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Quadratic Functions& Graphs

What are the key featuresofquadratic graphs?

A quadratic graph can be written in the form y=ax2+bx+c  where a≠0
The value ofa affects the shapeof the curve

If a is positive the shape is concave up ∪

If a is negative the shape is concave down ∩
The y-intercept is at the point (0, c)

The zeros or roots are the solutions to ax2+bx+c=0
These can befound by

Factorising

Quadratic formula

Using your GDC

These arealso called the x-intercepts

There can be0, 1 or2 x-intercepts

This isdeterminedby the value of the discriminant

There is an axis of symmetry at x=−
b
2a

This isgiven in your formula booklet

If there are two x-intercepts then the axis ofsymmetrygoes through the midpoint of

them

The vertex lies on the axis ofsymmetry

Itcanbefoundbycompleting thesquare

The x-coordinate is x=−
b
2a

The y-coordinate can be found using the GDC or by calculating y when x=−
b
2a

If a ispositive then the vertex is the minimum point

If a is negative then the vertex is the maximum point

2.1 Quadratic Functions & Graphs 

2.1.1 Quadratic Fuctions
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What are the equations of a quadratic function?

f (x)=ax2+bx+c
This is the general form

It clearly shows the y-intercept (0, c)

You can find the axis of symmetry by x=−
b
2a

This isgiven in the formulabooklet

f (x)=a (x−p) (x−q)

This is the factorised form

It clearly shows the roots (p, 0) & (q, 0)

You can find the axis of symmetry by x=
p+q

2
f (x)=a (x−h)

2+k
This is the vertex form

It clearly shows the vertex (h, k)

The axis of symmetry is therefore x=h
It clearly shows how the function can be transformed from the graph y=x2

Vertical stretchby scalefactora

Translationby vector 
⎛
⎜
⎜
⎜

⎝

h
k

⎞
⎟
⎟
⎟

⎠

How do I find an equationof a quadratic?

If you have the roots x = p and x = q...

Write in factorised form y=a (x−p) (x−q)

You will need a third point tofind the value ofa

If you have the vertex (h, k) then...

Write in vertex form y=a (x−h)
2+k

You will need a second point tofind the value ofa

If you have three randompoints (x , y ), (x , y ) & (x , y ) then...

Write in the general formy=ax2+bx+c
Substitute the three points into the equation

Form and solve a system of three linear equations tofind the values ofa, b & c

1 1 2 2 3 3
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Exam Tip

Use your GDC tofind the roots and the turning point ofa quadratic function

You donotneed to factorise orcomplete the square

It isgoodexam technique tosketch the graph from your GDC as partof

your working


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Worked Example

The diagram below shows the graph of y= f (x) , where f (x) is a quadratic

function.

The intercept with the y -axis and the vertex have been labelled.

Write down an expression for y= f (x) .


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FactorisingQuadratics

Why is factorising quadratics useful?

Factorising gives roots (zeroes or solutions) ofa quadratic

It gives the x-intercepts whendrawing the graph

How do I factorise a monic quadratic of the form x + bx + c?

A monicquadratic is a quadratic where the coefficient of the x term is 1

You might beable tospot the factors by inspection

Especially ifc is a primenumber

Otherwise find two numbersm and n ..

A sum equal tob

p+q=b
A productequal toc

pq=c
Rewritebxas mx + nx

Use this to factorise x + mx + nx + c

A shortcut is towrite:

(x+p) (x+q)

How do I factorisea non-monic quadratic of the form ax + bx + c?

A non-monicquadratic is a quadratic where the coefficient of the x term is notequal to 1

If a, b & c have a common factor then first factorise that out to leave a quadratic with

coefficients that have nocommon factors

You might beable tospot the factors by inspection

Especially ifa and/orc areprimenumbers

Otherwise find two numbersm and n ..

A sum equal tob

m+n=b
A productequal toac

mn=ac
Rewritebxas mx + nx

Use this to factorise ax + mx + nx + c

A shortcut is to write:

(ax+m) (ax+n)

a
Then factorise common factors fromnumerator tocancel with the a on the

denominator

How do I use the differenceof two squares to factorise a quadratic of the
form a x - c ?

The differenceof twosquares can beusedwhen...

There is nox term

The constant term is a negative

Square root the two terms a2x2  and c2

The two factors are the sumof square roots and the differenceof thesquare roots

2

2

2

2

2

2

2 2 2

2.1.2 Factorising & Completing the Square
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A shortcut is towrite:

( )ax+c ( )ax−c

Exam Tip

You can deduce the factors ofa quadratic function byusing your GDC tofind

the solutions ofa quadratic equation

Using your GDC, the quadratic equation  6x2+x−2=0  has solutions  

x=−
2
3   and  x=

1
2

Therefore the factors would be  (3x+2)   and   (2x−1)

i.e.  6x2+x−2= (3x+2) (2x−1)


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Worked Example

Factorise fully:

a)

x2−7x+12.

b)

4x2+4x−15.

c)

18−50x2 .


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Completing the Square

Why is completing the square for quadratics useful?

Completing the squaregives the maximum/minimum ofa quadratic function

This can beused todefine the range of the function

It gives the vertex whendrawing the graph

It can beused tosolve quadratic equations

It can beused toderive the quadratic formula

How do I complete the square for a monic quadratic of the form x + bx +
c?

Half thevalueofb and write
⎛
⎜
⎜

⎝
x+

b
2

⎞
⎟
⎟

⎠

2

This isbecause 
⎛
⎜
⎜

⎝
x+

b
2

⎞
⎟
⎟

⎠

2
=x2+bx+

b2

4

Subtract theunwanted
b2

4  term and add on the constant c

⎛
⎜
⎜

⎝
x+

b
2

⎞
⎟
⎟

⎠

2
−

b2

4 +c

How do I complete the square for a non-monic quadratic of the form ax
+ bx + c?

Factorise out the a from the terms involvingx

a
⎛
⎜
⎜

⎝
x2+

b
a x

⎞
⎟
⎟

⎠
+x

Leaving the c alone will avoid workingwith lots of fractions

Complete the square on the quadratic term

Half
b
a  and write 

⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2

This isbecause 
⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2
=x2+

b
a x+

b2

4a2

Subtract theunwanted
b2

4a2  term

Multiply by aand add theconstantc

a
⎡
⎢
⎣

⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2
−

b2

4a2

⎤
⎥
⎦
+c

a
⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2
−

b2

4a +c

Exam Tip

Some questions may notuse the phrase "completing the square" so ensureyou

can recognise a quadratic expression orequationwritten in this form

a (x−h)
2+k (=0)

2

2


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Worked Example

Complete the square:

a)

x2−8x+3.

b)

3x2+12x−5.


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Solving Quadratic Equations

How do I decide the bestmethod to solvea quadratic equation?

A quadratic equation is of the form ax2+bx+c=0
If it is a calculator paper then use your GDC tosolve the quadratic

If it is a non-calculator paper then...

youcan always use the quadratic formula

youcan factorise if itcan befactorisedwith integers

youcan always complete thesquare

How do I solvea quadratic equationby the quadratic formula?

If necessary rewrite in the form ax2+bx+c=0
Clearly identify the values ofa, b & c

Substitute the values into the formula

x=
−b± b2−4ac

2a
This isgiven in the formula booklet

Simplify the solutions as much as possible

How do I solvea quadratic equationby factorising?

Factorise to rewrite the quadratic equation in the form a (x−p) (x−q)=0
Set each factor to zeroand solve

x−p=0⇒x=p
x−q=0⇒x=q

How do I solvea quadratic equationby completing the square?

Complete the square to rewrite the quadratic equation in the form a ( )x−h 2+k=0
Get the squared termby itself

( )x−h 2=−
k
a

If 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
−

k
a  is negative then there will be no solutions

If 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
−

k
a  is positive then there will be two values for x−h

x−h= ± −
k
a

Solve for x

x=h± −
k
a

2.1.3 Solving Quadratics
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Exam Tip

When using the quadratic formulawith awkwardvalues or fractions youmay

find it easier to deal with the " b2−4ac  " (discriminant) first

This can help avoid numerical and negative errors, improving accuracy


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Worked Example

Solve the equations:

a)

4x2+4x−15=0.

b)

3x2+12x−5=0.

c)

7−3x−5x2=0.



15 of 135 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Quadratic Inequalities

What affects the inequality signwhen rearranging a quadratic
inequality?

The inequality sign is unchangedby...

Adding/subtractinga term toboth sides

Multiplying/dividingboth sidesbya positive term

The inequality sign flips (< changes to>) when...

Multiplying/dividingboth sidesbya negative term

How do I solvea quadratic inequality?

STEP 1: Rearrange the inequality intoquadratic formwith a positive squared term

ax + bx + c > 0

ax + bx + c ≥ 0

ax + bx + c < 0

ax + bx + c ≤ 0

STEP2:Find the roots of the quadratic equation

Solve ax + bx + c = 0 toget x and x where x < x

STEP3:Sketcha graphof the quadratic and label the roots

As the squared term is positive itwill beconcave up so "U" shaped

STEP4: Identify the region that satisfies the inequality

If youwant the graph tobeabove thex-axis thenchoose the region tobe the two

intervals outside of the two roots

If youwant the graph tobebelow thex-axis thenchoose the region tobe the interval

between the two roots

Forax + bx + c > 0

The solution is x < x orx > x

Forax + bx + c ≥ 0

The solution is x ≤ x orx ≥ x

Forax + bx + c < 0

The solution is x < x < x

Forax + bx + c ≤ 0

The solution is x ≤ x ≤ x

How do I solvea quadratic inequality of the form (x - h) < n or (x - h) > n?

The safest way isby following the steps above

Expand and rearrange

A common mistake is writing x−h< ± n  or x−h> ± n
This isNOTcorrect!

The correct solution to (x - h) < n is








x−h < n  which can be written as − n <x−h< n
The final solution is h− n <x<h+ n

The correct solution to (x - h) > n is

2

2

2

2

2
1 2 1 2

2

1 2

2

1 2

2

1 2

2

1 2

2 2

2

2

2.1.4 Quadratic Inequalities
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







x−h > n  which can be written as x−h<− n  or x−h> n
The final solution is x<h− n or x>h+ n

Exam Tip

It is easiest to sketch the graph of a quadratic when it has a positive  x2   term, so

rearrangefirst ifnecessary

Use your GDC tohelp select the correct region(s) for the inequality

Some makes/models ofGDCmay have the ability tosolve inequalitiesdirectly

However unconventional notationmay beused todisplay the answer (e.g.

6 > x > 3  rather than 3 < x < 6)

The safest method is toalways sketch the graph

Worked Example

Find the set of values which satisfy 3x2+2x−6>x2+4x−2.




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Discriminants

What is the discriminant of a quadratic function?

The discriminant ofa quadratic isdenotedby the Greek letterΔ (uppercase delta)

For the quadratic function the discriminant isgivenby

Δ=b2−4ac
This isgiven in the formula booklet

The discriminant is the expression that is square rooted in the quadratic formula

How does the discriminant of a quadratic function affect its graph and
roots?

If Δ > 0 then b2−4ac  and − b2−4ac  are two distinct values

The equation ax2+bx+c=0 has two distinct real solutions

The graph of y=ax2+bx+c  has two distinct real roots

Thismeans the graphcrosses the x-axis twice

If Δ = 0 then b2−4ac  and − b2−4ac  are both zero

The equation ax2+bx+c=0 has one repeated real solution

Thegraph of y=ax2+bx+c  has one repeated real root

Thismeans the graph touches the x-axis at exactly one point

Thismeans that the x-axis is a tangent to the graph

If Δ < 0 then b2−4ac  and − b2−4ac  are both undefined

The equation ax2+bx+c=0 has no real solutions

Thegraph of y=ax2+bx+c  has no real roots

Thismeans the graphnever touches thex-axis

Thismeans that graph iswholly above (orbelow) the x-axis

2.1.5 Discriminants
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Forming equations and inequalities using the discriminant

Often at least one of the coefficients ofa quadratic is unknown

Questions usually use the letterk for the unknown constant

You will begiven a factabout the quadratic such as:

The number of solutions of the equation

The number of roots of the graph

Tofind the valueor range of values ofk

Find an expression for thediscriminant

Use Δ=b2−4ac
Decide whetherΔ > 0, Δ = 0 orΔ < 0

If the question says there are real roots but does notspecifyhowmany then use Δ

≥ 0

Solve the resulting equationor inequality

Exam Tip

Questions will rarelyuse the word discriminant so it is important to recognise

when its use is required

Look for

a number of roots orsolutions being stated

whetherand/orhowoften the graphofa quadratic function

intercepts the x -axis

Be careful setting up inequalities that concern "two real roots" (∆≥0) as

opposed to "two real distinct roots" (∆>0)


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Worked Example

A function is given by f (x)=2kx2+kx−k+2 , where k is a constant. The graph of

y= f (x) has two distinct real roots.

a)

Show that 9k2−16k>0.

b)

Hence find the set of possible values of k .


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Equationsof a Straight Line

How do I find the gradient of a straight line?

Find two points that the line passes throughwith coordinates (x , y ) and (x , y )

The gradient between these two points is calculated by

m=
y2−y1

x2−x1

This isgiven in the formula booklet

The gradient ofa straight line measures its slope

A line with gradient 1 will goup 1 unit for every unit itgoes to the right

A line with gradient -2 will godown two units for every unit itgoes to the right

What are the equations of a straight line?

y=mx+c
This is the gradient-intercept form

It clearly shows the gradient m and the y-intercept (0, c)

y−y1=m
( )
x−x1

This is the point-gradient form

It clearly shows the gradient m and a point on the line (x , y )

ax+by+d=0
This is the general form

You can quickly get the x-intercept
⎛
⎜
⎜

⎝
−

d
a , 0

⎞
⎟
⎟

⎠
 and y-intercept

⎛
⎜
⎜

⎝
0, −

d
b

⎞
⎟
⎟

⎠

How do I find an equationof a straight line?

You will need the gradient

If you aregiven two points then first find the gradient

It is easiest tostartwith the point-gradient form

then rearrange intowhatever form is required

multiplying both sidesbyany denominatorswill get rid of fractions

You can check your answerbyusing your GDC

Graph your answerand check itgoes through the point(s)

If you have two points then youcan enter these in the statisticsmode and find the

regression line  y=ax+b

1 1 2 2

1 1

2.2 Linear Functions & Graphs

2.2.1 Equations of a Straight Line
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Exam Tip

A sketch of the graphof the straight line(s) can behelpful,even ifnotdemanded

by the question

Use your GDC toplot them

Ensureyou stateequations ofstraight lines in the format required

Usually  y=mx+c   or  ax+by+d=0
Check whethercoefficients need tobe integers (theyusually arefor 

ax+by+d=0)

Worked Example

The line l passes through the points (−2, 5)  and (6, −7) .

Find the equation of l , giving your answer in the form ax+by+d=0  where a, b
and  c are integers to be found.




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Parallel Lines

How are the equations ofparallel linesconnected?

Parallel lines arealways equidistant meaning theynever intersect

Parallel lines have the same gradient

If the gradient of line l ism and gradient of line l ism then...

m1=m2⇒ l1 & l2 are parallel
l1 & l2 are parallel⇒m1=m2

Todetermine if two lines areparallel:

Rearrange into the gradient-intercept form  y=mx+c
Compare the coefficients of  x
If theyareequal then the lines areparallel

1 1 2 2 
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Worked Example

The line l  passes through the point  (4,−1)  and is parallel to the line with equation 

2x−5y=3 .

Find the equation of  l , giving your answer in the form y=mx+c .


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PerpendicularLines

How are the equations ofperpendicular linesconnected?

Perpendicular lines intersect at right angles

The gradients of two perpendicular lines arenegative reciprocals

If the gradient of line l ism and gradient of line l ism then...

m1×m2=−1 ⇒ l1 & l2 are perpendicular
l1 & l2 are perpendicular ⇒ m1×m2=−1

Todetermine if two lines areperpendicular:

Rearrange into the gradient-intercept form  y=mx+c
Compare the coefficients of  x
If their product is -1 then theyareperpendicular

Be careful with horizontal and vertical lines

x=p  and y=q  are perpendicular where p and q are constants

1 1 2 2 
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Worked Example

The line l1  is given by the equation 3x−5y=7.

The line  l2 is given by the equation y=
1
4 −

5
3 x .

Determine whether l1 and l2 are perpendicular. Give a reason for your answer.


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Language of Functions

What is a mapping?

A mapping transformsone setofvalues (inputs) intoanother setofvalues (outputs)

Mappings can be:

One-to-one

Each input getsmapped toexactly one uniqueoutput

No two inputs aremapped to the same output

Forexample:A mapping that cubes the input

Many-to-one

Each input getsmapped toexactly one output

Multiple inputs can bemapped to the same output

Forexample:A mapping that squares the input

One-to-many

An input can bemapped tomore than one output

No two inputs aremapped to the same output

Forexample:A mapping that gives the numberswhich when squared equal the

input

Many-to-many

An input can bemapped tomore than one output

Multiple inputs can bemapped to the same output

Forexample:A mapping that gives the factors of the input

What is a function?

A function is a mapping between two sets ofnumberswhere each inputgetsmapped to

exactly one output

The output does notneed tobeunique

One-to-one and many-to-one mappings arefunctions

A mapping is a function if its graphpasses the vertical line test

Any vertical linewill intersect with the graph at most once

2.3 Functions Toolkit

2.3.1 Language of Functions
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What notation is used for functions?

Functions are denoted using letters (such as  f , v, g,  etc)

A function is followedbya variable in a bracket

This shows the input for the function

The letter f  is used most commonly for functions and will be used for the remainder of

this revision note

f (x)  represents an expression for the value of the function f  when evaluated for the

variable x
Function notationgets rid of the need for wordswhich makes ituniversal

f =5  when x=2  can simply be written as  f (2)=5

What are the domain and rangeof a function?

The domain ofa function is the setofvalues that areusedas inputs

A domain shouldbestated with a function

If a domain is notstated then it is assumed the domain is all the real valueswhich would

work as inputs for the function

Domains areexpressed in terms of the input

x≤2
The range ofa function is the setofvalues that aregiven as outputs

The rangedepends on the domain

Ranges areexpressed in terms of the output

f (x) ≥0
Tograph a function we use the inputs as thex-coordinates and the outputs as they-

coordinates

f (2)=5  corresponds to the coordinates (2, 5)

Graphing the function can help you visualise the range

Common sets ofnumbers have special symbols:

ℝ represents all the real numbers that can beplaced on a number line

x∈ℝ  means x is a real number

ℚ represents all the rational numbers
a
b where a and b are integers and b ≠ 0

ℤ represents all the integers (positive,negative and zero)

ℤ+ represents positive integers

ℕ represents the natural numbers (0,1,2,3...)
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What are piecewise functions?

Piecewise functions aredefinedbydifferent functions depending onwhich interval the

input is in

E.g.  f ( )x =

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

x+1
2x−4

x2

x≤5
5<x<10
10≤x≤20

The region for the individual functions cannot overlap

To evaluate a piecewise function for a particular value x=k
Find which interval includes  k
Substitute x=k  into the corresponding function

The function may ormay not be continuous at the ends of the intervals

In the example above the function is

continuous at x=5  as 5+1=2(5)−4
not continuous at x=10 as 2(10)−4≠102

Exam Tip

Questions may refer to "the largest possibledomain"

This would usually be  x∈ℝ   unless ℕ, ℤ  or ℚ has already been stated

There areusualy some exceptions

e.g.  square roots;  x≥0   for a function involving   x
e.g.  reciprocal functions;  x≠2   for a function with denominator  

(x−2)


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Worked Example

For the function  f ( )x =x3+1, 2≤x≤10:

a)

write down the value of  f (7) .

b)

find the range of  f (x) .


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CompositeFunctions

What is a composite function?

A composite function iswhere a function is applied toanother function

A composite function can bedenoted

(f ∘g) (x)

fg (x)

f (g (x) )

The order matters

(f ∘g) (x)  means:

First apply g to x to get  g (x)

Then apply f to the previous output to get  f (g (x) )

Always startwith the function closest to thevariable

(f ∘g) (x)  is not usually equal to (g∘ f ) (x)

How do I find the domain and rangeof a composite function?

The domain of f ∘g  is the set of values of x ...

which area subsetof the domain ofg

which mapsg toa value that is in the domain of f

The range of  f ∘g  is the set of values of x ...

which area subsetof the range of f

found byapplying f to the range ofg

To find the domain and range of  f ∘g
First find the range ofg

Restrict these values to the values that arewithin thedomain of f

The domain is the setofvalues that produce the restricted range ofg

The range is the setofvalues that areproduced using the restricted range ofg

as the domain for f

For example: let  f (x)=2x+1, −5≤x≤5  and  g (x)= x , 1≤x≤49
The range of g is 1≤g (x) ≤7

Restricting this to fit the domain of f results in 1≤g (x) ≤5
The domain of  f ∘g  is therefore 1≤x≤25

These are the values of x which map to 1≤g (x) ≤5
The range of  f ∘g  is therefore 3≤ (f ∘g) (x) ≤11

These are the values which f maps 1≤g (x) ≤5  to

2.3.2 Composite & Inverse Functions
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Exam Tip

Makesureyou know what your GDC is capable ofwith regard to functions

You may beable tostore individual functions and find composite functions

and their values for particular inputs

You may beable tograph composite functions directlyand so deduce their

domain and rangefrom the graph

The link between the domains and ranges ofa function and its inverse can act

as a check for your solution

f f (x)  is not the same as ⎡⎢
⎣
f (x)

⎤
⎥
⎦

2


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Worked Example

Given  f (x)= x+4  and  g (x)=3+2x :

a)

Write down the value of (g∘ f ) (12) .

b)

Write down an expression for (f ∘g) (x) .

c)

Write down an expression for (g∘g) (x) .


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Inverse Functions

What is an inverse function?

Only one-to-one functions have inverses

A function has an inverse if its graphpasses the horizontal line test

Any horizontal linewill intersect with the graph at most once

The identity function id maps each value to itself

id(x)=x
If f ∘g  and g∘ f  have the same effect as the identity function then f  and g  are inverses

Given a function f (x)  we denote the inverse function as  f −1
(x)

An inverse function reverses theeffect ofa function

f (2)=5  means  f −1
(5)=2

Inverse functions areused tosolve equations

The solution of  f (x)=5 is x= f −1
(5)

A composite function made of  f  and f −1  has the same effect as the identity function

(f ∘ f −1
) (x)= (f −1∘ f ) (x)=x

What are the connections between a function and its inverse function?

The domain of a functionbecomes the range of its inverse

The range of a functionbecomes the domain of its inverse

The graph of  y= f −1
(x)  is a reflection of the graph y= f (x)  in the line  y=x

Therefore solutions to  f (x)=x  or  f −1
(x)=x  will also be solutions to  f (x)= f −1

(x)

There could be other solutions to  f (x)= f −1
(x)  that don't lie on the line  y=x

How do I find the inverse of a function?
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STEP 1: Swap the x and y in  y= f (x)

If y= f −1
(x)  then x= f (y)

STEP 2: Rearrange x= f (y)  to make y  the subject

Note this can bedone in any order

Rearrange  y= f (x)  to make x  the subject

Swap x  and  y

Can many-to-one functions ever have inverses?

You can restrict thedomain ofa many-to-one function so that ithas an inverse
Choose a subsetof the domainwhere the function is one-to-one

The inverse will bedeterminedby the restricted domain
Note that a many-to-one function can only have an inverse if its domain is restricted
first

Forquadratics – use the vertex as the upper or lower bound for the restricted domain

For f (x)=x2  restrict the domain so 0 is either the maximum or minimum value

For example: x≥0  or x≤0
For f (x)=a (x−h)

2+k  restrict the domain so h is either the maximum or minimum

value
For example: x≥h  or x≤h

For trigonometric functions – use part of a cycle as the restricted domain

For f (x)=sinx  restrict the domain to half a cycle between a maximum and a minimum

For example: −
π
2 ≤x≤ π2

For f (x)=cosx restrict the domain to half a cycle between maximum and a minimum

For example: 0≤x≤π
For f (x)= tanx restrict the domain to one cycle between two asymptotes

Forexample:−
π
2 <x< π2

How do I find the inverse function after restricting the domain?

The rangeof the inverse is the same as the restricted domainof the original function

The inverse function isdeterminedby the restricted domain

Restricting the domaindifferently will change the inverse function

Use the rangeof the inverse tohelp find the inverse function

Restricting the domain of f (x)=x2  to x≥0 means the range of the inverse is 

f −1
(x) ≥0
Therefore  f −1

(x)= x
Restricting the domain of f (x)=x2  to x≤0 means the range of the inverse is 

f −1
(x) ≤0
Therefore  f −1

(x)=− x
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Exam Tip

Remember that an inverse function is a reflectionof the original function in the

line y=x
Use your GDC toplot the function and its inverse on the same graph to

visually check this

f −1
(x)   is not the same as  

1
f (x)


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Worked Example

The function f ( )x = ( )x−2 2+5, x≤m  has an inverse.

a)

Write down the largest possible value of m .

b)

Find the inverse of  f (x) .

c)

Find the domain of  f −1
(x) .

d)

Find the value of k  such that  f (k)=9.


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Odd & Even Functions

What are odd functions?

A function f (x)  is called odd if

f (−x)=− f (x)  for all values of x
Examples ofodd functions include:

Power functions with odd powers: x2n+1  where n∈ℤ
For example: ( )−x 3= −x3

Some trig functions: sinx , cosecx , tanx , cotx
For example: sin(−x)=−sinx

Linear combinations ofodd functions

For example:  f ( )x =3x5−4sinx+
6
x

What are even functions?

A function f (x)  is called even if

f (−x)= f (x)  for all values of x
Examples ofeven functions include:

Power functions with even powers: x2n  where n∈ℤ
For example: ( )−x 4= x4

Some trig functions: cosx , secx
For example: cos(−x)=cosx

Modulus function: |x|
Linear combinations ofeven functions

For example:  f ( )x =7x6+3 







x −8cosx

What are the symmetriesofgraphs ofodd & even functions?

The graphofan odd function has rotational symmetry

The graph is unchanged bya 180° rotationabout the origin

The graphofan even function has reflective symmetry

The graph is unchanged bya reflection in the y-axis

2.3.3 Symmetry of Functions
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Exam Tip

Turn your GDC upside down for a quick visual check for an odd function!

Ignoring axes, etc, if the graph looks exactly the same bothways, it's odd



40 of 135 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

a)

The graph  y= f (x)  is shown below. State, with a reason, whether the function  f  is

odd,evenorneither.

b)

Use algebra to show that g ( )x =x3sin( )x +5cos( )x5  is an even function.


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Periodic Functions

What are periodic functions?

A function f (x)  is called periodic, with period k, if

f (x+k)= f (x)  for all values of x
Examples ofperiodic functions include:

sin x & cos x:The period is 2πor360° 

tan x:The period isπ or 180°

Linear combinations ofperiodic functions with the sameperiod

For example: f ( )x =2sin( )3x −5cos( )3x+2

What are the symmetriesofgraphs ofperiodic functions?

The graphofa periodic function has translational symmetry

Thegraph is unchangedby translations thatare integermultiples of 
⎛
⎜
⎜
⎜

⎝

k
0

⎞
⎟
⎟
⎟

⎠
The means that the graph appears to repeat the same section (cycle) infinitely

Exam Tip

There may beseveral intersections between the graphofa periodic function

and another function

i.e. Equations may have several solutions so onlyanswers within a certain

range of x -values may be required

e.g. Solve  tan x= 3   for  0° ≤ x≤ 360°
x=60°, 240°

Alternatively youmay have towriteall solutions in a general form

e.g.  x=60(3k+1)°, k=0, ±1, ±2, . . .


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Worked Example

The graph  y= f (x)  is shown below. Given that  f  is periodic, write down the period.

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Self-Inverse Functions

What are self-inverse functions?

A function f (x)  is called self-inverse if

(f ∘ f ) (x)=x  for all values of x
f −1

(x)= f (x)

Examples ofself-inverse functions include:

Identity function:  f (x)=x

Reciprocal function:  f (x)=
1
x

Linear functions with a gradient of -1:  f (x)=−x+c

What are the symmetriesofgraphs ofself-inverse functions?

The graphofa self-inverse function has reflective symmetry

The graph is unchanged bya reflection in the line y = x
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Exam Tip

If your expression for  f −1
(x)   is not the same as the expression for  f (x)   you

can check their equivalencebyplotting bothon your GDC

If equivalent the graphs will siton top ofone anotherand appear as one 

Thiswill indicate ifyou have madean error in your algebra, before trying to

simplify/rewrite tomake the two expressions identical

It is sometimes easier toconsider self inverse functions geometrically rather

than algebraically

Worked Example

Use algebra to show the function defined by f ( )x =
7x−5
x−7 , x≠7  is self-inverse.





45 of 135 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Graphing Functions

How do I graph the function y = f(x)?

A point (a, b)  lies on the graph y= f (x)  if  f (a)=b
The horizontal axis is usedfor the domain

The vertical axis is usedfor the range

You will beable tograph some functions byhand

Forsome functions youwill need touse your GDC

You might beasked tograph the sumordifferenceof two functions

Use your GDC to graph y= f (x)+g (x)  or  y= f (x)−g (x)

Just type the functions into the graphing mode

What is the differencebetween “draw” and “sketch”?

If asked tosketch you should:

Show the general shape

Label any key points such as the intersections with the axes

Label the axes

If asked todraw you should:

Use a pencil and ruler

Draw toscale

Plot any points accurately

Joinpointswith a straight line orsmooth curve

Label any key points such as the intersections with the axes

Label the axes

How can my GDChelp me sketch/draw a graph?

You use your GDC toplot the graph

Check the scales on the graph tomakesureyou see the full shape

Use your GDC tofind any key points

Use your GDC tocheck specific points tohelp youplot the graph

2.3.4 Graphing Functions
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Key Features of Graphs

What are the key featuresofgraphs?

You shouldbefamiliar with the following key features and knowhow touse your GDC tofind

them

Local minimums/maximums

These arepointswhere the graph has a minimum/maximum for a small region

Theyarealso called turningpoints

This iswhere the graph changes its direction between upwards and downwards

directions

A graph can have multiple local minimums/maximums

A local minimum/maximum is notnecessarily the minimum/maximum of the whole

graph

Thiswouldbecalled the global minimum/maximum

Forquadratic graphs the minimum/maximum is called the vertex

Intercepts

y – intercepts arewhere the graph crosses the y-axis

At these points x = 0

x – intercepts arewhere the graph crosses the x-axis

At these points y = 0

These points arealso called the zeros of thefunctionor roots of theequation

Symmetry

Some graphs have lines ofsymmetry

A quadratic will have a vertical line ofsymmetry

Asymptotes

These are lineswhich the graphwill get closer tobut notcross

These can behorizontal orvertical

Exponential graphs have horizontal asymptotes

Graphs ofvariableswhich vary inversely can have vertical and horizontal

asymptotes
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Exam Tip

Most GDC makes/models will notplot/showasymptotes just from inputting a

function

Add the asymptotes as additional graphs for your GDC toplot

You can thencheck the equations ofyour asymptotes visually

You may have to zoom inorchange the viewing window options toconfirm

an asymptote

Even ifusing your GDC toplotgraphs and solve problems sketching themas

partofyour working isgoodexam technique

Label the key features of the graph and anything else relevant to the

questionon your sketch


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Worked Example

Two functions aredefinedby

f ( )x =x2−4x−5  and  g ( )x =2+
1

x+1 .

a)

Draw the graph  y= f (x) .

b)

Sketch the graph  y=g (x) .


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IntersectingGraphs

How do I find where two graphs intersect?

Plot bothgraphs on your GDC

Use the intersect function tofind the intersections

Check if there ismore than one point of intersection

How can I use graphs to solveequations?

One method tosolve equations is touse graphs

To solve  f (x)=a
Plot the two graphs  y= f (x)  and y=a  on your GDC

Find the points of intersections

The x-coordinates are the solutions of the equation

To solve  f (x)=g (x)

Plot the two graphs  y= f (x)  and y=g (x)  on your GDC

Find the points of intersections

The x-coordinates are the solutions of the equation

Using graphs makes iteasier toseehow many solutions an equationwill have

Exam Tip

You can use graphs tosolve equations

Questions will notnecessarilyask for a drawing/sketch ormake reference

tographs

Use your GDC toplot the equations and find the intersections between the

graphs


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Worked Example

Two functions aredefinedby

f (x)=x3−x  and  g (x)=
4
x .

a)

Sketch the graph  y= f (x) .

b)

Write down the number of real solutions to the equation  x3−x=2.

c)

Find the coordinates of the points where  y= f (x)  and  y=g (x)  intersect.


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d)

Write down the solutions to the equation  x3−x=
4
x .
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Exponential Functions& Graphs

What is an exponential function?

An exponential function is defined by  f (x)=ax , a>0
Itsdomain is the setofall real values

Its range is the setofall positive real values

An important exponential function is  f (x)=ex

Where e is the mathematical constant 2.718…

Any exponential function can bewritten using e

ax=exlna

This isgiven in the formula booklet

What are the key featuresofexponential graphs?

The graphs have a y-intercept at (0, 1)

The graphs do not have any roots

The graphs have a horizontal asymptote at the x-axis:  y=0
Fora > 1 this is the limitingvaluewhen x tends tonegative infinity

For0 < a < 1 this is the limitingvaluewhen x tends topositive infinity

The graphs do not have anyminimum ormaximum points

2.4 Other Functions & Graphs

2.4.1 Exponential & Logarithmic Functions
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LogarithmicFunctions& Graphs

What is a logarithmic function?

A logarithmic function is of the form  f (x)= logax, x>0
Itsdomain is the setofall positive real values

You can't takea log of zeroora negative number

Its range is setofall real values

logax  and ax  are inverse functions

An important logarithmic function is  f (x)= ln x
This is the natural logarithmic function ln x≡ logex
This is the inverse of ex

ln ex=xand eln x=x
Any logarithmic functioncanbewritten using ln

logax=
ln x
ln a using the change of base formula

What are the key featuresof logarithmic graphs?

The graphs do not have a y-intercept

The graphs have one root at (1, 0)

The graphs have a vertical asymptote at the y-axis: x=0
The graphs do not have anyminimum ormaximum points
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Worked Example

The function  f  is defined by  f (x)= log5x  for x>0.

a)

Write down the inverse of  f . Give your answer in the form eg (x ) .

b)

Sketch the graphs of  f  and its inverse on the same set of axes.



57 of 135 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Solving EquationsAnalytically

How can I solveequations analytically where the unknown appears only
once?

These equations can besolvedby rearranging

Forone-to-one functions youcan just apply the inverse

Addition and subtraction are inverses

y=x+k ⇔x=y−k
Multiplication and division are inverses

y=kx ⇔x=
y
k

Taking the reciprocal is a self-inverse

y=
1
x ⇔x=

1
y

Odd powers and roots are inverses

y=xn ⇔x=n y

y=xn ⇔x=y
1
n

Exponentials and logarithms are inverses

y=ax ⇔x= logay
y=ex⇔x= ln y

Formany-to-one functions youwill need touse your knowledge of the functions tofind

the other solutions

Evenpowers lead topositive and negative solutions

y=xn⇔x= ±n y
Modulus functions lead topositive and negative solutions

y= 







x ⇔x= ±y
Trigonometric functions lead to infinite solutions using their symmetries

y=sinx⇔x=2kπ+arcsiny or x= (1+2k)π−arcsiny
y=cosx⇔x=2kπ±arccosy
y= tanx⇔x=kπ+arctany

Takecarewhen you applymany-to-one functions toboth sidesofan equation as this can

createadditional solutions which are incorrect

Forexample:squaring both sides

x+1=3  has one solution x=2
(x+1)

2=32  has two solutions x=2 and x=−4
Always check your solutions by substituting back into the original equation

How can I solveequations analytically where the unknown appears more
than once?

Sometimes it is possible tosimplify expressions tomake the unknownappear only once

Collect all terms involving x onone side and try tosimplify intoone term

Forexponents use

2.4.2 Solving Equations
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af (x )×ag (x )=af (x )+g (x )

af (x )

ag (x )

=af (x )−g (x )

( )af (x ) g (x )=af ( )x ×g (x )

af ( )x =ef ( )x ln a

For logarithms use

logaf (x)+ logag (x)= loga ( )f ( )x ×g ( )x

logaf (x)− logag (x)= loga
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

f ( )x
g ( )x

nlogaf (x)= loga (f ( )x )
n

How can I solveequations analytically when the equationcan'tbe
simplified?

Sometimes it is not possible to simplify equations

Most of these equations cannotbe solved analytically

A special case that can besolved iswhere the equationcan be transformed into a

quadratic using a substitution

These will have three terms and involve the same typeof function

Identify the suitable substitutionbyconsidering which function is a square of another

For example: the following can be transformed into 2y2+3y−4=0
2x4+3x2−4=0 using  y=x2

2x+3 x −4=0 using  y= x
2
x6 +

3
x3 −4=0  using  y=

1
x3

2e2x+3ex−4=0  using  y=ex

2×25x+3×5x−4=0  using  y=5x

22x+1+3×2x−4=0  using  y=2x

2( )x3−1 2+3( )x3−1 −4=0  using  y=x3−1
Tosolve:

Make the substitution  y= f (x)

Solve the quadratic equation ay2+by+c=0 to get y  & y

Solve f (x)=y1  and  f (x)=y2
Note that some equations might have zero or several solutions

Can I divide both sidesof an equationby an expression?

Whendividing byan expression youmust considerwhether the expressioncould be zero

Dividing byan expression that couldbe zerocould result in you losingsolutions to the

original equation

For example: (x+1) (2x−1)=3(x+1)

If you divide both sides by (x+1)  you get 2x−1=3  which gives x=2
However x=−1 is also a solution to the original equation

Toensureyoudo not lose solutions youcan:

Split theequation into twoequations

One where the dividing expression equals zero: x+1=0

1 2

59 of 135 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


One where the equation has been divided by the expression: 2x−1=3
Make the equation equal zero and factorise

(x+1) (2x−1)−3(x+1)=0
(x+1) (2x−1−3)=0 which gives  (x+1) (2x−4)=0
Set each factor equal to zero and solve: x+1=0  and 2x−4=0

Exam Tip

A commonmistake that studentsmake inexams is applying functions toeach

term rather than toeach side

For example: Starting with the equation lnx+ ln( )x−1 =5 it would be

incorrect to write elnx+eln( )x−1 =e5  or x+ (x−1)=e5

Instead it would be correct to write elnx+ln( )x−1 =e5  and then simplify from

there


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Worked Example

Find the exact solutions for the following equations:

a)

5−2log4x=0.

b)

x= x+2 .

c)

e2x−4ex−5=0.


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Solving EquationsGraphically

How can I solveequations graphically?

To solve f (x)=g (x)

One method is to draw the graphs y= f (x)  and  y=g (x)

The solutions are the x-coordinatesof the points of intersection

Another method is to draw the graph y= f (x)−g (x)  or  y=g (x)− f (x)

The solutions are the roots (zeros) of thisgraph

Thismethod is sometimes quicker as it involvesdrawingonly one graph

Why do I need to solveequations graphically?

Some equations cannotbe solved analytically

Polynomials ofdegreehigher than 4

x5−x+1=0
Equations involving different types of functions

ex=x2

Exam Tip

On a calculator paper you areallowed tosolve equations using your GDC

unless the question asks for an algebraicmethod

If your answer needs tobean exactvalue then youmight need tosolve

analytically toget the exactvalue

Worked Example

a)

Sketch the graph y=ex−x2.

b)

Hence find the solution to ex=x2 .




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Modelling withFunctions

What is a mathematical model?

A mathematical model simplifies a real-worldsituation so itcan bedescribedusing

mathematics

The model can thenbeused tomakepredictions

Assumptions about the situation aremade inorder tosimplify the mathematics

Models can be refined (improved) if further information is available or if the model is

compared to real-worlddata

How do I set up the model?

The questioncould:

give you the equationof the model

tell you about the relationship

It might say the relationship is linear, quadratic,etc

ask you tosuggest a suitable model

Use your knowledge ofeachmodel

E.g. if it is compound interest then an exponential model is the most appropriate

You may have todetermine a reasonable domain

Consider real-lifecontext

E.g. ifdealing with hours in a day then

E.g. ifdealing with physical quantities (such as length) then

Consider the possible ranges

If the outcome cannotbenegative then youwant tochoose a domainwhich

corresponds toa rangewith no negative values

Sketching thegraph is helpful todetermine a suitable domain

Whichmodels might I need to use?

You couldbegiven any model and beexpected touse it

Commonmodels include:

Linear

Arithmeticsequences

Linear regression

Quadratic

Projectile motion

The height ofa cable supporting a bridge

Profit

Exponential

Geometric sequences

Exponential growth and decay

Compound interest

Logarithmic

Richter scalefor the magnitudeofearthquakes

Rational

2.4.3 Modelling with Functions
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Temperatureofa cup ofcoffee

Trigonometric

The depth ofa tide

How do I use a model?

You can use a model by substituting in values for the variable toestimate outputs

Forexample:Leth(t)be the height ofa football t seconds afterbeing kicked

h(3) will bean estimatefor the height of the ball 3 seconds afterbeing kicked

Given an output youcan form an equationwith the model toestimate the input

Forexample:LetP(n) be the profit madeby selling n items

Solving P(n) = 100 will give you an estimatefor the number of items needing tobe

sold tomakea profit of 100

If your variable is time then substituting t = 0 will give you the initial valueaccording to the

model

Fully understand the units for thevariables

If the units ofP aremeasured in thousanddollars thenP = 3 represents$3000

Look out for key words such as:

Initially

Minimum/maximum

Limiting value

What do I do if some of the parameters are unknown?

A general method is to form equations by substituting ingiven values

You can formmultiple equations and solve them simultaneously using your GDC

Thismethodworks forall models

The initial value is the value of the function when the variable is0

This is normally one of theparameters in the equationof the model
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Worked Example

The temperature, T °C, of a cup of coffee is monitored. Initially the temperature is

80°C  and 5 minutes later it is40°C . It is suggested that the temperaturefollows

the model:

T (t)=Aekt+16, t≥0.

where t is the time, in minutes, after the coffee has been made.

a)

State the value of A .

b)

Find the exact value of k .

c)

Find the time taken for the temperatureof the coffee to reach30°C.


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ReciprocalFunctions& Graphs

What is the reciprocal function?

The reciprocal function is defined by f (x)=
1
x , x≠0

Itsdomain is the setofall real values except 0

Its range is the setofall real values except 0

The reciprocal function has a self-inverse nature

f −1
(x)= f (x)

(f ∘ f ) (x)=x

What are the key featuresof the reciprocal graph?

The graphdoes not have a y-intercept

The graphdoes not have any roots

The graph has twoasymptotes

A horizontal asymptote at the x-axis:  y=0
This is the limitingvaluewhen the absolutevalue ofx gets very large

A vertical asymptote at the y-axis:  x=0
This is the value that causes the denominator to be zero

The graph has twoaxes of symmetry

y=x
y=−x

The graphdoes not have anyminimum ormaximum points

2.5 Reciprocal & Rational Functions

2.5.1 Reciprocal & Rational Functions
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LinearRational Functions& Graphs

What is a rational functionwith linear terms?

A (linear) rational function is of the form  f (x)=
ax+b
cx+d , x≠−

d
c

Its domain is the set of all real values except −
d
c

Its range is thesetofall real valuesexcept 
a
c

The reciprocal function is a special case ofa rational function

What are the key featuresof linear rational graphs?

The graph has a y-intercept at
⎛
⎜
⎜

⎝
0,

b
d

⎞
⎟
⎟

⎠
 provided d≠0

The graph has one root at 
⎛
⎜
⎜

⎝
−

b
a , 0

⎞
⎟
⎟

⎠
 provided a≠0

The graph has twoasymptotes

A horizontal asymptote:  y=
a
c

This is the limitingvaluewhen the absolutevalue ofx gets very large

A vertical asymptote:  x=−
d
c

This is the value that causes the denominator to be zero

The graphdoes not have anyminimum ormaximum points

If you areasked tosketchordraw a rational graph:

Give the coordinatesofany intercepts with the axes

Give the equations of the asymptotes

Exam Tip

If youdraw a horizontal line anywhere it shouldonly intersect this typeofgraph

onceat most

The onlyhorizontal line that shouldnot intersect the graph is the horizontal

asymptote

This can beused tocheck your sketch in an exam


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Worked Example

The function  f  is defined by  f (x)=
10−5x
x+2  for x≠−2.

a)

Write down the equationof

(i)

the vertical asymptote of the graph of  f ,

(ii)

the horizontal asymptote of the graph of f .

b)

Find the coordinates of the intercepts of the graph of  f  with the axes.

c)

Sketch the graph of  f .


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Quadratic Rational Functions& Graphs

How do I sketch the graph of a rational functionwhere the terms are not
linear?

A rational function can be written  f (x)=
g (x)

h (x)

Wheregandh arepolynomials

Tofind they-interceptevaluate 
g (0)

h (0)

To find the x-intercept(s) solve  g (x)=0
To find the equations of the vertical asymptote(s) solve  h (x)=0
There will also bean asymptote determinedby what f(x) tends toas x approaches infinity

In this course itwill beeither:

Horizontal

Oblique (a slanted line)

This can be found by writing g (x)  in the form  h (x)Q (x)+ r (x)

You can dothisbypolynomial divisionorcomparingcoefficients

The function then tends to the curve  y=Q (x)

What are the key featuresof rational graphs: quadratic over linear?

For the rational function of the form f ( )x =
ax2+bx+c

dx+e

The graph has a y-intercept at 
⎛
⎜
⎜

⎝
0,

c
e

⎞
⎟
⎟

⎠
 provided e≠0

The graph can have 0, 1 or2 roots

They are the solutions to ax2+bx+c=0

The graph has one vertical asymptote x=−
e
d

The graph has an oblique asymptote y=px+q
Which can be found by writing ax2+bx+c  in the form (dx+e) (px+q)+ r

Where p,q, r areconstants

This can bedone bypolynomial divisionorcomparingcoefficients
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What are the key featuresof rational graphs: linear over quadratic?

For the rational function of the form f ( )x =
ax+b

cx2+dx+e

The graph has a y-intercept at 
⎛
⎜
⎜

⎝
0,

b
e

⎞
⎟
⎟

⎠
 provided e≠0

The graph has one root at x=−
b
a

The graph has can have 0, 1 or2 vertical asymptotes

They are the solutions to cx2+dx+e=0
The graph has a horizontal asymptote 

Exam Tip

If youdraw a horizontal line anywhere it shouldonly intersect this typeofgraph

twice at most

This idea can beused tocheck your graphorhelp you sketch it


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Worked Example

The function  f  is defined by  f ( )x =
2x2+5x−3

x+1  for x≠−1.

a)

(i)

Show that 
2x2+5x−3

x+1 =px+q+
r

x+1  for constants p, q  and r  which are to be

found.

(ii)

Hence write down the equation of the oblique asymptote of the graph of  f .

b)

Find the coordinates of the intercepts of the graph of f  with the axes.

c)

Sketch the graph of  f .


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Translationsof Graphs

What are translations ofgraphs?

When you altera function incertainways, the effects on the graphof the function can be

describedbygeometrical transformations

Fora translation:

the graph ismoved (up ordown, leftor right) in the xyplane

Its position changes

the shape, size,and orientationof the graph remainunchanged

A particular translation (how far left/right,how far up/down) is specifiedbya translation

vector
⎛
⎜
⎜
⎜

⎝

x
y

⎞
⎟
⎟
⎟

⎠
:

x is the horizontal displacement

Positive moves right

Negative moves left

y is the vertical displacement

Positive moves up

Negative movesdown

What effects do horizontal translations haveon the graphs and
functions?

A horizontal translation of the graph y= f (x)  by the vector 
⎛
⎜
⎜
⎜

⎝

a
0

⎞
⎟
⎟
⎟

⎠
is represented by 

2.6 Transformations of Graphs

2.6.1 Translations of Graphs
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y= f (x−a)

The x-coordinates change

The value a is subtracted from them

The y-coordinates stay thesame

The coordinates (x, y)  become  (x+a, y)

Horizontal asymptotes stay thesame

Vertical asymptotes change

x=k  becomes x=k+a
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What effects do vertical translations haveon thegraphs and functions?

A vertical translation of the graph  y= f (x)  by the vector 
⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
is represented by

y−b= f (x)
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This is often rearranged to  y= f (x)+b
The x-coordinates stay thesame

The y-coordinates change

The value b is added to them

The coordinates (x, y)  become  (x, y+b)

Horizontal asymptotes change

y=k  becomes  y=k+b
Vertical asymptotes stay thesame

Exam Tip

Toget full marks in an exam makesureyouuse correct mathematical

terminology

Forexample:Translateby the vector 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

2
−4


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Worked Example

The diagram below shows the graph of  y= f (x) .

a)

Sketch the graph of  y= f (x+3) .

b)

Sketch the graph of  y= f (x)+3.


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Reflectionsof Graphs

What are reflections ofgraphs?

When you altera function incertainways, the effects on the graphof the function can be

describedbygeometrical transformations

Fora reflection:

the graph isflipped about one of the coordinateaxes

Its orientationchanges

the size of the graph remains unchanged

A particular reflection is specifiedbyan axis of symmetry:

y=0
This is the x-axis

x=0
This is the y-axis

What effects do horizontal reflections haveon the graphs and functions?

A horizontal reflection of the graph y= f (x)  about the y-axis is represented by 

y= f (−x)

The x-coordinates change

Their signchanges

The y-coordinates stay thesame

The coordinates (x, y)  become  (−x, y)

Horizontal asymptotes stay thesame

Vertical asymptotes change

x=k  becomes x=−k

2.6.2 Reflections of Graphs
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What effects do vertical reflections haveon the graphs and functions?

A vertical reflection of the graph  y= f (x)  about the x-axis is represented by

−y= f (x)

This is often rearranged to  y=− f (x)

The x-coordinates stay thesame

The y-coordinates change

Theirsignchanges
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The coordinates (x, y)  become  (x, −y)

Horizontal asymptotes change

y=k  becomes  y=−k
Vertical asymptotes stay thesame
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Worked Example

The diagram below shows the graph of  y= f (x) .

a)

Sketch the graph of  y=− f (x) .

b)

Sketch the graph of  y= f (−x) .


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Stretches of Graphs

What are stretchesofgraphs?

When you altera function incertainways, the effects on the graphof the function can be

describedbygeometrical transformations

Fora stretch:

the graph is stretched about one of the coordinateaxes bya scalefactor

Its size changes

the orientationof the graph remains unchanged

A particular stretch is specifiedbya coordinate axis and a scale factor:

The distance between a pointon the graph and the specifiedcoordinate axis is

multipliedby the constant scale factor

The graph is stretched in the directionwhich isparallel to the other coordinate axis

Forscalefactors bigger than 1

the points on the graphget further away from the specifiedcoordinate axis

Forscalefactors between0 and 1

the points on the graphget closer to the specifiedcoordinate axis

This is also sometimes calleda compressionbut in your exam youmust use the

term stretchwith the appropriatescalefactor

What effects do horizontal stretcheshaveon the graphs and functions?

A horizontal stretch of the graph y= f (x)  by a scale factor q centred about the y-axis is

represented by

y= f
⎛
⎜
⎜

⎝

x
q

⎞
⎟
⎟

⎠
The x-coordinates change

Theyaredividedbyq

The y-coordinates stay thesame

The coordinates (x, y)  become  (qx, y)

Horizontal asymptotes stay thesame

Vertical asymptotes change

x=k  becomes x=qk

2.6.3 Stretches Graphs
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What effects do vertical stretcheshaveon the graphs and functions?

A vertical stretch of the graph  y= f (x)  by a scale factor p centred about the x-axis is

represented by

y
p = f (x)

This is often rearranged to  y=pf (x)
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The x-coordinates stay thesame

The y-coordinates change

Theyaremultipliedbyp

The coordinates (x, y)  become  (x, py)

Horizontal asymptotes change

y=k  becomes  y=pk
Vertical asymptotes stay thesame

Exam Tip

Toget full marks in an exam makesureyouuse correct mathematical

terminology

Forexample:Stretch vertically by scalefactor½

Do notuse the word "compress" in your exam


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Worked Example

The diagram below shows the graph of  y= f (x) .

a)

Sketch the graph of  y=2f (x) .

b)

Sketch the graph of  y= f (2x) .


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Composite Transformationsof Graphs

What transformations do I need to know?

y= f (x+k)  is horizontal translation by vector 
⎛
⎜
⎜
⎜

⎝

−k
0

⎞
⎟
⎟
⎟

⎠
If k ispositive then the graphmoves left

If k is negative then the graphmoves right

y= f (x)+k  is vertical translation by vector 
⎛
⎜
⎜
⎜

⎝

0
k

⎞
⎟
⎟
⎟

⎠
If k ispositive then the graphmoves up

If k is negative then the graphmovesdown

y= f (kx)  is a horizontal stretch by scale factor 
1
k  centred about the y-axis

If k > 1 then the graphgets closer to the y-axis

If 0 <k < 1 then the graphgets further from the y-axis

y=kf (x)  is a vertical stretch by scale factor k  centred about the x-axis

If k > 1 then the graphgets further from the x-axis

If 0 <k < 1 then the graphgets closer to the x-axis

y= f (−x)  is a horizontal reflection about the y-axis

A horizontal reflectioncan beviewedas a special case ofa horizontal stretch

y=− f (x)  is a vertical reflection about the x-axis

A vertical reflectioncan beviewedas a special case ofa vertical stretch

How do horizontal and vertical transformations affect eachother?

Horizontal and vertical transformations are independent ofeachother

The horizontal transformations involvedwill need tobeapplied in their correct order

The vertical transformations involvedwill need tobeapplied in their correct order

Suppose there are twohorizontal transformationH then H and twovertical

transformations V then V thentheycan beapplied in the following orders:

Horizontal then vertical:

H H V V

Vertical then horizontal:

V V H H

Mixedup (provided that H comes before H and V comes before V2):

H V H V

H V V H

V H V H

V H H V

Exam Tip

In an exam you aremore likely toget the correct solution ifyoudeal with one

transformation at a time and sketch the graph aftereach transformation

1 2

1  2

1 2 1  2

1  2  1 2

1 2 1

1 1  2 2

1 1 2 2

1 1  2  2

1 1 2 2



2.6.4 Composite Transformations of Graphs
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Worked Example

The diagram below shows the graph of  y= f (x) .

Sketch the graph of y=
1
2 f

⎛
⎜
⎜

⎝

x
2

⎞
⎟
⎟

⎠
.


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CompositeVerticalTransformationsaf(x)+b

How do I deal with multiple vertical transformations?

Ordermatters when you have more than one vertical transformations

If you areasked tofind the equation thenbuild up theequationby looking at the

transformations inorder

A vertical stretchby scalefactora followedbya translationof
⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
Stretch:  y=af (x)

Then translation:  y= ⎡
⎢
⎣
af (x)

⎤
⎥
⎦
+b

Final equation:  y=af (x)+b

A translationof
⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
 followed by a vertical stretch by scale factor a

Translation:  y= f (x)+b
Then stretch: y=a ⎡

⎢
⎣
f (x)+b ⎤

⎥
⎦

Final equation:  y=af (x)+ab
If you areasked todetermine the order

The order ofvertical transformations follows theorder ofoperations

First write the equation in the form  y=af (x)+b
First stretchvertically by scalefactora

If a is negative then the reflectionand stretchcan bedone in anyorder

Then translate by
⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
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Worked Example

The diagram below shows the graph of  y= f (x) .

Sketch the graph of y=3f (x)−2.


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CompositeHorizontalTransformations f(ax+b)

How do I deal with multiple horizontal transformations?

Ordermatters when you have more than one horizontal transformations

If you areasked tofind the equation thenbuild up theequationby looking at the

transformations inorder

A horizontal stretchby scalefactor
1
a followed by a translation of 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−b
0

Stretch:  y= f (ax)

Then translation:  y= f (a (x+b) )

Final equation:  y= f (ax+ab)

A translationof
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−b
0

followedbya horizontal stretchby scalefactor
1
a

Translation:  y= f (x+b)

Then stretch:  y= f ( )( )ax +b
Final equation:  y= f ( )ax+b

If you areasked todetermine the order

First write the equation in the form  y= f (ax+b)

The order ofhorizontal transformations is the reverse of theorder ofoperations

First translate by 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−b
0

Thenstretchby scalefactor 
1
a

If a is negative then the reflectionand stretchcan bedone in anyorder
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Worked Example

The diagram below shows the graph of  y= f (x) .

Sketch the graph of y= f (2x−1) .


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Factor Theorem

What is the factor theorem?

The factor theorem is used tofind the linear factors ofpolynomial equations

This topic is closely tied tofinding the zeros and roots ofa polynomial function/equation

As a ruleof thumb a zero refers to the polynomial function and a root refers toa

polynomial equation

Forany polynomial function P(x)

(x - k) is a factorofP(x) ifP(k) = 0

P(k) = 0 if (x - k) is a factorofP(x)

How do I use the factor theorem?

Consider the polynomial function P(x) = a x + a x + … + a x + a and (x - k) is a factor

Then, due to the factor theorem P(k) = a k + a k + … + a k + a = 0

P (x)= (x−k)×Q (x) , where Q(x) is a polynomial that is a factor of P(x)

Hence, 
P (x)

x−k =Q (x)  , where Q(x) is another factor of P(x)

If the linear factorhas a coefficient of x then youmust first factorise out the coefficient

If the linear factor is (ax – b) =a
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x−

b
a →P

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

b
a =0

Exam Tip

A commonmistake inexams is using the incorrect sign for either the rootor the

factor

If you areasked tofind integer solutions toa polynomial then youonlyneed to

consider factors of the constant term

n
n

n-1
n-1 

1 0

n
n

n-1
n-1 

1 0



2.7 Polynomial Functions

2.7.1 Factor & Remainder Theorem
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Worked Example

Determine whether (x−2)  is a factor of the following polynomials:

a)

f (x)=x3−2x2−x+2.

b)

g (x)=2x3+3x2−x+5.


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It is given that (2x−3)  is a factor of  h (x)=2x3−bx2+7x−6.

c)

Find the value of b .
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Remainder Theorem

What is the remainder theorem?

The remainder theorem is used tofind the remainder whenwe divide a polynomial function

bya linear function

When any polynomial P(x) isdividedbyany linear function (x - k) the value of the remainder R

isgivenbyP(k) = R

Note, whenP(k) = 0 then (x - k) is a factorofP(x)

How do I use the remainder theorem?

Consider the polynomial function P(x) = a x + a x + … + a x + a and the linear function (x

- k)

Then, due to the remainder theorem P(k) = a k + a k + … + a k + a = R

P (x)= (x−k)×Q (x)+R , where Q(x) is a polynomial

Hence, 
P (x)

x−k =Q (x)+
R

x−k  , where R is the remainder

If the linear factorhas a coefficient of x then youmust first factorise out the coefficient

If the linear factor is (ax – b) =a
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x−

b
a →P

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

b
a =R

n
n

n-1
n-1 

1 0

n
n

n-1
n-1 

1 0
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Worked Example

Let  f (x)=2x4−2x3−x2−3x+1, find the remainder R  when  f (x)  is divided by:

a)

x−3.

b)

x+2.


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The remainder when  f (x)  is divided by (2x+k)  is 
893

8 .

c)

Given that k>0, find the value of k .
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PolynomialDivision

What is polynomial division?

Polynomial division is the process ofdividing twopolynomials

This is usually onlyuseful when the degreeof thedenominator is less than orequal to

the degreeof thenumerator

Todothiswe use an algorithm similar to that usedfor divisionof integers

To divide the polynomial P (x)=anxn+an−1xn−1+ . . . +a1x+a0  by the polynomial 

D (x)=bkxk+bk−1xk−1+ . . . +b1x+b0 where k ≤ n

STEP 1

Divide the leading term of thepolynomialP(x)by the leading termof thedivisorD(x)

: 

anxn

bbxk =qmxm

STEP2

Multiply the divisor by this term: D (x)×qmxm

STEP3

Subtract this from the original polynomialP(x) tocancel out the leading term: 

R (x)=P (x)−D (x)×qmxm

Repeat steps 1 – 3 using the newpolynomial R(x) inplaceofP(x) until the subtraction

results in an expression for R(x) with degree less than the divisor

The quotient Q(x) is the sumof the terms youmultiplied the divisorby:

Q (x)=qmxm+qm−1xm−1+ . . . +q1x+q0
The remainder R(x) is the polynomial after the final subtraction

Divisionby linear functions

If P(x) has degree n and is dividedbya linear function (ax + b) then

P ( )x
ax+b =Q ( )x +

R
ax+b where 

ax + b is the divisor (degree 1)

Q(x) is the quotient (degreen – 1)

R is the remainder (degree0)

Note that P (x)=Q (x)× (ax+b)+R

Divisionby quadratic functions

If P(x) has degree n and is divided by a quadratic function (ax + bx + c) then

P ( )x
ax2+bx+c =Q ( )x +

ex+ f
ax2 + bx + c  where

ax + bx + c is the divisor (degree2)

Q(x) is the quotient (degreen – 2)

2

2

2.7.2 Polynomial Division
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ex + f is the remainder (degree less than 2)

The remainder will be linear (degree 1) ife ≠ 0, and constant (degree0) ife = 0

Note that P (x)=Q (x)× (ax2+bx+c)+ex+ f

Divisionby polynomials ofdegreek ≤ n

If P(x) has degree n and is dividedbya polynomial D(x) with degreek ≤ n

P ( )x
D (x)

=Q ( )x +
R (x)

D ( )x  where

D(x) is the divisor (degreek)

Q(x) is the quotient (degreen – k)

R(x) is the remainder (degree less than k)

Note that P (x)=Q (x)×D (x)+R (x)

Are there othermethods for dividing polynomials?

Synthetic division is a faster and shorter way ofsetting out a division whendividing bya

linear termof the form

To divide P (x)=anxn+an−1xn−1+ . . . +a1x+a0 by (x−c) :

Set bn=an
Calculate bn−1=an−1+c×bn
Continue this iterative process b i−1=ai−1+c×ai
The quotient is Q (x)=bnxn−1+bn−1xn−2+ . . . +b2x+b1 and the remainder is

r=b0
You can also find quotients and remaindersbycomparingcoefficients

Given a polynomial P (x)=anxn+an−1xn−1+ . . . +a1x+a0
And a divisor D (x)=dkxk+dk−1xk−1+ . . . +d1x+d0
Write Q (x)=qn−kxn−k+ . . . +q1x+q0  and R (x)= rk−1xk−1+ . . . + r1x+ r0
Write P (x)=Q (x)D (x)+R (x)

Expand the right-hand side

Equate the coefficients

Solve tofind the unknowns q’s& r’s

Exam Tip

In an exam youcan use whichevermethod todivide polynomials - just make

sureyour method iswrittenclearly so that ifyoumakea mistakeyoucan still get

a mark for your method!



105 of 135 www.exampaperspractice.co.uk

https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/


Worked Example

a)

Perform the division 
x4+11x2−1

x+3 . Hence write x4+11x2−1  in the form 

Q (x)× (x+3)+R .


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b)

Find the quotient and remainder for 
x4+4x3−x+1

x2−2x
. Hence write x4+4x3−x+1

in the form Q (x)× (x2−2x)+R (x) .
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SketchingPolynomialGraphs

In exams you’ll commonlybeasked tosketch the graphs ofdifferent polynomial functions with

and without the use ofyour GDC.

What’s the relationship between a polynomial’sdegreeand its zeros?

If a real polynomialP(x) has degreen, itwill have n zeroswhich can bewritten in the forma +

bi, where a, b ∈ ℝ

Forexample:

A quadratic will have 2 zeros

A cubic function will have 3 zeros

A quarticwill have 4 zeros

Some of the zeros may be repeated

Every real polynomial ofodd degreehas at least one real zero

How do I sketch the graph of a polynomial functionwithout a GDC?

Suppose P ( )x =anxn+an−1xn−1+ …+a1x+a0  is a real polynomial with degree n

Tosketch the graphofa polynomial youneed toknow three things:

The y-intercept

Find thisby substitutingx = 0 toget y = a

The roots

You can find these by factorisingorsolving y = 0

The shape

This isdeterminedby the degree (n) and the sign of the leadingcoefficient (a )

How does the multiplicity of a real root affect the graph of the
polynomial?

The multiplicity ofa root is the number of times it is repeatedwhen the polynomial is

factorised

If x=k is a root with multiplicity m then (x−k)
m  is a factor of the polynomial

The grapheithercrosses the x-axis or touches the x-axis at a root x = k where k is a real

number

If x = k has multiplicity 1 then the graphcrosses the x-axis at (k, 0)

If x = k has multiplicity 2 then the graph has a turningpoint at (k, 0) so touches the x-

axis 

If x = k has odd multiplicitym ≥ 3 then the graph has a stationary point of

inflectionat (k, 0) so crosses the x-axis

If x = k has evenmultiplicitym ≥ 4 then the graph has a turningpoint at (k, 0) so

touches the x-axis

0

n

2.7.3 Polynomial Functions
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How do I determine the shape of the graph of the polynomial?

Considerwhat happens as x tends to ± ∞

If a ispositive and n is even then the graph approaches fromthe top left and tends

to the top right

lim
x→−∞

f (x)= lim
x→+∞

f (x)=+∞

If a is negative and n is even then the graph approaches fromthebottomleft and

tends to thebottomright

lim
x→−∞

f (x)= lim
x→+∞

f (x)=+∞

If a ispositive and n isodd then the graph approaches fromthebottomleft and

tends to the top right

lim
x→−∞

f (x)=−∞ and lim
x→+∞

f (x)=+∞

If a is negative and n isodd then the graph approaches fromthe top left and tends

to thebottomright

lim
x→−∞

f (x)=+∞ and  lim
x→+∞

f (x)=−∞

Onceyou know the shape, the real roots and the y-intercept then you simply connect the

points using a smooth curve

There will beat least one turningpoint in-between eachpairof roots

If the degree is n then there is at most n – 1 stationary points (some will be turning

points)

Every real polynomial ofevendegreehas at least one turningpoint

Every real polynomial ofodd degreebigger than 1 has at least one point of

inflection

If it is a calculator paper then youcan use your GDC tofind the coordinates of the

turning points

n

n

n

n
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You won’t need tofind their locationwithout a GDC unless the question asks you to

Exam Tip

If it is a calculator paper then youcan use your GDC tofind the coordinates of

any turning points

If it is the non-calculator paper then youwill notbe required tofind the turning

pointswhen sketching unless specifically asked to


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Worked Example

a)

The function  f  is defined by  f (x)= (x+1) (2x−1) (x−2)
2 . Sketch the graph of 

y= f (x) .

b)

The graphbelow shows a polynomial function. Find a possibleequationof the

polynomial.


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Solving PolynomialEquations

What is “The Fundamental TheoremofAlgebra”?

Every real polynomial with degreen can befactorised inton complex linear factors

Some ofwhich may be repeated

Thismeans the polynomial will have n zeros (some may be repeats)

Every real polynomial can beexpressedas a productof real linear factors and real

irreduciblequadratic factors

An irreducible quadratic iswhere itdoes not have real roots

The discriminantwill benegative:b – 4ac < 0

If a + bi (b ≠ 0) is a zero ofa real polynomial then its complexconjugatea –bi is also a zero

Every real polynomial ofodd degreewill have at least one real zero

How do I solvepolynomial equations?

Suppose you have an equationP(x) = 0 where P(x) is a real polynomial of degreen

P ( )x =anxn+an−1xn−1+ …+a1x+a0
You may begivenone zerooryoumight have tofind a zero x = k by substituting values into

P(x) until itequals0

If you knowa root then you knowa factor

If you know x = k is a root then (x – k) is a factor

If you know x = a + bi is a root then you knowa quadratic factor (x – (a+ bi))( x – (a–

bi))

Which can bewritten as ((x – a) - bi)((x – a) + bi) and expandedquickly using

differenceof twosquares

You can thendivideP(x)by this factor toget another factor

Forexample:dividing a cubic bya linear factorwill give you a quadratic factor

You thenmay beable to factorise this new factor

Exam Tip

If a polynomial has three or less terms check whethera substitutioncan turn it

intoa quadratic

For example: x6+3x3+2  can be written as ( )x3 2+3( )x3 +2

2


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Worked Example

Given that  x=
1
2  is a zero of the polynomial defined by  f (x)=2x3−3x2+5x−2,

find all three zeros of  f .


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Sum& Product of Roots

How do I find the sum & product of roots ofpolynomials?

Suppose  P ( )x =anxn+an−1xn−1+ …+a1x+a0  is a polynomial of degreen with n

roots α1, α2, . . ., αn

The polynomial iswritten as 

n

∑
r=0

arx
r=0, an≠0  in the formula booklet

a is the coefficient of the leading term

a is the coefficient of the x term

Be careful: this couldbeequal to zero

a is the constant term

Be careful: this couldbeequal to zero

In factorised form: P (x)=an ( )
x−α1 ( )

x−α2 . . . ( )
x−αn

Comparing coefficients of the x term and the constant term gives

an−1=an ( )
−α1−α2− . . . −αn

a0=an ( )
−α1 × ( )

−α2 × . . . × ( )
−αn

The sumof the roots isgiven by:

α1+α2+ …+αn=−
an−1

an
The product of the roots isgivenby:

α1× α2× …×αn=
( )−1 n a0

an
bothof these formulae are in your formula booklet

How can I find unknowns if I am given the sum and/or product of the roots
of a polynomial?

If you knowa complex rootofa real polynomial then its complexconjugate is another root

Form twoequations using the roots

One using the sumof the roots formula

One using the product of the roots formula

Solve for any unknowns

Exam Tip

Examiners might trick youbynothaving an x termora constant term

Tomakesureyoudonotget tricked youcan writeout the full polynomial using 0

as a coefficient where needed

For example: Write x4+2x2−5x  as x4+0x3+2x2−5x+0

n 

n-1
n-1

0 

n-1


n-1

2.7.4 Roots of Polynomials
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Worked Example

2−3i, 
5
3 i  and α  are three roots of the equation

18x5−9x4+32x3+794x2−50x+k=0.

a)

Use the sum of all the roots to find the value of α .

b)

Use the product of all the roots to find the value of k .


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Solving Inequalities Graphically

How can I solve inequalitiesgraphically?

Consider the inequality f(x) ≤ g(x), where f(x) and g(x) arefunctions ofx

ifwe move g(x) to theLHS we get

f(x) – g(x)≤ 0

Solve f(x) – g(x)= 0 to find the zerosof f(x) – g(x)

These correspond to the x-coordinates of the points of intersectionof the graphs y =

f(x) and y = g(x)

Tosolve the inequality we can use a graph

Graph y = f(x) – g(x)and label its zeros

Hencefind the intervals ofx that satisfy the inequality f(x) – g(x) ≤ 0

These are the intervals which satisfies theoriginal inequality f(x) ≤ g(x)

Thismethod is particularly useful when finding the intersections between the functions

isdifficultdue toneeding large x and y windows on your GDC

Becareful when rearranging inequalities!

Remember toflip thesignof the inequality when youmultiply ordivide both sidesbya

negative number

e. 1 < 2 → [timesboth sidesby (–1)] → –1> –2 (sign flips)

Nevermultiply ordivide bya variable as this couldbepositive ornegative

You can onlymultiplybya term ifyou arecertain it is always positive (oralways

negative)

Such as x2, 







x , ex

Some functions reverse the inequality

Taking reciprocals ofpositive values

0<x<y⇒
1
x >

1
y

Taking logarithms when the base is0 < a < 1

0<x<y⇒loga ( )x >loga ( )y
The safest way to rearrange is simply toadd& subtract tomove all the terms ontoone side

2.8 Inequalities

2.8.1 Solving Inequalities Graphically
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Worked Example

Use a GDC to solve the inequality 2x3<x5−2x .

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Polynomial Inequalities

How do I solvepolynomial inequalities?

STEP 1: Rearrange the inequality so that one of thesides is equal to zero

Forexample:P(x) ≤ 0

STEP2:Find the roots of the polynomial

You can dothisby factorising orusing GDC tosolve P(x) = 0

STEP3:Choose one of the following methods:

Graph method

Sketch a graphof the polynomial (with orwithout a GDC)

Choose the intervals for x corresponding to the sections of the graph that satisfy the

inequality

Forexample: for P(x) ≤ 0 youwouldwant the sections below the x-axis

Sign table method

If you areunsurehow tosketch a polynomial graph then thismethod isbest

Split the real numbers into the possible intervals using the roots

If the roots area and b then the intervalswouldbex<a, a<x<b, x>b

Test a value fromeach interval using the inequality

Choose a value within an interval and substitute intoP(x) todetermine if it is

positive ornegative

Alternatively if the polynomial is factorisedyoucan determine thesignof each factor

ineach interval

Anodd number ofnegative factors in an interval will mean the polynomial is

negative on that interval

If the value satisfies the inequality then that interval is partof the solution

Exam Tip

In exams most solutions will be intervalsbut some couldbea single point

For example: Solution to (x−3)
2≤0  is x=3



2.8.2 Polynomial Inequalities
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Worked Example

Solve the inequality x3+2x2>x+2 using an algebraic method.

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Modulus Functions& Graphs

What is the modulus function?

The modulus function is defined by f (x)= 







x








x = x2

Equivalently it can be defined 








x =
⎧
⎪
⎪
⎨
⎪
⎪
⎩

x x≥0
−x x<0

Itsdomain is the setofall real values

Its range is the setofall real non-negative values

The modulus function gives the distance between 0 and x

This is also called the absolute valueofx

What are the key featuresof the modulus graph: y = |x|?

The graph has a y-intercept at (0, 0)

The graph has one root at (0, 0)

The graph has a vertexat (0, 0)

The graph is symmetrical about the y-axis

At the origin

The function is continuous

The function is not differentiable

What are the key featuresof the modulus graph: y = a|x + p| + q?

Every modulusgraph which is formedby linear transformations can bewritten in this form

using key features of the modulus function

2.9 Further Functions & Graphs

2.9.1 Modulus Functions
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







ax = 







a 







x

For example:  






2x+1 =2
















x+
1
2









p−x = 







x−p
For example: 









4−x = 







x−4
The graph has a y-interceptwhen x = 0

The graph can have 0, 1or2 roots

If a and q have the samesign then there will be0 roots

If q = 0 then there will be 1 root at (-p, 0)

If a and q have different signs then there will be2 roots at 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
−p±

q
a ,0

The graph has a vertexat (-p, q)

The graph is symmetrical about the line x = -p

The value ofadetermines the shape and the steepnessof the graph

If a ispositive the graph looks like∨
If a is negative the graph looks like∧
The larger the value of |a| the steeper the lines

At the vertex

The function is continuous

The function is notdifferentiable
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Modulus Transformations

How do I sketch the graph of the modulus of a function: y = |f(x)|?

STEP 1: Keepthe parts of the graphofy = f(x) that areonorabove thex-axis

STEP2:Any parts of the graph below thex-axis get reflected in the x-axis anything

How do I sketch the graph of a functionof a modulus: y = f(|x|)?

STEP 1: Keepthe graphofy = f(x)only forx ≥ 0

STEP2:Reflect this in the y-axis

What is the differencebetween y = |f(x)| and y = f(|x|)?

The graphofy = |f(x)| nevergoesbelow thex-axis

It does nothave tohave any lines ofsymmetry

The graphofy = f(|x|) is always symmetrical about they-axis

It can gobelow the y-axis

Whenmultiple transformations are involved howdo I determine the
order?

The transformations outside thefunction follow the sameorderas the order of

operations

y= 







af (x)+b
Deal with the a then the b then the modulus

y=a 







f (x) +b
Deal with the modulus then the a then the b

The transformations inside thefunctionare in the reverse order to the order ofoperations

y= f (








ax+b )

Deal with the modulus then the b then the a

y= f (a 







x +b)

Deal with the b then the a then the modulus

Exam Tip

When sketching one of these transformations in an exam questionmakesure

that the graphs donot looksmooth at the pointswhere the original graph have

been reflected

For y= 







f (x)  the graph should look "sharp" at the points where it has been

reflected on the x-axis

For y= f ( )








x  the graph should look "sharp" at the point where it has been

reflected on the y-axis



2.9.2 Modulus Transformations
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Worked Example

The diagram below shows the graph of y= f (x) .

(a) Sketch the graph of y= 







f ( )x .

(b) Sketch the graph of  y= f (








x ) .


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Modulus Equations

How do I find the modulus of a function?

The modulus of a function f(x) is









f (x) =
⎧
⎪
⎪
⎨
⎪
⎪
⎩

f (x)

−f (x)

f (x) ≥0
f (x) <0

or









f (x) = [f (x) ]2

How do I solvemodulus equations graphically?

Tosolve |f(x)| = g(x)graphically

Draw y = |f(x)| and y =g(x) intoyour GDC

Find the x-coordinates of the points of intersection

How do I solvemodulus equations analytically?

Tosolve |f(x)| = g(x) analytically

Form twoequations

f(x) = g(x)

f(x) = - g(x)

Solve bothequations

Check solutions work in the original equation

For example: x−2=2x−3  has solution x=1
But |(1)−2| =1 and 2(1)−3=−1
So x=1  is not a solution to |x−2| =2x−3

2.9.3 Modulus Equations & Inequalities
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Worked Example

Solve for x :

a)








2x+3
2−x









=5

b)








3x−1 =5x−11.


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Modulus Inequalities

How do I solvemodulus inequalitiesanalytically?

Tosolve anymodulus inequality

First solve the corresponding modulus equation

Remembering tocheck whether solutions are valid

Then use a graphical methodora sign table tofind the intervals that satisfy the

inequality

Anothermethod is tosolve twopairs of inequalities

For |f(x)| < g(x) solve:

f(x) < g(x) when f(x) ≥ 0

f(x) > -g(x) when f(x) ≤ 0

For |f(x)| > g(x) solve:

f(x) > g(x) when f(x) ≥ 0

f(x) < -g(x) when f(x) ≤ 0

Exam Tip

If a questionon this appears on a calculator paper then use the same ideas as

solving other inequalities

Sketch the graphs and find the intersections


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Worked Example

Solve the following inequalities for x .

a)

|2x−1| <4

b)








x+1 < 







2x+3


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ReciprocalTransformations

What effects do reciprocal transformations haveon the graphs?

The x-coordinates stay thesame

The y-coordinates change

Their valuesbecome their reciprocals

The coordinates (x, y)become 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x,

1
y  where y ≠ 0

If y =0 then a vertical asymptote goes through the original coordinate

Points that lie on the liney = 1 or the line y = -1 stay thesame

How do I sketch the graph of the reciprocal of a function: y = 1/f(x)?

Sketch the reciprocal transformationbyconsidering the different featuresof the original

graph

Consider key points on the original graph

If (x , y ) is a point on y = f(x) where y ≠ 0

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1,
1
y1

 is a point on y=
1

f (x)

If |y |< 1 then the point gets further away fromthex-axis

If |y |> 1 then the point gets closer to thex-axis

If y = f(x) has a y-intercept at (0, c) where c ≠ 0

The reciprocal graph y=
1

f (x)

 has a y-intercept at 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
0,

1
c

If y = f(x) has a root at (a, 0)

The reciprocal graph y=
1

f (x)

 has a vertical asymptote at x=a

If y = f(x) has a vertical asymptote at x=a

The reciprocal graph y=
1

f (x)

 has a discontinuity at (a, 0)

The discontinuity will look likea root

If y = f(x) has a local maximum at (x , y ) where y ≠ 0

The reciprocal graph y=
1

f (x)

 has a local minimum at 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1,
1
y1

If y = f(x) has a local minimum at (x , y ) where y ≠ 0

1 1 1

1

1

1 1 1

1 1 1

2.9.4 Reciprocal & Square Transformations
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The reciprocal graph y=
1

f (x)

 has a local maximum at 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1,
1
y1

Consider key regions on the original graph

If y = f(x) is positive then y=
1

f (x)

 is positive

If y = f(x) is negative then y=
1

f (x)

 is negative

If y = f(x) is increasing then y=
1

f (x)

 is decreasing

If y = f(x) is decreasing then y=
1

f (x)

 is increasing

If y = f(x) has a horizontal asymptote at y =k 

y=
1

f (x)

 has a horizontal asymptote at y=
1
k  if k ≠ 0

y=
1

f (x)

tends to ± ∞ if k = 0

If y = f(x) tends to ± ∞ as x tends to+∞or-∞

y=
1

f (x)

 has a horizontal asymptote aty=0
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Worked Example

The diagram below shows the graph of y= f (x)  which has a local maximum at the

point A.

Sketch the graph of .y=
1

f (x)

.


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Square Transformations

What effects do square transformations haveon the graphs?

The effects aresimilar to the transformation y = |f(x)|

The parts below thex-axis are reflected

The vertical distance between a point and the x-axis is squared

This has the effect ofsmoothing thecurve at the x-axis

y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  is never below the x-axis

The x-coordinates stay thesame

The y-coordinates change

Their values aresquared

The coordinates (x, y)become (x, y²)

Points that lie on the x-axis or the line y = 1 stay thesame

How do I sketch the graph of the square of a function: y = [f(x)]²?

Sketch the square transformationbyconsidering the different featuresof the original

graph

Consider key points on the original graph

If (x , y ) is a point on y = f(x)

( )
x1,y1

2  is a point on y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2

If |y |< 1 then the point gets closer to thex-axis

If |y |> 1 then the point gets further away fromthex-axis

If y = f(x) has a y-intercept at (0, c)

The square graph y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a y-intercept at (0,c2
)

If y = f(x) has a root at (a, 0)

The square graph  y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a root and turning point at (a, 0)

If y = f(x) has a vertical asymptote at x=a
The square graph y= ⎡

⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a vertical asymptote at x=a
If y = f(x) has a local maximum at (x , y )

The square graph  y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a local maximum at (x , y ) if y > 0

The square graph y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2   has a local minimum at (x , y ) ify ≤0

If y = f(x) has a local minimum at (x , y )

The square graph y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2   has a local minimum at (x , y ) if y ≥ 0

The square graph  y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a local maximum at (x , y ) if y < 0

Exam Tip

In an exam question when sketching y= ⎡
⎢
⎣

⎤
⎥
⎦

f (x)
2  make it clear that the points

where the newgraph touches the x-axis aresmooth

Thiswill make itclear to the examiner that youunderstand the difference

between the roots of the graphs y= 







f (x)  and y= ⎡
⎢
⎣

⎤
⎥
⎦

f (x)
2

1 1

1

1

1 1

1 1
2

1 

1 1
2

1 

1 1

1 1
2

1 

1 1
2

1 


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Worked Example

The diagram below shows the graph of y= f (x)  which has a local maximum at the

point A.

Sketch the graph of y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2 .


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