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5.7.1 Basic Limits & Continuity

Limits

What  are lim it s in m at hem at ics?

When we co nsider a limit  in mathematics we lo o k at the tendency o f a mathematical pro cess as it

appro aches, but never quite reaches, an ‘end po int’ o f so me so rt

We use a special limit no tatio n to  indicate this

Fo r example lim
x→3

f ( )x  deno tes ‘the limit o f the functio n f(x) as x go es to  (o r appro aches) 3’

I.e., what value (if any) f(x) gets clo ser and clo ser to  as x takes o n values clo ser and clo ser

to  3

We are no t co ncerned here with what value (if any) f(x) takes when x is equal to  3 – o nly

with the behavio ur o f f(x) as x gets clo se to  3

The sum o f an in�nite geo metric sequence is a type o f limit

When yo u calculate S
∞

 fo r an in�nite geo metric sequence, what yo u are actually �nding is 

lim
n→∞

Sn

I.e., what value (if any) the sum o f the �rst n terms o f the sequence gets clo ser and clo ser

to  as the number o f terms (n) go es to  in�nity

The sum never actually reaches S
∞

, but as mo re and mo re terms are included in the sum

it gets clo ser and clo ser to  that value

In this sectio n o f the IB co urse we will be co nsidering the limits o f functio ns

This may include �nding the limit at a po int where the functio n is unde�ned

Fo r example, f (x)=
sinx
x  is unde�ned when x = 0, but we might want to  kno w ho w the

functio n behaves as x gets clo ser and clo ser to  z ero

Or it may include �nding the limit o f a functio n f(x) as x gets in�nitely big in the po sitive o r

negative directio n

Fo r this type o f limit we write lim
x→∞

f ( )x  o r lim
x→−∞

f ( )x  (the �rst o ne can also  be written

as lim
x→+∞

f ( )x  to  distinguish it fro m the seco nd o ne)

These so rts o f limits are o ften used to  �nd the asympto tes  o f the graph o f a functio n

How do I �nd a sim ple lim it ?

STEP 1: To  �nd  lim
x→a

f ( )x  begin by substituting a into  the functio n f(x)
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If f(a) exists with a well-de�ned value, then that is also  the value o f the limit

Fo r example, fo r f (x)=
x−1
x  we may �nd the limit as x appro aches 3 like this:

lim
x→3

f ( )x = lim
x→3

x−1
x =

3−1
3 =

2
3

In this case,  is simply equal to  f(3)

STEP 2: If f(a) do es no t exist, it may be po ssible to  use algebra to  simplify f(x) so  that substituting a

into  the simpli�ed functio n gives a well-de�ned value

In that case, the well-de�ned value at x = a o f the simpli�ed versio n o f the functio n is also  the

value o f the limit o f the functio n as x go es to  a

Fo r example, f (x)=
x2

x  is no t de�ned at x = 0, but we may use algebra to  �nd the limit as x

appro aches z ero :

lim
x→0

f ( )x = lim
x→0

x2

x = lim
x→0

x
1 ( )cancelling the x 's =

0
1 =0

No te that f (x)=
x2

x  and g (x)=x  are no t  the same functio n!

They are equal fo r all values o f x except z ero

But fo r x = 0, g(0) = 0 while f(0) is unde�ned

Ho wever f(x) gets clo ser and clo ser to  z ero  as x gets clo ser and clo ser to  z ero

If neither o f these steps gives a well-de�ned value fo r the limit yo u may need to  co nsider mo re

advanced techniques to  evaluate the limit

Fo r example l’Hô pital’s Rule  o r using Maclaurin series

How do I �nd a lim it  t o in�nit y?

As x go es to  +∞ o r −∞ , a typical functio n f(x) may co nverge  to  a well-de�ned value, o r it may

diverge  to  +∞  o r −∞
Other behavio urs are po ssible – fo r example lim

x→∞
sinx  is simply unde�ned, because sin x

co ntinues to  o scillate between 1 and -1 as x gets larger and larger

There are two  key results to  be used here:

lim
x→±∞

k
xn co nverges  to  0 fo r all n >0 and all k∈ℝ

lim
x→+∞

xn diverges  to  +∞  fo r all n > 0
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lim
x→−∞

xn  fo r n > 0 will need to  be co nsidered o n a case-by-case basis, because o f the

di�ering behavio ur o f x  fo r di�erent values o f n when x is negative

STEP 1: If necessary, use algebra to  rearrange the functio n into  a fo rm where o ne o r the o ther o f

the key results abo ve may be applied

STEP 2: Use the key results abo ve to  evaluate yo ur limit

Fo r example:

lim
x→∞

3x2−2x+1
4x2−x+2

= lim
x→∞

3−
2
x +

1

x 2

4−
1
x +

2

x 2

=
3−0+0
4−0+0 =

3
4

Or:

lim
x→+∞

x2+5x−2
32x+3 = lim

x→+∞

x+5−
2
x

32+
3
x

=
( )+∞ +5−0

32+0 =+∞

I.e., the limit diverges to  +∞  (because 
x 2+5x−2
32x+3  it gets bigger and bigger witho ut limit as x

gets bigger and bigger)

Remember that neither 
0
0  no r 

±∞
±∞

 has a well-de�ned value!

If yo u attempt to  evaluate a limit and get o ne o f these two  fo rms, yo u will need to  try ano ther

strategy

This may just mean di�erent o r additio nal algebraic rearrangement

But it may also  mean that yo u need to  co nsider using l’Hô pital’s Rule  o r Maclaurin series  to

evaluate the limit

It is also  wo rth remembering that if lim
x→∞

f ( )x =∞ , then lim
x→∞

k
f ( )x =0  fo r any no n-z ero  

k∈ℝ
This can be useful fo r example when evaluating the limits o f functio ns co ntaining

expo nentials

lim
x→∞

epx=∞  fo r any p > 0, so  we immediately have lim
x→∞

e−px= lim
x→∞

1
epx

=0  fo r p >

0

See the wo rked example belo w fo r a mo re invo lved versio n o f this

Do lim it s ever have ‘direct ions’?

n
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Yes they do !

The no tatio n lim
x→a+

f ( )x  means ‘the limit o f f(x) as x appro aches a f ro m abo ve’

I.e., this is the limit as x co mes ‘do wn’ to wards a, o nly co nsidering the functio n’s behavio ur fo r

values o f x that are greater than a

The no tatio n lim
x→a−

f
(

x
)

 means ‘the limit o f f(x) as x appro aches a f ro m belo w’

I.e., this is the limit as x co mes ‘up’ to wards a, o nly co nsidering the functio n’s behavio ur fo r

values o f x that are less than a

One place these so rts o f limits appear is fo r functio ns de�ned piecewise

In this case the limits ‘fro m abo ve’ and ‘fro m belo w’ may well be di�erent fo r values o f x at

which the di�erent ‘pieces’ o f the functio n are jo ined

But also  be aware o f a situatio n like the fo llo wing, where the limits fro m abo ve and belo w may

also  be di�erent:

lim
x→0+

1
x =+∞  (because 

1
x >0  fo r x > 0, with 

1
x  beco ming bigger and bigger in the

po sitive directio n as x gets clo ser and clo ser to  z ero  ‘fro m abo ve’)

lim
x→0−

1
x =+∞  (because 

1
x <0  fo r x < 0, with 

1
x  beco ming bigger and bigger in the

negative directio n as x gets clo ser and clo ser to  z ero  ‘fro m belo w’)

The graph o f y=
1
x  sho ws this limiting behavio ur as x appro aches z ero  fro m the two

di�erent directio ns
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a)

b)

Worked example

Co nsider the functio n

f ( )x =
3−4x−5x4

2x4+x3+7
,

�nd  lim
x→∞

f (x) .

Co nsider the functio n 

g ( )x =

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

1−5x
x2 , x<5

x2−4x−6, x≥5

�nd (i)  lim
x→5−

g (x) , and (ii)  lim
x→5+

g (x) .
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c) Co nsider the functio n

h ( )x =
2e3x−3
4−5e3x

�nd  lim
x→∞

h (x) .
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Continuity & Di�erentiability

What  does it  m ean f or a f unct ion t o be cont inuous at  a point ?

If a functio n is co ntinuo us  at a po int then the graph o f the functio n do es no t have any ‘ho les’ o r

any sudden ‘leaps’ o r ‘jumps’ at that po int

One way to  think abo ut this is to  imagine sketching the graph

So  lo ng as yo u can sketch the graph witho ut lifting yo ur pencil fro m the paper, then the

functio n is co ntinuo us at all the po ints that yo ur sketch go es thro ugh

But if yo u wo uld have to  lift yo ur pencil o � the paper at so me po int and co ntinue drawing

the graph fro m ano ther po int, then the functio n is no t co ntinuo us at any such po ints

where the functio n ‘jumps’
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There are two  main ways a functio n can fail to  be co ntinuo us at a po int:

If the functio n is no t de�ned fo r a particular value o f x then it is no t co ntinuo us at that value o f

x

Fo r example, f (x)=
1
x   is no t co ntinuo us at x = 0
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If the functio n is de�ned fo r a particular value o f x, but then the value o f the functio n ‘jumps’ as

x mo ves away fro m that x value in the po sitive o r negative directio n, then the functio n is no t

co ntinuo us at that value o f x

This type o f disco ntinuity can o ccur in a piecewise functio n, fo r example, where the

di�erent pieces o f the functio n’s graph do n’t ‘jo in up’

Yo u can use limits to  sho w that a functio n is co ntinuo us at a po int

Let f(x) be a functio n de�ned at x = a, such that f(a) = b

If lim
x→a−

f ( )x =b  and  lim
x→a+

f ( )x =b , then f(x) is co ntinuo us at x = a

If either o f tho se limits is no t equal to  b, then f(x) is no t co ntinuo us at x = a

This is a slightly mo re fo rmal way o f expressing the ‘yo u do n’t have to  lift yo ur pencil fro m the

paper’ idea!

What  does it  m ean f or a f unct ion t o be di�erent iable at  a point ?

We say that a functio n f(x) is di�erentiable  at a po int with x-co o rdinate x , if the derivative f’(x)

exists and has a well-de�ned value f’(x ) at that po int

To  be di�erentiable at a po int a functio n has to  be co ntinuo us at that po int

So  if a functio n is no t co ntinuo us at a po int, then it is also  no t di�erentiable at that po int

But co ntinuity by itself do es no t guarantee di�erentiability

This means that di�erentiability is a stro nger co nditio n than co ntinuity

If a functio n is di�erentiable at a po int, then the functio n is also  co ntinuo us at that po int

But a functio n may be co ntinuo us at a po int witho ut being di�erentiable at that po int

This means there are functio ns that are co ntinuo us everywhere but are no t di�erentiable

everywhere

In additio n to  being co ntinuo us a po int, di�erentiability also  requires that the functio n be

smo o th at that po int

‘Smo o th’ means that the graph o f the functio n do es no t have any ‘co rners’ o r sudden

changes o f directio n at the po int

An o bvio us example o f a functio n that is no t smo o th at certain po ints is a mo dulus functio n

|f(x)| at any values o f x where f(x) changes sign fro m po sitive to  negative

At any such po int a mo dulus functio n will no t be di�erentiable

0

0
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Exam T ip

On the exam yo u will no t usually be asked to  test a functio n fo r co ntinuity  at a po int

Yo u sho uld ho wever be familiar with the basic ideas abo ut co ntinuity o utlined abo ve

On the exam yo u will no t be asked to  test a functio n fo r di�erentiability  at a po int

Yo u sho uld ho wever be familiar with the basic ideas abo ut di�erentiability and its

relatio nship with co ntinuity as o utlined abo ve
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a)

b)

Worked example

Co nsider the functio n  f  de�ned by

f (x)=

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

x2−2x−1, x<3

2 x=3

x+2
2 , x>3

use limits to  sho w that  f  is no t co ntinuo us at x=3.

Hence explain why  f  canno t be di�erentiable at x=3.
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