
5.8 Advanced Differentiation
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5.8.1 First Principles Di�erentiation

First Principles Di�erentiation

What  is di�erent iat ion f rom �rst  principles?

 Di�erentiatio n fro m �rst principles  uses the de�nitio n o f the derivative  o f a functio n f(x)

The de�nitio n is

f '(x)= lim
h→0

f (x+h)− f (x)

h

lim
h→0

 means the 'limit as h tends to zero'

When h=0 , 
f (x+h)− f (x)

h =
f (x)− f (x)

0 =
0
0  which is unde�ned

Instead we co nsider what happens as h gets clo ser and clo ser to  z ero

Di�erentiatio n f ro m �rst principles  means using that de�nitio n to  sho w what the derivative  o f a

functio n is

The �rst principles de�nitio n (fo rmula) is in the f o rmula bo o klet

How do I di�erent iat e f rom �rst  principles?

ST EP 1: Identify the functio n f(x) and substitute this into  the �rst principles fo rmula

e.g.  Sho w, fro m �rst principles, that the derivative o f 3×  is 6×

 so  

ST EP 2: Expand f(x+h) in the numerato r

ST EP 3: Simplify the numerato r, facto rise and cancel h with the deno minato r

2
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ST EP 4 : Evaluate the remaining expressio n as h tends to zero

The derivative o f  is 

Exam T ip

Mo st o f the time yo u will no t use �rst principles to  �nd the derivative o f a functio n (there are

much quicker ways!)

Ho wever, yo u can be asked to  demo nstrate di�erentiatio n fro m �rst principles

To  get full marks make sure yo u are are writing lim h -> 0 right up until the co ncluding sentence!
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Worked example

Pro ve, fro m �rst principles, that the derivative o f  5x3   is  15x2 .
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5.8.2 Applications of Chain Rule

Related Rates of Change

What  is m eant  by rat es of  chang e?

A rate o f change is a measure o f ho w a quantity is changing with respect to  ano ther quantity

Mathematically rates o f change are derivatives

dV
dr  co uld be the rate at which the vo lume o f a sphere changes relative to  ho w its radius is

changing

Co ntext is impo rtant when interpreting po sitive and negative rates o f change

A po sitive rate o f change wo uld indicate an increase

e.g. the change in vo lume o f water as a bathtub �lls

A negative rate o f change wo uld indicate a decrease

e.g. the change in vo lume o f water in a leaking bucket

What  is m eant  by relat ed rat es of  chang e?

Related rates o f change are co nnected by a linking variable o r parameter

this is o ften time, represented by t
seco nds is the standard unit fo r time but this will depend o n co ntext

e.g.  Water running into  a large hemi-spherical bo wl

bo th the height and vo lume o f water in the bo wl are changing with time

time is the linking parameter between the rate o f change o f height and the rate o f change

o f vo lume

How do I solve problem s involving  relat ed rat es of  chang e?

Use o f chain rule and pro duct rule are co mmo n in such pro blems

Be clear abo ut which variables are representing which quantities

STEP 1

Write do wn any variables and derivatives invo lved in the pro blem

e.g. x, y , t,
dy
dx ,

dx
dt ,

dy
dt

STEP 2

Use an appro priate di�erentiatio n rule to  set up an equatio n linking ‘rates o f change’

e.g.  Chain rule: 
dy
dt =

dy
dx ×

dx
dt

Page 4 of 27
For more help visit our website www.exampaperspractice.co.uk



STEP 3

Substitute in kno wn values

e.g.  If, when t=3 , 
dx
dt =2  and 

dy
dt =8 , then 8=

dy
dx ×2

STEP 4

So lve the pro blem and interpret the answer in co ntext if required

e.g. 
dy
dx =

8
2 =4    ‘when t=3 , y  changes at a rate o f 4, with respect to  x ’

Exam T ip

If yo u struggle to  determine which rate to  use then yo u can lo o k at the units to  help

e.g.   A rate o f 5 cm per seco nd  implies vo lume  per time  so  the rate wo uld be 3

Worked example

In a manufacturing pro cess a metal co mpo nent is heated such that it’s cro ss-sectio nal area

expands but always retains the shape o f a right-angled triangle.  At time t  seco nds the triangle

has base b  cm and height h  cm.

At the time when the co mpo nent’s cro ss-sectio nal area is changing at 4 cm s , the base o f the

triangle is 3 cm and its height is 6 cm. Also  at this time, the rate o f change o f the height is twice the

rate o f change o f the base.

Find the rate o f change o f the base at this po int o f time.

-1
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Di�erentiating Inverse Functions

What  is m eant  by an inverse f unct ion?

So me functio ns are easier to  pro cess with x  (rather than y ) as the subject

i.e.  in the fo rm x= f (y)

This is particularly true when dealing with inverse functio ns

e.g.  If y= f (x)  the inverse wo uld be written as y= f −1 (x)

�nding f −1 (x)  can be awkward

so  write x= f (y)  instead

How do I di�erent iat e inverse f unct ions?

Since x= f (y)  it is easier to  di�erentiate “x  with respect to  y ” rather than “y  with respect to  x ”

i.e.  �nd 
dx
dy  rather than 

dy
dx

No te that 
dx
dy  will be in terms o f y  but can be substituted

STEP 1

Fo r the functio n y= f (x) , the inverse will be y= f −1 (x)

Rewrite this as x= f (y)

STEP 2

Fro m x= f (y)  �nd 
dx
dy

STEP 3

Find 
dy
dx  using 

dy
dx =

1
dx
dy

 - this will usually be in terms o f y

If an algebraic so lutio n in terms o f x  is required substitute f (x)  fo r y  in 
dy
dx

If a numerical derivative (e.g. a gradient) is required then use the y -co o rdinate

If the y -co o rdinate is no t given, yo u sho uld be able to  wo rk it o ut fro m the o rginal functio n

and x -co o rdinate
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Exam T ip

With  's and  's everywhere this can so o n get co nfusing!

Be clear o f the key info rmatio n and steps - and set yo ur wo kring o ut acco rdingly

The o rginal functio n,   

Its inverse,  

Rewriting the inverse,  

Finding   �rst, then �nding its recipro cal fo r 

Yo ur GDC can help when numerical derivatives (gradients) are required

a)

Worked example

Find the gradient o f the curve at the po int where y=3  o n the graph o f y= f −1 (x)  where 

f (x)= (5x+1)
3 .
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b)       Given that y=ex  sho w that the derivative o f y= ln x  is 
1
x .
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5.8.3 Implicit Di�erentiation

Implicit Di�erentiation

What  is im plicit  di�erent iat ion?

An equatio n co nnecting x and y is no t always easy to  write explicitly  in the fo rm y= f (x)  o r 

x= f (y)

In such cases the equatio n is written implicitly

as a functio n o f x  and y
in the fo rm f (x,y)=0

Such equatio ns can be di�erentiated implicitly  using the chain rule

d
dx

⎡
⎢
⎣

⎤
⎥
⎦

f (y) = f '(y)

dy
dx

A sho rtcut way o f thinking abo ut this is that ‘y  is a functio n o f a x ’

when di�erentiating a functio n o f y  chain rule says “di�erentiate with respect to  y , then

multiply by the derivative o f y ” (which is 
dy
dx )

Page 10 of 27
For more help visit our website www.exampaperspractice.co.uk



Applications of Implicit Di�erentiation

What  t ype of  problem s could involve im plicit  di�erent iat ion?

Bro adly speaking there are three types o f pro blem that co uld invo lve implicit di�erentiatio n

algebraic pro blems invo lving graphs, derivatives, tangents, no rmals, etc

where it is no t practical to  write y  explicitly in terms o f x

usually in such cases, 
dy
dx  will be in terms o f x  and y

o ptimisatio n pro blems that invo lve time derivatives

mo re than o ne variable may be invo lved to o

e.g.  Vo lume o f a cylinder, V=πr2h

e.g.  The side length and (so ) area o f a square increase o ver time

any pro blem that invo lves di�erentiating with respect to  an extraneo us variable

e.g. y= f (x)  but the derivative 
dy
dθ  is required (rather than 

dy
dx )

How do I apply im plicit  di�erent iat ion t o alg ebraic problem s?

Algebraic pro blems revo lve aro und values o f the derivative (gradient) 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

dy
dx

if no t required to  �nd this value it will either be given o r implied

Particular pro blems fo cus o n special case tangent values

ho riz o ntal tangents

also  referred to  as tangents parallel to  the x -axis

this is when 
dy
dx =0

vertical tangents

also  referred to  as tangents parallel to  the y -axis

this is when 
dx
dy =0

In such cases it may appear that 
1
dy
dx

=0  but this has no  so lutio ns; this o ccurs when fo r

nearby values o f x , 
dy
dx →±∞

Page 11 of 27
For more help visit our website www.exampaperspractice.co.uk



(i.e.  very steep gradients, near vertical)

Other pro blems may invo lve �nding equatio ns o f (o ther) tangents and/o r no rmals

Fo r pro blems that invo lve �nding the co o rdinates o f po ints o n a curve with a speci�ed gradient

the metho d belo w can be used

STEP 1

Di�erentiate the equatio n o f the curve implicitly

STEP 2

Substitute the given o r implied value o f 
dy
dx  to  create an equatio n linking x  and y

STEP 3

There are no w two  equatio ns

the o riginal equatio n

the linking equatio n

So lve them simultaneo usly to  �nd the x  and y  co o rdinates as required

Exam T ip

After so me rearranging,   will be in terms o f bo th   and 

There is usually no  need (unless asked to  by the questio n) to  write   in terms o f   (o r 

) o nly

If evalutaing derivatives, yo u'll need bo th  and  co o rdinates, so  o ne may have to  be fo und

fro m the o ther using the o riginal functio n

a)

Worked example

The curve C has equatio n x2+2y2=16.

Find the exact co o rdinates o f the po ints where the no rmal to  curve C has gradient 2.
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b) Find the equatio ns o f the tangents to  the curve that are

(i)       parallel to  the x-axis

(ii)      parallel to  the y-axis.

How do I apply im plicit  di�erent iat ion t o opt im isat ion problem s?
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Fo r a single variable use chain rule to  di�erentiate implicitly

e.g. A square with side length changing o ver time, A=x2
dA
dt =2x

dx
dt

Fo r mo re than o ne variable use pro duct rule (and chain rule) to  di�erentiate implicitly

e.g. A square-based pyramid with base length and height changing o ver time, V=
1
3 x

2h

dV
dt =

1
3

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎦

x2
dh
dt +2x

dx
dt h =

1
3 x

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x
dh
dt +2h

dx
dt

After di�erentiating implicitly the rest o f the questio n sho uld be similar to  any o ther o ptimisatio n

pro blem

be aware o f phrasing

“the rate o f change o f the height o f the pyramid” (o ver time) is 
dh
dt

when �nding the lo catio n o f minimum and maximum pro blems

there is no t necessarily a turning po int

the minimum o r maximum co uld be at the start o r end o f a given o r appro priate interval

Exam T ip

If yo u are struggling to  tell which derivative is needed fo r a questio n, writing all po ssibilities

do wn may help yo u

Yo u do n't need to  wo rk them o ut at this stage but if yo u co nisder them it may nudge yo u

to  the next stage o f the so lutio n

e.g.  Fo r  , po ssible derivatives are   and 
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b)

Worked example

The radius, r  cm, and height, h  cm, o f a cylinder are increasing with time.  The vo lume, V  cm , o f

the cylinder at time t  seco nds is given by V=πr2h .

a)       Find an expressio n fo r 
dV
dt .

At time T  seco nds, the radius o f the cylinder is 4 cm, expanding at a rate o f 2 cm s . At the

same time, the height o f the cylinder is 10 cm, expanding at a rate o f 3 cm s .

Find the rate at which the vo lume is expanding at time T  seco nds.

3

-1

-1

5.8.4 Di�erentiating Further Functions

This Revisio n No te fo cuses o n the results and derivatio ns o f results invo lving the less co mmo n

trigo no metric, expo nential and lo garithmic functio ns.  As with any functio n, questio ns may go  o n to

ask abo ut gradients, tangents, no rmals and statio nary po ints.
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Di�erentiating Reciprocal Trigonometric Functions

What  are t he reciprocal t rig onom et ric f unct ions?

Secant , co secant  and co tangent  and abbreviated and de�ned as

sec x=
1

cos x cosec x=
1

sin x cot x=
1

tan x

Remember that fo r calculus, angles need to  be measured in radians

θ  may be used instead o f x
cosec x  is so metimes further abbreviated to  csc x

What  are t he derivat ives of  t he reciprocal t rig onom et ric f unct ions?

f (x)=sec x
f '(x)=sec x tan x

f (x)=cosec x
f '(x)=−cosec x cot x

f (x)=cot x
f '(x)=−cosec2 x

These are given in the f o rmula bo o klet

How do I show or prove t he derivat ives of  t he reciprocal t rig onom et ric f unct ions?

Fo r y=sec x

Rewrite, y=
1

cos x

Use quo tient rule, 
dy
dx =

cos x (0)− (1) (−sin x)

cos2 x

Rearrange, 
dy
dx =

sin x
cos2 x

Separate, 
dy
dx =

1
cos x ×

sin x
cos x

Rewrite, 
dy
dx =sec x tan x

Similarly, fo r y=cosec x
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y=
1

sin x
dy
dx =

sin x (0)− (1)cos x
sin2 x

dy
dx =

−cos x
sin2 x

dy
dx =−

1
sin x ×

cos x
sin x

dy
dx =−cosec x cot x

What  do t he derivat ives of  reciprocal t rig  look like wit h a linear f unct ions of  x?

Fo r linear functio ns o f the fo rm ax+b

f (x)=sec( )ax+b
f '(x)=a sec ( )ax+b tan ( )ax+b

f (x)=cosec (ax+b)

f '(x)=−a cosec (ax+b) cot ( )ax+b
f (x)=cot (ax+b)

f '(x)=−a cosec2 (ax+b)

These are no t given in the fo rmula bo o klet

they can be derived fro m chain rule

they are no t essential to  remember

Exam T ip

Even if yo u think yo u have remembered these derivatives, always use the fo rmula bo o klet to

do uble check

tho se squares and negatives are easy to  get muddled up!

Where two  trig functio ns are invo lved in the derivative be careful with the angle multiple;  

, etc

An example o f a co mmo n mistake is di�erentiating 

  instead o f   
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a)

Worked example

Curve C has equatio n y=2cot⎛⎜
⎝

⎞
⎟

⎠
3x− π8 .

Sho w that the derivative o f cot x  is −cosec2 x .

b)       Find 
dy
dx  fo r curve C.
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c)       Find the gradient o f curve C at the po int where x=
7π
24 .
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Di�erentiating Inverse Trigonometric Functions

What  are t he inverse t rig onom et ric f unct ions?

arcsin, arcco s  and arctan are functio ns de�ned as the inverse functio ns o f sine, co sine and

tangent respectively

arcsin
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

3
2 =

π
3  which is equivalent to  sin ⎛

⎜

⎝

⎞
⎟

⎠

π
3 =

3
2

arctan(−1)=
3π
4  which is equivalent to  tan

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

3π
4 =−1

What  are t he derivat ives of  t he inverse t rig onom et ric f unct ions?

f (x)=arcsin x

f '(x)=
1

1−x2
f (x)=arccos x

f '(x)=−
1

1−x2
f (x)=arctan x

f '(x)=
1

1+x2
Unlike o ther derivatives these lo o k co mpletely unrelated at �rst

their derivatio n invo lves use o f the identity cos2 x+sin2 x≡1
hence the squares and square ro o ts!

All three are given in the f o rmula bo o klet

No te with the derivative o f arctan x  that ( )1+x2  is the same as ( )x2+1

How do I show or prove t he derivat ives of  t he inverse t rig onom et ric f unct ions?

Fo r y=arcsin x
Rewrite, sin y=x

Di�erentiate implicitly, cos y
dy
dx =1

Rearrange, 
dy
dx =

1
cos y
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Using the identity cos2 y≡1−sin2 y  rewrite, 
dy
dx =

1

1−sin2 y

Since, sin y=x , 
dy
dx =

1

1−x2
Similarly, fo r y=arccos x

cos y=x

−sin y
dy
dx =1

dy
dx =−

1
sin y

dy
dx =−

1

1−cos2 y
dy
dx =−

1

1−x2
No tice ho w the derivative o f y=arcsin x  is po sitive but is negative fo r y=arccos x

This subtle but crucial di�erence can be seen in their graphs

y=arcsin x  has a po sitive gradient fo r all values o f x  in its do main

y=arccos x  has a negative gradient fo r all values o f x  in its do main

What  do t he derivat ive of  inverse t rig  look like wit h a linear f unct ion of  x?

Fo r linear functio ns o f the fo rm ax+b
f (x)=arcsin( )ax+b

f '(x)=
a

1− (ax+b)
2

f (x)=arccos( )ax+b

f '(x)=
a

1− (ax+b)
2

f (x)=arctan( )ax+b

f '(x)=
a

1+ (ax+b)
2

These are no t  in the fo rmula bo o klet 

they can be derived fro m chain rule
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they are no t essential to  remember

they are no t co mmo nly used

Exam T ip

Fo r   the terms o n the deno minato r can be reversed (as they are being

added rather than subtracted)

Do n't be fo o led by this, it so unds o bvio us but o n awkward "sho w that" questio ns it can

be o �-putting!

b)

Worked example

a)       Sho w that the derivative o f arctan x  is 
1

1+x2

Find the derivative o f arctan(5x3−2x) .
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Di�erentiating Exponential & Logarithmic Functions

What  are exponent ial and log arit hm ic f unct ions?

Expo nential functio ns have term(s) where the variable (x ) is the po wer (expo nent)

In general, these wo uld be o f the fo rm y=ax
The special case o f this is when a=e , i.e.  y=ex

Lo garithmic functio ns have term(s) where the lo garithms o f the variable (x ) are invo lved

In general, these wo uld be o f the fo rm y= logax
The special case o f this is when a=e , i.e.  y= logex= ln x

What  are t he derivat ives of  exponent ial f unct ions?

The �rst two  results, o f the special cases abo ve, have been met befo re

f (x)=ex , f '(x)=ex

f (x)= ln x, f '(x)=
1
x

These are given in the fo rmula bo o klet

Fo r the general fo rms o f expo nentials and lo garithms

f (x)=ax
f '(x)=ax (ln a)

f (x)= logax

f '(x)=
1

xln a
These are also  given in the f o rmula bo o klet

How do I show or prove t he derivat ives of  exponent ial and log arit hm ic f unct ions?

Fo r y=ax
Take natural lo garithms o f bo th sides, ln y=xln a
Use the laws o f lo garithms, ln y=xln a

Di�erentiate, implicitly, 
1
y

dy
dx = ln a

Rearrange, 
dy
dx =yln a
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Substitute fo r y , 
dy
dx =ax ln a

Fo r y= logax
Rewrite, x=ay

Di�erentiate x  with respect to  y , using the abo ve result, 
dx
dy =ay ln a

Using 
dy
dx =

1
dx
dy

, 
dy
dx =

1
ay ln a

Substitute fo r y , 
dy
dx =

1

alogax ln a

Simplify, 
dy
dx =

1
xln a

What  do t he derivat ives of  exponent ials and log arit hm s look like wit h a linear
f unct ions of  x?

Fo r linear functio ns o f the fo rm px+q
f (x)=apx+q

f '(x)=papx+q ( )ln a
f (x)= loga (px+q)

f '(x)=
p

( )px+q ln a
These are no t  in the fo rmula bo o klet

they can be derived fro m chain rule

they are no t essential to  remember

Exam T ip

Fo r questio ns that require the derivative in a particular fo rmat, yo u may need to  use the laws

o f lo garithms

With ln appearing in deno minato rs be careful with the divisio n law

but     canno t be simpli�ed (unless there is so me numerical co nnectio n

between  and )
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a)

Worked example

Find the derivative o f a3x−2 .

b)       Find an expressio n fo r 
dy
dx  given that y= log5 ( )2x3
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