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2.1 Quadratic Functions & Graphs

2.1.1 Quadratic Fuctions

Quadratic Functions & Graphs
What are the key features of quadratic graphs?

« Aquadratic graph can be written in the form y = ax2 + bx + cwhere a# 0
¢ Thevalue of a affects the shape of the curve
o Ifais positive the shapeis concaveup u
o If ais negative the shapeis concavedownn
e They-interceptis atthe point (O, c)
o Thezeros orroots arethe solutionsto ax? + bx + ¢=0
o Thesecanbe foundby
= Factorising
= Quadratic formula
= UsingyourGDC
o Thesearealso calledthe x-intercepts
o TherecanbeO,1or2x-intercepts
= Thisis determined by the value of the discriminant
b
2a
o Thisis giveninyourformulabooklet
o Ifthere are two x-intercepts then the axis of symmetry goes through the midpoint of
them
e Thevertexlies on the axis of symmetry
o Itcanbefoundby completingthe square

e Thereis anaxis of symmetryatx = —

b
o Thex-coordinateis x = —
2a
. . _ b
o They-coordinate can be foundusingthe GDC orby calculatingywhen x = — o

o Ifais positive then the vertexis the minimum point
o Ifais negative then the vertexis the maximum point

° MAXIMUM POINT
[9) X 9] X
a>0 a<0
MINIMUM POINT @

POSITIVE QUADRATIC NEGATIVE QUADRATIC

<
<
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, x—AXIS INTERCEPTS

JE
N

° y—AXIS INTERCEPT
TURNING POINT e

What are the equations of a quadratic function?

o flx)=ax2+bx+c
o Thisis the general form
o ltclearly shows the y-intercept (O, c)

b
o You canfindthe axis of symmetry by x = — 22
= Thisis giveninthe formula booklet
« flx)=alx-p)x-q)
o Thisis the factorised form
o ltclearly shows theroots (p, 0) &(q, O)
+
o You can find the axis of symmetry by x = 2q

o fx)=alx—h)2+k
o Thisisthevertexform
o ltclearly shows thevertex (h, k)
o Theaxis of symmetryis therefore x = h
o ltclearly shows how the function can be transformed from the graph y = x2
= \ertical stretch by scalefactora

h
= Translation byvector( \
\k)

How do | find an equation of a quadratic?

e Ifyouhavetherootsx=pandx=q...
o Writein factorised form y = a(X —p)(x - q)
o You willneed a third point to findthe value of a
e Ifyouhavethevertex(h,k)then...
o Writeinvertexform y=a(x — h)2 + k
o Youwillneed asecondpointtofindthevalueofa
¢ |fyou have threerandom points (xj, y7), (X2, y2) & (x3, y3) then...
o Writein the general form y = ax2 + bx + ¢
o Substitute the three points into the equation
o Formandsolve a system of three linearequations to findthevalues ofa,b&c

4 of 135 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

=

EXAM PAPERS PRACTICE

(’) ExamTip

' e UseyourGDC tofindtheroots and the turning point of a quadratic function
o Youdonotneedto factorise orcomplete the square
o Itis goodexam technique to sketch the graph fromyour GDC as part of
yourworking
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‘) Worked Example
°
The diagram below shows the graph of y = f(x) where f(X) is a quadratic
function.

Theintercept with the y-axis and the vertex have been labelled.

-1,8”
0,6)

Write down an expression for y = f(X)
We have thel vertek, [50]= e tj=a(x'h)t+ K
Vectex (-1,3) 5=a(x -(‘l))1 +d
y=a (x+1) +8

Subs’ri’ru{e the second poir\f
_)(_—.O’%:()-' ():Q(OH)1 + 3

b:a +b
a=-2
%-_ 'l(X*‘)L +8
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2.1.2 Factorising & Completing the Square

Factorising Quadratics
Why is factorising quadratics useful?

e Factorising gives roots (zeroes or solutions) of a quadratic
¢ |tgives the x-intercepts when drawing the graph

How do | factorise a monic quadratic of the form x? + bx + ¢?

« Amonic quadratic is a quadratic where the coefficient of the x2 termis 1
¢ You mightbe able to spotthe factors by inspection
o Especiallyif cis aprime number
e Otherwise findtwonumbers mandn ..
o Asumequaltob
=ptqg=b
o Aproductequaltoc
"= pg=c
¢ Rewrite bxas mx+nx
e Usethistofactorisex
e Ashortcutis towrite:
o (x+p)x+q)

2 - mx+nx+c

How do | factorise a non-monic quadratic of the form ax2 + bx + ¢?

« Anon-monic quadratic is a quadratic where the coefficient of the x2termis not equalto 1
e Ifa, b& chaveacommon factorthen first factorise that out toleave a quadratic with
coefficients thathave nocommon factors
¢ You might be ableto spot the factors by inspection
o Especiallyif aand/orc are prime numbers
e Otherwise findtwonumbers mandn ..
o Asumequaltob
= m+n=b
o Aproductequaltoac
= mn=ac
e Rewrite bxas mx+nx
« Usethis tofactorise ax?+mx+nx+c
e Ashortcutis towrite:
(ax + m)(ax + n)
° a
o Thenfactorise common factors from numeratorto cancel with the a on the
denominator

How dol use the difference of two squares to factorise a quadratic of the
form a%x? - ¢2?
¢ Thedifference of two squares canbeusedwhen...
o Thereisnoxterm
o Theconstant termis anegative
 Squarerootthetwo terms a2x2 and ¢2
¢ Thetwofactors are the sum of squareroots and the difference of the squareroots
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e Ashortcutis to write:
o (ax+c)(ax—c)

@ ExamTip

' e You can deduce the factors of a quadratic function by using your GDC to find

the solutions of a quadratic equation
o Usingyour GDC, the quadratic equation has solutions

and

o Therefore the factors would be and
o j.e.
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) Worked Example
[

Factorise fully:

a)
x2=Tx+12.
Find two numbes m and n such that
m+n=bs "} mn=c =L
L3t L3R
Spli‘r -}x up and factorie Shorteut
Xt -bax -3x +12 (XHYMJLM)
x (-6 =3 (x-t) (x-3)(x-t)
(2-3)ax-t)
b)
4x2+4x—15.
Find two numbes m and n suchethat
mea=b: b mn =ac= 4x=152-60
10 +76= & 10x6 = 6D
Sp\i‘r Lt X up ano\ Fac‘}orise S}SOrﬂu'l'
b + 10 ~6x -15 (o +m)(ax 1)
2x(2x +5) -3(2x+5) (umz)(ux-e)
(2 -3)(2x+5) 2(2+5) X(2x-2)
K
(21 - 3)(20+5)
c)
18 —50x2.
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Factorie the  ommon faclor
2(9-254%)
Use dinrence of Hwo Squares

2(3-5x)(3 +5x)
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Completing the Square
Why is completing the square for quadratics useful?

¢ Completing the square gives the maximum/minimum of a quadratic function
o This canbeusedto define therange of the function

* |tgives thevertexwhen drawing the graph

e |tcanbeusedto solve quadratic equations

¢ |tcanbeusedtoderive the quadratic formula

How do | complete the square for a monic quadratic of the form x2 + bx +
c?

b\2
o Halfthevalueofbandwrite(X+ 2)

b 2
o Thisisbecauselx+—| =x2+ bx+ 4

2
b2
e Subtracttheunwanted 4 termandadd ontheconstantc
( b \2 b2
+-_ = +
S\ T2) a7

How do | complete the square for a non-monic quadratic of the form ax?
+bx+c?

¢ Factorise out the a from the terms involving x
(24 )
o alx?+ x|+x
\oa)
o Leavingthe c alone willavoid working with lots of fractions

¢ Complete the square onthe quadratic term

b (x+ 2V
o Half 4 andwrite | x +

\ 2a)
( b \2 b2
= Thisisbecause|lx+—1| =x?2+ x+
" 2a) a  4a’
b2
o Subtract theunwanted ) term
4

e Multiply by aandadd the constantc
(xe 2} - 2]
o gllx+— +c

I\" 2a) _4aZJ
( +—b c_ b +
A T 2a) T4a” €
(’) Exam Tip

w
e Some questions may notuse the phrase "completing the square" so ensureyou

canrecognise a quadratic expression or equation written in this form

o
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*> Worked Example

°®
Completethe square:

a)
x2—8x+3.
Haf b and subtrad s square
(x— '+)L -4t +3
(x -4) -1}
b)
3x2+12x-5.
Foctorise the 3 from the x termg
3(11 rlex) -5

(t)mplefe H\e square o xtrbex

3((nar-2) -5

Simplift}

3((:02.)7‘- Lr) y
3(x+ Z)l -2 -5
3 )T -11
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2.1.3 Solving Quadratics

Solving Quadratic Equations
How dol decide the best method to solve a quadratic equation?

» Aquadratic equationis of theform ax2 + bx + ¢=0
e Ifitis acalculatorpaperthenuseyour GDC to solve the quadratic
¢ Ifitisanon-calculatorpaperthen...

o youcan always use the quadratic formula

o you can factoriseif it can be factorised with integers

o you can always complete the square

How dol solve a quadratic equation by the quadratic formula?

* Ifnecessaryrewritein theform ax2 + bx+c=0

e Clearlyidentify thevaluesofa,b&c

e Substitute thevaluesinto the formula
-bt./b>—4ac

a 2a

= Thisis givenin the formula booklet

e Simplify the solutions as much as possible

o X

How do | solve a quadratic equation by factorising?

« Factorise to rewrite the quadratic equationin the form a(x —p)(x - q) =0
e Seteachfactortozeroandsolve

o x—p=0=>x=p

o x—q=0=x=q

How dol solve a quadratic equation by completing the square?

« Complete the square to rewrite the quadratic equationin the form a(x — h)2 + k=0
e Getthesquaredtermbyitself

k
o (x=h)2=—
(x—h) )

If (— \ is negative then there will be no solutions

\ a)

If (— 4 ) is positive then there will be two values for x — h

/ k
o x—h=4%*,/-
a

e Solveforx
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(’) Exam Tip
' e When using the quadratic formula with awkward values or fractions you may
findit easierto deal with the " " (discriminant) first

o This can help avoid numerical and negative errors, improving accuracy
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> Worked Example

Solve the equations:

a)
4x2+4x-15=0.

This on be Fac‘roriaed
(2x +5)(2x -3)=D
2x+5=0 or 2.1‘3 2 0

X ‘% or Xx= %
b)
3x2+12x—-5=0.
This (an not be {Lac‘ror‘-.sed but 3a gnd 12x have a ommon
factor so (omplete the square
3(301)1 -3 =0
(x+2)" = L2 ) Rearrange
3
x+ 2 = 1“3(\ Remember
- 13
x: Al
c)
7-3x-5x2=0.

“\‘ls can nof Le Fac‘ror’-sed S0 use ﬁrmula

Solutions of a quadratic
equation

Formula booklet

a:-9 b:-3 (-}
-(3) + J(-3) -4 (5B

2(-5)

3t J9+140

-10

_3:{4a
- 10

"
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2.1.4 Quadratic Inequalities

Quadratic Inequalities

What affects the inequality sign whenrearranging a quadratic
inequality?
¢ Theinequality signis unchanged by...
o Adding/subtracting a term to both sides
o Multiplying/dividing both sides by a positive term
¢ Theinequality sign flips (<changes to >) when...
o Multiplying/dividing both sides by a negative term

How dol solve a quadratic inequality?

¢ STEP1: Rearrange the inequality into quadratic form with a positive squared term
o ax?+bx+c>0
o ax’+bx+c=0
o ax?+bx+c<0
o ax’+bx+cs0

¢ STEP 2: Findtheroots of the quadratic equation
o Solveax? +bx+c =0 to getx;andxs wherexj <xz

¢ STEP 3: Sketch a graph of the quadratic andlabel the roots
o Asthesquaredtermis positive it willbe concave up so "U" shaped

e STEP 4:Identify theregionthat satisfies theinequality
o Ifyouwantthe graph to be above the x-axis then choose theregion to be the two

intervals outside of the tworoots
o Ifyouwantthe graph to be below the x-axis then choose the region to be theinterval
between thetworoots
o Forax?+bx+c>0
= Thesolutionis x < xjorx> xo
o Forax?+bx+cz0
= Thesolutionis xs xjorxzxz
o Forax?+bx+c<0
= Thesolutionis x;<x <X,
Forax?+bx+c=0
= Thesolutionisx;sx<x,

(e}

How do | solve a quadratic inequality of the form (x - h)2<nor (x - h)2>n?
¢ Thesafestwayis by following the steps above
o Expandandrearrange
« Acommonmistakeiswritingx—h< +\/norx—h> +./n
o Thisis NOT correct!
o Thecorrectsolutionto (x-h)2<nis

o |x=h|<+/n whichcanbewrittenas =y/n <x—h<./n
o Thefinalsolutionish—+/n <x<h+./n
e Thecorrectsolutionto (x-h)2>nis
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o |x—h|>./n whichcanbewrittenas x—h< —/norx—h>./n
° Theﬁnalsolutionisx<b—\/Horx>h+\/;

(") Exam Tip
* e ltis easiesttosketchthe graph of a quadraticwhenithas a positive  term, so
rearrange first if necessary

e UseyourGDC to helpselect the correctregion(s) for the inequality

e Somemakes/models of GDC may have the ability to solve inequalities directly
o Howeverunconventional notation may be usedto display the answer (e.g.

ratherthan )

o Thesafest methodis to always sketch the graph

*9 Worked Example
°
Findthe set of values which satisfy 3x2 +2x— 6> x2 +4x — 2.

Stee |+ Rearrange /—\
(311 +2x~6) “(x"ﬂrx-l) >0 ™\ This way

224 b 50 gves a>0
Xt -x-2 > OA>D'N'|de 53 fachr of 2
Stee 2 Fnd the rodts

xH-x-2 =0
(x =2)(x+1)=0
x=2 or x=-|

STEP 3: 3 ketch

Srep &: HEI\‘}Q(& resior\

A/

S

x<-\ or a>2
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2.1.5 Discriminants

Discriminants
What is the discriminant of a quadratic function?

e Thediscriminant of a quadraticis denoted by the Greek letter A (upper case delta)
e Forthe quadratic function the discriminantis given by
o A=b>-4ac
This is givenin the formula booklet
e Thediscriminantis the expression thatis squarerootedin the quadratic formula

How does the discriminant of a quadratic function affectits graph and
roots?

e IfA>0theny/ b2 —4ac and —/ b2 —4ac aretwo distinct values
o Theequation ax? + bx + ¢ =0 has two distinct real solutions
o Thegraphof y= ax?+ bx + c has two distinct real roots
This means the graph crosses the x-axis twice

o IfA=0theny/ b2 —4ac and —\/ b2 —4ac arebothzero
o Theequation ax? + bx + ¢=0has onerepeated real solution
o Thegraphof y=ax2+ bx + chas onerepeated real root
This means the graph touches the x-axis at exactly one point
This means that the x-axis is a tangent to the graph

e IfA<Otheny/ b? —4ac and —\/ b?> —4ac arebothundefined

o Theequation ax? + bx + ¢=0has noreal solutions
o Thegraphof y = ax2+ bx + chas noreal roots
This means the graph nevertouches the x-axis
This means that graph is wholly above (or below) the x-axis
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IF 6—4ac >0 IF B—-4ac =0

\ |/

TWO DISTINCT
REAL ROOTS

, ONE REAL ROOT
(REPEATED ROOTS)

IF B-4ac <0

<

NO REAL ROOTS

Forming equations and inequalities using the discriminant

¢ Often atleast one of the coefficients of a quadratic is unknown
o Questions usually use the letterk forthe unknown constant
¢ Youwillbe given afactaboutthe quadratic such as:
o The number of solutions of the equation
o The number of roots of the graph
¢ Tofindthe value orrange of values of k
o Findan expression for the discriminant
= UseA=b2—-4ac
o DecidewhetherA>0,A=0o0rA<0O
= |fthe question says there arereal roots but does not specify how many thenuse A
=0
o Solvetheresultingequation orinequality

(") Exam Tip
' e Questions willrarely use the word discriminant soitis important to recognise
when its useis required
o Lookfor
= anumberof roots orsolutions being stated
= whetherand/orhow often the graph of a quadratic function
intercepts the -axis
e Becareful settingupinequalities that concern "two realroots" ( )as
opposedto "tworealdistinct roots" ( )
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) Worked Example

°
Afunctionis givenby f(x)=2kx? + kx — k +2 ,where k is a constant. The graph of
y= f(x) has two distinctrealroots.

a)
Showthat9k? — 16k >0.

Two distnd real rots = A >0

Formul a book.e'\' |Discriminont | A—b’ —dac

a: 2%k b=k c=(-k+2)

A = k- b (26)(-k+2)
=k 48k - lbk
= qk* -6k

A)O =) qkl—l6k>o

b)

Hence find the set of possible values of k.
Solve ‘H”te ‘mequah’rj
k- lbk=0

k(dk-Ib) =0 >§\ /[>°

k=0 or k= %’ 0\/%

\
k<D o k>
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2.2 Linear Functions & Graphs

2.2.1 Equations of a Straight Line

Equations of a Straight Line
How dol find the gradient of a straight line?

¢ Findtwo points that theline passes through with coordinates (x;, y;) and (xo, y»)
¢ The gradient between these two pointsis calculated by
™n

XX

m

o Thisis givenin the formula booklet
¢ The gradient of a straightline measuresiits slope
o Alinewith gradient Twillgo up Tunit forevery unitit goes to the right
o Aline with gradient -2 will go down two units forevery unit it goes to theright

What are the equations of a straight line?
e y=mx+c
o Thisis the gradient-intercept form
o ltclearly shows the gradient mandthe y-intercept (O, )
© Yy = m(x-x)
o Thisis the point-gradient form
o |tclearly shows the gradient manda point on theline (xj, y;)
e ax+by+d=0
o Thisis the general form
d d
o You can quickly get the x-intercept (— 2’ O) andy-intercept (O, - b)
How dol find an equation of a straight line?
¢ You willneedthe gradient
o Ifyouaregiven two points then first find the gradient
e |tis easiesttostart with the point-gradient form
o thenrearrangeintowhateverformis required

= multiplying both sides by any denominators will get rid of fractions
¢ You cancheckyouranswer by usingyour GDC

o Graphyouranswerand check it goes through the point(s)

o |fyouhavetwo points thenyou can enterthesein the statistics mode and find the
regressionline y=ax+b
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(') ExamTip
' e Asketch of the graph of the straightline(s) can be helpful, evenif not demanded
by the question

o UseyourGDC to plotthem
e Ensureyou state equations of straight lines in the format required
o Usually or
o Checkwhether coefficients need to beintegers (they usually are for

)

) Worked Example
° Theline I passes through the points (=2,5)and(6, = 7).

Findthe equation of I, givingyouranswerintheform ax + by + d=0where a, b
and careintegers to be found.

Find the graaien’f between (-3,5) and (b,-1)

Formulq booldef

"} -5

ms —— =- Gradient formula m . Bnbil

3
b -1 2 )

Use the point ~3mdien+ formula

Equations of a straight y=y=m(x-x)

Formu|q bookle"' line
foy) < (2,8)  me- ;2

A(y -8) = '3(x+1) ) M““'Plb Bﬂ denominator
2y -10 = -3x -6 Expand

33(.‘\'23“'\' =0 > Rearmn%e
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Parallel Lines
How are the equations of parallel lines connected?

e Parallellines are always equidistant meaning they neverintersect
e Parallellines have the same gradient
o Ifthe gradient of line his myand gradient of line l,is mythen...

= m =m, = l1 & 12 are parallel

. 11 & ]2 are parallel = m, =m,

¢ Todetermineif twolines are parallel:
o Rearrangeinto the gradient-interceptform y=mx + ¢
o Compare the coefficients of x
o Ifthey areequalthenthelines are parallel

y y=m4x+c
y:m2x+ C
/ 0 X
m,=m,
PARALLEL LINES
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*> Worked Example

Theline I passes through the point (4, - 1) andis parallel to the line with equation
2x—-5y=3.

Find the equation of I, givingyouranswerinthe form y=mx+ c.

Reorrang)e into Y=max+c to find the %radienf

5\3= 2x-3 T y: %x -% 3rad‘.en’r = %
Farallel lines = m,=m,

ne 2

Use the

point -%mdierﬁ formula

Formulq bOOkief Eg:ations of astraight |y—y, =m(x—x,)

(x.,g\,)= (k1) m= %

LAH %(x-l-t)
.2 %
yrl= gx-35
R S < |
4 5* " s
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PerpendicularLines
How are the equations of perpendicular lines connected?

e Perpendicularlinesintersectatrightangles
e The gradients of two perpendicularlines are negative reciprocals
o Ifthe gradient of line jis myand gradient of line l,is mythen...

= m Xm,=—1= [ &I, are perpendicular

= [, &I, areperpendicular = m Xm,= -1

e Todetermineif twolines are perpendicular:
o Rearrangeinto the gradient-intercept form y=mx + ¢
o Comparethe coefficients of x
o Iftheirproductis -1then they are perpendicular
e Becarefulwith horizontalandverticallines
o x=pand y=q areperpendicularwherepand g are constants

Y

y=myx+c

/ o &
y=m,X+C

myxm, = —1
PERPENDICULAR  LINES
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*) Worked Example

[ J
Theline ]1 is given by the equation 3x—5y=7.

1 5

Theline 12 is given by the equation y = 4~ 3x.

Determine whether 11 and ]2 are perpendicular. Give areason foryouranswer.

Rearran%e, [, into y=ma+C form
3
53:31‘; => ka: %J.‘_S

) o\cn’r‘n’ra 6!'0\0‘ ients

M|=% mlr-%

mxm, =-1 => Perpendicular lines

[, and lz are perpendicular as myxm, =l
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2.3 Functions Toolkit

2.3.1 Language of Functions

Language of Functions
What is a mapping?
« Amappingtransforms one set of values (inputs) into another set of values (outputs)
e Mappings can be:
o One-to-one
= Eachinputgets mapped to exactly one unique output
= Notwoinputs are mappedto the same output
= Forexample: Amappingthat cubes theinput
o Many-to-one
= Eachinputgets mappedto exactly one output
= Multipleinputs can be mapped to the same output
= Forexample: Amappingthatsquares theinput
o One-to-many
= Aninput canbe mappedto more thanone output
= Notwoinputs are mappedto the sameoutput
= Forexample: Amappingthat gives the numbers which when squared equal the
input
o Many-to-many
= Aninput canbe mappedtomore thanone output
= Multipleinputs can be mappedto the same output
= Forexample: Amappingthat gives the factors of theinput

MAPPING
INPUT —_— OUTPUT

i

What is a function?

¢ Afunctionis a mapping between two sets of numbers where eachinput gets mapped to
exactly one output
o Theoutputdoes notneedto beunique

* One-to-one andmany-to-one mappings are functions
¢ Amappingis a functionif its graph passes the verticalline test
o Any vertical line willintersect with the graph at most once
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MANY-TO—-ONE MAPPINGS ONE-TO-ONE MAPPINGS
ARE FUNCTIONS ARE FUNCTIONS

What notationis used for functions?

» Functions are denotedusingletters (suchas f, v, g, etc)
o Afunctionis followed by a variablein a bracket
o This shows theinput forthe function
o Theletter fis used most commonly for functions and will be used for the remainder of
this revisionnote
o z‘(x) represents an expression for the value of the function f'when evaluatedforthe
variable x
¢ Function notation gets rid of the need forwords which makes it universal
o f=5when x =2 cansimply bewrittenas f(2)=5

What are the domain and range of a function?

¢ Thedomain of a functionis the set of values that are used as inputs
Adomain should be stated with a function
o Ifadomainis notstatedthenitis assumedthe domainis allthereal values which would
work as inputs for the function
o Domains are expressedin terms of theinput
= x<2
Therange of a functionis the set of values that are given as outputs
o Therange depends on the domain
o Ranges are expressedin terms of the output
= ()20
To graph a function we use theinputs as the x-coordinates and the outputs as the y-
coordinates
) f(2) =35 corresponds to the coordinates (2, 5)
Graphing the function can help you visualise therange
Common sets of numbers have special symbols:
o Rrepresents allthe realnumbers that can be placed on a numberline
= x €R means xis arealnumber

a
b whereaandbareintegersandb 0

o Z represents alltheintegers (positive, negative and zero)
= Z*represents positive integers
o Nrepresents the naturalnumbers (0,1,2,3...)

o Q represents all the rational numbers
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VA

INTEGERS
(0)2e =) nB

N

NATURAL
NUMBERS
O e

What are piecewise functions?

¢ Piecewise functions are defined by different functions depending on whichinterval the

inputisin
x+1 x<5
o Eg. f(x)=12x—4 5<x<10
x?2 10<x<20

¢ Theregionfortheindividual functions cannot overlap
o Toevaluate a piecewise function for a particularvalue x =k
o Findwhichintervalincludes k
o Substitute x = kintothe correspondingfunction
¢ Thefunction may or may not be continuous at the ends of theintervals
o Inthe example above the functionis
= continuousatx=5as5+1=2(5)—-4
= notcontinuousatx=10as2(10) —4 = 102

¢) ExamTip

-
¢ Questions may referto "the largest possible domain”

o This wouldusually be unless , or hasalreadybeenstated
o There areusualy some exceptions

= e.g. squareroots; forafunctioninvolving

= e.g. reciprocal functions; fora function with denominator
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*> Worked Example
¢ Forthe function Alx)=x3+1, 2<x<10:

a)
write down the value of (7).

Suhs’nm’(e x =1
(1) ¥+

f3)- 3k

b)
findtherange of f(x)

Find the values of x3+1 when 2¢x<10
Lsx <|0

b« 2’ <1000

9 ¢ a4l €100

9 < (=) <00l
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2.3.2 Composite & Inverse Functions

Composite Functions
What is a composite function?

 Acomposite functionis where a functionis applied to another function
¢ Acomposite function can be denoted
o (fog)(x)
o fg(x)
o flg(x))
¢ Theordermatters
o (fo g)(x) means:
= Firstapply gtoxtoget g(x)
= Then apply fto the previous output to get fg(x))
= Always start with the function closest to the variable

o (fo g)(x)isnotusually equalto(go £)(x)

How do| find the domain and range of a composite function?

e Thedomainof fo gisthesetofvalues of x...
o which are asubset of thedomainof g
o which maps gtoavalue thatis in the domain of f
e Therangeof fo gisthesetofvaluesof x...
o which are a subset of therange of f
o foundby applying fto therange of g
e Tofindthedomainandrangeof fo g
o Firstfindtherangeofg
o Restrictthesevalues to the values that are within the domain of f
= Thedomainis the set of values that produce therestricted range of g
= Therangeis the set of values that are produced using therestricted range of g
as thedomain for f
e Forexample:let fx)=2x+1, —5<x<5and g(x) =\/;, 1<x<49
o Therangeofgis 1< g(x) <7
= Restricting this to fit the domain of fresultsin 1 < g(X) <5
o Thedomainof fo gistherefore ] <x <25
= Thesearethevalues of xwhichmapto 1 Sg(x) <5
o Therangeof fo gistherefore3 <(fo g)(x) <11
= Thesearethevalues which fmaps 1 Sg(x) <5to
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(") Exam Tip
© ¢ Make sureyou know what your GDC is capable of with regard to functions
o You may be able to store individual functions and find composite functions
andtheirvalues for particularinputs
o You may be able to graph composite functions directly and so deduce their
domain andrange from the graph
¢ Thelink between the domains andranges of a function andits inverse can act
as a check foryoursolution
. isnotthesame as
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7 Worked Example
°
Given f(x)=+/x+4 and g(x)=3+2x:

a)
Write down the value of (go )(12).

First apply function closest o input
(g oF)(12) = g(f(12)

fO2) =Jisn =16 = &
3(4)-‘3&2(%) =l

(3 o‘)(n.\ : “
b)
Write down an expression for(fo g)(x) .
First apply Function closest 1o input

(Foglbe) «F(56)
= £(3+2x)

= |3+Zx th

(foq)x) = JF+2x |

c)
Write down an expression for (g o g)(x).

(3 09)(x) = q(q0)
=3(3+2x)
= 3+2(3+2x)
= 3+ b+ by
(3 og)(l‘:c“*ttx
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Inverse Functions
Whatis aninverse function?

¢ Only one-to-onefunctions haveinverses
e Afunctionhas aninverseifits graph passes the horizontal line test
o Any horizontal line willintersect with the graph at most once
» Theidentity functionid maps each value toitself
o id(x)=x
e If fo gand go fhavethesameeffectas theidentity functionthen fand gareinverses
e Givenafunction f(X) we denote theinverse functionas ! (X)
¢ Aninverse functionreverses the effect of a function
o f(2)=5means f1(5)=2
¢ Inverse functions are usedto solve equations
o Thesolutionof A(x)=5isx=f"1(5)
« Acompositefunctionmadeof fand f~! hasthe same effect as theidentity function
o (Fo FN)(x)=(F"1o)x)=x

INVERSE FUNCTIONS

f(x)

£7x)

What are the connections between a function and its inverse function?
¢ Thedomain of afunctionbecomes therange of itsinverse
e Therange of a functionbecomes the domainof itsinverse
e Thegraphof y= f‘l(x) is areflection of the graph y = f(x) intheline y=x
o Therefore solutions to f(X) =Xxor f‘l(x) = x willalso be solutions to f(x) = f‘l(x)
= There could be othersolutions to f(x) = f‘l(x) thatdon'tlieontheline y=x

4 y=lnx

74 -2+

How do | find the inverse of a function?
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e STEP1:Swap thexandyin y=1‘(X)

o If y=£-1(x)thenx=f(y)
e STEP 2:Rearrangex=1‘(y) tomake ythesubject
¢ Notethis canbedoneinany order

o Rearrange y=1‘(x) to make x the subject

o Swapxand y

Can many-to-one functions ever haveinverses?

You canrestrict the domain of a many-to-onefunction so thatithas aninverse
Choose a subset of the domain where the function is one-to-one
o Theinverse willbe determined by the restricted domain
o Notethatamany-to-one function canonly have aninverseif its domain is restricted
first
Forquadratics - use the vertex as the upper orlowerbound for the restricted domain
o For f(X) = x2 restrict the domain so O is either the maximum or minimum value
= Forexample:x >0 orx<0
o For flx)= a(x — h)? + k restrict the domain so hiis either the maximum or minimum
value
= Forexample:x>horx<h
Fortrigonometric functions - use part of a cycle as therestricted domain
o For f(x) = sinx restrict the domain to half a cycle between a maximum and a minimum

= Forexam Ie'—ﬂ<x<
A )

o For f(X) = cosx restrict the domain to half a cycle between maximum and a minimum
= Forexample:0<x< T
o For f(x)=tanx restrict the domaintoone cycle between two asymptotes

Forexample Tr<x< T
= X L=
Pe~ > 2

How dol find the inverse function after restricting the domain?
e Therange of theinverseis the same as therestricted domain of the original function
¢ Theinversefunctionis determined by the restricted domain
o Restricting the domain differently willchange the inverse function
e Usetherangeof theinverseto help findtheinverse function
o Restricting the domain of f(x) = x2to x >0 means the range of theinverseis
1(x)20
= Therefore f~1(x)= \/;
o Restricting the domain of (x) = x2to x <0 means the range of theinverseis
1(x)<0
= Therefore £~1(x)= —/x
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(") Exam Tip

-
¢ Rememberthataninverse functionis a reflection of the original functionin the

line
o Useyour GDC to plot the function andits inverse on the same graph to
visually check this

o isnotthesameas
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*> Worked Example

Thefunction f(x)=(x—2)2+5, x < mhasaninverse.

a)
Write down the largest possible value of m.

Jketch 34(1)
The graph s one-t-one
for x¢2 @.5)
mz2
b)
Findtheinverse of f(x).
Let %:F_\(l) and reamange x=f(y)
x= (4-2)"+5
x-9 = (\3-1)1
t[x-5 = La—l
215 =y
Ranae of " s therdomanoff
f"(x)sZ Y= 2-(1-—5

) :2-12-8

)
Find the domain of f~1(x).

Domain of £ is the range of f
Oketch 34(1) o

see \_0!\3(’,
Por x¢2 f(x)25 (2.5)
Domain of f' : a35

d)
Find the value of k such that f(k)=9.
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Use imese fla) =b ¢ a- F.‘(b)
k- @) = 2- [3-5

k=0
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2.3.3 Symmetry of Functions

Odd & Even Functions
What are odd functions?

« Afunction f(x)is called odd if
° 1‘( - X) = - f(x) forallvalues of x
e Examples of odd functions include:
o Powerfunctions with odd powers: x22 *1 wheren €7

Forexample:(—x)3= —x3
o Sometrig functions: sinx, cosecx, tanx, cotx
Forexample: sin( — x) = — sinx

o Linear combinations of odd functions

6
Forexample: f(x)=3x5 —4sinx + «

What are even functions?

e Afunction f(x) is calledevenif
° 1‘( - X) = f(x) forallvalues of x
¢ Examples of even functions include:
o Powerfunctions with even powers: x> where n € 7
Forexample: (—x)* = x4
o Some trig functions: cosx, secx
Forexample: cos( — x) = cosx
o Modulus function: | x|
o Linear combinations of even functions
Forexample: f(x)=7x6+3|x|—8cosx

What are the symmetries of graphs of odd & even functions?

¢ The graph of an odd function has rotational symmetry

o Thegraphisunchangedby a180° rotation about the origin
¢ The graph of an evenfunction has reflective symmetry

o Thegraphisunchanged by areflectionin the y-axis
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ODD FUNCTIONS
Y

A

\/ .
N

UNCHANGED BY 180" ROTATION

EVEN FUNCTIONS

Y

N/ Ve

N S

UNCHANGED BY A REFLECTION IN y—AXIS

(’) ExamTip
“ e Turnyour GDC upside down fora quick visual check foran odd function!
o |gnoring axes, etc, if the graph looks exactly the same both ways, it's odd
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*> Worked Example

M)
a)
Thegraph y= l‘(x) is shown below. State, with areason, whetherthe function fis
odd, even or neither.

y=f(x)

fis an odd function as s araph has  rotational
SE\mme’md -itis undlangcd bﬁ a 130" rotation
about the origin.

b)
Usealgebra to showthatg(x) = X3sin(X) + SCos(X5) is an even function.

g s, even if q(-x) = 9(0) for all x

q(-=) = (+2)sin(-x) +Seos((°) > .
= (- 2)(-sin@) +Scos (-x5) « * o X sinx. are odd

= 1 sin(x) + dcos () (05X is even
B 3(1\
g 1s even as g(-x):g() for all x
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Periodic Functions

What are periodic functions?

e Afunction f(x) is called periodic, with period k, if
o flx+k)=f(x)forallvalues of x
e Examples of periodic functionsinclude:
o sinx& cos x: The periodis 2 or 360°
o tanx:Theperiodismor180°
o Linear combinations of periodic functions with the same period
= Forexample: f{x) =2sin(3x) — 5cos(3x +2)

What are the symmetries of graphs of periodic functions?
e Thegraph of a periodic function has translational symmetry

k
o Thegraphisunchanged by translations that are integer multiples of (0 )

o Themeans that the graph appears torepeat the same section (cycle) infinitely

PERIODIC FUNCTIONS

b
REPEAT
~
/ v v V =
(") Exam Tip
' e There may be severalintersections between the graph of a periodic function
andanotherfunction

o i.e. Equations may have several solutions so only answers within a certain
range of -values may berequired

= e.g.Solve for

o Alternatively you may have to write all solutions in a general form
= eg.
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) Worked Example

Thegraph y= f(x) is shown below. Given that fis periodic, write down the period.

Y,

©,5) y=f

2

Persod IS ‘rhe |er\3+\r\ mc H\e 'm’rcrval OIC Q Sinate (;ﬁde

Between x=0 ond x:6 there qre 3 cades

Period "'TO

Per’a oA 52
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Self-Inverse Functions
What are self-inverse functions?

e Afunction f(x) is called self-inverseif
o (fo f)(x)=xforallvalues of x
o f1(x)=f(x)

e Examples of self-inverse functions include:
o ldentity function: f(X)=X

1
o Reciprocal function: f(X) = X

o Linear functions with a gradient of -1: f(x) =—=-x+c

What are the symmetries of graphs of self-inverse functions?

e The graph of a self-inverse function has reflective symmetry
o Thegraphisunchangedby areflectionintheliney =x

SELF-INVERSE FUNCTIONS

b4 UNCHANGED BY
»" REFLECTION IN y = x
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(") Exam Tip
* e |fyourexpression for is not the same as the expression for you
can check theirequivalence by plotting both on your GDC
o |fequivalent the graphs will sit on top of one anotherand appearas one
o This willindicateif you have made an errorin your algebra, before trying to
simplify/rewrite to make the two expressions identical
 |tis sometimes easierto considerself inverse functions geometrically rather
than algebraically

9 Worked Example

Tx
Use algebra to show the function defined by fx)= X , X #7is self-inverse.

-7
Methd |: {7() Method 2: (fof)(2)
let y=f(x) so x=Hy) (Fof)@) = f(f)

I ) . HE-5
x4 ) = ) 3
(\3-4)x= 7\3-5 - :"(%)'5

: =10

l\j:{,_ -43-5 a-3 -7

T - 115 Isolate Y on = :"1_1'15)‘5(1-9)

XThy e one side Fx-5 -Hx-3)

(2341325 I\ 64x 38 (5535

. Fa-S -5 -Fa kg
V7 -3 . bl
Ly

f-‘(x): :,:(—-._‘}5 =F(1) (4{ o-F)(x) =
L is self-inverse s self-inverse
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2.3.4 Graphing Functions

Graphing Functions
How dol graph the functiony = f(x)?
e Apoint (a, b) liesonthe graph y = f(x)if Ala)=>b
¢ Thehorizontal axis is used for the domain
e Thevertical axisis usedfortherange
¢ You willbe able to graph some functions by hand
¢ Forsomefunctionsyouwillneedtouseyour GDC
You might be asked to graph the sum or difference of two functions
o UseyourGDCtograph y= f(x) +g(X) ory= f(X) —g(X)
o Justtypethefunctionsinto the graphing mode

What is the difference between “draw” and “sketch”?

¢ |faskedto sketchyoushould:
o Show the general shape
o Labelanykey points such as theintersections with the axes
o Labelthe axes
¢ |faskedtodraw youshould:
o Useapencilandruler
o Drawtoscale
o Plotany points accurately
o Join points with a straightline orsmooth curve
o Labelanykey points such as the intersections with the axes
o Labelthe axes

How can my GDC help me sketch/draw a graph?

¢ Youuseyour GDC to plot the graph

o Checkthescales onthe graph to make sureyou see the fullshape
e UseyourGDC tofindany key points
e Useyour GDC to check specific points to help you plot the graph
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Key Features of Graphs
What are the key features of graphs?

e You should be familiar with the following key features and know how to use your GDC to find
them

e Localminimums/maximums
o Theseare points where the graph has a minimum/maximum for a small region
o They are also called turning points
This is where the graph changes its direction between upwards and downwards
directions
o Agraph canhave multiple local minimums/maximums
o Alocalminimum/maximum is not necessarily the minimum/maximum of the whole
graph
This would be called the global minimum/maximum
o Forquadratic graphs the minimum/maximumiis called the vertex
e Intercepts
o y-intercepts are where the graph crosses the y-axis
Atthese points x=0
o x-intercepts are where the graph crosses the x-axis
Atthesepointsy=0
These points are also called the zeros of the function orroots of the equation
e Symmetry
o Some graphs havelines of symmetry
A quadratic willhave a verticalline of symmetry
e Asymptotes
o Thesearelines which the graph will get closerto but notcross
o Thesecanbehorizontal orvertical
Exponential graphs have horizontal asymptotes
Graphs of variables which vary inversely can have vertical and horizontal
asymptotes
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TURNING POINTS y="F(x)
SMOOTH
CURVE
//‘\\
x—AXIS

INTERCEPTS

y—AXIS
INTERCEPT

(’7 ExamTip

' ¢ Most GDC makes/models will not plot/show asymptotes just frominputting a

function
o Addtheasymptotes as additional graphs foryour GDC to plot
o You canthen check the equations of your asymptotes visually
o You may havetozoomin orchange the viewing window options to confirm
anasymptote
e Evenifusingyour GDC to plot graphs and solve problems sketching them as
part of your working is good exam technique
o Labelthe key features of the graph and anything elserelevant to the
question onyour sketch
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) Worked Example
[

Two functions are defined by

f(x)=x2—4x—5and g(x)=2+

x+1°
a)
Drawthegraph y = f(x)

Draw means occurafei5

Use GDC 4o find vertex, roots and y-intercepts
Vertex = (2, -9)

Roots = (-1,0) and (5,0)

y-infercept = (0,-5)

b)
Sketchthegraph y= g(x).
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dketch means mugh but showing key points

Use GDC 1o find x ond y-intercepts and asymptotes
x-intercept * ('%\‘ 0)

y- intercept (0,3)

A53m9+o’re> : x=-| and 3=2
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Intersecting Graphs
How dol find where two graphs intersect?

e Plotboth graphs onyourGDC
e Usetheintersect function tofindtheintersections
e Checkif thereis more than one point of intersection

2x—y=3
21

S

3x+y=7

° LINES INTERSECT AT (2,1
° SOLVING 2x-y=3 AND 3x+y=7
SIMULTANEOUSLY IS x=2, y=1

How canluse graphs to solve equations?

¢ Onemethodtosolve equationsis to use graphs
e Tosolve f(x) =a
o Plotthetwographs y= f(x) and y=aonyourGDC
o Findthe points of intersections
o The x-coordinates are the solutions of the equation
e Tosolve f(x) = g(x)
o Plotthetwographs y= l‘(x) and y=g(x) onyourGDC
o Findthepoints of intersections
o The x-coordinates are the solutions of the equation
e Using graphs makes it easier to see how many solutions an equation willhave

(") Exam Tip

- -
¢ You canuse graphs to solve equations

o Questions willnotnecessarily ask fora drawing/sketch ormake reference
to graphs

o Useyour GDC to plotthe equations and find the intersections between the
graphs
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%) Worked Example
[ ]

Two functions are defined by
4
fx)=x3-xand g(x)= e

a)
Sketchthegraph y = (x).

Use GDC 1o find max, min, intercepts

(-0.5%3, 0:385)

(\0)

(0.53,-0.385)

b)
Write down the number of real solutions to the equation x> —x=2.

\den’nﬂ) the number of interseetions’ between
ld=aL3-Jt. and ‘dzl

Ad \A::L/Z-x

'\3:?.
1 idersection

r0.385

1 solution

c)
Find the coordinates of the points where y = f(X) and y=g(X) intersect.
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Use GDC to sketdh both graphs

Y: x3-x

Rle

\ﬁ:

(-160,-2.90) gnd (1602.50)

d)

Write down the solutions to the equation x3 —x = X

Sltions o xg-au%t are the x wordinates of
the points of infersection.

x = ~1.60 and ac=1ppl
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2.4 Other Functions & Graphs

2.4.1 Exponential & Logarithmic Functions

Exponential Functions & Graphs
What is an exponential function?

* Anexponential functionis defined by f(x)=ax, a>0
¢ |tsdomainis the set of all real values
¢ Itsrangeis the set of all positivereal values
« Animportant exponential functionis f(x)=e*
o Where eis the mathematical constant2.718...

¢ Anyexponential function can be written using e
o gX=¢xlna

Thisis given in the formula booklet

What are the key features of exponential graphs?

¢ Thegraphs haveay-interceptat(O,1)
¢ The graphs donothave anyroots
e The graphs have a horizontal asymptote at the x-axis: y =0
o Fora >1thisis the limiting value when x tends to negative infinity
o ForO<a<1thisis thelimiting value when xtends to positive infinity
¢ The graphs do not have any minimum or maximum points

y:dx Y':Gx

o<a< a>"

ALL y=ad* GRAPHS
PASS THROUGH (0
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Logarithmic Functions & Graphs
What s alogarithmic function?

« Alogarithmic functionis of the form f(x) = logax, x>0

¢ Itsdomainis the set of all positivereal values

o Youcan'ttake alogofzero oranegative number
e |tsrangeis set of allreal values
. logax and aX areinverse functions

e Animportantlogarithmic functionis f(x)=lnx
o Thisisthe naturalIogarithmicfunctionlnxElogex

o Thisistheinverse of eX
Ine¥=xandeln¥=x
¢ Anylogarithmic function can be written usingIn
using the change of base formula

| _In
o 08X Ina

What are the key features of logarithmic graphs?

¢ The graphs donothave ay-intercept

e Thegraphshaveonerootat(1,0)

e Thegraphs have a verticalasymptote at the y-axis: x =0
¢ The graphs do not have any minimum or maximum points
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) Worked Example

Thefunction fisdefinedby f(x)= logsxforX >0.

a)
Write down theinverse of f. Give youranswerin the form eg(x),

Formula booklet
X = |og5tj @ 3=5x

Formula booklet
5’* . eadns

Exponents & logarithms | a* =b < x=log,b a>0,b>0,a#1

Exponential &
logarithmic functions

F-\(,.) . ex\nS

b)
Sketchthe graphs of fanditsinverse onthe same set of axes.

Foand F' are reflections in line Y=
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2.4.2 Solving Equations

Solving Equations Analytically

How canl solve equations analytically where the unknown appears only
once?

¢ Theseequations can be solved by rearranging

¢ Forone-to-onefunctions you canjustapply theinverse
o Addition and subtraction areinverses
y=x+k ®x=y—-k

Multiplication and division areinverses

(o)

y:kX @X= i
o Takingthereciprocalis a self-inverse
1 1
= E—2 =
y x X y

o

Oddpowers androots areinverses
y=x" ex={y
1

y=Xn = X =yn
Exponentials andlogarithms areinverses
y=a* ex= logay
y=eXex=lhy
¢ Formany-to-one functions you willneed to use your knowledge of the functions to find
the other solutions
o Even powers leadto positive and negative solutions
y=x"tex=+ ’\1/;
o Modulus functions lead to positive and negative solutions
y=lxlex=1ty
o Trigonometric functions lead to infinite solutions using their symmetries
y=sinx & x=2km+arcsiny or x=(1+2k)m—arcsiny
y=cosx © x =2k +arccosy
y=tanx < x = k7 + arctany
¢ Take care whenyou apply many-to-one functions to both sides of an equation as this can
create additional solutions which areincorrect
o Forexample: squaring both sides
x+1=3hasonesolutionx=2
(x+1)2=32hastwosolutionsx=2andx= —4
¢ Always check your solutions by substituting backinto the original equation

o

How canl solve equations analytically where the unknown appears more
thanonce?

¢ Sometimesitis possible to simplify expressions to make the unknown appear only once
¢ Collectall terms involving x on one side and try to simplify into one term
o Forexponents use
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afx) x g8(x) = gfx) +g(x)
afx)
) = oflx)—gx)
(aftx))g(x) = gflx) x g(x)
2100) = of(¥)In a
o Forlogarithms use
log f(x) +log_g(x) =log (f(x)x g(x))
f(x) )
2(x)

logaf(x) - logag(x) = loga(
nlog, f(x) = log (£(x))"

How canl solve equations analytically when the equation can't be
simplified?
¢ Sometimesitis not possible to simplify equations
¢ Most of these equations cannot be solved analytically
¢ Aspecial casethatcanbesolvedis where the equation can be transformedintoa
quadraticusing a substitution
o Thesewillhave three terms andinvolve the same type of function
Identify the suitable substitution by considering which functionis a square of another
o Forexample: the following can be transformedinto 2y +3y —4=0
2x4+3x2-4=0using y= x?
2x+3/x —4=0using y=+/x
2 3 1
6 + 3 —4=0using y= O
2e2X¥+3e¥—=4=0using y=e*
2X25%+3X5%¥=4=0using y=5%
22x+14+3x 2% —4=0using y=2%
2(x3-1)2+3(x3-1)-4=0using y=x3-1
e Tosolve:
o Makethe substitution y= z‘(x)
o Solvethe quadratic equation ay? + by + c=0togety &y,
o Solve l‘(x) =y, and f(X) =Y,

Note that some equations might have zero or several solutions

Canl divide both sides of an equation by an expression?

¢ When dividing by an expression you must consider whether the expression could be zero
¢ Dividing by an expression that could be zero couldresultin you losing solutions to the
original equation
o Forexample:(x+1)2x—1)=3(x+1)
If you divide both sides by (x + 1) you get2x — 1 =3 which gives x =2
However x = — 1 is also a solution to the original equation
e Toensureyoudonotlose solutions you can:
o Splitthe equationinto two equations
One where the dividing expression equals zero: x + 1 =0
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One where the equation has been divided by the expression: 2x — 1 =3
o Make the equation equal zero and factorise

(x+1D2x-1)-3(x+1)=0

(x+1)(2x—1-3)=0which gives (x+1)(2x-4)=0

Seteachfactorequaltozeroandsolve:x+1=0and2x—4=0

(') Exam Tip
w
e Acommon mistake that students makein exams is applying functions to each
termratherthan to each side

o Forexample: Starting with the equation itwould be
incorrect to write or

o Insteaditwouldbe correct to write and then simplify from
there
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*> Worked Example

[ J
Find the exact solutions for the following equations:
a)
5 —210g4x= 0.
Rearronge using inverse functions
5 "2'0(&' X = O
y:x-k & x=ytk
i |03Hx =5
I i %: ko & x = %
0(3'*1 )
S,LA) ﬁzloaai (o] -X=Q‘i
X G " "
L - (@) o (@)
x =32
b)

x=x+2.
3quare both  sides (Maaa—’to-one function)
Xt rax+d D I
(x -(x+):=0"» x=2 or x-=-|
(heck whether each solution is valid
x:2: LHS=2 RHs-Q2w -2 /
x:-l: LHS =-1 RHS =J142 = | =x
x =2

c)
e?X —4eX—5=0.
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Notie (e | leb y=et
y-ly-5=0 = (y+1)(y-5)=0
gzl or 9=

Solve using Hze"

et - ‘l l’\ag no 3o|ujrlons as e*>0
(’_:L = 5 S x=Iab
xzlnd
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Solving Equations Graphically
How canl solve equations graphically?
e Tosolve f(x) = g(x)
o Onemethodistodrawthegraphs y = f(X) and y= g(X)
The solutions are the x-coordinates of the points of intersection
o Anothermethodis todrawthegraph y = f(x) - g(x) or y=g(x) - f(x)
The solutions are the roots (zeros) of this graph
This methodis sometimes quickeras itinvolves drawing only one graph

Why do | need to solve equations graphically?

e Someequations cannot be solved analytically
o Polynomials of degree higherthan 4
x=x+1=0
o Equationsinvolving different types of functions
ex =x2

@ ExamTip

w
e Onacalculator paperyou are allowed to solve equations using your GDC

unless the question asks foran algebraic method
» |fyouranswerneeds to be an exact value then you might need to solve
analytically to get the exactvalue

*> Worked Example
°
a)
Sketch the graph y = eX — x2.

Sketch using GDC

(-03034..,0) 70

b)
Hence find the solution to eX = x2.
e*: x* when e*-x*=0
I8

30|u‘rion is the X -intercept of 3=ex'-1
x:-0.303 (3sf)
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2.4.3 Modelling with Functions

Modelling with Functions
What is a mathematical model?

+ Amathematical model simplifies a real-world situation soit can be described using
mathematics
o The modelcan then be usedto make predictions
e Assumptions about the situation are made in order to simplify the mathematics
¢ Models can berefined (improved) if furtherinformation is available orif the modelis
comparedtoreal-world data

How do | set up the model?

e The question could:
o giveyou the equation of the model
o tellyou abouttherelationship
[t might say therelationshipis linear, quadratic, etc
o askyoutosuggest a suitable model
Useyourknowledge of each model
E.g.ifitis compoundinterest then an exponential modelis the mostappropriate
e You may have to determine areasonable domain
o Considerreal-life context
E.g.if dealingwith hoursin a day then
E.g.if dealing with physical quantities (such as length) then
o Considerthe possibleranges
If the outcome cannot be negative then you want to choose a domain which
corresponds to arange with nonegative values
Sketching the graphis helpfulto determine a suitable domain

Which models might | need touse?

e You couldbe given any model and be expectedto useit
e Common modelsinclude:
o Linear
Arithmetic sequences
Linearregression
Quadratic
Projectile motion
The height of a cable supporting a bridge
Profit
Exponential
Geometric sequences
Exponential growth and decay
Compoundinterest
Logarithmic
Richterscale forthe magnitude of earthquakes
Rational

o

o

o

o
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Temperature of a cup of coffee
o Trigonometric
The depth of atide

How doluse a model?

¢ Youcanuseamodelby substitutingin values forthe variable to estimate outputs
o Forexample: Let h(t) be the height of a football t seconds after being kicked
h(3) willbe an estimate for the height of the ball 3 seconds afterbeing kicked
¢ Givenanoutput you can formanequation with the model to estimate the input
o Forexample: Let P(n) be the profit made by selling nitems
Solving P(n) =100 will give you an estimate for the number of items needing to be
soldtomake a profit of 100
¢ |fyourvariableis time then substituting t = O will give you the initial value according to the
model
¢ Fullyunderstandtheunits for the variables
o Iftheunits of Pare measuredin thousand dollars then P = 3represents $3000
e Lookoutforkeywords such as:
o Initially
o Minimum/maximum
o Limitingvalue

What do | doif some of the parameters are unknown?

¢ Ageneralmethodis to formequations by substitutingin given values
o You can form multiple equations and solve them simultaneously using your GDC
o This method works for all models

¢ Theinitial valueisthe value of the function when the variableis O
o Thisis normally one of the parameters in the equation of the model
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*> Worked Example

°
The temperature, T°C, of a cup of coffeeis monitored. Initially the temperature is

80°C and5 minutes lateritis 40°C. Itis suggested that the temperature follows
themodel:

T(f) = Aekt + 16, t 0.
where tis the time, in minutes, after the coffee has been made.

a)
Statethevalueof A.

|m+mH3 femperature is 30°C
T(0)=30

%0
Ae~k(0)+ Ié - %O ¥
lb

Avlb = 30
A= bl

b)
Findthe exactvalueof k.

£ T:=40
L0 = bhe®™ +1b
bhe™ = 24

5k
e

3
"3
Sk < lnl

k= «ln

3
5'"%

c)
Find the time taken for the temperature of the coffee toreach 30°C.
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Fnd t such that T(® =30
A/\

30 = bhe " +lb Leave as k udtil the end to save
blre*® - It writing Ls\r\% each fime
ke 3
€ 32
kE = ln ??7.

In %_ In 317_
t- Tk ='\ ALY

sy

135 minutes (35”

www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

=

EXAM PAPERS PRACTICE

2.5 Reciprocal & Rational Functions

2.5.1 Reciprocal & Rational Functions

Reciprocal Functions & Graphs
What is the reciprocal function?

1
e Thereciprocal functionis defined by f(x)= X’ x#0

¢ |tsdomainis the set of all real values except O
e |tsrangeis the set of allreal values except O
e Thereciprocal function has a self-inverse nature
o f1(x)=1(x)
o (fof)(x)=x

What are the key features of the reciprocal graph?

e The graph does not have a y-intercept
The graph does not have any roots
The graph has two asymptotes
o Ahorizontal asymptote at the x-axis: y=0

This is the limiting value when the absolute value of x gets very large
o Avertical asymptote atthe y-axis: x =0
Thisis the value that causes the denominator to be zero
The graph has two axes of symmetry
° y=X

o y=—Xx

The graph does not have any minimum or maximum points
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Linear Rational Functions & Graphs
What is arational function with linear terms?

ax+b d

¢ A(linear) rational functionis of the form f(X) = , XZE —
cx+d c
d

¢ |tsdomainis the set of all real values except —
c

a
¢ |tsrangeis the set of all real values except c

¢ Thereciprocal functionis a special case of a rational function

What are the key features of linear rational graphs?

b
The graph has a y-intercept at (0, d) provided d#0

b
The graph has oneroot at (— a2’ O) provideda# 0

The graph has two asymptotes

a
o Ahorizontal asymptote: y = c

This is thelimiting value when the absolute value of x gets very large

d
o Avertical asymptote: x= — c

This is the value that causes the denominator to be zero
The graph does not have any minimum or maximum points
If you are askedto sketch or drawa rational graph:
o Givethe coordinates of any intercepts with the axes
o Givethe equations of the asymptotes

@ Exam Tip
*  |fyoudraw ahorizontalline anywhere it should only intersect this type of graph
onceatmost
e Theonly horizontalline that should notintersect the graph is the horizontal
asymptote

o This canbeusedtocheckyoursketchinanexam
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*> Worked Example
°

10—-5x
The function fisdefinedby f(x)= 42 forx = —2.
a)
Write down the equation of
(i)
the vertical asymptote of the graph of £,
(if)
the horizontal asymptote of the graph of f.

L Vertical osgmp’nﬁe is when denominalor equals e
xel=0 |x = -2

(i) Horizontdl a.sgmpioit is limi’rina va|ue as X ﬂets Iarﬂe
o108k -5 _
hnor the S yr-S
b)
Find the coordinates of the intercepts of the graph of f'with the axes.
ld-m+er(ep’r occurs when x =0
_ 10-5to) |
y: 220 -5 J(0,5)

X itefept occufs whea 5=0

'?Jf’; 20 > 10-52:0 » x=2 [(2,0)

c)
Sketch the graph of f.

Include asymptotes and infercepts

(0.5

(2.0
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Quadratic Rational Functions & Graphs

How dol sketch the graph of arational function where the terms are not
linear?

¢ Arational function can be written l‘(x) = g(x)
h(x)
o Wheregandh are polynomials
2(0)
h(0)
To find the x-intercept(s) solve g(x) =0
To findthe equations of the vertical asymptote(s) solve h(x) =0
There will also be an asymptote determined by what f(x) tends to as x approaches infinity
o Inthis courseitwillbe either:
Horizontal
Oblique (aslanted line)
o This can be found by writing g(x) in the form h(x) Q(x) + r{x)
You can do this by polynomial division or comparing coefficients
o Thefunctionthentendstothecurve y= Q(x)

To findthe y-intercept evaluate

What are the key features of rational graphs: quadratic over linear?
ax2+bx+c¢

e Fortherationalfunction of the form f(X) = —1

c
The graph has a y-intercept at (0, o ) provided e#0

e ThegraphcanhaveO,1or2roots
o Theyarethesolutionstoax?+ bx+c=0

e

d

The graph has an oblique asymptote y = px + g

o Which can be found by writing ax2 + bx + cin the form (dx + e)(px + q) +r

Wherep, g, rare constants
This can be done by polynomial division or comparing coefficients

The graph has one vertical asymptote x = —
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_ax?+bx+c
dx + e

What are the key features of rational graphs: linear over quadratic?
ax+b

e Fortherationalfunctionoftheform filx) = ———
1(x) cx2+dx+e

b
The graph has ay-intercept at (O, a ) provided e # 0

b
Thegraphhasonerootatx = — 4

¢ ThegraphhascanhaveO,1or2vertical asymptotes
o Theyarethesolutionsto cx? +dx +e=0
The graph has a horizontal asymptote

_ ax +b
Y e ex2+dx + e

Y YN Y
i i I
L} I I
[} | I
[} I I
I | I
- e
____‘—‘_-_//'-_-—'_‘—-—-— 1 1 1
X :\/_x : :
| [\
} ! |
I | I
| : |

(’) Exam Tip
' e |fyoudraw a horizontal line anywhere it should only intersect this type of graph
twice at most

o Thisidea can beusedtocheckyourgraph orhelpyou sketchit
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%) Worked Example

° 2x2+5x—3
Thefunction fis definedby f(x)=- 1 forx= —1.
a)
(i)
2x2+5x-3 .
Show that —x+1 =px+q+ 1 forconstants p, g and rwhich aretobe
found.

(ii)

Hence write down the equation of the oblique asymptote of the graph of f.
O \Write 2a+9x -3 as (Jul)(Px:,i) +r
2.11*51 - 3 "lef gx tpx +9 1
Compare coe Ficients

~ % onstant
l:P 5:1{'P ‘quﬂ‘
el gede b
2:2450-3  _ (an)(sd)=b- | 2_:u 3 - b
™ Xt paa)
()
y: Lxs 3

b)
Find the coordinates of the intercepts of the graph of f with the axes.

ld—m+er(ep’r occurs when x = 0

y: 2 -3 {(0,3)

x-m’rer(ep’r occurs when U=0

2+5x-3
x + 1

=0 = 2M5x3:0 =>(h-l)(xf3) D x:05 or x:-3
(05, 0) and (3,0)

c)
Sketch the graph of f.
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Vertial asymplote when denomingbor s ze0  x=-|

lnclude asymefotes and intercepts

Vo

A=\
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2.6 Transformations of Graphs

2.6.1 Translations of Graphs

Translations of Graphs
What are translations of graphs?

* Whenyou altera functionin certain ways, the effects on the graph of the function can be
described by geometrical transformations
e Foratranslation:
o thegraphis moved (up ordown, left orright) in the xy plane
Its position changes
o theshape, size, and orientation of the graph remain unchanged
e Aparticulartranslation (how farleft/right, how farup/down) is specified by a translation

X
y

o xis the horizontal displacement
Positive moves right
Negative moves left

o yisthevertical displacement
Positive moves up
Negative moves down

What effects do horizontal translations have on the graphs and
functions?

a
¢ Ahorizontal translation of the graph y = f(x) by the vector ( 0 ) is represented by
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o y= fx—a)
The x-coordinates change

o Thevalueais subtracted fromthem
The y-coordinates stay the same
The coordinates (X, y) become (x + a, y)
Horizontal asymptotes stay the same
Vertical asymptotes change

o x=kbecomesx=k+a
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A
y="F(x)
0] 4 X
(2,-3)
A
\ y=F(x-2)
HORIZONT AL
TRANSLATION
BY THE VECTOR (3
(2,0)
0 \./(6,0) X
(4,-3)

x—COORDINATES CHANGE,
y—COORDINATES STAY
THE SAME

What effects do vertical translations have on the graphs and functions?

0
¢ Avertical translation of the graph y = f(x) by the vector( \ is represented by

\b)
o y—b=1f(x)

77 of 135 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

o Thisis oftenrearrangedto y=f(x) + b

e Thex-coordinates stay the same
¢ They-coordinates change

o Thevaluebis added tothem
The coordinates (X, y) become (X, y+ b)
Horizontal asymptotes change

o y=kbecomes y=k+b
Vertical asymptotes stay the same

y=~(x)

(2,-3)

<

y=Ff(x)+1

VERTICAL 'TRANSLATION
BY THE VECTOR (9)

(0,1 4,1
o] N X
(2,-2)

y—COORDINATES CHANGE,

x—COORDINATES STAY

THE SAME

(') ExamTip
' . .
e Togetfullmarksinanexam make sure you use correct mathematical
terminology

o Forexample: Translate by the vector
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%) Worked Example
The diagram below shows the graph of y = (x).

It

A(—1, b)

0

B(3. -3)

a)
Sketch thegraphof y= (x+3).

5=f(x+k) translation b& (-;)

Trans\a*e 5=)C(1) 53 (-g)
A becomes (<L, 5)
B bewmes (0, ‘3)

A (4,5)

b)
Sketchthegraph of y= (x)+3.
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lj=vc(x)+k translation 53 (e)

Trans\a’fe ﬂﬁc(x) 53 ((3))
A becomes (‘\.6)
B beomes (3,0)

Ab,8)

8(3,0)
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2.6.2 Reflections of Graphs

Reflections of Graphs
What are reflections of graphs?

¢ Whenyou alterafunction in certain ways, the effects on the graph of the function can be
described by geometrical transformations
¢ Forareflection:
o thegraphis flipped about one of the coordinate axes
Its orientation changes
o thesize of the graph remains unchanged
e Aparticularrefiectionis specified by an axis of symmetry:
o y= 0
This is the x-axis
o x=0
This is the y-axis

v
[«

What effects do horizontal reflections have on the graphs and functions?
¢ Ahorizontal reflection of the graph y = f(x) about the y-axis is represented by

o y=1f(-x)
¢ The x-coordinates change
o Theirsignchanges
¢ They-coordinates stay the same
e Thecoordinates (X, y) become ( - X, y)
¢ Horizontal asymptotes stay the same
¢ Vertical asymptotes change
o x=kbecomesx=—k
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A
y=T(x)
0 4
(2,-3)
A
y="F(—x)
REFLECTION IN
THE y-=-AXIS
(—4,0) (0,0)
X
x—COORDINATES CHANGE, POINTS ON THE
-2,-3)

y—COORDINATES STAY y—AXIS ARE
THE SAME UNAFFECTED

What effects do vertical reflections have on the graphs and functions?

¢ Avertical reflection of thegraph y = f(X) about the x-axis is represented by
o —y=1(x)
o Thisis oftenrearrangedto y= — f(x)

¢ The x-coordinates stay the same

¢ They-coordinates change
o Theirsignchanges
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¢ Thecoordinates (X, y) become (X, —y)
¢ Horizontal asymptotes change

o y=kbecomes y=—k
¢ Vertical asymptotes stay the same

A
y=f(x)
0 4 X
(2,-3)
y =COQORDINATES ~CHANGE,
"/ x—COORDINATES STAY
THE SAME
(2,3)
(0,0) (4,00

POINTS ON THE
x—AXIS ARE
UNAFFECTED

y=—T(x)

MJREFLECTION IN
THE x-AXIS
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) Worked Example
o
The diagram below shows the graph of y = (x).

¥

A(=1.5)

0

B(3. -3)
a)
Sketchthegraphof y= — f(x)
'j‘ - ‘((’5 I'e”edion n x-oxis
A becomes ('\,‘5)
B becomes (5. 3) Be3)
AF1,5)

b)
Sketchthegraphof y= (- x).
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Ej”[("l) reFlection in Y-axis

A becomes (\. 5)
B beomes (-3,3)

A(1,5)
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2.6.3 Stretches Graphs

Stretches of Graphs
What are stretches of graphs?

 Whenyou altera functionin certain ways, the effects on the graph of the function can be
described by geometrical transformations
e Forastretch:
o thegraphis stretched about one of the coordinate axes by a scale factor
Its size changes
o theorientation of the graph remains unchanged
e Aparticularstretchis specified by a coordinate axis and a scale factor:
o Thedistance between a point on the graph and the specified coordinate axis is
multiplied by the constant scale factor
o Thegraphis stretchedin the direction which is parallel to the other coordinate axis
o Forscalefactors biggerthanl
the points on the graph get further away from the specified coordinate axis
o ForscalefactorsbetweenOand1
the points on the graph get closer to the specified coordinate axis
Thisis also sometimes called a compression butin yourexamyou mustuse the
term stretch with the appropriate scale factor

| /AL
KAJWX//OMX

What effects do horizontal stretches have on the graphs and functions?

¢ Ahorizontal stretch of the graph y = f(x) by a scalefactorq centred about the y-axis is
represented by

=0

¢ Thex-coordinates change
o Theyaredivided by g
¢ They-coordinates stay the same
The coordinates (x, y) become (qx, y)
Horizontal asymptotes stay the same
Vertical asymptotes change
o x=kbecomes x =gk
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I
y=T(x)

(2,-3)

v/ /_E HORIZONTAL STRETCEI
y=F(2x) SCALE FACTOR

POINTS "ON"THE

y—AXIS ARE
UNAFFECTED
(0,0)
0] (2,0 X
(1,-3) x—COORDINATES CHANGE,
y—COORDINATES STAY
THE SAME

What effects do vertical stretches have on the graphs and functions?

e Avertical stretchofthegraph y= f(X) by a scale factorp centred about the x-axis is
represented by

Y _
0 p—ﬂX)

o Thisis oftenrearrangedto y = pf(x)
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The x-coordinates stay the same
The y-coordinates change
o They are multiplied by p
The coordinates (X, y) become (X, py)
Horizontal asymptotes change
o y=kbecomes y=pk
Vertical asymptotes stay the same

y="f(x)

(2,-3)

POINTS ON THE
x—AXIS ARE
UNAFFECTED

CVERTICAL STRETCH,
SCALE |FACTOR 7

(0,00
0 (4,0) X
(2,-1

y—COORDINATES. CHANGE,
x—COORDINATES STAY
THE SAME

(’7 Exam Tip

e Togetfullmarksin an exam make sure you use correct mathematical
terminology
o Forexample: Stretch vertically by scale factor -
o Donotusetheword"compress"inyourexam
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7 Worked Example
M)
The diagram below shows the graph of y = f(X)

i

A(-1,5)

0

BY(3. —3)

a)
Sketchthe graphof y= 21(x).

y = kfx) , vertical - stretch, scale factor k

3+rg’rc}\ ﬂz‘%‘) verﬁ(a“t\ A'(-\.m)
swle factor 2

A becomes (‘\, IU)

B bemmes ( 3 ,‘Q)
8(3,-6)

b)
Sketch the graph of y = f(2x).
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3=1[ (kx) horizodtal stgich  sele factor '—k

Steetch \f,f(x)llf\or}zonfa“g A'(_'i‘s)
3m|e fad’Or N

A becomes (-2,5)
)

B bemmes (% '
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2.6.4 Composite Transformations of Graphs

Composite Transformations of Graphs
What transformations do | need to know?

o y= f(x + k) is horizontal translation by vector( 0 )

o Ifkis positive then the graph moves left
o If kis negative then the graph moves right

0
y = f(x) + kis vertical translation by vector (k )

o Ifkis positive then the graph moves up
o Ifkis negative then the graph moves down

y= f(kx) is a horizontal stretch by scale factor

i centred about the y-axis

o If k>1thenthe graph gets closer to the y-axis

o If 0 <k <1thenthe graph gets further from the y-axis
y= kf(x) is a vertical stretch by scale factor k centred about the x-axis

o Ifk >1thenthe graph gets further from the x-axis

o If 0 <k <1thenthe graph gets closer to the x-axis
y= 1‘( - X) is a horizontal reflection about the y-axis

o Ahorizontal reflection can be viewed as a special case of a horizontal stretch
y=- f(X) is a vertical reflection about the x-axis

o Averticalreflectioncan beviewedas a special case of a vertical stretch

How do horizontal and vertical transformations affect each other?

* Horizontal and vertical transformations areindependent of each other
o Thehorizontaltransformations involved willneed to be appliedin their correct order
o Thevertical transformations involved willneed to be appliedin their correct order
¢ Supposethere are two horizontal transformation Hythen H, and two vertical
transformations Vythen V,thenthey can be appliedin the following orders:
o Horizontalthenvertical:
HiHy V4V,
o Verticalthen horizontal:
V] V2 H] H2
o Mixedup (providedthat H, comes before H, and V; comes before V2):
HViH2V;
HiViVoH2
ViH1V2H2
ViH1H2V2

(’7 ExamTip

w
e Inanexamyou are more likely to get the correct solution if you deal with one

transformation at a time and sketch the graph after each transformation
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) Worked Example
The diagram below shows the graph of y = (x).

i

A(—1,5)

0

B (3. -3)

1 (x
Sketchthegraphof y= > /(2)

A%véctical and “horiontal * Fransformationtan be=done
in any or&er

y: if‘c(l) : vertical stretch  scale factr Lz
%~ﬁ(g_=) t horizontal shretth  scale 1Cadbr 2

A becomes (-2, 57.)
:

B becomes (bl ) A'(-L%)

B'6,-3)
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Composite Vertical Transformations af(x)+b
How do | deal with multiple vertical transformations?

¢ Ordermatters when you have more than one vertical transformations
e Ifyou are askedto find the equation then build up the equation by looking at the
transformations in order

0
o Avertical stretch by scale factora followed by a translation of ( b )

Stretch: y= af(x)
Then translation: y=[af(x)]+ b
Final equation: y = af(x)+ b

0
o Atranslation of ( b ) followed by a vertical stretch by scale factora

Translation: y=f(x) + b
Then stretch: y = a[ f(x) + b]
Finalequation: y = af(x) + ab
¢ |fyou areaskedto determine the order

o Theorderof vertical transformations follows the order of operations

o Firstwritetheequationintheform y = af(x) +b
First stretch vertically by scale factora
If ais negative then thereflection and stretch can be doneinany order

0
Thentranslate by ( 1
\b)
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*) Worked Example
The diagram below shows the graph of y = (x).

v

A(-1,5)

o

B(3.-3)

Sketchthe graph of y=3(x)—2.

Tlne order vertical transformations lco"ows the order
of openations

y* 3H=): Vertical shretch sale factor 3
y= $) =2 Trnslate (3)

A becomes (4, '3) A=\, 13)
B becomes (3.“\\)

B'3,-1)
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Composite Horizontal Transformations f(ax+b)
How do | deal with multiple horizontal transformations?
e Order matters when you have more than one horizontal transformations

e Ifyou are askedto findthe equation then build up the equation by looking atthe
transformations in order

l —_
o Ahorizontal stretch by scale factor 4 followed by a translation of( 0 }
Stretch: y= f(ax)
Then translation: y = f{a(x + b))
Finalequation: y = f{ax + ab)

- 1
o Atranslation of ( 0 \lfollowed by a horizontal stretch by scale factor 4

Translation: y= f(x+b)
Thenstretch: y= f((ax) + b)
Finalequation: y = flax + b)
e |fyouareaskedtodeterminethe order
o Firstwritethe equationinthe form y = f(aX + b)
o Theorderof horizontaltransformations is the reverse of the order of operations

-b
Firsttranslate by( 1
\ 0
1
Then stretch by scale factor 4

If ais negative then thereflection and stretch can be donein any order
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*) Worked Example
The diagram below shows the graph of y = f(x)

It

A(—1.5)

0

B (3. -3)

Sketchthegraphof y=f(2x—1).

The order of horizoatal ™ Fransformations is the
reverse of the order” of operations

y: F(x=1)* Translate ((‘))

y =§(2x) : Nonzontal stretch scale factor Ll

A becomes (0.5)

B beomes (2,73) A05)

B'(2,-3)
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2.7 Polynomial Functions

2.7.1 Factor & Remainder Theorem

Factor Theorem
What is the factor theorem?

e Thefactortheoremis usedto find thelinear factors of polynomial equations
e This topicis closely tied to finding the zeros and roots of a polynomial function/equation
o As arule of thumb a zerorefers to the polynomial function and aroot refers to a
polynomial equation

e Forany polynomial function P(x)
o (x-k)isafactorof P(x)if P(k) =0
o P(k) =0if (x-k)is afactorof P(x)

How dol use the factor theorem?

 Considerthe polynomialfunction P(x) =a,x"+a,.;x""'+... + a;x+apgand (x - k) is a factor
o Then, duetothe factortheorem P(k) =apk”+ap_ k" '+ .. +ajk +ap=0

o P(x)=(x- k) X Q(x), where Q(x) is a polynomial that s a factor of P(x)

X
o Hence, = = Q(X) ,where Q(x) is another factor of P(x)

k

» |fthelinearfactorhas a coefficient of x then you must first factorise out the coefficient

b b
o Ifthelinearfactoris (ax — b) =a| x — 4 - =0

a
(") Exam Tip
-
e Acommon mistakein exams is using theincorrect sign for either theroot orthe
factor

e |fyou are askedto findintegersolutions to a polynomial then you only need to
consider factors of the constant term

97 of 135 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

7

EXAM PAPERS PRACTICE

7 Worked Example
°

Determine whether (x — 2) is a factor of the following polynomials:

a)
fx)=x3-2x2—x+2.

Step |: Dekermine R

Ouwr lnear Funckion 1 9 -2
—s0 k=17
SH,pQ: Applg foctor theorem

For %-%2 to be a Ffactor of FG0),
F(r) hoe to &qm\ zero

Flo)=(2)3-2(2)-(2) + 2

=8 - 8 - 2+ %
= 0

A ——
F(1)= 0,

=

g0 -2 15 a factor of F(o) |

b)
g(x)=2x3+3x2—x+5.
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Step |: Debermine R

Our linear Funckion 1¢ 9 -2
—s0 k=12

SPePQ: Applg fockor theorem

For -2 to be a fackor of g(m),
g(_ﬂ hos o aqua\ zero

a(n) = 2(2) +3(2) -(2)+5
= 6 - v - 2 t5
= 7
3(1)= 7,
so -2 15 noba foctor of a(>0)
————

Iltis giventhat (2x — 3) is a factorof h(x)=2x3— bx2+7x—6.

c)
Findthevalue of b.
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Step |: Dekermine R

Owr lineor Funckion 16 2 -2
_ 3
— 50 k= =
SRPQ: APP[S fockor theoremn to hind b
Sinee -3 ¢ o fackor of W(0),

h(3)=0
OO CR
=84 -939b + 21 -6

B H o
b=35
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Remainder Theorem
What is the remainder theorem?

e Theremainder theoremis usedto find the remainder when we divide a polynomial function
by alinearfunction

¢ When any polynomial P(x) is divided by any linear function (x - k) the value of theremainder R
is givenby P(k) =R
o Note, when P(k) =0 then (x - k) is a factor of P(x)

How dol use the remainder theorem?

 Considerthe polynomialfunction P(x) =a,x"+a,.1x""'+ ... + ajx + ag and the linear function (x
-K)

o Then, duetothe remaindertheorem P(k) = apk"+ ap.1k" '+ .. +atk +ag =R
o P(x)=(x—-k)x Q(x)+ R, where Q(x) is a polynomial

P(x) R

o Hence, —k =Q(x) + ~—k

,where Ris theremainder
o Ifthelinearfactorhas a coefficient of x then you must first factorise out the coefficient

b b
o Ifthelinearfactoris (ax — b) = 3(?‘ - ;) - P( a ) =R
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) Worked Example
° Let f(x)=2x%—-2x3—x2—3x+ |, findtheremainder R when f(x) is divided by:

a)
x—3.

Step |: Determine R

Owr lmear Funckion 1 2 -3

—s0 k=3

Step2: APp[S cemonder theorem
Feczy =R

Fezy = 2% 2(3)*- (3)* - 3(3) + |
F(x)= 162 - 54 -4 - 1 +1|
F(=z) = Al

R=1Al

b)
x+2.

Step |: Debermine R

Owr linear Funckion 1 2+ 2

—s0 kR=-12

Step2: App[(j remounder theorem
Fe2y = R

Fe2y = 2¢2t - 202 -2y -3¢ + |
Fe2y= 3% + (6 -4 t € + |
fc-2y = 5SI

R=5I
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893
Theremainderwhen KX) is divided by (2X + k) is g -

c)
Giventhat k>0, findthevalue of k.

Step | Alp'pllj cemennder teeorem

Lerks n(erg)  FCd = 243
2 g

843 = 2(-EY- 2GR -8 -3¢ ¢ |
g

Step2: Solve for k UsS\Ng_your G0L

k=5
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2.7.2 Polynomial Division

Polynomial Division
What is polynomial division?
e Polynomial divisionis the process of dividing two polynomials
o Thisis usually only usefulwhen the degree of the denominator is less than or equal to
the degree of the numerator
e Todo this we use an algorithm similarto that used for division of integers
¢ Todivide the polynomial P(x)= anX" + a x4+ o+ a,x + a, by the polynomial
= k
D(x) ka +bk_
o STEP1

Divide the leading term of the polynomial P(x) by the leading term of the divisor D(x)
a x?
n

-1

lxk‘l +"'+b1X+ bo wherek <n

. = m
. bek qmX

o STEP?2
Multiply the divisor by this term: D(x) x qum

o STEP3
Subtract this from the original polynomial P(x) to cancel out theleading term:

R(x)= P(x) - D(x) x g_x™

o Repeatsteps 1- 3using the new polynomial R(x) in place of P(x) until the subtraction
results in an expression for R(x) with- degree less than the divisor
The quotient Q(x) is the sum of the terms you multiplied the divisor by:
Qx)=q xm+q _ xm~l+..+qx+q,

Theremainder R(x) is the polynomial after the final subtraction

Division by linear functions

e |If P(x) has degree nandis divided by a linear function (ax + b) then
P(x)
ax+b = QW)+ ax+b
ax+bis thedivisor(degree)
Q(x) is the quotient (degreen - 1)
Ris theremainder (degree O)
o Notethat P(x) = Q(X) x(ax+b)+R

where

Division by quadratic functions

o If P(x) has degree n andis divided by a quadratic function (ax? + bx + c) then

P(x) — 0lx) + ex+f N
° aX2+bx+c_QX ax® +bx+coC
ax?+ bx + cis the divisor (degree 2)

Q(x) is the quotient (degreen - 2)
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ex+fis theremainder (degreeless than 2)
o Theremainderwillbelinear (degreel)ife # O, and constant (degree O)ife =0
o Notethat P(x) = Q(x) X (ax2+ bx+c)+ex+ f

Division by polynomials of degreek <n
e |f P(x) has degree n andis divided by a polynomial D(x) with degree k <n

° % = Q(x) + ggg where

D(x) is the divisor (degree k)

Q(x) is the quotient (degreen - k)

R(x) is the remainder (degreeless than k)
o Notethat P(x) = Q(x) x D(x) + R(x)

Are there other methods for dividing polynomials?
¢ Syntheticdivisionis a fasterand shorter way of setting out a division when dividing by a
linearterm of the form
o Todivide P(x) = ax'ta _ x" -l L+ ax+a; by (x—¢):
Setb =a
n n

Calculate b =a +cXb
n- n-—1 n

1

Continue this iterative process bi— =a,_, tcXa,

1
The quotientis Q(x) = bHXH -1+ bn X" 24 .+ b2X + b1 andtheremainderis
r= b0

¢ You canalso find quotients and remainders by comparing coefficients

o Given a polynomial P(x) = ax'"ta _ x" -l 4+ ax+a,
o Andadivisor D(x) = dkxk + dk_1
o Write Q(x) = q, _ X" ket L+ q,x+q,and R(x)= I _
o Write P(x) = Q(X)D(X) + R(x)
Expandtheright-handside
Equate the coefficients
Solvetofindtheunknowns g’s &r's

1
xk—1 +...+dlx+d0

k=l+ +rx+
1X I‘lX I‘0

(’) Exam Tip
w
e Inanexamyou can use whichever method to divide polynomials - just make
sure your method s written clearly so that if you make a mistake you can still get
amark foryourmethod!
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" Worked Example

o
a)

performthe division +X1J1:;2 " Hencewrite xt + 11x2 = 1 inthe form
Qx)x(x+3)+R.
S\'&P | whol de we mdhplj 2C
by o cdek P
%3

)+ 3 oM s O + W + Ox -\

Note: 03 andl O are used to
}26&9 ke terms fog&%@ﬁ
Skep 1 Subkcock o sed(sek 3) = ot 3o

From oM+ 093
52

o+ 2 |2 O + W+ Ox -\
L RS 387D
- 3
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Skap& lof\r\g the ot down and
ek to SPQP .
%> - 2o+ 20 - 60

w43 [ s O v U+ Os, -\,
— (oM 33) |

TV | PR
(- 353 - qQx* v
20> + O
- (20x* + 603 ) ¥
- 6092 — \
- (- 60 - 180)
174

s+ o™ - |

= (>3- 3+ L0% - 60)(oct 3) + 179
el

b)

. _ . x4 - x+1 .
Find the quotient and remainder for — 5 .Hencewritex*+4x3 —x+1
x2—-2x

inthe form Q(x) X (x2 —2x) + R(x).
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When o\w\&m% b% quaolm)ncs use the

Same  steps as abowe.
nT +6x +12
2w - Lo | oM+ U + Ox"‘“‘ o] lI
- (M- 13) | l
6343 + O%l
- (623 - 122¢2)
120 - ¢
- (l’l%l‘l"\x) A
23> + |

<

WM a3 =904\
=(9L°‘+6x+l?.)(x°'- ')_u_) +23% + |
|
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2.7.3 Polynomial Functions

Sketching Polynomial Graphs
In exams you’llcommonly be asked to sketch the graphs of different polynomial functions with
andwithout the use of your GDC.

What’s the relationship between a polynomial’s degree and its zeros?
» |fareal polynomial P(x) has degreen, it willhave nzeros which can be writtenin the forma +
bi,wherea, be R
o Forexample:
A quadratic willhave 2 zeros
A cubic function willhave 3 zeros
Aquartic willhave 4 zeros
o Some of the zeros may berepeated
e Everyreal polynomial of odd degree has at least onereal zero

How do I sketch the graph of a polynomial function without a GDC?
e Suppose P(X) = anxn + a _IXH 1+ L+ ax + a, is areal polynomial with degree n

e Tosketchthe graph of a polynomial you need to know three things:
o They-intercept
Find this by substitutingx=0togety =agp
o Theroots
You can find these by factorising or solvingy =0

o Theshape
This is determined by the degree (n) and the sign of the leading coefficient (a,))

How does the multiplicity of a real root affect the graph of the
polynomial?
e Themultiplicity of arootis the number of times itis repeated when the polynomial is

factorised
o If x = kis aroot with multiplicity mthen (x - k)m is a factor of the polynomial

e The graph eithercrosses the x-axis or touches the x-axis at aroot x = k wherekis a real

number
o |fx=khas multiplicity 1then the graph crosses the x-axis at (k, O)
o Ifx=khas multiplicity 2 then the graph has a turning point at (k, O) so touches the x-
axis
If x=khas odd multiplicity m = 3then the graph has a stationary point of

inflection at (k, O) so crosses the x-axis
If x=khas even multiplicity m = 4 then the graph has a turning point at (k, O) so

touches the x-axis
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(x =k IS A FACTOR

CURVE CROSSES THE x — AXIS

(x — kIS A FACTOR

CURVE TOUCHES THE x — AXIS

t / AT THE TURNING POINT

k

(x - k°IS A FACTOR

CURVE CROSSES THE x — AXIS
AT THE STATIONARY POINT OF INFLECTION

How do | determine the shape of the graph of the polynomial?

e Considerwhathappens as xtends to +
o Ifanispositiveandnis eventhen the graphapproaches from the top left and tends

tothetop right
lim f(x)= lim f(x)= +o0
X = —0o0 X = +oo
o Ifanisnegativeandnis eventhenthe graph approaches fromthe bottomleft and
tends to the bottomright
lim f(x)= lim f(x)=+o0
X—> —o0 X > +oo
o Ifa,ispositiveandnis odd then the graph approaches from the bottomleft and
tends to the top right
lim f{x)=—-occand lim Ax)=+ oo
X > —o© X = +0oo
o Ifa,isnegative andnis odd then the graph approaches from the top left and tends
to the bottomright
lim f{x)=+ocand lim flx)=—o0
X = —00 X +oo

¢ Onceyouknow the shape, thereal roots and the y-intercept then you simply connect the
points using a smooth curve
e Therewillbe atleast one turning point in-between each pair of roots
o Ifthedegreeis nthenthereis at most n-1stationary points (some will be turning
points)
Everyreal polynomial of evendegree has at least one turning point
Everyreal polynomial of odd degree bigger than1has at least one point of
inflection
o Ifitis a calculatorpaperthenyou canuseyour GDC to find the coordinates of the
turning points
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o Youwon’tneedto find theirlocation without a GDC unless the question asks you to

= =
|y—q,,x"+a"_,x" .. tax+a, |

a,>0 and n even a,>0 and n odd /

’
N

/ x| -

¢ N N
h \ 4%

\
] 7N
|

@ Exam Tip
' e Ifitis acalculatorpaperthenyoucanuseyourGDC to find the coordinates of

any turning points
e [fitis the non-calculator paper then you willnot be required to find the turning

points when sketchingunless specifically asked to
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*) Worked Example
[ ]

a)
Thefunction fisdefinedby f(x)=(x+1)(2x — 1)(x —2)2. Sketch the graph of
y=1x).
Find the Y - infer ept
x:0: y- ()1)(-2) = -4
Find the rots and defermine if gmp}\s (rosses or Touches the x-axis
(3 + N2 -1)(x-2)
(4,0) (5,00 (2,0)
woss  woss  touch
Defermine ’r}\e .shape l)u |ook'm\c) ot the ,eadins term
Leodina term is ()Qx)()" = 2x*
Qs A0 Yy e \ /
S A 00 Y e 14
= 1
1
;
|
b)
The graph below shows a polynomial function. Find a possible equation of the
polynomial.
y
(0,12)
(-2,0) (1,0 u
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Touches ot (-20)  (x+2)* s @ factor
Point of ioFlection qt (1,0) (x-l)s 5 q 'Fador

\Ajrﬁe in the form of : y=a (aul)l(a(-l)3
Use the ts-in"’tr(epf to find q

12 - a(l)l(~l)3 »-bq=12  a=-3
g =3(x+ ) (x-)
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Solving Polynomial Equations
Whatis “The Fundamental Theorem of Algebra”?

¢ Everyreal polynomial with degree n can be factorisedinto n complexlinear factors

o Some of which may berepeated

o This means the polynomial willhave n zeros (some may be repeats)
* Everyreal polynomial can be expressed as a product of real linear factors andreal

irreducible quadratic factors
o Anirreducible quadraticis where it does not have real roots
The discriminant will be negative: b2 - 4ac <0

e Ifa+bi(b=0)is azero of areal polynomial then its complex conjugate a - biis also a zero
¢ Everyreal polynomial of odd degree willhave at least onereal zero

How dol solve polynomial equations?

¢ Supposeyou haveanequation P(x) = O where P(x) is a real polynomial of degreen

= n 4 n—14 4 +
OP(X) ax'ta X ~taxta

¢ Youmay be given one zero oryou might have to find a zero x = k by substituting values into
P(x) untilitequals O
* |fyou know aroot thenyou know a factor
o Ifyouknow x =kis arootthen (x - k) isafactor
o |fyouknow x =a +biis aroot then you know a quadratic factor (x - (a + bi))(x-(a -
bi))
Which can be written as ((x - a) - bi)((x - a) + bi) and expanded quickly using
difference of two squares
¢ You canthendivide P(x) by this factorto get another factor
o Forexample: dividing a cubic by a linearfactor will give you a quadratic factor
You then may be able to factorise this new factor

@ ExamTip
w
¢ |fapolynomialhas three orless terms check whether a substitution can turn it

into a quadratic
o Forexample: can be written as
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9 Worked Example
°

1
Giventhat x = ) is a zero of the polynomial defined by f(x) =2x3 —3x2+5x—2,

find all three zeros of f.

xL* L:L s a ot - Qx-Y) is o facter

Find the q,uadrahc Fador (213 -3x*+5x '2) : (2.1 ")(OJ‘.z rha +L)

(0mpare wefficients = 2x° =2ax° ~oa=|
-2 =-¢ Y
Sx:2cx -bx = 5:k-b bl

So|ve the quoo\ra’ric Coxt-x +2 =0

Formulo  booklet [Soummeerosesctc | o spmpemp = oobidi—tac
()t e -402)
X 201)
e R
. 27 2
I S I
Roots + 3, 273377
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2.7.4 Roots of Polynomials

Sum & Product of Roots
How do| find the sum & product of roots of polynomials?
e Suppose P(X) = anX" + a _ 1X" I+ L+ ax + a, is a polynomial of degree n withn
roots al, az, veny aﬂ
n

o The polynomialis written as Z 3rX’= 0, a # (0 in the formula booklet
r=0

o apisthecoefficient of theleading term
o an.1is the coefficient of the x™1term
Be careful: this could be equal to zero
o apisthe constant term
Be careful: this could be equal to zero
« Infactorisedform: P(x) = aH(X - al)(x - az)...(x - aﬂ)

o Comparing coefficients of the x™! term and the constant term gives

a,_=a(-a-a-.-a)

ay=a,(=a)X (- X x(-a)
e Thesumoftherootsis given by:

an—l

o +ta + ..ta =—
1 2 n a
n

e Theproduct of therootsis given by:

(=1)na,
° @ X X LXa =

n

both of these formulae are in your formula booklet

How canl find unknowns if | am given the sum and/or product of the roots
of a polynomial?
 Ifyouknow a complexroot of areal polynomial then its complex conjugate is another root
* Form two equations using theroots
o Oneusingthe sumof theroots formula
o Oneusingthe product of theroots formula
e Solveforanyunknowns

@ Exam Tip

w
 Examiners might trick you by not having an x”-'term or a constant term
e Tomake sureyou do not get tricked you can write out the full polynomial using O
as a coefficient where needed

o Forexample: Write as

116 of 135 www.exampaperspractice.co.uk


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

Fa

EXAM PAPERS PRACTICE

) Worked Example

°

2-3i, g iand ¢ are threeroots of the equation

18x5 —9x4+32x3 +794x2 - 50x + k=0.

a)

Usethesum of alltheroots to find the value of a.
s o reol po\anomia\ ©o f atbi s and then a-bi isalso a rdt
Roots: 2-31 2431, 5, - 3,x
Formla. booklet | S8z, | .| 182°-G® 32+ Fha? -0 vk

Rer 0 “lo:18 a9
(@2-3)02+3)+(5)+(5) +oc - 52
b 4
-
b)

Usethe product of alltheroots to find the value of k.

Sum & duct of the
roots of

Formula booklet NOPRREIZN 1ol 9t +32:3+ 14 -30x +k

a,:13 n:=5 =k
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2.8 Inequalities

2.8.1 Solving Inequalities Graphically

Solving Inequalities Graphically
How canl solve inequalities graphically?

¢ Considertheinequality f(x) = g(x), where f(x) and g(x) are functions of x
o ifwemoveg(x)totheLHS we get
f(x)-g(x)<0
¢ Solve f(x) - g(x) = O to find the zeros of f(x) - g(x)
o Thesecorrespondto the x-coordinates of the points of intersection of the graphs y =
f(x)andy = g(x)
¢ Tosolvetheinequality we canuse a graph
o Graphy =f(x) - g(x) andlabelits zeros
o Hencefindtheintervals of xthat satisfy theinequality f(x) - g(x) <O
These are theintervals which satisfies the original inequality f(x) < g(x)
o This methodis particularly useful when finding the intersections between the functions
is difficult due to needinglarge xand y windows on your GDC

Be careful whenrearranging inequalities!

¢ Rememberto flip the sign of the inequality when you multiply or divide both sides by a
negative number

o e.1<2>[timesbothsides by (-1)]>-1>-2(signflips)
* Nevermultiply ordivide by a variable as this could be positive or negative

o You canonly multiply by a termif you are certainitis always positive (or always

negative)
Suchas x2, |x|, eX

+ Some functionsreverse the inequality

o Takingreciprocals of positive values

0<x< 1>l
=
X<y X y

o Takinglogarithms whenthebaseis O <a <1
0<x<y= loga(x) > loga(y)

* Thesafest way torearrangeis simply to add & subtract to move all the terms onto one side
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*) Worked Example
Usea GDC tosolve theinequality 2x3 < x> —2x.

Rearrange to %d one side as zero
x-2x3-2:50

On GD(C  sketch (d=15-21’-21 and find zeros

ldeatify the sections where

~1.65 0 165 the %V“Ph is above the xc-axig

-165<x<0 or x>1b5
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2.8.2 Polynomial Inequalities

Polynomial Inequalities
How dol solve polynomial inequalities?

o STEP1:Rearrange theinequality so that one of the sides is equal to zero
o Forexample: P(x) =0
STEP 2: Find the roots of the polynomial
o You can do this by factorising orusing GDC to solve P(x) =0
STEP 3: Choose one of the following methods:
Graph method
o Sketch a graph of the polynomial (with orwithouta GDC)
o Choosetheintervals forx corresponding to the sections of the graph that satisfy the
inequality
Forexample: for P(x) < O you would want the sections below the x-axis
Sign table method
o Ifyouareunsure how to sketch a polynomial graph then this method s best
Split thereal numbers into the possible intervals using theroots
Iftheroots area and b then theintervals would be x<a, a<x<b, x>b
Test avalue from eachinterval using the inequality
Choose avalue within aninterval and substitute into P(x) to determineifitis
positive ornegative
Alternatively if the polynomialis factorised you can determine the sign of each factor
ineachinterval
An odd number of negative factors in aninterval will mean the polynomial is
negative onthatinterval
If the value satisfies theinequality then thatintervalis part of the solution

o

[e]

o

o

¢) ExamTip
w
e Inexams most solutions will be intervals but some could be a single point
o Forexample: Solution to is
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9 Worked Example
[ J

Solve theinequality x3 +2x2 > x + 2 using an algebraic method.

Keon'anae, e lt-a-2>0
let P@): x*+ 2% -x2
Find o factor PO)=0 = (x-1) is o fachor
Facrise (-1)(* #3%+2) >0 (ompare coefficients or use division

(oc- () +2) >0
Find the mots 1, -1, -2

O sketch

(onstrudt o sign table
For 3 ¢-2: | for -2eael: For -lcxel: For x>1:

(x+2)<0 (x+2)>0 (x+2)>0 (x+2)>0
() <0 (xn) <0 (n)>0 (xrn)>0
(x<¢0 | (x<¢0 [ (x)¢0 (x>0
SPy<0 POt P@<0  E P30

X v X V4

t — L
2 -l |

Choose the regions that sahishy the inqualn'+j

-Qexe~l  or x3l

/m mmw mwa -
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2.9 Further Functions & Graphs

2.9.1 Modulus Functions

Modulus Functions & Graphs
What is the modulus function?
« Themodulus functionis defined by f(x) = |x|

o Ix]=y/%

. . x x20
o Equivalently it can be defined |x| =

-x x<0
¢ |tsdomainis the set of all real values
 Itsrangeis the set of all real non-negative values
e Themodulus function gives the distance between O and x
o Thisis also called the absolute value of x

What are the key features of the modulus graph: y = |x|?

e Thegraphhasay-interceptat(O, O)
e Thegraphhasonerootat(O, O)
e Thegraphhasavertexat(O,0)
e Thegraphis symmetrical about the y-axis
At the origin
o Thefunctionis continuous
o Thefunctionis not differentiable

y = Ixl

What are the key features of the modulus graph: y =a|x +p| +q?

e Every modulus graph which is formed by linear transformations can be written in this form
using key features of the modulus function
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o |ax|=|al|x]|

Forexample: [2x+1|=2

1
x+ 2 ‘
o |p—x|=|x-p]
Forexample: [4 — x| = |x — 4|
e The graphhas ay-interceptwhenx=0
e ThegraphcanhaveO,1or2roots

o Ifaandqghavethe same signthen there willbe O roots
o Ifg=0thentherewillbelrootat(-p,0)

o Ifaandqghavedifferent signs then there willbe 2 roots at (—p * Z ,O\

\ )

e Thegraphhasavertexat(-p, q)
e Thegraphis symmetrical aboutthelinex=-p
¢ Thevalue of a determines the shape and the steepness of the graph
o Ifais positive the graphlooks like Vv
o Ifais negative the graphlooks like A
o Thelargerthevalue of |a| the steeper the lines
¢ Atthevertex
o Thefunctionis continuous
o Thefunctionis not differentiable
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2.9.2 Modulus Transformations

Modulus Transformations
How do I sketch the graph of the modulus of a function: y = |f(x)|?

o STEP1:Keep the parts of the graph of y = f(x) that are on or above the x-axis
e STEP 2: Any parts of the graph below the x-axis get reflected in the x-axis anything

How do | sketch the graph of a function of amodulus: y = f(|x])?

e STEP1:Keepthe graph of y =f(x) only forx=0
e STEP 2:Reflect this in the y-axis

What is the difference betweeny = |f(x)| and y = f(|x])?
o Thegraph of y = |f(x)| never goes below the x-axis
o |tdoesnothavetohaveanylines of symmetry
o The graph of y =f(|x|) is always symmetrical about the y-axis
o |tcangobelow the y-axis

When multiple transformations are involved how do | determine the
order?
¢ Thetransformations outside the functionfollow the same order as the order of
operations
o y=|af(x) +b|
Deal with the a then the b thenthe modulus
o y=a|fx)|+b
Dealwith'the modulus thentheathentheb
¢ Thetransformationsinside the functionarein thereverse order to the order of operations
o y=Aflax+b|)
Dealwith the modulus thenthe bthenthea
o y=Afalx|+b)
Dealwith the b then the a then the modulus

(’7 ExamTip

' ¢ When sketching one of these transformations in an exam question make sure
that the graphs do not look smooth at the points where the original graph have
beenreflected

o For the graph should look "sharp" at the points where it has been
reflected on the x-axis
o For the graph shouldlook "sharp" at the point whereithas been

reflected on the y-axis
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%) Worked Example
°
The diagram below shows the graph of y = A(x).

.l‘

A4(—1,5)

0

B (3. —3)

(a) Sketchthe graph of y=|f(x)].

|f the SmPh is on or above the x-axis then it erags the same
li '}he Sraph is Eelow ’r}\e X- QXIS H\e it is relqeded in 'H'IE X-0XiS

A s*ags the came (‘l.5>

Al 5)
B bemmes (3.3)

83,3)

(b) Sketchthe graphof y = f(]x]) .
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l«eep the Sraph for 20
Rened this i the Y- axis

A disoppears
) s?ags the came (3.‘3)

63,-3) 80,3)
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2.9.3 Modulus Equations & Inequalities

Modulus Equations
How do | find the modulus of a function?

¢ The modulus of a function f(x) is
flx)  f(x)>0
1={ 1) <o ©

o |fx)| = [fx)P?

How do | solve modulus equations graphically?

» Tosolve|f(x)| = g(x) graphically
o Drawy =|f(x)| andy = g(x) into your GDC
o Findthex-coordinates of the points of intersection

How do | solve modulus equations analytically?

» Tosolve|f(x)| = g(x) analytically

o Formtwo equations
f(x) =g(x)
f(x) =-g(x)

o Solvebothequations

o Check solutions workin the originalequation
Forexample:x —2=2x—3hassolutionx=1
But|(1)-2|=1and2(1)-3=-1
Sox=lisnotasolutionto|x—2|=2x-3
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SPH into fwo equations

Solve for x:
a)
2x+3 a
2—-x |
Ana|3+i(a||3
2-1 + 3
2 -

=15

So|ve individua"&

I+l lx+3
2-a S 2-a S
23 =10-5x 2x+3=5x-10
?x_ = 1 B = 3-1
x = | X = %
G\Cckl (‘z)
213)+3
lzll)j(i :5/ r(%) :5\/
Xz or x:= %j
b)
|3x—1]|=5x—11.
Am‘gﬁcang
SPH info two ecluaﬁons
Ix-1 = (5 -I\)
Solve mdiv‘ndua“g
3acl5a-ll | 3l =l1-5x
0 <2  $a-12
x =9 Cox = 1S
(heckl
3(5)-11= 1, B0S)-1=35
55)-Il = I 505)-I =-35
x=5

érap\\‘\(ana

Sketch the fwo Qmplls
Y 23
* \‘3’| 2-%

A

Fnd the points of intersection
(1,5) (&33,5)

Choose| the  x- coordinates

=) o x k33 64

Graph‘\ca“\\j
Oketch the fwo Qmphs

L)Y

038/22 S

-l

Find the points of intersection
(S, 1)

(hoose the - coordinates

x=9
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Modulus Inequalities
How do | solve modulus inequalities analytically?

» Tosolveany modulus inequality
o Firstsolve the corresponding modulus equation
Remembering to check whether solutions are valid
o Thenuseagraphicalmethod ora sign table to find theintervals that satisfy the
inequality
¢ Anothermethodis to solve two pairs of inequalities
o For|f(x)| <g(x) solve:
f(x) < g(x) when f(x) = O
f(x) > -g(x) when f(x) <O
o For|f(x)| > g(x) solve:
f(x) > g(x) when f(x) = O
f(x) < -g(x) when f(x) <O

@ Exam Tip
w
e |[f aquestion on this appears on a calculator paperthen use the sameideas as

solving otherinequalities
o Sketchthe graphs and find theintersections
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) Worked Example

Solve the followinginequalities for x.

a)
[2x—1| <4
Solve for 2x-1>0
Fbrxl—;: il <« &4 =>x<5; Lz
Solve for 2x-1¢0
For 15%: -l >-4 = 1"% -—i
Combine inertuali’ries _3, 5
2 ¢xc
b)

[x+1]<[2x+3]|
So‘ve, the (orresponding  equation
Zlf:’)‘ > x+l =1 (2x+3)

|l+l

Yolve X+l =2x+3 x+l X3
"

x=-2 Y

(heck [6)+1] =] E5) | -
v
2(-2)1-3‘ :l ‘2(—%)8’ :

w| = w|—

Use a .S\%n ’roUe
Check x:-3 | Check x=45 | (heck x=0

sk < (26303 | sk | < [2698]  [0+1] < |20)#3]
I <3

2 <3 i 05«0 :
True FO\S& True
V4 X v
| f
b
_l - ?

Write solution x<-2 or x> _%
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2.9.4 Reciprocal & Square Transformations

Reciprocal Transformations
What effects doreciprocal transformations have on the graphs?

¢ Thex-coordinates stay the same
¢ They-coordinates change
o Theirvalues become theirreciprocals

1
e Thecoordinates (x, y) become (x, y)wherey:: 0

o Ify=0thenaverticalasymptote goes through the original coordinate
o Pointsthatlieontheliney =1ortheliney = -1stay the same

How dol sketch the graph of the reciprocal of a function: y = 1/f(x)?
* Sketchthereciprocal transformation by considering the different features of the original
graph

¢ Considerkey points on the original graph

o If(x3,y7)is apointony=f(x) wherey; 0

1 1
X, isapointony=—7—~
(wl) 16
If |y1] < 1then the point gets further away from the x-axis

If |yl > 1then the point gets closer to the x-axis

o

If y =f(x) has a y-intercept at (O, c) wherecz0

1 1
Thereciprocal graph y = @ has ay-interceptat (0, c)

o

Ify =f(x) has aroot at(a, O)

Thereciprocal graph y = m has avertical asymptoteatx=a

o

If y =f(x) has a vertical asymptoteatx = a
1
Thereciprocal graph y = m has a discontinuity at(a, O)

The discontinuity will look like a root
If y = f(x) has alocal maximum at (x;, y;) where y; 20

o

')
Thereciprocal graph y = m has alocal minimum at (Xl,

)

o

If y = f(x) has alocal minimum at (x;, y;) where y; £ 0
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1 1
Thereciprocal graph y = m has alocal maximum at (xl, 1

\ )
e Considerkeyregions on the original graph

1
o Ify=1f(x)is positivethen y = f(x) is positive

1
Ify =f(x)is negative then y = f(_X) is negative

1
o Ify=f(x)isincreasingthen y = m is decreasing

1
Ify =f(x) is decreasing then y = @ isincreasing

o Ify=f(x) has a horizontal asymptoteaty =k

1 1
y= m has a horizontal asymptoteat y = k ifkz0

1
=—— tendsto+=ifk=0
YT Ax)
o Ify=f(x)tendsto *  as xtends to +co Or -

1
y= m has a horizontal asymptoteat y =0
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*> Worked Example
The diagram below shows the graph of y = f(x) which has alocal maximum at the

pointA.

C (10,0) X
y=-1
x=2
1
Sketchthegraphof .y = m

A 5e(omcs IO(ul minimum (‘5, 'Lz)
Veetiol qsampfo’re becomes ot 2,0) (2,0)
B become (0, = '

mes LI-) An (’S,'%) 8 (0,":;)
C becmes verticl asymptote =10 /‘3“‘
Hori zontal agymptote y=-1 remaing AE10
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Square Transformations
What effects do square transformations have on the graphs?

o Theeffects are similar to the transformation y = |f(x)|
o The parts below the x-axis arereflected
o Thevertical distance between a point and the x-axis is squared
This has the effect of smoothing the curve at the x-axis
y=[f(x)]? is never below the x-axis
The x-coordinates stay the same
¢ They-coordinates change
o Theirvalues are squared
e Thecoordinates (x, y) become (x, y?)
o Points thatlie on the x-axis ortheliney =1stay the same

How dol sketch the graph of the square of a function: y = [f(x)]2?
¢ Sketchthe square transformation by considering the different features of the original
graph
e Considerkey points on the original graph
o If(x3,y7)is apointony =1(x)
(Xl,y12) is apointon y =[f(x) ]2
If |y1| <1then the point gets closer to the x-axis
If [y1] > 1then the point gets further away from the x-axis
If y =f(x) has ay-intercept at (O, c)
The square graph y = [ f(x)]? has ay-intercept at (0, c2)
Ify=f(x) hasarootat(a, O)
The squaregraph y= [1‘(){)]2 has aroot and turning point at (a, O)
If y =f(x) has avertical asymptoteatx = a
The square graph y = [ f(x)]? has a vertical asymptoteat x = a

o

[e]

o

[e]

Ify = f(x) has alocal maximum at (xj, y;)
The square graph y =[f(x)]? has alocal maximum at (x;, y1) if y;> O
The square graph y =[f(x)]? has alocal minimum at (x;, y;2) if y;< 0
If y = f(x) has alocal minimum at (x, y;)
The square graph y =[f(x)]? has alocal minimum at (x;, y;9) if y;2 0
Thesquare graph y=[f(x)]? has alocal maximum at (x;, y;2) if y; < O

o

(’7 Exam Tip

-
e Inanexam question when sketching make it clearthat the points

where the new graph touches the x-axis are smooth
o This willmake it clearto the examiner that you understand the difference
between theroots of the graphs and
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) Worked Example
The diagram below shows the graph of y = f(x) which has alocal maximum at the
pointA.

C (10,0) N
y=-1
x=2
Sketch the graph of y = [ f(x) 2.
A becomes local minimum (-5, % ) e
Verticol asymphte x=2 remging
B be(_ome5 (O; b ) BI (D,lb)
C becomes local minimum A (-5,k)
4=

Hori zontal asymtote becomes H:I ('l\"’ﬁ-
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