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3.1 Geometry of 3D Shapes

3.1.1 3D Coordinate Geometry

3D Coordinate Geometry

How does the 3D coordinate system work?
¢ Inthree-dimensional space we canlabelwhere any objectis using the x-y-zcoordinate

system
¢ Inthe 3D cartesian system, the x- and y- axes usually represent lateral space (length and

width) and the z-axis represents vertical height

What can we do with 3D coordinates?
¢ Ifwehavetwo points with coordinates (x;, y7, z;) and (x», y2, z,) then we should be able to

find:
o Themidpoint of the two points
o Thedistance between the two points
¢ Ifthecoordinates arelabelled Aand B then the line segment between them is written with

the notation [AB]

How do| find the midpoint of two pointsin 3D?

¢ Themidpointis the average (middle) point
o |tcanbefoundby finding the middle of the x-coordinates and the middle of the y-

coordinates
¢ Thecoordinates of the midpoint will be

X tx, yity, ztz,
2 ’ 2 ’ 2

o Thisis givenin the formula booklet, you do not need to rememberit

How do | find the distance between two pointsin 3D?
¢ Thedistance between two points with coordinates ((x7, y1, z;) and (X2, y2, z2) can be found

using the formula
d= \/(Xl_ P+ (v =)t (27 )

o Thisis giveninthe formula booklet, you do not need torememberit
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‘) Worked Example
[
The points Aand B have coordinates (-2,1,5) and (4, -3, 2) respectively.
i)
Calculate the distance of the line segment AB.
Formula for the distonce of a ULne

SQSME!\.\:? tn Loraulo
v~ ‘oooklet

d— =J(ac,—ac,_)7‘+ (5\-31)‘2 + (2| "?-‘2.)2

A: (',2' L ?) B=(;r, —;3», %)

x Y E X2 Y2 =2

S wbstituke:
d

Jcz -0+ (1-3)* + (5-2)*

JE6) + 4% 4 32

J36 +16 +9

= J 6l

d=17. 8.I units (3 sf) |

‘_ll\ll AR Bl ™ Bd " eV £33 & | B N

ii)
Find the midpoint of [AB].
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Formula for the midpoit of a ULine

Segf\ent : n Parmuk&
ook et

MP = <x,+ac,_ , 5!"’5"-) ﬁ)
2 2 A

A (—,2, L §) B=(;r,-;, g)

x, Y = X2 Yz 22
Suwbstitute:
MP = (-2+4+4 14(-3) 5+2
7 = =%
=(Z _2 23
( 2’ 2’ ?_)

me = (1,-1,3.5)
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3.1.2 Volume & Surface Area

Volume of 3D Shapes
Whatis volume?

¢ Thevolume of a 3D shapeis a measure of how much 3D spaceit takes up
o A3Dshapeisalsocalledasolid
¢ Youneedtobe ableto calculate the volume of a number of common shapes

How do | find the volume of cuboids, prisms and cylinders?

e Aprismisa3-Dshapethathas twoidenticalbase shapes connectedby paralleledges
o Aprismhas the samebase shape allthe way through
o Aprismtakesits name fromits base

e Tofindthe volume of any prism use the formula:

Volume of a prism=Ah

o Where Ais the area of the cross section and his the base height
= hcouldalsobethelength of the prism, depending on how itis oriented
o Thisisinthe formula bookletin the priorlearning section at the beginning
o Thebasecouldbeany shape so aslongasyouknow its area andlength you can
calculate thevolume of any prism

¢ Notetwo specialcases:
o Tofindthevolume of a cuboid use the formula:

Volume of a cuboid = length X width X height
V = Iwh
o Thevolume of a cylinder can be foundin the same way as a prism using the formula:
Volume of a cylinder = w12 h

o where ris theradius, h is the height (orlength, depending on the orientation
o Notethata cylinderis technically nota prism as its baseis not a polygon, howeverthe
method for findingits volumeis the same
¢ Bothofthese areinthe formulabooklet in the priorlearning section

How do| find the volume of pyramids and cones?
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e Inaright-pyramid the apex(thejoining point of the triangular faces) is vertically above the
centre of thebase
o Thebasecanbeanyshapebutis usually a square, rectangle ortriangle
e Tocalculate the volume of a right-pyramid use the formula

1

o WhereAisthearea of thebase, his the height
o Notethatthe height mustbe vertical to thebase

e Aright coneis a circular-based pyramid with the vertical height joining the apex to the
centre of the circularbase
e Tocalculate the volume of aright-cone use the formula

1
V= 3 mr2h

o Where ris theradius, his the height

e Theseformulae are both givenin the formula booklet

How do| find the volume of a sphere?

¢ Tocalculatethevolume of a sphereuse the formula

PERS
= T
3 I

o Whereris theradius
= theline segment from the centre of the sphere to the surface
o This formulais givenin the formula booklet

(") Exam Tip
et ¢ Rememberto make use of the formula booklet in the exam as all the volume
formulae you need will be here
o Formulae forbasic 3D objects (cuboid, cylinderand prism) are in the prior
learning section
o Formulae forother 3D objects (pyramid, cone and sphere) are in the Topic
3: Geometry section
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) Worked Example
°
Adessert can be modelled as aright-cone of radius 3cmandheight12cmanda

scoop of ice-creamin the shape of a sphere of radius 3cm. Findthe totalvolume
of theice-creamandcone.

1Zem

|

Volume of o Sphere: V=%7Br3 (In formula
booklet)

%nx33

36T

Substibuke: r=3 = V

Volume of o righk cone® V= %7[(2'1 (In formula
booklet)

Swbstibuke: v =3 h=12 = V=5 7(3"(12)
=-361T

Total Volume = F27em >

Total Volume = 226cm> (3s€)
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Surface Area of 3D Shapes
Whatis surface area?

¢ Thesurfacearea of a 3D shapeis the sum of the areas of all the faces that make up a shape
o Afaceis oneof theflatorcurvedsurfaces thatmake up a 3D shape
o |toftenhelps to considera 3D shapein the form of its 2D net

How dol find the surface area of cuboids, pyramids and prisms?

¢ Any prisms and pyramids that have polygons as theirbases have only flat faces
o Thesurfaceareais simply found by addingup the areas of these flat faces
o Drawinga 2D netwillhelp to see which faces the 3D shapeis made up of

How dol find the surface area of cylinders, cones and spheres?

e Cones,cylinders and spheres allhave curved faces soitis notalways as easy to see their
shape
o Thenetof acylinderis made up of twoidentical circles and a rectangle
Therectangleis the curved surface area andis harder to identify
Thelength of therectangleis the same as the circumference of the circle
The area of the curved surfaceareais

A=2nrh

o

o

[e]

= whereris theradius, his the height
Thisis given in the formula book in the priorlearning section
The area of the total surface area of a cylinder s

A=2mrh+2mnr?

o

o

o

This is not givenin the formula book, howeveritis easy to put togetheras both the area
of acircleandthe area of the curved surface area are given

e Thenetofaconeconsists of the circularbase alongwith the curved surface area
o Theareaofthecurved surfaceareais

A =rmrl

= Whereris theradius and/is the slant height
o Thisis givenin the formulabook
= Becarefulnotto confuse the slant height, I, with the vertical height, h
= Notethatr, hand/will create aright-triangle with /as the hypotenuse
o Thearea of the total surface area of aconeis

A= mrl+ nr2

o Thisis not givenin the formula book, howeveritis easy to put togetheras both the area
of a circle and the area of the curved surface area are given

e Tofindthe surface area of a sphere use the formula

9 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

10 of 181

Fa

EXAM PAPERS PRACTICE

A=4nr

= whereris theradius (line segment from the centre to the surface)
o Thisis givenin the formula booklet, you do not have toremember it

(’) Exam Tip
* * Rememberto make use of the formula booklet in the exam as all the area
formulae you need will be here
o Formulae forbasic 2D shapes (parallelogram, triangle, trapezoid, circle,
curved surface of a cylinder) are in the priorlearning section
o Formulae forother 2D shapes (curved surface area of a cone and surface
area of asphere) arein the Topic 3: Geometry section
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) Worked Example
°

Inthe diagram below ABCD is the square base of aright pyramid with vertex V. The
centre of thebaseis M. The sides of the square base are 3.6 cm andthe vertical
heightis 8.2cm.

3.6 Cm

i)
Usethe Pythagorean Theorem to find the distance VN.
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Skekan the -E('\o\nSLQ MNV :
A\

3.2em

M 1€m N

¢ .
M (s the mudpount
S0 MN = 2.6+2

B& Yre ?&U’Q@ore,aw\ Theoreon. :

2

VN®= VM 4+ MN

= 132% + 137
= |70.4%
VN = .40 cm (3sf)

ii)
Calculate the area of the triangle ABV.
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Acea. AARV =ocea ABCV

Sketch ARCV: X
‘J?‘O.‘i— cm

R 3bwm &

Aceo. of a *\:r(avxslﬁ = Lzbk

Suwbstitute b=36, h=J7043
Aceo. = lz(?).éx\l 70.43 )

= 19.11l... con

Acea AARY = 15.1con®

i)

Find the surface area of the right pyramid.

Cons(.der((tj the net Moy nelp:

Sguore Yose

VA
A (sosceles
Lr'\oms\e
Surkface _ OQrea 4 [area
oeo Sq,uou'e 'E_rio\vtﬂLe_
SA =

2.6 + (1s.1.)
= 33.405... cm’

SA = 3.4 em® (3sf)
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3.2 Geometry Toolkit

3.2.1 Coordinate Geometry

Basic Coordinate Geometry
What are cartesian coordinates?

e Cartesian coordinates are basically the x-y coordinate system
o Theyallow us tolabelwhere things are in a two-dimensional plane
¢ Inthe 2D cartesian system, the horizontal axis is labelled xand the vertical axis is labelled y

What can we do with coordinates?

« |f wehavetwo points with coordinates (x;, y;) and (x,, y») then we should be able to find
o The midpoint of the two points
o Thedistancebetween the two points
o The gradient of the line between them

How do | find the midpoint of two points?

¢ Themidpointis the average (middle) point
o It canbefound by finding the middle of the x-coordinates and the middle of the y-
coordinates
¢ Thecoordinates of the midpoint will be

X1+ X2 y1+ y2
2 ’ 2

o Thisis givenin the formula booklet underthe priorlearning section at the beginning

Y,

/B/Xz, 2

O/M/ X

THE MIDPOINT, M, OF
A (X, ) THE LINE SEGMENT AB
1S [ XX, NtYs
2 2

How do| find the distance between two points?

* Thedistance between two points with coordinates (xj, y7) and (x2, y2) can be found using
theformula

= — 2 — 2
d \/(Xl P+ (=)
o Thisis givenin the formula bookletin the priorlearning section at the beginning
« Pythagoras’ Theorem a?> = b2 + ¢? is usedto find the length of a line between two

coordinates
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¢ Ifthe coordinates arelabelled Aand B then the line segment between them s written with
the notation [AB]

Y

N s

(x,, n)\ U a=b+c
[

of a X

) \

How dol find the gradient of the line between two points?

¢ Thegradient of aline between two points with coordinates (x7, y;) and (x2, y2) can be found
using the formula

Y,~ ¥,

X~ X

m:

o Thisis givenin the formula booklet undersection 2.1 Gradient formula
rise

o Thisisusuallyknownas m=
run
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> Worked Example
[ J

PointAhas coordinates (3, -4) and point Bhas coordinates (-5, 2).
i)
Calculate the distance of the line segment AB.
A:(3 -4) B:(-52)
AR F
x, Yu o Ye
Formula {or distance between two points:
d - [ =i (g9
Sub Coordinakes for A ond B o the

'co(mu\.a :

d = J(S—(—f>))"+(-+—z)z

= ,31-\-(—6)7': JIO_O

d = 10 unies
ii)

Find the gradient of theline connecting points Aand B.

A:(3 -4¢) 8:(-5 2)
AR P

X 3 ' X2 v’-

formula for Qmokie.n{-. of o lne Sesmenb

m = 57. - 3|
Ko =X,
Sub Coordinokes Lor A ond B (nko the
ocmula
m = 2. --4 = 6 = - é
_— 3 4
-5 -3 g
= -3
™ 4
iii)
Find the midpoint of [AB].
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A:(3 -4¢) B:(-52)
P roR
X, ‘dl X2 U’-

Formula. for the midpoint of two coordinotes:

,

A z

(3:,4-'3(,_ $|+'jz>

Sub values da:

3-@(—5) -4 +2 (- -
L R )

Midpoink = (

Midpoink = (-1,-1)
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3.2.2 Radian Measure

Radian Measure
What areradians?

e Radians are an alternative to degrees formeasuring angles
e Tradianistheanglein asectorofradiuslandarclengthl
o Acirclewithradius 1is called a unit circle
Radians are normally quotedin terms of
o 2mradians =360°
o tradians =180°
The symbolforradiansis ©butitis more usualto seerad
o Often,whenmisinvolved, no symbolis given asitis obviousitis inradians
o Whilstitis okay to omit the symbol forradians, you should never omit the symbol for
degrees
In the exam you should useradians unless otherwiseindicated

UNIT CIRCLE

THE OTHER PART
OF CIRCUMFERENCE
Q WOULD BE THE
MAJOR ARC PQ

RADIUS 1 °

How dol convert betweenradians and degrees?

e Usem®=180°toconvert betweenradians and degrees

180
o Toconvert fromradians to degrees multiply by

. . T
o Toconvert from degrees toradians multiply by ——

180
¢ Some of the common conversions are:
o 2m¢ = 360°
o m¢ =180°
TC
=90°
°
T €
= 60°
° 3
T C
o = 45°
4
1Y
o =30°
6

e |tis agoodideatoremembersome of these and use them to work out other conversions
e Your GDC willbe able to work with both radians and degrees
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29T=360"

=90 I =180" =30"

NIE

IS

=60"

=45

w[Ei

~9

@ ExamTip
* e Sometimes an exam question will specify whetheryou should be using degrees

orradians and sometimes it willnot, if it doesn't it is expected that you will work
inradians

e If the questioninvolves mthen workinginradians is useful as there will likely be
opportunities whereyou can cancelout

e Make surethatyourcalculatorisinthe correct mode for the type of angle you
are working with
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7 Worked Example
°
)

Convert43.8°toradians.

o
4.9 - 1g0°
3 (¢ =120°)
300 )x -
+3 7
300°¢

43.8° = 0764° (3sf)

i) Convert 5; todegrees.

ST
4 \ -1°
5 (e =1%0°)
& .
) X110
22%°
8T _ o
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3.2.3 Arcs & Sectors

Length of an Arc
Whatisanarc?

e Anarcis a part of the circumference of a circle
o ltis easiesttothink of it as the crust of a single slice of pizza
¢ Thelength of an arc depends of the size of the angle at the centre of the circle
¢ Iftheangleatthecentreislessthan180° then the arcis known as a minorarc
o This couldbe considered as the crust of a single slice of pizza
o |ftheangleatthe centreis more than180° then the arcis known as a majorarc
o This could be considered as the crust of the remaining pizza aftera slice has been
taken away

How dol find thelength of anarc?

¢ Thelength of anarcis simply a fraction of the circumference of a circle
o Thefraction can befound by dividing the angle at the centre by 360°
o Theformula forthelength, I, of anarcis

]=§60 X2Mr

o Where @ is the angle measured in degrees

o ristheradius

o Thisisinthe formulabooklet for radian measure only
= Remember 2mradians = 360°

O ExamTip
' e Make surethatyoureadthe question carefully to determineif you needto

calculate the arc length of a sector, the perimeter or something else that
incorporates the arc length!
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> Worked Example
°
Acircular pizza has had a slice cut fromit, the angle of the slice that was cut was 38

°.Theradius of the pizzais 12 cm. Find

f)
thelength of the outside crust of the slice of pizza (the minor arc),
A diasram wull help:

33 orc

12¢em

Formula for the Lensth of an arc:

L=%x 21w

Suostikute :

L =5 % 21 (12)

=38  =.79587.. em
1S

Aength of crusk = 7.96 cm (3sF)

D)

the perimeter of the remaining pizza.
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A diasmm will help:

ma)or = olso partof
orc ~— 5 < Perimeker

Formulo. for the Lensﬂn of an arc:

L= Sﬁéo X 2T
Substhibute :

322
= %my Lerxs}k of mog‘or ore
|
F;/\d\ perimete.r:
P = majpr arc + radius + radius

= 3221 + 12+ 12 =91.4395... cm
\S

Perimetec = Aluerem (3sf)
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Area of aSector
Whatis a sector?

e Asectoris apart of a circle enclosed by two radii (radiuses) andan arc
o Itis easierto think of this as the shape of a single slice of pizza

e Thearea of a sectordepends of the size of the angle at the centre of the sector

¢ Iftheangleatthecentreislessthan180° then the sectoris known as a minor sector
o This could be considered as the shape of a single slice of pizza

o |ftheangleatthe centreis more than180° then the sectoris known as a major sector

o This could be considered as the shape of the remaining pizza aftera slice has been
taken away

How do | find the area of a sector?

e Theareaof asectoris simply a fraction of the area of the whole circle
o Thefraction can befoundby dividing the angle atthe centre by 360°
e Theformulaforthe area, A, of asectoris

A o 2
= X TTr
360
o Where @ is the angle measuredin degrees
o ristheradius
o Thisisinthe formulabooklet for radian measure only
= Remember2mradians = 360°
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? Worked Example
[ J
Jamie has divided a circle of radius 50 cminto two sectors; a minor sector of angle

100° and a majorsectorof angle 260°. He is going to paint the minor sectorblue
andthe majorsectoryellow. Find

i)
the area Jamie will paint blue,

Start wdn o d(.o&roﬂ\'-

Minoc
sectoc

Formuo. €oc the oveo of o Sector:

A:g%ooxnfz

—

OO0 X T x 50°

S%S\.ibuh&-’ A

o w
)

YA

0T

J|

2181.6b.. cm*

Blue oreo = 2180 em™(3sf)

ii)
the area Jamie will paint yellow.
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Stort wdn o diogram:

Minoe
sectoc

Fovm\a Loc the oveo of o Sector:
O 2
A = 360° XTlvy

26 2
S\Abskihuhg: A = 3 63 x T x S0

= 56%2.32..cm®

YQU-OUJ oceo = 5670 et (33“;)

| — BN
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Arcs & Sectors Using Radians
How dol useradians to find thelength of anarc?

0
e Astheradian measure fora full turnis 21, the fraction of the circle becomes 2
¢ Workinginradians, the formula for thelength of an arc willbecome
1 0 2
= X2mr
2
 Simplifying, the formula forthe length, 1, of an arcis
=10
o @istheanglemeasuredinradians
o ristheradius
o Thisis giveninthe formulabooklet, you donotneedtorememberit
How doluseradians to find the area of a sector?
0
o Astheradian measure fora full turnis 2, the fraction of the circle becomes 2

e Workinginradians, the formula for the area of a sectorwillbecome

= )(2
A27r mr

e Simplifying, the formula forthe area, A, of asectoris

1
A=_10
2
o @istheangle measuredinradians
o ristheradius
o Thisis giveninthe formulabooklet, you donot need torememberit
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) Worked Example
°

. . . T . )
Aslice of cake forms a sector of a circle with an angle of 6 radians andradius of 7

cm. Find the area of the surface of the slice of cake andits perimeter.

Dvroaw o diagrom\ :

%

Zoon
Areo. of o sector: A =7r?

-7

Suostitute. o= %
A=z (?)2(%)
Area = 12.% cn® (3s.&)
Perimetec = owe t +2(rodius)

Le.ng’d\ of an oxc: AL =16
P=%3(%)+12(=)

Perimeter = |+ F e (3s£)
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3.3 Trigonometry Toolkit

3.3.1 Pythagoras & Right- Angled Trigonometry

Pythagoras
What is the Pythagorean theorem?

e Pythagoras’ theoremis a formula that works forright-angled triangles only
¢ [|tstatesthatforanyright-angledtriangle, the square of the hypotenuseis equal to the
sum of the squares of the two shorter sides
° Th_e hypotenuseis thelongest sidein aright-angled triangle
It willalways be opposite therightangle
o Ifwelabelthe hypotenuse ¢, andlabelthe othertwo sides a and b, then Pythagoras’
theorem tells us that

a2+b2=02

e Theformula for Pythagoras’ theoremis assumed priorknowledge andis notin the formula
booklet
o You willneedtorememberit

How can we use Pythagoras’ theorem?
¢ |fyou know two sides of any right-angled triangle you can use Pythagoras’ theorem to find
thelength of the third side
o Substitute the values you haveinto the formula and either solve orrearrange
¢ Tofindthelength of the hypotenuse you canuse:

c=+/az+ph2

¢ Tofindthelength of one of the other sides you can use:

a=+c2—-b>orb=+c—a

¢ Notethat when findingthe hypotenuse you should add inside the squarerootandwhen
finding one of the other sides you should subtractinside the squareroot

» Always check youranswer carefully to make sure that the hypotenuseis the longest side

¢ NotethatPythagoras’ theorem questions will rarely be standalone questions and will often
be ‘hidden’ in other geometry questions

What s the converse of the Pythagorean theorem?

» Theconverse of the Pythagorean theorem states thatif a2 + b2 = ¢ istruethenthe
triangle must be aright-angledtriangle
o Thisis averyusefulway of determining whether a triangle is right-angled
e |fadiagraminaquestion does not clearly show that somethingis right-angled, you may
needtousePythagoras’ theorem to check

(’) ExamTip
w
¢ Pythagoras' theorem pops upinlots of exam questions so bearitin mind
wheneveryou see aright-angled trianglein an exam question!
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9 Worked Example
[
ABCDEFis achocolatebarin the shape of a triangular prism. The end of the

chocolatebaris anisosceles trianglewhere AC=3cmandAB=BC =5 cm. Mis the
midpoint of AC. This information is shown in the diagram below.

Calculatethelength BM.

Skektah the 'Er'\o\nsLe_ ABM:

Sem .S

.......... ¢
A Sem M

—— 3cn —M8M>

B& Yre ?&H’\asore_ar\ Theoremn:

BMZ = | ARZ - AM
r f ’\'s‘ooc’cex side
shoctes hx\;)?o tenuse
Side
s* - 1.8

,iZ?_Fl-S

BM = 437 cm (3sf)
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Right-Angled Trigonometry
Whatis Trigonometry?
¢ Trigonometryis the mathematics of anglesin triangles
¢ |tlooks attherelationship between side lengths and angles of triangles

e |tcomes from the Greek words trigonon meaning ‘triangle’ and metron meaning ‘measure’

What are Sin, Cos and Tan?

¢ Thethree trigonometric functions Sine, Cosine and Tangent come from ratios of side
lengthsinright-angled triangles

e Toseehow theratios work you must first label the sides of aright-angled triangle in relation
toachosenangle

o Thehypotenuse, H, is thelongest side in aright-angled triangle
= |twillalways be opposite therightangle
o If welabelone of the otherangles 0, the side opposite 0 will be labelled opposite, O,
andthe side next to 0 willbe labelled adjacent, A

¢ Thefunctions Sine, Cosine and Tangent are the ratios of the lengths of these sides as
follows

opposite
hypotenuse

Sin 6 =

adjacent
Cos = ——F——— =

0
H
A
hypotenuse H
opposite O

Tan 0= adjacent A

o Thesearenotinthe formulabook, you mustrememberthem

¢ Themnemonic SOHCAHTOA is often used as a way of remembering which ratio is which
o Sinis Opposite overHypotenuse

o Cosis Adjacent overHypotenuse
o Tanis Opposite over Adjacent
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THE LONGEST SIDE
OF A RIGHT—ANGLED
TRIANGLE

THE SIDE
OPPOSITE
THE ANGLE (6)

HYPOTENUSE
OPPOSITE

O (N
ADJACENT

THE SIDE NEXT
TO THE
ANGLE (©)

ADJACENT
HYPOTENUSE

OPPOSITE
ADJACENT

OPPOSITE

FYPOTENUSE Tan® =

Sinb = CosO =

n
1
T|o

AN =42
C=q T==a

How can we use SOHCAHTOA to find missing lengths?

e Ifyouknow thelength of one of the sides of any right-angled triangle and one of the angles
you canuse SOHCAHTOA to find the length of the other sides
o Always start by labelling the sides of the triangle withH, O and A
o Choosethecorrectratio by looking onlyatthevalues thatyou have and that youwant
= Forexampleif you know the angle andthe side oppositeit (O) andyou want to
find the hypotenuse (H) you should use the sineratio
o Substitute thevaluesinto theratio
o Useyourcalculatorto find the solution

How can we use SOHCAHTOA to find missing angles?

 |fyou know two sides of any right-angled triangle you can use SOHCAHTOA to find the size
of one of theangles
e Missingangles are found using theinverse functions:

0=sin1 " 0=Cos D 0=Tan1 O
= Din H = CLO0S H = lan A

o Afterchoosingthe correctratio and substituting the values use the inverse trigonometric
functions onyour calculatorto find the correct answer

(’) Exam Tip

-
e You needtorememberthe sides involvedin the different trigratios as they are
not given toyouin the exam
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> Worked Example

Findthevalues of x and y in the following diagram. Give youranswers to 3
significant figures.

8.4 cm
[ 1
60°
123 ¢
x
- NOT TO SCALE

Stort bb Lm\oeui«&j the sides of the 'Ef'\wﬂ(e_:

‘ SOHCAHTOA
A We know H ond we
12.3¢m L em wonk to €iad A so
we need to wuse
u Cos9= A
H
Cos60° = X
12.3
< = 12.3Cos bO°
x'=b615em™
A
B.4cm
SOHCAHTOA
o= 6.15cm _?N_lo O
ony =0
’ "= 6.15 d A
Ton = 6.
J T 5% .
g =T (52)

Y= 36.2° (3s.f)
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3D Problems

How does Pythagoras workin 3D?
¢ 3D shapes can often be broken downinto several 2D shapes
¢ With Pythagoras’ Theorem you will be specifically looking forright-angled triangles
o Theright-angled triangles you need willhave two known sides and one unknown side
o Lookforperpendicularlines to help you spotright-angled triangles
e Thereis a 3D version of the Pythagorean theorem formula:

o Howeveritis usually easierto see a problem by breaking it down into two ormore 2D
problems

How does SOHCAHTOA workin 3D?

¢ Againlookfora combination of right-angled triangles that would lead to the missing angle
orside
¢ Theangleyou are working with can be awkwardin 3D
o Theanglebetweenalineanda planeis notalways obvious
o Ifunsure putapointonthelineanddraw anewlineto the plane
= This should create aright-angledtriangle

ANGLE BETWEEN A LINE AND A PLANEJ

A Q G
|
|
|
|
S c |
|
B E_dR__Ju
4
.~
y
& 0
P /x/o Y A POINT ON THE LINE CONNECTED
// 2° TO THE PLANE CREATES A
RIGHT —ANGLED TRIANGLE AND
A P D THIS CAN HELP IDENTIFY THE

ANGLE REQUIRED"

x> IS THE ANGLE BETWEEN THE LINE PQ AND
THE PLANE ABCD (LINE PS)

y> IS THE ANGLE BETWEEN THE LINE PQ AND
THE PLANE AEHD (LINE PR)

z° IS THE ANGLE BETWEEN THE LINE PR AND
THE LINE AD
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(’) Exam Tip
w
¢ Annotate diagrams that are given to you with values that you have calculated

e |tcanbeusefulto make additional sketches of parts of any diagrams that are

given to you, especially if there are multiple lengths/angles that you are asked
tofind

e |fyouarenotgiven adiagram, sketch a nice, big, clearone!
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) Worked Example
[

Apencilis being putinto a cuboid shaped boxwhich has dimensions 3cmby 4 cm
by 6 cm.Find:

a)
thelength of thelongest pencil that could fitinside the box,
Drow o O\iagram: .
lhe Lonse.s(: pencil
could £k on an

8 of M diogonals,
J / Py .
3CM ...................... H A 3
.................... =
A o

To find AF we must ficsk Qad BF:

E 4em g BE = 42 4 b2

Be= 16 +36
éc,m BF'L = 52 r< Con lecve
R ﬁwfﬁ for

R & AR Bf*
= +
dem : ACt = 2! o
A AF =J%I = %%102..

F.3lcn (3sf£)

b)
the angle that the pencil would make with the top of the box.
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jI’:ino\ Af% :

Ady
B 52 em = £ AWl three sides
OB?P 0re known go Con
con use on £
b a
Jﬂ co the bris rokios.
A I

SOl A T%.
K

Choose tono = %
2
Lonw =\]5_2_

2

&= tan Bz

=22 .5%%...

| me— W
N

AFB = 22.6°_(3 s%)
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3.3.2 Non Right- Angled Trigonometry

Sine Rule
What is the sinerule?

¢ Thesinerule allows us to find missing side lengths orangles in non-right-angled triangles
e |tstatesthatforanytrianglewithangles A,BandC

a b c

sin A sin B sin C

o Where
= aisthesideoppositeangle A
= bistheside oppositeangleB
= cisthesideoppositeangle C
¢ This formulaisinthe formula booklet, you donotneedtorememberit
¢ Sin90°=1soif oneoftheanglesis 90° this becomes SOH from SOHCAHTOA

ALWAYS RELABEL YOUR
TRIANGLE ABC/abc TO
MATCH THE RULE YOU NEED

LABEL YOUR TRIANGLE
WITH CAPITALS FOR
ANGLES AND LOWER
CASE FOR THE
OPPOSITE  SIDE

How can we use the sine rule to find missing side lengths or angles?

¢ Thesinerule canbeusedwhenyouhave any opposite pairs of sides and angles
* Always start by labelling your triangle with the angles and sides
o Rememberthe sides with the lower-case letters are opposite the angles with the
equivalent upper-case letters
Use the formulain the formula booklet to find the length of a side
¢ Tofindamissingangleyou canrearrange the formula and use the form

sin A sin B sin C

a b c

o Thisis notinthe formula booklet but can easily be found by rearranging the one given

Substitute the values you have into the formula and solve

(’7 Exam Tip
-
e |fyou'reusinga calculatormake sure thatitis in the correct mode

(degrees/radians)
¢ Rememberto give youranswers as exact values if you are asked too
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) Worked Example
The following diagram shows triangle ABC. AB = 8.1 cm,AC = 12.3 cm,
BCA =27°.

NOT TO SCALE

Usethesinerule to calculate the value of:

i)

X,

Sketchh the dioxsmm ol Looel the
Sides:

o e Lower cose o goes
opposice N\S‘e ®

USRAS the sine vule:

. . We. ore (ooky
SinA _ SinB _ S"‘C'L/Fof on o \g

a =) c So this vecsion (s
easier.
Sint = Sin 2%
2.3 <.
<.
~ = S;n-‘(\z 35w 2.‘-{-)
.|

o =43.6° (3s.f)

ii)
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Sketch the diagram and Label the

o~
B 12.3cm

Sides:

Y ¢~ lower cose. b goes
opposite o.nsle B3

Find ABC: 180 - (2% + 43.582...)
ABC = 109 41 F..

usins the sine vule:

We. ore ok
o - b o_c el G s
S A sSinB SinC  this vecsion (s
easier.
Y <] |

Sin(109.41%.) ' Sn2R
RASN(109. 4(F.)
Sin23

Y = 16.8cm (3sf)

Y =
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Ambiguous Sine Rule

What is the ambiguous case of the sine rule?

o |fthesineruleis usedin a triangle given two sides and an angle whichis not the angle
between them there may be more than one possible triangle which could be drawn
¢ Theside opposite the given angle could bein two possible positions
e This will create two possible values foreach of the missing angles and two possible lengths
forthe missing side
¢ Thetwo angles found opposite the given side (not the ambiguous side) willadd up to180°
o InIBthe question willusually tellyou whetherthe angle you are looking foris acute or
obtuse
o Thesinerulewillalways give you the acute option butyou can subtract from180° to
findthe obtuse angle
o Sometimes the obtuse angle willnot be valid
= |tcouldcausethe sum of the threeinteriorangles of the triangle to exceed 180°

TWO POSSIBLE
ANGLES. BETWEEN
A AND.B

2 -

————

TWO DIFFERENT TWO POSSIBLE
OPTIONS FOR THE PLACES FOR SIDE B
THIRD ANGLE

g ; g
| AN
OBTUSE ANGLE a}_/ \_E ACUTE ANGLE
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O Exam Tip
e Make surethatyou are clearwhich of the two answers is the one thatis required
and make sure that you communicate this clearly to the examiner by writingit on
the answerline!
%) Worked Example

Giventriangle ABC,AB = 8 cm,BC = 5 cm,BXC= 35°. Findthe two possible
options forAaB, giving both answers to 1decimal place.

Thevre are two ways triangle ABC can ‘e drown:

A ~
AB and BAC ABC s unknown
ore known So So we should use
this side R O QPair of Compasses
is not \ € to find the position
am\o\suous. 8cm of BC
Sem

A R 7
7 N /
St o) sien
osikbions
(unknown. ‘side) Eo( C
Fiad nACR - SindD™ = sinC
5 8
C =g %s§n35>
S
= 66.54...

A&B = 6b.6" o 1134 (1dp)
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Cosine Rule
Whatis the cosinerule?

e Thecosinerule allows us to find missing side lengths orangles in non-right-angled
triangles
e |tstatesthatforany triangle

2 =224+p2- 2abcosC ; cos C =
2ab

o Where
cisthe side oppositeangle C
aandbaretheothertwo sides
e Both of these formulae areinthe formulabooklet, you do not need torememberthem
o Thefirstversionis usedto finda missing side
o Thesecondversionis arearrangement of this and can be used to find a missing angle
e Cos90°=0so0if C=90°this becomes Pythagoras’ Theorem

How can'Wwe use the cosine rule to find missing side lengths or angles?

. Theco;inerule canbeusedwhenyou have two sides and the angle between them orall
three sides
e Always start by labelling your triangle with the angles and sides
o Rememberthe sides with the lower-case letters are opposite the angles with the
equivalentupper-case letters
Usetheformula ¢2 = a2 + b? — 2abcosC tofindan unknown side
a> + b2 - ¢?
Usetheformulacos C = 2ab tofindanunknown angle
o Cistheanglebetweensidesaandb
Substitute the values you haveinto the formula and solve

@ ExamTip
w
e |fyou'reusinga calculator make sure thatitis in the correct mode

(degrees/radians)
 Rememberto give youranswers as exact values if you are asked too
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*> Worked Example

The following diagram shows triangle ABC. AB = 4.2 km, BC = 3.8 km,
AC = 7.1 km.

NOT TO SCALE

Calculatethe value of ABC.

Sketch the diasmm ond  Llabel the
Sides:

B o~

3.8 km

Y e lower case b goes
opposite ans]e_ ®

U.sins the cosine vole :
2 & We. ore Look‘w%

C056=m for on omagle™
20b So this veckion s
eosier.

cos O = 42°+38*-%1*
2(4.2)(3 %)

O = cos-*(«.z% 38 - %1%
2(4.2)(2.8)

0=128° (3s£)
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Areaof aTriangle
How do | find the area of a non-right triangle?

e The area of any triangle can be found using the formula
L.
A= ) absinC

o Where Cis theangle betweenssidesaandb

o This formulais inthe formula booklet, you do not need torememberit
e Becarefultolabelyourtriangle correctly so that Cis always the angle between the two
sides
e Sin90°=Tsoif C=90° thisbecomes Area =2 x base x height
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IS THE TRIANGLE
RIGHT ANGLED?

¢ e

USE SOH CAH TOA DOES THE QUESTION

PAIRS OF SIDES AND
ANGLES?

INVOLVE ANY OPPOSITE

DOES THE QUESTION
INVOLVE  AREA

USE SINE RULE

USE AREA FORMULA USE COSINE RULE

(’7 Exam Tip

e Ifyou'reusinga calculatormake sure thatitis in the correct mode

(degrees/radians)
e Rememberto give youranswers as exactvalues if you are

www.exampaperspractice.co.uk
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%9 Worked Example
The following diagram shows triangle ABC. AB = 32 cm,AC = 1.1 m,
BAC = 74°.

1.1m

fre :

A 32cm
NOT TO SCALE

Calculate the area of triangle.

Lobel the sides of.the -Erianﬂ\v
C

A 32em =0.32Zm

R_chonge all uniks
to be the soame

Avres of o 'E.rions\e.: A = %_L\bs'mc
A= 5 (1:1)(032) sinF4

A=0.169 m*
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3.3.3 Applications of Trigonometry & Pythagoras

Bearings

What are bearings?
* Bearings are a way of describingandusing directions as angles
e They are specifically defined forusein navigation because they give a precise location
and/ordirection

How are bearings defined?

e There are threerules which must be followed every time a bearingis defined
o They are measured from the North direction
An arrow showing the North line should be included on the diagram
o They are measured clockwise
o Theangleis always written in 3 figures
Ifthe angleisless than100° the first digit will be a zero

What are bearings used for?

¢ Bearings questions willnormally involve the use of Pythagoras or trigonometry to find
missing distances (lengths) and directions (angles) within navigation questions
o Youshould always draw a diagram
¢ There may be a scale given oryoumay needto considerusinga scale
o Howevernormally in IB you will be using triangle calculations to find the distances
¢ Some questions may alsoinvolve the use of angle facts to find the missing directions
¢ Toanswera question involving drawing bearings the following steps may help:
o STEP1: Draw a diagram addingin any points and distances you have been given
o STEP 2:Draw a Northline (arrow pointing vertically up) at the point you wish to measure
thebearing from
If you are given the bearing from A to B draw the North line at A
o STEP 3:Measure the angle of the bearing given from the North line in the clockwise
direction
o STEP4:Drawalineandaddthepoint B atthe given distance
¢ You willlikely then needto use trigonometry to calculate the shortest distance oranother
givendistance

(’7 Exam Tip
* o Always draw a big, cleardiagram and annotateit, be especially careful to label
the anglesin the correct places!
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%) Worked Example
[

The pointBis 7 km from Aon a bearing of 105°. The distance fromBto Cis 5 kmand
the bearing fromBto Cis 230°. Findthe distance fromAto C.

Al.umﬂs stort with o d(.oxsmmr
N

North
Line

é We hovekamio sides and the
O‘“Sle‘ betigeen them so we
Con wse Ewve cosivie vule
fov the acd side

C?= o+ b*-20bcosC
ACYE [ 4 52 LGS cos (859
= 33.9419...

AC = 582 km (3s£)
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Elevation & Depression
What are the angles of elevation and depression?

* |fapersonlooks atanobject thatis notonthe samehorizontalline as theireye-level they
willbe looking at eitheran angle of elevation or depression
o If apersonlooks up atan object theirline of sight will be at an angle of elevation with
the horizontal
o |fapersonlooks down atan object theirline of sight willbe atan angle of depression
with the horizontal
* Angles of elevation and depression are measured from the horizontal
¢ Right-angled trigonometry can be usedto findan angle of elevation or depression ora
missing distance
¢ Tanis oftenusedinreal-life scenarios with angles of elevation and depression
o Forexampleif we know the distance we are standing from a tree and the angle of
elevation of the top of the tree we can use Tan to find its height
o Orifwearelookingataboatattoseaandweknow ourheightabove sealevelandthe
angle of depression we can findhow faraway the boatis

% Lp,
e Sle ANGLE OF
S OBJECT HT | ELEVATION

HORIZONTAL

ANGLE OF
DEPRESSION

") ExamTip

w
¢ |tmay be useful to draw more than one diagramif the triangles thatyou are

interestedin overlap one another
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7 Worked Example
[
Acliffis perpendicularto the sea and the top of the cliff stands 24 m above the level

of the sea. The angle of depression from the cliff to a boat at seais 35°. At a point x

mup the cliffis a flag markerand the angle of elevation from the boatto the flag
markeris 18°.

a)
Draw andlabel a diagram to show the top of the cliff, T, the foot of the cliff, F, the
flagmarker, M, andthe boat, B, labelling all the angles and distances given above.

Angle of depression
(down From Vioérzonkall)

Anale of elevation
( up Leom Viocrzonkall)

b)
Findthe distance from the boat to the foot of the cliff.
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______________________ T
T8F =35°
anales on
(p;‘éaML lines) " Gm
39° xm
Bt o “
T
Consider tei om.s\e. TOF H o
24 m
SOHCAHTOR ) .
we M\‘JE/o? sice & A
?0
ond odjocent So
wse Town 24
Ton35° = B¢
24
BF = ———,
Tan 35

BF = 34.3m (3sf)

c)
Findthevalue of x.
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Consider tni o\ns\e_ FaM H o

x
SOHCAHTOR ) -
we ho.\‘s‘/’e_/o?qos\he & ?T‘r?,s‘ A
ond odjocent So
use Town
Town 18° <
Ton 35°
o & —Tav\ lg X( 35>
= II.136..
pee———_
= e (3s£)
y 4
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Constructing Diagrams
What diagrams will | need to construct?

¢ InIByou willbe expectedto construct diagrams based on information given
¢ Theinformation willinclude compass directions, bearings, angles
o Lookout forthe plane the diagram should be drawnin
o Itwilleither be horizontal (something occurring at sea oron the ground)
o Oritwillbevertical (Including height)
¢ Workthrough the statements given in theinstructions systematically

Whatdol need to know?

¢ Yourdiagrams will be sketches, they donot need to be accurate ortoscale
o Howeverthe more accurate yourdiagramis the easieritis to work with
¢ Readthefullset ofinstructions once before beginning to draw the diagram soyou have a
rough idea of where each objectis
¢ Make sure you know your compass directions
o Dueeast means on abearing of 090°
Draw theline directly to theright
o Duesouthmeans on abearing of 180°
Draw theline vertically downwards
o Duewest means on abearing of 270°
Draw theline directly to the left
o Duenorthmeans on abearing of 360° (or 000°)
Draw theline vertically upwards
¢ Usingthe above bearings forcompass directions will help you to estimate angles for other
bearings on your diagram

(’7 ExamTip

' . . . .
e Draw yourdiagrams in pencil so thatyou can easily erase any errors
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> Worked Example
[

Acity atBis dueeastofacityatAandAis duenorth of acity atE. Acityat Cis due
south of B.

The bearingfromAtoDis155° and the bearingfrom D to Cis 30°.

Thedistance AB =50 km, the distances BC =CD =30 km andthe distances DE = AE
=40 km.

Draw andlabela diagram to show the cities A, B, C, D and Eand clearly mark the
bearings anddistances given.

N ‘/D(-m,_. Bhis to help i You need..
W%’

Dyow tn a north
S A Une for ol

s beorinss

R ® is due east
155 gok
ALY S0k AV

: C is due
: 30km South. of B

2210°
c

40km
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3.4 Trigonometry

3.4.1 The Unit Circle

Defining Sin, Cosand Tan
What is the unit circle?

e Theunitcircleis a circle with radius 1Tand centre (O, O)
¢ Angles are always measured from the positive x-axis and turn:
o anticlockwise for positive angles
o clockwise fornegative angles
e |tcanbeusedto calculate trigvalues as a coordinate point (x, y) on the circle
o Trigvalues can be found by making a right triangle with the radius as the hypotenuse
o Where8is the angle measured anticlockwise from the positive x-axis
o Thex-axis willalways be adjacentto theangle, 0
e SOHCAHTOA can beusedto findthevalues of sind, cosb andtand easily
e AstheradiusisTunit
o thexcoordinate gives the value of cos6
o theycoordinate gives the value of sinf
e Astheoriginis one of the end points - dividing the y coordinate by the x coordinate gives
the gradient
o thegradient of theline gives the value of tan@

. TU
¢ |tallows ustocalculatesin, cos andtan forangles greaterthan 90°( 5 rad)
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TRIG VALUES CAN BE FOUND

THE UNIT CIRCLE BY MAKING A RIGHT ANGLED
HAS RADIUS 1 YA TRIANGLE WITH THE RADIUS
AND CENTRE (0,0) o AND x—-AXIS
{x,y)
@/
& | THE ANGLE 1S
f ' E MEASURED
A ANTI-CLOCKWISE
—10) 0ot (10) % | FROM THE X-AXIS
' IN EITHER RADIANS
OR DEGREES
0, -1)
A X
Cose— q— T =X
ANY POINT (x,y) ON THE | TYPOTENUSE e 5,
UNIT CIRCLE CAN BE ! Sin === =
FOUND USING (cos8, sinB) Y
A ] S,
ADJACENT Tanb= =1
X

*> Worked Example
[

The coordinates of a point on a unit circle, to 3 significant figures, are (0.629, 0.777).
Find0° to the nearest degree.

9
We. know (x,g) = (cosB, sinB)

(@e29,037) 0
Cosb = 06219

Sin B = 07F%7

USV\\S einer Yatio :

O = cos™(0.629)
= 51023...

O = 51° (nearest degree)
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Using The Unit Circle
What are the properties of the unit circle?
e Theunitcircle can be splitinto fourquadrants at every 90° ( g rad)

o Thefirst quadrantis forangles between O and 90°
Allthree of Sino, Cos0 and Tan@ are positive in this quadrant

o

The second quadrantis forangles between 90°and180° ( g radand m rad)
Sin0is positive in this quadrant
o Thethird quadrantis forangles between180° and 270° (n rad and 3; )
Tan6is positivein this quadrant
o Thefourth quadrantis forangles between 270° and 360° ( 3; radand2m)

Cosbis positive in this quadrant
o Starting from the fourth quadrant (on the bottomright) and working anti-clockwise
the positive trig functions spell out CAST
Thisis why itis often thought of as the CAST diagram
You may have your own way of remembering this
Apopularone starting from the first quadrantis All Students Take Calculus
o Tohelp picture this better try sketching all three trig graphs on one set of axes andlook
atwhich graphs are positive in each 90° section

How is the unit circle used to find secondary solutions?

e Trigonometric functions have more than one input to each output
o Forexamplesin30°=sin150°=0.5
o This means that trigonometric equations have more than one solution
o Forexample both 30°and150° satisfy the equationsinx=0.5
¢ Theunit circle can be usedto find all solutions to trigonometric equations in a given interval
o Yourcalculatorwill only give you the first solution to a problem such as x =sin"'(0.5)
This solutionis called the primary value
o However, due to the periodic nature of the trig functions there could be an infinite
number of solutions
Furthersolutions are called the secondary values
o Thisis why you will be given a domainin which your solutions should be found
This could either be in degrees orinradians
If you see mor some multiple of mthen you mustworkin radians
¢ Thefollowing steps may helpyou use the unit circle to find secondary values

STEP 1. Draw the angleinto the first quadrant using the x ory coordinate to help you

¢ |fyouareworkingwith sin x =k, draw the line from the origin to the circumference of the
circle atthe pointwhere they coordinateis k

e |fyouareworkingwith cos x=k, draw the line from the origin to the circumference of the
circle at the point where the x coordinate s k

e |fyouareworkingwith tan x =k, draw the line from the origin to the circumference of the
circlesuch that the gradient of thelineis k
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o This will give you the angle which should be measured from the positive x-axis....
.. anticlockwise fora positive angle
.. clockwise fora negative angle

STEP 2: Draw theradius in the other quadrant which has the same...

e ..x-coordinateif solvingcos x=k

o This willbe the quadrant whichis vertical to the original quadrant
e ..y-coordinateif solvingsinx=k

o This willbe the quadrant which is horizontal to the original quadrant
e .. gradientif solvingtanx=k

o This willbe the quadrant diagonal to the original quadrant
STEP 3: Work out the size of the second angle, measuring from the positive x-axis

e .. anticlockwisefora positive angle
e ..clockwiseforanegativeangle

o Youshouldlook at the givenrange of values to decide whetheryou need the negative
orpositiveangle

STEP 4: Add or subtract either 360° or 2 radians to both values until you have all solutions in the
requiredrange
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Sinb =K Sind IS POSITIVE IN THE
K TOP TWO QUADRANTS
[Sinb 1S NEGATIVE IN THE
=i BOTTOM TWO QUADRANTS
Cosb=K
CosB IS NEGATIVE IN THE CosB IS POSITIVE IN THE
TWO LEFT QUADRANTS TWO RIGHT QUADRANTS
= K
Tanb =K
GRADIENT = —K §—_ ¢ GRADIENT =K
tan® NEGATIVE tdnd POSITIVE
tan® POSITIVE tanB® NEGATIVE

@ Exam Tip

w
e Beingable to sketch out the unit circle and remembering CAST can help you to
find all solutions to a problemin an exam question
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*) Worked Example

[}
Giventhatonesolution of cos8=0.8is 0= 0.6435 radians correct to 4 decimal

places, findall othersolutions intherange -2m < 6 < 2. Give youranswers correct
to 3significant figures.

2
pr'\mmr3
value Cosine is positive in
the firstk and fourth
cosine. guodrants so draw

ositive
o Pos the omé\e_ Leom the

hocizonkal axis in

o,f’e >oc 2TC both q,u\o\drcm\zs.

K. Cosine
positive

Primo\r& value = 0.6435

Us(ns ol{aa cam Se_cono\cws volue = -0.6435

Thevefore ol valuesore: 06435 = 27N
ond —0.6435 £ 27N

Within 9ive;/\ Qonioim. i 22T <O L

c

O = -5.64°, —0.644°, 0644, 5.6%
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3.4.2 Exact Values

Trigonometry Exact Values
What are exact values in trigonometry?

e Forcertainangles the values of sin 6, cos 6 and tan 6 can be written exactly
o This means usingfractions and surds
o You should be familiar with these values and be able to derive the values using
geometry
e You are expectedto know the exact values of sin, cos andtan forangles of 0°,30°,45°,
60°,90°,180° and theirmultiples

T W M
o Inradiansthisis0, ~, , _,

6 4" 32
e Theexactvalues you are expectedtoknow are here:

, T and theirmultiples

DEGREES 0° 30° A5° 60° 90° 180° 360°
RADIANS 0] % % % % a 291
sin 0 % 1'% 1’_‘% 1 0 0]
cos 1 4_‘% _Jij- % 0 -1 1
tan 0 % 1 {3 | UNDEFINED 0 0

How do | find the exact values of other angles?

e Theexactvalues forsinand cos can be seen on theunit circle as theyand xcoordinates
respectively
o Ifusingthe coordinates on theunitcircle to memorise the exactvalues, remember that
cos comes before sin
e Theunitcircle canalsobeusedto find exact values of otherangles using symmetry
» Ifyouknow theexactvalueforananglein the first quadrantyou can draw the same angle
from the x-axis in any other quadrant to find otherangles
¢ Rememberthat the angles are measured anticlockwise from the positive x-axis
e Forexampleif you know that the exactvalue foris 0.5
= o drawtheangle 30° from the horizontalin the three other quadrants
o measuring from the positive x-axis you have the angles of 150°,210° and 330°
sinis positive in the second quadrant sosin150°=0.5
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sinis negativein the third quadrantsosin210°=-0.5
sinis negativein the fourth quadrantsosin330°=-0.5
e |tis alsopossible to findthe negative angles by measuring clockwise from the positive x-
axis
o drawtheangle 30° from the horizontalin the three other quadrants
o measuring clockwise from the positive x-axis you have the angles of -30°,-150°,
-210°and-330°

sinis negativein the fourth quadrantsosin(-30°)=-0.5
sinis negativein the third quadrantso sin(-150°) =-0.5
sinis positivein the second quadrantsosin(-210°)=0.5
sinis positive in the fourth quadrant so sin(-330°)=0.5

How are exact valuesin trigonometry derived?

e Therearetwo specialright-triangles that can be usedto derive all of the exact values you
needtoknow
e Consideraright-triangle with a hypotenuse of 2 units and a shorter side length of Tunit
o UsingPythagoras’ theorem the third side willbe /3

o Theangles willbe g radians (90°), 1; radians (60°) and T6[ radians (30°)
o Using SOHCAHTOA gives...

L «/? ST 1
Sin 37, Sin 6= 2
m 1 bl 3
Cos 375 Cos 6= 2
Tannzﬁ Tannszﬁ
3 6 /3 3
e Consideranisosceles triangle with two equal side lengths (the opposite and adjacent) of 1

unit
o UsingPythagoras’ theoremit willhave a hypotenuse of+/2
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o Thetwoequalangleswillbez radians (45°)

o Using SOHCAHTOA gives...

i1 1 «/7

sin " = — =¥

4 J2 2
cos™ o L _ A2
4 ﬁ 2
n
Tan4:1

ISOSCELES RIGHT-ANGLED TRIANGLE
WITH EQUAL SIDES LENGTH 1

PYTHAGORAS’ THEOREM
4 2’ -
HYPOTENUSE =+2"
0 (N
1

sin 45°'=

cos 45°=

CALCULATOR ANSWER IS {%
tan 45 =1 DO YOU KNOW WHY?

G3SIVNOLLYY  HOLVNINONIQ -MIMSNY

S 8

(’7 ExamTip
w
e You willbe expectedto be comfortable using exact trig values for certain angles
butit canbe easy to muddle them upif you justtry to rememberthem from a list,
sketch the triangles and trig graphs on your paperso that you canuse themas
many times as you need to during the exam!

o sketch the triangles forthe key angles / / /

o sketchthetriggraphs forthekeyangles / /T, / ]

/
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*> Worked Example
°

Using an equilateral triangle of side length 2 units, derive the exact values for the

sine, cosine and tangent of

TC
32

0\\ a

=

EXAM PAPERS PRACTICE

T T
6 and 3
Use P tjthoxaoro\s' Tweorem
to F\'(\o\ (o
ot =) 22 -1*
o
=J3
S
6

sn(B) =5 EaE@eE
|
cwos(F) =B eslF) = 7
L J3
bnlE) =73/ lZT)=TFT ="
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3.5 Trigonometric Functions & Graphs

3.5.1 Graphs of Trigonometric Functions

Graphs of Trigonometric Functions
What are the graphs of trigonometric functions?

¢ Thetrigonometric functions sin, cos andtan allhave special periodic graphs
¢ You’'llneedto know their properties and how to sketch them fora given domain in either
degrees orradians
¢ Sketchingthe trigonometric graphs can help to
o Solve trigonometric equations and find all solutions
o Understand transformations of trigonometric functions

What are the properties of the graphs of sin xand cos x?

¢ Thegraphs of sinxand cos x are both periodic
o Theyrepeatevery 360° (2mradians)
o Theanglewillalways be on the x-axis
Eitherin degrees orradians
¢ Thegraphsofsinxandcosxarealwaysintherange-1sy=<1
o Domain:{ | x € R}
o Range: {y|~1 <y <1}
o The graphs of sinxand cos x areidenticalhowever oneis a translation of the other
sinx passes through the origin
cosxpasses through (0, 1)
¢ The amplitude of the graphs of sinxand cos xis 1

What are the properties of the graph of tan x?

e Thegraph of tanxis periodic
o Itrepeats every180° (mmradians)
o Theanglewillalways be on the x-axis
Eitherin degrees orradians
¢ The graph of tanxis undefined at the points £+ 90°, £ 270° etc
o Thereareasymptotes at these points on the graph

. " , T 3
o Inradians thisis atthe points + 5 ,* 5 etc

e Therange of the graph of tan xis

° Domain:{x| X # 72t+kn', ke Z}

o Range:{y| y € R}
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y=sinx AND y=cosx

IN THE RANGE -1 TO 1 Cos x PASSES THROUGH 1

y
y=cos X

—180 74‘; 180 270 360 "X

Sinx AND Cosx ARE ALWAYS Sinx PASSES THROUGH THE OR\Gﬂ

y=sinx

IS
G

Sinx AND Cosx
ARE PERIODIC
REPEATING EVERY 360°

Sinx HAS ROTATIONAL SYMMETRY ABOUT
THE ORIGIN SO sin(-x)= —sin(x)

Cosx IS SYMMETRICAL THROUGH THE y-AXIS
SO cos(—x) = cos(x)

Tanx IS UNDEFINED AT +90;

270} +450%.. MEANING IT
RANGES FROM oo TO +oo
Y ‘ (THESE POINTS ARE CALLED
;3 ; | ASYMPTOTES)
) |
| 1 I y=tanx
i /

Tanx IS PERIODIC
REREATING EVERY,180°

How dol sketch trigonometric graphs?

e Youmay needto sketch a trigonometric graph so you willneed to remember the key
features of eachone
e Thefollowing steps may help you sketch a trigonometric graph
o STEP1: Check whetheryou should be working in degrees orradians
You should check the domain given for this
If you seemin the given domain then you should workin radians
o STEP 2:Label the x-axis in multiples of 90°

This willbe multiples of g if you are workinginradians

Make sure you coverthe whole domain on the x-axis
o STEP 3:Label the y-axis
Therange forthey-axis willbe -1=y =< 1forsin orcos
Fortanyou willnotneed any specific points on the y-axis
o STEP 4:Draw the graph
Knowing exact values will help with this, such as remembering that sin(0) = O and
cos(0) =1
Mark the important points on the axis first
If you are drawing the graph of tan x put the asymptotes in first
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If you are drawing sin x or cos x mark in where the maximum and minimum points
willbe

Try to keep the symmetry androtational symmetry as you sketch, as this willhelp
when using the graph to find solutions

ExamTip

e Sketch all three trig graphs on your exam paper so you can referto them as
many times as you need to!

Worked Example

Sketch the graphs of y = cosf andy =tanf on the same set of axes in theinterval -1
<0 < 2m. Clearly mark the key features of both graphs.

Mack in +he
minimum and .
Maximum points Draw the as m‘a\ro\:es
for cosb \ & for the ton smp\«
, ! Y =cos6
6
- 3 T ‘ poll 7
Yy = tan 6
=1
( Plot the ke:j
values= and
tnen [join! them

Up using a
Smooth  curve
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Using Trigonometric Graphs
How canl use a trigonometric graph to find extra solutions?

* Yourcalculatorwill only give you the first solution to a problem such as sin(0.5)
o This solutionis called the primary value
e However, duetothe periodic nature of the trig functions there could be an infinite number
of solutions
o Furthersolutions are called the secondary values
¢ Thisis why you willbe given a domain (interval) in which your solutions should be found
o This could eitherbein degrees orinradians
If you see morsome multiple of mthen you mustworkin radians
o Thefollowing steps willhelp you use the trigonometric graphs to find secondary values
o STEP 1: Sketch the graph for the given function andinterval
Checkwhetheryou should be workingin degrees orradians and label the axes
with the key values
o STEP 2: Draw a horizontalline going through the y-axis at the point you are trying to find
thevalues for
Forexampleif you arelooking forthe solutions to sin"!(-0.5) then draw the
horizontalline going through they-axis at-0.5
The number of times this line cuts the graph is the number of solutions within the
giveninterval
o STEP 3:Findthe primary value and markit on the graph
This will eitherbe an exact value and you should know it
Oryouwillbe able to use your calculator to find it
o STEP 4:Use the symmetry of the graph to find all the solutions in the interval by adding
orsubtracting from the key values on the graph

What patterns can be seen from the graphs of trigonometric functions?

e The graph of sinxhas rotational symmetry about the origin
o Sosin(-x) = - sin(x)
o sin(x) =sin(180° -x) or sin(1 - x)

e The graph of cos xhas reflectional symmetry about the y-axis
o Socos(-x) =cos(x)
o cos(x) =cos(360° - x) orcos(2m - x)

e Thegraph of tanxrepeats every 180° (mmradians)
o Sotan(x) =tan(x+180°) ortan(x = 1)

e Thegraphs of sinxandcos xrepeat every 360° (2 radians)
o Sosin(x) =sin(x+ 360°) orsin(x + 2m)
o cos(x) =cos(x+ 360°) orcos(x + 2m)

(") Exam Tip
' ¢ Take care to always check what the interval forthe angleis that the question is
focusedon
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) Worked Example
[

Onesolutiontocosx=0.5is 60°. Find all the othersolutionsintherange -360° <x <
360°.

The. horizontal Line ok

Draw 4he graph of cosoe : Y =0S shows that

3

there ace 4 solutions

~ NS
N \ M/I

350 = =150 Ao ) 30>
— > -«—
+60 -60| +60 -60

-1

Solutions are : 60; 260-60° -60°, 360" + 60°

- 60°, -200°, 60°, 300
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3.5.2 Transformations of Trigonometric Functions

Transformations of Trigonometric Functions
What transformations of trigonometric functions do | need to know?

¢ Aswith othergraphs of functions, trigonometric graphs can be transformed through
translations, stretches andreflections
* Translations can be either horizontal (parallel to the x-axis) or vertical (parallel to the y-axis)
o Forthefunctiony =sin(x)
Avertical translation of a units in the positive direction (up) is denoted by
y=sin(x)+a
Avertical translation of a units in the negative direction (down) is denoted by
y=sin(x)-a
Ahorizontal translation in the positive direction (right) is denoted by y = sin (x - a)
Ahorizontal translation in the negative direction (left) is denoted by y = sin (x + a)
e Stretches canbeeitherhorizontal (parallel to the x-axis) or vertical (parallel to the y-axis)
o Forthefunctiony =sin(x)
Avertical stretch of a factora units is denoted by y = a sin (x)

Ahorizontal stretch of a factor a units is denoted by y = sin ( : )

¢ Reflections can beeitheracross the x-axis oracross the y-axis
o Forthefunctiony =sin(x)
Areflection across the x-axis is denoted by y = - sin (x)
Areflection across they-axisis denoted by y = sin (-x)

What combined transformations are there?
e Stretchesin thehorizontalandvertical direction are often combined
¢ Thefunctions asin(bx) anda cos(bx) have the following properties:
o Theamplitude of the graphis|a |

o The period of the graphis 320 °(or 2;: rad)

¢ Translations in both directions could also be combined with the stretches
The functions asin(b(x-c)) +dandacos(b(x-c)) + dhave the following properties:
o Theamplitude of the graphis|a |

_ 360 2m
o Theperiod of the graphis b b )

o Thetranslationin the horizontal directionis ¢
o Thetranslationin the vertical directionis d
drepresents the principal axis (the line that the function fluctuates about)
The functionatan(b(x - ¢ )) + dhas the following properties:
o The amplitude of the graph does not exist

180 2m
o Theperiod of the graphis b b )

o Thetranslationinthe horizontal directionis c
o Thetranslationin the vertical direction (principal axis) is d

°(or

°(or

How dol sketch transformations of trigonometric functions?
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o Sketch the graph of the original function first
e Carryouteachtransformation separately
o Theorderinwhich you carry out the transformations is important
o Giventheformy =asin(b(x-c)) +dcarry out any stretches first, translations next
andreflections last
If the functionis writtenin the formy = a sin(bx - bc ) + dfactorise out the
coefficient of x before carrying out any transformations
o Useaverylightpencilto mark where the graph has moved foreach transformation
¢ |tisagoodideatomarkinthe principal axis the lines corresponding to the maximum and
minimum points first
o Theprincipal axis willbe theliney =d
o The maximum points willbeontheliney=d+a
o The minimum points willbeontheliney=d-a
e Sketchinthe new transformed graph
¢ Checkitis correct by looking at some key points from the exact values

(’) ExamTip

et e Besuretoapply transformations in the correct order - applying themin the

wrong order can produce an incorrect transformation

e When you sketch a transformed graph, indicate the new coordinates of any
points that are marked on the original graph

e Trytoindicate the coordinates of points where the transformed graph
intersects the coordinate axes (although if you don't have the equation of the
original function this may not be possible)

« If the graph has asymptotes, don'tforget to sketchthe asymptotes of the
transformed graph as well
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) Worked Example
[

. T
Sketchthegraphofy =2 sm(3 (X - )) — 1 fortheinterval -2m <x < 2m. State the

4
amplitude, period and principal axis of the function.

Pe_/r;cd = %—;’L
Principal aris = -1
Y = ‘?sin (3 x-’?))-‘r ‘

) ampL\'two\.a =2 ot Lol SK\FL
CLomox —min = &

N Pe_r\o& 27'-

A" A@s/\

v
N

me in the —— +2T
Principal axis

£irst.

(22:-3)
omplitude : 2
Pe.rioo\ : %‘

! Prinen'raL oxis : 3=-I |
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3.5.3 Modelling with Trigonometric Functions

Modelling with Trigonometric Functions
What can be modelled with trigonometric functions?

e Anythingthatoscillates (fluctuates periodically) can be modelled using a trigonometric
function
o Normally some transformation of the sine or cosine function
e Examplesinclude:
oD (t) is the depth of waterat a shore t hours after midnight
o T(d) is the temperature of a city ddays afterthelst January
o H (1) isvertical height above ground of a person t seconds afterentering a Ferris
wheel
¢ Noticethatthex-axis willnot always containanangle
o Inthe examples above time ornumber of days would be on the x-axis
o Depth of the water, temperature orvertical height would be on the y-axis

What are the parameters of trigonometric models?

e Atrigonometric model could be of the form
o flx)=asin(b(x-c))+d
o flx)=acos(b(x—¢)+d
o flx)=atan(b(x—-c))+d
¢ Thearepresents the amplitude of the function
o Thebiggerthevalue of a the biggerthe range of values of the function
o Forthefunction a tan (b(x — c)) + d the amplitude is undefined

The b determines the period of the function
360°  2m
P i - —
o Period b b
o Thebiggerthevalue of b the quicker the function repeats a cycle
¢ Thecrepresents the horizontal shift
e Thedrepresents the vertical shift

o Thisis the principal axis

What are possible limitations of a trigonometric model?

e Theamplitudeis the same foreach cycle

o Inreal-life this might notbe the case

o Thefunction might get closerto the value of dovertime
e Theperiodis the sameforeach cycle

o Inreal-life this might notbe the case

o Thetimeto complete a cycle might change overtime
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AMPLITUDE y=asin(b(x—c))+d

y= —a+d

(f) ExamTip
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9 Worked Example
°

The waterdepth, D, in metres, at a port can be modelled by the function
D(t) =3 sin (15°(¢—2)) + 12, 0<t<24

where tis the elapsedtime, in hours, since midnight.

a)
Write down the depth of the waterat midnight.

Substitute £=0  for (V\'\o\n'nsh\:i

D(0) = 3sin(is (0-2) + 12 /\/

= 3sin (-30)+ 12

= 3(-z)+12 =108
D =10.8m
b)

Find the minimum water depth and the number of hours after midnight that this
depth occurs.
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D(x) = 3sin(18 (+-2) + 12,
7 principal oxis
amplitude

Princi?aL oxis 1s ak ys= 12

oamelitude is 3 Minimum = 12-3 =9
Let D) =9
3sin(18(t-2)+ 12 =9
3sin(15 (t-2) =-3
sin (18 (£-2) = -
1Is(t-2) = -9o
t = -4 +2%n
C’Ude' rgpeqbs every
24 hours
10.5
|
(-4-,7;) (Zo;q),t

Minimum = 9m
20 hours/ after midniah{-

c)
Calculate how longthe waterdepthis atleast13.5 m each day.
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Let D) =13.5
3sin(18 (¢-2) + 12 =135
3sin(1s (¢-2) = 1.5
sin(18 (£-2)) =0.5
s (t-2) = 30

t = & +24%n
X

c,:jc.\e. repeaks every
24 hours
Use 53mme,‘:.r3 and properties of the amph toe find
se_cono\o\rj value of t:

D)
3.5 +
(2,12

/

graph is transloted
Z units to the risht.

t=64 ond =12

Find the difference betWeen e Eimes.
-4 =%

3 hours

78 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

=

EXAM PAPERS PRACTICE

3.6 Trigonometric Equations & Identities

3.6.1 Simple Identities

Simple Identities
What is a trigonometric identity?

» Trigonometric identities are statements that are true for all values of x or 6

e They areusedto help simplify trigonometric equations before solving them
¢ Sometimes you may see identities written with the symbol=
o This means 'identical to'

What trigonometric identities do | need to know?

e Thetwo trigonometric identities you mustknow are
sin 6
o tan 6 =
. cos 0
This is the identity fortan
o sin?f + cos?0 = 1

This is the Pythagorean identity

Note that the notation sin 26 is the same as (sin 6) 2
¢ Bothidentities can be foundinthe formula booklet
¢ Rearranging the secondidentity often makes it easier to work with
o sin2f@= 1—- cos? 0
o cos?0= 1- sin?0

Where do the trigonometric identities come from?

¢ You donotneedtoknow the proof for theseidentities butitis a goodidea to know where
they come from

¢ From SOHCAHTOA we know that
o sin 0 = opposite O

hypotenuse  H
adjacent A

hypotenuse =~ H
opposite O
o tan § = =

o cos O =

adjacent A
e Theidentity for tan 6 canbe seen by diving sin 6 by cos 67
10)
sinf H an 0
le) = — = =tan
cosg A A
H

¢ ThePythagoreanidentity can be seen by considering a right-triangle with a hypotenuse of 1
o Then (opposite)?+(adjacent)?=1

o Thereforesin? 8+cos?2 = 1

e Considering the equation of the unit circle also shows the Pythagorean identity
o Theequation of theunitcircleis x2 + y? = 1

o Thecoordinates ontheunitcircleare (cos 6, sin 6)
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o Therefore the equation of the unit circle could be written cos? §+sin? =1
« Athird very useful identityis sin 8= cos (90° — ) orsin 6= cos (g - 0)

o Thisis notincludedin the formula booklet butis useful toremember

How are the trigonometric identities used?
e Mostcommonly trigonometric identities are usedto change an equationinto a form that

allowsittobesolved
¢ Theycanalsobeusedto prove furtheridentities such as the double angle formulae

(") Exam Tip
-
¢ |fyouareaskedtoshow thatonethingisidentical (=) to another, look at what
parts are missing - forexample, if tan x has gone it must have been substituted

*> Worked Example

Show that the equation 2sin? x — cos x =0 can be written in the form
acos? x + bcos x + ¢=0,where a, b and c areintegers to be found.

7sin®x - cosac = O

Equakion Yos both sinae=onde cosx so will need
CMQNZSMS befoce it con be solved:

me, the I.de‘/\h\h\j Si(llDC = l — CoS?‘DC-
Substitute : 2(\ - aos"oc) -cosoc =0

Expand 2 - 2cos*x — Cosx =0
Rearrange: 2cos®oc + Cosx - 2= 0

a=2, b=, c=-2
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3.6.2 Compound Angle Formulae

Compound Angle Formulae
What are the compound angle formulae?

¢ There are sixcompound angle formulae (also known as addition formulae), two each for
sin, cos andtan:
e Forsinthe +/- sign on theleft-hand side matches the one on theright-hand side
o sin(A+B)=sinAcosB + cosAsinB
o sin(A-B)=sinAcosB - cosAsinB

e Forcosthe +/-sign on theleft-hand sideis opposite to the one on theright-hand side
o cos(A+B)=cosAcosB - sinAsinB
o cos(A-B)=cosAcosB +sinAsinB

e Fortanthe+/-signontheleft-hand side matches the onein the numerator on theright-
handside, andis opposite to the onein the denominator

tanA + tanB

° tan(A +B) = 1 —tanAtanB
(A B) _ tanA —tanB

° tan ~ 1 +tanAtanB

e Thecompound angle formulae can all the foundin the formula booklet, you do not need to
rememberthem

When are the compound angle formulae used?

e Thecompound angle formulae are particularly useful when finding the values of
trigonometric ratios without the use of a calculator
o Forexampletofindthevalue of sin15° rewriteit as sin (45 - 30)° and then
apply the compound formula for sin(A - B)
useyour knowledge of exact values to calculate the answer
e Thecompoundangle formulae arealsoused..
o ..toderive furthermultiple angle trigidentities such as the double angle formulae
o ..intrigonometric proof
o ..tosimplify complicated trigonometric equations before solving

How are the compound angle formulae for cosine proved?

¢ Theproofforthe compoundangleidentity cos (A- B)=cosAcos B +sinAsinBcanbe
seen by considering two coordinates on a unit circle, P(cos A, sinA) and Q (cos B, sin B)
o The angle between the positive x- axis andthe point Pis A
o Theangle between the positive x- axis and the point Qis B
o TheanglebetweenPandQisB-A

¢ Usingthedistance formula (Pythagoras) the distance PQ can be given as
o |PQ|?=(cosA-cos B)?+(sinA-sin B)?
e Usingthecosinerule the distance PQ can be given as
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o |PQ|?=12+12-2(1)(N)cos(B-A)=2-2cos(B-A)
e Equatingthesetwo formulae, expandingandrearranging gives
o 2-2cos(B-A)=cos?A+sin?A+cos?B+sin?B-2cosAcos B -2sinAsinB
o 2-2cos(B-A)=2-2(cosAcosB +sinAsinB)
e Thereforecos(B-A)=cosAcosB +sinAsinB
e Changing-AforAinthisidentity andrearranging proves the identity for cos (A + B)
o cos(B-(-A))=cos(-A)cos B +sin(-A)sinB=cosAcosB-sinAsinB

IPQI

(cos B, sinB) Q
Plcos A, sin A)

How are the compound angle formulae for sine proved?

e The proof forthe compound angle identity sin (A + B) can be seen by using the above proof
forcos (B-A)and
o Consideringcos (/2 - (A +B)) =cos (11/2)cos(A + B) + sin(11/2)sin(A + B)
o Therefore cos(m/2 - (A +B)) =sin(A+B)
o Rewritingcos (/2 - (A+B)) as cos ((11/2 - A) + B) gives
cos(m/2-(A+B))=cos(m/2-A)cosB+sin(mm/2-A)sinB
o Usingcos (m/2-A)=sinAandsin (/2 - A) =cos Aand equating gives
sin(A+B)=sinAcosB+cosAcosB
e Substituting B for-B proves theresult forsin (A - B)

How are the compound angle formulae for tan proved?
e Theproofforthe compound angle identities tan (A + B) can be seen by
sin(A £ B)
cos(A *+ B)
o Substituting the compound angle formulaein
o Dividing the numeratorand denominatorby cosAcos B

o Rewritingtan(A+B)as

(") ExamTip
' ¢ Allthese formulae arein the Topic 3: Geometry and Trigonometry section of

the formula booklet - make sure that you use them correctly paying particular
attention to any negative/positive signs
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9 Worked Example
°

a)
s T 2(tan2x+1)
Show that tan(x+ —) - tan(x— —) =
4 4 1 —tan2x
Use. the compound ongle formuln  for  ton :
N Ty = tanx * tone  _ bonx +)
“"(x* "’) |- £anx-\-.an—7:— I - Bene
1 m) = tanx —tane  _  tonx -
an(oc— "’) I + tanx tan £ I 4+ bensc
Puk ’mgejsher ond S\'my\i?d:
tonxs | tanx —| (tanx+ D + tonx) —(tanx— D0 - ’cw\x)
| - tanx |+ tonx (| - tonx) (I + ’r,omx)
=bantx+ Zhanx +| - (- ton'x + 2banx ~()
(I - Lonx) (I + ’(:omx)
= 2bont=x +2
| - ban*ac
1(&&#1 + |)
| - tan'2e
b)
T s w
Hence, solve tan| x+— |- tan| x— =-=4for0 <x <
4 4 2
Use the answer found in (0 to write o new equokion:
7 (-\-om"x + l) —4
| -tantx

Remransa ond brins ol kerms " tonx bto one side:

2(rantx +1) = —4() -ban2x)
2 ban'x +2 = —4% + Lton*>c
Zten'x -6 = O

ton'=< = 3

b = = £J3

x = ¥, - Fe_outside of given range

x =1

3

83 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

FB

EXAM PAPERS PRACTICE

3.6.3 Double Angle Formulae

Double Angle Formulae
What are the double angle formulae?

e Thedouble angle formulae for sine and cosine are:
o sin 20 = 2sin fcos O
o cos26 = cos? 0— sin2 0 = 2cos2 0—1 = 1— 2sin2 @
2tand
1 —tan26
e These canbefoundinthe formula booklet
o Theformulae forsin and cos can be foundin the SL section
o Theformula fortan canbefoundinthe HL section

o tan20

How are the double angle formulae derived?

e Thedouble angle formulae can be derived from the compound angle formulae
e Simplyreplace B forAin each of the formulae and simplify
e Forexample

o Sin2A =sin(A+A)=sinAcosA +sinAcosA = 2sinAcosA

How are the double angle formulae used?

¢ Double angle formulae will often be used with...
o ...trigonometry exactvalues
o ...graphs of trigonometric functions
o ...relationships between trigonometric ratios
e Tohelp solve trigonometric equations which contain sin fcos 0:

. 1
o Substitutesin @cos 9 for 5 sin 26

. o Solvefor26, findingallvalues intherange for26
Therange willneed adapting for260
o Findthesolutions for 8
e Tohelp solve trigonometric equations which contain sin 26 andsin 6 orcos 6
o Substitute sin 26 for2sin fcos 6
o Isolatealltermsin 6
o Factorise oruse anotheridentity to write the equation in a form which can be solved
e Tohelp solve trigonometric equations which contain cos 26 andsin 6 or cos 0
. o Substitute cos 26 foreither2cos? 6—1 or1 — 2sin? §
Choose the trigonometric ratio thatis already in the equation
o |solatealltermsin 6
. o Solve
The equation willmost likely be in the form of a quadratic
e Tohelp solve trigonometric equations which contain tan 26
o Substitute tan 20 for the double angle identity
o Rearrange, often this willlead to a quadratic equationin terms of tan 6
o Solve
¢ Double angle formulae can be usedin proving other trigonometric identities
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(") Exam Tip
* ¢ Allthese formulae arein the Topic 3: Geometry and Trigonometry section of
the formula booklet

e |fyouareaskedtoshow thatonethingisidentical (=) to another, look at what
parts are missing - forexample, if sinf has disappeared you may want to
choose the equivalent expression for cos20 that does notinclude sind

*> Worked Example

Without using a calculator, solve the equation sin 26 =sin 0 for0° < 6 < 360°.
Show allworking clearly.

Douvle angle identity : $in20 = 2sinOcosO
2sinBcosH = smp
Bring loothh  identities Lo one side:
2sinBcosB -snb =0
Fackorise © sing (2co86,04)m=:0

find  solutions: sin =0we 20086 -1 = 0
8 = O s
cosB =7
6 =60’
Find Se_cono\a(j volwes, ~uJiklvin pnges

Cosb0’ =%, so l
/o\raw Une to x =7

o
300/ 60
N T ® Sinb =0 3'\ves the
1
Second solution 5 solutions 6= 0°, 180°, 360°
for sin® =0 is
6 =180

0= 0° 60° 180° 300° 3560°
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3.6.4 Relationship Between Trigonometric Ratios

Relationship Between Trigonometric Ratios
What relationships between trigonometric ratios should | know?

¢ |fyouknow avalueforone trigratio you can often use this to work out the value for the
others without needing to find 6
Z ,where a, b € N,youcan:
o Sketch aright-triangle with a opposite #and b on the hypotenuse
o UsePythagoras’ theoremto find the value of the adjacent side
o Use SOHCAHTOA to find the values of cos #and tan 0
¢ Ifyouknow avalue forsin §orcos #you can use the Pythagorean relationship
o sin2 @+ cos?2f=1
o tofindthevalue of the other
¢ |fyouknow avalueforsin orcos fyou can use the double angle formulae to find the value
ofsin20orcos 26
e |fyouknow avaluefortan 0 you canusethe double angle formulae to find the value of tan

e Ifyouknowthatsin 8 =

20
o |f you know two out of the three values for sin 6, cos fortan dyou can use theidentity in tan
sin 0
o tan #=
cos 0

o tofindthevalue of the thirdratio

How do we determine whether a trigonometric ratio will be positive or
negative?
e |tis possible to determine whether a trigonometric ratio will be positive or negative by
looking at the size of the angle and considering the unit circle
o Anglesintherange 0° <0° <90° willbe positive for all three ratios
o Anglesintherange 90° <6° <180° willbe positive for sin and negative forcos and tan
o Anglesintherange180° <0° <270° will be positive fortan and negative for sin and cos
o Anglesintherange270° <0° <360° willbe positive for cos and negative forsinandtan
¢ Theratios forangles of 0°,90°,180°,270° and 360° are either O, 1, -Torundefined
o You should know theseratios orknow how to derive them without a calculator

(’7 ExamTip

w
¢ Beingable to sketch out the unit circle and remembering CAST can help you to
find all solutions to a problemin an exam question
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*) Worked Example
°

. TU )
Thevalueofsin o= 5 for 5 < a £ 1. Find:
i)
Ccos o
Method 1+ Use ris\nt —-trianale:
LT sxsm
L
Answers in region F¢ocm z
~a
: 3
SN ==
H i
S { = —
03 Sinx H
. & |
/A 4"\ B:_j ?St\r\aaorms' theorem :
x coordinate of -4 C = |52 -3% = G
%ives solution in resﬁon
A 4
Cos e = O -
4
cCoso. = -E'

Meklhod 2 : Use Ptﬁ%haﬁoreo«\ \'den‘cib&t

cosed =12 Sint& Lz ]—(%)2
COSex = +JE =+j—
V28 °5
QChedc which
Solukion (s in
(om&e_.

tan a
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alfw

Use tona = Swx -
Cosw

=
A

0|+

Check if bQV\OK=_‘3_ s in

4 the Correck Y‘O\v\ae

for T cx g m:
YA

tonee s negab{ve
Y

iii)

sin 2«
Douvle angle ioleni—,i&\nj'- sin26 = 235\nBcosh
Sin 20 = 2Sin o cos « n S'm-oc _ %
3\ & .
- o(3)0Y) e - -t
- _Z_Lg. e
25
f A MarDrmnocd
: _7%
\ e ==
Sin2 75
iv)
cos2a
Double Od‘«ﬂ\e (o\en‘t{{:& : CoS2x = cos®ot — Sin’x
6\ [3\r _ 7
Cos2a = <_€> —<—S'> = o5
>
V)
tan 2o
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lAs'mf) (o\enk{’c\xj ton B = Sinb

cos®O

. 74
ban2x = Sin2x = 75 - -2¢&
Cos 2 -+ +

29

- 24

onle = ~—=—

t >
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3.6.5 Linear Trigonometric Equations

Trigonometric Equations: sinx = k
How are trigonometric equations solved?

¢ Trigonometric equations can have an infinite number of solutions
o Foranequationinsinorcos you canadd 360° or2mto each solution to find more
solutions
o Foranequationintanyoucanadd180° ormto each solution
¢ When solving a trigonometric equation you will be given a range of values within which you
should find allthe values
¢ Solvingthe equation normally and using the inverse function on your calculator oryour
knowledge of exact values will give you the primary value
¢ The secondary values can be found with the help of:
o Theunitcircle
o The graphs of trigonometric functions

How are trigonometric equations of the form sin x = k solved?

¢ |tisagoodidea to sketch the graph of the trigonometric function first
o Usethegivenrange of values as the domain foryour graph
o Theintersections of the graph of the functionandtheliney =k will show you
Thelocation of the solutions
The number of solutions
o You willbe able to use the symmetry properties of the graph to find all secondary
values within the givenrange of values
¢ The method forfindingsecondary values are:
o Forthe equation sinx =k the primary valueis x;=sin "'k
Asecondary valueis xo=180° - sin "'k
Then allvalues within therange can be found using x; + 360n and
X2 +360nwherene N
o Forthe equation cos x =k the primary valueis x; = cos "'k
Asecondary valueis xp = - cos "'k
Then allvalues within the range can be found using x; £ 360n and
Xp+360nwheren e N
o Fortheequationtanx=k the primaryvalueis x=tan "'k
Allsecondary values within therange can be foundusingx+180nwheren e N

(’7 ExamTip
*  |fyouareusingyour GDC it will only give you the principal value and you need to
find all other solutions for the given interval
o Sketch outthe CAST diagram and the trig graphs on your exam paper to refer
backto as many times as you need to
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> Worked Example

Solvetheequation2cos x = —1,findingallsolutionsintherange—m < x < .

Isolakte cos=> : cosx = -

2
use GOC or T COS_(_'—Z)

knowledae of - 27T —Prima

's \j value
exock wvalues 3

Cnd SQCO/\O\O@ volues ¢

M\

27T —

2TC
s
3

\»\‘:
I}
w[f
o

&

)
o

5l

\/\/ork{ﬂa wikh
Cosoc —so-£ind
C - coovadinake

%1’27[& and %1’27’5(\

Find o\l answecs fin ronge -TT< 2 <37

A A & A e s “-”*I‘

T2’ 2T 4T g1
3 3 '3’ "3
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Trigonometric Equations: sin(ax + b) = k

How can | solve equations with transformations of trig functions?

92 of 181

Trigonometric equations in the form sin(ax + b) can be solvedin more than one way
The easiest methodis to considerthe transformation of the angle as a substitution
o Forexampleletu=ax+b
Transform the giveninterval for the solutions in the same way as the angle
o Forexampleif the givenintervalis O° <x < 360° the new interval willbe
o (a(0°)+b)=u=(a(360°) +b)
Solve the function to find the primary value foru
Use eitherthe unit circle or sketch the graph to find all the other solutions in therange foru
Undo the substitution to convert all of the solutions backinto the corresponding solutions
forx
Anothermethod would be to sketch the transformation of the function
o Ifyouusethis methodthenyou willnot needto use a substitution forthe range of
values

O Exam Tip

e |[fyou transform theinterval, rememberto convert the found angles back to the
finalvalues at the end!

¢ |fyouareusingyour GDC it will only giveyou the principal value and you need to
find all other solutions for the given interval

o Sketch outthe CAST diagramand the trig graphs on your exam paper to refer
backtoas many times as youneedto
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) Worked Example
Solve the equation2cos(2x — 30°) = — 1, findingall solutions in the range
-360° < x < 360°.

2 cos (20 -30°) =-| -360°< x ¢ 360
Stact by c,\r\ane)in\rj the ronge —-350° < 22¢-30 5 690°

Substibute 8 = 22 -30 :

2cosB =- -350°< O <690°
cos B = __'Z
- o CiMaor
O = cos "lz__> =120 « so\LU\Qﬂ
/N

120° 360°-120°

=N N i VAN L

S U NS

From the skekon You can see there are 3 solubions:

-1
O=120"%360° omd B = 240°+3p0°
0 = —600, - 480", =240 =120° 120, 240", K0, 600

Solve for oc: x = @#130)
z

¥o8, 8,1 2857, > 2287, -105%, =4s”(]
#5°, 135°, 2s5°, 315°

93 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

FB

EXAM PAPERS PRACTICE

3.6.6 Quadratic Trigonometric Equations

Quadratic Trigonometric Equations

How are quadratic trigonometric equations solved?

A quadratic trigonometric equation is one thatincludes eithersin? @, cos? 0 ortan? 0
Often theidentity sin? 6 + cos? 0 = 1 can be usedtorearrange the equationinto a form
thatis possibletosolve

o Ifthe equationinvolves both sine and cosine then the Pythagoreanidentity should be

usedto write the equation in terms of just one of these functions

Solve the quadratic equation using your GDC, the quadratic equation or factorisation

o This canbe made easierby changing the function to a single letter

Suchas changing2cos? 0 —3cos 6—1=0to2c?—=3¢c—1=0

A quadratic can give up to two solutions

o Youmust considerboth solutions to see whetherareal value exists

o Rememberthatsolutions forsin §=kandcos 0=k only existfor-1=<k <1

o Solutions fortan 6=k existforallvalues of k
Find all solutions within the given interval

o There will often be more than two solutions forone quadratic equation

o Thebestway tocheckthe number of solutions is to sketch the graph of the function

(’7 Exam Tip

94 of 181

e Sketch the trig graphs on your exam paper to referback to as many times as you
needto!

e Becarefulto make sure you have found all of the solutionsin the giveninterval,
being super-careful if you get a negative solution but have a positive interval
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9 Worked Example
o

Solve the equation 11sin x — 7 =5cos? x, finding all solutions in the range
0<x<2m.

Use. the io\e_rit\t:j cos®x = | - gin®sc ko write
eq(m{;(ovx in terms of sino:
l|sine = F = S(I —Sin*x) in formuwa booklet .
=5-5sin%*x

Move oll terms %o one Sside:

||sinxe — F —@—53§n7‘x)=0
Spot the hidden guedvatic
llsine =+ = S+ Ssin?x =0

Ssin?o + llsine =12 =0

&

Sin =35 or sinx = -3

So dis (‘250\(‘0\.

oc
Sink soruse no solukion
) coordinate.

Sinoc = “g—

4

>~ = 094232 4. 0az2322...

Pr}monr\zﬁ solukiory

B

T -0.9232...
7.2\4...

Secoﬂo\o‘f‘s/qs olution

o =092%, 2.21 (3sf)
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3.7 Inverse & Reciprocal Trig Functions

3.7.1 Reciprocal Trig Functions

Reciprocal Trig Functions
What are the reciprocal trig functions?

¢ Therearethreereciprocaltrig functions that each correspondto eithersin, cos ortan
o Secant(secx)
1
COS X
Cosecant(cosecx)
1
sin x
o Cotangent(cotx)
1
tan x
Theidentities above forsec xand cosec x are given in the formula booklet
Theidentity for cot xis not given, you willneed to remember it
o Agoodway torememberwhich functionis whichis tolook at the third letterin each of
thereciprocaltrig functions
cotxislovertanxetc
e Each of thereciprocal trig functions are undefined for certain values of x
o secxisundefined forvalues of x forwhich cos x=0
o cosecxisundefinedforvalues of xforwhich sinx=0
o cotxisundefinedforvalues of xforwhichtanx=0
When tan xis undefined, cotx=0

. nathe identity t sinx
¢ Rearrangingtheidentity tan x = ives
ging y COS X g

SECX =

[e]

COS€C X =

cotx =

[e]

[e]

COS X
o cotx = .
sin x
Thisis notin the formula booklet butis easily derived
e Becarefulnotto confuse thereciprocaltrig functions with the inverse trig functions
1

sin x

o sin~lx #

What do the graphs of the reciprocal trig functions look like?

e The graph of y = secxhas the following properties:

o They-axisis aline of symmetry

o Ithas aperiod of 360° (2mrradians)

o Thereareverticalasymptotes wherevercos x=0
If drawing the graph without the help of a GDCitis agoodidea to sketch cos x
first and draw thesein

o Thedomainis all xexcept odd multiples of 90° (90°,-90°,270°,-270°, etc.)
inradians this is all xexcept odd multiples of /2 (11/2, -11/2, 311/2,-31/2, etc.)
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o Therangeisy<-loryz1

VRVRVa

—450° -270° - [0l 270° 450°

_ ° 3T 59T
2 2 2

590 3 a
2 2 2
ﬂ ™ /\
¢ The graph of y = cosec xhas the following properties:
o Ithas aperiod of 360° (2 radians)
o Thereareverticalasymptotes whereversinx=0
If drawing the graphitis a good idea to sketch sin x first and draw thesein
o Thedomainis all xexcept multiples of 180° (0°,180°,-180°,360°,-360°, etc.)

inradians this is all xexcept multiples of m (O, 1, -, 211, - 211, €tC.)
o Therangeisy =<-lory=1

y

|
]
14
180 360

-360° -180°

297 g g a 207 X
¢ Thegraphofy =cot xhas the following properties
o Ithas aperiod of 180° ormradians
o Thereareverticalasymptotes wherevertanx=0
The domainis all xexcept multiples of 180° (0°,180°,-180°,360°,-360°, etc.)

Inradians this is all xexcept multiples of i (O, m, - 11, 211, -211, €tC.)
Therangeisye R (i.e.cotcantakeanyrealnumbervalue)

o

o
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-360° -180° 180

y=cotx

360°

(") Exam Tip

* Tosolve equations with the reciprocal trig functions, convert theminto the

regular trig functions and solve in the usual way

¢ Don'tforget thatboth tanandcot can be writtenin terms of sinand cos
e You willsometimes see cscinstead of cosec forcosecant
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*) Worked Example

[}
Without the use of a calculator, find the values of
a)
sec T
6
|
Sec i =
. Vs ( 6 ) Cos (lE)
the third (ettecr 6
ls ¢ So sec Cs reloked L 5 (_769 s on exack
ko cos _ | Volue you shouwld\ kvnow .
2
2
2
Ty _ =
Sec (—67) =3
b)
cot 45°

|
cot 45° = fangs

the third (ettec %

s £t So cot ¢s reloked klﬁo‘"q’s" s an  exack
to tan = — Volue you shoul\ know .
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Pythagoreanldentities
What are the Pythagorean Identities?

o Aside fromthe Pythagorean identity sin?x + cos2x = 1 there are two further Pythagorean
identities you willneedtolearn
o 1+tan? O=sec? 0
o 1+cot? 0=cosec? 0
o Both canbefoundinthe formula booklet
 Both of theseidentities can be derived from sin®x+ cos?x =1
o Toderive theidentity for sec?x divide sin?x + cos?x = 1 by cosx
o Toderive theidentity for cosec2x divide sin?x + cos?x = 1 by sin®x

sin’x + cos?x =1
( \v s
Snx 1 1

sin’x | cos®x _ sin’x 4 Cos?X _
cos’x  cos’x cos?x sinx sin®x sin®x

tan’x +1 = sec?x 1+ cot’™ = cosec’x

(’) Exam Tip

Allthe Pythagorean identities can be foundin the Topic 3: Geometry and
Trigonometry section of the formula booklet
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) Worked Example
[

Solve the equation 9 sec26-11=3tan fin theinterval O <6< 2.

9sec?® - Il = 3tan® , 0<O<2IT
}
Consider how This . )
Co:id\ be. chonoed Rorbe is given

n Yeems of T

to use bont+l = gec?
so work in vadians

(Gsec?® -9) -7 = 3tan®
9(sec?® - 1) -2 = 3tan®
%on'8 -3tand -2=0
(3 tanB-2)Btan® +1) = O
tond =% = 6-0580 .
or  BaT+05880. = 3729...
o tand =-F = 6 - -03217%.

or O =T+ (FOB2IFDE 2819...

0«\& e = 21[_1- (- O~32|?~...) = qul

_— A
= 0588, 2.82, 333,596 (3s.f)
y 4
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3.7.2 Inverse Trig Functions

Inverse Trig Functions

What are the inverse trig functions?

e Thefunctions arcsin, arccos and arctan are theinverse functions of sin, cos and tan
respectively when theirdomains arerestricted
o sin(arcsinx) =x for -T=sx <1
o cos(arccosx)=xfor -T<sx=<1
o tan(arctanx)=x forallx
e Youwillhave seen andusedtheinverse trigoperations many times already
o Arcsinis the operation sin™!
o Arccosis to the operation cos
o Arctanis the operation tan™
e Thedomains of sin, cos, and tan must first be restricted to make them one-to-one
functions
o Afunctioncanonly haveaninverseifitis a one-to-one function
e Thedomain of sinxisrestrictedto-m/2<sx<m/2 (-90° = x<90°)
e Thedomain of cos xisrestrictedtoO s x=m (0° =x=<180°)
¢ Thedomain oftanxis restrictedto-m/2<x<m/2 (-90° < x<90°)
o Beawarethatsin'x,cos™'x,andtan"! xare not the same as the reciprocal trig functions
o Theyareusedto solve trigequations suchas sinx=0.5 forall values of x
o arcsinxis the same as sin"'xbut notthe same as (sinx)™!

-1

What do the graphs of the inverse trig functions look like?

e The graphs of arcsin, arccos andarctan are the reflections of the graphs of sin, cos and
tan (aftertheirdomains have beenrestricted) in theliney =x
o Thedomains of arcsin xandarccos xareboth-1<x <1
o Therangeofarcsinxis -m/2 <y <1/2

y=darcsinx

NI
L

-1 1

SE

o TherangeofarccosxisO =y =t
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N

y=arccosx

¢ ThedomainofarctanxisxeR
e Therangeof arctanxis-m/2 <y <1/2
o Notethatthereare horizontalasymptotes atm/2 and-1/2

2 y=darctanx

How are the inverse trig functions used?
e Thefunctions arcsin, arccos and arctanare used to evaluate trigonometric equations such
assinx=0.5
o |fsinx=0.5thenarcsin 0.5 =xforvalues of xbetween -1m/2 <x <11/2
You can then use symmetries of the trig function to find solutions over other
intervals
e Theinversetrigfunctions are also usedto help evaluate algebraic expressions
o Fromsin(arcsinx) =xwe can also say that sin"(arcsinx) =x" for -1=x =<1
o Ifusinganinversetrig function to evaluate an algebraic expression then rememberto
considerthe domain andrange of the function
arcsin(sinx) =x only for -m/2 <x=<1/2
arccos(cosx)=x onlyfor O sx=m
arctan(tanx) =x only for -1/2 <x <1/2
o The symmetries of the trig functions can be used when values lie outside of the domain

orrange
Using sin(x) = sin(1T - x) you get arcsin(sin(21/3)) = arcsin(sin(11/3)) =1/3
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ExamTip

» Make sureyou know the shapes of the graphs for sin, cos and tan so thatyou
can easily reflectthemin theline andhence sketch the graphs of
arcsin, arccos and arctan

Worked Example

, . , T
Given that xsatisfies the equation arccos x = k where > <k< T, statethe

range of possible values of x.

W arccosxe =k, then x = cosk (cos(arccos o) = x)

" 3: COSk

For 2 <keT | _\dcosk <0

-1< 22«0
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3.8 Further Trigonometry

3.8.1 Trigonometric Proof

Trigonometric Proof
How do | prove new trigonometric identities?

¢ You canuse trigonometric identities you already know to prove new identities
¢ Make sure you know how to find all of the trig identities in the formula booklet
o Theidentity fortan, simple Pythagorean identity and the double angle identities forin
andcos arein the SL section
sind
tanf =
cosf
cos?0 +sinZ20=1
sin26 = 2sinfcosH
c0s260 = cos?0 —sin?0=2cos?0 — 1 =1 — 2sin2 0
o Thereciprocal trigonometric identities for sec and cosec, further Pythagorean
identities, compound angle identities and the double angle formula for tan

1
secl = —cos 0

1

cosec 0= Snd
1+tan?0 =sec?20
1 + cot?0 =cosec?0
sin(A + B)=sinAcosB *cos A sinB
cos(A + B) =cosAcosB Fsin A sinB
tan(A + B)= tanA + tanB

B 1 FtanAtanB

2tanf

1 —tan?0
o Theidentity for cotis notinthe formulabooklet, you willneed to rememberit
1 cosd

tan20 =

cotfd = =
tanf  sin®

e Toprove anidentity start on one side and proceed step by step until you get to the other
side
o Itis more common to start on the left hand side but you can start a proof from either
end
o Occasionallyitis easierto show that one side subtracted from the otheris zero
o Youshouldnot work on both sides simultaneously

What should | look out for when proving new trigonometric identities?

¢ Lookforanythingthat couldbe a part of one of the above identities on either side
o Forexampleif you seesin26 you canreplace it with 2sinfcosd
o Ifyousee2sinfcosf you canreplaceit with sin20
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e Lookforways of reducing the number of different trigonometric functions there are within
theidentity
o Forexampleif theidentity contains tan 6, cot6 and cosec 6 you could try
using the identities tan 0 =1/cotf and 1+ cot?6 = cosec?6 to writeit allin terms of
coto
orrewritingit allin terms of sin 0 and cos 0 and simplifying
e Oftenyoumay needto trial a few different methods before finding the correct one
e Cleversubstitutioninto the compound angle formulae can be a useful tool for proving
identities

0
o Forexamplerewritingcos . ascos (9 T ) doesn’tchangetheratio but could make

2
an identity easierto prove

e Youwillmostlikely needto be able to work with fractions and fractions-within-fractions

* Always keep an eye on the 'target’ expression - this can help suggest what identities to use

@ Exam Tip

w
e Don'tforget thatyou can start a proof from eitherend - sometimes it might be

easierto start from the left-hand side and sometimes it may be easier to start
from the right-hand side

¢ Make sureyou use the formula booklet as all of the relevant trigonometric
identities are given toyou

e Lookout forspecialangles (0°,90°, etc) as you may be able to quickly simplify
or cancel parts of an expression (e.g. )
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) Worked Example
Prove that 8cos*d — 8cos20 + 1 = cos4 8.

It is easiest to sbork on the right-hand side and

opply the double angle focmula Lo cos20.
8cos*0 - 8cos?6 + | = cosko

The form of the lefi-hand side suggests thok bhe

fo\en\:il:g cos2A = 2cos*A -1 would be vwre useful Shan
the. okher oplions.

cos k6 2cos®70 -\

2(2cos®6-1)" -1

2(4cCos*O - 4cos®® +1) -

Bcos*0 - Bcos®@ + 27 - |

cos® = Rcos*@=8cos*O + |
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3.8.2 Strategy for Trigonometric Equations

Strategy for Trigonometric Equations
How do | approach solving trig equations?

¢ You can solvetrigequationsin a variety of different ways
o Sketchingagraph
If you haveyour GDC itis always worth sketching the graph and using this to
analyseits features
o Usingtrigonometric identities, Pythagoreanidentities, the compound ordouble
angleidentities
Almost all of these arein the formula booklet, make sure you have it open at the
right page
o Usingtheunitcircle
o Factorising quadratic trigequations
Look out for quadratics such as 5tanx - 3tanx-4=0
e Thefinalrearranged equation you solve willinvolve sin, cos or tan
o Don’ttry to solve an equation with cosec, sec, or cot directly

What should [look for when solving trig equations?

¢ Checkthevalueofxorf
o Ifitisjustxor@you canbeginsolving
o If there are different multiples of xor0 you willneed to use the double angle formulae
to geteverythingin terms of the same multiple of x or 6
o Ifitis afunctionof xor0, e.g. 2x-15, you willneed to transform the range first
You mustrememberto transformyoursolutions back againatthe end
e Doesitinvolve more than one trigonometric function?
o Ifitdoes, try torearrange everything to bringitto one side, you may need to factorise
o Ifnot, canyouuse anidentity to reduce the number of different trigonometric
functions?
You should be able to useidentities to reduce everything tojust one simple trig
function (eithersin, cos ortan)
¢ |sitlinear orquadratic?
o Ifitislinearyoushouldbe able torearrange andsolveit
o Ifitis quadratic you may needto factorise first
You willmost likely get two solutions, consider whether they both exist
Remembersolutions to sinx=kand cos x =k only exist for-1 <k <Twhereas
solutions to tan x = k exist for all values of k
¢ Aremy solutions within the givenrange and do | need to find more solutions?
o Beextra carefulif yoursolutions are negative but the givenrange s positive only
o Usea sketch of the graph orthe unit circle to find the other solutions within therange
o |fyouhaveafunction of xor® make sure you are finding the solutions within the
transformed range
Don’t forget to transform the solutions back so that they are in the requiredrange
attheend
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DOES THE EQUATION INVOLVE
DIFFERENT MULTIPLES OF X OR 67

USE THE COMPOUND ANGLE FORMULAE (AKA
ADDITION FORMULAE) OR DOUBLE ANGLE
FORMULAE TO GET EVERYTHING IN TERMS
OF THE SAME MULTIPLE OF X OR 6

DOES THE EQUATION INVOLVE
A FUNCTION OF X OR 67

Vd

TRANSFORM THE RANGE
DON'T FORGET TO TRANSFORM
YOUR SOLUTIONS BACK

AT THE END

CAN YOU REARRANGE
EVERYTHING OVER TO ONE SIDE
AND FACTORISE (IF NEEDED) TO
GET DOWN TO SIMPLE sin, cos
OR tan FUNCTIONS?

DOES IT INVOLVE AN IDENTITY? FURTHER IDENTITIES
tanx =SDX. OR  sin®X+ cos?x =1 1+ tan?x = sec?x

cosx <: 1+cot’ = cosecx
USE THESE TO CONVERT EVERYTHING 1 cosx
INTO ONE TRIG FUNCTION COMR= Tk~ feinX

IS IT LINEAR OR QUADRATIC?J

LINEAR QUADRATIC
CAN | REARRANGE IT? CAN | REARRANGE IT?
IS THERE A COMMON DO | NEED TO FACTORISE?
FACTOR? YOU SHOULD END UP
WITH TWO SOLUTIONS

IF YOU HAVE SOLVED YOUR EQUATION
FOR sec, cosec OR cot, USE THE IDENTITIES
1

1 1
SeCX = —— cosecx = —— Cotx = ——==
cosx sinx tanx

TO CONVERT TO cos, sin OR tan BEFORE
TRYING TO SOLVE FOR X OR 6

!

DO ALL MY SOLUTIONS ACTUALLY EXIST?

e —— REMEMBER SOLUTIONS TO sinx=k AND cosx=k
TGRS VALE (7 ONLY EXIST WHERE -1<k<1

WHEREAS SOLUTIONS TO tanx=k EXIST FOR
ALL VALUES OF k

ARE SOLUTIONS WITHIN
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GIVEN RANGE?
DO | HAVE ALL
SOLUTIONS?

UE @5r SKETCH THE GRAPH

USE YOUR KNOWLEDGE OF GRAPH
SYMMETRIES AND PERIODICITY TO
FIND ALL OTHER SOLUTIONS

y=cosx

4

CHECK WHETHER YOU HAVE FOUND ALL SOLUTIONS AND THAT
THEY ARE WITHIN THE GIVEN RANGE

(DON'T FORGET TO TRANSFORM YOUR SOLUTIONS BACK AT
THE END IF THEY WERE FROM A TRANSFORMED RANGE)

(’) ExamTip
-
¢ Trytouseidentities and formulas toreduce the equationintoits simplest terms.

* Don’tforgettocheckthefunctionrange andensureyouhaveincludedall
possible solutions.

o |fthe questioninvolves a function of x or6 ensure you transform the range first
(and ensure you transform your solutions back again at the end!).
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? Worked Example

Find the solutions of the equation (1 + cot226)(5¢c0s26 — 1) = cot?20 in theinterval
0<6<2m

Move equivolent Lr‘.s functions to the same <ides:

Scos’® -1 = cot®20  divide both sides bj

I 2
€0s20 = 2cos*O —| |+ cot?26 |+cot 20

. . ) | + cot?O = cosec®®
. cos' 6= zcu'ze+z

5(zcos20+7)-1 = cosec*28
cos“26 cok6 = g:g
5 3 __Sin*28 |
2cos20 + 3 ] cosecd = 5o
Sin?*26

%LSCOS?.G «3) = cos™20 Re_o«rw\se_ to form o

2co0s'20 -Scos26 -3 =0 guadrebic in cos2e
(20526 + 1)(cos26 -3) =0

Ccos26 = -‘7_ or cos?20 =3
R_no solukions

We ace solving the eqpation £6628 so we wmust bromsferm bthe
Tonge fiest: 026 s4m

26 = Cos-‘ ("‘i) = %-E (Pr"mo.rb va\ue.)

+

So 29:%, - 2R BT AT on

ji ﬂt 1(_=|O_7C
3 5 5 17 3

2
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3.9 Vector Properties

3.9.1 Introduction to Vectors

Scalars & Vectors
What are scalars?

¢ Scalars are quantities without direction
o Theyhave only a size (magnitude)
o Forexample: speed, distance, time, mass
* Most scalar quantities can neverbe negative
o Youcannothave anegative speed ordistance

What are vectors?

¢ Vectors are quantities which also have a direction, this is what makes them more thanjust
ascalar
o Forexample:two objects with velocities of 7m/s and -7 m/s are travelling at the same
speed butin opposite directions
e Avector quantity is described by both its magnitude and direction
e Avectorhas components in the direction of thex-, y-, and z- axes
o Vectorquantities can have positive ornegative components
e Someexamples of vector quantities you may come across are displacement, velocity,
acceleration, force/weight, momentum
o Displacement is the position of an object from a starting point
o Velocity is a speedin a given direction (displacement over time)
o Accelerationis the changeinvelocity overtime
e \ectors may be givenin either2- or 3- dimensions

INITIAL VI b

ums™

ELOCITY u
— >

CONSTANT
ACCELERATION a

_VELOCITY v AFTER
+ SECONDS
v ms™*

\

VAR

l

I~ s METRES
s,
POSITION t SECONDS

ms™ = m/s = METRES PER SECOND
ms=2 = m/s?= METRES PER SECONDS

SQUARED

@ Exam Tip

w
¢ Make sureyou fully understand the definitions of all the words in this section so

thatyou can be clearabout what yourexam question is asking of you
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> Worked Example

[ J
Statewhethereach of the followingis a scalar ora vector quantity.

a)
Aspeedboattravels at 3m/s on abearing of 052°

SPeeoL weth o 3'\ve.n direckion —» Ve_\oc,'ubgs

Vector

b)
Agardenis 1.7 mwide

Lens\—h with no diveckion

Scalar

c)
Acaraccelerates forwards at 5.4 ms™2

A ccelerokion has direckion

Vector

d)
Afilmlasts 2 hours 17 minutes
—ﬁme, hoas no direckion

Scalar

e)
An athleteruns at an averace speed of 10.44 ms™

SpezA with no direckion (s o scolar
Scalar

f)
Aballrolls forwards 60 cm before stopping
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Displacement  hos  direckion

Vector
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Vector Notation
How are vectors represented?

¢ Vectors are usually represented using an arrow in the direction of movement
o Thelength of the arrow represents its magnitude
e Theyarewritten as lowercase letters eitherin bold orunderlined
o Forexample avectorfrom the point O to Awillbe writtenaora
Thevectorfrom the point Ato O willbe written -aor-a
If the startand end point of the vectoris known, itis written using these points as capital
letters with an arrow showing the direction of movement
—  —
o Forexample: AB orBA
e Twovectors are equal only if their corresponding components are equal
Numerically, vectors are eitherrepresented using column vectors orbase vectors
o Unless otherwiseindicated, you may carry out all working and write your answers in
either of these two types of vectornotation

What are column vectors?

e Columnvectors are where one numberis written above the otherenclosed in brackets

¢ In2-dimensions the top number represents movement in the horizontal direction
(right/left) and the bottom number represents movement in the vertical direction
(up/down)

e Apositive value represents movementin the positive direction (right/up) and a
negative value represents movementin the negative direction (left/down)

3
o Forexample: The column vector( 5 ) represents 3units in the positive horizontal (x)

direction (i.e., right) and 2 units in the negative vertical (y) direction (i.e., down)
¢ In3-dimensions the top numberrepresents the movementinthe xdirection (length),
the middle number represents movementin the y direction (width) and the bottom

numberrepresents the movementinthe zdirection (depth)
3

-4
2

o Forexample: The columnvector represents 3units in the positive xdirection, 4

units in the negative y direction and 2 units in the positive zdirection

What are base vectors?

e Basevectorsusei,jandknotation wherei,jandk are unit vectors in the positive x, y, andz
directions respectively
o Thisis sometimes also called unit vector notation
o Aunit vector has amagnitudeof 1
¢ In2-dimensionsirepresents movementinthe horizontal direction (right/left) andj
represents the movementin the vertical direction (up/down)
o Forexample: The vector(-4i + 3j) would mean 4 units in the negative horizontal (x)
direction (i.e., left) and 3units in the positive vertical (y) direction (i.e., up)
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¢ In3-dimensionsirepresents movementinthe xdirection (length), jrepresents
movement in the y direction (width) and k represents the movementin the zdirection
(depth)
o Forexample: Thevector(-4i+ 3j - k) would mean 4 units in the negative x direction, 3
units in the positive y direction and 1unitin the negative zdirection
e Astheyarevectors,i,jandkare displayedin bold in textbooks and online butin
handwriting they would be underlined (i, jand k)

_THE ARROW SHOWS
THE DIRECTION

B B
THE LENGTH OF
THE LINE SHOWS
SIZE OR MAGNITUDE

A A

VECTORS CAN BE WRITTEN AS
BOLD OR UNDERLINED LOWERCASE

IF THE START AND END POINTS ARE KNOWN
VECTORS CAN BE WRITTEN IN CAPITALS WITH
AN ARROW ABOVE TO SHOW THE DIRECTION

COLUMN VECTOR i,j BASE VECTOR
HOW FAR

i AND j ARE
PERPENDICULAR
BASE VECTORS

LEFT/RIGHT
(=) (+)

_>B X
= = xityi
y
. g li BASE VECTOR MEANS THEY
: y uP/DOWN | LHAVE A MAGNITUDE OF ONE
! (+) (=)
_____ 1 s 3
X e.g. AB= (_7) =3i-7j

3 UNITS RIGHT
7 UNITS DOWN

") ExamTip

(G

¢ Practice working with all types of vectornotation so that you are prepared for
whatevercomes upin the exam
o Yourworkingand answerin the exam can bein any formunless told
otherwise
o |tis generally bestto write yourfinalanswerin the same form as givenin the
question, howeveryou willnotlose marks fornot doing this unlessiitis
specifiedin the question
¢ Vectors appearin bold (non-italic) fontin textbooks and on exam papers, etc
(i.e.F, @) butin handwriting should be underlined(i.e. F, )
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*> Worked Example

[ ]
a)

-4

0
Write the vector 5 usingbase vector notation.

)= -4 40y« Sk
S t
O s not needed
when sivin.s oanswer
Sk - Li M bose veckor focm.

b)
Write the vector k — 2j using column vector notation.

k -ZJL = 0L -2; @ik
Be cocefull witw nesmbkve Components ond

m§s§n3 tecms  whenl Working Wit base veckors

Y N

0 &—The zero term s needed when
usi column veckor notokion

-2 gl
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Parallel Vectors

How do you know if two vectors are parallel?

e Twovectors are parallelif oneis a scalar multiple of the other

118 of 181

o This means thatallcomponents of the vector have been multiplied by a common
constant (scalar)
Multiplying every component in a vector by a scalar will change the magnitude of the
vectorbut notthe direction

1 1 2
o Forexample:thevectors a= 0 andb=2a= 2 0 = willhave the same

3 3 6
directionbut the vectorb willhave twice the magnitude of a
They are parallel
If avectorcan befactorised by a scalar thenitis parallel to any scalar multiple of the
factorised vector
o Forexample: The vector 9i + 6j - 3k can be factorised by the scalar 3to 3(3i + 2j - k) so
thevector9i + 6j - 3kis parallel to any scalar multiple of 3i + 2j - k
If avectoris multiplied by a negative scalarits direction willbe reversed
o Itwillstillbe parallel to the original vector
Two vectors are parallel if they have the same orreverse direction and equal if they have
the same size and direction
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y b/

2a

3(3a +12b)

9a + 36b

FOR COLUMN VECTORS
JUST MULTIPLY TOP
AND BOTTOM NUMBERS
BY THE SCALAR

—~2b

IF THE SCALAR IS NEGATIVE
THE DIRECTION WILL CHANGE

3a+12b

~2(3a+12b)

%(3q + 42h)
-2a-38b
Tanob ALL THESE VECTORS
29 ARE PARALLEL
6 )
=3i+7
40) a=3i+7

3a=3(3i+ 7)) = 9i + 21j

FOR ij VECTORS
JUST MULTIPLY
BOTH NUMBERS
BY THE SCALAR

ABCD IS A PARALLELOGRAM

— —> — —>
MEANING AB=CD AND AC=BD

LABEL PARALLEL SIDES ON
DIAGRAMS, TO MAKE NEW

C t
D VECTORS EASIER TO SPOT

—

s AD=s+t OR t+s
o —

BC=-t+s OR s-t

A 4 REMEMBER THE ORDER
t

DOESN'T. MATTER

(’) ExamTip
w
e |tis easiesttospot that two vectors are parallelwhen they are in column vector
notation

o inyourexam by writing vectors in column vector form andlooking fora
scalarmultiple you will be able to quickly determine whether they are
parallel ornot
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%) Worked Example

(]
2

Show thatthevectors a = andb = 6k — 3iareparallelandfind the scalar

multiple thatmapsaontob.

Convert beth vectors inbe the some form

ond then look for o value of k such

ot & =kb, where k is o scalac

o
b = bk -3i = - TWOPHLE
- [tz (3)
=-%g E
b=-3a k=-%
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3.9.2 Position & Displacement Vectors

Adding & Subtracting Vectors
How are vectors added and subtracted numerically?

e Toadd orsubtract vectors numerically simply add or subtract each of the corresponding

components
¢ Incolumnvectornotation just add the top, middle and bottom parts together
2 1 1
o Forexample: - =
1 4 -3
-5 3 -8

¢ Inbasevectornotation addeach of thei, j,andk components together separately
o Forexample: (2i+j - 5k) - (i + 4j + 3k) = (i - 3j - 8k)

o N -3 (7]
& g /“"( (73

VECTOR ADDITION BOTTOM NUMBERS

AND SUBTRACTION , TO GIVE NEW
COLUMN VECTOR

3+-2 [1
5+ 7 =(2)
i,.J NOTATION

a=8i+j b=9i-

a+b=(8i+j) + (9 -3) ADD LIKE
=(B+9)i+(1-3)j TERMS FOR
=171 - 2j i AND j

ADD TOP AND

DRAW VECTORS
NOSE TO TAIL

How are vectors added and subtracted geometrically?

e Vectors can be added geometrically by joining the end of one vectorto the start of the next
one
e Theresultant vectorwillbe the shortestroute from the start of the first vector to the end of
thesecond
o Aresultant vectoris a vector that results from adding or subtracting two ormore
vectors
« Ifthetwovectors have the same starting position, the second vectorcan be translated to
theend of the firstvectorto find theresultant vector
o Thisresultsin a parallelogram with the resultant vector as the diagonal
e Tosubtractvectors, considerthis as adding onthe negative vector
. o Forexample:a-b=a+(-b)
o Theendof theresultant vector a - b willnot be anywhere nearthe end of the vectorb
Instead, it will be at the point where the end of the vector -b would be
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DIAGRAMS ARE HELPFUL TO SEE VECTORS AND
THE ROUTE FROM ONE POINT TO ANOTHER

B ° BD =t +(u)
s t-u
WE NEED TO GO
D > THE OPPOSITE
A DIRECTION ALONG u
u
s+t
G

THINK OF VECTORS
LIKE JOURNEYS

—>

DA = u+(=t%) + (-s)
=u-t-s

THIS IS THE SAME
AS —s-t+u

THE ORDER DOESN'T
MATTER

(’) Exam Tip

w
e Workingin column vectors tends to be easiest when adding and subtracting
o inyourexam,itcanhelp to convertany vectors into column vectors before
carrying out calculations with them

¢ [fthereis nodiagram, drawing one can be helpful to help you visualise the
problem

*) Worked Example
°

Findtheresultant of thevectorsa=>5i-2jandb =

a = Si -2} + Ok =(_5

/

Wr\h'\ns os o column veckor
moakes oddiney ond Su\:hrmck.ivxs

o))

2i-3 +1k

Resultant veckor

122 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

Position Vectors
What is a position vector?

¢ Apositionvectordescribes the position of a pointinrelation to the origin

o |tdescribes the direction andthe distance from the point O: Oi + Oj + Ok or

0
o |tis differentto a displacement vector which describes the direction and distance
between any two points
¢ The position vector of point Ais written with the notationa = O_A
o Theoriginis always denoted O
¢ Theindividual components of a position vector are the coordinates of its end point
o Forexample the point with coordinates (3, -2, -1) has position vector 3i - 2j - k

) Worked Example
[

Determine the position vector of the point with coordinates (4, -1, 8).

4\ -_j_ + k!
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Displacement Vectors
What s a displacement vector?
¢ Adisplacement vector describes the shortestroute between any two points

o |tdescribes the direction and the distance between any two points
o Itis differentto a position vector which describes the direction and distance from the

0
pointO:Oi+Ojor(0)

—_—
e Thedisplacementvectorof point B from the point Ais written with the notation AB

o Adisplacementvectorbetween two points can be writtenin terms of the displacement
vectors of a third point

o X§=A—(§+C—]§

¢ Adisplacementvectorcanbe writtenin terms of its position vectors
o Forexamplethe displacementvector;:ﬁ can be written in terms of (—)—A and 6—I§
o AB= A0+ OB = - OA + OB = OB - OA

e > g . —_— )
o Forpositionvectora=0OA andb =0B thedisplacementvector AB canbewrittenb

-a
THIS POSITION VECTOR
ST
OF A IS OA=a
A —
THE DISPLACEMENT VECTOR AB
CAN BE WRITTEN USING
a THE-POSITION VECTORS
—> e
o) b B B=-0A+0B=0B-0.
=-afb=bta | \\|
THE POSITION VECTOR THIS SHOWS THE
OF B IS £=b ROUTE FROM A TO¢
B VIA O
¢) ExamTip
w

¢ Inanexam, sketching a quick diagram can help to make working out a
displacement vector easier
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*> Worked Example
°

The point Ahas coordinates (3, O, -1) and the point B has coordinates (-2, -5, 7).
Findthe displacement vector AB.

AB = AO + OB
=-0A + 0B

0B - GA

-

ALA A )

- -S |
AB = <—5>
3
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3.9.3 Magnitude of a Vector

Magnitude of a Vector
How do you find the magnitude of a vector?

* The magnitude of a vectortells usits size orlength
o Foradisplacementvectorittells us the distance between the two points
o Forapositionvectorittells us the distance of the point from the origin

» Themagnitude of the vector AB is denoted |@|
o Themagnitude of the vectorais denoted |a|

¢ Themagnitude of a vectorcan be found using Pythagoras’ Theroem

* Themagnitudeofavector =v i+ v,j+ v,k isfoundusing

o [vl=fvit vitv?

Vi

o wherev=| ",

V3

o Thisis giveninthe formula booklet

MAGNITUDE
X
lal = Ixi + yj + zk| = (Y) = +y2+22
=
REMEMBER THERE ARE“LOTS OF
DIFFERENT WAYS _TO_REPRESENT
THE SAME VECTOR
— 3
lal =1ABI =|[ 7 ||=13i + 7j - 2kI
-2

A VECTOR’S MAGNITUDE IS SOMETIMES
REFERRED TO AS ITS MODULUS

—>
[ABl =3+ 72+ 2% = {62 = 7.874... = 7.9 (1 dp)

YOU CAN IGNORE

MINUS SIGN

How do | find the distance between two points?

¢ Vectors can beusedto findthe distance (ordisplacement) between two points
o Itis the magnitude of the vectorbetween them

¢ Giventhe position vectors of two points:
o Findthedisplacementvectorbetweenthem
o Findthe magnitude of the displacement vector between them
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(’) Exam Tip
* * Findingthe magnitude of a vectoris the same as finding the distance between

two coordinates, itis a useful formula to commit to memory in orderto save
time in the exam, howeveritis in your formula booklet if you needit

%) Worked Example
Findthe magnitude of thevector AB =4i - j + 2k.

Magnitude of a vector |

ABl = 4t v+ 2= =2

A8l = [21
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Unit Vectors

What is a unit vector?

¢ Aunit vector has a magnitude of 1
e |tcanbefoundby dividing a vectorby its magnitude
o This willresultin a vectorwith a size of 1unitin the direction of the original vector

a

¢ Aunitvectorinthe direction ofais denoted la|
. . . - (Bi-4) 3. 4,
o Forexampleaunitvectorinthedirection 3i - 4jis ————==_-1— ]

/32442 5 5

@ Exam Tip
© ¢ Findingtheunitvectorwillnot be a question onits own but will be a useful skill
forfurthervectors problems soitis important to be confident with it

*> Worked Example
Findthe unitvectorin the direction 2i - 2j + k.
Let o =2i_—2§_+\3
Fnd the mo\Sn'xWO\Q of o

%
Magnitude of a vector [v|= %'+, +v , where v= {v:}

lepe] 22+ 2 2D = a5=13

Divi&e o b\j s W\asw'\\:,uéxe,:

Uit veckor = % - ZL_—Z\_\i
- 3

WS

W™

: |
&*55
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3.9.4 The Scalar Product

The Scalar ('Dot') Product
What s the scalar product?

¢ Thescalarproduct (also known as the dot product) is one formin which two vectors can be
combinedtogether
e Thescalarproduct between twovectorsaandbis denoteda-b
e Theresult of taking the scalar product of two vectors is a real number
o i.e.ascalar
e Thescalarproduct of two vectors gives information about the angle between the two
vectors
o Ifthescalarproductis positive then the angle between the two vectors is acute (less
than 90°)
o Ifthescalarproductis negative then the angle between the two vectors is obtuse
(between 90°and180°)
o Ifthescalarproductis zero then the angle between the two vectorsis 90° (the two
vectors are perpendicular)

How is the scalar product calculated?

¢ There are two methods for calculating the scalarproduct
¢ Themostcommon methodusedto findthe scalarproduct between the two vectors vand
wis to find the sum of the product of each component in the two vectors
- W= + +
o v-w=v,w t+v,w,+ v.w,

¢ ¢
o Wherev= andw=

Y5 W,

V3 W3

o Thisis giveninthe formulabooklet
e Thescalarproductis also equalto the product of the magnitudes of the two vectors and
the cosine of the angle between them
o v-w=|v||w|cos 0
" o Where #is the angle betweenvandw
Thetwovectors vandwarejoined at the start and pointing away from each other
e Thescalarproduct canbeusedinthe secondformula to find the angle between the two
vectors

What properties of the scalar product do | need to know?

¢ Theorderofthevectors doesn’t change theresult of the scalar product (itis commutative)

o . =
e Thedistributivelaw over addition can be usedto ‘expand brackets’
cou-(v+w=uv+uw
e Thescalarproductis associative with respect to multiplication by a scalar
o (kv)-(w)=k(v- w)
e Thescalarproductbetween avectoranditselfis equal to the square of its magnitude
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o v v=|v|?
» Iftwovectors, vandw, are parallel then the magnitude of the scalarproductis equal to the
product of the magnitudes of the vectors

o = =] [|I¥
o Thisisbecausecos0°=Tandcos180°=-1

¢ |[ftwovectors are perpendicular the scalarproductis zero
o Thisis becausecos90°=0

(’) ExamTip

w
e Whilst the formulae for the scalar product are given in the formula booklet, the

properties of the scalar product are not, howeverthey areimportant anditis

likely that you will need to recall them in your exam so be sure to commit them to
memory
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*> Worked Example
[

Calculate the scalarproduct between the two vectors v = and

w=3j—2k—1iusing:

i)

W= + +
theformula v:- w VWt v,w,+ vew,,

Y - <§> = 21+ 0y - 5k
-5
W=31-2-L = -lg +35-2k

Be owoare of twe ovder of twe terms.

v w,
Scalar product VoW =vw +v,w, +vwy, where v=| v, |, w=|w,
w;

)

V-W =(2x-D+(0x3) +(-5x-2) =-2+10

VW =g

ii)
theformula v w= |v||w]|cos 0, given that the angle between the two vectors is

66.6°.
Vo= <g> = 2/% 0} =Bk W 2SN 30
-5
T
Scalar product v-w=‘v”w‘cos€

Find the m«sv\'\hw}\e. of botw vectors:
l¥| = [22+ (-8 =T |W|=[i"e32+(D" = &

V-W = JZ9 x i& cos 664

VW =g
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Angle Between Two Vectors
How dol find the angle between two vectors?

 |ftwovectors with different directions are placed at the same starting position, they will
forman angle between them
¢ Thetwo formulae forthe scalarproduct can be used together to find this angle

viw t vwyt vaw,

lv||wl
o Thisis givenin the formula booklet
e Tofindthe angle betweentwovectors:
o Calculate the scalar product between them
o Calculate the magnitude of each vector
o Usetheformulatofindcos 6
o Useinversetrigtofind ¢

o cos O =

@ Exam Tip

w
* Theformula for this is givenin the formula booklet so you do not need to
remember it but make sure that you can find it quickly and easily in your exam
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> Worked Example

Calculate the angle formed by the two vectors v = [ -1 ] and w=3i+4j—-k.

2

-1 . 3
\_/ = ) W= 3_ l" - E =
(3) » =-siesie - (5)
Start b5 cim}\{nﬂ the scolar product:
3)-¢)
3| &
2 -l

=(-lx3)+(3xl+)+(2x—|)=¥
Find the mmsn}huo\e of bokw veckors:
ly| =JEn*+3%+ 2% = Jie

IW| = [32 ¢ 42+ (-1)* =26

v
I

YW

Angle between two cos@= MMtV
vectors ‘ v ” w

cosB =_7# = 0.3bb%...
% xJ26

6. = cos - (0.366%.)

6 = 635" (3sf)
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Perpendicular Vectors

How do | know if two vectors are perpendicular?
e Ifthescalar product of two (non-zero) vectors is zero then they are perpendicular
o If v- w=0thenvandwmustbe perpendiculartoeach other
¢ Twovectors are perpendicularif their scalar productis zero
o Thevalue of cos 6 = O therefore |v||w|cos0=0

‘) Worked Example

[
2 ..
Findthevalue of t such thatthetwovectors v = and w= (t— 1)1—_] +kare

perpendicularto each other.

The two vecters ¥ ond W ore perpendicular

f yvw =0
2 -
v = £ y W= -t_ll
5 |

2(t-1) + e(-1) + SO)

1<
IZ
1

26 -2-b+5

Theceford v ond~ W -ore pecpendicular £

t+3=0

=-3
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3.9.5 Geometric Proof with Vectors

Geometric Proof with Vectors
How can vectors be used to prove geometrical properties?

o |ftwovectors canbeshownto be parallel then this can be usedto prove parallel lines
o Iftwovectors are scalar multiples of each otherthen they are parallel
o Toprovethattwovectors are parallel simply show that oneis a scalar multiple of the
other
o |ftwovectors can be shown tobe perpendicularthen this canbeusedto prove
perpendicularlines
o Ifthescalarproductis zero then the two vectors are perpendicular
e |ftwovectors can be showntohave equalmagnitude then this can be usedto prove two
lines are the samelength
e Toprovea?2D shapeis a parallelogramvectors canbeusedto
o Show that there are two pairs of parallel sides
o Show thatthe opposite sides are of equal length
The vectors opposite each other with be equal
o |ftheangle between two of the vectors is shown to be 90° then the parallelogramis a
rectangle
e Toprovea?2D shapeis arhombus vectors canbeusedto
o Show that there are two pairs of parallel sides
The vectors opposite each otherwith be equal
o Show thatall four sides are of equal length
o Iftheangle between two of thevectorsis shown to be 90° then therhombusis a
square

How are vectors used to follow paths through a diagram?

¢ Inageometric diagramthe vectonﬁB> forms a path from the point Ato the point B
o Thisis specific tothe path AB
o Ifthe vectorl—i—é is labelled a then any othervectorwith the same magnitude and
directionas acouldalsobelabelleda
e The vector];)’\ would belabelled -a
o ltis parallel to abut pointingin the opposite direction
¢ Ifthepoint Mis exactly halfway between AandBiitis called the midpoint of Aandthe vector

— 1
AM couldbelabelled ) a

e |fthereis apointXontheline AB such that B( = 2)63> then Xis two-thirds of the way along

—_—
theline AB

o Otherratios can be foundin similarways

o Adiagram often helps to visualise this
e [fapointXdivides aline segment ABinto theratiop:qthen

—_— p —_—
o AX= AB
ptq
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g q

o XB=
ptq

AB

How can vectors be used to find the midpoint of two vectors?

e |fthe point Ahas position vectoraandthe point B has position vectorb then the position

)@+

o ThedisplacementvectorAB=b—-a

vector of the midpoint of;&_ﬁ is

o LetMbethemidpoint of AB then AM = ) (AB) =, (b—a)

1a= ;(a+b)

o ThepositionvectorOM= OA+ AM=a+ 2(b—a)= 2b+ 5

How canvectors be used to prove that three points are collinear?

e Threepoints are collinearif they alllie on the sameline
o Thevectors between the three points will be scalar multiples of each other

e Thepoints A,BandC are collinear ifKﬁ = kl—?»—é
« Ifthepoints A,BandMare collinearand AM = MB then Mis the midpoint of AB

(’) Exam Tip

w
e Think of vectors like a journey fromone place to another

o Youmay havetotake a detoure.g.AtoBmightbe Ato Othen OtoB
e Diagrams can help, if thereisn’t one, draw one
o |fadiagramhas been given begin by labelling allknown quantities and
vectors
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%) Worked Example
[
Usevectors to prove that the points A, B, C and D with position vectors a = (3i - 5j -
4k),b =(8i-7j-5k), c = (3i- 2j + 4k) and d = (5k - 2i) arethe vertices of a
parallelogram.

—

Eind the displocement vectors AR , BC, 0 and DA

A -v-e - (3)-G) - (3

"
o~

|
|/|\
thH o0
~———
"
|

@

n

n

\

lo~

Il U
P
Eal
N — —

(g

(@]

u
12

1

)

7 ]
"o m

AB =-CD ond B =-DA .. ARCD

Must e o poxro\ll.c.l.osmm
y ]
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3.10 Vector Equations of Lines

3.10.1 Vector Equations of Lines

Equation of aLine inVector Form
How do | find the vector equation of aline?

e Theformula for finding the vector equationof alineis
or=a+ib
Whereris the position vector of any point on theline
ais the position vector of a known point on theline
bis a direction (displacement) vector
Aisascalar
o Thisis givenin the formulabooklet
o This equation can be usedforvectorsinboth 2- and 3- dimensions
e This formulais similarto aregularequation of a straightlinein the form y = mx + cbutwitha
vectorto show both a pointon theline and the direction (or gradient) of theline
o In2D the gradient can be found from the direction vector
o In 3D anumericalvalue forthe direction cannot be found, itis given as a vector
» Asacouldbethe position vector of any point on the line and b could be any scalar multiple
of the direction vector there are infinite vectorequations for a single line
e Givenanytwo points on aline with position vectors a and b the displacement vectorcan
bewrittenasb-a
o Sotheformular=a+A(b-a)canbeusedtofindthevectorequation of theline
o Thisis not giveninthe formula booklet

How do | determine whether a pointliesonaline?

. . . 4 b, , , " .

e Giventheequationofaliner = +2 the point ¢ with position vector is
a b c
2 2 2
a, b, G

onthelineif there exists a value of Asuch that

cl al b]
o = +A

02 32 b2

03 a3 b3

o This means that there exists a single value of Athat satisfies the three equations:

=g +

¢, = a /”tb1
=g +

c,= a, /”tb2
=g +

c,= a, /lb3

¢ AGDC canbeusedtosolvethis system of linearequations for
o Thepointonly lies onthelineif a single value of A exists for all three equations
» Solveone of the equations first to find a value of Athat satisfies the first equation and then
checkthat this value also satisfies the othertwo equations
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. Ifthevalueof A does notsatisfy allthree equations, then the point ¢ does not lie on theline

(") Exam Tip
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%9 Worked Example

o
a)

Find a vectorequation of a straight line through the points with position vectors a =
4j-5kandb =3i-3k

Use the position vectors %o find the displacement veckor
between thwem.

5.{). 3 = 2-0-0)-0

Vector equation of a line r=a+ib

Posi\:ior\ vector Posikiovx vector
¥ of point o ¥ of point b
_ (& - _[3 -
=S 2 -3 2
K dicection K direction
veckor veckor

R0

Determine whetherthe point C with coordinate (2, O, -1) lies on this line.

2
Let ¢ =<O> , then check ko see if there exiskts o volue
=

of A such thwak

(448

from the Ii\ COmpov\ev\k_ k- =2 @
From the :; componenkt : 0 +OL =0 @(/) Works for all A

from the K componenk : =S +2n =~ ®
O = 2=2 suwo wo @= _54(2x2) =-S5tk =-1y

Point C Lies on the \ine
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Equation of aLinein Parametric Form
How do| find the vector equation of aline in parametric form?

¢ By considering the three separate components of a vectorin the x, y andzdirections itis
possible towrite the vector equation of a line as three separate equations

X
o Lettingr= thenr=a+ Abbecomes

y
zZ
X
X 0 1
o = +A
Yo m
zZ n
)
%o 1
Where is a position vectorand is a direction vector
Yo m
n
Zy

o This vectorequation canthen be splitintoits three separate component forms:

x= X0+ Al
Y=y, Am
z= ZO+ An

o Thesearegiveninthe formulabooklet

) Worked Example
Write the parametric form of the equation of the line which passes through the point

(-2,1,0) with directionvector

4

Parametric form of the x=x,+Al, y=y,+Am, z=z,+An
equation of a line

Use T =a +2db Lo wrike the eguakion  tn vecktor form Ficse:

@)

posiklo):\ X diveckion veckac
veckor of
o poink

Separoke the components inko khei 3 sepavoke equokions.

X =-2Z+3)\
5=|+A_
z2=-kX
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Equation of aLine in Cartesian Form

e The Cartesian equation of aline can be found from the vector equation of aline by

o Findingthe vectorequation of theline in parametric form

o Eliminating A from the parametric equations

A can be eliminated by making it the subject of each of the parametric equations
X=X,
1
¢ In 2D the cartesian equation of alineis aregularequation of a straight line simply givenin
the form

Forexample: x = x, + Al gives A=

o y=mx+c
o ax+by+d=0
_y—_yl X—X1
° = byrearrangingy—y, =m(x—x
SR ST I =)
¢ In3D the cartesian equationof alinealsoincludes zandis givenin the form

X— XO y= yO VA ZO
[e] = =

1 m n
X
0 1
o where = +1
Yo
z n
2

o Thisis giveninthe formula booklet

« If one of yourvariables does not depend on A then this part can be written as a separate
equation

X— XO zZ— Z

o Forexample:m=0 =y= o gives 7 = K7 Y=

How do find the vector equation of a line given the Cartesian form?

e Ifyou are given the Cartesian equation of alinein the form
X=X, Y=Y, z= z,
° 1 - m - n
e Avectorequation of theline can be found by
o STEP1:Set each part of the equation equal to Aindividually

o STEP 2:Rearrange each of these three equations (ortwo if workingin 2D) to make x, y,

andzthe subjects
This will give you the three parametric equations
x=x,* A
Y=y, Am
z=z,+ An
o Xo 1
o STEP 3: Write this in the vector form = +1
y Yo
z 7 n
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o STEP4:Setr toequal

Y
z

« If one part of the cartesian equation is given separately andis notin terms of A then the
corresponding componentin the direction vectoris equalto zero

*> Worked Example

1 4
Alinehas thevectorequationr = | 0 |+A| =2 |.Findthe Cartesian equation of the
2 1

Cartesian equations of a X=Xy Y=Yy _Z7Z
line i m n

Bes’m b:j wr'\hinj the  equation of the Une in poramecric forem:

€ Rt A s o
2 =2+1

Rewrana& each  eguakion o moke A the Subyeck

oc — |

® r= =
A=
@ -2

® r=z-2

Set eacnh expression Lor A equol to each other :

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

3.10.2 Applications to Kinematics

Kinematics using Vectors
How are vectorsrelated to kinematics?

e Vectors are often usedin questions in the context of forces, acceleration orvelocity
¢ |fanobjectis movingin one dimension thenits velocity, displacement and time arerelated
usingtheformulas = vt
o wheresis displacement, vis velocity andtis the time taken
e |fan objectis movingin more than one dimension then vectors are needed to representits
velocity anddisplacement
o Whilsttimeis a scalar quantity, displacement and velocity are both vector
quantities
e Foranobjectmovingataconstant speed in a straightlineits velocity, displacementand
time can berelated using the vectorequation of aline
o r=a+Ab
o Letting
rbethe position of the object atthe time, t
abethepositionvector, rgat the start (t = 0)
A representthetime, t
b be the velocity vector, v
o Thenthe position of the object at the time, t can be given by
r=ro+tv
o The speed of the object will be the magnitude of the velocity |v |

(') ExamTip

* ¢ Kinematics questions can have alot of information in, read them carefully and
pick out the parts that are essential to the question
* Lookout forwhere variables used are the same and/or different within vector
equations, you willneed to use different techniques to find these
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*) Worked Example

[}
Acar,moving at constant speed, takes 2 minutes to drivein a straightline from

pointA(-4, 3) topoint B (6, -5).

Attimet, in minutes, the position vector (p) of the carrelative to the origin can be
givenintheform p=a+ tb.

Findthevectorsaandb.

Veckor o represents the initial position and vector
\Qr&?re_se)n\:s the direction veckor per minuke.

Posibion  veckor O_IR = (—g)
At t= O minutes, 2 = & So &= 3A=(_§>

Position veckor O_ﬁ = (_65)
AL t= 2 minutes, the car is ok the point B  and so 0B - o +2b

(45) = ("%) + 20
Diceckion veckoe 92b = (_65)_(_%) =(-|g)

a-(3) b-(8)
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3.10.3 Pairs of Lines in 3D

Coincident, Parallel, Intersecting & Skew Lines
How do | tellif twolines are parallel?

¢ Twolines are parallelif, and only if, their direction vectors are parallel
o This means the direction vectors will be scalar multiples of each other

2 2
o Forexample, thelines whose equationsarer=| 1 +/1l 0 |and
-7 -8
1 -1
r=| =1 [+4,[ 0 are parallel
5 4
2 -1
Thisisbecause| 0 [=-2| 0
-8 4

How dol tellif twolines are coincident?

¢ Coincidentlines are two lines thatlie directly on top of each other
o Theyareindistinguishable from each other

¢ Two parallellines will either never intersect or they are coincident (identical)
o Sometimes the vectorequations of thelines may look different

forexample, the lines represented by the equationsr= ( 18 ) + S( 84 ) and
() 1)
r= + are coincident,
\0 ) \~2)
o Tocheckwhethertwolines are coincident:
Firstcheckthatthey are parallel

-4 1
They are because( g ) = —4( ) ) andso theirdirection vectors are

parallel
Next, determine whetherany point on one of thelines also lies on the other

1
( g )is the position vector of a point on the firstline and

1 -3 1
= +4 soitalsolies onthe secondline
-8 0 -2

If two parallellines share any point, then they share all points and are coincident

What are skew lines?

e Linesthatarenot parallel and which do notintersect are called skew lines
o Thisis only possiblein 3-dimensions

How do | determine whether lines in 3 dimensions are parallel, skew, or
intersecting?

o First, look to seeif the direction vectors are parallel:
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o ifthedirectionvectors are parallel, then thelines are parallel
o if thedirectionvectors are not parallel, thelines are not parallel
e Ifthelines are parallel, check to seeif thelines are coincident:
o |fthey share any point, then they are coincident
o |fany point on onelineis not onthe otherline, then the lines are not coincident
o |fthelines are not parallel, check whetherthey intersect:
o STEP1:Setthevectorequations of the two lines equal to each otherwith different
variables
e.g.Aandy, forthe parameters
o STEP 2: Write the three separate equations forthei, j, andk components in terms of A
andp
o STEP 3:Solve two of the equations to findavalue forrand p
o STEP 4:Check whetherthevalues of A and pyou have found satisfy the third equation
If all three equations are satisfied, then the lines intersect
If not all three equations are satisfied, then thelines are skew

How do | find the point of intersection of twolines?

o |fapairoflines are not parallel anddointersect, a unique point of intersection can be
found
o Ifthetwolinesintersect, there willbe a single point that willlie on both lines
e Followthe steps above to findthevalues of v and p that satisfy all three equations
o STEP 5: Substitute eitherthe value of A orthe value of ninto one of the vectorequations
to find the position vector of the point where the lines intersect
o |tis always a goodidea to checkin the otherequations as well, you should get the
same point foreachline

@ Exam Tip
w
* Makesurethatyou usedifferentletters,e.g. and ,torepresentthe
parameters in vector equations of different lines
o Checkthatthevariable you are usinghas not already been usedin the
question
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9 Worked Example
°

Determine whetherthe following pair of lines are parallel, intersect, orare skew.

r=4i+3j+s(5i+2j+3k) andr= - 5i+4j+k+(2i-j).

STEP I: Check to see if the lines are porallel:

) ()

direckion veckocs
The Uines are nokt parallel becouse there is vo
value of k such thot /5 2
(3 = -6)

STEP 2: Check to See if the lines interseck :

o

4+ 8N =-5+2M ® Set up thcee equakions
3+ 2N

b-p @ for eoch of the i,} ond
3n= | ® k_components.

Equotion @ A =—é SwsmrbepDi 3 +2(x) = 4 - M

Elra

M=z
Sue into @2 b+ 5(|_3)= -5 +2(_l3-

— # "3 contaddiction

There 1S no point of intersection.

The Lines ore Skew
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Angle Between Two Lines
How do we find the angle between two lines?

¢ Theanglebetweentwolinesis equalto the angle between theirdirection vectors
o |tcanbefoundusingthe scalar product of their direction vectors
* Giventwolinesintheform =a, +/'tb1 and = +)pb2 usetheformula

_ b] * bz
"o I[WJ

¢ |fyou are given the equations of thelines in a different form ortwo points on a line you will
needto find theirdirection vectors first

¢ Tofindtheangle ABC thevectors BAand BC wouldbe used, both starting from the point B
¢ Theintersection of two lines will always create two angles, an acute one and an obtuse one

o Thesetwoangles willaddto180°

o Youmay needto subtractyouranswerfrom180° to find the angle you are looking for

o Apositive scalar product will resultin the acute angle and a negative scalar product

willresultin the obtuse angle
Using the absolute value of the scalar product will always resultin the acute angle

(’) ExamTip
* e Inyourexamreadthe question carefully to seeif you needto find the acute or
obtuseangle
o Whenrevising, getinto the practice of double checkingattheendofa
question whetheryour angleis acute orobtuse and whether this fits the
question
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) Worked Example

Findthe acute angle,inradians between the two lines defined by the equations:

2 1 1 -3
[ a=| 0 |+ -4 |and L; b=| -4 |+u|l 2
3 -3 3 5

STEP 1:find the scalar product of the direction veckors:
! -3

-4 ) 2) =(1x-3) + (~4x2) +(3x8) =-3+(-8)+(18) = -2b

@) () eor e =

-3,
nesohve, so the GV\Q\Q itk

be bhe obtuse onge.

Step 2: Find the masn&udes of the direction veckors:
JO + G+ D =26 JED2(2) +(s) =38

Using the olosolute

.5 . = |2 Y9

STEP 3: *_md the ons\e_- cos§ —I &l value will result
V26 (38 in the acute ongle

9 = cos™ z& >

J26 /38

6=0597 vodians (3s8)a

150 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

3.10.4 The Vector Product

The Vector ('Cross') Product
What is the vector (cross) product?

e Thevector product (also known as the cross product) is a formin which two vectors can be
combinedtogether
e Thevectorproduct between twovectors vandwis denotedv x w
¢ Theresult of taking the vector product of two vectors is a vector
¢ Thevectorproductis avectorinaplanethatis perpendicular to the two vectors from
whichitwas calculated
o This couldbein either direction, depending on the angle between the two vectors
o Theright-hand rule helps you see which direction the vector product goesin
By pointing yourindex finger and your middle fingerin the direction of the two
vectors yourthumb willautomatically go in the direction of the vector product

| NORMAL VECTOR |

How dol find the vector (cross) product?

¢ There are two methods for calculating the vector product
¢ Thevector product of the two vectors vandw can be written in component form as

follows:
V,W;T VW,
o VYXWwW= V3Wl_ V1W3
ViW, T VLW,
Y w,
o Wherev= and w=
Vs W,
V3 W3

o Thisis giveninthe formulabooklet
e Thevectorproduct canalso be foundin terms of its magnitude and direction
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* The magnitude of the vector product is equal to the product of the magnitudes of the
two vectors and the sine of the angle between them
o |vx w|=|v||wl|sind
o Wherefis the angle betweenvandw
The twovectors vandwarejoined at the start and pointing away from each other
o Thisis giveninthe formulabooklet
* Thedirection of the vector productis perpendicular to bothvandw

What properties of the vector product do | need to know?

e Theorderofthevectorsisimportant and changes theresult of the vector product
o VXW# WXV
o However
o X = —wXvVy
o Thedistributivelaw can be usedto ‘expand brackets’
o ux(v+w=uxv+ uxw
o Whereu,vandwareallvectors
e Multiplying a scalar by a vector gives theresult:
o (kv)x w= wx(k )=k( x )
e Thevectorproductbetween avectoranditself is equal to zero
o vyXv=0
¢ Iftwovectors are parallel then the vector productis zero
o Thisisbecausesin0°=sin180°=0
o If vX =0thenvandware parallelif they are non-zero
e Iftwovectors,vandw, are perpendicular then the magnitude of the vector productis
equalto the product of the magnitudes of thevectors
o |[vxw|=|wl|v
o Thisis becausesin90°=1

O ExamTip
' e Theformulaeforthe vectorproduct are givenin the formula booklet, make sure
you use them as this is an easy formula to get wrong
* The properties of the vector product are not givenin the formula booklet,
howeverthey areimportant andit s likely that you willneed to recall them in your
exam so be sure to commit them to memory
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) Worked Example
°
Calculate the magnitude of the vector product between the two vectors

2
v= 0 and w=3i-2j-kusing

theformula vxw= | V,W,— V, W,

(5)-(@) =)0

V=(w)={o W = (w, ] =(-2

V3 -5 W3 -

Use the formulan bo find the cross-product:
VaWg = V3w ©O)-) - 9)(-2 -

VXWw = <V3 Wi -V, w3) = ((—5)(3)— (9_)(_0) = _llg)
Vivg - VoW, (2)(-2)- (0)(3) -4

Find the maﬂn'\tuo\e of ¥V xw:

x| = [Cro)F+ Y Eaf= [285
—
lv xw| =169 (35f)

i)
theformula, given that the angle between themis 1radian.

Find twe maﬂn‘\tuo\e of ¥ ond w:

¥l = |Z"+O1'-\-(-5)1 = JTq

<G D

Nxw| = |¥|lw| sing

= JoaxJig sin (19

lvxw| = 7.0 (3s§)
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Areas using Vector Product
How dol use the vector product to find the area of a parallelogram?

e Thearea of the parallelogram with two adjacent sides formed by the vectors vandwis
equalto the magnitude of the vector product of two vectors vand w
o A=|v X w| wherevandwformtwo adjacentsides of the parallelogram
This is givenin the formula booklet

How doluse the vector product to find the area of a triangle?

e Thearea of the triangle with two sides formed by the vectors v and wis equal to half of the
magnitude of the vector product of two vectors vandw

1
o A= 5 |v X w| wherevandw form two sides of the triangle

This is not givenin the formula booklet

(") Exam Tip

e Theformula forthe area of the parallelogram s given in the formula booklet but
the formula forthe area of a triangleis not
o Rememberthatthe area of a triangleis half the area of a parallelogram
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*> Worked Example

Findthe area of the triangle enclosed by the coordinates (1, 0, 5), (3, -1,2) and (2, O,
-1).

Let A be (1,0,5) 8 be (3-1,2) and C be (2,0,-1)

8
You coan use any two
divection vectors movins
C
\ owoy from any vectex.

— -
Find the two direction vectors AR oand AC
—)
B-(D)-6) @) -6)-G) ()
2, S -3 -l S -b
Find tne cross product of the two diceckion veckors:

= 2 -0(-b) -(-3)(0
e - (3)+(8) - (35359 - (3

(2)(0) - V() I
Find tne masn}\-.ude_ of the cross product

|A_l§xA_(’,|=\|g"+qz+)‘ =118
Area. of twe beiongle s hole the Moﬂnit\m\e

Acea = 5IABxALI o7 [

Acea 4 S.43\& (3sf)
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3.10.5 Shortest Distances with Lines

Shortest Distance BetweenaPointand alLine
How do find the shortest distance from a point to a line?

* Theshortestdistance from any point to a line will always be the perpendicular distance
o Givenalinel withequationr = +Ab andapointPnoton!
o Thescalar product of the direction vector, b, and the vectorin the direction of the
shortest distance will be zero
e Theshortestdistance can be foundusing the following steps:
o STEP1:Letthevectorequation of thelineberandthe pointnotonthelinebeP, then
the pointontheline closest to P willbe the point F
The point Fis sometimes called the foot of the perpendicular
STEP 2: Sketch a diagram showing the line/and the points Pand F

(o]

Thevector FPwillbe perpendicular to thelinel
STEP 3: Use the equation of the line to find the position vector of the point F in terms of
A
STEP 4: Use this to find the displacement vectorﬁ’in terms of &
STEP 5: The scalar product of the direction vector of the line/and the displacement

(o]

o

(o]

vector]?ﬁwill bezero
Forman equation FP-b=0 andsolveto findx
STEP 6: Substitute A into FP and find the magnitude |FP|

The shortest distance fromthe point to the line will be the magnitude of FP

(o]

* Notethattheshortestdistance between the point andthelineis sometimes referredto as
thelength of the perpendicular

oP

SHORTEST _ s
DISTANCE

| L
F

SOMETIMES CALLED THE FOOT
OF THE PERPENDICULAR

How do we use the vector product to find the shortest distance from a
pointtoaline?

e Thevectorproduct canbeusedto findthe shortest distance from any pointtoalineona2-

dimensional plane
e Givenapoint,P,andaliner=a+ib
|APx b|
o Theshortestdistance fromP to theline willbe |b|

o WhereAis apointontheline
o Thisis not giveninthe formula booklet
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(’) Exam Tip
L _J
e Column vectors can be easier and clearerto work with when dealing with scalar
products.

) Worked Example

[
2 0
PointA has coordinates (1,2, 0) andtheline / has equationr=| 0 |+ 4| 1
6 2

Point Blies on the I such that [ AB] is perpendicularto /.

Findthe shortest distance fromAtotheline /.

Bis on L so can be writben 1a beems of A :

() <)

FinAA_é us'm:j AB =

*(5.) 1076

o
A_é is perpendicdar o L: A_é.Q>=o

EATEVEL

A-2+2(b+22)=0

Sa+10=0
A=-2

Substitute  back into A_J)S oand find the mo\anib.m\e:

()0
b +2(-2) 2
|/H3|= [12seay+2* = [u

Shortest distance = V2I units
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Shortest Distance Between Two Lines
How do we find the shortest distance between two parallel lines?

o Two parallel lines willneverintersect

¢ Theshortest distance between two parallel lines will be the perpendicular distance
between them

e Givenaline I1 withequationr= a, +ﬂ,dland aline 12 with equationr= a, +yd2 thenthe

shortest distance between them can be found using the following steps:
o STEP1:Findthe vectorbetween a anda general coordinate from I2 interms of u

o STEP 2:Setthescalarproduct of the vectorfoundin STEP 1and the direction vector d1

equaltozero
Remember the direction vectors d1 and d2 are scalarmultiples of each otherand

soeithercanbeusedhere
o STEP 3:Formandsolve an equation to find the value of u
o STEP 4: Substitute the value of u backinto the equation for]2 tofindthe coordinate on

12 closestto ]l
o STEP5:Findthedistance between a andthe coordinate foundin STEP 4

| |

¢ Alternatively, the formula canbeused

|
o Where AB is the vectorconnecting the two given coordinates a and a,

o dis the simplified vectorin the directionof d; andd,

o Thisis not giveninthe formula booklet

How do we find the shortest distance from a given pointonaline to
anotherline?

e Theshortestdistance fromany pointon aline to anotherline will be the perpendicular
distance fromthe point to theline
¢ Iftheangle between thetwolinesis known orcan be found thenright-angled trigonometry
can beusedto findthe perpendiculardistance
|_>

o Theformula given aboveis derived using this method and can be used

BX
|
¢ Alternatively, the equation of theline can be used to find a general coordinate and the steps
above can be followed to find the shortest distance

How do we find the shortest distance between two skew lines?

* Twoskewlines are not parallel but will neverintersect
e Theshortestdistance between two skew lines will be perpendicularto both of the lines
o This willbe at the point where the twolines pass each otherwith the perpendicular
distance where the point of intersection would be
o Thevector product of the two direction vectors can be used to finda vectorin the
direction of the shortest distance
o Theshortestdistance willbe a vector parallel to the vector product
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e Tofindthe shortestdistance between two skew lines with equations r= a + idl and
= a2+yd2,
o STEP1:Find the vector product of the direction vectors d, and d,
d=d xd,
o STEP 2:Findthevectorin the direction of the line between the two general points on 1
and 12 interms of 2 and u

—_
AB=Db - a
o STEP 3:Setthetwovectors parallel to each other
—_—
d = kAB
o STEP 4:Setup andsolve a system of linearequations in the three unknowns, k, A and
y7)
SKEW LINES PASS EACH L,
OTHER BUT DON'T MEET
THE TWO GIVEN POINTS ON
THE LINES CAN BE USED TO
FIND A GENERAL EXPRESSION
FOR THE DISTANCE
THE VECTOR PRODUCT OF L, AND L,
»WILL BE PARALLEL TO THE MINIMUM
DISTANCE BETWEEN THEM
L,
(") Exam Tip
-

e Exam questions will often ask forthe shortest, or minimum, distance within
vectorquestions

e |fyou’'reunsure start by sketchinga quick diagram

e Sometimes calculus can be used, however usually vector methods are required
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> Worked Example

®
Considerthe skew lines 1l and 12 as defined by:

6 2
11:r= —4 |+ -3
3 4
-5 -1
]2:1'= 4 [+pu| 2
-8 1

Find the minimum distance between the twolines.
Find the vecktor product of the direction veckors.

g “i €3)(1) - (4)(2) all
3 )Xz ) = @WeE-@0) ) =(-6
b ' (2)(2)-C3)C1) !

Find the vecktor in the direckion_of the line | loetween
the 6e,neraL Coordinates,

I -S-um 6+2% “l-p-22
T 42 = (4= S +2M4 +34
“B+ M 3+ 44 SRyt
A point on L2 A point on L
=
-ll-m-22 _k/mn M e poallel bo(—é)
8+24 +31 | [ -6 2NN
Ry~ | 5 48 =k<'f’)

Sek up ond solve a sus'ce.m of ecvml-,io/\s.

Ik - 22-4 =1l Solve using GDC:
6k +3A+ 2= -8 ( k=3l .-288 p--22
7 A="Zq S

EZ] 79
N-bA -k = Il

Substitube back inta the expression for AB and find the ogibude

A - |- (35 2CR)\| |/ o
el o8 |- |4 - () ()
e () -+ CEY| [\

Shortest distance = 493 units (3s.£.)
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3.11 Vector Planes

3.11.1 Vector Equations of Planes

Equation of a Plane in Vector Form
How do| find the vector equation of a plane?

e Aplaneis aflatsurface whichis two-dimensional
o Imagine aflat piece of paperthat continues on foreverin both directions
¢ Aplanein often denotedusingthe capital Greekletter IT
¢ Thevectorform of the equation of a plane can be found using two direction vectors on the
plane
o Thedirectionvectors mustbe
parallel to the plane
not parallel to each other
therefore they willintersect at some point on the plane
e Theformula for finding the vector equation of a planeis
o r=a+Ab+uc
Whereris the position vector of any point on the plane
ais the positionvector of a known point on the plane
b and c are two non-parallel direction (displacement) vectors parallel to the
plane
Landparescalars
o Theformulais givenin the formula booklet but you must make sure you know what
each partmeans
¢ Asacouldbe thepositionvectorofany pointon the plane andb and ¢ could be any non-
parallel direction vectors on the plane there are infinite vector equations fora single plane

How do | determine whether a point lies on a plane?
a b

1 1
¢ Giventheequationofaplaner = +4 + u then the point rwith position
a, b, %
a, 3 !

X . . .
vector is onthe planeif there exists a value of A and psuch that

y
4
X al bl cl
o = +1 +u
a2 b2 02
V4
33 b3 c3

o This means that there exists a single value of Aand pthat satisfy the three parametric
equations:
x=a +tAb + uc

y=a,+Ab,+ uc,
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z= .913+/”tb3 + pe;
¢ Solvetwo of the equations first to find the values of Land pthat satisfy the first two

equation andthen check that this value also satisfies the third equation

¢ Ifthevalues of A andpdonotsatisfy allthree equations, then the pointrdoes notlie on the
plane

(’) Exam Tip
* e Theformula forthe vectorequation of a planeis givenin the formula booklet,
make sure you know what each part means

e Becarefultousedifferentletters,e.g. and asthescalarmultiples of the two
direction vectors
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*> Worked Example

[ J . . . .
The points A, Band C have position vectors a=3i+2j—k, b=1-2j+4k,and

c=4i-j+3krespectively, relative to the origin O.

(a) Find the vector equation of the plane.

Start b\j Fino\{ns the direction vectors PTB and, AC
Ro- e -e -()-(3) ()
- - -2 2 -4
& -l [
R AR
3 - 4

Al Haree ponts lie on the plane, so choose the position

_é %) .
vector of one poink, eg. OR, to uwse as & in the vector
eq;.«ok'\on of o plane  formula.

Check Brok A_é ond AL oace ot poraliel .
r= 0 + }gAeB + /L.LA_Z‘,
—

3 -2 1 This is one of wmoan
L= Al - )
(3{) * ( g-:r) * A i : (coccack ownswery
[ S—

(b) Determine whether the point D with coordinates (-2, -3, 5) lies on the plane.
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Let D hove position veckor 4 = (:%), then the point D
5

Lies on  the plane  {f Hrere exists a value of X and
. 2\ = /3 -2 1
hich: (&) = + AT M-

po e wmens (37 (2) + 2(F) +1(3)

Find the  pacomebric  equations :

2= 3-WDEM D> M-2N=-5 O solve. kwo
eguatkions
5 ®

3=2-4x-3u > Bm+bA foc X and .
==l «Sh+hu = 4 +SN=6 @

Find the value of X and M from bwo eguobions:
Z@: 2}& - 4’)\= -\0
+@: _3mrur=S
SM:-S

M=-1 sub e @i (-N-2A=-5
A=2

Check bo see i X and m Sakisfy Ehe thd  equakion:

4(-)+5(2) =-4%+10 =b [
| |

The point D les on-the plane.
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Equation of a Plane in Cartesian Form
How dol find the vector equation of a plane in cartesian form?

e Thecartesianequation of a planeis givenin the form

o ax+by+cz=d

o Thisis giveninthe formulabooklet
Anormal vector to the plane can be used along with a known point on the plane to find the
cartesian equation of the plane

o Thenormalvectorwillbe avectorthatis perpendicular to the plane

The scalar product of the normal vector and any direction vector on the plane will the zero
o Thetwo vectors willbe perpendicularto each other
o Thedirectionvector from a fixed-point Ato any point on the plane, R can be written as
r-a
o Thenne(r-a)=0anditfollowsthat(ner)-(nea)=0

This gives the equation of a plane using the normal vector:
o ner=aen
Whereris the position vector of any point on the plane
ais the positionvector of a known point on the plane
nis avectorthatis normal to the plane
o Thisis giveninthe formulabooklet
X

Ifthevectorris givenintheform| ¥ [andaandnare both known vectors giveninthe form
z)

4 m

4, |and| 2, |thenthe Cartesian equation of the plane canbe foundusing:

4y a,

r= + +
omr=nxtny+nz

o ‘n= + +
a-n 31111 32112 331]3

+ + = + +
o Thereforen x+n,y n,z=an +a,n,+an,

o This simplifies totheform ax + by + cz=d

How dol find the equation of a plane in Cartesian form given the vector
form?

¢ The Cartesian equation of a plane can be found if you know
o thenormal vectorand
o apointontheplane
¢ Thevector equation of a plane can be used to find the normal vector by finding the vector
product of the two direction vectors
o Avectorproductis always perpendicularto the two vectors from whichitwas
calculated
e Thevectoragiveninthevectorequation of a planeis aknown point on the plane
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o Onceyou have found the normalvector then the pointa canbeusedintheformulaner
=a e ntofindtheequationin Cartesian form

o Tofindax+by+cz=dgivenr=a+Ab+ uc:

a
o Letn=|b |=bXcthend=n-a
c

(’) Exam Tip

w
¢ Inanexam, usingwhicheverform of the equation of the plane to write down a

normal vectorto the planeis always a good starting point

*) Worked Example
[

3
AplaneIl contains the point A(2, 6, —3) and has a normalvector| —1
4

a)
Find the equation of the planeinits Cartesianform.

The components of the . nocmal vector are the =-,
Y- ond  2- coefficients of te Cortesion focon:

3 -5 +4z2 =d
The point (2,6,-3) %5 on the plone so
d=3(2)-(6)+4(-3) =6b-b-12 =-12

Therefore

Ax —3+4—7_ =-|2

b)
Determine whether point B with coordinates (=1,0,-2)liesonthesame plane.

Test b:j putting the coordirekes into  the egprokion:
360-©)+4(-2) =-3-8 =-ll#£-12

The point with coordinokes (-1,0,2)
does not Lie on the plone

166 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

FBa

EXAM PAPERS PRACTICE

3.11.2 Intersections of Lines & Planes

Intersection of Line & Plane
How dol tellifalineis parallel to a plane?

e Alineis parallelto a planeifits direction vectoris perpendicular to the plane’s normal
vector
 Ifyouknow the Cartesian equation of the plane in the form ax + by + cz= d then the values
of a, b, and c are the individual components of a normal vectorto the plane
e Thescalar product can be usedto checkin the direction vectorandthenormalvectorare
perpendicular
o Iftwovectors are perpendicular their scalar product will be zero

How dol tellif thelineliesinside the plane?

¢ Ifthelineis parallelto the plane then it will eitherneverintersect orit willlieinside the plane
o Checktoseeifthey haveacommon point
e |falineis parallelto a plane andthey share any point, then thelinelies inside the plane

How do| find the point of intersection of aline and a plane?

e Ifalineis not parallel to a planeitwillintersectitata single point

+ |fboththe vector equation of the line and the Cartesian equation of the planeis known
then this can be found by:

e STEP 1. Set the position vector of the pointyou are looking forto have the individual
components x, y, andzand substituteinto the vector equation of theline

X
X 0 1
o = +A
Yo m
z n
2y

e STEP 2:Findthe parametric equationsinterms of x, y, and z
° x=x,* A

° y=y,t Am

o z=z + An

0
e STEP 3:Substitute these parametric equations into the Cartesian equation of the plane and
solvetofind
o a(x,+ Al)+ b(y0 + Am)+ c(zo+ An)=d

o STEP 4: Substitute this value of A backinto the vectorequation of the lineand useit to find
the position vector of the point of intersection

o STEP 5:Checkthis valuein the Cartesian equation of the plane to make sure you have the
correctanswer
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*> Worked Example

1 2

Findthe point of intersection of theliner = | =3 |+ A —1 |withtheplane

2 -1

3x—4y+z=8.

Find the paramelac focon of the eq/uabion of the Une:
Lel:r=°°=_‘ A_Z then x = | +2x
<%> <%> <-I g =-3- 2
Z -
Swastitute  inko  the equotion. of the plane:

30+ 20 -4(-3-A) + (2 -N=128

Solve to find X:
3+bL+1L+4A+2-N =%

1
IS
>

Ao=-l
Substituke =-1 jako the veckor ervmkfon of the Llae:

" (5)e0f) - (e 1 (2)

(-I; -2, 3)
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Intersection of Planes
How do we find the line of intersection of two planes?

e Twoplanes will either be parallel or they willintersect along aline
o Considerthe pointwhere a wallmeets a floorora ceiling
o You willneed to find the equation of theline of intersection
e |Ifyouhavethe Cartesian forms of the two planes then the equation of the line of
intersection can be found by solving the two equations simultaneously
o Asthesolutionis a vectorequation of alineratherthan a unique point you will see
below how the equation of theline can be found by part solving the equations
o Forexample:
2x—y+3z=7 m
x—=3y+4z=11 (2)
e STEP 1. Choose onevariable and substitute this variable for A in both equations
o Forexample, lettingx=1gives:
2h—y+3z=7 M
A=3y+4z=11 (2)
e STEP 2:Rearrange the two equations to bringA to one side
o Equations (1) and(2) become
y=3z=241 -7 m
3y—4z=1-11 (2)
e STEP 3: Solve the equations simultaneously to find the two variables in terms of &
o 3(1)-(2)Gives

z=2-1
o Substituting thisinto (1) gives
y=-1—-4
e STEP 4: Write the three parametric equations forx, y, andzin terms of Aand convertinto the
. . x %o 1
vectorequation of alinein the form = +2
y Yo m
z 2 n

o The parametric equations

x=1
y=—-1-2
z=2-2

o Become
x\_ 0 ‘5 1
y -1 -1
z 2 -1

e Ifyouhave fractions inyourdirection vectoryou can changeits magnitude by multiplying
each one by theircommon denominator
o The magnitude of the direction vector can be changed without changing the equation
ofaline
¢ Analternative methodis to find two points on both planes by setting eitherx, y, orzto zero
and solving the system of equations using your GDC orrow reduction
o Repeat this twice to get two points on both planes
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o Thesetwo points can then be usedto findthe vectorequation of the line between
them

o This willbe theline of intersection of the planes

o This methodrelies on theline of intersection having points where the chosen variables
are equalto zero

How do we find the relationship between three planes?

e Threeplanes could eitherbe parallel, intersect at one point, orintersect alongaline
« Ifthethree planes have a unique point of intersection this point can be found by using your
GDC (orrow reduction) to solve the three equations in their Cartesian form
o Make sureyou know how touse your GDC to solve a system of linear equations
o Enterallthree equationsin forthe threevariables x, y, and z
o Your GDC will give you the unique solution which will be the coordinates of the point of
intersection
e |fthethreeplanes donotintersectataunique pointyou willnot be able touseyour GDC to
solve the equations
o |fthereareno solutions to the system of Cartesian equations then thereis no unique
point of intersection
e |fthethreeplanes are all parallel theirnormal vectors willbe parallel to each other
o Show thatthe normalvectors allhave equivalent direction vectors
o Thesedirection vectors may be scalar multiples of each other
o |fthethree planes have no point of intersection and are not all parallel they may have a
relationshipsuch as:
o Eachplaneintersects two otherplanes such that they form a prism (none are parallel)
o Two planes are parallel with the third plane intersecting each of them
o Checkthenormalvectors to seeif anytwo of the planes are parallel to decide which
relationship they have
 Ifthethreeplanesintersectalongalinetherewillnotbe a unique solution to the three
equations but there will be a vector equation of aline that will satisfy the three equations
e Thesystem of equations willneed to be solved by elimination orrow reduction
o Chooseonevariable to substitute fori
o Solvetwo of the equations simultaneously to find the othertwo variables in terms of A
o Writex, y, andzin terms of A in the parametric form of the equation of thelineand
convertinto the vectorform of the equation of aline
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3 PARALLEL PLANES 2 PARALLEL PLANES

\ {

3 NORMALS ARE 2 NORMALS ARE
PARALLEL PARALLEL
NO POINT OF 2 LINES OF

INTERSECTION INTERSECTION

NO PARALLEL PLANES

A UNIQUE POINT ‘ ’ ONE LINE OF ‘ EACH PLANE

OF INTERSECTION INTERSECTION INTERSECTS
WITH TWO
OTHERS

(’) Exam Tip
* ¢ Inanexamyou may need to decide therelationship between three planes by
using row reduction to determine the number of solutions
o Make sure you are confident using row reduction to solve systems of linear
equations
o Make sure you remember the different forms three planes can take

171 of 181 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

172 of 181

FB

EXAM PAPERS PRACTICE

*> Worked Example

Two planes 171 and H2 are defined by the equations:
Hl: 3x+4y+2z=7

I, x—2y+3z=5

Findthe vectorequation of the line of intersection of the two planes.

STEP | : L;‘z=)u, then  Bx « by +2x=7F

You Con substitube any varioble T 2Y +3N=5
nere, Lok ok the equokions ko
see which (S easiest.

STEP 2:®: 3%+ 4y = Z-2x Write the bwo

O)
@

ec\}wt}ons as

simulkoneous equalions Lor
@: = -2y = 5-3M the o remaining  constants.

STep 3¢ find 2 and y in tecoms of A-

D-2@: (3x«by=7-22)
+ (2 -4y =10-62)

Sx =7 -8
o =E_8_A
S S
sub inkte @ %_8—?—25 +3N=5
7N R
3= "o

[E<
|
S

STEP 4 x=? 5 = % "%
LA _ & I )2t [+ a) 2

S =~ : 16 '\
|

=2 The cComponents of the
diceckion veckor Con
be mulsiplied \ca o
scallor wikhout

1%, 16 chhanaging the dive chon .
3 NIt
r = [_4 7
|+ A
0 10
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3.11.3 Angles Between Lines & Planes

Angle BetweenLine & Plane
How dol find the angle between aline and a plane?

« Whenyou findthe angle between aline and a plane you will be finding the angle between
thelineitself andtheline on the plane that creates the smallest angle with it
o This means theline on the plane directly undertheline asitjoins the plane
e |tis easiest to think of these two lines making a right-triangle with the normal vector to the
plane
o Thelinejoining the plane willbe the hypotenuse
o Theline onthe plane willbe adjacent to the angle
o Thenormalwillthe oppositethe angle
¢ Asyoudonotknowtheangle of theline onthe planeyou caninstead findtheangle
between the normal and the hypotenuse
o Thisis the angle opposite the angle youwant to find
o This angle canbe found because you willknow the direction vector of the line joining
the plane andthe normalvectorto the plane
o This angleis also equalto the angle made by theline at the pointitjoins the plane and
the normalvectorat this point
¢ Thesmallestangle between theline and the plane willbe 90° minus the angle between the

normalvectorandtheline

. L ™ . .
o Inradians this willbe ) minus the angle between the normalvectorandtheline

LINE INTERSECTING
THE PLANE l
NORMAL /
VECTOR NORMAL

n A VECTOR

A 4

Py
DIRECTION VECTOR
OF THIS LINE 1S
UNKNOWN

SMALLEST ANGLE
BETWEEN L AND
THE PLANE
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(") Exam Tip
-

 Rememberthatif the scalar productis negative youranswer will resultin an
obtuseangle

o Takingthe absolute value of the scalar product willensure that you get the
acuteangle as youranswer

*9 Worked Example
[ J

Findthe angleinradians between theline L with vector equation
-=(2-21)i+ (A +1)j+ (1 - 21) kandthe plane IT with Cartesian equation
x—-3y+2z=5.

Rewrite line equakion in standard  veckor focen:

(- ()

R_ direction vector of the line
Find the normol vector of the plane:

o — 33 +2z =5 = normol veckor =<_3>
—

Components of the 2
normall veckor

Find the anj\e between the direckion vector and the
normol vector, & :

Angle between two cos@= AVt V2 Ws T VW
vectors | v ” w |

@) : <‘§> ) |00 +0)(D)+ (-2)R)|
JED 0T (D x| 1t 4Dt 2? JoJur

Cosok =

Il

—cos™ &

<[ 181\ Using the olosolube volue
ib S\L,, ensures we find the acute o«\s\e.

- CosS

D
I
iR R

0=1.06 radians (3s.f)
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Angle BetweenTwo Planes
How do we find the angle between two planes?

¢ Theangle between two planesis equal to the angle between theirnormal vectors
o |tcanbefoundusingthe scalar product of theirnormalvectors
¢ |ftwo planes IT;andIl, with normalvectors njand nymeetat an angle then the two planes
andthe two normalvectors will form a quadrilateral
o Theangles between the planes and the normal willboth be 90°
o Theanglebetween thetwo planes and the angle oppositeit (between the two normal
vectors) willaddup to180°

ANGLE BETWEEN THE
TWO NORMAL VECTORS

/

ANGLE BETWEEN THE
kﬁ\(w TWO PLANES

(’) Exam Tip
* e Inyourexamreadthe question carefully to seeif you need to find the acute or
obtuseangle
o Whenrevising, getinto the practice of double checking atthe end of a
question whetheryourangleis acute orobtuse and whether this fits the
question
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*> Worked Example

Findthe acute angle between the two planes which can be defined by equations
I: 2x=y+3z= TandIl,: x+2y—-z=20.

Find the normol vectors of eoch of the planes:

2
s 22 -y +3=z =+ = normal veckor, n, =<|>
3

- I
[y: oc+ 1& -Z =20 = normal veckor, N = <’Z>
-

Find the an\zj\e between the +we normol veckors:

Angle between two cos @ = AVt VaWs TV
vectors |v H w‘
cosB = Mot o |2 +-NR) +@D] g = -3
Il lng

I Core s x[Px2r 400 ) J1&x]Jé

Usina the olbsolute volue
ensures we find the acute oms\e_.

o - COS-l 3
(@

0 = 1.24 rodians (u.c.)!
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3.11.4 Shortest Distances with Planes

Shortest Distance Between aLine and aPlane

How dol find the shortest distance between a given pointonalineand a
plane?

e Theshortestdistance from any pointon aline to a plane will always be the perpendicular
distance from the point to the plane
» Givena point, P, on theline /with equation r= a+ Ab and a plane I1 with equationr'n=d
o STEP 1. Find the vectorequation of the line perpendicular to the plane that goes
through the point, P,on /
This willhave the position vector of the point, P, and the direction vectorn
o STEP 2:Find the coordinates of the point of intersection of this new line with I1 by
substituting the equation of the lineinto the equation of the plane
o STEP 3:Find the distance between the given point on the line and the point of
intersection
This willbe the shortest distance from the plane to the point
¢ Aquestion may provide the acute angle between thelineand the plane
o Useright-angled trigonometry to find the perpendicular distance between the point
onthelineandtheplane
Drawinga cleardiagram willhelp

SHORTEST
DISTANCE

} INTERSECTION
OF JT AND L

How do| find the shortest distance between a plane and aline parallel to
the plane?

¢ Theshortestdistance between alineanda plane that are parallelto each otherwill be the
perpendicular distance fromtheline to the plane
 Givenaline /, withequationr=a+ Ab andaplane IT parallel to I, withequationr-n=d

o Wherenis the normal vector to the plane
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o STEP1:Findthe equation of theline I, perpendicularto /, and IT going through the

pointaintheformr=a+un
o STEP2:Findthe point of intersection of theline I, and IT

o STEP 3:Findthe distance between the point of intersection and the point,

SHORTEST
DISTANCE

@ ExamTip

w
* \ectorplanes questions can be tricky to visualise, read the question carefully

and sketch a very simple diagram to help you get started
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7 Worked Example

179 of 181

2
Theplane IThas equationrt- | —1 |=6.
1
2 1
Theline L has equationr=| 3 [+s] — 2
1 4

ThepointP (-2, 11, —15) liesontheline L.

Find the shortest distance between the point P and the plane IT.

L
<

Shortest distance

point of intersection
of Line L, with 7

STEP I: Use the given point, P ondthe known_normol. to the plone, n
to write on eguotion for the line perpendicular o TT, La.

r=/-2 s )\ 2
I} =1
-5, |
p— ~—n
STEP 2: Find the point of finterseckion, B, of the new Uae, Lo, with T

(8 @R

2(-2+22)-(11-2)+(A-15) =6
“4 +42-1l+A + A-15 =6
62 -30 =6

STEP 3: Find the distonce between P and Q.

P81 = J(10--2" + (5 1) + (-9 —-15)° = 6JF units

SMortest distance = €€ units
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Shortest Distance Between Two Planes
How do| find the shortest distance between two parallel planes?

e Two parallel planes willneverintersect

e Theshortestdistance between two parallel planes will be the perpendicular distance
between them

¢ Givenaplane I, with equationr-n=dandaplane I, withequationr=a+Ab+ ucthen

the shortest distance between them can be found
o STEP1: The equation of the line perpendicular to both planes and through the pointa
canbewrittenintheformr=a+sn
o STEP 2: Substitute the equation of thelineinto r-n = dto find the coordinates of the
pointwhere theline meets I,

o STEP 3:Find the distance between the two points of intersection of the line with the
twoplanes

How dol find the shortest distance from a given point on a plane to
another plane?

¢ Theshortestdistance from any point, Pon a plane, 1, .to anotherplane, T, willbe the
perpendicular distance from the point to H2
o STEP1:Usethe given coordinates of the point P.on I, andthe normalto the plane I,
to find the vector equation of the line through P thatis perpendicularto I1,
o STEP 2:Find the point of intersection of this line with the plane 11,

o STEP 3:Find the distance between the two points of intersection

(’) ExamTip
w
e Therearealot of steps when answering these questions so set your methods
out clearlyin the exam
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7 Worked Example
°

Considerthe parallel planes defined by the equations:

3
I o1 =5 | =44
2
0 2 1
I:r=|0|+2f 0 |+ gl
3 -3 1

Findthe shortest distance between the two planes 171 and H2 .

Find tne eguobion of the Lline perpendicular to the planes
t\r\roush the Po‘mk. (0,0,S)

PT o —
D))

-8 > of T,
ition vedor
?°50€ T i

Substibute. the etv.aod;{on of Lnto bine e%uut\'on of T:

3s 3
-ss |"(-8|= 4%
3+72s 2

3(3s) - 5(-59) +2(3+28) = 44
38s+ 6 = 44

s =1
Substibube. S =1 bock into the eguation of L:

RONORE

Find the distonce between <0,0, 3> ond (3,-5, 5)

[T s 5o3F
J38

o
(]

Shortest distance = Y38 units
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