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3D Coordinate Geometry

How does the 3Dcoordinate systemwork?

In three-dimensional spacewe can label where any object is using the x-y-zcoordinate

system

In the 3Dcartesian system, the x-and y-axes usually represent lateral space (length and

width) and the z-axis represents vertical height

What can we do with 3Dcoordinates?

If we have two pointswith coordinates (x , y , z ) and (x , y , z ) thenwe shouldbeable to

find:

The midpointof the two points

The distance between the two points

If the coordinates are labelledA and B then the line segment between them iswrittenwith

the notation [AB]

How do I find the midpoint of two points in 3D?

The midpoint is the average (middle)point

It can befound by finding the middle of the x-coordinates and the middle of the y-

coordinates

The coordinates of the midpoint will be

⎛
⎜
⎜
⎜

⎝

x1+x2
2

,
y1+y2
2

,
z1+z2

2

⎞
⎟
⎟
⎟

⎠

This isgiven in the formulabooklet, youdonotneed to remember it

How do I find the distancebetween two points in 3D?

The distancebetween two pointswith coordinates ((x , y , z ) and (x , y , z ) can befound

using the formula

d=
( )
x1− x2 2 +

( )
y1− y2 2 +

( )
z1− z2 2

This isgiven in the formulabooklet, youdonotneed to remember it

1 1 1 2 2 2

1 1 1 2 2 2

3.1 Geometry of 3D Shapes

3.1.1 3D Coordinate Geometry
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Worked Example

The pointsA and B  have coordinates (-2, 1, 5) and (4, -3, 2) respectively.

i)

Calculate the distanceof the line segment AB.

ii)

Find the midpoint of [AB ].


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Volumeof 3D Shapes

What is volume?

The volume ofa 3D shape is a measureofhowmuch3D space it takes up

A 3D shape is also calleda solid

You need tobeable tocalculate the volume ofa number ofcommon shapes

How do I find the volume ofcuboids,prisms and cylinders?

A prism is a 3-D shape that has two identical base shapes connected byparallel edges

A prism has the same base shapeall the way through

A prism takes its name from its base

Tofind the volume ofany prism use the formula:

Volume ofa prism = Ah

Where A is the area of the cross section and h is the base height

h couldalso be the length of the prism, depending on how it is oriented

This is in the formulabooklet in the prior learningsection at the beginning

The base couldbeany shapeso as long as you know its area and length youcan

calculate the volume ofany prism

Note two special cases:

Tofind the volume ofa cuboiduse the formula:

Volume of a cuboid = length × width × height
V = lwh

The volume ofa cylindercan befound in the same way as a prism using the formula:

Volume of a cylinder = π r2 h
where r is the radius, h  is the height (or length, depending on the orientation

Note that a cylinder is technically nota prism as its base is nota polygon, however the

methodfor finding its volume is the same

Both of these are in theformula booklet in the prior learningsection

How do I find the volume ofpyramids and cones?

3.1.2 Volume & Surface Area
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In a right-pyramid the apex (the joining point of the triangular faces) is vertically above the

centre of the base

The base can beany shapebut is usually a square, rectangle or triangle

Tocalculate the volume ofa right-pyramid use the formula

V=
1
3
Ah

Where A is the area of the base,h is the height

Note that the height must bevertical to thebase

A right cone is a circular-basedpyramidwith the vertical height joining the apex to the

centre of the circular base

Tocalculate the volume ofa right-cone use the formula

V=
1
3
π r2 h

Where r is the radius, h  is the height

These formulae arebothgiven in the formulabooklet

How do I find the volume of a sphere?

Tocalculate the volume ofa sphere use the formula

V=
4
3
π r3

Where r is the radius

the line segment from the centre of the sphere to the surface

This formula isgiven in the formulabooklet

Exam Tip

Remember tomakeuse of the formulabooklet in the exam as all the volume

formulae youneed will behere

Formulae for basic3Dobjects (cuboid, cylinder and prism) are in the prior

learningsection

Formulae for other3Dobjects (pyramid, cone and sphere) are in the Topic

3:Geometry section


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Worked Example

A dessert can bemodelled as a right-cone of radius 3 cmand height 12 cmand a

scoopof ice-cream in the shapeofa sphere of radius 3 cm.  Find the total volume

of the ice-cream and cone.


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Surface Area of 3D Shapes

What is surfacearea?

The surfacearea ofa 3D shape is the sum of the areas ofall the faces that makeup a shape

A face is one of the flat orcurvedsurfaces that makeup a 3D shape

It often helps toconsidera 3D shape in the formof its 2Dnet

How do I find the surfaceareaofcuboids,pyramids and prisms?

Any prisms and pyramids that have polygons as their bases have only flat faces

The surfacearea is simply found byadding up the areas of these flat faces

Drawing a 2Dnetwill help toseewhich faces the 3D shape ismadeup of

How do I find the surfaceareaofcylinders, conesand spheres?

Cones, cylinders and spheres all have curvedfaces so it is notalways as easy tosee their

shape

The netofa cylinder ismadeup of two identical circles and a rectangle

The rectangle is the curvedsurfacearea and is harder to identify

The length of the rectangle is the same as the circumferenceof the circle

The area of the curved surfacearea is

A=2πrh
where r is the radius, h is the height

This isgiven in the formulabook in the prior learning section

The area of the total surfaceareaof a cylinder is

A=2πrh+2πr2

This is not given in the formulabook, however it is easy toput togetheras both the area

ofa circleand the area of the curvedsurfacearea aregiven

The netofa coneconsists of the circular base along with the curvedsurfacearea

The area of the curved surfacearea is

A =πrl
Where r is the radius and l is the slantheight

This isgiven in theformula book

Be careful not toconfuse the slant height, l, with the vertical height,h

Note that r,h and l will createa right-triangle with l as the hypotenuse

The area of the total surfaceareaof a cone is

A=πrl+πr2

This is not given in the formulabook, however it is easy toput togetheras both the area

ofa circleand the area of the curvedsurfacearea aregiven

Tofind the surfacearea ofa sphere use the formula
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A=4πr2

where r is the radius (line segment from the centre to the surface)

This isgiven in the formulabooklet, youdonothave to remember it

Exam Tip

Remember tomakeuse of the formulabooklet in the exam as all the area

formulae youneed will behere

Formulae for basic2D shapes (parallelogram, triangle, trapezoid, circle,

curvedsurfaceofa cylinder) are in the prior learningsection

Formulae for other2D shapes (curvedsurfacearea ofa cone and surface

area ofa sphere ) are in the Topic 3:Geometry section


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Worked Example

In the diagram below ABCD  is the squarebase ofa right pyramidwith vertex V .  The

centre of the base isM. The sides of the squarebase are3.6 cmand the vertical

height is8.2cm.

i)

Use the Pythagorean Theorem tofind the distanceVN.


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ii)

Calculate the area of the triangle ABV.
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iii)

Find the surfacearea of the right pyramid.
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BasicCoordinate Geometry

What are cartesian coordinates?

Cartesian coordinates arebasically the x-y coordinatesystem

Theyallowus to label where things are in a two-dimensional plane

In the 2Dcartesian system, the horizontal axis is labelledx and the vertical axis is labelledy

What can we do with coordinates?

If we have two pointswith coordinates (x , y ) and (x , y ) thenwe shouldbeable tofind

The midpointof the two points

The distance between the two points

The gradient of the line between them

How do I find the midpoint of two points?

The midpoint is the average (middle)point

It can befound by finding the middle of the x-coordinates and the middle of the y-

coordinates

The coordinates of the midpoint will be

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1+ x2
2

,
y1+ y2

2
This isgiven in the formulabooklet under the prior learning section at the beginning

How do I find the distancebetween two points?

The distancebetween two pointswith coordinates (x , y ) and (x , y ) can befound using

the formula

d =
( )
x1− x2 2 +

( )
y1− y2 2

This isgiven in the formulabooklet in the prior learning section at the beginning

Pythagoras’ Theorem a2 = b2+c2 is used to find the length of a line between two

coordinates

1 1 2 2

1 1 2 2

3.2 Geometry Toolkit

3.2.1 Coordinate Geometry
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If the coordinates are labelledA and B then the line segment between them iswrittenwith

the notation [AB]

How do I find the gradient of the line between two points?

The gradient ofa line between two pointswith coordinates (x , y ) and (x , y ) can befound

using the formula

m=
y2− y1
x2− x1

This isgiven in theformula booklet under section2.1 Gradient formula

This is usually known as  m=
rise
run

1 1 2 2
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Worked Example

Point A has coordinates (3, -4) and point B has coordinates (-5, 2).

i)

Calculate the distanceof the line segment AB.

ii)

Find the gradient of the line connecting pointsA and B.

iii)

Find the midpoint of [AB ] .


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RadianMeasure

What are radians?

Radians arean alternative todegrees for measuring angles

1 radian is the angle in a sectorof radius 1 and arc length 1

A circlewith radius 1 is calleda unit circle

Radians arenormally quoted in terms ofπ

2π radians = 360°

π radians = 180°

The symbol for radians is but it ismore usual tosee rad

Often, whenπ is involved, no symbol isgiven as it is obvious it is in radians

Whilst it is okay toomit the symbol for radians, you shouldneveromit the symbol for

degrees

In the exam you shoulduse radians unless otherwise indicated

How do I convert between radians and degrees?

Use π = 180° toconvert between radians and degrees

Toconvert from radians todegrees multiplyby
180
π

Toconvert fromdegrees to radians multiplyby
π

180
Some of the commonconversions are:

2π c = 360 °
π c = 180 °
π

2
c
= 90 °

π

3
c
= 60 °

π

4
c
= 45 °

π

6
c
= 30 °

It is a good idea to remember some of these and use themtowork out otherconversions

Your GDC will beable towork with both radians and degrees

c

c 

3.2.2 Radian Measure
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Exam Tip

Sometimes an exam questionwill specify whetheryou shouldbeusing degrees

or radians and sometimes itwill not, if itdoesn't it is expected that youwill work

in radians

If the question involvesπ thenworking in radians is useful as there will likelybe

opportunities where youcan cancel out π

Makesure that your calculator is in the correct mode for the typeofangle you

areworking with


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Worked Example

i)

Convert 43.8° to radians.

ii) Convert  
5π
4

todegrees.


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Lengthof anArc

What is an arc?

An arc is a partof the circumferenceofa circle

It is easiest to think of itas the crust ofa single sliceofpizza

The length ofan arcdepends of the size of the angle at the centre of the circle

If the angle at the centre is less than 180° then the arc is known as a minor arc

This couldbeconsideredas the crust ofa single sliceofpizza

If the angle at the centre ismore than 180° then the arc is known as a majorarc

This couldbeconsideredas the crust of the remaining pizza aftera slicehas been

taken away

How do I find the length of an arc?

The length ofan arc is simply a fraction of the circumferenceofa circle

The fraction can befound bydividing the angle at the centre by 360°

The formula for the length, l , of an arc is

l=
θ
360

×2π r

Where θ  is the angle measured in degrees

r  is the radius

This is in theformula booklet for radian measure only

Remember 2π radians = 360°

Exam Tip

Makesure that you read the questioncarefully todetermine ifyouneed to

calculate the arc length ofa sector, the perimeteror something else that

incorporates the arc length!



3.2.3 Arcs & Sectors
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Worked Example

A circular pizza has had a slicecut from it, the angle of the slice that was cut was 38

°. The radius of the pizza is 12 cm. Find

i)

the length of the outside crust of the sliceofpizza (the minorarc),

ii)

the perimeterof the remaining pizza.


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Area of a Sector

What is a sector?

A sector is a partofa circleenclosedby two radii (radiuses) and an arc

It is easier to think of this as the shapeofa single sliceofpizza

The area ofa sector depends of the size of the angle at the centre of the sector

If the angle at the centre is less than 180° then the sector is known as a minor sector

This couldbeconsideredas the shapeofa single sliceofpizza

If the angle at the centre ismore than 180° then the sector is known as a major sector

This couldbeconsideredas the shapeof the remaining pizza aftera slicehas been

taken away

How do I find the areaof a sector?

The area ofa sector is simply a fraction of the area of the whole circle

The fraction can befound bydividing the angle at the centre by 360°

The formula for the area, A , of a sector is

A=
θ
360

×πr2

Where θ  is the angle measured in degrees

r  is the radius

This is in theformula booklet for radian measure only

Remember 2π radians = 360°
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Worked Example

Jamiehas divideda circleof radius 50 cm into two sectors; a minorsector ofangle

100° and a major sector ofangle 260°. He isgoing topaint the minorsector blue

and the major sector yellow.Find

i)

the area Jamiewill paint blue,

ii)

the area Jamiewill paint yellow.


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Arcs & SectorsUsing Radians

How do I use radians to find the length of an arc?

As the radian measure for a full turn is 2π, the fraction of the circle becomes 
θ
2π

Working in radians, the formula for the length ofan arcwill become

l=
θ
2π ×2π r

Simplifying, the formula for the length, l , of an arc is

l = rθ

θ  is the angle measured in radians

r  is the radius

This isgiven in theformula booklet, youdonotneed to remember it

How do I use radians to find the areaof a sector?

As the radian measure for a full turn is 2π, the fraction of the circle becomes 
θ
2π

Working in radians, the formula for the area ofa sector will become

A=
θ
2π ×π r2

Simplifying, the formula for the area, A , of a sector is

A=
1
2 r2 θ

θ  is the angle measured in radians

r  is the radius

This isgiven in theformula booklet, youdonotneed to remember it
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Worked Example

A sliceofcakeforms a sector ofa circlewith an angle of
π

6
 radians and radius of 7

cm. Find the area of the surfaceof the sliceofcakeand its perimeter.


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Pythagoras

What is the Pythagorean theorem?

Pythagoras’ theorem is a formula that works for right-angled trianglesonly

It states that for any right-angled triangle, the square of thehypotenuse is equal to the

sumof thesquares of the twoshorter sides

The hypotenuse is the longest side in a right-angled triangle

It will alwaysbeopposite the right angle

If we label the hypotenuse c,and label the other two sides a and b, thenPythagoras’

theorem tells us that

a2 + b2 = c2

The formula for Pythagoras’ theorem is assumedprior knowledge and is not in theformula

booklet

You will need to remember it

How can we use Pythagoras’ theorem?

If you know two sides ofany right-angled triangle youcan use Pythagoras’ theorem tofind

the length of the third side

Substitute the values you have into the formula and either solve or rearrange

Tofind the length of the hypotenuse youcan use:

c= a2+b2

Tofind the length ofone of theother sides youcan use:

a = c2 − b2    or  b = c2 − a2

Note that when finding the hypotenuse you shouldadd inside the square rootand when

finding one of theother sides you shouldsubtract inside the square root

Always check your answercarefully tomakesure that the hypotenuse is the longest side

Note that Pythagoras’ theorem questions will rarelybestandalone questions and will often

be ‘hidden’ inothergeometryquestions

What is the converseof the Pythagorean theorem?

The converse of the Pythagorean theorem states that if a2 + b2 = c2   is true then the

triangle must bea right-angled triangle

This is a very useful way ofdetermining whethera triangle is right-angled

If a diagram in a questiondoes notclearly show that something is right-angled, youmay

need touse Pythagoras’ theorem tocheck

Exam Tip

Pythagoras' theorem pops up in lots ofexam questions so bear it inmind

wheneveryou seea right-angled triangle in an exam question!



3.3 Trigonometry Toolkit

3.3.1 Pythagoras & Right- Angled Trigonometry
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Worked Example

ABCDEF is a chocolatebar in the shapeofa triangular prism.  The end of the

chocolatebar is an isosceles triangle where AC = 3 cmand AB= BC = 5 cm.  M is the

midpoint ofAC. This information is shown in the diagram below.

Calculate the length BM.


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Right-Angled Trigonometry

What is Trigonometry?

Trigonometry is the mathematics ofangles in triangles

It looks at the relationshipbetween side lengths and angles of triangles

It comes from the Greek words trigononmeaning ‘triangle’and metronmeaning ‘measure’

What are Sin, Cos and Tan?

The three trigonometric functions Sine,Cosine and Tangent come from ratios ofside

lengths in right-angled triangles

Toseehow the ratioswork youmust first label the sides ofa right-angled triangle in relation

toa chosen angle

The hypotenuse,H, is the longest side in a right-angled triangle

It will alwaysbeopposite the right angle

If we label one of the other angles θ, the side oppositeθ will be labelled opposite, O,

and theside next to θ will be labelled adjacent, A

The functions Sine,Cosine and Tangent are the ratios of the lengths of these sides as

follows

Sin θ =
opposite

hypotenuse =
O
H

Cos θ =
adjacent

hypotenuse =
A
H

Tan θ =
opposite
adjacent =

O
A

These arenot in theformula book, youmust remember them

The mnemonicSOHCAHTOA is often usedas a way of remembering which ratio iswhich

Sin isOpposite overHypotenuse

Cos isAdjacent overHypotenuse

Tan isOpposite overAdjacent
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How can we use SOHCAHTOA to find missing lengths?

If you know the length ofone of the sides ofany right-angled triangle and one of the angles

youcan use SOHCAHTOA tofind the length of the other sides

Always startby labelling thesidesof the triangle with H, O and A

Choose the correct ratio by looking onlyat the values that you have and that youwant

Forexample ifyou know the angle and the side opposite it (O) and youwant to

find the hypotenuse (H) you shoulduse the sine ratio

Substitute the values into the ratio

Use your calculator tofind the solution

How can we use SOHCAHTOA to find missing angles?

If you know two sides ofany right-angled triangle youcan use SOHCAHTOA tofind the size

ofone of the angles

Missing angles arefound using the inverse functions:

θ = Sin−1
O
H    ,    θ = Cos−1

A
H   ,   θ = Tan−1

O
A

After choosing the correct ratio and substituting the values use the inverse trigonometric

functions on your calculator tofind the correct answer

Exam Tip

You need to remember the sides involved in the different trig ratios as theyare

notgiven toyou in the exam


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Worked Example

Find the values of x  and y  in the following diagram. Give your answers to 3

significant figures.


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3D Problems

How does Pythagoras work in 3D?

3D shapes can often bebrokendown intoseveral 2D shapes

WithPythagoras’ Theorem youwill bespecifically looking for right-angled triangles

The right-angled triangles youneed will have two known sides and one unknown side

Look for perpendicular lines tohelp you spot right-angled triangles

There is a 3D version of the Pythagorean theorem formula:

d2 = x2 + y2 + z2

However it is usually easier toseea problem bybreaking itdown into two ormore 2D

problems

How does SOHCAHTOAwork in 3D?

Again look for a combinationof right-angled triangles that would lead to the missing angle

orside

The angle you areworking with can beawkward in3D

The angle between a line and a plane is notalways obvious

If unsureput a point on the line and draw a new line to the plane

This shouldcreatea right-angled triangle
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Exam Tip

Annotatediagrams that aregiven toyouwith values that you have calculated

It can beuseful tomakeadditional sketches ofparts ofany diagrams that are

given toyou, especially if there aremultiple lengths/angles that you areasked

tofind

If you arenotgiven a diagram, sketch a nice,big,clear one!



35 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

A pencil isbeing put intoa cuboidshaped box which has dimensions 3 cmby 4 cm

by 6 cm. Find:

a)

the length of the longest pencil that couldfit inside the box,

b)

the angle that the pencil wouldmakewith the top of the box.


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Sine Rule

What is the sine rule?

The sine ruleallows us tofind missing side lengths orangles innon-right-angled triangles

It states that for any triangle with anglesA,B and C

a
sin A

=
b

sin B
=

c
sin C

Where

a is the side opposite angle A

b is the side opposite angle B

c is the side opposite angle C

This formula is in theformula booklet, youdonotneed to remember it

Sin 90° = 1 so ifone of the angles is 90° thisbecomesSOH fromSOHCAHTOA

How can we use the sine rule to find missing side lengths or angles?

The sine rulecan beusedwhen you have any opposite pairs ofsides and angles

Always start by labellingyour triangle with the angles and sides

Remember the sideswith the lower-case letters areopposite the angleswith the

equivalent upper-case letters

Use the formula in the formulabooklet tofind the length of a side

Tofind a missing angle youcan rearrange the formula and use the form

sin A
a =

sin B
b =

sin C
c

This is not in theformula bookletbut can easily befoundby rearranging the one given

Substitute the values you have into the formula and solve

Exam Tip

If you'reusing a calculator makesure that it is in the correct mode

(degrees/radians)

Remember togive your answers as exactvalues ifyou areasked too



3.3.2 Non Right- Angled Trigonometry
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Worked Example

The following diagram shows triangle ABC.  AB = 8 .1 cm, AC = 12.3 cm, 

BCA=27°.

Use the sine rule tocalculate the value of:

i)

x ,

ii)


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y .
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AmbiguousSine Rule

What is the ambiguous case of the sine rule?

If the sine rule is used in a triangle given twosides andan angle which is not theangle

between them there may bemore than one possible triangle which couldbedrawn

The side opposite the given angle couldbe in two possiblepositions

Thiswill create two possiblevalues for eachof the missing angles and two possible lengths

for the missing side

The two angles found opposite the given side (not the ambiguous side) will add up to 180°

In IB the questionwill usually tell youwhether the angle you are looking for is acute or

obtuse

The sine rulewill alwaysgive you the acuteoptionbut youcan subtract from 180° to

find the obtuse angle

Sometimes the obtuse angle will notbevalid

It couldcause the sum of the three interiorangles of the triangle toexceed 180°
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Exam Tip

Makesure that you areclear which of the two answers is the one that is required

and makesure that youcommunicate this clearly to the examinerby writing iton

the answer line!

Worked Example

Given triangle ABC, AB = 8 cm, BC = 5 cm, BAC=35°.  Find the two possible

options for ACB, giving both answers to 1 decimal place.




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CosineRule

What is the cosine rule?

The cosine ruleallows us tofind missing side lengths orangles innon-right-angled

triangles

It states that for any triangle

c2 = a2 + b2 − 2abcosC    ;     cos C =
a2 + b2− c2

2ab
Where

c is the side opposite angle C

a and b are the other two sides

Both of these formulae are in theformula booklet, youdonotneed to remember them

The first version is used tofind a missing side

The second version is a rearrangement of this and can beused tofind a missing angle

Cos 90° = 0 so ifC = 90° thisbecomesPythagoras’ Theorem

How can we use the cosine rule to find missing side lengths or angles?

The cosine rulecan beusedwhen you have two sides and the angle between themorall

three sides

Always start by labellingyour triangle with the angles and sides

Remember the sideswith the lower-case letters areopposite the angleswith the

equivalent upper-case letters

Use the formula c2 = a2 + b2 − 2abcosC to find an unknown side

Use the formula cos C =
a2 + b2 − c2

2ab   to find an unknown angle

C is the angle between sides a and b

Substitute the values you have into the formula and solve

Exam Tip

If you'reusing a calculator makesure that it is in the correct mode

(degrees/radians)

Remember togive your answers as exactvalues ifyou areasked too


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Worked Example

The following diagram shows triangle ABC. AB = 4 .2 km, BC = 3 .8 km, 

AC = 7 .1 km.

Calculate the value of ABC.


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Area of a Triangle

How do I find the areaof a non-right triangle?

The area ofany triangle can befound using the formula

A =
1
2 absinC

Where C is the angle between sides a and b

This formula is in theformula booklet, youdonotneed to remember it

Be careful to label your triangle correctly so that C is always the angle between the two

sides

Sin 90° = 1 so ifC = 90° thisbecomesArea= ½ × base × height
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Exam Tip

If you'reusing a calculator makesure that it is in the correct mode

(degrees/radians)

Remember togive your answers as exactvalues ifyou areasked too


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Worked Example

The following diagram shows triangle ABC. AB = 32 cm, AC = 1 .1 m, 

BAC = 74°. 

Calculate the area of triangle .



47 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Bearings

What are bearings?

Bearings area way ofdescribing and using directions as angles

Theyarespecifically definedfor use in navigationbecause theygive a precise location

and/ordirection

How are bearingsdefined?

There are three ruleswhich must befollowedevery time a bearing isdefined

Theyaremeasured from the North direction

An arrow showing the North line shouldbe included on the diagram

Theyaremeasuredclockwise

The angle is alwayswritten in3 figures

If the angle is less than 100° the first digit will bea zero

What are bearings used for?

Bearings questions will normally involve the use ofPythagoras or trigonometry tofind

missing distances (lengths) and directions (angles) within navigationquestions

You shouldalwaysdraw a diagram

There may bea scalegivenoryoumay need toconsider using a scale

However normally in IB youwill beusing triangle calculations tofind the distances

Some questions may also involve the use ofangle facts tofind the missing directions

Toanswera question involving drawingbearings the following stepsmay help:

STEP 1: Draw a diagram adding in any points and distances you have beengiven

STEP2:Draw a North line (arrowpointing vertically up) at the point youwish tomeasure

the bearing from

If you aregiven the bearing fromA to B draw the North line at A

STEP3:Measure the angle of the bearing given fromtheNorth line in the clockwise

direction

STEP4:Draw a line and add the point B at the givendistance

You will likely then need touse trigonometry tocalculate the shortest distanceoranother

givendistance

Exam Tip

Always draw a big,clear diagram and annotate it, beespecially careful to label

the angles in the correct places!



3.3.3 Applications of Trigonometry & Pythagoras
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Worked Example

The point B is 7 km fromA on a bearing of 105°. The distancefromB toC is 5 kmand

the bearing fromB toC is 230°.  Find the distancefromA toC.


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Elevation & Depression

What are the anglesofelevation and depression?

If a person looks at an object that is noton the same horizontal line as their eye-level they

will be looking at eitheran angle ofelevationordepression

If a person looks up at an object their line ofsight will beat an angle of elevationwith

the horizontal

If a person looks down at an object their line ofsight will beat an angle of depression

with the horizontal

Angles ofelevation and depression aremeasured fromthehorizontal

Right-angled trigonometry can beused tofind an angle ofelevationordepression ora

missing distance

Tan is often used in real-lifescenarioswith angles ofelevation and depression

Forexample ifwe know the distancewe arestanding froma treeand the angle of

elevationof the top of the treewe can use Tan tofind its height

Or ifwe are looking at a boat at tosea and we knowour height above sea level and the

angle ofdepression we can find how far away the boat is

Exam Tip

It may beuseful todraw more than one diagram if the triangles that you are

interested inoverlap one another


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Worked Example

A cliff is perpendicular to the sea and the top of the cliffstands 24m above the level

of the sea. The angle of depression from the cliff to a boat at sea is 35°. At a point x
m up the cliff is a flag markerand the angle ofelevation from the boat to the flag

marker is 18°.

a)

Draw and label a diagram toshow the top of the cliff, T, the footof the cliff, F, the

flag marker, M, and the boat,B, labelling all the angles and distances given above.

b)

Find the distancefrom the boat to the footof the cliff.


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c)

Find the value of x .
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ConstructingDiagrams

What diagrams will I need to construct?

In IB youwill beexpected toconstructdiagrams basedon informationgiven

The informationwill includecompass directions, bearings, angles

Look out for the plane the diagram shouldbedrawn in

It will eitherbehorizontal (something occurring at seaoron the ground)

Or itwill bevertical (Including height)

Work through the statementsgiven in the instructions systematically

What do I need to know?

Your diagrams will besketches, theydonotneed tobeaccurateor toscale

However the more accurateyour diagram is the easier it is towork with

Read the full setof instructions oncebeforebeginning todraw the diagram so you have a

rough ideaofwhere eachobject is

Makesureyou know your compass directions

Dueeast means on a bearingof090°

Draw the line directly to the right

Duesouth means on a bearingof 180°

Draw the line vertically downwards

Duewest means on a bearingof 270°

Draw the line directly to the left

Duenorth means on a bearingof 360° (or 000°)

Draw the line vertically upwards

Using the above bearings for compass directions will help you toestimateangles for other

bearings on your diagram

Exam Tip

Draw your diagrams inpencil so that youcan easily erase any errors

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Worked Example

A cityat B isdue east ofa cityat A and A isdue northofa cityat E.A cityat C isdue

southofB.

The bearing fromA toD is 155° and the bearing fromD toC is 30°.

The distanceAB= 50 km, the distances BC = CD = 30 kmand the distances DE = AE

= 40 km.

Draw and label a diagram toshow the citiesA,B, C, D and E and clearly mark the

bearings and distances given.


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Defining Sin, Cos and Tan

What is the unit circle?

The unitcircle is a circlewith radius 1 and centre (0, 0)

Angles arealwaysmeasured from the positive x-axis and turn:

anticlockwise for positive angles

clockwise for negative angles

It can beused tocalculate trigvalues as a coordinatepoint (x, y)on the circle

Trigvalues can befound bymaking a right triangle with the radius as the hypotenuse

Where θ is the angle measured anticlockwise from the positive x-axis

The x-axis will always be adjacent to the angle, θ
SOHCAHTOA can be used to find the values of sinθ, cosθ and tanθ easily

As the radius is 1 unit

the x coordinate gives the value of cosθ
the y coordinate gives the value of sinθ

As the origin is one of the end points - dividing the y coordinateby the x coordinategives

the gradient

the gradient of the line gives the value of tanθ

It allows us tocalculatesin, cos and tan for anglesgreater than 90° (
π

2
rad)

3.4 Trigonometry

3.4.1 The Unit Circle
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Worked Example

The coordinates ofa point on a unitcircle, to3 significant figures, are (0.629, 0.777).

Find θ° to the nearest degree.


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Using The UnitCircle

What are the propertiesof the unit circle?

The unitcirclecan besplit into four quadrants at every 90° (
π

2
 rad)

The first quadrant is for anglesbetween 0 and 90° 

All three of Sinθ, Cosθ and Tanθ are positive in this quadrant

The second quadrant is for anglesbetween 90° and 180° (
π

2
 rad and π  rad)

Sinθ is positive in this quadrant

The third quadrant is for anglesbetween 180° and 270° (π rad and 
3π
2

)

Tanθ is positive in this quadrant

The fourth quadrant is for anglesbetween 270° and 360° (
3π
2

 rad and 2π)

Cosθ is positive in this quadrant

Starting from the fourth quadrant (on the bottom right) and working anti-clockwise

the positive trig functions spell out CAST

This iswhy it is often thought ofas the CASTdiagram

You may have your own way of remembering this

A popular one starting from the first quadrant isAll Students Take Calculus

Tohelp picture thisbetter try sketching all three triggraphs onone setofaxes and look

at which graphs arepositive ineach90° section

How is the unit circle used to find secondary solutions?

Trigonometric functions have more than one input toeachoutput

Forexample sin30° = sin 150° = 0.5

Thismeans that trigonometric equations have more than one solution

Forexample both30° and 150° satisfy the equation sin x = 0.5

The unitcirclecan beused tofind all solutions to trigonometric equations in a given interval

Your calculator will onlygive you the first solution toa problem such as x = sin (0.5)

This solution is called the primary value

However, due to the periodic natureof the trig functions there couldbean infinite

number ofsolutions

Further solutions arecalled the secondary values

This iswhy youwill begiven a domain inwhich your solutions shouldbefound

This couldeitherbe indegrees or in radians

If you seeπ orsome multipleofπ then youmust work in radians

The following stepsmay help youuse the unitcircle tofind secondary values

STEP 1: Draw the angle into the first quadrant using the x ory coordinate tohelp you

If you areworking with sin x = k,draw the line from the origin to the circumferenceof the

circleat the point where the y coordinate is k

If you areworking with cos x = k,draw the line from the origin to the circumferenceof the

circleat the point where the x coordinate is k

If you areworking with tan x = k,draw the line from the origin to the circumferenceof the

circlesuch that thegradientof the line is k

-1
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Thiswill give you the angle which shouldbemeasured from the positive x-axis…

… anticlockwise for a positive angle

… clockwise for a negative angle

STEP2:Draw the radius in the otherquadrant which has the same...

... x-coordinate ifsolving cos x = k

Thiswill be the quadrant which is vertical to the original quadrant

... y-coordinate ifsolving sin x = k

Thiswill be the quadrant which is horizontal to the original quadrant

... gradient ifsolving tan x = k

Thiswill be the quadrant diagonal to the original quadrant

STEP3:Workout the size of the second angle,measuring from the positive x-axis

… anticlockwise for a positive angle

… clockwise for a negative angle

You should lookat the given rangeofvalues todecidewhetheryouneed the negative

orpositive angle

STEP4: Add orsubtracteither360° or2π radians toboth values until you have all solutions in the

required range
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Exam Tip

Being able tosketch out the unitcircleand remembering CAST can help you to

find all solutions toa problem in an exam question


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Worked Example

Given that one solution of cosθ = 0.8 is θ = 0.6435 radians correct to 4 decimal

places, find all other solutions in the range -2π ≤ θ ≤ 2π.  Give your answers correct

to3 significant figures.


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Trigonometry Exact Values

What are exact values in trigonometry?

For certain angles the values of sin θ, cos θ and tan θ can be written exactly

Thismeans using fractions and surds

You shouldbefamiliar with these values and beable toderive the values using

geometry

You areexpected toknow the exactvalues ofsin, cos and tan for angles of0°, 30°, 45°,

60°, 90°, 180° and their multiples

In radians this is 0, π
6
,
π

4
,
π

3
,
π

2
, π and their multiples

The exactvalues you areexpected toknowarehere:

How do I find the exact valuesofother angles?

The exactvalues for sin and cos can beseen on the unit circle as the y and x coordinates

respectively

If using the coordinates on the unitcircle tomemorise the exactvalues, remember that

cos comesbefore sin

The unit circle can also beused tofind exactvalues ofotherangles using symmetry

If you know the exactvalue for an angle in the first quadrant youcan draw the same angle

from the x-axis in any otherquadrant tofind otherangles

Remember that the angles aremeasured anticlockwise from the positive x-axis

Forexample ifyou know that the exactvalue for is0.5

draw the angle 30° from the horizontal in the three otherquadrants

measuring from the positive x-axis you have the angles of 150°, 210° and 330°

sin is positive in the second quadrant so sin150° = 0.5

3.4.2 Exact Values
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sin is negative in the third quadrant so sin210° = - 0.5

sin is negative in the fourth quadrant so sin330° = - 0.5

It is also possible tofind the negative anglesbymeasuring clockwise from the positive x-

axis

draw the angle 30° from the horizontal in the three otherquadrants

measuring clockwise from the positive x-axis you have the angles of-30°, -150°,

-210° and -330°

sin is negative in the fourth quadrant so sin(-30°) = - 0.5

sin is negative in the third quadrant so sin(-150°) = - 0.5

sin is positive in the second quadrant so sin(-210°) = 0.5

sin is positive in the fourth quadrant so sin(-330°) = 0.5

How are exact values in trigonometry derived?

There are two special right-triangles that can beused toderive all of the exactvalues you

need toknow

Considera right-triangle with a hypotenuse of2 units and a shorter side length of 1 unit

Using Pythagoras’ theorem the third side will be 3

The angleswill be
π

2
 radians (90°), 

π

3
 radians (60°) and 

π

6
 radians (30°)

Using SOHCAHTOA gives…

Sin 
π

3  = 
3
2               Sin 

π

6  = 
1
2

Cos 
π

3  = 
1
2                  Cos 

π

6  = 
3
2

Tan 
π

3  = 3                Tan 
π

6  = 
1
3
= 

3
3

Consideran isosceles triangle with two equal side lengths (the opposite and adjacent)of 1

unit

Using Pythagoras’ theorem it will have a hypotenuse of 2
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The two equal angleswill be
π

4
 radians (45°)

Using SOHCAHTOA gives…

Sin 
π

4
=

1
2
=

2
2

Cos
π

4
=

1
2
=

2
2

Tan 
π

4 = 1

Exam Tip

You will beexpected tobecomfortable using exact trigvalues for certain angles

but itcan beeasy tomuddle themup ifyou just try to remember them froma list,

sketch the triangles and triggraphs on your paper so that youcan use themas

many times as youneed toduring the exam!

sketch the triangles for the key angles 45°/
π
4 , 30°/

π
6 , 60°/

π
3

sketch the trig graphs for the key angles 0°, 90°/
π
2 , 180°/π, 270°/

3π
2 , 

360°/2π


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Worked Example

Using an equilateral triangle ofside length 2 units, derive the exactvalues for the

sine, cosine and tangent of 
π
6  and 

π
3 .


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Graphs of TrigonometricFunctions

What are the graphs of trigonometric functions?

The trigonometric functions sin, cos and tan all have special periodic graphs

You’ll need toknow their properties and how tosketch them for a givendomain ineither

degrees or radians

Sketching the trigonometric graphs can help to

Solve trigonometric equations and find all solutions

Understand transformations of trigonometric functions

What are the propertiesof the graphs ofsin x and cos x?

The graphs ofsin x and cos x arebothperiodic

They repeat every 360° (2π radians)

The angle will alwaysbeon the x-axis

Either indegrees or radians

The graphs ofsin x and cos x arealways in the range -1≤ y ≤ 1

Domain: { }x | x ∈ ℝ
Range: { }y | −1 ≤ y ≤ 1
The graphs ofsin x and cos x are identical howeverone is a translationof the other

sin x passes through the origin

cos x passes through (0, 1)

The amplitude of the graphs ofsin x and cos x is 1

What are the propertiesof the graph of tan x?

The graphof tan x isperiodic

It repeats every 180° (π radians)

The angle will alwaysbeon the x-axis

Either indegrees or radians

The graphof tan x is undefined at the points ± 90°,± 270° etc

There areasymptotes at these points on the graph

In radians this is at the points ± 
π

2
, ± 

3π
2

etc

The rangeof the graphof tan x is

Domain: 

⎧
⎪
⎪
⎨
⎪
⎪
⎩

⎫
⎮
⎮
⎬
⎮
⎮
⎭

x | x ≠ π2 +kπ, k ∈ ℤ

Range: { }y | y ∈ ℝ

3.5 Trigonometric Functions & Graphs

3.5.1 Graphs of Trigonometric Functions

66 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


How do I sketch trigonometric graphs?

You may need tosketch a trigonometric graph so youwill need to remember the key

features ofeachone

The following stepsmay help you sketch a trigonometric graph

STEP 1: Check whetheryou shouldbeworking indegrees or radians

You shouldcheck the domaingiven for this

If you seeπ in the givendomain then you shouldwork in radians

STEP2:Label the x-axis inmultiples of90°

Thiswill bemultiples of
π

2
 if you are working in radians

Makesureyoucover the whole domainon the x-axis

STEP3:Label the y-axis

The rangefor the y-axis will be– 1 ≤ y ≤ 1 for sinorcos

For tan youwill notneed any specific points on the y-axis

STEP4: Draw the graph

Knowing exactvalueswill help with this, such as remembering that sin(0) = 0 and 

cos(0) = 1

Mark the important points on the axis first

Ifyou aredrawing thegraphof tan xput theasymptotes in first
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If you aredrawing sin x orcos x mark inwhere the maximum and minimum points

will be

Try tokeepthe symmetryand rotational symmetryas you sketch, as thiswill help

when using the graph tofind solutions

Exam Tip

Sketch all three triggraphs on your exam paper so youcan refer to themas

many times as youneed to!

Worked Example

Sketch the graphs of y = cosθ and y = tanθ on the same set of axes in the interval -π

≤ θ ≤ 2π. Clearly mark the key features of both graphs.




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Using TrigonometricGraphs

How can I usea trigonometric graph to find extra solutions?

Your calculator will onlygive you the first solution toa problem such as sin (0.5)

This solution is called the primary value

However, due to the periodic natureof the trig functions there couldbean infinite number

ofsolutions

Further solutions arecalled the secondary values

This iswhy youwill begiven a domain (interval) inwhich your solutions shouldbefound

This couldeitherbe indegrees or in radians

If you seeπ orsome multipleofπ then youmust work in radians

The following stepswill help youuse the trigonometric graphs tofind secondary values

STEP 1: Sketch the graph for the given function and interval

Check whetheryou shouldbeworking indegrees or radians and label the axes

with the key values

STEP2:Draw a horizontal line going through the y-axis at the point you are trying tofind

the values for

Forexample ifyou are looking for the solutions tosin (-0.5) thendraw the

horizontal line going through the y-axis at -0.5

The number of times this line cuts the graph is the number ofsolutions within the

given interval

STEP3:Find the primary value and mark iton the graph

Thiswill eitherbean exactvalue and you shouldknow it

Oryouwill beable touse your calculator tofind it

STEP4: Use the symmetryof the graph tofind all the solutions in the interval byadding

orsubtracting from the key values on the graph

What patterns can be seen from the graphs of trigonometric functions?

The graphofsin x has rotational symmetryabout the origin

Sosin(-x) = - sin(x)

sin(x) = sin(180° - x)orsin(π – x)

The graphofcos x has reflectional symmetryabout the y-axis

Socos(-x) = cos(x)

cos(x) = cos(360° – x)orcos(2π – x)

The graphof tan x repeats every 180° (π radians)

Sotan(x) = tan(x ± 180°) or tan(x ±  π )

The graphs ofsin x and cos x repeat every 360° (2π radians)

Sosin(x) = sin(x ±  360°) orsin(x  ±  2π)

cos(x) = cos(x ±  360°)orcos(x  ±  2π)

Exam Tip

Takecare toalways check what the interval for the angle is that the question is

focusedon

-1

-1


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Worked Example

One solution tocos x = 0.5 is 60°.Find all the other solutions in the range-360° ≤ x ≤

360°.


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Transformationsof TrigonometricFunctions

What transformations of trigonometric functions do I need to know?

Aswith othergraphs of functions, trigonometric graphs can be transformed through

translations, stretches and reflections

Translations can beeitherhorizontal (parallel to the x-axis) orvertical (parallel to the y-axis)

For the function y = sin (x)

A vertical translationofa units in the positive direction (up) isdenotedby

y = sin (x) + a

A vertical translationofa units in the negative direction (down) isdenotedby

y = sin (x) - a

A horizontal translation in the positive direction (right) isdenotedby y = sin (x - a)

A horizontal translation in the negative direction (left) isdenotedby y = sin (x + a)

Stretches can beeitherhorizontal (parallel to the x-axis) orvertical (parallel to the y-axis)

For the function y = sin (x)

A vertical stretchofa factora units isdenotedby y = a sin (x)

A horizontal stretchofa factora units isdenotedby y = sin (
x
a

)

Reflections can beeitheracross the x-axis oracross the y-axis

For the function y = sin (x)

A reflectionacross the x-axis isdenotedby y = - sin (x)

A reflectionacross the y-axis isdenotedby y = sin (-x)

What combined transformations are there?

Stretches in the horizontal and vertical direction areoften combined

The functions a sin(bx)anda cos(bx)have the following properties:

The amplitude of the graph is |a |

The periodof the graph is
360
b

° (or 
2π
b

 rad)

Translations inbothdirections couldalso becombinedwith the stretches

The functions a sin(b(x - c )) + d anda cos(b(x - c )) + d have the following properties:

The amplitude of the graph is |a |

The periodof the graph is
360
b ° (or 

2π
b )

The translation in the horizontal direction is c

The translation in the vertical direction isd

d represents the principal axis (the line that the function fluctuates about)

The function a tan(b(x - c )) + d has the following properties:

The amplitude of the graphdoes notexist

The period of the graph is 
180
b ° (or 

2π
b )

The translation in the horizontal direction is c

The translation in the vertical direction (principal axis) isd

Howdo I sketch transformationsof trigonometric functions?

3.5.2 Transformations of Trigonometric Functions
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Sketch the graphof the original function first

Carry out each transformation separately

The order inwhich youcarry out the transformations is important

Given the formy = a sin(b(x - c )) + d carry out any stretches first, translations next

and reflections last

If the function iswritten in the formy = a sin(bx - bc ) + d factorise out the

coefficient ofx beforecarrying out any transformations

Use a very light pencil tomarkwhere the graph has movedfor each transformation

It is a good idea tomark in the principal axis the lines corresponding to the maximum and

minimum points first

The principal axis will be the line y = d

The maximum points will beon the line y = d + a

The minimum points will beon the line y = d - a

Sketch in the new transformedgraph

Check it is correct by looking at some key points from the exact values

Exam Tip

Be sure toapply transformations in the correct order – applying them in the

wrong order can producean incorrect transformation

When you sketch a transformedgraph, indicate the newcoordinates ofany

points that aremarkedon the original graph

Try to indicate the coordinates ofpointswhere the transformedgraph

intersects the coordinateaxes (although ifyoudon't have the equationof the

original function thismay notbepossible)

If the graph has asymptotes, don't forget tosketch the asymptotes of the

transformedgraph as well


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Worked Example

Sketch the graph of y =2 sin⎛
⎜

⎝

⎞
⎟

⎠
3⎛

⎜

⎝

⎞
⎟

⎠
x – π4 −1  for the interval -2π ≤ x ≤ 2π. State the

amplitude, periodand principal axis of the function.


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Modelling withTrigonometricFunctions

What can be modelledwith trigonometric functions?

Anything that oscillates (fluctuates periodically) can bemodelled using a trigonometric

function

Normally some transformationof the sine orcosine function

Examples include:

D (t)  is the depth of water at a shore t hours after midnight

T (d) is the temperature of a city d days after the 1st January

H (t)  is vertical height above ground of a person t seconds after entering a Ferris

wheel

Notice that the x-axis will notalways contain an angle

In the examples above time ornumber ofdayswouldbeon the x-axis

Depthof the water, temperatureorvertical height wouldbeon the y-axis

What are the parameters of trigonometric models?

A trigonometric modelcouldbeof the form

f ( )x =a sin (b (x−c) )+d
f ( )x =a cos (b (x−c) )+d
f ( )x =a tan (b (x−c) )+d

The a represents the amplitude of the function

The bigger the value ofa the bigger the range ofvalues of the function

For the function  a tan (b (x−c) )+d  the amplitude is undefined

The b determines the periodof the function

Period =
360°
b

=
2π
b

The bigger the value ofb the quicker the function repeats a cycle

The c represents the horizontal shift

The d represents the vertical shift

This is the principal axis

What are possible limitations of a trigonometric model?

The amplitude is the same for eachcycle

In real-life thismight notbe the case

The function might get closer to the value ofd over time

The period is the same for eachcycle

In real-life thismight notbe the case

The time tocomplete a cycle might changeover time

3.5.3 Modelling with Trigonometric Functions
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Exam Tip

The variable in these questions is often t for time.

Read the questioncarefully tomakesureyou know what you arebeing asked to

solve.



75 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

The water depth, D, inmetres, at a portcan bemodelled by the function

D ( )t =3 sin ( )15°(t−2) +12, 0 ≤ t < 24

where t is the elapsed time, in hours, sincemidnight.

a)

Write down the depth of the water at midnight.

b)

Find the minimum water depth and the number ofhours aftermidnight that this

depth occurs.


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c)

Calculatehow long the water depth is at least 13.5 m eachday.
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Simple Identities

What is a trigonometric identity?

Trigonometric identities are statements that are true for all values of x  or θ
Theyareused tohelp simplify trigonometric equations beforesolving them

Sometimes you may see identities written with the symbol ≡
Thismeans 'identical to'

What trigonometric identitiesdo I need to know?

The two trigonometric identities youmust knoware

tan θ =
sin θ
cos θ

This is the identity for tan θ
sin2θ + cos2θ = 1

This is the Pythagorean identity

Note that the notation sin 2θ  is the same as (sin θ)
2

Both identities can befound in theformula booklet

Rearranging the second identityoften makes iteasier towork with

sin2θ= 1− cos2 θ
cos2θ= 1− sin2θ

Where do the trigonometric identitiescome from?

You donotneed toknow the proof for these identitiesbut it is a good idea toknow where

theycome from

FromSOHCAHTOA we know that

sin θ =
opposite

hypotenuse
=

O
H

cos θ =
adjacent

hypotenuse
=

A
H

tan θ =
opposite
adjacent

=
O
A

The identity for tan θ  can be seen bydiving sin θ by cos θ?

sin θ
cos θ =

O
H
A
H

=
O
A = tan θ

The Pythagorean identitycan beseen byconsidering a right-triangle with a hypotenuse of 1

Then (opposite) + (adjacent) = 1

Therefore sin2 θ+cos2 θ = 1
Considering the equationof the unitcirclealso shows the Pythagorean identity

The equation of the unit circle is  x2 + y2 = 1
The coordinates on the unit circle are  (cos θ , sin θ )

2 2

3.6 Trigonometric Equations & Identities

3.6.1 Simple Identities
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Therefore the equation of the unit circle could be written cos2 θ+sin2 θ=1

A third very useful identity is sin θ=cos (90°− θ ) or sin θ=cos (

π

2
− θ )

This is not included in the formulabooklet but is useful to remember

How are the trigonometric identities used?

Most commonly trigonometric identities areused tochangean equation intoa form that

allows it tobesolved

Theycan also beused toprove further identities such as the double angle formulae

Exam Tip

If you are asked to show that one thing is identical (≡) to another, look at what

parts aremissing –  for example, if tan x has gone itmust have been substituted

Worked Example

Show that the equation 2sin2 x−cos x=0  can be written in the form 

acos2 x+bcos x+c=0, where a, b  and c  are integers to be found.




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Compound AngleFormulae

What are the compound angle formulae?

There aresixcompoundangle formulae (also known as addition formulae), two each for

sin,cos and tan:

Forsin the +/-sign on the left-hand side matches the one on the right-hand side

sin(A+B)≡sinAcosB + cosAsinB

sin(A-B)≡sinAcosB - cosAsinB

Forcos the +/-sign on the left-hand side isopposite to the one on the right-hand side

cos(A+B)≡cosAcosB - sinAsinB

cos(A-B)≡cosAcosB + sinAsinB

For tan the +/-sign on the left-hand side matches the one in the numeratoron the right-

handside,and is opposite to the one in the denominator

tan( )A+B ≡
tanA+ tanB
1− tanAtanB

tan( )A−B ≡
tanA− tanB
1+ tanAtanB

The compound angle formulae can all the found in the formulabooklet, youdonotneed to

remember them

When are the compound angle formulae used?

The compound angle formulae areparticularly useful when finding the values of

trigonometric ratioswithout the use ofa calculator

Forexample tofind the value ofsin15° rewrite itas sin (45 – 30)° and then

apply the compound formula for sin(A – B)

use your knowledge ofexactvalues tocalculate the answer

The compound angle formulae arealso used…

… toderive furthermultipleangle trig identities such as the double angle formulae

… in trigonometric proof

… tosimplify complicated trigonometric equations beforesolving

How are the compound angle formulae for cosine proved?

The proof for the compound angle identitycos (A – B ) = cos A cos B  + sinA sinB can be

seen byconsidering two coordinates on a unitcircle, P (cos A, sinA) and Q (cos B, sinB )

The angle between the positive x-axis and the point P isA

The angle between the positive x-axis and the point Q isB

The angle between P and Q isB – A

Using the distanceformula (Pythagoras) the distancePQ can begiven as

|PQ| = (cos A – cos B) + (sinA – sinB)

Using thecosine rule thedistancePQcanbegiven as

2 2 2

3.6.2 Compound Angle Formulae
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|PQ| =  1 + 1 -2(1)(1)cos(B – A) = 2 - 2 cos(B – A)

Equating these two formulae,expanding and rearranging gives

2 - 2 cos(B – A) = cos A + sin A + cos B + sin B –2 cos A cos B  - 2sinA sinB

2 - 2 cos(B – A) = 2 – 2(cos A cos B  + sinA sinB )

Therefore cos (B – A) = cos A cos B  + sinA sinB

Changing -A for A in this identityand rearranging proves the identity for cos (A + B)

cos (B – (-A)) = cos(-A) cos B  + sin(-A) sinB = cos A cos B – sinA sinB

How are the compound angle formulae for sine proved?

The proof for the compound angle identity sin (A + B ) can beseen byusing the above proof

for cos (B – A) and

Considering cos (π/2 – (A + B)) = cos (π/2)cos(A + B) + sin(π/2)sin(A + B)

Therefore cos (π/2 – (A + B)) = sin(A + B)

Rewriting cos (π/2 – (A + B)) as cos ((π/2 – A) + B)gives

cos (π/2 – (A + B)) = cos (π/2 – A)cos B + sin (π/2 – A) sinB

Using cos (π/2 – A) = sinA and sin (π/2 – A) = cos A and equating gives

sin (A + B) = sinA cos B + cos A cos B

Substituting B for -Bproves the result for sin (A – B)

How are the compound angle formulae for tan proved?

The proof for the compound angle identities tan (A ± B) can beseen by

Rewriting tan (A±B ) as 
sin (A ± B )

cos (A ± B )

Substituting the compound angle formulae in

Dividing the numerator and denominator bycos A cos B

Exam Tip

All these formulae are in the Topic 3:Geometry and Trigonometry sectionof

the formulabooklet – makesure that youuse themcorrectly paying particular

attention toany negative/positive signs

2  2 2

2 2 2 2



82 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

a)

Show that tan ⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x+ π

4
− tan ⎛

⎜
⎜

⎝

⎞
⎟
⎟

⎠
x− π

4
=

2(tan2x+1)

1− tan2x

b)

Hence, solve tan ⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x+ π

4
− tan ⎛

⎜
⎜

⎝

⎞
⎟
⎟

⎠
x− π

4
= −4  for 0 ≤ x ≤ π

2


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DoubleAngleFormulae

What are the double angle formulae?

The double angle formulae for sineand cosineare:

sin 2θ = 2sin θcos θ
cos 2θ = cos2 θ− sin2 θ = 2cos2 θ−1 = 1− 2sin2 θ

tan2θ ≡
2tanθ

1− tan2θ
These can befound in the formulabooklet

The formulae for sin and cos can befound in the SL section

The formula for tan can befound in the HL section

How are the double angle formulae derived?

The double angle formulae can bederivedfrom the compound angle formulae

Simply replaceB for A ineachof the formulae and simplify

Forexample

Sin 2A= sin (A + A) = sinAcosA + sinAcosA = 2sinAcosA

How are the double angle formulae used?

Double angle formulae will often beusedwith…

... trigonometryexactvalues

... graphs of trigonometric functions

... relationships between trigonometric ratios

Tohelp solve trigonometric equations which contain sin θcos θ :

Substitute sin θcos θ  for 
1
2
sin 2θ

Solve for 2θ , finding all values in the range for 2θ
The range will need adapting for 2θ

Find the solutions for θ
To help solve trigonometric equations which contain sin 2θ  and sin θ  or cos θ

Substitute sin 2θ  for 2sin θcos θ
Isolate all terms in θ
Factorise oruse another identity towrite the equation in a formwhich can besolved

To help solve trigonometric equations which contain cos 2θ  and sin θ  or cos θ
Substitute cos 2θ  for either 2cos2 θ−1  or 1 − 2sin2 θ

Choose the trigonometric ratio that is already in the equation

Isolate all terms in θ
Solve

The equationwill most likelybe in the formofa quadratic

To help solve trigonometric equations which contain tan 2θ
Substitute tan 2θ for the double angle identity

Rearrange, often this will lead to a quadratic equation in terms of tan θ
Solve

Double angle formulae can beused inproving other trigonometric identities

3.6.3 Double Angle Formulae
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Exam Tip

All these formulae are in the Topic 3:Geometry and Trigonometry sectionof

the formulabooklet

If you are asked to show that one thing is identical (≡) to another, look at what

parts are missing –  for example, if sinθ has disappeared you may want to

choose the equivalent expression for cos2θ that does not include sinθ

Worked Example

Without using a calculator, solve the equation sin 2θ=sin θ  for 0° ≤ θ ≤ 360°.

Showall working clearly.




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Relationship Between TrigonometricRatios

What relationships between trigonometric ratios should I know?

If you knowa value for one trig ratio youcan often use this towork out the value for the

others without needing to find θ

If you know that sin θ=
a
b  , where a, b ∈ ℕ, you can:

Sketch a right-triangle with a opposite θ and b on the hypotenuse

Use Pythagoras’ theorem tofind the value of the adjacent side

Use SOHCAHTOA to find the values of cos θ and tan θ
If you know a value for sin θ or cos θ you can use the Pythagorean relationship

sin2 θ+ cos2 θ=1
tofind the value of the other

If you know a value for sin θ or cos θ you can use the double angle formulae to find the value

of sin 2θ or cos 2θ
If you know a value for tan θ you can use the double angle formulae to find the value of tan

2θ
If you know two out of the three values for sin θ, cos θ or tan θ you can use the identity in tan

tan θ=
sin θ
cos θ

tofind the value of the third ratio

How do we determine whether a trigonometric ratio will be positiveor
negative?

It is possible todetermine whethera trigonometric ratio will bepositive ornegative by

looking at the size of the angle and considering the unit circle

Angles in the range 0° < θ° < 90° will be positive for all three ratios

Angles in the range 90° < θ° < 180° will be positive for sin and negative for cos and tan

Angles in the range 180° < θ° < 270° will be positive for tan and negative for sin and cos

Angles in the range 270° < θ° < 360° will be positive for cos and negative for sin and tan

The ratios for angles of0°, 90°, 180°, 270° and 360° areeither0, 1, -1orundefined

You shouldknow these ratios orknowhow toderive themwithout a calculator

Exam Tip

Being able tosketch out the unitcircleand remembering CAST can help you to

find all solutions toa problem in an exam question



3.6.4 Relationship Between Trigonometric Ratios
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Worked Example

The value of sin α=
3
5  for 

π
2 ≤ α ≤ π.  Find:

i)

cos α

ii)

tan α


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iii)

sin 2α

iv)

cos 2α

v)

tan 2α
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TrigonometricEquations: sinx= k

How are trigonometric equations solved?

Trigonometric equations can have an infinite number ofsolutions

Foran equation in sinorcos youcan add360° or2π toeach solution tofind more

solutions

Foran equation in tan youcan add 180° orπ toeach solution

When solving a trigonometric equation youwill begiven a rangeofvalueswithinwhich you

shouldfind all the values

Solving the equationnormally and using the inverse function on your calculator oryour

knowledge ofexact values will give you the primary value

The secondary values can befound with the help of:

The unit circle

The graphs of trigonometric functions

How are trigonometric equations of the form sin x = k solved?

It is a good idea tosketch the graphof the trigonometric function first

Use the given rangeofvalues as the domain for your graph

The intersections of the graphof the function and the line y =k will show you

The locationof the solutions

The number ofsolutions

You will beable touse the symmetryproperties of the graph tofind all secondary

valueswithin the given rangeofvalues

The methodfor finding secondary values are:

For the equation sin x = k the primary value is x = sin k

A secondary value is x = 180° - sin k

Then all valueswithin the rangecan befound using x ± 360n and 

x  ± 360n where n ∈ ℕ

For the equationcos x = k the primary value is x = cos k 

A secondary value is x = - cos k

Then all valueswithin the rangecan befound using x ± 360n and 

x  ± 360n where n ∈ ℕ
For the equation tan x = k  the primary value is x = tan k

All secondary values within the range can be found using x ± 180n where n ∈ ℕ

Exam Tip

If you areusing your GDC itwill onlygive you the principal value and youneed to

find all other solutions for the given interval

Sketchout the CAST diagram and the triggraphs on your exam paper to refer

back toas many times as youneed to

1
-1

2 
-1

1

2

1
-1

2
-1

1

2

-1



3.6.5 Linear Trigonometric Equations
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Worked Example

Solve the equation 2cos x = −1  , finding all solutions in the range −π ≤ x ≤ π .

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TrigonometricEquations: sin(ax + b)= k

How can I solveequations with transformations of trig functions?

Trigonometric equations in the formsin(ax + b) can besolved inmore than one way

The easiest method is toconsider the transformationof the angle as a substitution

Forexample let u = ax + b

Transform the given interval for the solutions in the same way as the angle

Forexample if the given interval is0° ≤ x ≤ 360° the new interval will be

(a (0°) + b) ≤ u ≤ (a (360°) + b)

Solve the function tofind the primary value for u

Use either the unitcircleorsketch the graph tofind all the other solutions in the rangefor u

Undothe substitution toconvert all of the solutions back into the corresponding solutions

for x

Anothermethodwouldbe tosketch the transformationof the function

If youuse thismethod then youwill notneed touse a substitution for the rangeof

values

Exam Tip

If you transform the interval, remember toconvert the found anglesback to the

final values at the end!

If you areusing your GDC itwill onlygive you the principal value and youneed to

find all other solutions for the given interval

Sketchout the CAST diagram and the triggraphs on your exam paper to refer

back toas many times as youneed to


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Worked Example

Solve the equation 2cos(2x − 30°) = −1, finding all solutions in the range 

−360° ≤ x ≤ 360°.


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Quadratic TrigonometricEquations

How are quadratic trigonometric equations solved?

A quadratic trigonometric equation is one that includes either sin2 θ , cos2 θ  or tan2 θ
Often the identity sin2 θ+cos2 θ=1  can be used to rearrange the equation into a form

that is possible tosolve

If the equation involvesboth sine and cosine then the Pythagorean identity shouldbe

used towrite the equation in terms of just one of these functions

Solve the quadratic equationusing your GDC, the quadratic equationor factorisation

This can bemadeeasier bychanging the function toa single letter

Such as changing 2cos2 θ−3cos θ−1=0 to 2c2−3c−1=0
A quadratic can give up to two solutions

You must considerboth solutions toseewhethera real value exists

Remember that solutions for sin θ = k and cos θ = k only exist for -1 ≤ k ≤ 1  

Solutions for tan θ = k exist for all values of k

Find all solutions within the given interval

There will often bemore than two solutions for one quadratic equation

The best way tocheck the number ofsolutions is tosketch the graphof the function

Exam Tip

Sketch the triggraphs on your exam paper to refer back toas many times as you

need to!

Be careful tomakesureyou have found all of the solutions in the given interval,

being super-careful ifyouget a negative solutionbut have a positive interval



3.6.6 Quadratic Trigonometric Equations
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Worked Example

Solve the equation 11sin x – 7 =5cos2 x , finding all solutions in the range 

0 ≤ x ≤ 2π.


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ReciprocalTrigFunctions

What are the reciprocal trig functions?

There are three reciprocal trig functions that eachcorrespond toeither sin, cos or tan

Secant (sec x)

secx=
1

cos x
Cosecant (cosec x)

cosec x=
1

sin x
Cotangent (cot x)

cot x =
1

tan x
The identities above for sec x and cosec x aregiven in the formulabooklet

The identity for cot x is not given, youwill need to remember it

A goodway to remember which function iswhich is to lookat the third letter ineachof

the reciprocal trig functions

cot x is 1 over tan x etc

Eachof the reciprocal trig functions areundefinedfor certain values ofx

sec x is undefinedfor values ofx for which cos x = 0

cosec x is undefinedfor values ofx for which sin x = 0

cot x is undefinedfor values ofx for which tan x = 0

When tan x is undefined, cot x = 0

Rearranging the identity tan x=
sin x
cos x gives

cot x =
cos x
sin x

This is not in the formulabooklet but is easily derived

Be careful not toconfuse the reciprocal trig functions with the inverse trig functions

sin−1 x ≠
1

sin x

What do the graphs of the reciprocal trig functions look like?

The graphofy = secx has the following properties:

The y-axis is a lineof symmetry

It has a periodof360° (2π radians)

There arevertical asymptoteswherevercos x= 0

If drawing thegraph without thehelp of a GDC it is a good idea to sketchcos x

first anddraw these in

The domain is all xexceptodd multiples of 90° (90°, -90°, 270°, -270°, etc.)

in radians this is allxexceptoddmultiples ofπ/2 (π/2, - π/2, 3π/2, -3π/2,etc.)

3.7 Inverse & Reciprocal Trig Functions

3.7.1 Reciprocal Trig Functions
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The range is y ≤ -1ory ≥ 1

The graphofy = cosecx has the following properties:

It has a periodof360° (2π radians)

There arevertical asymptoteswhereversin x = 0

If drawing thegraph it is a good idea to sketch sin x first anddraw these in

The domain is all xexcept multiples of 180° (0°, 180°, -180°, 360°, -360°, etc.)

in radians this is all xexcept multiples ofπ (0, π, - π, 2π, -2π,etc.)

The range is y ≤-1ory ≥ 1

The graphofy = cot x has the following properties

It has a periodof 180°orπ radians

There arevertical asymptoteswherever tan x = 0

The domain is all xexcept multiples of 180° (0°, 180°, -180°, 360°, -360°, etc.)

In radians this is all xexcept multiples ofπ (0, π, - π, 2π, -2π,etc.)

The range is y ∈ ℝ (i.e. cot can take any real number value)
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Exam Tip

Tosolve equations with the reciprocal trig functions, convert them into the

regular trig functions and solve in the usual way

Don't forget that both tanandcotcan bewritten in terms ofsinandcos

You will sometimes seecsc instead ofcosec for cosecant


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Worked Example

Without the use ofa calculator, find the values of

a)

sec π6

b)

cot 45°


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Pythagorean Identities

What are the Pythagorean Identities?

Aside from the Pythagorean identity sin x + cos x = 1 there are two furtherPythagorean

identities youwill need to learn

1+ tan2 θ=sec2 θ
1+cot2 θ=cosec2 θ
Both can befound in the formulabooklet

Both of these identities can bederivedfromsin x + cos x = 1

Toderive the identity for sec x divide sin x + cos x = 1bycos x

Toderive the identity for cosec x divide sin x + cos x = 1by sin x

Exam Tip

All the Pythagorean identities can befound in the Topic 3:Geometry and

Trigonometry sectionof the formulabooklet

2 2

2 2

2 2 2 2

2 2 2 2


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Worked Example

Solve the equation 9 sec θ – 11 = 3 tan θ in the interval 0 ≤ θ ≤ 2π. 


2 
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Inverse TrigFunctions

What are the inverse trig functions?

The functions arcsin,arccos and arctan are the inverse functions ofsin,cos and tan

respectively when their domains are restricted

sin (arcsin x) = x  for  -1≤ x ≤ 1

cos (arccos x) = x  for  -1≤ x ≤ 1

tan (arctan x) = x  for all x

You will have seen and used the inverse trigoperations many times already

Arcsin is the operation sin

Arccos is to the operationcos

Arctan is the operation tan

The domains ofsin,cos, and tan must first be restricted tomake themone-to-one

functions

A function can onlyhave an inverse if it is a one-to-one function

The domainofsin x is restricted to-π/2≤ x ≤ π/2 (-90°≤ x ≤ 90°)

The domainofcos x is restricted to0 ≤ x ≤ π  (0°≤ x ≤ 180°)

The domainof tan x is restricted to-π/2< x < π/2 (-90°< x < 90°)

Be aware that sin x,cos x,and tan x arenot the same as the reciprocal trig functions

Theyareused tosolve trigequations such as sin x = 0.5 for all values ofx

arcsin x is the same as sin x but not the same as (sin x)

What do the graphs of the inverse trig functions look like?

The graphs ofarcsin,arccos and arctan are the reflections of the graphs ofsin,cos and

tan (after their domains have been restricted) in the line y =x

The domainsofarcsin x and arccos x areboth -1≤ x ≤ 1

The range ofarcsin x is -π/2≤ y ≤ π/2

The range ofarccos x is0 ≤ y ≤ π

-1

-1

-1

-1 -1 -1

-1 -1

3.7.2 Inverse Trig Functions
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The domain of arctan x is x ∈ ℝ

The range ofarctan x is -π/2< y < π/2

Note that there arehorizontal asymptotes at π/2and -π/2

How are the inverse trig functions used?

The functions arcsin,arccos and arctan areused toevaluate trigonometric equations such

as sin x = 0.5

If sin x = 0.5 then arcsin0.5 = x for values ofx between -π/2≤ x ≤ π/2

You can then use symmetries of the trig function tofind solutions overother

intervals

The inverse trig functions arealso used tohelp evaluatealgebraicexpressions 

Fromsin (arcsin x) = x we can also say that sin (arcsin x) = x for  -1≤ x ≤ 1

If using an inverse trig function toevaluatean algebraicexpression then remember to

consider the domain and rangeof the function

arcsin(sin x) = x  only for  -π/2≤ x ≤ π/2

arccos(cos x) = x  only for  0 ≤ x ≤ π

arctan(tan x) = x  only for  -π/2< x < π/2

The symmetries of the trig functions can beusedwhen values lie outside of the domain

or range

Using sin(x) = sin(π - x) youget arcsin(sin(2π/3)) = arcsin(sin(π/3)) = π/3

n n 
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Exam Tip

Makesureyou know the shapes of the graphs forsin,cos and tan so that you

can easily reflect them in the line y=x  and hence sketch the graphs of

arcsin,arccos andarctan

Worked Example

Given that xsatisfies the equation arccos x = k where 
π
2 <k<π ,  state the

range of possible values of x .




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TrigonometricProof

How do I provenew trigonometric identities?

You can use trigonometric identities you alreadyknow toprove new identities

Makesureyou knowhow tofind all of the trig identities in the formulabooklet

The identity for tan, simple Pythagorean identityand the double angle identities for in

and cos are in the SL section

tanθ=
sinθ
cosθ

cos2θ +sin2θ=1
sin2θ=2sinθcosθ
cos2θ=cos2θ−sin2θ=2cos2θ−1=1−2sin2θ

The reciprocal trigonometric identities for secand cosec, furtherPythagorean

identities, compound angle identities and the double angle formula for tan

secθ=
1

cosθ

cosec θ=
1

sinθ
1+ tan2θ =sec2θ
1+cot2θ =cosec2θ
sin( )A ±B =sinAcosB ±cos A sinB
cos( )A ±B =cosAcosB ∓sin A sinB

tan( )A ±B =
tanA ± tanB
1∓ tanAtanB

tan2θ=
2tanθ

1− tan2θ
The identity for cot is not in theformula booklet, youwill need to remember it

cotθ=
1

tanθ =
cosθ
sinθ

Toprove an identity startonone side and proceed step by step until youget to the other

side

It ismore common tostarton the lefthand side but youcan starta proof fromeither

end

Occasionally it is easier toshow that one side subtractedfrom the other is zero

You shouldnotwork onboth sides simultaneously

What should I look out for when proving new trigonometric identities?

Look for anything that could be a part of one of the above identities oneither side

For example if you see sin2θ  you can replace it with 2sinθcosθ
If you see 2sinθcosθ you can replace it with sin2θ

3.8 Further Trigonometry

3.8.1 Trigonometric Proof
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Look for ways of reducing the number ofdifferent trigonometric functions there arewithin

the identity

For example if the identity contains tan θ, cot θ and cosec θ you could try

using the identities tan θ = 1/cot θ and 1 + cot  θ = cosec θ to write it all in terms of

cot θ
or rewriting it all in terms of sin θ and cos θ and simplifying

Often youmay need to trial a few different methods beforefinding the correct one

Clever substitution into the compoundangle formulae can bea useful tool for proving

identities

For example rewriting cos
θ
2  as cos (θ −

θ
2 )  doesn’t change the ratio but could make

an identityeasier toprove

You will most likelyneed tobeable towork with fractions and fractions-within-fractions

Always keepan eye on the 'target' expression – this can help suggest what identities touse

Exam Tip

Don't forget that youcan starta proof fromeitherend – sometimes itmight be

easier tostart from the left-hand side and sometimes itmay beeasier tostart

from the right-hand side

Makesureyouuse the formulabooklet as all of the relevant trigonometric

identities aregiven toyou

Look out for special angles (0°, 90°, etc) as youmay beable toquickly simplify

or cancel parts of an expression (e.g. cos 90°=0)

2 2 



106 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Prove that 8cos4θ−8cos2θ+1=cos4θ .

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Strategy for TrigonometricEquations

How do I approach solving trig equations?

You can solve trigequations in a variety ofdifferent ways

Sketchinga graph 

If you have your GDC it is alwaysworth sketching the graph and using this to

analyse its features

Using trigonometric identities, Pythagorean identities, the compoundordouble

angle identities

Almost all of these are in the formulabooklet,makesureyou have itopen at the

right page

Using the unit circle

Factorising quadratic trigequations 

Look out for quadratics such as 5tan x – 3tan x – 4 = 0

The final rearranged equation you solve will involve sin,cos or tan

Don’t try tosolve an equationwith cosec, sec, orcot directly

What should I look for when solving trig equations?

Check the value of x or θ
If it is just x or θ you can begin solving

If there are different multiples of x or θ you will need to use the double angle formulae

to get everything in terms of the same multiple of x or θ
If it is a function of x or θ, e.g. 2x – 15, you will need to transform the range first

You must remember to transform your solutions backagain at the end

Does it involve more than one trigonometric function?

If itdoes, try to rearrange everything tobring it toone side, youmay need to factorise

If not, can youuse an identity to reduce the number ofdifferent trigonometric

functions?

You shouldbeable touse identities to reduceeverything to just one simple trig

function (either sin, cos or tan)

Is it linear orquadratic?

If it is linear you shouldbeable to rearrangeand solve it

If it is quadratic youmay need to factorise first

You will most likelyget two solutions, considerwhether theybothexist

Remember solutions tosin x = k and cos x = k onlyexist for -1≤ k ≤ 1 whereas

solutions to tan x = k exist for all values ofk

Are my solutions within the given rangeand do I need tofind more solutions?

Be extra careful ifyour solutions arenegative but the given range is positive only

Use a sketch of the graphor the unitcircle tofind the other solutions within the range

If you have a function of x or θ make sure you are finding the solutions within the

transformed range

Don’t forget to transform the solutions backso that theyare in the required range

at the end

2

3.8.2 Strategy for Trigonometric Equations
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Exam Tip

Try touse identities and formulas to reduce the equation into its simplest terms.

Don’t forget tocheck the function rangeand ensureyou have included all

possiblesolutions.

If the question involves a function of x or θ ensure you transform the range first

(and ensureyou transform your solutions backagain at the end!).


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Worked Example

Find the solutions of the equation ( )1+cot22θ ( )5cos2θ−1 =cot22θ in the interval 

0 ≤ θ ≤2π.


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Scalars & Vectors

What are scalars?

Scalars arequantitieswithout direction

Theyhave onlya size (magnitude)

Forexample:speed, distance, time, mass

Most scalar quantities can neverbenegative

You cannothave a negative speedordistance

Whatare vectors?

Vectors arequantitieswhich also have a direction, this iswhat makes themmore than just

a scalar

Forexample: two objects with velocitiesof7 m/s and ‑7m/s are travelling at the same

speed but inoppositedirections

A vectorquantity isdescribedbyboth its magnitude and direction

Avectorhas components in the direction of the x- , y-,and z-axes

Vectorquantities can have positive ornegative components

Some examples ofvector quantities youmay come across aredisplacement, velocity,

acceleration, force/weight, momentum

Displacement is the position ofan object froma starting point

Velocity is a speed in a givendirection (displacement over time)

Acceleration is the change in velocity over time

Vectors may begiven ineither2-or3-dimensions

Exam Tip

Makesureyou fully understand the definitions ofall the words in this section so

that youcan beclear about what your exam question is asking ofyou



3.9 Vector Properties

3.9.1 Introduction to Vectors
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Worked Example

Statewhethereachof the following is a scalar ora vector quantity.

a)

A speedboat travels at 3 m/s on a bearing of052°

b)

A garden is 1.7m wide

c)

A car accelerates forwards at 5.4ms

d)

A film lasts 2 hours 17 minutes

e)

An athlete runs at an averagespeedof 10.44 ms

f)

A ball rolls forwards 60cmbeforestopping


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-1
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Vector Notation

How are vectors represented?

Vectors areusually represented using an arrow in the direction ofmovement

The length of the arrow represents its magnitude

Theyarewritten as lowercase letters either inbold orunderlined

Forexample a vector from the point O toA will bewritten a ora

The vector from the point A toO will bewritten-aor-a

If the startand end point of the vector is known, it iswritten using these points as capital

letters with an arrow showing the direction ofmovement

Forexample: 
⎯⎯⎯⎯
AB or 

⎯⎯⎯⎯
BA

Two vectors areequal only if their corresponding components areequal

Numerically, vectors areeither represented using column vectors orbase vectors

Unless otherwise indicated, youmay carry out all working and writeyour answers in

eitherof these two types ofvector notation

Whatare column vectors?

Columnvectors arewhere one number iswritten above the otherenclosed inbrackets

In2-dimensions the top number represents movement in thehorizontal direction

(right/left) and thebottomnumber represents movement in thevertical direction

(up/down)

A positive value represents movement in thepositive direction (right/up) anda

negative value represents movement in the negative direction (left/down)

Forexample:The column vector 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

3
−2

represents 3 units in the positivehorizontal (x)

direction (i.e., right) and 2 units in the negativevertical (y)direction (i.e., down)

In3-dimensions the top number represents themovement in thex direction (length),

themiddle number represents movement in they direction (width)and thebottom

number represents themovement in the z direction (depth)

Forexample:The column vector 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

3
−4
2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

represents 3 units in the positive x direction, 4

units in the negative y directionand 2 units in the positive z direction

Whatare base vectors?

Base vectors use i, j and k notationwhere i, j and k areunit vectors in the positive x, y,and z

directions respectively

This is sometimes also called unit vector notation

A unit vectorhas a magnitude of 1

In2-dimensions i represents movement in thehorizontal direction (right/left) and j

represents themovement in thevertical direction (up/down)

Forexample: The vector (-4i + 3j) wouldmean 4 units in the negativehorizontal (x)

direction (i.e., left) and 3 units in the positivevertical (y)direction (i.e., up)
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In3-dimensions i represents movement in thex direction (length), j represents

movement in they direction (width)and k represents themovement in thez direction

(depth)

Forexample: The vector (-4i + 3j- k) wouldmean 4 units in the negativex direction, 3

units in the positivey directionand 1 unit in the negative z direction

As theyarevectors, i, j and k aredisplayed inbold in textbooks and online but in

handwriting they wouldbeunderlined (i, j and k)

Exam Tip

Practice working with all types ofvector notation so that you areprepared for

whatevercomes up in the exam

Your working and answer in the exam can be in any formunless told

otherwise

It isgenerally best towriteyour final answer in the same formas given in the

question, howeveryouwill not lose marks for notdoing this unless it is

specified in the question

Vectors appear inbold (non-italic) font in textbooks and onexam papers, etc

(i.e. F, α ) but in handwriting should be underlined (i.e.F , α )


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Worked Example

a)

Write the vector 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−4
0
5

using base vectornotation.

b)

Write the vector k−2j  using column vector notation.


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Parallel Vectors

How do you know if two vectors are parallel?

Two vectors areparallel ifone is a scalar multiple of the other

Thismeans that all components of the vector have beenmultipliedbya common

constant (scalar)

Multiplying every component in a vector bya scalar will change the magnitude of the

vector but not the direction

For example: the vectors a= ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
0
3

 and b=2a= 2⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
0
3

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
6

will have the same

directionbut the vector b will have twice the magnitudeofa

Theyareparallel

If a vector can befactorisedbya scalar then it is parallel toany scalar multiple of the

factorisedvector

Forexample:The vector 9i+ 6j – 3kcan befactorisedby the scalar 3 to3(3i+ 2j – k) so

the vector 9i+ 6j – 3k is parallel toany scalar multiple of3i+ 2j – k

If a vector ismultipliedbya negative scalar its direction will be reversed

It will still beparallel to the original vector

Two vectors areparallel if theyhave the same or reverse directionand equal if theyhave

the same size anddirection
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Exam Tip

It is easiest tospot that two vectors areparallel when theyare incolumn vector

notation

in your exam by writing vectors incolumn vector formand looking for a

scalar multipleyouwill beable toquickly determine whether theyare

parallel ornot


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Worked Example

Show that the vectors a =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−4

 and b = 6k – 3i are parallel and find the scalar

multiple that maps a ontob.


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Adding& SubtractingVectors

How are vectors added and subtracted numerically?

Toadd orsubtract vectors numerically simply addorsubtracteachof the corresponding

components

In column vectornotation just add the top,middle and bottomparts together

Forexample:
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
1
−5

−
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
4
3

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−3
−8

In base vectornotation addeachof the i, j, and k components together separately

Forexample: (2i+ j – 5k) – (i + 4j + 3k) = (i – 3j – 8k)

How are vectors added and subtractedgeometrically?

Vectors can beaddedgeometrically by joining the end ofone vector to the startof the next

one

The resultant vector will be the shortest routefrom the startof the first vector to the end of

the second

A resultant vector is a vector that results fromaddingorsubtracting two ormore

vectors

If the two vectors have the same startingposition, the second vector can be translated to

the end of the first vector tofind the resultant vector

This results in a parallelogram with the resultant vector as the diagonal

Tosubtract vectors, consider this as addingon thenegative vector

Forexample:a – b = a + (-b)

The end of the resultant vectora – b will notbeanywhere near the end of the vector b

Instead, itwill beat the point where the end of the vector -bwouldbe

3.9.2 Position & Displacement Vectors
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Exam Tip

Working incolumn vectors tends tobeeasiest when adding and subtracting

in your exam, itcan help toconvert any vectors intocolumn vectorsbefore

carrying out calculations with them

If there is no diagram, drawing one can behelpful tohelp you visualise the

problem

Worked Example

Find the resultant of the vectors a = 5i – 2j and b = 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−3
1
2

.




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Position Vectors

What is a position vector?

A position vector describes the positionofa point in relation to the origin

It describes the directionand the distance from the point O: 0i + 0j + 0k or
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

0
0
0

It isdifferent toa displacement vectorwhich describes the direction and distance

between any two points

The position vector of point A is written with the notation a = 
⎯⎯⎯⎯
OA

The origin is alwaysdenotedO

The individual components ofa position vector are the coordinates of its end point

Forexample the point with coordinates (3, -2, -1) has position vector 3i – 2j – k

Worked Example

Determine the position vector of the point with coordinates (4, -1, 8).

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DisplacementVectors

What is a displacement vector?

A displacement vectordescribes the shortest routebetween any two points

It describes the directionand the distance between any two points

It isdifferent toa positionvectorwhich describes the direction and distancefrom the

pointO: 0i+ 0j or 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

0
0

The displacement vector ofpoint B from the point A iswrittenwith the notation 
⎯⎯⎯⎯
AB

A displacement vector between two points can bewritten in terms of the displacement

vectors ofa third point
⎯⎯⎯⎯
AB=

⎯⎯⎯⎯
AC+

⎯⎯⎯
CB

A displacement vector can bewritten in terms of its position vectors

 For example the displacement vector 
⎯⎯⎯⎯
AB can be written in terms of 

⎯⎯⎯⎯
OA and 

⎯⎯⎯⎯
OB

⎯⎯⎯⎯
AB=

⎯⎯⎯⎯⎯
AO +

⎯⎯⎯⎯⎯
OB = −

⎯⎯⎯⎯⎯
OA +

⎯⎯⎯⎯⎯
OB =

⎯⎯⎯⎯⎯
OB −

⎯⎯⎯⎯⎯
OA

Forposition vector a = 
⎯⎯⎯⎯⎯
OA  and b = 

⎯⎯⎯⎯⎯
OB the displacement vector 

⎯⎯⎯⎯⎯
AB  can be written b

– a

Exam Tip

In an exam, sketching a quick diagram can help tomakeworking out a

displacement vector easier


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Worked Example

The point A has coordinates (3, 0, -1) and the point B has coordinates (-2, -5, 7).

Find the displacement vector 
⎯⎯⎯⎯
AB.


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Magnitudeof a Vector

How do youfind the magnitude of a vector?

The magnitude ofa vector tells us its size or length

Fora displacement vector it tells us the distance between the two points

Fora position vector it tells us the distanceof the point from the origin

The magnitudeof the vector 
⎯⎯⎯⎯
AB is denoted 











⎯⎯⎯⎯
AB

The magnitudeof the vector a isdenoted |a|

The magnitudeofa vector can befound using Pythagoras’ Theroem

The magnitude of a vector v=v1i+ v2j+v3k  is found using









v = v
1
2+ v

2
2+v

3
2

where v=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v1
v2
v3

This isgiven in theformula booklet

How do I find the distancebetween two points?

Vectors can beused tofind the distance (ordisplacement)between two points

It is the magnitude of the vector between them

Given the positionvectors of two points:

Find the displacement vector between them

Find the magnitudeof the displacement vector between them

3.9.3 Magnitude of a Vector
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Exam Tip

Finding the magnitudeofa vector is the same as finding the distancebetween

two coordinates, it is a useful formula tocommit tomemory inorder tosave

time in the exam, however it is in your formulabooklet ifyouneed it

Worked Example

Find the magnitudeof the vector AB= 4i – j + 2k.




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UnitVectors

What is a unit vector?

A unit vectorhas a magnitude of 1

It can befound bydividing a vector by its magnitude

Thiswill result in a vectorwith a sizeof 1 unit in the direction of the original vector

A unitvector in the direction ofa isdenoted
a









a

Forexample a unitvector in the direction 3i – 4j is
(3i −4j)

32+42
=
3
5 i−

4
5 j

Exam Tip

Finding the unitvector will notbea questionon its own but will bea useful skill

for furthervectors problems so it is important tobeconfident with it

Worked Example

Find the unitvector in the direction 2i – 2j+ k.




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The Scalar ('Dot') Product

What is the scalar product?

The scalar product (also known as the dot product) is one form inwhich two vectors can be

combined together

The scalar product between two vectors a and b is denoted a · b
The resultof taking the scalar productof two vectors is a real number

i.e.a scalar

The scalar productof two vectorsgives information about the angle between the two

vectors

If the scalar product ispositive then the angle between the two vectors is acute (less

than 90°) 

If the scalar product is negative then the angle between the two vectors isobtuse

(between 90° and 180°)

If the scalar product is zero then the angle between the two vectors is 90° (the two

vectors areperpendicular)

How is the scalar product calculated?

There are twomethods for calculating the scalar product

The most commonmethodused tofind the scalar productbetween the two vectors v and

w is tofind the sumof theproduct of eachcomponent in the two vectors

v ·w= v1w1+ v2w2+ v3w3

Where v =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v1
v2
v3

 and w=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

w1

w2

w3

This isgiven in theformula booklet

The scalar product is also equal to the product of themagnitudesof the two vectors and

the cosineof the angle between them

v ·w= 







v 







w cos θ
Where θ is the angle between v and w

The two vectors v and w are joinedat the startand pointing away fromeachother

The scalar productcan beused in the second formula tofind the angle between the two

vectors

What propertiesof the scalar productdo I need to know?

The order of the vectorsdoesn’tchange the resultof the scalar product (it is commutative)

v ·w= w · v
The distributive law overaddition can beused to ‘expand brackets’

u ⋅ ( )v +w = u · v+ u ·w
The scalar product is associative with respect tomultiplicationbya scalar

( )kv ⋅ ( )w =k (v ⋅ w)

The scalar productbetween a vector and itself is equal to the square of its magnitude

3.9.4 The Scalar Product
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v · v= 







v 2

If two vectors, v and w,areparallel then the magnitudeof the scalar product is equal to the

product of the magnitudes of the vectors

|v ·w | = |w | |v|
This isbecause cos 0° = 1 and cos 180° = -1

If two vectors areperpendicular the scalar product is zero

This isbecause cos 90° = 0

Exam Tip

Whilst the formulae for the scalar productaregiven in the formulabooklet, the

properties of the scalar productarenot, however theyare important and it is

likely that youwill need to recall them in your exam so besure tocommit themto

memory



130 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Calculate the scalar product between the two vectors v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−5

and 

w=3j−2k− i using:

i)

the formula v ·w= v1w1+ v2w2+ v3w3,

ii)

the formula v ·w= 







v 







w cos θ , given that the angle between the two vectors is

66.6°.



131 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


AngleBetween Two Vectors

How do I find the angle between two vectors?

If two vectorswith different directions areplaced at the same starting position, they will

forman angle between them

The two formulae for the scalar productcan beused together tofind this angle

cos θ =
v1w1+ v2w2+ v3w3







v |w |

This isgiven in the formulabooklet

Tofind the angle between two vectors:

Calculate the scalar productbetween them

Calculate the magnitudeofeach vector

Use the formula to find cos θ
Use inverse trig to find θ

Exam Tip

The formula for this isgiven in the formulabooklet so youdonotneed to

remember itbut makesure that youcan find itquickly and easily in your exam



132 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Calculate the angle formed by the two vectors v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−1
3
2

and w=3i+4j−k.


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PerpendicularVectors

How do I know if two vectors are perpendicular?

If the scalar product of two (non-zero) vectors is zero then theyareperpendicular

If v ·w=0  then v and w must be perpendicular to each other

Two vectors areperpendicular if their scalar product is zero

The value of cos θ= 0 therefore |v||w|cos θ= 0

Worked Example

Find the value of t such that the two vectors v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
t
5

and w= (t−1) i− j+k  are

perpendicular toeachother.


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GeometricProof withVectors

How can vectors be used to prove geometrical properties?

If two vectors can beshown tobeparallel then this can beused toprove parallel lines

If two vectors arescalar multiplesofeachother then theyareparallel

Toprove that two vectors areparallel simply show that one is a scalar multipleof the

other

If two vectors can beshown tobeperpendicular then this can beused toprove

perpendicular lines

If the scalar product is zero then the two vectors areperpendicular

If two vectors can beshown tohave equal magnitude then this can beused toprove two

lines are the same length

Toprove a 2D shape is a parallelogram vectors can beused to

Show that there are two pairs ofparallel sides

Show that the opposite sides areofequal length

The vectors opposite eachotherwith beequal

If the angle between two of the vectors is shown tobe90° then the parallelogram is a

rectangle

Toprove a 2D shape is a rhombus vectors can beused to

Show that there are two pairs ofparallel sides

The vectors opposite eachotherwith beequal

Show that all four sides areofequal length

If the angle between two of the vectors is shown tobe90° then the rhombus is a

square

How are vectors used to followpaths througha diagram?

In a geometric diagram the vector 
⎯⎯⎯⎯
AB forms a path from the point A to the point B

This is specific to the pathAB

If the vector 
⎯⎯⎯⎯
AB is labelled a then any other vector with the same magnitude and

directionas a couldalso be labelleda

The vector 
⎯⎯⎯⎯
BA would be labelled -a

It isparallel toa but pointing in the opposite direction

If the point M is exactly halfway between A and B it is called the midpoint ofA and the vector 

⎯⎯⎯⎯⎯
AM could be labelled 

1
2 a

If there is a point X on the line AB such that 
⎯⎯⎯⎯
AX= 2

⎯⎯⎯⎯
XB  then X is two-thirds of the way along

the line 
⎯⎯⎯⎯
AB

Other ratios can befound in similar ways

A diagram often helps tovisualise this

If a point X divides a line segment AB into the ratio p : q then

⎯⎯⎯⎯
AX=

p
p + q

⎯⎯⎯⎯
AB

3.9.5 Geometric Proof with Vectors
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⎯⎯⎯⎯
XB=

q
p + q

⎯⎯⎯⎯
AB

How can vectors be used to find the midpoint of two vectors?

If the point A has position vector a and the point B has position vector b then the position

vectorof the midpointof 
⎯⎯⎯⎯
AB is 

1
2 (a+b)

The displacement vector 
⎯⎯⎯⎯
AB=b−a

LetM be the midpoint of 
⎯⎯⎯⎯
AB then 

⎯⎯⎯⎯⎯
AM=

1
2 ( )

⎯⎯⎯⎯
AB =

1
2 ( )b−a

The positionvector 
⎯⎯⎯⎯⎯
OM=

⎯⎯⎯⎯
OA+

⎯⎯⎯⎯⎯
AM=a+

1
2 ( )b−a =

1
2 b+

1
2 a=

1
2 (a+b)

How can vectors be used to prove that threepoints are collinear?

Three points arecollinear if theyall lie on thesame line

The vectorsbetween the three pointswill bescalar multiplesofeachother

The pointsA,B and C arecollinear if 
⎯⎯⎯⎯
AB=k ⎯⎯⎯BC

If the pointsA,B and M arecollinear and 
⎯⎯⎯⎯⎯
AM=

⎯⎯⎯⎯
MB then M is the midpoint of 

⎯⎯⎯⎯
AB

Exam Tip

Think ofvectors likea journey fromone place toanother

You may have to takea detour e.g.A toB might beA toO thenO toB

Diagrams can help, if there isn’tone,draw one

If a diagram has beengivenbegin by labelling all known quantities and

vectors


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Worked Example

Use vectors toprove that the pointsA,B,C and D with position vectors a = (3i– 5j –

4k),b = (8i - 7j - 5k), c = (3i - 2j+ 4k) and d = (5k – 2i) are the vertices ofa

parallelogram.


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Equation of a Line inVector Form

How do I find the vectorequationof a line?

The formula for finding the vectorequationofa line is

r=a+λb
Where r is the positionvectorofany point on the line

a is the positionvectorofa known point on the line

b is a direction (displacement) vector

λ  is a scalar

This isgiven in theformula booklet

This equationcan beusedfor vectors inboth2-and 3-dimensions

This formula is similar to a regular equation of a straight line in the form y=mx+c  but with a

vector toshowboth a point on the line and the direction (orgradient)of the line

In 2D the gradient can befound from the direction vector

In 3Da numerical value for the direction cannotbefound, it isgiven as a vector

As acouldbe the position vector ofanypoint on the line and b couldbeany scalar multiple

of the direction vector there are infinite vector equations for a single line

Given any two points on a line with position vectors a and b the displacement vector can

bewritten as b - a

So the formula r = a +λ(b - a) can be used to find the vector equation of the line

This is not given in theformula booklet

How do I determine whether a point lieson a line?

Given the equation of a line r =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

a1
a2
a3

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

b 1
b 2
b 3

the point c with position vector

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

c1
c2
c3

is

on the line if there exists a value of λsuch that

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

c1
c2
c3

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

a1
a2
a3

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

b 1
b 2
b 3

This means that there exists a single value of λ that satisfies the three equations:

c1= a1+λb1
c2= a2+λb2
c3= a3+λb3

A GDC can beused tosolve this system of linear equations for

The point only lies on the line if a single value of λ  exists for all three equations

Solve one of the equations first to find a value of λ that satisfies the first equation and then

check that this valuealsosatisfies theother twoequations

3.10 Vector Equations of Lines

3.10.1 Vector Equations of Lines
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If the value of λ  does not satisfy all three equations, then the point c does not lie on the line

Exam Tip

Remember that the vector equationofa line can takemany different forms

Thismeans that the answeryouderive might lookdifferent from the answer

in a mark scheme

You can choose whether towriteyour vector equations of lines using unit

vectors oras column vectors

Use the form that youprefer, howevercolumn vectors isgenerally easier to

work with


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Worked Example

a)

Find a vector equationofa straight line through the pointswith position vectors a =

4i – 5k and b = 3i - 3k

b)

Determine whether the point C with coordinate (2, 0, -1) lies on this line.


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Equation of a Line inParametricForm

How do I find the vectorequationof a line in parametric form?

By considering the three separatecomponents ofa vector in the x, y and z directions it is

possible towrite the vectorequationofa line as threeseparate equations

Letting r= ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

 then r=a+λb becomes

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x0
y0
z0

+λ ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

l
m
n

Where 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x0
y0
z0

is a position vector and 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

l
m
n

is a direction vector

This vector equationcan thenbesplit into its three separatecomponent forms:

x= x0+ λl
y= y0+ λm
z= z0+ λn

These aregiven in theformula booklet

Worked Example

Write the parametric formof the equationof the line which passes through the point

(-2, 1, 0) with direction vector 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

3
1
−4

.


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Equation of a Line inCartesianForm

The Cartesian equationofa line can befound from the vectorequationof a lineby

Finding the vector equationof the line inparametric form

Eliminating λ  from the parametric equations

λ  can be eliminated by making it the subject of each of the parametric equations

For example: x= x0+ λl gives  λ=
x− x0
l

In 2D the cartesianequationof a line is a regular equationofa straight line simply given in

the form

y=mx+c
ax+by+d=0
y−y1
y2−y1

=
x−x1
x2−x1

 by rearranging y−y1=m
( )
x−x1

In 3D the cartesianequationof a linealso includes z and isgiven in the form

x− x0
l

=
y− y0
m

=
z− z0
n

where 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x0
y0
z0

+λ ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

l
m
n

This isgiven in theformula booklet

If one of your variables does not depend on λ then this part can be written as a separate

equation

For example: m=0 ⇒y= y0 gives 
x− x0

l
=

z− z0
n

, y= y0

How do I find the vectorequationof a line given the Cartesian form?

If you aregiven the Cartesian equationofa line in the form

x− x0
l

=
y− y0
m

=
z− z0
n

A vector equationof the line can befound by

STEP 1: Set each part of the equation equal to λ individually
STEP2:Rearrangeeachof these three equations (or two ifworking in2D) tomakex, y,

and z the subjects

Thiswill give you the three parametric equations

x= x0+ λl
y= y0+ λm
z= z0+ λn

STEP3:Write this in the vector form
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x0
y0
z0

+λ ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

l
m
n
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STEP4: Set r  toequal 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

If one part of the cartesian equation is given separately and is not in terms of λ  then the

corresponding component in the direction vector is equal to zero

Worked Example

A line has the vector equation r =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
0
2
+λ

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

4
−2
1

. Find the Cartesian equationof the

line.


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Kinematics using Vectors

How are vectors related to kinematics?

Vectors areoften used inquestions in the contextof forces, accelerationorvelocity

If an object ismoving inone dimension then its velocity, displacement and time are related

using the formula s = vt

where s isdisplacement, v is velocity and t is the time taken

If an object ismoving inmore than one dimension then vectors areneeded to represent its

velocity and displacement

Whilst time is a scalar quantity, displacement and velocity areboth vector

quantities

Foran objectmoving at a constant speed in a straight line its velocity, displacement and

time can be related using the vector equationofa line

r= a + λb
Letting

rbe the position of the objectat the time, t

abe the position vector, r at the start (t = 0)

λ represent the time, t

b be the velocity vector, v

Then the position of the objectat the time, t can begivenby

r = r + t v

The speedof the objectwill be the magnitudeof the velocity |v |

Exam Tip

Kinematics questions can have a lot of information in, read themcarefully and

pickout the parts that areessential to the question

Look out for where variables usedare the same and/ordifferent within vector

equations, youwill need touse different techniques tofind these

0

0 



3.10.2 Applications to Kinematics
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Worked Example

A car, moving at constant speed, takes 2 minutes todrive in a straight line from

point A (-4, 3) topoint B (6, -5).

At time t, inminutes, the position vector (p) of the car relative to the origincan be

given in the form p=a+ tb . 

Find the vectors a and b.


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Coincident, Parallel, Intersecting& Skew Lines

How do I tell if two linesare parallel?

Two lines areparallel if, and only if, their directionvectors areparallel

Thismeans the direction vectorswill bescalar multiplesofeachother

For example, the lines whose equations are r=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
1
−7

+λ1

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−8

and 

r=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−1
5

+λ2

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−1
0
4

areparallel

This isbecause 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−8

=−2
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−1
0
4

How do I tell if two linesare coincident?

Coincident lines are two lines that lie directlyon top ofeachother

Theyare indistinguishable fromeachother

Two parallel lineswill eithernever intersect or theyarecoincident (identical)

Sometimes the vector equations of the linesmay lookdifferent

for example, the lines represented by the equations r=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−8

+s
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−4
8

and 

r=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−3
0

+ t
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−2

 are coincident,

Tocheck whether two lines arecoincident:

First check that theyareparallel

Theyarebecause 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−4
8

=−4
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−2

and so their direction vectors are

parallel 

Next,determine whetheranypointonone of the lines also lies on the other

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−8

is the position vector ofa point on the first line and 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−8

=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−3
0

+4
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−2

so italso lies on the second line

If two parallel lines shareanypoint, then they shareall points and arecoincident

What are skew lines?

Lines that arenot parallel and which do not intersect arecalledskew lines

This is onlypossible in3-dimensions

How do I determine whether lines in 3 dimensions are parallel, skew,or
intersecting?

First, look tosee if thedirection vectors areparallel:

3.10.3 Pairs of Lines in 3D
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if the directionvectors are parallel, then the lines are parallel

if the directionvectors are not parallel, the lines are not parallel

If the lines areparallel, check tosee if the lines arecoincident:

If they share anypoint, then theyarecoincident

If anypointonone line is not on theother line, then the lines arenot coincident

If the lines arenot parallel, check whether they intersect:

STEP 1: Set the vector equations of the two lines equal toeachotherwith different

variables

e.g. λ and μ, for the parameters

STEP 2: Write the three separate equations for the i, j, and k components in terms ofλ
and μ
STEP 3: Solve two of the equations to find a value for λ and μ
STEP 4: Check whether the values of λ and μ you have found satisfy the third equation

If all threeequations aresatisfied, then the lines intersect

If not all threeequations aresatisfied, then the lines areskew

How do I find the point of intersectionof two lines?

If a pairof lines arenot parallel and do intersect, a unique point of intersectioncan be

found

If the two lines intersect, there will bea single point that will lie onboth lines

Follow the steps above to find the values of λ and μ that satisfy all three equations

STEP 5: Substitute either the value of λ or the value of μ into one of the vector equations

tofind the position vector of the point where the lines intersect

It is always a good idea tocheck in the otherequations as well, you shouldget the

same point for each line

Exam Tip

Make sure that you use different letters, e.g. λ  and μ , to represent the

parameters in vector equations ofdifferent lines

Check that the variable you areusing has notalreadybeen used in the

question


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Worked Example

Determine whether the following pairof lines areparallel, intersect,orareskew.

r=4i+3j+s ( )5i+2j+3k  and r=−5i+4j+k+ t ( )2i− j .


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AngleBetween Two Lines

How do we find the angle between two lines?

The angle between two lines is equal to the angle between their directionvectors

It can befound using the scalar product of their direction vectors

Given two lines in the form r=a1+λb1 and r=a2+λb2 use the formula

θ=cos−1
⎛
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟

⎠

b 1 ∙ b 2












b 1












b 2
If you aregiven the equations of the lines in a different formor two points on a line youwill

need tofind their direction vectors first

Tofind the angle ABC the vectorsBA and BC wouldbeused, both starting from the point B

The intersectionof two lineswill always create twoangles, an acuteone and an obtuse one

These two angleswill add to 180°

You may need tosubtractyour answer from 180° tofind the angle you are looking for

A positive scalar product will result in the acute angle and a negative scalar product

will result in the obtuse angle

Using the absolutevalue of the scalar productwill always result in the acuteangle

Exam Tip

In your exam read the questioncarefully tosee ifyouneed tofind the acuteor

obtuse angle

When revising,get into the practice ofdouble checking at the end ofa

questionwhetheryour angle is acuteorobtuse and whether this fits the

question


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Worked Example

Find the acuteangle, in radians between the two linesdefinedby the equations:

l1: a=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
3

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−4
−3

 and  l2: b =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−4
3

+μ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−3
2
5


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The Vector ('Cross') Product

What is the vector (cross) product?

The vectorproduct (also known as the cross product) is a form inwhich two vectors can be

combined together

The vector productbetween two vectors v and w isdenotedv × w

The resultof taking the vector productof two vectors is a vector

The vectorproduct is a vector in a plane that isperpendicular to the two vectors from

which itwas calculated

This couldbe ineitherdirection, depending on the angle between the two vectors

The right-hand rulehelps you seewhich direction the vector productgoes in

By pointing your index finger and your middle finger in the direction of the two

vectors your thumb will automatically go in the direction of the vector product

How do I find the vector (cross) product?

There are twomethods for calculating the vector product

The vectorproduct of the two vectors v andw can bewritten incomponent form as

follows:

v×w=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v 2w3− v 3w2

v 3w1− v 1w3

v 1w2− v 2w1

Where v =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v1
v2
v3

 and w=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

w1

w2

w3

This isgiven in theformula booklet

The vector productcan also befound in terms of its magnitude and direction

3.10.4 The Vector Product
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The magnitude of thevectorproduct is equal to the product of themagnitudesof the

two vectors and the sineof theangle between them

|v×w | = 







v 







w sinθ
Where θ is the angle between v and w

The two vectors v and w are joinedat the startand pointing away fromeachother

This isgiven in theformula booklet

The directionof thevectorproduct isperpendicular toboth v and w

What propertiesof the vector productdo I need to know?

The order of the vectors is important and changes the result of the vector product

v×w≠ w×v
However

v×w= −w×v
The distributive law can beused to ‘expand brackets’

u× ( )v +w = u×v+ u×w
Where u, v and w areall vectors

Multiplying a scalar bya vector gives the result:

( )kv ×w= v× ( )kw =k (v×w)

The vector productbetween a vector and itself is equal to zero

v×v=0
If two vectors areparallel then the vector product is zero

This isbecause sin0° = sin 180° = 0

If v×w=0 then v and ware parallel if they are non-zero

If two vectors, v and w,areperpendicular then the magnitudeof the vector product is

equal to the product of the magnitudes of the vectors

|v×w | = |w | |v|
This isbecause sin90° = 1

Exam Tip

The formulae for the vector productaregiven in the formulabooklet,makesure

youuse themas this is an easy formula toget wrong

The properties of the vector productarenotgiven in the formulabooklet,

however theyare important and it is likely that youwill need to recall them in your

exam so besure tocommit themtomemory


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Worked Example

Calculate the magnitudeof the vector productbetween the two vectors

v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−5

and w=3i−2j−k using

i)

the formula v×w=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v 2w3− v 3w2

v 3w1− v 1w3

v 1w2− v 2w1

,

ii)

the formula , given that the angle between them is 1 radian.


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Areasusing Vector Product

How do I use the vector product to find the areaof a parallelogram?

The areaof theparallelogram with two adjacent sides formedby the vectors v andw is

equal to themagnitude of thevectorproduct of two vectors v andw

A= 







v × w where v andw form two adjacent sides of the parallelogram

This isgiven in theformula booklet

How do I use the vector product to find the areaof a triangle?

The areaof the triangle with two sides formedby the vectors v andw is equal tohalf of the

magnitude of thevectorproductof twovectors v andw

A=
1
2









v × w where v andw form two sides of the triangle

This is not given in the formulabooklet

Exam Tip

The formula for the area of the parallelogram isgiven in the formulabooklet but

the formula for the area ofa triangle is not

Remember that the area ofa triangle is half the area ofa parallelogram


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Worked Example

Find the area of the triangle enclosedby the coordinates (1, 0, 5), (3, -1, 2) and (2, 0,

-1).


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ShortestDistance Between a Point and a Line

How do I find the shortestdistance from a point to a line?

The shortest distancefromany point toa line will alwaysbe the perpendicular distance

Given a line l with equation r = a+λb  and a point P not on l

The scalar product of the direction vector, b, and the vector in the direction of the

shortest distance will be zero

The shortest distancecan befound using the following steps:

STEP 1: Let the vector equationof the line be rand the point noton the line beP, then

the point on the line closest toP will be the point F

The point F is sometimes called the footof the perpendicular

STEP2:Sketch a diagram showing the line l and the pointsP and F

The vector 
⎯⎯⎯FP  will be perpendicular to the line l

STEP3:Use the equationof the line tofind the position vector of the point F  in terms of

λ

STEP4: Use this tofind the displacement vector 
⎯⎯⎯FP  in terms of λ

STEP5: The scalar productof the direction vector of the line l and the displacement

vector 
⎯⎯⎯FP  will be zero

Form an equation 
⎯⎯⎯FP · b=0  and solve to find λ

STEP 6: Substitute λ into 
⎯⎯⎯FP  and find the magnitude 











⎯⎯⎯FP
The shortest distancefrom the point to the line will be the magnitudeof 

⎯⎯⎯FP

Note that theshortest distancebetween the point and the line is sometimes referred toas

the length of theperpendicular

How do we use the vector product to find the shortestdistance from a
point to a line?

The vector productcan beused tofind the shortest distancefromany point toa line on a 2-

dimensional plane

Given a point, P, and a line r= a + λb

The shortest distancefromP to the line will be











⎯⎯⎯AP×b








b
Where A is a point on the line

This is notgiven in theformulabooklet

3.10.5 Shortest Distances with Lines
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Exam Tip

Column vectors can beeasier and clearer towork with whendealing with scalar

products.

Worked Example

Point A  has coordinates (1, 2, 0) and the line l has equation r=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
6
+λ

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

0
1
2

. 

Point B lies on the l  such that 
⎡
⎢
⎣

⎤
⎥
⎦

AB  is perpendicular to l .

Find the shortest distance from A to the line l .


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ShortestDistance Between Two Lines

How do we find the shortestdistancebetween two parallel lines?

Two parallel lineswill never intersect

The shortest distancebetween two parallel lines will be the perpendicular distance

between them

Given a line l1 with equation r= a1+λd1and a line l2 with equation r= a2+μd2 then the

shortest distancebetween themcan befound using the following steps:

STEP 1: Find the vector between a1 and a general coordinate from l2 in terms of μ 

STEP 2: Set the scalar product of the vector found in STEP 1 and the direction vector d1
equal to zero

Remember the direction vectors d1 andd2 are scalar multiples of each other and

so eithercan beusedhere

STEP 3: Form and solve an equation to find the value ofμ
STEP 4: Substitute the value ofμ back into the equation for l2 to find the coordinate on 

l2 closest to l1
STEP 5: Find the distance between a1 and the coordinate found in STEP 4

Alternatively, the formula











⎯⎯⎯

AB×d






d

can beused

Where 
⎯⎯⎯

AB is the vector connecting the two given coordinates a1and a2
d is the simplified vector in the direction of d1 and d2
This is not given in the formulabooklet

How do we find the shortestdistance from a given point on a line to
another line?

The shortest distancefromany point on a line toanother line will be the perpendicular

distancefrom the point to the line

If the angle between the two lines is known orcan befound then right-angled trigonometry

can beused tofind the perpendicular distance

The formula











⎯⎯⎯

AB×d






d

given above isderivedusing thismethodand can beused

Alternatively, the equationof the line can beused tofind a general coordinateand the steps

above can befollowed tofind the shortest distance

How do we find the shortestdistancebetween two skew lines?

Two skew lines arenotparallel but will never intersect

The shortest distancebetween two skew lines will beperpendicular toboth of the lines

Thiswill beat the point where the two lines pass eachotherwith the perpendicular

distancewhere the point of intersectionwouldbe

The vectorproduct of the two direction vectors can beused tofind a vector in the

direction of the shortest distance

The shortest distancewill bea vector parallel to the vector product
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To find the shortest distance between two skew lines with equations r= a1+λd1 and 

r= a2+μd2 ,

STEP 1: Find the vector product of the direction vectors d1 and d2
d = d1 × d2

STEP 2: Find the vector in the direction of the line between the two general points on l1
 and l2  in terms of λ and μ

⎯⎯⎯⎯AB = b − a
STEP3:Set the two vectors parallel toeachother

d = k⎯⎯⎯⎯AB
STEP 4: Set up and solve a system of linear equations in the three unknowns, k, λ and 

μ

Exam Tip

Exam questions will often ask for the shortest,orminimum, distancewithin

vector questions

If you’re unsurestartby sketching a quick diagram

Sometimes calculus can beused, however usually vector methods are required


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Worked Example

Consider the skew lines l1 and l2 as defined by:

l1: r=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

6
−4
3

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
−3
4

l2: r=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−5
4
−8

+μ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−1
2
1

Find the minimum distancebetween the two lines.



160 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Equation of a Plane inVector Form

How do I find the vectorequationof a plane?

A plane is a flat surfacewhich is two-dimensional

Imagine a flat piece ofpaper that continues on forever inbothdirections

A plane in often denoted using the capital Greek letter Π
The vector formof the equationofa plane can befound using twodirectionvectors on the

plane

The direction vectorsmust be

parallel to the plane

not parallel toeachother

therefore they will intersect at some point on the plane

The formula for finding the vectorequationofa plane is

r=a+λb+μc
Where r is the positionvectorofany point on the plane

a is the positionvectorofa known point on the plane

b and c are two non-paralleldirection (displacement) vectors parallel to the

plane

λ and μ are scalars

The formula isgiven in theformula bookletbut youmust makesureyou know what

eachpartmeans

As acouldbe the position vector ofanypoint on the plane and b and c couldbeanynon-

paralleldirection vectors on the plane there are infinite vector equations for a single plane

How do I determine whether a point lies on a plane?

Given the equation of a plane r =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

a1
a2
a3

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

b 1
b 2
b 3

+ μ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

c1
c2
c3

then the point r with position

vector 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

 is on the plane if there exists a value of λ and μ such that

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

a1
a2
a3

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

b 1
b 2
b 3

+ μ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

c1
c2
c3

This means that there exists a single value of λ and μ that satisfy the three parametric

equations:

x= a1+λb1+ μc1
y= a2+λb2+ μc2

3.11 Vector Planes

3.11.1 Vector Equations of Planes
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z= a3+λb3 + μc3
Solve two of the equations first to find the values of λ and μ that satisfy the first two

equation and thencheck that this value also satisfies the third equation

If the values of λ and μ do not satisfy all three equations, then the point r does not lie on the

plane

Exam Tip

The formula for the vector equationofa plane isgiven in the formulabooklet,

makesureyou know what eachpartmeans

Be careful to use different letters, e.g. λ  and μ  as the scalar multiples of the two

direction vectors


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Worked Example

The points A, B and C have position vectors a=3i+2j−k, b= i−2j+4k, and

c=4i− j+3k respectively, relative to the origin O.

(a) Find the vector equationof the plane.

(b)Determine whether the point D with coordinates (-2, -3, 5) lies on the plane.


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Equation of a Plane inCartesianForm

How do I find the vectorequationof a plane in cartesian form?

The cartesian equationofa plane isgiven in the form

ax+by+cz=d
This isgiven in theformula booklet

A normal vector to the plane can beusedalong with a knownpoint on theplane tofind the

cartesian equationof the plane

The normal vector will bea vector that isperpendicular to the plane

The scalar product of the normal vector and any directionvectoron the plane will the zero

The two vectorswill beperpendicular toeachother

The directionvector froma fixed-point A toany point on the plane,R can bewritten as

r – a

Thenn ∙ (r – a) = 0 and it follows that (n ∙ r) – (n ∙ a) = 0

Thisgives the equationof a planeusing thenormal vector:

n ∙ r = a ∙ n

Where r is the positionvectorofany point on the plane

a is the positionvectorofa known point on the plane

n is a vector that is normal to the plane

This isgiven in theformula booklet

If the vector r isgiven in the form

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

and a and n areboth known vectorsgiven in the form

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

a1
a2
a3

and 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

n1
n2
n3

then the Cartesian equationof the plane can befound using:

n · r=n1x+n2y+n3z
a · n=a1n1+a2n2+a3n3
Therefore n1x+n2y+n3z=a1n1+a2n2+a3n3
This simplifies to the form ax+by+cz=d

How do I find the equationof a plane in Cartesian form given the vector
form?

The Cartesian equationofa plane can befound ifyou know

the normal vectorand

a pointon the plane

The vectorequationof a planecan beused tofind the normal vectorby finding the vector

product of the two direction vectors

A vector product is always perpendicular to the two vectors fromwhich itwas

calculated

The vector a given in the vector equationofa plane is a knownpointon the plane
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Onceyou have found the normal vector then the point a can beused in the formula n ∙ r

= a ∙ n tofind the equation inCartesian form

To find ax+by+cz=d  given r=a+λb+μc  :

Let n=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

a
b
c
=b×c then d=n ·a

Exam Tip

In an exam, using whichever formof the equationof the plane towritedown a

normal vector to the plane is always a goodstarting point

Worked Example

A plane Π contains the point A(2, 6,−3)  and has a normal vector 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

3
−1
4

.

a)

Find the equationof the plane in its Cartesian form.

b)

Determine whether point B with coordinates (−1, 0,−2)  lies on the same plane.




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Intersection of Line& Plane

How do I tell if a line is parallel to a plane?

A line is parallel toa plane if its directionvector isperpendicular to the plane’s normal

vector

If you know the Cartesian equation of the plane in the form ax+by+cz=d  then the values

ofa, b,and c are the individual components ofa normal vector to the plane

The scalar product can beused tocheck in the direction vector and the normal vector are

perpendicular

If two vectors areperpendicular their scalar productwill be zero

How do I tell if the line lies inside the plane?

If the line is parallel to the plane then itwill eithernever intersect or itwill lie inside the plane

Check tosee if theyhave a commonpoint

If a line is parallel toa plane and they shareanypoint, then the line lies inside the plane

How do I find the point of intersectionof a line and a plane?

If a line is not parallel toa plane itwill intersect itat a single point

If both the vectorequationof the lineand the Cartesian equationof theplane is known

then this can befound by:

STEP 1: Set the position vector of the point you are looking for tohave the individual

components x, y, and z and substitute into the vector equationof the line

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x0
y0
z0

+λ ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

l
m
n

STEP2:Find the parametric equations in terms ofx, y, and z

x= x0+ λl

y= y0+ λm

z= z0+ λn

STEP3:Substitute these parametric equations into the Cartesian equationof the plane and

solve to find λ
a

( )
x0+ λl +b (y0+ λm)+c (z0+ λn)=d

STEP 4: Substitute this value of λ back into the vector equation of the line and use it to find

the position vector of the point of intersection

STEP5: Check this value in the Cartesian equationof the plane tomakesureyou have the

correct answer

3.11.2 Intersections of Lines & Planes

167 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Find the point of intersection of the line r =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−3
2

+λ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
−1
−1

with the plane 

3x−4y+z=8 .



168 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Intersection of Planes

How do we find the line of intersectionof two planes?

Two planeswill eitherbeparallelor they will intersect along a line

Consider the point where a wall meets a floor ora ceiling

You will need tofind the equationof the lineof intersection

If you have the Cartesian forms of the two planes then the equationof the line of

intersectioncan befound by solving the two equations simultaneously

As the solution is a vector equationofa line rather than a unique point youwill see

below how the equationof the line can befound bypart solving the equations

Forexample:

2x−y+3z=7   (1)

x−3y+4z=11 (2)

STEP 1: Choose one variable and substitute this variable for λ in both equations

For example, letting x = λ gives:

2λ−y+3z=7 (1)

λ−3y+4z=11 (2)

STEP 2: Rearrange the two equations to bring λ to one side

Equations (1) and (2)become

y−3z=2λ − 7 (1)

3y−4z=λ− 11 (2)

STEP 3: Solve the equations simultaneously to find the two variables in terms of λ
3(1) – (2)Gives

z = 2 −λ
Substituting this into (1) gives

y= −1−λ
STEP 4: Write the three parametric equations for x, y, and z in terms of λ and convert into the

vector equationofa line in the form
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x0
y0
z0

+λ ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

l
m
n

The parametric equations

x=λ
y=−1 − λ
z=2 − λ

Become

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

0
−1
2

+λ ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−1
−1

If you have fractions in your direction vector youcan change its magnitudebymultiplying

eachone by their commondenominator

The magnitudeof the direction vector can bechanged without changing the equation

ofa line

An alternative method is tofind two points onbothplanesby setting eitherx, y,or z to zero

and solving the system ofequations using your GDC or row reduction

Repeat this twice toget twopoints onbothplanes
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These two points can thenbeused tofind the vector equationof the line between

them

Thiswill be the line of intersectionof the planes

Thismethod relies on the line of intersection having pointswhere the chosen variables

areequal to zero

How do we find the relationship between threeplanes?

Three planes couldeitherbeparallel, intersect at one point, or intersect along a line

If the three planes have a uniquepoint of intersection this point can befound byusing your

GDC (or row reduction) tosolve the three equations in their Cartesian form

Makesureyou knowhow touse your GDC tosolve a systemof linear equations

Enter all three equations in for the three variables x, y, and z

Your GDC will give you the unique solutionwhich will be the coordinates of the point of

intersection

If the three planesdonot intersect at a unique point youwill notbeable touse your GDC to

solve the equations

If there areno solutions to the system ofCartesian equations then there is no unique

point of intersection

If the three planes areall parallel their normal vectors will beparallel toeachother

Show that the normal vectors all have equivalent directionvectors

These direction vectorsmay bescalar multiplesofeachother

If the three planes have nopoint of intersectionand arenot all parallel theymay have a

relationshipsuch as:

Eachplane intersects two otherplanes such that they forma prism (none areparallel)

Two planes areparallel with the third plane intersecting eachof them

Check the normal vectors tosee ifany two of the planes areparallel todecidewhich

relationshiptheyhave

If the three planes intersect along a line there will notbea unique solution to the three

equations but there will bea vectorequationof a line that will satisfy the three equations

The system ofequations will need tobesolvedbyeliminationor row reduction

Choose one variable to substitute for λ
Solve two of the equations simultaneously to find the other two variables in terms of λ
Write x, y, and z in terms of λ in the parametric form of the equation of the line and

convert into the vector formof the equationofa line
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Exam Tip

In an exam youmay need todecide the relationshipbetween three planesby

using row reduction todetermine the number ofsolutions

Makesureyou areconfident using row reduction tosolve systems of linear

equations

Makesureyou remember the different forms three planes can take


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Worked Example

Two planes Π1 and Π2 are defined by the equations:

Π1: 3x+4y+2z=7

Π2: x−2y+3z=5

Find the vector equationof the line of intersectionof the two planes.


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AngleBetween Line& Plane

How do I find the angle between a line and a plane?

When you find the angle between a line and a plane youwill befinding the angle between

the line itself and the line on the plane that creates the smallest angle with it

Thismeans the line on the plane directlyunder the line as it joins the plane

It is easiest to think of these two linesmaking a right-triangle with the normal vector to the

plane

The line joining the plane will be the hypotenuse

The line on the plane will beadjacent to the angle

The normal will the opposite the angle

As youdonotknow the angle of the line on the plane youcan instead find the angle

between the normal and the hypotenuse

This is the angle opposite the angle youwant tofind

This angle can be foundbecause youwill know the direction vector of the line joining

the plane and the normal vector to the plane

This angle is also equal to the angle madeby the line at the point it joins the plane and

the normal vector at this point

The smallest angle between the line and the plane will be90° minus the angle between the

normal vector and the line

In radians thiswill be
π

2
 minus the angle between the normal vector and the line

3.11.3 Angles Between Lines & Planes
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Exam Tip

Remember that if the scalar product is negative your answerwill result in an

obtuse angle

Taking the absolutevalue of the scalar productwill ensure that youget the

acuteangle as your answer

Worked Example

Find the angle in radians between the line L with vector equation

r= ( )2−λ i+ ( )λ+1 j+ ( )1−2λ k  and the plane Π  with Cartesian equation 

x−3y+2z=5.




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AngleBetween Two Planes

How do we find the angle between two planes?

The angle between two planes is equal to the angle between their normal vectors

It can befound using the scalar product of their normal vectors

If two planes Π  and Π  with normal vectors n  and n meet at an angle then the two planes

and the two normal vectorswill forma quadrilateral

The anglesbetween the planes and the normal will bothbe90°

The angle between the two planes and the angle opposite it (between the two normal

vectors) will addup to 180°

Exam Tip

In your exam read the questioncarefully tosee ifyouneed tofind the acuteor

obtuse angle

When revising,get into the practice ofdouble checking at the end ofa

questionwhetheryour angle is acuteorobtuse and whether this fits the

question

1 2 1 2 



175 of 181 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

Find the acuteangle between the two planeswhich can bedefinedbyequations 

Π1: 2x−y+3z= 7 and Π2: x+2y−z=20.


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ShortestDistance Between a Lineand a Plane

How do I find the shortestdistancebetween a given point on a line and a
plane?

The shortest distancefromany point on a line toa plane will alwaysbe the perpendicular

distancefrom the point to the plane

Given a point, P, on the line l with equation r= a+λb  and a plane Π  with equation r·n=d
STEP 1: Find the vector equationof the line perpendicular to the plane that goes

through the point, P, on l
Thiswill have the position vector of the point,P, and the direction vector n

STEP 2: Find the coordinates of the point of intersection of this new line with Π  by

substituting the equationof the line into the equationof the plane

STEP3:Find the distancebetween the givenpoint on the line and the point of

intersection

Thiswill be the shortest distancefrom the plane to the point

A questionmay provide the acuteangle between the line and the plane 

Use right-angled trigonometry tofind the perpendicular distancebetween the point

on the line and the plane

Drawing a clear diagram will help

How do I find the shortestdistancebetween a plane and a line parallel to
the plane?

The shortest distancebetween a line and a plane that areparallel toeachotherwill be the

perpendicular distancefrom the line to the plane

Given a line l1 with equation r= a+λb and a plane Π parallel to l1 with equation r·n=d
Where n is the normal vector to the plane

3.11.4 Shortest Distances with Planes
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STEP 1: Find the equation of the line l2 perpendicular to l1 and Π  going through the

point a in the form r= a+μn
STEP 2: Find the point of intersection of the line l2  and Π
STEP3:Find the distancebetween the point of intersection and the point,

Exam Tip

Vectorplanes questions can be tricky tovisualise, read the questioncarefully

and sketch a very simple diagram tohelp youget started


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Worked Example

The plane Π  has equation r ⋅
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
−1
1

=6.

The line L  has equation r=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
3
1
+s

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
− 2
4

.

The point P (−2, 11, −15)  lies on the line L .

Find the shortest distance between the point P and the plane Π .


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ShortestDistance Between Two Planes

How do I find the shortestdistancebetween two parallel planes?

Two parallelplaneswill never intersect

The shortest distancebetween two parallel planes will be the perpendicular distance

between them

Given a plane Π1 with equation r·n=d  and a plane Π2 with equation r= a+λb+ μ c then

the shortest distancebetween themcan befound

STEP 1: The equationof the line perpendicular tobothplanes and through the point a

can bewritten in the form r = a + sn

STEP 2: Substitute the equation of the line into r·n=d  to find the coordinates of the

point where the line meets Π1
STEP3:Find the distancebetween the two points of intersectionof the line with the

two planes

How do I find the shortestdistance from a given point on a plane to
another plane?

The shortest distance from any point, P on a plane, Π1 , to another plane, Π2  will be the

perpendicular distance from the point to Π2
STEP 1: Use the given coordinates of the point P on Π1  and the normal to the plane Π2
 to find the vector equation of the line through P that is perpendicular to Π1
STEP 2: Find the point of intersection of this line with the plane Π2
STEP3:Find the distancebetween the two points of intersection

Exam Tip

There area lot ofstepswhen answering these questions so setyour methods

out clearly in the exam
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Worked Example

Consider the parallel planesdefinedby the equations:

Π1 : r ⋅
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

3
−5
2

= 44,

Π2 : r =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

0
0
3
+ λ

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−3

+ μ
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
1
1

.

Find the shortest distance between the two planes Π1 and Π2 .
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