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5.7.1 Coupled Differential Equations

Solving Coupled Differential Equations
How do | write a system of coupled differential equations in matrix form?

= The coupled differential equations considered in this part of the course will be of the form

dx +b
ar -ty
Yy

7 = +

qr X dy

= 4, b, C, d € Rareconstants whose precise value will depend on the situation being modelled
= |nanexam question the values of the constants will generally be givento you
= This system of equations can also be represented in matrix form:

dx
dt | (ab)fx
dy | \ed\y)
\ dt )
= |tisusually more convenient, however, to use the ‘dot notation’ for the derivatives:
X ab X\
y) \ed\y)

= This canbe written even more succinctlyas X = Mx

. Herejg=(%1M=(a b),andx=(;)

\y) \c¢d)
How do | find the exact solution for a system of coupled differential equations?

= The exact solution of the coupled system x= Mx depends on the eigenvalues and eigenvectors of

ab
the matrix of coefficients M =
\c¢d)
= The eigenvalues and/or eigenvectors may be given to youin an exam question
= |ftheyare not thenyou willneed to calculate them using the methods learned in the matrices
section of the course
= Onthe examyou will only be asked to find exact solutions for cases where the two eigenvalues of the

matrix are real, distinct, and non-zero
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= Similar solution methods exist fornon-real, non-distinct and/or non-zero eigenvalues, but you
don’t need to know them as part of the IB AIHL course

Let the eigenvalues and corresponding eigenvectors of matrix Mype )'1 and 2,2 ,and p1 and p2,
respectively
= Remember from the definition of eigenvalues and eigenvectors that this means that
Mp =A p andMp,=2,p,

The exact solution to the system of coupled differential equationsis then

At At
Xx=Ae'p t+Be’p,

= This solution formulaisinthe exam formula booklet
« A, B € Rareconstants (they are essentially constants of integration of the sort you have when
solving other forms of differential equation)
If initial or boundary conditions have been provided you can use these to find the precise values of the
constants A and B
= Finding the values of A and B will generally involve solving a set of simultaneous linear equations
(see the worked example below)
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@ Worked example

The rates of change of two variables, X and Y, are described by the following system of coupled
differential equations:

dx 4
— =4x -
dt 4
dy
— =2x+
dr Y
Initially X =2 and y = 1.
4 -1 1
Given that the matrix 71 has eigenvalues of 3 and 2 with corresponding eigenvectors 1

and 7 ) find the exact solution to the system of coupled differential equations.
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Phase Portraits /
What is a phase portrait for a system of coupled differential equations? Your notes

= Here we are again considering systems of coupled equations that can be represented in the matrix

_ N ( a bi r x\
formX=MX,whereX= ) ,M= Jand X =
y \c d) \Y)
= Aphase portraitis a diagram showing how the values of xand y change overtime
= Onaphase portrait we will usually sketch several typical solution trajectories

= The precise trajectory that the solution for a particular system will travel along is determined by the
initial conditions for the system

] Letﬂ,1 and/ﬂt2 be the eigenvalues of the matrix M

= The overall nature of the phase portrait depends inlarge part on the values of/l1 and /12

What does the phase portrait look like when A 1 and /12 arereal numbers?

= Recallthat forreal distinct eigenvalues the solution to a system of the above formis

At At
x=Ae'! pl + Be 2 pz,where /11 and /12 are the eigenvalues of M and p1 and p2 are the

corresponding eigenvectors

= AlHL only considers cases where/pt1 and 12 aredistinct(i.e., )'1 z lz) and non-zero

= Aphase portrait will always include two ‘eigenvector lines’ through the origin, each one parallel to one
of the eigenvectors

1 -3
= So ifp1 = ) and p2 = 4 , forexample, then these lines through the origin will have
4
equationsy =2Xand y = — gX, respectively

= Theselines willdefine two sets of solution trajectories

= |fthe eigenvalue corresponding to aline’s eigenvectoris positive, then there will be solution
trajectories along the line away from the originin both directions as tincreases

= |fthe eigenvalue corresponding to aline’s eigenvectoris negative, then there will be solution
trajectories along the line towards the originin both directions as tincreases

= No solution trajectory will ever cross an eigenvectorline

= |f both eigenvalues are positive then all solution trajectories will be directed away from the originas t
increases

= |Inbetweenthe ‘eigenvectorlines’ the trajectories as they move away from the origin will all curve
to become approximately parallel to the line whose eigenvector corresponds to the larger
eigenvalue
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If both eigenvalues are negative then all solution trajectories will be directed towards the originas t
increases
= |Inbetweenthe ‘eigenvectorlines’ the trajectories will all curve so that at points further away from
the origin they are approximately parallel to the line whose eigenvector corresponds to the more
negative eigenvalue
= They willthen converge on the other eigenvalue line as they move in towards the origin

If one eigenvalue is positive and one eigenvalue is negative then solution trajectories will generally
start by heading in towards the origin before curving to head out away again from the origin as t
increases
= |Inbetween the ‘eigenvectorlines’ the solution trajectories will all move in towards the origin along
the direction of the eigenvectorline that corresponds to the negative eigenvalue, before curving
away and converging on the eigenvector line that corresponds to the positive eigenvalue as they
head away from the origin
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What does the phase portrait look like when A ! and /12 are imaginary numbers?

= Herethe solution trajectories will all be either circles or ellipses with their centres at the origin

= Youcandetermine the direction (clockwise or anticlockwise) and the shape (circular or elliptical) of the

dx dy

nd —— forpoints on the coordinate axes

dr °"° dr

trajectories by considering the values of

) 1 -2
= Forexample, consider the system X = rl 1 X

1 -2
= Theeigenvalues of( 1 -1 )arei and —1,so the trajectories will be elliptical or circular
dx d
« Whenx=1andy=0,——=1(1)-2(0)=1 and = 1(1)-1(0)=1

dt dt
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= This shows that from a point on the positive X -axis the solution trajectory will be moving ‘to

1
therightand up’in the direction of the vector ( 1

1/

%=1(0)—2(1)= —Zand%=l(0)—l(l)= -1

= This shows that from a point on the positive J -axis the solution trajectory willbe moving ‘to

= Whenx=0andy=1,

-2
the leftand down’ in the direction of the vector( )
\"1)
= Thedirections of the trajectories at those points tell us that the directions of the trajectories willbe
anticlockwise
= Theyalso tellus that the trajectories will be ellipses
= Forcircular trajectories, the direction of the trajectories when they cross a coordinate axis will
be perpendicular to that coordinate axis

What does the phase portrait look like when A4 1 and /12 are complex numbers?

= |nthiscase /11 and 12 willbe complex conjugates of the form & £ b1, where a and b are non-zeroreal

numbers
» 11a=0,b#0, thenwehavethe imaginary eigenvalues case above
= Here the solution trajectories will all be spirals
= |Ifthereal part of the eigenvalues is positive (i.e., if & > 0), thenthe trajectories will spiral away
fromthe origin
= Ifthereal part of the eigenvalues is negative (i.e., if @ < 0), thenthe trajectories will spiral towards
the origin
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= Youcandetermine the direction (clockwise or anticlockwise) of the trajectories by considering the

dx dy

values of == and —— forpoints on the coordinate axes

dt dt

I 5
= Forexample, consider the system X = ( WX
\723)
I =5

= The eigenvalues of 2 3 are2+ 31and2 — 31,0 the trajectories will be spirals

= Because thereal part of the eigenvalues (2) is positive, the trajectories will spiral away from
the origin

%=1(1)+5(0)=1and%= —2(1)"'3(0): -2

= This shows that from a point on the positive X -axis the solution trajectory will be moving ‘to

1
therightand down’in the direction of the vector r )

= Whenx=1andy=0,

%=1(0)+5(1)=5and%= -2(0)+3(1)=3

= This shows that from a point on the positive y/-axis the solution trajectory will be moving ‘to

= Whenx=0andy=1,

5
therightand up’in the direction of the vector ( 3

= Thedirections of the trajectories at those points tell us that the directions of the trajectory spirals
willbe clockwise
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@ Worked example

Consider the system of coupled differential equations

L
ar T
dy

dt_X_3y

-2 2
, With corresponding
— 7 }

Giventhat — 1 and —4 are the eigenvalues of the matrix (

2 -1
eigenvectors and ,draw a phase portrait for the solutions of the system.

1 1


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

7=

EXAM PAPERS PRACTICE

Both zljgnvo.‘us are nejatice, so all tu:‘ectar;es s Wl converge

PO i or;jiﬂ- 58 ¥ waue nq.ju.t'w: s =l

So o.wo.7 {rom

t‘nt Of'la'\n tLt tfa-:)lctbf;e,s w'u“ curve tﬂv‘mfis tL.q_
(':) eijtﬂ\'ectar Ve,

For more help, please visit www.exampaperspractice.co.uk



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

Equilibrium Points
What is an equilibrium point?

= Forasystem of coupled differential equations, an equilibrium pointis a point (X, _y) atwhichboth

dx dy
dt =0 and dt =0

= Because both derivatives are zero, the rates of change of both X and y are zero
= Thismeansthat X and ¥ willnot change, and therefore that if the system s ever at the point

(X, y) thenit willremain at that point (X, y) forever
= Anequilibrium point can be stable orunstable
= Anequilibrium pointis stable if for all points close to the equilibrium point the solution trajectories
move back towards the equilibrium point
= This means thatif the systemis perturbed away from the equilibrium point, it will tend to move
back towards the state of equilibrium
= [fanequilibrium pointis not stable, thenitis unstable
= [fasystemis perturbed away from an unstable equilibrium point, it will tend to continue
moving further and further away from the state of equilibrium

. . X ab
= Forasystemthat canbe representedinthe matrixform X = MXx where X= r ) 1 M= dl
\y \¢

X
and X= ( w,the origin(O, 0) is always an equilibrium point
Y)

= Considering the nature of the phase portrait for a particular system will tell us what sort of
equilibrium point the originis
= |f both eigenvalues of the matrix M srerealand negative, then the originis a stable equilibrium
point
= This sort of equilibrium pointis sometimes known as a sink
= |f both eigenvalues of the matrix M arerealand positive, then the originis an unstable equilibrium
point
= This sort of equilibrium point is sometimes known as a source
= |fbotheigenvalues of the matrix M arereal, with one positive and one negative, then the originis
anunstable equilibrium point
= This sort of equilibrium point is known as a saddle point (you will be expected to identify
saddle points if they occurin an Al HL exam question)
= |fbotheigenvalues of the matrix Mare imaginary, then the originis an unstable equilibrium point
= Recallthat forall points other than the origin, the solution trajectories here all ‘orbit’ around the
origin along circular or elliptical paths
= |f both eigenvalues of the matrix Mare complex with a negative real part, then the originis an
stable equilibrium point
= Allsolution trajectories here spiral in towards the origin
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= |f both eigenvalues of the matrix Mare complex with a positive real part, then the originis an
unstable equilibrium point
= Allsolution trajectories here spiral away from the origin
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@ Worked example

a) Consider the system of coupled differential equations
I x=3y+6
—=2x— +
dt Y
4
—=x+y-7
dt Y

Show that (3 , 4) is an equilibrium point for the system.

When %23 and y= 4,

dx 2({3)-3(®™ 6= O

"

2*WMAT = O

o |{p—- 0O
[~ e

‘—j"%" a.rul “j‘%‘ ore Lot\\ zero d.t (3-“):

tLicators (3, "*) 15 an Qiul\;‘;rbm
?a;nt 'For t‘r\a 5751:0.'“-

b) Consider the system of coupled differential equations
dx 3
—=x+
dt Y
dy
—— =2x+2y

dr
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Giventhat4 and —1 are the eigenvalues of the matrix ( 79 , with corresponding eigenvectors

1 -3
( 1 and 5 I determine the coordinates and nature of the equilibrium point for the system.
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Sketching Solution Trajectories

How do | sketch a solution trajectory for a system of coupled differential equations?

= Aphase portrait shows typical trajectories representing all the possible solutions to a system of
coupled differential equations
= Foragivenset of initial conditions, however, the solution will only have one specific trajectory
= Sketching a particular solution trajectory will generally involve the following:
= Make sure you know what the ‘typical’ solutions for the systemlook like
= Youdon’t needto sketch acomplete phase portrait unless asked, but you should know what

the phase portrait for your system would look like

If the phase portraitincludes ‘eigenvectorlines’, however, itis worth including these in your
sketch to serve as guidelines

= Mark the starting point for your solution trajectory

= The coordinates of the starting point will be the X and ¥ valueswhen =0

Usually these are givenin the question as the initial conditions for the system

= Determine theinitial direction of the solution trajectory

dx

= Todo this find the values of —— and —— whent=10

dt dt

= Thiswilltellyou the directions in which X and ¥ are changing initially

dx

. Y . (
Forexample if E = —2and — =3 when t =0, thenthe trajectory from the starting

dt

-2
point willinitially be ‘to the left and up’, parallel to the vector (

\3

= Usethe above considerations to create your sketch

The trajectory should begin at the starting point (be sure to mark and label the starting point on
your sketch!)
It should move away from the starting pointin the correct initial direction

As it moves further away from the starting point, the trajectory should conform to the nature of
a ‘typical solution’ for the system
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@ Worked example

Consider the system of coupled differential equations

dx _ s
a7
dy

< - +
T 3x+3y

The initial conditions of the system are such that the exact solutionis given by

-1 5
X=¢ 1 v 3

Sketch the trajectory of the solution, showing the relationship between X and ¥ as f increases from
zero.
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5.7.2 Second Order Differential Equations

Euler's Method: Second Order

How do | apply Euler’s method to second order differential equations?

A second order differential equation is a differential equation containing one or more second
derivatives
In this section of the course we consider second order differential equations of the form

d2x dx \
— =1lx,—/,t
dz "\"7de”)
= Youmay need torearrange the differential equation givento getitin this form
dx
Inorder to apply Euler's method, use the substitution Yy = E to turnthe second order differential

equationinto a pair of coupled first order differential equations
dx dy d%x
s If Yy=—"F",then— = —
YT de T de
= Thischanges the second order differential equationinto the coupled system
Approximate solutions to this coupled system can then be found using the standard Euler’s method for

coupled systems
= Seethenotesonthis methodin the revision note 5.6.4 Approximate Solutions to Differential

Equations
dx _
ar 7
dy
ar f(x, y, 1)
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@ Worked example

d?x dx
Consider the second order differential equation a2 + ZE + x = 50cost.
a) Show that the equation above can be rewritten as a system of coupled first order differential

equations.

- f(x 3. 1)

dt*
dx .
Letl y = -";. SvbsTRERL i on
d’x :
TL\Q,\'\ = Atz + S0 t\ﬂe ecLuo-t\on Ler..ome.s

- % - '?_y + 50:‘.051'.
Tl 31\:25 The c_ouP\e.A 5’51:0.-“
-

dx
d

4y
1k -x-'2.7+50¢os't
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Initially X = 2 and E =-1. By applying Euler’'s method with a step size of 0.1, find
dx

approximations for the values of xand E whent=0.5.
Euler's method for X, =%, +hx fi(x,, y,,1,)
SUpnd s Yun =Y+ % f,(x,, ¥,08,) h is a constant Fases s

(step length) formula beoklet
L=t +h
X A %, + 0.1y, 1. 4

-~
-]
-
|

) O \ (-xﬂ = Ly. 4 S0 r.ostn)

sray d
/.) Idutlo.“-’ 'K=?. A-‘J 13-—:;-8-‘

n t. x. | Y
(o 2 -
l 0.1 7. Y4
= g% 2.3 7.989
i 0.3 3.0985 11.058
v 0.4 4.2043 13.313
5 0.5 5.5356 14.835

At t=o0.5,

x=5.54% (3s.F.)

dx _
= .8 (3 5.5.)

ffam GDC
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Exact Solutions & Phase Portraits: Second Order
How can find the exact solution for a second order differential equation?

= |nsome cases we canapply methods we already know to find the exact solutions for second order
differential equations
= |nthis section of the course we consider second order differential equations of the form

a2 " Far T X7

= areconstants

dx

= Usethesubstitution y = E to turnthe second order differential equationinto a pair of coupled first

order differential equations

dx dy d*x
If y=—F",then—Y = —+
YT " de T de

= Thischanges the second order differential equationinto the coupled system

= The coupled system may also be represented in matrix form as
X 0 1 X
y) \=b-a)\y)

= |nthe ‘dot notation’ here and

That can be written even more succinctly as X=Mx

e {x\ (0 1}
= Here X=| | X= ,and M=

y) \v) \=b~-a)
= Once the original equation has been rewritten in matrix form, the standard method for finding exact
solutions of systems of coupled differential equations may be used
= The solutions will depend on the eigenvalues and eigenvectors of the matrix M
= Forthe details of the solution method see the revision note 5.7.1 Coupled Differential Equations
= Remember that exam questions will only ask for exact solutions for cases where the eigenvalues of
M arereal and distinct

How can |l use phase portraits to investigate the solutions to second order differential
equations?

= Here we are again considering second order differential equations of the form
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d’x  dx
— +a——+bx=0

de? dt
= a&barereal constants
dx
As shown above, the substitution Yy = E can be used to convert this second order differential

equationinto a system of coupled first order differential equations of the form x=Mx

e {x\ (0 1}
= Here X=| | X= ,and M=

y) ) \=b~a)
Once the equation has been rewrittenin this form, you may use the standard methods to constructa
phase portrait or sketch a solution trajectory for the equation

= Forthe details of the phase portrait and solution trajectory methods see the revision note 5.7.1
Coupled Differential Equations

dx
= Wheninterpreting a phase portrait or solution trajectory sketch, don’t forget that y = E
dx
= Soifxrepresents the displacement of a particle, forexample, then Yy = E willrepresent

the particle’s velocity
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@ Worked example
d?x dx

Consider the second order differential equation a2 +3E —4x=0.Initiallyx=3and

dx

dt
a) Show that the equation above can be rewritten as a system of coupled first order differential

equations.

‘c("* % )

ar’
d % , ,
LQt 7 = j—t_ g Sdhstltut-nn
d dx :
TLQ_\"\ ‘z%‘ = A_t'a. s0 t\'\". Qido--t\on Ltcomo_s
L 29
1 R A |

This 31«15 Eha cou?\e.t.lt SYStQm
dx
dt 7
4y
dt

n

x - 3y
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0 1
Given that the matrix (4 3 has eigenvalues of 1and -4 with corresponding eigenvectors

\

1 -1

1 and 4 I find the exact solution to the second order differential equation.
Exact solution for coupled
g : ; At ot From axam
linear differential x=Ae" p +Be™ p,

. 'Eornula. L.ek‘lt

equations

. = B
We Lo.ve X = (v* -3) A S50

Sketch the trajectory of the solution to the equation on a phase diagram, showing the

dx

de’

relationship between xand
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