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5.8.1First Principles Differentiation

First Principles Differentiation

What is differentiation from first principles?

Differentiation from first principles uses the definition of the derivative of a function f(x)

The definitionis
f(x+ h) - f(x)
h

f'(x) = lim

h—-0

lim means the 'limit as h tends to zero'

B Ao
h

= — whichisundefined

0 0
= |nstead we considerwhat happens as h gets closerand closer to zero
Differentiation from first principles means using that definition to show what the derivative of a

functionis
The first principles definition (formula) is in the formula booklet

When h = 0,

How do | differentiate from first principles?

STEP 1: Identify the function f(x) and substitute this into the first principles formula

e.g. Show, from first principles, that the derivative of 3x2is 6x

fix+h) - f(x 3(x+ h)?— 3x2
f(x) =3x2s0 f'(x) = lim ( )~ %) = lim ( )
h=0 h h=0 h

STEP 2: Expand f(x+h) in the numerator

3(x2+2hx + h2) - 3x2

f'(x)= lim
h—0 h
~ 3x2+6hx+3h%-3x?
f'(x)= Ilim p

h=0

STEP 3: Simplify the numerator, factorise and cancel h with the denominator

h(6x+3h)

f'(x)= lim h

h—=0
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STEP 4: Evaluate the remaining expression as h tends to zero

f(x)= lim(6x+3h)=6x Ash-0, (6x+3h) - (6x+0)-6x
h=0

.". The derivative of 3){2 is 6.
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@ Worked example

Prove, from first principles, that the derivative of 5X3 is 15X2.

STER : For $la)=5x
F L:r') = firm ¥L7C+\-\\ N ;(’x.) THQ la} gwen 0 -\-kne

h=0 .

Jorsnvla booklet
= hm S lDC+\-—,\3 - 513
h=0 h
CTee 2 = lim § L:)c3+ 3 h + 3oy +-\-)3) -5

h—=0 / k&
&l
FxPcmc\ Lac*-\-a) USing binomial theorem
= lim G+ 162h + 153&\-:2%—5\\3'5313.3

h=0 b
STee 3 = i 15k +15%\7 + 6\
h—=0 h

= lim (15 #1520 +51")

h—=0

STeew Reh—o0
(152 +15xh + k") — (157 +152(0) + 5 of ) = 15

= The derivave o‘i— 5x ic \5x

For more help, please visit www.exampaperspractice.co.uk
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5.8.2 Applications of Chain Rule

Related Rates of Change
What is meant by rates of change?

= Arate of changeis ameasure of how a quantity is changing with respect to another quantity
= Mathematically rates of change are derivatives

dv

] dr could be the rate at which the volume of a sphere changes relative to how its radius is

changing
= Contextisimportant wheninterpreting positive and negative rates of change
= Apositive rate of change would indicate anincrease
= e.g.thechangeinvolume of water as a bathtub fills
= Anegativerate of change would indicate a decrease
= e.g.thechangeinvolume of waterin aleaking bucket

What is meant by related rates of change?

= Relatedrates of change are connected by a linking variable or parameter
= thisis oftentime, represented by
= secondsisthe standard unit for time but this will depend on context
= e.g. Waterrunninginto alarge hemi-spherical bowl
= boththe height and volume of waterin the bowl are changing with time

= timeisthelinking parameter between the rate of change of height and the rate of change of
volume

How do | solve problems involving related rates of change?

= Use of chainrule and product rule are commonin such problems
= Beclearaboutwhichvariables are representing which quantities
STEP1
Write down any variables and derivatives involved in the problem

dy dx dy
SOX Y b dr dr

STEP 2
Use an appropriate differentiationrule to set up an equation linking ‘rates of change’
dy dy dx
e.g. Chainrule: —7— = —7— X —/—
N dt  dx ~ dt
STEP 3
Substitute inknown values
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39 e Y g ens= )

eqg. lfwhent=3, —=2and——— =08,thens=—X

N dt dt dx

STEP4

Solve the problem and interpret the answerin context if required
dy 8

=4 ‘whent=3, Y changes atarate of 4, withrespectto X’

“9d4x 2
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@ Worked example

In a manufacturing process a metal componentis heated such thatit’s cross-sectional area expands
but always retains the shape of aright-angled triangle. At time f seconds the triangle has base bcm
and heighth cm.

At the time when the component’s cross-sectional areais changing at 4 cm s, the base of the triangle
is3cmandits heightis 6 cm. Also at this time, the rate of change of the heightis twice the rate of
change of the base.

Find the rate of change of the base at this point of time.
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STEP):  Lick vanoblee ond dervalived

AbhE af 9!0_,:1\3
at dc dt

R=3bh
o 2: Use o differentiction mle Yo link 'reves of chonge’
A=3bh ic o praduck - So s predudt wle

dht .L[ bdh + *\d_‘tal
Y AL d dat

oter 3¢ Sobetitute known voloes
b= ..‘..[ 3(1& + 64b

B at ak
K é\-_‘. = D‘.é-b- 0 q\.)@-\ilm
at 4k
CTEP W Sove ond interprel

B= 124
ak

l - db _ 2 -\

-;; 3 Cm ¢S

‘r\'\e rale o? c\mﬁae o? *he bose

(] %Cm per Second.

For more help, please visit www.exampaperspractice.co.uk
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Differentiating Inverse Functions

What is meant by aninverse function?

= Some functions are easier to process with X (ratherthan ¥) as the subject

= je.intheformX = f(y)

= Thisis particularly true when dealing with inverse functions
" eg lfy= f(X) theinverse would be writtenas y = f_l(X)
= finding f_l(X) canbe awkward
= sowrite X = f(y) instead

How do | differentiate inverse functions?

= SinceX = f(y) itis easier to differentiate “X withrespect to y” ratherthan “y withrespectto X”

dx dy
= ie. find — — ratherthan ——
dy dx
dx
= Notethat d_ willbe in terms of ¥ but can be substituted
Y

STEP1
Forthe function Yy = f(X) theinverse willbe Yy = f_l(X)

Rewrite thisas X = f(y)

STEP2
dx
FromX = find ——
(y) d
STEP 3
dy dy 1
Find —— using —5— = —— -thiswillusually be interms of
dx "9 dx  dx y Y
dy
dy
= [fanalgebraic solutionin terms of X is required substitute f(X) for yin E

= If anumerical derivative (e.g. a gradient) is required then use the y-coordinate

= Ifthe Y-coordinateis not given, you should be able to work it out from the orginal function and X -
coordinate
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@ Worked example

a) Find the gradient of the curve at the point where Yy = 3 onthe graphof y = 1 (X) where

f(x)=+/(5x+1)3,

S1EP1: Rewrite iverce oo x=?l3)
$)=V (S
“For y=§'), x=tly)
<= /16T

oreP2: Find doc
| :
x= ijH) * Wete o powers
dc 3 Yo, US'mg chain role
& 2|8y
dx _ 15
oreP 3 Find ‘;ﬁi
A aro.c\ien"r iS r'eqoired' sdeetitore y=3
d‘j ) | - \ 3 =

Bt 2
y3 44 | —F
de  15/5(3)*1

s Gradiedt, oF y=3, on the Srop\-
=5 B L
o'i— 94 ? lx) © =

For more help, please visit www.exampaperspractice.co.uk
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1
b) Giventhat y = €X show that the derivative of ¥ = Inxis ; .

‘W\e \<ey -\'o'\%is c\ueglfion 1S Teal '\Sina thar €° and
\nx are nveroes
5: e %o N =lox wll \:e 'ka woverse

et y=e* T’

-‘-ﬁein\lerge will \36 x=6.=15 h 3:?"\3\_), :x;‘;?t:j\"

OTEP 2: "—“.E.:e!j
o
STEP3: dy _ \ . . . e =x Siace &
doc ed M * 03 \n ore iversel

For more help, please visit www.exampaperspractice.co.uk
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5.8.3 Implicit Differentiation

Implicit Differentiation
What is implicit differentiation?

= Anequation connecting xandy is not always easy to write explicitly in the form y = f(X) orx= f(y)
= |nsuchcasesthe equationis writtenimplicitly
= asafunctionof X and y
= intheform f(X,y) =0

= Suchequations can be differentiated implicitly using the chain rule
d dy
el = F(y)—=
o LTW1=1 )5

= Ashortcut way of thinking about thisis that ‘Y isafunctionof a X’
= whendifferentiating a function of ¥ chainrule says “differentiate withrespect to ¥, then multiply
dy

by the derivative of ¥ (whichis —7)

dx
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Applications of Implicit Differentiation
What type of problems could involve implicit differentiation?

= Broadly speaking there are three types of problem that could involve implicit differentiation
= algebraic problems involving graphs, derivatives, tangents, normals, etc
= whereitis not practical to write ¥ explicitly in terms of X
dy
= usuallyinsuch cases, a willbeinterms of X and Yy
= optimisation problems thatinvolve time derivatives
= more than one variable may be involved too

e.g. Volume of acylinder, V= mr2h
e.g. The side length and (so) area of a square increase over time

= any problem that involves differentiating with respect to an extraneous variable

dy dy
" egy= f(X) but the derivative 5 isrequired (ratherthan %)

do dx

How do | apply implicit differentiation to algebraic problems?

dy‘
= Algebraic problems revolve around values of the derivative (gradient) (—

dx )
= if notrequired to find this value it will either be given orimplied
= Particular problems focus on special case tangent values
= horizontal tangents
= alsoreferredto as tangents parallel to the X -axis
dy

s thisiswhen — =0

dx

= vertical tangents

= alsoreferredto as tangents parallel to the y-axis

dx
s thisiswhen — =0

dy
1
dy

dx

= |nsuchcasesitmayappearthat = () but this has no solutions; this occurs when for

d

nearbyvaluesof X, 7— —> * 0©

dx

(i.e. very steep gradients, near vertical)

= Otherproblems may involve finding equations of (other) tangents and/or normals
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= Forproblems thatinvolve finding the coordinates of points on a curve with a specified gradient the
method below can be used
STEP1
Differentiate the equation of the curve implicitly

STEP2

dy
Substitute the given orimplied value of a to create anequationlinking X and y
STEP 3

There are now two equations

= the original equation
= thelinking equation
Solve them simultaneously to find the X and Y coordinates as required

@ Worked example
The curve C has equation X2 +2y2 = 16.

a) Find the exact coordinates of the points where the normal to curve C has gradient 2.
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CTee 1 Di?‘fered\%d\'e 'nmp\ic'\\‘\zj
Ax + =0
N

sEP2: Sobekiole valve of 84 in
ax

Gradiedt of rormal e 2

31‘64:\&66\' o +ar89n'\' Li) ic "_.IL-

k\\\orma\ and“'&raed’ are perpendico\as;
% peduc oy their af'od\Eang e -I)

- Qx-l-t\*jk'si) AL

2'1 - Dt.szo
x :'j E—qucﬁ"m \in\‘irﬂ > and Y
oee 3: Sdve Simu%xm&\ﬂ, Ol Coordinates
X+ :252 =\6
=8¢
5 5 ¥ 2 =6
—t o S
32=( “"tfg"ts'ra- ..5,1':3-5

» CoordindYes are (%4, %5)
o (35,37

b) Find the equations of the tangents to the curve that are
(i) paralleltothe x-axis

For more help, please visit www.exampaperspractice.co.uk
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(i) parallelto the y-axis.

Thece are opecio cofes,
N ?Drt L‘), ég e LP&‘—O‘“Q\ +o 1—-0&@)
d

|
o port 1), ‘i—a & =0 (poroliel 4o y-avid)
xz*;l:fﬂé
2> + Wy dy=0
=
dx o =0 - 252-'-|6
5‘-*:@—:1'2\[5
) dy . -2x . =—x
e by Ay
dy %
doc “~ 24=0
Sx _ 0 Y
da 3=C) s )C.I:\G
Y

* Taogedts () parallel to x-axs o2 y=202 and y:-2B
0nd (i) posallel o y-oxis ore =W and x=-%

How do | apply implicit differentiation to optimisation problems?

= Forasingle variable use chainrule to differentiate implicitly

= e.g.Asquare with side length changing over time, A=x2
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dA dx
- =)x—

dt dt

= Formore than one variable use productrule (and chainrule) to differentiate implicitly

1
* e.g.Asquare-based pyramid with base length and height changing overtime, V' = —x2h

3
dV_l[ dh _ dx ] 1 (dh dx)

—=—|x>—+2x—h|=—x|x—+
T 3X 2x—h x| x 2h

dt dt 3\ de dt

= Afterdifferentiating implicitly the rest of the question should be similar to any other optimisation
problem
= beaware of phrasing

%
° dt

= “therate of change of the height of the pyramid” (over time)i
= when finding the location of minimum and maximum problems
= thereisnotnecessarily a turning point

= the minimum or maximum could be at the start orend of a given or appropriate interval
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@ Worked example

Theradius, I'cm, and height, hcm, ofa cylinder are increasing with time. The volume, V c¢cm3, of the
cylinder at time ¢ secondsis givenby V' = nrh.

dVv
a) Findanexpressionfor — .

dt

Ugina '\mp\icﬁ' t:\'&?ereﬁ‘\'iajﬁoﬁ with ?T'E:duti\' wle

Qv w[zra_rk " d_hr’]
at ac ak

~ oW ﬂ'rl‘l\u;_r- +r'd_\-._)
at =\ -\

o) Attime T seconds, the radius of the cylinderis 4 cm, expanding at arate of 2cms~'. At the

same time, the height of the cylinderis 10 cm, expanding at arate of 3cm s,

Find the rate at which the volume is expanding at time 1 seconds.

Ry *’ime-ﬂ I"-\'i-; ]

2
h=10, dh=3

ak
-V dCEN PR N

4k

* At fwe T seconds, the velome ig
@xpm&iogé‘-&\'ﬁ.\t C$|: 208 cm3 ¢'
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5.8.4 Differentiating Further Functions

This Revision Note focuses on the results and derivations of results involving the less common
trigonometric, exponential and logarithmic functions. As with any function, questions may go onto ask
about gradients, tangents, normals and stationary points.
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Differentiating Reciprocal Trigonometric Functions
What are the reciprocal trigonometric functions?

= Secant, cosecant and cotangent and abbreviated and defined as

1 1 1
seCX=—"—_ COseCX= - COotx=
COS X sin x

tan x

= Rememberthat for calculus, angles need to be measuredinradians
= 0 may be usedinstead of X
= COSEC X issometimes further abbreviated to CSC X

What are the derivatives of the reciprocal trigonometric functions?

« f(x)=sec x
« f(x)=sec x tan x
« f(x)=cosec x

« f(x)= —cosec x cot x
« f{x)=cotx
« '(x)= —cosec? x

= These are givenin the formula booklet
How do I show or prove the derivatives of the reciprocal trigonometric functions?

= Fory=S8€C X
1

dy  cos x(0)—(1)(—sin x)

= Usequotientrule, 57— = >
dx COS* X
dy sinx
= Rearrange, 7 = — 5
dx cos?x
dy 1 sin x
= Separate, 57— = X
dx cosx cosx

dy
= Rewrite, — =SecC X tan x
dx

= Similarly, for y = COS€C X
1

sin x

= Rewrite, Y =

ly=
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d_y 3 sin x(0) = (1)cos x

dx sin? x
dy —cosx
. — =
dx sin?x
dy 1 COS X
T = = X N
dx sinx sinx
dy
= — = —COSeC X cotx
dx

What do the derivatives of reciprocal trig look like with a linear functions of x?

= Forlinearfunctions of the form ax+b
« f(x)=sec(ax + b)
« f(x)=asec(ax+b) tan (ax + b)
« f(x)=cosec (ax + b)
« f(x)=—acosec(ax+b) cot (ax+ b)
« f(x)=cot(ax+b)
« f'(x)=—acosec? (ax+ b)
= These are not givenin the formula booklet

= theycanbe derived from chainrule
= theyare not essential toremember
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@ Worked example
TT
Curve C hasequation y = 200t(3X - —\
YT TR)

a)  Showthat the derivative of COt X is —COSeC? X.

yzechx= otz

Sin x
GUd\'ien'\‘ Fu'le
v=Cocs x V=8n=
0'z=Sin x v'=Cot x

2 2
“dy  -gin X - CE X

3—

.2
Sin

dy  —(sine+ces’x)

dx Sin> o

Sinax +C082x £\
% ﬁ_ B \
dx Sio‘lx

2
ﬂ=—caSecx
x

dy
b) Find —— forcurveC.
dx
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Chain rv\E/Linear (T\unca*uon n? x

X = -2cosec’ (32 -F) x3

- 3_1 . 6@3&1(3;-%)

c) Findthe gradient of curve C at the point where X =

. Ir
When 2= I

sk

T
24

|
-G’ 3 %)

8
-6

s~ /19
dx
9 .

dx Sin” F?E')

-

b

Your GOC moy be cdbleTo dothis dibeH:S

For more help, please visit www.exampaperspractice.co.uk
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Differentiating Inverse Trigonometric Functions
What are the inverse trigonometric functions?
= arcsin, arccos and arctan are functions defined as the inverse functions of sine, cosine and tangent

respectively
. { 3 1 T . (m\_ 3
= arcsm\— = — whichisequivalenttoSIn | — |= T

2 ) 3 3
3m 3m
« arctan(—1)= 1 whichis equivalent to tan I =-1

What are the derivatives of the inverse trigonometric functions?

« f(x)=arcsin x

()= e

1 —x2
« f(x)=arccos x

()= - e

1—x2
f(x) =arctan x

1
AT

Unlike other derivatives these look completely unrelated at first
= theirderivationinvolves use of the identity cos? x+sin? x=1

= hence the squares and square roots!
Allthree are givenin the formula booklet

= Note with the derivative of arctan X that (1 + X2) is the same as (X2 + 1)

How do | show or prove the derivatives of the inverse trigonometric functions?

= Fory=arcsin x
= Rewrite, SIN ¥y = X

dy
= Differentiate implicitly, COS ya =1
dy 1
= Rearrange, 5 =
% dx ~ cos y

_ dy 1
= Using the identity COS2 y=1- sin? Yrewrite, 7 =

dx /1 —sin? y
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. dy 1
= Since,SINY=X, 7 =

dx /1—x2

= Similarly, for y = arccos x

» COSYy=X
Y
» —siny—— =
dx
dy 1
T odx sin y
&y A 1
dx J1—cos?y
dy 1

dx /1—-x2

= Notice howthe derivative of Y = arcsin X is positive but is negative for y = arccos X
= This subtle but crucial difference can be seenin their graphs

= yV= arcsin X has a positive gradient for all values of X inits domain
= Y= arcCos X has anegative gradient for all values of X inits domain

What do the derivative of inverse trig look like with a linear function of x?

= Forlinear functions of the form ax + b
« f(x)=arcsin(ax + b)

. F(x)= 2
1 —(ax+ b)?
« f(x)=arccos(ax + b)
SR e prrap
« f(x)=arctan(ax + b)
- f(x)= T+(axt b2

These are notin the formula booklet

= theycanbe derived from chainrule
= theyare not essential toremember
= theyarenotcommonlyused
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@ Worked example

1
1+ x2

a) Showthatthe derivative of arctan X is

5= arc,‘\'o.n 2C
+0t(‘1 3'; 20
Di ﬁer'en\"- are '|mp\£c'r\3\j
Secy dy .|
dx

o T U

dx Qecltj
USina'\Jhe \d@nlﬁlf}j Jfﬁnaﬂ +\1:= gealb
dy _ |

Sx ‘i’ana‘b‘\'\
Qince '\'Ein b =2

4 _ |
o  x2+)\

LAy \
dx = |+x?

b) Find the derivative of arctan(5X3 - 2X) .
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Boc®- 2a is oata inear Jondkion of xc, ve choin Tole
4 orcYen (5x™- 2x)

4 | 2_
R NP, (152-2)

dy _ _ 15x-2
de |+ (S 0x)

For more help, please visit www.exampaperspractice.co.uk
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Differentiating Exponential & Logarithmic Functions

What are exponential and logarithmic functions?

= Exponential functions have term(s) where the variable (X) is the power (exponent)
= Ingeneral, these would be of the form y = a*
= Thespecial case of thisiswhend = €,i.e. Y= eX
= | ogarithmic functions have term(s) where the logarithms of the variable (X) are involved

= Ingeneral, these would be of the form y = logaX

= Thespecialcase of thisiswhena = €,i.e. Y = logeX =Ilnx

What are the derivatives of exponential functions?

= The first two results, of the special cases above, have been met before

« f(x)=¢*, f(x)=ex
« f(x)=Inx, 1"()()=l

X
= Theseare giveninthe formula booklet
= Forthe general forms of exponentials and logarithms

- f(x)=ax
« f'(x)=a*(In a)
- f(x)= logax
1

- £x)= xln a

= These are also givenin the formula booklet

How do I show or prove the derivatives of exponential and logarithmic functions?

= Fory=a*
= Take natural logarithms of both sides, In y = xIn a
» Use the laws of logarithms, In y= xln a

1 dy
= Differentiate, implicitly, — —— = In a
y dx
dy |
= Rearrange, 7 =VvVIn a
" dx Y

Substitute for Y, d_i(/ =aXlna

= Fory= logaX
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= Rewrite, X = &%

dx

= Differentiate X withrespectto y, using the aboveresult, 57— = a’ln a

dy
cdy 1 ody 1
Using dx dx 'dx a'lna

dy
. dy — 1
= Substitute for y, dx m
" SRl 4% T XIna

What do the derivatives of exponentials and logarithms look like with a linear functions of
x?

= Forlinear functions of the form px + q
« f(x)=aprx*q
- f'(x)=par**+d(In a)
- flx)=log (px+q)

b
- )=
(px+q)ln a
= These are notinthe formulabooklet
= theycanbe derived from chainrule

= they are not essential toremember
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@ Worked example
a) Find the derivative of 23X 2,

Chainrule or'pX + @ shortcut' is required

d
e
" The derivativeof 283X~ 2 is 383x~2 In a
dy
b) Findanexpression for d_X giventhat y = 10g5(2X3)

Chainrule is needed
dy 1
dx 2x°In5 A

Simplify by cancelling

“dx x5
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