR/NOT tohelp you find

probabilitieswithout a tree
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You can speedup the process byonlydrawing parts of the tree that you are interested in

Whichevents do I put on the first branch?

If the eventsA and B are independent then the orderdoes not matter

If the eventsA and B arenot independent then the orderdoes matter

If you have the probabilityofA givenB thenput B on thefirst setofbranches

If you have the probabilityofB givenA thenput A on thefirst setofbranches

Exam Tip

In an exam donotwaste time drawing a full treediagram for scenarioswith lots

ofevents unless the question asks you to

Onlydraw the parts that you are interested in
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Worked Example

20% ofpeople in a company wear glasses. 40% ofpeople in the company who

wear glasses are right-handed. 50% ofpeople in the company who don’twear

glasses are right-handed.

a)

Draw a treediagram to represent the information.

b)

One of the people in the company are randomly selected, find the probability that

theyare right-handed.

c)

Given that a personwho is right-handed is selected at random, find the probability

that they wear glasses.
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DiscreteProbabilityDistributions

What is a discrete random variable?

A randomvariable is a variable whose value depends on the outcome ofa randomevent

The value of the random variable is notknown until the event is carried out (this iswhat

ismeant by 'random' in this case)

Random variables are denoted using upper case letters (X, Y , etc )

Particular outcomes of the event are denoted using lower case letters (x, y , etc)

P(X=x)  means "the probability of the random variable X  taking the value x"

A discrete random variable (often abbreviated toDRV) can only takecertain values within a

set

Discrete random variables usually count something

Discrete random variables usually can only takea finite number ofvaluesbut it is

possible that itcan takean infinite number ofvalues (see the examplesbelow)

Examplesofdiscrete random variables include:

The number of times a coin lands on headswhenflipped 20 times

this has a finite number ofoutcomes: {0,1,2,…,20}

The number ofemails a manager receiveswithin an hour

this has an infinite number ofoutcomes: {1,2,3,…}

The number of times a dice is rolleduntil it lands on a 6

this has an infinite number ofoutcomes: {1,2,3,…}

The number that a dice lands onwhen rolledonce

this has a finite number ofoutcomes: {1,2,3,4,5,6}

What is a probability distributionof a discrete random variable?

A discrete probability distribution fully describes all thevalues that a discrete random

variable can takealong with their associatedprobabilities

This can begiven in a table

Or itcan begiven as a function (calleda discrete probabilitydistribution function or

"pdf")

Theycan be represented by vertical linegraphs (the possiblevalues for along the

horizontal axis and the probabilityon the vertical axis)

The sumof theprobabilitiesofall thevalues ofa discrete random variable is 1

This is usually written ∑P(X=x)=1
A discrete uniform distribution is one where the random variable takes a finite number of

values eachwith an equal probability

If there aren values then the probabilityofeachone is 
1
n

4.4 Probability Distributions

4.4.1 Discrete Probability Distributions
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How do I calculate probabilities using a discrete probability
distribution?

First draw a table to represent the probabilitydistribution

If it isgiven as a function then find eachprobability

If any probabilities areunknown then use algebra to represent them

Form an equation using ∑P(X=x)=1
Add togetherall the probabilities and make the sum equal to 1

To find P(X=k)

If k  is a possible value of the random variable X  then P(X=k)  will be given in the table

If k  is not a possible value then P(X=k)=0
To find P(X≤k)

Identify all possible values, x i , that X  can take which satisfy x i≤k
Add togetherall their corresponding probabilities

P(X≤k)=∑
x i≤k

P(X=x i)

Some mathematicians use the notation F(x)  to represent the cumulative distribution

F(x)=P(X≤x)

Using a similar method you can find P(X<k) , P(X>k)  and P(X≥k)

As all the probabilities addup to 1 youcan form the following equivalent equations:

P(X<k)+P(X=k)+P(X>k)=1
P(X>k)=1−P(X≤k)

P(X≥k)=1−P(X<k)

How do I know which inequality to use?

P(X≤k)  would be used for phrases such as:

Atmost , no greater than , etc
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P(X<k)  would be used for phrases such as:

Fewer than

P(X≥k)  would be used for phrases such as:

At least , no fewer than , etc

P(X>k)  would be used for phrases such as:

Greater than , etc

Worked Example

The probability distribution of the discrete random variable X  is given by the

function

P(X=x)=
⎧
⎪
⎪
⎨
⎪
⎪
⎩

kx ²
0

x=−3, −1, 2, 4
otherwise.

a)

Show that k=
1
30 .

b)

Calculate P(X≤3) .
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Expected Values E(X)

What does E(X)mean and howdo I calculate E(X)?

E(X)means the expected valueor the mean ofa randomvariable X

The expectedvalue does notneed tobean obtainable value ofX

Forexample: the expectedvalue number of times a coinwill land on tails whenflipped

5 times is 2.5

Fora discrete random variable, it is calculated by:

Multiplying each value of X  with its corresponding probability

Addingall these terms together

E (X)=∑xP (X=x)

This isgiven in the formula booklet

Look out for symmetrical distributions (where the values ofX aresymmetrical and their

probabilities aresymmetrical) as the mean of these is the same as the median

Forexample: if X can take the values 1, 5, 9 with probabilities0.3, 0.4, 0.3 respectively

thenby symmetry the mean wouldbe5

How can I decide if a game is fair?

LetX be the random variable that represents the gain/loss ofa player in a game

X will benegative if there is a loss

Normally the expectedgainor loss is calculated by subtracting the cost to play the game

from the expected valueof the prize

If E(X) ispositive then itmeans the playercan expect to make a gain

If E(X) is negative then itmeans the playercan expect to make a loss

The game is called fair if the expectedgain is 0

E(X) = 0

4.4.2 Mean & Variance
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Worked Example

Daphne pays$5 toplay agame where she wins a prize of$1, $5, $10 or$100. The

random variable W  represents the amount she wins and has the probability

distribution shown in the following table:

w 1 5 10 100

P(W=w) 0.35 0.5 0.05 0.01

a)

Calculate the expectedvalue ofDaphne's prize.

b)

Determine whether the game is fair.
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Variance Var(X)

What does Var(X)mean and howdo I calculate Var(X)?

Var(X) means the varianceofa randomvariable X

The standard deviation is the square root of the variance

This provides a measure of thespread of the outcomes ofX

The varianceand standarddeviationcan neverbe negative

The varianceofX is the mean of thesquareddi�erencebetween X and the mean

Var ( )X =E ( )X−μ 2

This isgiven in the formula booklet

This formula can be rearranged into the more useful form:

Var ( )X =E ( )X2 −[E ( )X ]²
This isgiven in the formula booklet

Compare this formula to the formula for the variance of a set of data

This formulaworks for bothdiscrete and continuous X

How do I calculate E(X²) for discrete X?

E(X²) means the expected valueor the mean of the randomvariable definedas X²

Fora discrete random variable, it is calculated by:

Squaringeach value ofX toget the values ofX

MultiplyingeachvalueofX which its corresponding probability

Addingall these terms together

E( )X2 =∑x2P( )X=x
This isgiven in the formulabooklet as partof the formula for Var(X)

Var ( )X =∑x ²P(X=x)−μ ²
E(f(X))can befound in a similar way

Is E(X²) equal to E(X)²?

Definitely not!

Theyareonlyequal if X can only takeone value

E(X²) is the mean of thevalues of X²

E(X)² is the square of themean of thevalues of X

Tosee the di�erence

Imagine a random variable X that can only take 1 and -1 with equal chance

E(X) = 0 so E(X)² = 0

The squarevalues are 1 and 1 so E(X²) = 1

2

2
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Exam Tip

In an exam youcan enter the probabilitydistribution intoyour GDC using the

statisticsmode

Enter the possiblevalues as the data

Enter the probabilities as the frequencies

You can thencalculate the mean and variance just likeyouwouldwith data

Worked Example

The scoreon a game is represented by the random variable S  defined below.

s 0 1 2 10

P(S=s)
0.4 0.3 0.25 0.05

Calculate Var (S) .
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Transformation of a SingleVariable

How do I calculate the expected value and varianceof a transformation
ofX?

Suppose X is transformed by the function f to forma new variable T = f(X)

Thismeans the function f is applied toall possiblevalues ofX

Createa new probability distribution table

The top row contains the values t i= f
( )
x i

The bottom row still contains the values P
( )
X=x i which areunchanged as:

P
( )
X=x i =P

( )
f ( )X = f

( )
x i =P(T= t i)

Some values ofT may beequal so youcan add their probabilities together

The mean is calculated in the same way

E( )T =∑tP(X=x)

The variance is calculated using the same formula

Var ( )T =E( )T ² − ⎡
⎢
⎣

⎤
⎥
⎦

E( )T 2

Are there any shortcuts?

There areformulae which can beused if the transformation is linear

T=aX+b  where a and b are constants

If the transformation is not linear then there arenoshortcuts

You will have tofirst find the probabilitydistributionofT

What are the formulae for E(aX ± b) and Var(aX ± b)?

If a and b areconstants then the following formulae are true:

E(aX ± b) = aE(X)± b

Var(aX ±b) = a² Var(X)

These aregiven in the formula booklet

This is the same as linear transformations ofdata

The mean is a�ectedbymultiplication and addition/subtraction

The variance is a�ectedbymultiplicationbut notaddition/subtraction

Remember division can bewritten as a multiplication

X
a =

1
a X
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Worked Example

X  is a random variable such that E(X)=5and Var (X)=4.

Find the value of:

(i)

E(3X+5)

(ii)

Var (3X+5)

(iii)

Var (2−X) .
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Properties of BinomialDistribution

What is a binomial distribution?

A binomial distribution is a discrete probability distribution

A discrete random variable X  follows a binomial distribution if it counts the number of

successeswhen an experiment satisfies the following conditions:

There area fixed finite number of trials (n)

The outcome ofeach trial is independent of the outcomes of the other trials

There areexactly twooutcomes ofeach trial (success or failure)

The probability of success is constant (p)

If X  follows a binomial distribution then it is denoted X∼B(n, p)

n is the number of trials

p is the probability of success

The probability of failure is 1 - p which is sometimesdenotedas q

The formula for the probabilityof r successful trials isgivenby:

P(X= r)=nCr×p r(1−p)
n−r  for r=0, 1, 2, . . ., n

nCr=
n!

r!(n− r)!  where n!=n× (n−1)× (n−2)× . . . ×3×2×1

You will beexpected touse the distribution function on your GDC to calculate

probabilitieswith the binomial distribution

What are the important propertiesof a binomial distribution?

The expected number (mean)ofsuccessful trials is

E (X)=np
You aregiven this in the formula booklet

The variance of the number ofsuccessful trials is

Var (X)=np (1−p)

You aregiven this in the formula booklet

Square root toget the standard deviation

The distributioncan be represented visually using a vertical line graph

If p is close to 0 then the graph has a tail to the right

If p is close to 1 then the graph has a tail to the left

If p is close to 0.5 then the graph is roughly symmetrical

Ifp =0.5 then the graph is symmetrical

4.5 Binomial Distribution

4.5.1 The Binomial Distribution
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Modelling withBinomialDistribution

How do I set up a binomial model?

Identify what a trial is in the scenario

Forexample: rolling a dice, flipping a coin, checking haircolour

Identify what the successful outcome is in the scenario

Forexample: rolling a 6, landing on tails, having blackhair

Identify the parameters

n is the number of trials and p is the probabilityofsuccess ineach trial

Makesureyouclearly state what your randomvariable is

For example, let X  be the number of students in a class of 30 with black hair

What can be modelled using a binomial distribution?

Anything that satisfies the four conditions

For example: let T  be the number of times a fair coin lands on tails when flipped 20 times:

A trial is flipping a coin: There are20 trials so n = 20

Wecan assume eachcoinflipdoes nota�ect subsequent coinflips: theyare

independent

A success iswhen the coin lands on tails: Two outcomes - tails ornot tails (heads)

The coin is fair: The probabilityof tails is constant with p = 0.5

Sometimes itmight seem like there are more than twooutcomes

For example: let Y  be the number of yellow cars that are in a car park full of 100 cars

Although there aremore than two possiblecolours ofcars, here the trial iswhether

a car is yellow so there are two outcomes (yellowornotyellow)

Y  would still need to fulfil the other conditions in order to follow a binomial

distribution

Sometimes a sample may be taken froma population

Forexample: 30% ofpeople in a cityhave blue eyes, a sample of30peoplefrom the

city is taken and X  is the number of them with blue eyes

As long as the population is large and the sample is random then itcan be

assumed that eachperson has a 30% chanceofhaving blue eyes

What can notbe modelled using a binomial distribution?

Anything where the number of trials is not fixed or is infinite

The number ofemails received in an hour

The number of times a coin is flipped until it lands on heads

Anything where the outcome ofone trial a�ects the outcome of the other trials

The number ofcaramels that a personeatswhen theyeat 5 sweets froma bag

containing 6 caramels and 4 marshmallows

If youeat a caramel for your first sweet then there are less caramels left in the bag

when youchoose your second sweet

Anything where there aremore than twooutcomes ofa trial

A person's shoesize

The number a dice lands onwhen rolled

Anything where the probability of success changes
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The number of times that a personcan swima length ofa swimming pool in under

a minutewhen swimming 50 lengths

The probabilityofswimming a lap in under a minutewill decrease as the

persongets tired

The probability is not constant

Exam Tip

Anexam questionmight involve di�erent types ofdistributions so make itclear

which distribution isbeing usedfor each variable
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Worked Example

It is known that 8% ofa large population are immune toa particular virus. Mark takes

a sample of50 peoplefrom this population. Markuses a binomial model for the

number ofpeople in his sample that are immune to the virus.

a)

State the distribution that Markuses.

b)

State two assumptions that Markmust make inorder touse a binomial model.

c)

Calculated the expectednumber ofpeople in the sample that are immune to the

virus.
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Calculating BinomialProbabilities

Throughout this section we will use the random variable X∼B(n, p) . For binomial, the

probability of X  taking a non-integer or negative value is always zero. Therefore any values of X
mentioned in this sectionwill beassumed tobenon-negative integers.

How do I calculate P(X = x): the probability of a single value for a binomial
distribution?

You shouldhave a GDC that can calculatebinomial probabilities

You want touse the "Binomial Probability Distribution" function

This is sometimes shortened toBPD, Binomial PD orBinomial Pdf

You will need toenter:

The 'x' value - the value of x for which you want to find P(X=x)

The 'n' value - the number of trials

The 'p' value - the probability of success

Some calculatorswill give you the optionof listing theprobabilities for multiple values

of x at once

There is a formula that youcan use but you areexpected tobeable touse the distribution

function on your GDC

P(X=x)=nCx×px (1−p)
n−x

nCx=
n!

r!(n− r)!

How do I calculate P(a ≤ X ≤ b): the cumulativeprobabilities for a binomial
distribution?

You shouldhave a GDC that can calculatecumulative binomial probabilities

Most calculators will find P(a≤X≤b)

Some calculators can only find P(X≤b)

The identitiesbelow will help in this case

You shoulduse the "Binomial Cumulative Distribution" function

This is sometimes shortened toBCD, Binomial CD orBinomial Cdf

You will need toenter:

The lowervalue - this is the valuea

This can be zero in the case P(X≤b)

The uppervalue - this is the valueb

This can be n in the case P(X≥a)

The 'n' value - the number of trials

The 'p' value - the probability of success

How do I find probabilities if my GDConly calculatesP(X ≤ x)?

TocalculateP(X ≤ x) just enter x into the cumulative distribution function

TocalculateP(X < x) use:

P(X<x)=P(X≤x−1)  which works when X is a binomial random variable

P(X < 5) = P(X ≤ 4)

4.5.2 Calculating Binomial Probabilities
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TocalculateP(X > x) use:

P(X>x)=1−P(X≤x)  which works for any random variable X 

P(X > 5) = 1 - P(X ≤ 5)

TocalculateP(X ≥ x) use:

P(X≥x)=1−P(X≤x−1)  which works when X is a binomial random variable

P(X ≥ 5) = 1 - P(X ≤ 4)

TocalculateP(a ≤ X ≤ b) use:

P(a≤X≤b)=P(X≤b)−P(X≤a−1)  which works when X is a binomial random

variable

P(5 ≤ X ≤ 9) = P(X ≤ 9) - P(X ≤ 4)

What if an inequality does not have the equals sign (strict inequality)?

Fora binomial distribution (as it isdiscrete) youcould rewrite all strict inequalities (< and >)

as weak inequalities (≤ and ≥)byusing the identities for a binomial distribution

P(X<x)=P(X≤x−1)  and P(X>x)=P(X≥x+1)

Forexample:P(X < 5) = P(X ≤ 4) and P(X > 5) = P(X ≥ 6)

It helps to think about the range of integers youwant

Identify the smallest and biggest integers in the range

If your rangehas no minimum ormaximum then use 0 orn

P(X≤b)=P(0≤X≤b)

P(X≥a)=P(a≤X≤n)

P(a<X≤b)=P(a+1≤X≤b)

P(5 < X ≤ 9) = P(6 ≤ X ≤ 9)

P(a≤X<b)=P(a≤X≤b−1)

P(5 ≤ X < 9) = P(5 ≤ X ≤ 8)

P(a<X<b)=P(a+1≤X≤b−1)

P(5 < X < 9) = P(6 ≤ X ≤ 8)

Exam Tip

If the question is incontext thenwritedown the inequalityas well as the final

answer

Thismeans you still might gain a markeven ifyou accidentally type the

wrong numbers intoyour GDC
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Worked Example

The random variable X∼B(40, 0 .35) . Find:

i)

P(X=10) .

ii)

P(X≤10) .

iii)

P(8<X<15) .



77 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Properties of NormalDistribution

The binomial distribution is an example ofa discrete probabilitydistribution. The normal

distribution is an example ofa continuous probabilitydistribution.

What is a continuous random variable?

A continuous random variable (often abbreviated toCRV) is a random variable that can

takeany valuewithin a rangeof infinite values

Continuous random variables usually measure something

Forexample,height, weight, time,etc

What is a continuous probability distribution?

A continuous probabilitydistribution is a probabilitydistribution inwhich the random

variable X  is continuous

The probability of X  being a particular value is always zero

P(X=k)=0 for any value k

Instead we define the probability density function f (x)   for a specific value

This is a function that describes the relative likelihood that the random variable

wouldbeclose to that value

We talk about the probability of X  being within a certain range

A continuous probabilitydistributioncan be represented bya continuous graph (the values

for X  along the horizontal axis and probability density on the vertical axis)

The area under the graph between the points x=a  and x=b  is equal to P(a≤X≤b)

The total areaunder thegraph equals 1

As P(X=k)=0for any value k, it does not matter if we use strict or weak inequalities

P(X≤k)=P(X<k) for any value k when X is a continuous random variable

What is a normal distribution?

A normal distribution is a continuous probability distribution

The continuous random variableX  can follow a normal distribution if:

The distribution is symmetrical

The distribution isbell-shaped

If X  follows a normal distribution then it is denoted X∼N(μ, σ2)

μ is the mean

σ  is the variance

σ is the standard deviation

If the mean changes then the graph is translated horizontally

If the variance increases then the graph iswidened horizontally and made tallervertically

tomaintain the same area

A small variance leads toa tall curve with a narrowcentre

A largevariance leads toa short curve with a wide centre

2

4.6 Normal Distribution

4.6.1 The Normal Distribution
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What are the important propertiesof a normal distribution?

The mean is μ
The variance is σ

If youneed the standard deviation remember tosquare root this

The normal distribution is symmetrical about

Mean = Median = Mode = μ
There are the results:

Approximately two-thirds (68%) of the data lieswithinone standard deviationof the

mean (μ ± σ)

Approximately 95% of the data lies within two standard deviations of the mean (μ ±

2σ)

Nearly all of the data (99.7%) lies within three standard deviations of the mean (μ ±

3σ)

2
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Modelling withNormalDistribution

What can be modelled using a normal distribution?

A lot of real-lifecontinuous variables can bemodelled bya normal distributionprovided

that the population is large enoughand that the variable is symmetrical with one mode

For a normal distribution X  can take any real value, however values far from the mean (more

than 4 standarddeviations away from the mean) have a probabilitydensity ofpractically

zero

This factallows us tomodel variables that arenotdefinedfor all real values such as

height and weight

What can notbe modelled using a normal distribution?

Variableswhich have more than one mode ornomode

Forexample: the number givenbya random number generator

Variableswhich arenot symmetrical

Forexample:how long a human lives for

Exam Tip

Anexam questionmight involve di�erent types ofdistributions so make itclear

which distribution isbeing usedfor each variable

Worked Example

The random variable S  represents the speeds (mph) of a certain species of

cheetahs when they run. The variable is modelled using N(40, 100) .

a)

Write down the mean and standarddeviationof the running speeds ofcheetahs.

b)

State two assumptions that have beenmade inorder touse thismodel.
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Calculating NormalProbabilities

Throughout this section we will use the random variable X∼N(μ, σ2) . For X distributed

normally, X can takeany real number. Therefore any valuesmentioned in this sectionwill be

assumed tobe real numbers.

How do I find probabilities using a normal distribution?

The areaunder a normal curve between the points x=a  and x=b  is equal to the

probability P(a<X<b)

Remember for a normal distribution youdonotneed toworryabout whether the

inequality is strict (< or>)orweak (≤ or≥)

P(a<X<b)=P(a≤X≤b)

You will beexpected to use distribution functions on your GDC tofind the probabilities

whenworking with a normal distribution

How do I calculate P(X = x): the probability of a single value for a normal
distribution?

The probabilityofa single value is always zero for a normal distribution

You can picture this as the area ofa single line is zero

P(X=x)=0
Your GDC is likely tohave a "Normal Probability Density" function

This is sometimes shortened toNPD, Normal PD orNormal Pdf

IGNORE THISFUNCTION for this course!

This calculates the probabilitydensity functionat a point NOT theprobability

How do I calculate P(a < X < b): the probability of a rangeofvalues for a
normal distribution?

You need a GDC that can calculatecumulative normal probabilities

You want touse the "Normal Cumulative Distribution" function

This is sometimes shortened toNCD, Normal CD orNormal Cdf

You will need toenter:

The 'lowerbound' - this is the value a

The 'upperbound' - this is the value b

The 'μ' value - this is the mean

The 'σ' value - this is the standard deviation

Check theordercarefully as some calculators ask for standarddeviationbeforemean

Remember it is the standarddeviation

so ifyou have the variance then square root it

Always sketcha quick diagram tovisualise which area you are looking for

How do I calculate P(X > a) orP(X < b) for a normal distribution?

You will still use the "Normal Cumulative Distribution" function

P(X>a)  can be estimated using an upper bound that is su�ciently bigger than the mean

Using a value that ismore than 4 standarddeviations bigger than themean is quite

accurate

Oran easier option is just to input lots of9's for the upperbound (99999999... or 10 )

P(X<b)  can be estimated using a lower bound that is su�ciently smaller than the mean

99

4.6.2 Calculations with Normal Distribution

81 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Using a value that ismore than 4 standarddeviations smaller than themean is quite

accurate

Oran easier option is just to input lots of9's for the lowerbound with a negative sign

(-99999999...or-10 )

Are there any useful identities?

P(X<μ)=P(X>μ)=0 .5
As P(X=a)=0  you can use:

P(X<a)+P(X>a)=1
P(X>a)=1−P(X<a)

P(a<X<b)=P(X<b)−P(X<a)

These areuseful when:

The mean and/orstandarddeviation areunknown

You onlyhave a diagram

You areworking with the inverse distribution

Exam Tip

Check carefully whetheryou have entered the standarddeviationorvariance

intoyour GDC

99
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Worked Example

The random variable Y∼N(20,52) . Calculate:

i)

P(Y=20) .

ii)

P(18≤Y<27) .

iii)

P(Y>29)
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Inverse NormalDistribution

Given the value ofP(X < a) howdo I find the value ofa?

Your GDC will have a function called "Inverse Normal Distribution"

Some calculators call this InvN

Given that P(X<a)=p  you will need to enter:

The 'area' - this is the value p

Some calculatorsmight ask for the 'tail' - this is the left tail as you know the area to

the leftofa

The 'μ' value - this is the mean

The 'σ' value - this is the standard deviation

Given the value ofP(X > a) howdo I find the value ofa?

If your calculator does have the tail option (left, right orcentre) then youcan use the

"Inverse Normal Distribution" function straightaway by:

Selecting 'right' for the tail

Entering the area as 'p'

If your calculator does not have the tail option (left, right orcentre) then:

Given P(X>a)=p
Use P(X<a)=1−P(X>a)  to rewrite this as

P(X<a)=1−p
Then use the method forP(X < a) tofind a

Exam Tip

Always check your answer makes sense

If P(X < a) is less than 0.5 then a shouldbesmaller than themean

If P(X < a) ismore than 0.5 then a shouldbebigger than themean

A sketch will help you see this
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Worked Example

The random variable  W∼N(50, 36) .

Find the value of w  such that P(W>w)=0 .175.
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Standard NormalDistribution

What is the standard normal distribution?

The standard normal distribution is a normal distributionwhere the mean is 0 and the

standard deviation is 1

It is denoted by Z
Z∼N(0, 12)

Why is the standard normal distribution important?

Any normal distributioncurve can be transformed to the standardnormal distribution

curve bya horizontal translationand a horizontal stretch

Therefore we have the relationship:

Z=
X−μ
σ

Where X∼N(μ, σ2)  and Z∼N(0, 12)

Probabilities are related by:

P(a<X<b)=P
⎛
⎜
⎜

⎝

a−μ
σ <Z<

b−μ
σ

⎞
⎟
⎟

⎠
Thiswill beuseful when the mean orvariance is unknown

Some mathematicians use the function Φ(z)  to represent P(Z<z)

z-values

What are z-values (standardised values)?

For a normal distribution X∼N(μ, σ2) the z-value (standardised value) of an x-value tells

you howmany standarddeviations it is away from the mean

If z = 1 then that means the x-value is 1 standarddeviationbigger than the mean

If z = -1 then that means the x-value is 1 standarddeviation smaller than the mean

If the x-value ismore than themean then its corresponding z-value will bepositive

If the x-value is less than themean then its corresponding z-value will benegative

The z-value canbecalculated using the formula:

z=
x−μ
σ

This isgiven in the formula booklet

z-values canbeused tocomparevalues fromdi�erent distributions

4.6.3 Standardisation of Normal Variables
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Finding Sigmaand Mu

How do I find the mean (μ) or the standard deviation (σ) if one of them is
unknown?

If the mean or standard deviation of X∼N(μ, σ2)  is unknown then you will need to use

the standard normal distribution

You will need to use the formula

z=
x−μ
σ  or its rearranged form x=μ+σz

You will begiven a probability fora specific valueof

P(X<x)=p  or P(X>x)=p
Tofind the unknown parameter:

STEP 1: Sketch the normal curve

Label the known value and the mean

STEP2:Find the z-value for the given value ofx

Use the Inverse Normal Distribution to find the value of z  such that P(Z<z)=p  or 

P(Z>z)=p
Make sure the direction of the inequality for Z  is consistent with the inequality for X
Try touse lots of decimal places for the z-value orstore your answer toavoid

roundingerrors

You shoulduse at least one extra decimal placewithin your working than your

intendeddegreeofaccuracy for your answer

STEP 3: Substitute the known values into z=
x−μ
σ  or x=μ+σz

You will be given and one of the parameters (μ or σ) in the question

You will have calculated z inSTEP2

STEP4:Solve the equation

How do I find the mean (μ) and the standard deviation (σ) if both of them
are unknown?

If both of themareunknown then youwill begiven two probabilities for two specific values

ofx

The process is the same as above

You will nowbeable tocalculate two z -values

You can form two equations (rearranging to the form x=μ+σz  is helpful)

You nowhave tosolve the twoequations simultaneously (youcan use your

calculator todothis)

Be careful not tomixup which z-value goeswith which value ofx
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Worked Example

It is known that the times, inminutes, taken by students at a school toeat their

lunch can be modelled using a normal distribution with mean μ minutes and

standard deviation σ minutes.

Given that 10% ofstudents at the school take less than 12 minutes toeat their lunch

and 5% of the students takemore than 40 minutes toeat their lunch, find the mean

and standarddeviationof the time taken by the students at the school.
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Calculating Probabilities using PDF

A continuous randomvariable can takeany value in an interval so is typically usedwhen

continuous quantities are involved (time,distance, weight,etc)

What is a probability density function (p.d.f.)?

Fora continuous random variable,a function can beused tomodel probabilities

This function is calleda probabilitydensity function (p.d.f.), denotedby f(x)

For f(x) to represent a p.d.f. the following conditions must apply

f(x) ≥ 0 for all values ofx

The areaunder the graphofy = f(x)must total 1

In most problems, the domain ofx is restricted toan interval,a ≤ X ≤ b say, with all values ofx

outside of the interval having f(x)=0

How do I find probabilities using a probability density function (p.d.f.)?

The probability that the continuous random variable X lies in the interval a ≤ X ≤ b, where X

has the probabilitydensity function f(x), isgivenby

P(a≤X≤b)=∫
a

b
f (x) dx

P(a ≤ X ≤ b) = P(a < X < b)

Foranycontinuous random variable (including the normal distribution) P(X = n) = 0

One way to think of this is that a = b in the integral above

For linear functions itcan beeasier tofind the probabilityusing the area ofgeometric

shapes

Rectangles: A = bh

Triangles: A = ½(bh)

Trapezoids: A = ½(a+b)h

How do I determine whether a function is a pdf?

Some questions may ask for justificationof the use ofa given function for a probability

density function

In suchcases check that the function meets the two conditions

f(x) ≥ 0 for all values ofx

total areaunder the graph is 1

How do I use a pdf to find probabilities?

STEP 1

Identify the probability density function, f(x) - thismay begiven as a graph, an equationoras

a piecewise function

4.7 Further Probability Distributions

4.7.1 Probability Density Function
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e.g.   f (x)=
⎧
⎪
⎪
⎨
⎪
⎪
⎩

0 .02x 0≤x≤10
0 otherwise

Identify the limits ofX for a particular problem

Remember that P(a ≤ X ≤ b) = P(a < X < b)

STEP2

Sketch, oruse your GDC todraw, the graphofy = f(x)

Look for basicshapes (rectangles, triangles and trapezoids) as finding these areas is easier

without using integration

Look for symmetry in the graph that may make the problem easier

Break the area required into two ormore parts if itmakes the problem easier

STEP3

Find the area(s) requiredusing basicshapes or integration and answer the question

Trickierproblems may involve finding a limitof the integral given its value

i.e.Find one of the boundaries in the domainofX,given the probability

e.g.Find the value ofa given that P(0 ≤ X ≤ a) = 0.09
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Worked Example

The continuous random variable,X,has probabilitydensity function.

f (x)=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

0.08x 0≤ x≤ 5
0 otherwise

a)

Show that f(x) can represent a probabilitydensity function.

b)

Find,bothgeometrically and using integration, P(0 ≤ X ≤ 2).
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c)

Write down P(X = 3.2).
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Median& Modeof a CRV

What is meant by the median of a continuous random variable?

The median,m, ofa continuous randomvariable,X, with probability density function f(x)

isdefinedas the value ofX such that

P (X<m)=P (X>m)=0.5

Since P(X = m) = 0 this can also be written as  P (X≤m)=P (X≥m)=0.5
IF the p.d.f. is symmetrical (i.e. the graphofy = f(x) is symmetrical) then the median will be

halfway between the lowerand upper limits ofx

In suchcases the graphofy = f(x)has axis ofsymmetry in the line x = m

How do I find the median of a continuous random variable?

The median,m, ofa continuous random variable,X, with probabilitydensity function f(x) is

definedas the value ofX such that

∫
−∞

m
f (x) dx=

1
2

or

∫
m

∞
f (x) dx=

1
2

The equation that shouldbeusedwill depend on the information in the question

If the graph ofy = f(x) is symmetrical, symmetrymay beused todeduce the median

Thismay oftenbe the case if f(x) is linear and the areaunder thegraph is a basicshape

such as a rectangle

How do I find the median of a continuous random variable with a
piecewise p.d.f.?

Forpiecewise functions, the locationof the median will determine whichequation touse

inorder tofind it

Forexample

if  f (x)=

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1
5
x 0≤ x≤ 2

2
15

( )5−x 2≤ x≤ 5

0 otherwise

then∫
0

2 1
5 x dx=0 .4  so the median must lie in the interval 2 ≤ x ≤ 5

so tofind the median, m, solve ∫
2

m 2
15 (5−x) dx=0 .1

('0.4of the area' alreadyusedfor 0 ≤ x ≤ 2)

Use a GDC toplot the function and evalutae integral(s)

What is meant by the mode of a continuous random variable?

93 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


The mode ofa continuous randomvariable,X, with probability density function f(x) is the

valueofx that produces the greatest valueof f(x)

How do I find the mode of a continuous random variable?

Thiswill depend on the type of function f(x); the easiest way tofind the mode isby

considering the shape of the graph ofy = f(x)

If the graph is a curve with a maximum point, the mode can be foundbydi�erentiating

and solving f’(x)= 0

If there ismore than one solution to f’(x)= 0 then further work may beneeded in

deducing the mode

There couldbemore than one mode

Look for valid values ofx from the domain of the p.d.f.

Use the second derivative (f’’(x)) todeduce the nature ofeach stationary point

Check the values of f(x)at the lowerand upper limits ofx,one of these couldbe

the maximum value f(x) reaches

If the graphofy = f(x) is symmetrical, symmetrymay beused todeduce the mode

Fora symmetrical p.d.f., median = mode = mean
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Worked Example

The continuous random variable X has probability function f(x)definedas

f (x)=
1
64 (16x−x3) 0≤ x≤ 4

a)

Find the median ofX,giving your answer to three significant figures.

b)

Find the exactvalue of the mode ofX.
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Mean& Variance of a CRV

What are the mean and varianceof a continuous random variable?

E(X) is the expected value, ormean,of the continuous randomvariableX

E(X) can also be denoted by μ
Var(X) is the variance of the continuous random variable X

Var(X) can also be denoted by σ
The standard deviation, σ, is the square root of the variance

How do I find the mean and varianceof a continuous random variable?

The mean isgivenby

μ=E(X)=∫
−∞

∞
xf (x) dx

This isgiven in the formulabooklet

If the graphofy = f(x)has axis ofsymmetry, x = a, thenE(X) = a

The variance isgivenby

σ2=Var (X )=E(X2
)−

⎡
⎢
⎣E( )X ⎤

⎥
⎦

2

where  E(X2
)=∫

−∞

∞
x2f (x) dx

This isgiven in the formulabooklet

Anotherversion of the variance isgiven in the formulabooklet

Var (x)=∫
−∞

∞
(x−μ)

2 f (x) dx=∫
−∞

∞
x2f (x) dx−μ2

but the first version above is usually more practical for solving problems

Be careful about confusing E(X ) and [E(X)]

mean of the squares"

⎡
⎢
⎣

⎤
⎥
⎦

E(X)
2=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∫
−∞

∞
xf (x) dx

2
"mean of the squares"

How do I find the mean and varianceof a linear transformationof a
continuous random variable?

For the continuous randomvariable,X, with mean E(X) and variance Var(X) then

E(aX+b)=aE(X)+b

and

Var (aX+b)=a2Var (X)

2

2 2

E(X2
)=∫

−∞

∞
x2f (x) dx "

97 of 100 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Exam Tip

Using your GDC todraw the graphofy = f(x)can highlight any symmetrical

propertieswhich reduce the work involved in finding the mean and variance
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Worked Example

A continuous random variable,X, ismodelled by the probabilitydistribution

function, f(x), such that

f (x)=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

1.5x2( )1−0.5x 0≤ x≤ 2
0 otherwise

a)

Find the mean ofX.

b)

Find standarddeviationofX.
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