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5.9.1Integrating Further Functions

As with other problems inintegration the results in this revision note may have furtheruses such as

= evaluating a definite integral
= finding the constant of integration
= finding areas underacurve, between aline and a curve or between two curves
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Integrating with Reciprocal Trigonometric Functions

cosec (cosecant, csc), sec (secant) and cot (cotangent) are the reciprocal functions of sine, cosine and
tangent respectively.

What are the antiderivatives involving reciprocal trigonometric functions?

fseczxdx=tanx+c
. fsecxtanxdx=secx+c
. fcosecxcotxdx=—cosecx+c

. f cosec? x dx= —cotx+c¢

= These are not givenin the formula booklet directly
= theyarelisted the otherway round as ‘standard derivatives’
= be careful with the negativesin the last two results
= andremember “+c”!

How do lintegrate these if a linear function of x is involved?

= Allintegrationrules could apply alongside the results above
= Theuse of reverse chainrule is particularly common
= Forlinear functions the following results can be useful

1
f sec2(ax+ b) dx= ;tan(ax +b)+c

1
f sec(ax + b) tan(ax + b) dx = ;sec(ax +b)+c¢

1
f cosec(ax + b) cot(ax + b) dx= — gcosec(ax +b)+c

1
f cosec2(ax+ b) dx= — zcot(ax +b)+c

= Theseare notinthe formulabooklet
= theycanbe deduced by spottingreverse chainrule
= theyare not essential toremember but can make problems easier
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@ Worked example

The graphof y = f(X) where f(X) = f 2sec? 5x dx passes through the point (?T[ , 0).
Showthat Sy = 2(\/§ + tan 5X).

Reverce chain e i€ needed

J 2sec 5 doe = 2*% XSS&‘? 5x dx

*Compersdte’ R ‘OAjog\:'

53‘-‘ 2@5 *tan Sx)
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Integrating with Inverse Trigonometric Functions

arcsin, arccos and arctan are (one-to-one) functions defined as the inverse functions of sine, cosine and
tangentrespectively.

What are the antiderivatives involving the inverse trigonometric functions?

dx=arcsin x+ ¢

1
/ Jix
1

f —— dx=arctanx+ ¢
1+ x2

Note that the antiderivative involving arcCOS X would arise from

1
| -7=

= However, the negative can be treated as a coefficient of -Tand so

1 1
f——m dx=—f—m dx

= Similarly,

1 1
f—m dx=—f ——m dx

= Unlessaquestionrequires otherwise, stick to the first two results
= Thesearelistedin the formulabooklet the other way round as ‘standard derivatives’

= Forthe antiderivative involving arctan X, note that (1 + X2) isthe same as (X2 + 1)

dx=arccosx+ ¢
= —arcsin x+ ¢

= —arccosx+c

How do lintegrate these expressions if the denominator is not in the correct form?

= Some problems involve integrands that look very similar to the above
= butthe denominators start with a number otherthan one
= thereare three particular cases to consider

= The first two cases involve denominators of the form a2 + (bX)2 (with or without the square root!)
= |nthecase b =1 (i.e. denominator of the form 32 + X2)there are two standard results

f ﬁ dx= éarctan(%) +c

X
dx= arcsin(—‘ +c, |x|<a

1
fm \a)

Both of these are givenin the formula booklet
Note inthe first result, @2 + X2 could be written X2 + a2
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= Incaseswhere b # 1 thenthe integrand can be rewritten by taking a factor of a?
= the factorwill be a constant that can be taken outside the integral
= theremaining denominator will then start with 1

4 2 )
= e9.9+4x2=9 1+§X2 =9[1+ 3X

= The third type of problem occurs when the denominator has a (three term) quadratic

= ie. denominators of the form X2 + bx + ¢
(arearrangement of this is more likely)
= theintegrand canbe rewritten by completing the square

= eg.5—x2+4x=5-(x2+4x)=5-[(x+2)2-4]=9-(x+2)2
This can then be dealt with like the second type of problem above with "X " replaced by
x+2

= This works since the derivative of X + 2 is the same as the derivative of X

Thereis essentially no reverse chain rule to consider
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@ Worked example

1
a) Findf 9+ <2 dx.

Th@ denominator i o? the %Oi'r-n ol + 6o vee Yhe recole

n

‘T’l’om the S]:ofmu\& booklet: " [_ 1 dx = | arckan (i ) +c
Q2+x1 O. a
J’ | dx = | arttan (ﬁ) +c
U+ 3 3
qa:=3* J
1
b) Flndf dx
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XAM PAPERS PRACTICE

The denomindor is o Yhree term quadrd\'ic co
Compleke Yhe oquore

C-x*+4=x=5 -[Jc.z-\-t-:c.]
=5 -[L:c-?.)?‘- q
= Q- L:c.-l)l
Now write the in‘\f'esﬁ'&\ inte a fécoSnisa\a\e form

dac

I:j | dx :j- I
[|S-x*+4h=x / A= (e-2)*

Then uvte o S\'\a\'\"l‘ QAaP'\"bn Yo the reculk from
‘H'\e.-?::ﬂnu\cx booklek " | dx = OTtSin Lﬁ)-l—c."
o &

« I'=osin Lx—'x) +cl
3

For more help, please visit www.exampaperspractice.co.uk
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Integrating Exponential & Logarithmic Functions
Exponential functions have the general form y = a*. Specialcase: y = €*.

Logarithmic functions have the general form y = 10gaX. Specialcase: Yy = logex =Inx.

What are the antiderivatives of exponential and logarithmic functions?

= Thoseinvolving the special cases have been met before

. f eXdx=eX+c¢

1
. f —dx=In|x|+c¢
X

= These are givenin the formula booklet
= Also

= Thisis also givenin the formulabooklet
= Byreversechainrule

1
[] = +
f na dx=log _|x|+c

= Thisis notin the formula booklet
= butthe derivative oflogaXisgiven

= Thereis also thereverse chainrule to look out for
= thisoccurs when the numeratoris (almost) the derivative of the denominator

f'(x)
. f mdx=ln|1‘(x)|+c

How do lintegrate exponentials and logarithms with a linear function of x involved?

= Forthe special casesinvolving € and In

1
- f eaX+b dx=—eax+b+c
a

1 1
. f —— dx=—In|ax+b|+c
ax+b a

= Forthe general cases

" faPX+de= aprpxta+ ¢

plna
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1 1
. fm dx=;10ga|px+q| +c

= Thesefourresults are notin the formula booklet but all can be derived using ‘adjust and compensate’
fromreverse chainrule
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@ Worked example

f24 q 6
a) Showthat Xdx=——.
{ In2

Ffém Hhe '?of"mu\cx booklek, J. cdez_L1 o +¢

Ina
2
- J l)-x d = i l;."]z
T |

= 1€ - Y-
o % I %
= o |
o %

12 lo%zln2: 202
2n 2 "/

J-R*xdx . _ 6

o A

wa [ 1 q
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Theresolt |V dx =1 lo |pae + | +¢
Jtﬂ*—ﬂ\no. P BQ 3

could be vsed but this is 0ot in the Jormda booklet.

Alkernaively vse Teverse ancun role with the recolt
" fle)zlogge, Fle)z L " which i¢

x\n (%

3'Nen in the ?Df'mu\& booklek!

< ‘oéius‘:.

o 1= j dx = ! 2 dx
Lﬂ'x-l)\nB " j (22- Ve 3

* Comperadte
»T=2) 9.7.-\—"'
033|\ /!_i\ oA +e' !

remember the
todo\l Q'\gag...

For more help, please visit www.exampaperspractice.co.uk
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5.9.2 Further Techniques of Integration

Integration by Substitution
What is integration by substitution?

= [ntegration by substitutionis used when anintegrand where reverse chainrule is either not obvious oris
not spotted
= inthelattercaseitislike a “back-up” method forreverse chainrule

How do l use integration by substitution?

= Forinstances where the substitution is not obvious it will be givenin a question

= e.g. Find f cot x dx using the substitution 7 = Sin X

= Substitutions are usually of the form U = g(X)

= insome cases U? = g(X) and othervariations are more convenient
= asthese would not be obvious, they would be givenin a question
= ifneedbe, thiscanberearrangedto find X interms of U

= |ntegration by substitution theninvolves rewriting the integral, including “dx”interms of U
STEP1
Name the integral to save rewriting it later

Identify the given substitution U = g(X)

STEP?2
du

Find —=— andrearrange into the form f(u) du= g(X) dx such that (some of) the integral canbe

dx

rewritteninterms of U

STEP 3

If limits areinvolved, use U = g(X) to change them from X values to U values

STEP 4
Rewrite the integral so everythingisin terms of U rather than X

Thisis the step when it may become apparent that X is neededinterms of U

STEP5

Integrate withrespect to u and eitherrewrite in terms of X or apply the limits using their U values

= Forquotients the substitution usually involves the denominator
= |tmay be necessary to use ‘adjust and compensate’ to deal with any coefficientsin the integrand
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du

= Although —7— canbe treated like a fraction it should be appreciated that thisis a ‘shortcut’ and the

dx

maths behind it is beyond the scope of the IB course
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@ Worked example

1
Use the substitution I = (1 + 2X) to evaluate f X(l + 2X)7 dx.
0

SRl Namethe ié’esrai, '.aen-\'éf-j he aobekitotion
1::[' x(1+2x) ax
us |°+ 2x
STeP 2: Fina the; (R YSETH
x

du‘
dac 2

zdo=dx
ser3: Change Vimifs from o velves %o o veloes
x=0, o=1+2(0):=|
x=l, v=l+2():3
oTER W Re\;:ﬁe%\e 'm+earal_ find '.n‘\r%rm o
ks I i-lu-t)u?,‘ 3dv = ‘:;J Lue-oT) do
v '
x interes &f o

u=1+2x
& :IL";LU“)

ClepS: ‘n+e3f6‘é and evaludte

- ife- 2T
ST,

el (-5 5)

I 1%

For more help, please visit www.exampaperspractice.co.uk
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Integration by Parts
What s integration by parts?

= |ntegration by partsis generally used to integrate the product of two functions
= howeverreverse chainrule and/or substitution should be considered first

= eg. f 2XCOS(X2) dx canbe solved using reverse chainrule or the substitution U = x?2

= |ntegration by partsis essentially ‘reverse productrule’
= whilst every product can be differentiated, not every product can be integrated (analytically)

What is the formula for integration by parts?

. fu%dx=uv—fv%dx

] Thisisgivenintheformulabookletalongsideitsalternativeformf lev=llV—f vdu

How do luse integration by parts?

dv

= Foragivenintegral U and —— (ratherthan U and V) are assigned functions of X

dx

= Generally, the function that becomes simpler when differentiated should be assigned to U
= There are various stages of integrating in this method
= only one overall constant of integration (“+c”) is required
= putthisinat thelast stage of working
= ifitisadefiniteintegralthen “+c”isnotrequired at all
STEP1
Name the integral if it doesn’t have one already!
This saves having to rewrite it several times - lis often used for this purpose.

e.g.1=f xsin x dx

STEP?2
dv

Assign Uand 5.

dx
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du dv

Differentiate U to find —7— andintegrate —7— tofind V
dx dx
u=Xx V= —C0S X
e.g. du dv .
dx =1 dx =sin X
STEP 3

Apply the integration by parts formula

eg. I= —xcosx—f —cos x dx

STEP 4
du

Work out the secondintegral, v— dx

dx

Now include a “+c” (unless definite integration)
eg. /= —Xxcosx +sinx+c¢

STEP5
Simplify the answer if possible or apply the limits for definite integration

eg. I=sin x—xcosx+c¢

= |ntrickier problems otherrules of differentiation and integration may be needed
= chain, product or quotientrule
= reverse chainrule, substitution

Canintegration by parts be used when there is only a single function?

= Some single functions (non-products) are awkward to integrate directly
= eg. y=Inx, y=arcsin x, y = arccos X, y = arctan x
= These canbeintegrated using parts however
dv
= rewrite as the product ‘1 X f(X) andchoose U = f(X) and — =1

dx

= Tiseasytointegrate andthe functions above have standard derivatives listed in the formula
booklet


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

a) Findf 5xe3x dx.

STEP 1: Namethe ‘m‘\'eg‘cx\
3x
1 J Sxesx dx = 5jxe dx

oTep 2 999'30 L e V'

Fl-nA v ond V
3
NEE v=ge - (revere chanwle)
! . 3=
u'=| vize
x becomed Gingder wheo diferatiated

Stee 3 Reply the infeqalion by parts formdla

=5 —-éxesx- [";:93" ax}

STEP W w-or\« oot the cecond in-\-ea@\

1:5 -éxé* _ {-1832: % c_]r inclode " +¢" d lagt working Shage
) L8

reverse chain ole

CerS: S\ n')p\l?s

I- %831(31-\) ‘e

b) Show that f 8xIn x dx=2x2(1+1n x2) + c.

For more help, please visit www.exampaperspractice.co.uk
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STEP I: Namethe '\n‘\'eg‘u\
1- J Boc\n x dxc

Siep 2 HQQBC\ v and V' -o¢ ko icioveved, o=\n 2
Fad 0 ond v
0= lnx V= l.pr

bgo b V“" 83(‘-

T

Cier 3 P‘Pp‘, Yhe '\r*eal'd\"bn \Jy pm‘Jl'S ?O‘\'mu\a
1= Ha?\n:r.-J’ ""xzx;—c dx = Wadlo x - j‘-bx. doc

oep v Work oot the cecond in‘\'ear&\, include "+ d dhie S‘faﬂg
T: %Pl 2 - 2% +¢

Cer S: S\ﬁ\p\\?s
=22 (Qox -\ ) +e

~ L= Qm:,'\\nocz‘\) tc

For more help, please visit www.exampaperspractice.co.uk
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Repeated Integration by Parts
When will  have to repeat integration by parts?

= |nsome problems, applyingintegration by parts still leaves the secondintegral as a product of two
functions of X
= integration by parts willneed to be applied again to the second integral
= This occurs when one of the functions takes more than one derivative to become simple enough to
make the second integral straightforward

= These functions usually have the form ng(X)

How do | apply integration by parts more than once?

STEP1
Name the integral if it doesn’t have one already!

STEP 2
dv du
AssignUand —— . Find —7— and V
° dx dx
STEP 3

Apply the integration by parts formula

STEP 4
Repeat STEPS 2 and 3 for the second integral

STEP5
Work out the second integral andinclude a “+c” if necessary

STEP 6
Simplify the answer or apply limits

What if neither function ever becomes simpler when differentiating?

= |tis possible thatintegration by parts willend up in a seemingly endless loop
= considerthe product €¥sin X
= the derivative of €X is €X
» nomatterhow many times a functioninvolving €% is differentiated, it will stillinvolve €X
= the derivative of SIN X is COS X
= COS X would then have derivative —SINn X, and soon
= no matterhow many times a functioninvolving Sin X or COS X is differentiated, it will still

involve SIN X or COS X
= Thisloop canbe trapped by spotting when the second integral becomes identical to (or a multiple of)
the originalintegral

= naming the original integral (/) at the start helps


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

= ] thenappears twicein integration by parts
= eg [= g(X) -1
whereg(X) are parts of the integral not requiring further work
= |tisthen straightforward torearrange and solve the problem
= eg2l= g(X) +c

1
1= 5g(x)+c
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@ Worked example

a) Find f x2cos x dx.

STEP 1 Name the ‘m‘\'eS'o\
1 J %08 ¢ AsC
STep 2 Rge'sn L and V'
Fad o omd v
= '1‘.2 V=Ginx
u'=2x" v'= cos
x" becomed 'g\m;ier' when d&?ﬂ'&(‘i‘ﬂcﬁ&
STee 3 Rﬁ:& he '\r*eard\;\on by Pm‘\'% ?Drm ola

T=2cinx- 2] >Sin ¢ A

STeP e Repedr STEPS 2 and 3 Jor the Cecond iVeqol
(SR o ==cesx

o= v'=6ia
T=x"%0 = -2[—3(;009 .= I"CCQ x a;::,:|
cwp 5: Work odr the Second iﬁ\‘ear‘ol tow o i 5'\'1&%3\»'\'$ormm-&

I- 2 oo + Aoeeet ¢ =280 +C

oepe: Simpiy

1= (o*-2)swnoc +2xcetoc + ¢

b) Find[ eXsin x dx.

For more help, please visit www.exampaperspractice.co.uk
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STer 1* Name Yhe 'm‘\'es'b.\
I J e Sinx A

TP 2 Ree'an v acd V. Nether fondion becomes Simpler when
dfferedtiaded. Find 0 and v,
v e e o - 2l ot
v'=¢e v'=6inx

Stee 3 Rpp\/ Yhe '\r‘:\'eard\’im \Dy pm‘*‘s ?m‘mu\a
T=-€e cos = -j—echQ x dec = -'eICr:S m+§excos x A

STk Repedt STEPS 2 aea 3 Tor the Secomd iﬁ'\'eﬂ'a\.
U:ex v=C\ aC

u'=ex' v'=s CoB x

T=-€cox +{ex9'n %, —Kexgm o5 d:x:}

Qﬁ:{;\-%* thic & the Cacme a8
the O\'Ta'\m\ queg\'vm, ve. L
cep 5 "Work oot the cecond in‘\‘egﬁ\, include “+c" d} Hhis S‘fuﬂs
I: ¢ sinx-€ctxc-1+C
oepe: Simphty
21= € (Snx-cox) +e

o 1= _;:e-x kSin %€~ CoB 9ﬂ) il lw\mere ¢, -'5c)

For more help, please visit www.exampaperspractice.co.uk
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5.9.3 Integrating with Partial Fractions

Integrating with Partial Fractions
What are partial fractions?

= Partial fractions arise when a quotient is rewritten as the sum of fractions
= Theprocessis the opposite of adding or subtracting fractions
= Eachpartial fraction has a denominator whichis alinear factor of the quotient’s denominator

» e.g. Aquotient withadenominatorof X2 +4x + 3
= factorisesto (X + 1)(X + 3)
= sothe quotient will splitinto two partial fractions
= onewiththe (Iinear)denominator(x + 1)

= onewiththe (Iinear)denominator(x + 3)

How do Il know when to use partial fractions in integration?

= Forthis course, the denominators of the quotient will be of quadratic form
« e fx)=ax?+bx+c
£'(x)

= checktoseeif the quotient canbe writtenin the form ﬁ
X

= inthiscase, reverse chainrule applies
= |f the denominator does not factorise then the inverse trigonometric functions are involved

How do lintegrate using partial fractions?

STEP1
Write the quotient in the integrand as the sum of partial fractions
This involves factorising the denominator, writing it as anidentity of two partial fractions and using

values of X to find theirnumerators

I—f;d—f ! d—lf LR S
917 ) rax+3 YT GrDGH3) T2 \x+1 T x+3 )Y

STEP 2
Integrate each partial fraction leading to an expression involving the sum of natural logarithms

1 1 1 1
e.@,.1=5‘/’ (x+1 - X+3)dx=5[ln x+1]-In|x+3|]+c

STEP 3
Use the laws of logarithms to simplify the expression and/or apply the limits
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(Simplifying first may make applying the limits easier)

1 x+1

e.g.I=§ln 13

+c

= Byrewriting the constant of integration as alogarithm (C = In k, say)itis possible to write the final
answer as asingle term

1
eg = Eln

x+1
x+3

x+1

+3

+Ink=Inlk

k=1 x+1
+Ink=1In ~+3
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@ Worked example

. f 3x+1
Find m dx.

The '\n‘\'estand e NOT o the ?brrn M bt +he denomindier doee %:xs\anse

fx)
STEP 1+ White the qod‘.&n‘\' oc partial frackions
3o+ P A 2
x*+3x-10  x=+5 Y T2

B+l 2 9(1-2) B+ 5)
Let x=2, 778, 8=\
Lek %=-5 -I%==7R A=2

. B4l _ 2 \
: I:J—f*?m-lo ax-J L”S - 1_1) a3

STEP 2: ln‘\'eg-a‘\'e e partial frachions
L= 210 x4y +lo|x-2\+c

STke 3: Gimp\i‘ﬁj wsing lows of logarrthme
T= o (c+5) +la|x-2)+c

210 | (ees) (x-2)) +e

For more help, please visit www.exampaperspractice.co.uk
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5.9.4 Advanced Applications of Integration

Area Between Curve & y-axis

What is meant by the area between a curve and the y-axis?

Area of the Curve with respect to y-axis

y-axis
'\-.\.\..\l h
i
bpaooooooos \
1
|
|
|
al--------- {
;
i
) K-Oxis

= Theareareferredtoistheregionbounded by
= thegraphof y = f(X)
= the Y-axis
= thehorizontalline Y = a
= thehorizontalline y = b

= The exactareacanbe found by evaluating a definite integral
= Thegraphof y = f(X) could be a straightline
= using basic shape area formulae may be easier thanintegration

1
= e.g.areaofatrapezium: A = 5b(&+ b)

How do | find the area between a curve and the y-axis?

= Usetheformula

A= flel dy

= Thisis givenin the formula booklet
= Thefunctionis normally givenin the form y = f(X)
= sowillneedrearranginginto the form X = g(y)

= aandb may not be given directly as couldinvolve the X-axis (Y = 0)and/orarootof X = g(y)
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= useaGDCtoplotthe curve, sketchitand highlight the area to help
STEP1

Identify the limits & and b

Sketchthe graphof y = f(X) oruse a GDC to do so, especially if & and b are not givendirectlyin
the question

STEP 2
Rearrange Yy = f(X) intotheform X = g(y)

Thisis similar to finding the inverse function 1 (X)

STEP 3
Evaluate the formula to evaluate the integral and find the area required

If using a GDC remember to include the modulus (| ... |) symbols around X

= [ntrickier problems some (or all) of the area may be ‘negative’
= thiswillbe any area thatis left of the y-axis (negative X-values)
= | X|makes such areas ‘positive’
= aGDCwillapply ‘| X| automatically aslong as the | ... | are included

= otherwise, to apply ‘| X|’, split the integral into positive and negative parts; write an integral and
evaluate each part separately and add the modulus of each part together to give the total area
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@ Worked example

Find the area enclosed by the curve with equation ¥ = 2 + 4/ X + 4, the y-axis and the horizontal
lines with equations y =3 and y = 6.

oTEP \: lAen\':?‘j Kkmite, cketeh gragh|use 60C
From G’DC 53 3; 1+J;;:

73X

STeP 2: Reaﬂ"anae 3=$(':c) o x=3L3)
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Volumes of Revolution Around x-axis

What is a volume of revolution around the x-axis?

= Asolid of revolutionis formed when an area bounded by a function y = f(X)
(and other boundary equations)is rotated 2 T radians (360 o) around the X -axis
= The volume of revolution is the volume of this solid

¥

y = 1(x)

= Be careful - the 'front’ and ‘back’ of this solid are flat
= theywere created from straight (vertical) lines
= 3D sketches canbe misleading

How do | solve problems involving the volume of revolution around x-axis?

= Usetheformula
b
V= 7'[_[ y2 dx
a

= Thisis givenin the formula booklet
Yisafunctionof X

X=aand X = barethe equations of the (vertical) lines bounding the area
= If X = aand X = b are not stated in a question, the boundaries could involve the y-axis(x =0)

and/orarootof y = f(X)
= UseaGDCtoplotthe curve, sketchitand highlight the area to help
Visualising the solid created is helpful
= Try sketching some functions and their solids of revolution to help
STEP1

Identify the limits & and b

Sketching the graphof y = f(X) orusinga GDC to do sois helpful, especially when & and b are
not givendirectly in the question

STEP2
Square y

STEP 3
Use the formula to evaluate the integral and find the volume of revolution
An answer may be requiredin exact form
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@ Worked example

Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= 3x2+2 ,the coordinate axes and the line X = 3 by 2 7T radians around the X-axis. Give your
answer as an exact multiple of TT.
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Volumes of Revolution Around y-axis
What is a volume of revolution around the y-axis?

= Verysimilarto above, thisis a solid of revolution which is formed when an area bounded by a function

y= f(X) (and otherboundary equations)isrotated 2 T radians (360°) aroundthe Yy -axis
= The volume of revolution is the volume of this solid

How do | solve problems involving the volume of revolution around y-axis?

= Usetheformula

b
V= T[f x2dy
a
= Thisis givenin the formula booklet
= Thefunctionisusually giveninthe form y = f(X)
= sowillneedrearranginginto the form X = g(y)

» aandb may not be given directly as couldinvolve the X -axis (y = 0)and/orarootof X = g(y)
= UseaGDCtoplotthe curve, sketchitand highlight the area to help
= Visualising the solid created is helpful
STEP1

Identify the limits & and b
Sketching the graph of ¥ = f(X) orusinga GDC to do soiis helpful, especially if & and b are not

givendirectly in the question
STEP2

Rearrange Yy = f(X) into the form X = g(y)
Thisis similar to finding the inverse function f_l(X)

STEP 3
Square X

STEP 4
Use the formula to evaluate the integral and find the volume of revolution
An answer may be requiredin exact form

@ Worked example

Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= arcsin (ZX + 1) and the coordinate axes by 2 Tt radians around the Y -axis. Give your answer
to three significant figures.
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5.9.5 Modelling with Volumes of Revolution

The volume of the solid of revolution formed by rotating an area through 2 Tt radians around the X -axis is

b b
V= T[f y? dx, andforthe y-axisis V = T[f x2 dy. These are both given in the formula booklet.
a a

Adding & Subtracting Volumes

When would volumes of revolution need to be added or subtracted?

= The ‘curve’ boundary of an area may consist of more than one function of X
= Forexample
= the‘curve’ boundaryfrom X =0to X =3 isy= f(X)
= the ‘curve’ boundary from X = 3tox=6 isy= g(X)

3 6
= Sothetotal volume wouldbe V'= T[f [f(X)]2 dx + th [g(X)]2 dx
0 3

= The solid of revolution may have a ‘hole’ init
= e.g.a ‘toiletroll’ shape would be the difference of two cylindrical volumes
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How do I know whether to add or subtract volumes of revolution?

= Whenthe area to be rotated around the X -axis has more than one function definingits boundary it can
be trickier to tellwhether to add or subtract volumes of revolution
= |twilldepend on the nature of the functions and their points of intersection
= With help from a GDC, sketch the graph of the functions and highlight the area required

How do | solve problems involving adding or subtracting volumes of revolution?

= Visualising the solid created becomes increasingly useful (but also trickier) for shapes generated by
separate volumes of revolution
= Continue trying to sketch the functions and their solids of revolution to help
STEP1
Identify the functions (y= f(X), y= g(X), ) involved in generating the volume
Determine whether the separate volumes willneed to be added or subtracted
Identify the limits for each volume involved
Sketching the graphs of Yy = f(X) andy = g(X), orusinga GDC to do so, is helpful, especially
when the limits are not given directly in the question

STEP 2
Square Y forall functions ([f(X)]z, [g(X)]z, )

This stepis not essential if a GDC can be used to calculate integrals and an exact answer is not
required.

STEP 3

Use the appropriate volume of revolution formula for each part, evaluate the definite integral and
add or subtract as necessary

The answer may be requiredin exact form
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@ Worked example

Find the volume of revolution of the solid formed by rotating the region enclosed by the positive

coordinate axes and the graphs of ¥ = 2% and y =4 — 2X by 2 Tt radians around the X-axis. Give
your answer to three significant figures.
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Modelling with Volumes of Revolution
What is meant by modelling volumes of revolution?

= Many everyday objects such as buckets, beakers, vases and lamp shades can be modelled as a solid of
revolution

= Thevolume of revolution of the solid can then be calculated

= Anobjectthat would usually stand upright can be modelled horizontally so its volume of revolution
canbefound

What modelling assumptions are there with volumes of revolution?

= The solids formed are usually the main shape of the body of the object
= Forexample, the handle on a bucket would not be included
= Thethickness of the solid is negligible relative to the size of the object
= thickness willdepend on the purpose of the object and the material it is made from

How do | solve modelling problems with volumes of revolution?

= Visualising and sketching the solid formed can help with starting problems
= Familiarity with applying the volume of revolution fomulae

b
= around the x-axis: V=f y2 dx
a

b
= around the y-axis: V=f x2 dy
a

= Thevolume of revolution may involve adding or subtracting partial volumes
= Questions may ask related questionsin context
= g.Aquestionabout abucket may ask aboutits capacity
= thiswould be measuredinlitres
= 5o aconversion of units may be required
= (1000cm®=Tlitre)
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@ Worked example

The diagram below shows the region R, whichis bounded by the function y = 1/ X — 1  thelines
X =2 and x = 10, and the X-axis.

Dimensions are in centimetres.

%

e

| |
Amathematical model fora miniature vase is produced by rotating the region R through 2m radians

around the x-axis.

Find the volume of the miniature vase, giving your answer in litres to three significant figures.
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