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5.7.1Coupled Differential Equations

Solving Coupled Differential Equations
Howdo Iwriteasystem of coupled differentialequationsinmatrixform?

= The coupled differential equations considered in this part of the course willbe of the form

E— +b
ar AT
Y _

ar =cx+dy

= 4, b, C, d € Rareconstants whose precise value willdepend onthe situationbeing
modelled

= |Inanexamquestionthe values of the constants will generally be givento you
= Thissystemofequations canalso berepresented in matrixform:

dx
dt (ab)x
dy “led y
dr
= |tisusuallymore convenient,however,to use the ‘dotnotation’forthe derivatives:
x| (ab)fx
y “led y

= This canbe writtenevenmore succinctlyas X = Mx

= Here X= X ,M={a ”\,andx=f"\
\Y)

v \cd)
Howdo I find the exact solutionforasystem of coupled differentialequations?

= Theexactsolutionofthe coupled system X= MXdepends onthe eigenvalues and

ab
eigenvectors of the matrixof coefficients M=( d\
\¢ad)

= The eigenvalues and/oreigenvectors maybe givento youinanexamquestion
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= |ftheyare notthenyouwillneed to calculate themusing the methods learned inthe matrices
sectionofthecourse
Onthe examyouwillonlybe asked to find exactsolutions forcases where the two eigenvalues
of the matrix are real, distinct,and non-zero
= Similarsolutionmethods exist fornon-real,non-distinct and/ornon-zero eigenvalues, but
youdon'tneed to knowthemas partofthe IBAIHLcourse

Letthe eigenvalues and corresponding eigenvectors of matrix M be 2’1 and lz,and p1 and p2,
respectively
= Rememberfromthe definition of eigenvalues and eigenvectors that this means that
Mp =A p and Mp,=1,p,

The exactsolutionto the systemof coupled differential equations is then

At At
x=Ae 1p1+Be 2p2

= This solutionformulaisinthe examformulabooklet
= A, B € R areconstants (theyare essentiallyconstants of integration of the sort you have
whensolvingotherforms of differentialequation)
If initial orboundary conditions have beenprovided you canuse these to find the precise values
ofthe constants A and B
= Findingthe values of A and B will generallyinvolve solving aset of simultaneous linear
equations (see the worked example below)

@ Worked example

Therates of change of two variables, X and J,are described bythe following systemof coupled
differential equations:

dx )
— =4x—
dt 4
dy
—-=2x+
dt 4
Initially X =2 and y = 1.
4 -1
Given that the matrix 21 has eigenvalues of 3 and 2 with correspo nding eigenvectors

1 1
r and ,find the exactsolutionto the systemof coupled differential equations.

\1) \2)

Page 2 of 23
For more help visit our website www.exampaperspractice.co.uk



£l

Exam Papers Practice

Exact solution for coupled
linear differential x=Ae" p + Be* p,
equations

From axeam
*ornu‘o. 'bee\v.'ltt

X = ﬂeat(:)‘* Be™t (;_)

—

At t=0, 1:(?):(?)

So ﬂe°(:)+ Be® (;_) 2 (71')

Pot e_;azn-».ro-luts ond
Q'\jenver_tora inte the

so'l ut;on 'Fu-mu'lo.

Use initial conditien 1o
fiad voluas of A ond B

( ﬁ + 8 - ( 7-. ) S;multﬂﬂeo“s Qiu‘:t;o“s

A+2B /" L1

= A=3, B=--I

x = 3™ (:) - ezt(;.)

h £

Se‘lt —_ e‘l.t

) A

” 3231'.__?_&11'.

~
|
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Phase Portraits
Whatisaphase portrait forasystemof coupled differential equations?

= Here we are againconsideringsystems of coupled equations that canbe representedinthe
_ e ( a b) ( xi
matrixformX=MX,whereX= . ,M= ,and X =
y \¢d)
= Aphase portraitis adiagramshowinghow the values of xand ychange overtime
= Onaphase portrait we will usually sketch several typical solution trajectories

= The precise trajectorythat the solutionfora particularsystemwill travel alongis determined
bythe initial conditions forthe system

= Letﬂ,1 and 12 be the eigenvalues of the matrix M

= The overallnature of the phase portraitdependsinlarge partonthe values of/ﬂt1 and 12

What does the phase portraitlooklike when }’1 and )“2 arerealnumbers?

= Recallthatforrealdistinct eigenvalues the solutionto asystemof the above formis

At At
x=Ae'! p1 + Be ? pz,where /11 and /12 are the eigenvalues of M and p1 and p2 are the

corresponding eigenvectors

= AlHLonlyconsiders cases where ll and 12 are distinct(i.e.,/ﬁt1 z lz)and non-zero

= Aphase portrait will always include two ‘eigenvectorlines’ through the origin,each one parallel to
one of the eigenvectors

1 -3
= So ifp1 = ) and p2 — 4 ,forexample, then these lines through the origin will
4
have equations Yy =2Xand y = — gX, respectively

= Theselineswilldefine two sets of solutiontrajectories

= |fthe eigenvalue correspondingto aline’s eigenvectoris positive, then there willbe solution
trajectories along the line away fromthe origininboth directions as tincreases

= |fthe eigenvalue correspondingto aline’s eigenvectoris negative, thenthere will be solution
trajectories alongthe line towards the origininboth directions as tincreases

= No solutiontrajectorywillevercross aneigenvectorline

= |[fbotheigenvalues are positive thenallsolutiontrajectories willbe directed away fromthe
originas tincreases

= |Inbetweenthe ‘eigenvectorlines’the trajectories as theymove away from the origin will all
curve to become approximately parallel to the line whose eigenvectorcorresponds to the
largereigenvalue
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If botheigenvalues are negative thenall solutiontrajectories willbe directed towards the origin
as tincreases
= |nbetweenthe ‘eigenvectorlines’the trajectories will all curve so that at points furtheraway
fromthe origintheyare approximately parallel to the line whose eigenvectorcorresponds to
the more negative eigenvalue
= Theywillthenconverge onthe othereigenvalue line as theymove intowards the origin
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If one eigenvalue is positive and one eigenvalue is negative then solutiontrajectories will
generallystart byheadingintowards the origin before curvingto head out awayagain from the
originas tincreases
= |nbetweenthe ‘eigenvectorlines’the solutiontrajectories will allmove intowards the origin
alongthe direction of the eigenvectorline that corresponds to the negative eigenvalue,
before curvingawayand convergingonthe eigenvectorline that corresponds to the positive
eigenvalue as theyhead away fromthe origin
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What doesthe phase portraitlooklike when )'1 and 12 areimaginarynumbers?

= Here the solutiontrajectories will all be eithercircles orellipses with theircentres at the origin
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= Youcandetermine the direction(clockwise oranticlockwise) and the shape (circularorelliptical)

dx dy
of the trajectories byconsidering the values of E and E forpoints onthe coordinate axes
) 1 -2
= Forexample,considerthe system X = 1 1 X

I -2
= Theeigenvaluesof(1 1 areland —1,so the trajectories will be elliptical or circular

dx d
= Whenx=1andy=0——=1(1)-2(0)=1and A 1(1)-1(0)=1

dt dt
= This shows thatfromapointonthe positive X-axis the solution trajectorywillbe moving

1

‘to therightand up’inthe directionof the vector

d d
. WhenX=0andy=1,d—);=1(0)—2(1)= —2andd—};=1(0)—1(1)= -1

= This shows thatfromapoint onthe positive y-axis the solutiontrajectory willbe moving

_21

‘to theleftand down’inthe directionof the vectorr 1
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= Thedirections of the trajectories at those points tellus that the directions of the trajectories
willbe anticlockwise
= Theyalso tellus that the trajectories will be ellipses
= Forcirculartrajectories, the directionofthe trajectories whentheycross acoordinate
axis willbe perpendicularto that coordinate axis

What does the phase portraitlooklike when /11 and /12 arecomplexnumbers?

= |nthiscase /11 and 12 willbe complexconjugates oftheforma £ bi, where aand b are non-

zero realnumbers
= fa=0,b#0, thenwe have the imaginary eigenvalues case above
= Herethe solutiontrajectories will allbe spirals
= |fthereal part of the eigenvalues is positive (i.e.,if 2 > O),thenthe trajectories will spiral away
fromthe origin
= |fthereal part of the eigenvalues is negative (i.e.,if @ < 0),thenthe trajectories will spiral
towards the origin

= Youcandetermine the direction(clockwise oranticlockwise) of the trajectories byconsidering

dx dy

the values of =/ and —— forpoints onthe coordinate axes

dt dt

I 5
= Forexample,considerthe system X={ X
\723)

-5
= Theeigenvalues of (2 3 are2+31and2 —31,s0 the trajectories willbe spirals
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= Because therealpart of the eigenvalues (2) is positive, the trajectories will spiral away
fromthe origin

2 1(1)+5(0) = ans - = ~2(1) +3(0) = ~2

= This shows that fromapoint onthe positive X-axis the solution trajectory will be moving

Whenx =1 andy=0,

1
‘to therightand down’inthe direction of the vectorr 1
\"2)
dx dt
- = + = —_— = — + =
i 1(0) +5(1) =5 and i 2(0)+3(1)=3

= This shows thatfroma point onthe positive y-axis the solution trajectory willbe moving

Whenx=0andy=1,

5
‘to therightand up’inthe direction of the vector { 3
The directions of the trajectories at those points tell us that the directions of the trajectory
spirals willbe clockwise
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@ Worked example

Considerthe systemof coupled differential equations

& k42
ar T
dy
dt_X_3y

-2 2
Giventhat —1 and —4 are the eigenvalues of the matrix ( ,withcorresponding
\1 =3)
2 -1

eigenvectors and ,draw a phase portrait forthe solutions of the system.

1 1

Both E;jlnvm\\lﬁs ace nejathg, s0 ol traiectnfl‘&s <\l converqe
on t\az o(‘-g'\n. -4 ¥ weee nq_j&t-\vﬁ -t\n&f\ '\' So mwo.r {fom
tLE 0(15;(‘ tLe. tva')eLT.or;e,s «'n” corve tewo.nls tLe
(1) eigenvector ling

2;31“«1-.(‘\

vome $oe O

y=-x
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Equilibrium Points
Whatis anequilibrium point?

= Forasystemofcoupled differential equations, anequilibriumpointis apoint (X, y) atwhich

9 a0
both dt =0and dt =

= Because bothderivatives are zero, the rates of change of both X and Y are zero
= This means that X and ¥ willnot change, and therefore that if the systemis everat the point

(X, y) thenitwillremainat that point (X, y) forever
= Anequilibriumpointcanbe stable orunstable
= Anequilibriumpointis stable if forall points close to the equilibrium point the solution
trajectories move back towards the equilibrium point
= This means thatif the systemis perturbed awayfrom the equilibrium point, it willtend to
move back towards the state of equilibrium
= |fanequilibriumpointis notstable,thenitis unstable
= |fasystemis perturbed awayfromanunstable equilibrium point, it willtend to continue
moving furtherand furtheraway fromthe state of equilibrium
) X
= Forasystemthat canbe represented in the matrixform X = Mx where X = Bt

y

(0 )onsx=( ¥
M= ,and X= ,the origin (0, 0) is always an equilibrium point
\c¢ d) \Y)

= Consideringthe nature of the phase portrait fora particularsystemwill tellus what sort of
equilibrium point the originis
= |fbotheigenvalues of the matrix M arerealand negative,thenthe originis astable
equilibrium point
= This sortof equilibrium pointis sometimes known as a sink
= |fbotheigenvalues of the matrix M arerealand positive, thenthe originis anunstable
equilibrium point
= Thissortofequilibriumpointis sometimes knownas asource
= |fbotheigenvalues of the matrix M are real, with one positive and one negative,thenthe
originis anunstable equilibrium point
= Thissortof equilibriumpointis known as asaddle point (you will be expected to identify
saddle pointsiftheyoccurinan AlHLexam question)
= |fbotheigenvalues of the matrix M are imaginary, then the originis anunstable equilibrium
point
= Recallthat forallpoints otherthanthe origin, the solution trajectories here all ‘orbit’
around the originalongcircularorelliptical paths

= |fbotheigenvalues of the matrixMarecomplexwithanegative realpart, thenthe originis
anstable equilibrium point
= Allsolutiontrajectories here spiralintowards the origin
] IfbotheigenvaluesofthematrixMarecomplexwithapositiverealpart,thentheoriginisan
unstable equilibrium point
= Allsolutiontrajectories here spiral awayfrom the origin

Page 12 of 23
For more help visit our website www.exampaperspractice.co.uk



FIE
Exam Papers Practice
@ Worked example

a) Considerthe systemof coupled differential equations

g—2 3v+6
ar X7
dy

a T

Show that (3, 4) is anequilibriumpoint forthe system.

Whea %23 and y=H,

T = LEY=8(H)~lrz B
4

'_j'::_ ou\A ‘%_Zt’ ofe \:ot\n 2ero o.t (3,“‘),

‘t\aqreferq_ (3, \'l') ‘IS on Q.:LU.I\;L\";JM
?o;nt ‘For tl\e system.

b) Considerthe systemof coupled differential equations
dx 3
—=x+
dt Y
dy
— =2x+2
dt Y

13

Giventhat4 and —1 are the eigenvalues of the matrix(2 7 i,with corresponding eigenvectors

(e[

1 ) ) determine the coordinates and nature of the equilibrium point forthe system.

\/J\r\en )(:O anéyio,%=omn.§¥:o.

Therefore the arij'.n (0,0) is the
eiV‘\\;Lf;um fo'm‘t for the system-

O'\Q o“: e;ﬂenvo\ues '\5 ch‘lt;\/Q :;.«-.A one

'\5 r\Qjmt;\IQ_
TLefQ{nrQ the O(‘;j'\n 18 o gaddle fo;n't'

which 15 an uvnstable eiu'\\lkrium foiv\t,
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Sketching Solution Trajectories

Howdolsketchasolutiontrajectoryforasystem of coupleddifferential
equations?

Aphase portrait shows typical trajectories representing all the possible solutions to asystemof
coupled differential equations
Foragivensetofinitial conditions,however, the solutionwill onlyhave one specific trajectory
Sketching aparticular solutiontrajectory will generallyinvolve the following:
= Make sure youknow what the ‘typical’ solutions forthe systemlooklike
= Youdon’'tneed to sketchacomplete phase portraitunless asked, but youshould know
what the phase portrait foryoursystemwould look like
= |fthe phase portraitincludes ‘eigenvectorlines’,however,itis worthincluding thesein
yoursketchto serve as guidelines
= Mark the startingpointforyoursolutiontrajectory

= The coordinates of the starting point will be the X and ¥ values when £ =0

= Usuallythese are givenin the questionas the initial conditions forthe system
= Determine theinitial direction of the solution trajectory

dx y
= To do this find the values of —— and —— when =0

dt dt
= This willtellyouthe directions inwhich X and ¥ are changing initially

dx

. Y . .
= Forexampleif E = —2and E =3 whent= O,thenthetrajectoryfromthe starting

-2
point willinitiallybe ‘to the left and up’, parallel to thevector( 3
= Usethe above considerations to create yoursketch

= The trajectoryshould begin at the starting point (be sure to mark and label the starting
pointonyoursketch!)
= |tshould move awayfromthe startingpointinthe correctinitial direction

= Asitmoves furtherawayfrom the starting point, the trajectoryshould conformto the
nature of a ‘typical solution’forthe system

@ Worked example

Considerthe systemof coupled differential equations

& _ s
a7
dy

L Ap— +
T 3x+3y

Theinitialconditions of the systemare such that the exact solutionis given by

-1 5
X=c 1 € 3
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Sketchthe trajectory of the solution, showing the relationship between X and ¥ as fincreases
fromzero.

The Qiﬁlnvaluls bsve differant s1qns, so e tfa-jq.t.torr will become
Af‘)f‘aﬁ.;mmtﬂ.\y pacallel Lo the rcs'\t;qe eijtnvo-lut's ertnvutor line

as T movas ooy Nosane. Lk oriﬁGn.
When 20, x = (;) = (:';) stacling point

de(w)-sEs)e L= o3¢u)e3(s) =8
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/\?’

- vecler
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5.7.2Second Order Differential EqQuations

Euler's Method: Second Order
Howdo lapplyEuler’s method to second orderdifferential equations?

= Asecond orderdifferential equationis a differential equation containingone ormore second
derivatives
= [nthissectionofthe course we considersecond orderdifferentialequations of the form

d?x dx
W

= Youmayneed to rearrange the differentialequation givento getitinthis form

dx

= Inorderto apply Euler's method, use the substitution ¥ = ——— to turnthe second order

dt

differential equationinto apairof coupled first orderdifferential equations
dx dy d*x

If y=—F",then— = —+

Y= dt dt — de

= This changes the second orderdifferential equationinto the coupled system
= Approximate solutions to this coupled system canthenbe found using the standard Euler’s
method forcoupled systems
= Seethenotesonthis methodintherevisionnote 5.6.4 Approximate Solutions to Differential

Equations
dx _
a7
dy
dt - f(X’ ys t))
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@ Worked example

d?x _dx
Considerthe second orderdifferential equation @ +ZE + x = 50cost.
a) Show that the equationabove canbe rewrittenas asystemof coupled firstorder
differentialequations.
2 2
A X dx A 3 dx
= = % - —_— % SOcosT_ = ( —_— )
iy 23t 4t e 3.t
dx .
Let Y= 3t RIS - B o
d’x
TLo_n = Ati , SO t\-\e e,luo.t\on ‘oer.omes

0| 06— o.| o—
-+ (s

= "'X"?.)l"'soc.ost

This 3}\125 The couF\o.A stte.m

dx
dt 7

4y
dt

+

n

-X- 7..7 + SOr.ost

b) d
X
Initially X = 2and — = —1 .Byapplying Euler's method withastepsize of 0.1, find

dt
dx

approximations forthe values of xand E whent=0.5.
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Euler's method for
coupled systems

xn+1=xn+hxf;(xnsyn’tn)

AL Lyt h is a constant
Yan = Vo +hx f3(x,, ¥, 1) Ebptoathi
t,=t +h
= = B
X,.,, = %, *+0.ly, t.,, =T.r00

n

Y aer

7“ » 0.1\ (-xn- 7_7,\ + S0 r_.ostn)

E

From axom

{ofnv ‘o. \unk‘. !1:

e d
ﬁ Iﬂ\t\o-uy x:?. a.n& 7=J—Z=—|

n : %o I Y-
(O z -1

l 0.1 fo™ k|

2 0.2 2.8 7.9895

3 0.3 3.0985 11.058

b St %.2043 13.313

= a.5 5.5356 1. B35

y 4

At t=0.5,

1

(o1

x=2 9554 (3%.%.)

i‘%: .8 (3 .5
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Exact Solutions & Phase Portraits: Second Order
Howcanlfind the exact solutionforasecondorderdifferentialequation?

= |Insome cases we canapplymethods we alreadyknow to find the exact solutions forsecond
orderdifferentialequations
= [nthissectionofthe course we considersecond orderdifferentialequations of the form

d?x dx x=0
— +a—/—+bx=
de dt
= areconstants
dx
= Use the substitution Yy = E to turnthe second orderdifferential equationinto apairof

coupled firstorderdifferential equations
dx dy d2x

If y=—",then—_ = —+

Y74 "™ dr T e

This changes the second orderdifferential equationinto the coupled system

The coupled systemmayalso be represented inmatrixformas
X ( 0 1 Y xi
y) \7b=aj\y)

= |nthe ‘dotnotation’here and

That canbe writtenevenmore succinctly as xX=Mx

e ( X\ ( 0 1 1
= Here X=| . || X= ,andM=
v) ) \=b~-a)
= Oncethe originalequationhas beenrewrittenin matrix form, the standard method forfinding
exactsolutions of systems of coupled differential equations maybe used
= Thesolutions willdepend onthe eigenvalues and eigenvectors of the matrix M
= Forthe details of the solutionmethod see therevisionnote 5.7.1Coupled Differential
Equations
= Rememberthatexamquestions willonlyask forexactsolutions forcases where the
eigenvalues of Marereal and distinct
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Howcanluse phaseportraitstoinvestigatethesolutionstosecondorder
differentialequations?

= Here we are againconsideringsecond orderdifferential equations of the form

d’x  dx =0
— +a—— +bx=
de dt
= g&barerealconstants
dx
= Asshownabove,the substitution Yy = E canbeusedto convertthis second order

differentialequationinto asystemof coupled first orderdifferential equations of the form
x=Mx
_ X X 0 1
= Here X=| @ | X< ,and M= b
y \Y) \ a)

= Oncethe equationhas beenrewritteninthis form,youmayuse the standard methods to
constructaphase portrait orsketchasolutiontrajectoryforthe equation

= Forthe details of the phase portrait and solutiontrajectorymethods see therevisionnote

5.7.1Coupled Differential Equations

= Wheninterpretingaphase portrait orsolutiontrajectorysketch,don’tforgetthat y =

dx
= Soif xrepresents the displacement of aparticle, forexample,then Y= —— will

dt

represent the particle’s velocity
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@ Worked example

d?x dx
Considerthe second orderdifferential equation a7 +3 E —4x =0.Initially x=3 and
dx 5
dt '
a) Show that the equationabove canberewrittenas asystemof coupled first order

differential equations.

' A A% Az
At"u”“3'f gt"‘E(*» it
d x ,
Lel a IR SvbsTiTotien
4" x :
TLgn = _ET 50 tL\Q EﬁLdo-t\On Lq:.omo.s

"*x-37

T\-:;s 3'nies t\ne cou\:\c.i system

dx _
it 7
4y
It

4x - 3y
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b) 1

Giventhat the matrix (

eigenvectors r \land {

equation.

has eigenvalues of Tand -4 with corresponding

4 \l find the exactsolutionto the second orderdifferential

Exact solution for coupled
linear differential x=Ae™ p +Be* p,
equations

Fra wm QARom

'Ee ] lo. Laekllt

. (@] 1
\IJQ. \nave X = (bt ..3> A 50

c) Sketchthetrajectoryofthe solutionto the equationonaphase diagram, showing the

dx
de -

relationshipbetweenxand —/—
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At t= O, -13’—,;- .| %Z—=%(3)-3(-1)=\8_

So \nl‘tu:-“?( tLO_ So\dtloﬂ tfﬂ;}tctot’y .15 -to t\nl?.

left and vp. () diseesaibar

N
7
~&
I
D-|D-
%

(0,0) IR

Sa.cl:lle Point

(3,-2)

(-.*l ) e;aznvect of
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