
5.7 Further Differential Equations



5.7.1 Coupled Di�erential Equations

Solving Coupled Di�erential Equations

How do I writ e a syst em  of  coupled di�erent ial equat ions in m at rix f orm ?

The co upled di�erential equatio ns co nsidered in this part o f the co urse will be o f the fo rm

dx
dt =ax+by

dy
dt =cx+dy

a, b, c, d ∈ ℝare co nstants who se precise value will depend o n the situatio n being

mo delled

In an exam questio n the values o f the co nstants will generally be given to  yo u

This system o f equatio ns can also  be represented in matrix fo rm:
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It is usually mo re co nvenient, ho wever, to  use the ‘do t no tatio n’ fo r the derivatives:
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⎟
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This can be written even mo re succinctly as 
.x=Mx

Here 
.x=
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⎜
⎜
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⎜
⎜
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⎟
⎟

⎠

a b
c d , and x=

⎛
⎜
⎜
⎜
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How do I �nd t he exact  solut ion f or a syst em  of  coupled di�erent ial equat ions?

The exact so lutio n o f the co upled system 
.
x=Mx  depends o n the eigenvalues  and

eigenvecto rs  o f the matrix o f co e�cients M=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a b
c d

The eigenvalues and/o r eigenvecto rs may be given to  yo u in an exam questio n
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If they are no t then yo u will need to  calculate them using the metho ds learned in the matrices

sectio n o f the co urse

On the exam yo u will o nly be asked to  �nd exact so lutio ns fo r cases where the two  eigenvalues

o f the matrix are real, distinct, and no n-z ero

Similar so lutio n metho ds exist fo r no n-real, no n-distinct and/o r no n-z ero  eigenvalues, but

yo u do n’t need to  kno w them as part o f the IB AI HL co urse

Let the eigenvalues and co rrespo nding eigenvecto rs o f matrix M  be λ1  and λ2 , and p1  and p2 ,

respectively

Remember fro m the de�nitio n o f eigenvalues and eigenvecto rs that this means that 

Mp1=λ1p1  and Mp2=λ2p2
The exact so lutio n to  the system o f co upled di�erential equatio ns is then

x=Aeλ1tp1+Beλ2tp2
This so lutio n fo rmula is in the exam fo rmula bo o klet

A, B ∈ ℝ  are co nstants (they are essentially co nstants o f integratio n o f the so rt yo u have

when so lving o ther fo rms o f di�erential equatio n)

If initial o r bo undary co nditio ns have been pro vided yo u can use these to  �nd the precise values

o f the co nstants A  and B
Finding the values o f A  and B  will generally invo lve so lving a set o f simultaneo us linear

equatio ns (see the wo rked example belo w)

Worked example

The rates o f change o f two  variables, x  and y , are described by the fo llo wing system o f co upled

di�erential equatio ns:

dx
dt =4x−y

dy
dt =2x+y

Initially x=2  and y=1.

Given that the matrix 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

4 −1
2 1

 has eigenvalues o f 3  and 2  with co rrespo nding eigenvecto rs 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
1

 and 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
2

, �nd the exact so lutio n to  the system o f co upled di�erential equatio ns.
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Phase Portraits

What  is a phase port rait  f or a syst em  of  coupled di�erent ial equat ions?

Here we are again co nsidering systems o f co upled equatio ns that can be represented in the

matrix fo rm 
.x=Mx , where 

.x=
⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

.x

.y
, M=

⎛
⎜
⎜
⎜
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⎟
⎟
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⎠

a b
c d , and x=
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⎜
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⎠
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y

A phase po rtrait  is a diagram sho wing ho w the values o f x and y change o ver time

On a phase po rtrait we will usually sketch several typical so lutio n trajecto ries

The precise trajecto ry that the so lutio n fo r a particular system will travel alo ng is determined

by the initial co nditio ns fo r the system

Let λ1  and λ2  be the eigenvalues o f the matrix M
The o verall nature o f the phase po rtrait depends in large part o n the values o f λ1  and λ2

What  does t he phase port rait  look like when λ1  and λ2  are real num bers?

Recall that fo r real distinct eigenvalues the so lutio n to  a system o f the abo ve fo rm is 

x=Aeλ1tp1+Beλ2tp2 , where λ1  and λ2  are the eigenvalues o f M  and p1  and p2  are the

co rrespo nding eigenvecto rs

AI HL o nly co nsiders cases where λ1  and λ2  are distinct (i.e., λ1≠λ2 ) and no n-z ero

A phase po rtrait will always include two  ‘eigenvecto r lines’ thro ugh the o rigin, each o ne parallel to

o ne o f the eigenvecto rs

So  if p1=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
2

 and p2=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−3
4

, fo r example, then these lines thro ugh the o rigin will

have equatio ns y=2x  and y=−
4
3 x , respectively

These lines will de�ne two  sets o f so lutio n trajecto ries

If the eigenvalue co rrespo nding to  a line’s eigenvecto r is po sitive, then there will be so lutio n

trajecto ries alo ng the line away f ro m the o rigin in bo th directio ns as t increases

If the eigenvalue co rrespo nding to  a line’s eigenvecto r is negative, then there will be so lutio n

trajecto ries alo ng the line to wards  the o rigin in bo th directio ns as t increases

No  so lutio n trajecto ry will ever cro ss an eigenvecto r line

If bo th eigenvalues are po sitive  then all so lutio n trajecto ries will be directed away f ro m the

o rigin as t increases

In between the ‘eigenvecto r lines’ the trajecto ries as they mo ve away fro m the o rigin will all

curve to  beco me appro ximately parallel to  the line who se eigenvecto r co rrespo nds to  the

larger eigenvalue
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If bo th eigenvalues are negative  then all so lutio n trajecto ries will be directed to wards  the o rigin

as t increases

In between the ‘eigenvecto r lines’ the trajecto ries will all curve so  that at po ints further away

fro m the o rigin they are appro ximately parallel to  the line who se eigenvecto r co rrespo nds to

the mo re negative eigenvalue

They will then co nverge o n the o ther eigenvalue line as they mo ve in to wards the o rigin
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If o ne eigenvalue is po sitive and o ne eigenvalue is negative then so lutio n trajecto ries will

generally start by heading in to wards the o rigin befo re curving to  head o ut away again fro m the

o rigin as t increases

In between the ‘eigenvecto r lines’ the so lutio n trajecto ries will all mo ve in to wards the o rigin

alo ng the directio n o f the eigenvecto r line that co rrespo nds to  the negative eigenvalue,

befo re curving away and co nverging o n the eigenvecto r line that co rrespo nds to  the po sitive

eigenvalue as they head away fro m the o rigin
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What  does t he phase port rait  look like when λ1  and λ2  are im ag inary num bers?

Here the so lutio n trajecto ries will all be either circles o r ellipses with their centres at the o rigin
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Yo u can determine the directio n (clo ckwise o r anticlo ckwise) and the shape (circular o r elliptical)

o f the trajecto ries by co nsidering the values o f 
dx
dt  and 

dy
dt  fo r po ints o n the co o rdinate axes

Fo r example, co nsider the system 
.x=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 −2
1 −1

x

The eigenvalues o f 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 −2
1 −1

 are i  and −i , so  the trajecto ries will be elliptical o r circular

When  x=1  and y=0 , 
dx
dt =1(1)−2(0)=1  and 

dy
dt =1(1)−1(0)=1

This sho ws that fro m a po int o n the po sitive x -axis the so lutio n trajecto ry will be mo ving

‘to  the right and up’ in the directio n o f the vecto r 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
1

When  x=0  and y=1 , 
dx
dt =1(0)−2(1)=−2  and 

dy
dt =1(0)−1(1)=−1

This sho ws that fro m a po int o n the po sitive y -axis the so lutio n trajecto ry will be mo ving

‘to  the left and do wn’ in the directio n o f the vecto r 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−2
−1
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The directio ns o f the trajecto ries at tho se po ints tell us that the directio ns o f the trajecto ries

will be anticlo ckwise

They also  tell us that the trajecto ries will be ellipses

Fo r circular trajecto ries, the directio n o f the trajecto ries when they cro ss a co o rdinate

axis will be perpendicular to  that co o rdinate axis

What  does t he phase port rait  look like when λ1  and λ2  are com plex num bers?

In this case λ1  and λ2  will be co mplex co njugates o f the fo rm a±bi , where a  and b  are no n-

z ero  real numbers

If a=0 , b≠0 , then we have the imaginary eigenvalues case abo ve

Here the so lutio n trajecto ries will all be spirals

If the real part o f the eigenvalues is po sitive  (i.e., if a>0), then the trajecto ries will spiral away

f ro m the o rigin

If the real part o f the eigenvalues is negative  (i.e., if a<0), then the trajecto ries will spiral

to wards  the o rigin

Yo u can determine the directio n (clo ckwise o r anticlo ckwise) o f the trajecto ries  by co nsidering

the values o f 
dx
dt  and 

dy
dt  fo r po ints o n the co o rdinate axes

Fo r example, co nsider the system 
.x=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 5
−2 3

x

The eigenvalues o f 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 −5
2 3

 are 2+3i  and 2−3i , so  the trajecto ries will be spirals

Page 9 of 23
For more help visit our website www.exampaperspractice.co.uk



Because the real part o f the eigenvalues (2)  is po sitive, the trajecto ries will spiral away

fro m the o rigin

When  x=1  and y=0 , 
dx
dt =1(1)+5(0)=1  and 

dy
dt =−2(1)+3(0)=−2

This sho ws that fro m a po int o n the po sitive x -axis the so lutio n trajecto ry will be mo ving

‘to  the right and do wn’ in the directio n o f the vecto r 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−2

When  x=0  and y=1 , 
dx
dt =1(0)+5(1)=5  and 

dt
dt =−2(0)+3(1)=3

This sho ws that fro m a po int o n the po sitive y -axis the so lutio n trajecto ry will be mo ving

‘to  the right and up’ in the directio n o f the vecto r 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

5
3

The directio ns o f the trajecto ries at tho se po ints tell us that the directio ns o f the trajecto ry

spirals will be clo ckwise
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Worked example

Co nsider the system o f co upled di�erential equatio ns

dx
dt =−2x+2y

dy
dt =x−3y

Given that −1  and −4  are the eigenvalues o f the matrix 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−2 2
1 −3

, with co rrespo nding

eigenvecto rs 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

2
1

 and 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−1
1

, draw a phase po rtrait fo r the so lutio ns o f the system.
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Equilibrium Points

What  is an equilibrium  point ?

Fo r a system o f co upled di�erential equatio ns, an equilibrium po int  is a po int (x, y)  at which

bo th 
dx
dt =0  and 

dy
dt =0

Because bo th derivatives are z ero , the rates o f change o f bo th x  and y  are z ero

This means that x  and y  will no t change, and therefo re that if the system is ever at the po int 

(x, y)  then it will remain at that po int (x, y)  fo rever

An equilibrium po int can be stable  o r unstable

An equilibrium po int is stable if fo r all po ints clo se to  the equilibrium po int the so lutio n

trajecto ries mo ve back to wards the equilibrium po int

This means that if the system is perturbed away fro m the equilibrium po int, it will tend to

mo ve back to wards the state o f equilibrium

If an equilibrium po int is no t stable, then it is unstable

If a system is perturbed away fro m an unstable equilibrium po int, it will tend to  co ntinue

mo ving further and further away fro m the state o f equilibrium

Fo r a system that can be represented in the matrix fo rm 
.x=Mx , where 

.x=
⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

.x

.y
, 

M=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a b
c d , and x=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x
y , the o rigin (0, 0)  is always an equilibrium po int

Co nsidering the nature o f the phase po rtrait  fo r a particular system will tell us what so rt o f

equilibrium po int the o rigin is

If bo th eigenvalues o f the matrix M are real and negative, then the o rigin is a stable

equilibrium po int

This so rt o f equilibrium po int is so metimes kno wn as a sink

If bo th eigenvalues o f the matrix M are real and po sitive, then the o rigin is an unstable

equilibrium po int

This so rt o f equilibrium po int is so metimes kno wn as a so urce

If bo th eigenvalues o f the matrix M are real, with o ne po sitive and o ne negative, then the

o rigin is an unstable  equilibrium po int

This so rt o f equilibrium po int is kno wn as a saddle po int  (yo u will be expected to  identify

saddle po ints if they o ccur in an AI HL exam questio n)

If bo th eigenvalues o f the matrix M are imaginary, then the o rigin is an unstable  equilibrium

po int

Recall that fo r all po ints o ther than the o rigin, the so lutio n trajecto ries here all ‘o rbit’

aro und the o rigin alo ng circular o r elliptical paths

If bo th eigenvalues o f the matrix M are co mplex with a negative real part , then the o rigin is

an stable  equilibrium po int

All so lutio n trajecto ries here spiral in to wards the o rigin

If bo th eigenvalues o f the matrix M are co mplex with a po sitive real part , then the o rigin is an

unstable  equilibrium po int

All so lutio n trajecto ries here spiral away fro m the o rigin
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a)

b)

Worked example

Co nsider the system o f co upled di�erential equatio ns

dx
dt =2x−3y+6

dy
dt =x+y−7

Sho w that (3, 4)  is an equilibrium po int fo r the system.

Co nsider the system o f co upled di�erential equatio ns

dx
dt =x+3y

dy
dt =2x+2y

Given that 4  and −1  are the eigenvalues o f the matrix 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 3
2 2

, with co rrespo nding eigenvecto rs 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
1

 and 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−3
2

, determine the co o rdinates and nature o f the equilibrium po int fo r the system.
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Sketching Solution Trajectories

How do I sket ch a solut ion t raject ory f or a syst em  of  coupled di�erent ial
equat ions?

A phase po rtrait  sho ws typical trajecto ries representing all the po ssible so lutio ns to  a system o f

co upled di�erential equatio ns

Fo r a given set o f initial co nditio ns, ho wever, the so lutio n will o nly have o ne speci�c trajecto ry

Sketching a particular so lutio n trajecto ry  will generally invo lve the fo llo wing:

Make sure yo u kno w what the ‘typical’ so lutio ns fo r the system lo o k like

Yo u do n’t need to  sketch a co mplete phase po rtrait unless asked, but yo u sho uld kno w

what the phase po rtrait fo r yo ur system wo uld lo o k like

If the phase po rtrait includes ‘eigenvecto r lines’, ho wever, it is wo rth including these in

yo ur sketch to  serve as guidelines

Mark the starting po int fo r yo ur so lutio n trajecto ry

The co o rdinates o f the starting po int will be the x  and y  values when t=0
Usually these are given in the questio n as the initial co nditio ns fo r the system

Determine the initial directio n o f the so lutio n trajecto ry

To  do  this �nd the values o f 
dx
dt  and 

dy
dt  when t=0

This will tell yo u the directio ns in which x  and y  are changing initially

Fo r example if 
dx
dt =−2  and 

dy
dt =3  when t=0 , then the trajecto ry fro m the starting

po int will initially be ‘to  the left and up’, parallel to  the vecto r 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−2
3

Use the abo ve co nsideratio ns to  create yo ur sketch

The trajecto ry sho uld begin at the starting po int (be sure to  mark and label the starting

po int o n yo ur sketch!)

It sho uld mo ve away fro m the starting po int in the co rrect initial directio n

As it mo ves further away fro m the starting po int, the trajecto ry sho uld co nfo rm to  the

nature o f a ‘typical so lutio n’ fo r the system

Worked example

Co nsider the system o f co upled di�erential equatio ns

dx
dt =x−5y

dy
dt =−3x+3y

The initial co nditio ns o f the system are such that the exact so lutio n is given by 

x=e6t
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−1
1

−2e−2t
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

5
3
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Sketch the trajecto ry o f the so lutio n, sho wing the relatio nship between x  and y  as t  increases

fro m z ero .
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5.7.2 Second Order Di�erential Equations

Euler's Method: Second Order

How do I apply Euler’s m et hod t o second order di�erent ial equat ions?

A seco nd o rder di�erential equatio n is a di�erential equatio n co ntaining o ne o r mo re seco nd

derivatives

In this sectio n o f the co urse we co nsider seco nd o rder di�erential equatio ns o f the fo rm

d2x
dt2 = f

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x,

dx
dt ,t

Yo u may need to  rearrange the di�erential equatio n given to  get it in this fo rm

In o rder to  apply Euler’s metho d, use the substitutio n y=
dx
dt  to  turn the seco nd o rder

di�erential equatio n into  a pair o f co upled �rst o rder di�erential equatio ns

If y=
dx
dt , then 

dy
dt =

d2x
dt2

This changes the seco nd o rder di�erential equatio n into  the co upled system

Appro ximate so lutio ns to  this co upled system can then be fo und using the standard Euler’s

metho d fo r co upled systems

See the no tes o n this metho d in the revisio n no te 5.6.4 Appro ximate So lutio ns to  Di�erential

Equatio ns

dx
dt =y

dy
dt = f ( )x, y, t)
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a)

b)

Worked example

Co nsider the seco nd o rder di�erential equatio n 
d2x
dt2 +2

dx
dt +x=50cost .

Sho w that the equatio n abo ve can be rewritten as a system o f co upled �rst o rder

di�erential equatio ns.

Initially x=2  and 
dx
dt =−1. By applying Euler’s metho d with a step siz e o f 0.1, �nd

appro ximatio ns fo r the values o f x and 
dx
dt  when t = 0.5 .
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Exact Solutions & Phase Portraits: Second Order

How can I �nd t he exact  solut ion f or a second order di�erent ial equat ion?

In so me cases we can apply metho ds we already kno w to  �nd the exact so lutio ns fo r seco nd

o rder di�erential equatio ns

In this sectio n o f the co urse we co nsider seco nd o rder di�erential equatio ns o f the fo rm

d2x
dt2 +a

dx
dt +bx=0

 are co nstants

Use the substitutio n y=
dx
dt  to  turn the seco nd o rder di�erential equatio n into  a pair o f

co upled �rst o rder di�erential equatio ns

If y=
dx
dt , then 

dy
dt =

d2x
dt2

This changes the seco nd o rder di�erential equatio n into  the co upled system

dx
dt =y

dy
dt =−bx−ay

The co upled system may also  be represented in matrix fo rm as

⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

.x

.y
=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

0 1
−b −a

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x
y

In the ‘do t no tatio n’ here  and

That can be written even mo re succinctly as 
.x=Mx

Here 
.x=

⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

.x

.y
, x=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x
y , and M=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

0 1
−b −a

Once the o riginal equatio n has been rewritten in matrix fo rm, the standard metho d fo r �nding

exact so lutio ns o f systems o f co upled di�erential equatio ns may be used

The so lutio ns will depend o n the eigenvalues and eigenvecto rs o f the matrix M

Fo r the details o f the so lutio n metho d see the revisio n no te 5.7.1 Co upled Di�erential

Equatio ns

Remember that exam questio ns will o nly ask fo r exact so lutio ns fo r cases where the

eigenvalues o f M are real and distinct
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How can I use phase port rait s t o invest ig at e t he solut ions t o second order
di�erent ial equat ions?

Here we are again co nsidering seco nd o rder di�erential equatio ns o f the fo rm

d2x
dt2 +a

dx
dt +bx=0

a & b are real co nstants

As sho wn abo ve, the substitutio n y=
dx
dt  can be used to  co nvert this seco nd o rder

di�erential equatio n into  a system o f co upled �rst o rder di�erential equatio ns o f the fo rm 
.x=Mx

Here 
.x=

⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

.x

.y
, x=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x
y , and M=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

0 1
−b −a

Once the equatio n has been rewritten in this fo rm, yo u may use the standard metho ds to

co nstruct a phase po rtrait o r sketch a so lutio n trajecto ry fo r the equatio n

Fo r the details o f the phase po rtrait and so lutio n trajecto ry metho ds see the revisio n no te

5.7.1 Co upled Di�erential Equatio ns

When interpreting a phase po rtrait o r so lutio n trajecto ry sketch, do n’t fo rget that  y=
dx
dt

So  if x represents the displacement o f a particle, fo r example, then y=
dx
dt  will

represent the particle’s velo city
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a)

Worked example

Co nsider the seco nd o rder di�erential equatio n 
d2x
dt2 +3

dx
dt −4x=0. Initially x = 3 and  

dx
dt =−2.

Sho w that the equatio n abo ve can be rewritten as a system o f co upled �rst o rder

di�erential equatio ns.
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b)

c)

Given that the matrix 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

0 1
4 −3

 has eigenvalues o f 1 and -4 with co rrespo nding

eigenvecto rs 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
1

 and 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−1
4

, �nd the exact so lutio n to  the seco nd o rder di�erential

equatio n.

Sketch the trajecto ry o f the so lutio n to  the equatio n o n a phase diagram, sho wing the

relatio nship between x and 
dx
dt .

Page 22 of 23
For more help visit our website www.exampaperspractice.co.uk



Page 23 of 23
For more help visit our website www.exampaperspractice.co.uk


