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5.7.1Basic Limits & Continuity

Limits
What arelimitsinmathematics?

= Whenwe consideralimitinmathematics we look at the tendencyof amathematicalprocess as it
approaches, but neverquite reaches,an‘end point’of some sort
= Weuse aspeciallimitnotationto indicate this
= Forexample lim f(X) denotes ‘the limit of the function f(x) as xgoes to (orapproaches) 3’
x -3
= |.e.,whatvalue (if any) f(x) gets closerand closerto as xtakes onvalues closerand closer

to 3
= Wearenotconcerned here withwhat value (if any) f(x) takes when xis equalto 3 - only

with the behaviourof f(x) as xgets closeto 3
= The sumofaninfinite geometric sequenceis atype of limit
= Whenyoucalculate Soo foraninfinite geometric sequence,what you are actually findingis
lim Sn
n—>oo

= |.e.,whatvalue (if any) the sumof the first nterms of the sequence gets closerand closer
to as the numberof terms (n) goes to infinity

= The sumneveractuallyreaches Soo, but as more and more terms are included inthe sum

itgets closerand closerto thatvalue
= |InthissectionoftheIB course we willbe considering the limits of functions
= This mayinclude finding the limit at a point where the functionis undefined
sinx
= Forexample, f(X) = T isundefined when x=0, but we might want to know how the

functionbehaves as xgets closerand closerto zero
= Oritmayinclude findingthe limit of afunction f(x) as xgets infinitelybiginthe positive or

negative direction

= Forthis type of limit we write lim l‘(X)or lim f(X) (the first one canalso be written
X > 00 X —=> —00

as lim f(X) to distinguishitfromthe second one)
X = +oo
= Thesesorts of limits are oftenused to find the asymptotes of the graph of afunction

Howdo Ifind asimplelimit?

= STEP1:To find lim f(X) begin by substituting ainto the function f(x)
X—a
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n |f flg) exists withawell-defined value, thenthatis also the value of the limit
x—1

= Forexample,for f(X) = we may find the limit as xapproaches 3 like this:

x-1 3-1 2
lim f(x) = lim = =
x—3 x—3

3 3

= |nthis case, is simplyequal to f(3)
= STEP 2:If la) does notexist,itmaybe possible to use algebra to simplify flx) so that substituting a
into the simplified function gives awell-defined value
= [nthatcase,the well-defined value atx=aof the simplified version of the functionis also the
value of the limit of the functionas xgoesto a

X2

= Forexample, f(X) = — isnotdefined at x=0, but we mayuse algebra to find the limitas x
X

approaches zero:
. . X2 X : \_ 0
lim f(x) = lim — = lim T (cancelhng the x's) = T =0
x—0 x>0 x—0

XZ
= Note that f(X) =— and g(X) = X are not the same function!
X

= Theyare equalforallvalues of xexceptzero
= Butforx=0, g(0)=0while {0)is undefined
= However f(x) gets closerand closerto zero as xgets closerand closerto zero
= |[fneitherofthese steps gives awell-defined value forthe limityoumayneed to considermore
advanced technigques to evaluate the limit
= Forexample ’H6pital’s Rule orusing Maclaurinseries

Howdo I find alimit to infinity?

= As xgoesto + 00 or —O0 atypical function fix) may converge to awell-defined value, orit may
diverge to +00 or =00
= Otherbehaviours are possible - forexample lim sinx s simplyundefined, because sin x
X 00
continues to oscillate betweenland -las xgets largerand larger
= There are two keyresults to be used here:

k
= lim —, converges toOforalln>Oandallk €R

x = too

= lim Xx” divergesto +00 foralln>0

X = +00
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" lim x®forn>Owillneed to be considered ona case-by-case basis,because of the
X = —00
differingbehaviourof x’fordifferent values of nwhen xis negative
= STEPT:If necessary,use algebrato rearrange the functioninto aformwhere one orthe otherof
the keyresults above maybe applied
= STEP 2:Use the keyresults above to evaluate yourlimit
= Forexample:

2 1
L3Rkl 37XT2 3-0+0 3
A2 —x+2 _Xfﬂo4__+% T 4-0+0 4
= Or
2
C o x2+5x=2 XTS5 (409 +5-0
m = +3 - Im 5 T 340 0

x = +oo

x—>+oo 34 —
X

x2+5x -2

n imi i o0 e
l.e., the limit diverges to + (because 30x+3

it gets biggerand biggerwithoutlimit as x

gets biggerand bigger)
0 + 00

= Rememberthatneither = nor ;? has awell-defined value!

0

= |fyouattemptto evaluate alimitand getone of these two forms, youwillneed to tryanother
strategy

= This mayjust meandifferent oradditional algebraic rearrangement

= Butitmayalso meanthatyouneedto considerusingl’Hopital’s Rule orMaclaurinseries to
evaluate the limit

= |tis also worthremembering that if lim f(X) = 00, then lim ﬁ =0 foranynon-zero
X

keR

= This canbe useful forexample when evaluating the limits of functions containing
exponentials

= lim ePX = coforanyp>0,so weimmediatelyhave lim € PX = lim x =0forp>

X > oo X > oo X >0
0
= Seetheworked example below foramore involved version of this

Do limits everhave ‘directions’?
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Yes theydo!
The notation lim f(X) means ‘the limit of f{x) as xapproaches afromabove’
x—at
= |e.,thisisthelimitas xcomes ‘down’towards a, onlyconsidering the function’s behaviourfor
values of xthat are greaterthan a
The notation lim f(X) means ‘the limit of f{x) as xapproaches afrombelow’
X—>a~
= |e.thisisthelimitas xcomes ‘up’towards a,onlyconsideringthe function’s behaviourfor
values of xthat are less thana
One place these sorts of limits appearis forfunctions defined piecewise
= Inthis case thelimits fromabove’and ‘frombelow’maywellbe different forvalues of xat
whichthe different ‘pieces’ of the functionare joined
But also be aware of asituation like the following, where the limits from above and below may
also be different:

1 1 1
» lim — = +00(because — >0 forx>0,with — becomingbiggerand biggerinthe
X X X
x—>0*
positive directionas xgets closerand closerto zero fromabove’)
1 1 1
» ]lim — = +00(because — <0 forx<0,with — becomingbiggerand biggerinthe
x>0~ K 2
negative directionas xgets closerand closerto zero ‘frombelow’)
1

= The graphof ¥ = — shows this limiting behaviouras xapproaches zero fromthe two
X

different directions
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a) Considerthe function
) 3—4x-5x*
X)=—7F7—,
2x4+ x3+7
find lim Ax).
X =00
Vs IR
3= Hx~ Bnt" /x X T3 7O
3 T B \ X
')_*\*+x+7 A“ 2_-’4-—’{—'-!'-)—(-;
1 Y
e 37 %x- 5% TR ik Tl
- m 3 = X200 \ 2
R O LY Pt
0-0-5 | S
- 2+0+0 T "2
b) Considerthe function
1-5x <3
. X
— 2 7
gx)=y x

x2—=4x—-6, x>5

find () 1im g(x) and (i) lim g(x).

x—-5" x-5t
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Gy Fow o

X=S5~ , we on\y eonghdar 2’5

. Wiy J=5%
x—5" 9(x) = (o5 T x=

_ \-5() _Q_ 24
G 25

g1 Lim
(ll) Fof‘ K—"5+, e on\r cons‘tAE\‘ X>5

Ve liem
7:_,5"' 5(7() = *—=5 (ﬁz" o = (D)

2
= (5). -4(5)-6 = || - |
c) Considerthe function

find lim A(x).

X > 00

n

o "
In ...:5...-
lim 2& -3 . lim 2-. e“
X > 00 L‘__Seﬁx T x5 0 —q:_;"—s
e-“-
=0

I

~ 2
o-5 ~ ""5_
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Continuity & Differentiability
Whatdoesitmeanforafunctiontobecontinuousatapoint?

= |fafunctionis continuous atapointthenthe graphofthe functiondoes nothave any‘holes’ or
anysudden‘leaps’orjumps’at that point
= One wayto think about thisis to imagine sketching the graph

= Solongasyoucansketchthe graphwithoutliftingyourpencilfromthe paper,thenthe
functionis continuous at all the points that yoursketchgoes through

= Butif youwould have to lift yourpencil off the paperat some point and continue drawing
the graphfromanotherpoint,thenthe functionis not continuous at any such points
where the function jumps’
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CONTINUOUS AT ALL POINTS

Y y

T |

_——_—'__-_-/
NOT CONTINUOUS AT x=0 NOT CONTINUOUS AT x=ad
y N
—4
A1
0] X 0 a X

= There are two mainways a function canfail to be continuous atapoint:
= [fthe functionisnotdefined foraparticularvalue of xthenitis not continuous at thatvalue of
X

1

= Forexample, f(X) = ; isnotcontinuous atx=0
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= |fthe functionis defined fora particularvalue of x, but then the value of the function jumps’as
xmoves away fromthat x value inthe positive ornegative direction, thenthe functionis not
continuous at that value of x
= This type of discontinuitycanoccurinapiecewise function,forexample,where the
different pieces of the function’s graphdon’t joinup’
Youcanuse limits to show that afunctionis continuous at apoint
= let fix)beafunctiondefined at x=4a,suchthat (a)=b
= If lim f(X) =phpand lim f(X) = b,then flx)is continuous at x=a
x—>a— x—>a+t+
= [feitherofthose limitsis notequalto b,then fix)is notcontinuous at x=a
= Thisis aslightlymore formalwayof expressing the ‘youdon’t have to lift yourpencilfromthe
paper’idea!

Whatdoesitmeanforafunctiontobe differentiableatapoint?

We saythatafunction f(x) is differentiable at a point with x-coordinate xp, if the derivative f{(x)
exists and has awell-defined value f{xp) at that point
To be differentiable at apoint afunctionhas to be continuous at that point
= Soifafunctionisnotcontinuous atapoint,thenitis also not differentiable at that point
But continuitybyitself does not guarantee differentiability
= This means that differentiabilityis a strongercondition than continuity
= [fafunctionis differentiable at apoint, thenthe functionis also continuous at that point
= Butafunctionmaybe continuous atapoint without being differentiable at that point
= This means there are functions that are continuous everywhere but are not differentiable
everywhere
Inadditionto being continuous apoint, differentiability also requires that the function be
smoothatthat point
= ‘Smooth’means that the graph of the functiondoes nothave any‘corners’orsudden
changes of directionat the point
= Anobvious example of afunctionthatis notsmoothat certainpointsis amodulus function
|ix)|at anyvalues of xwhere f(x) changes sign from positive to negative
= Atanysuchpointamodulus functionwillnotbe differentiable
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O ExamTip

= Onthe examyouwillnotusuallybe asked to testafunctionforcontinuity atapoint
= Youshould howeverbe familiarwith the basic ideas about continuity outlined above
= Onthe examyouwillnotbe asked to testafunctionfordifferentiability at a point
= Youshould howeverbe familiarwith the basic ideas about differentiabilityand its
relationship with continuity as outlined above

Page 10 of 11
For more help visit our website www.exampaperspractice.co.uk



=l

Exam Papers Practice

@ Worked example

Considerthe function f defined by

x2-2x—-1, x<3

f(x) = 2 x=3
x+2 >3
2 7

\

a) use limits to show that fisnotcontinuousat X =23.

f3)=12

x\;—:‘s’ f(x) = x\:"_& (2-1) = () -203) -1 = 2

The limit “from below'
lim

_ lim x+1_‘>_’5+7.. _ S
x—»at ":(") T x93 2% B 2 = 2

Tue \imit “from obove’

Vim

r—a' Fix) # ‘F(3), thacafoce T s hat

continuous O:t R = 3

b) Hence explainwhy f cannotbe differentiable at X =3.

1w ocrdec 1o be A:‘H:Qreutlo.\;\a ol & o]nt_

& Tonel feow wush beldenlliavous o Ll
?o;v\t.

": ;5 ﬂot Lbf\t;v\uous o.t )(23, t\nefe'gore
‘T comnot be differentliable of x=73.
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