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5.5.1Kinematics Toolkit

Displacement, Velocity & Acceleration
Whatiskinematics?

= Kinematics is the branch of mathematics thatmodels and analyses the motionof objects
= Commonwords suchas distance,speed and accelerationare used inkinematics but are used
accordingto theirtechnical definition

What definitionsdolneed tobe aware of ?

= Firstly,onlymotionofanobjectinastraightlineis considered
= this could be ahorizontal straightline
= the positive directionwould be to the right
= orthis could be avertical straightline
= the positive directionwould be upwards
Particle

= Aparticleis the generaltermforanobject
= some questions mayuse aspecific objectsuchasacaroraball
Time fseconds

= Displacement,velocity and accelerationare all functions of time {
= Initially timeis zero t =0

Displacement S m

= The displacement of aparticleisits distance relative to a fixed point
= the fixed pointis often(but not always) the particle’s initial position
= Displacement willbe zero s = 0 if the objectis atorhasreturned to itsinitial position

= Displacement will be negative if its positionrelative to the fixed point is inthe negative
direction(leftordown)

Distance d m

= Use ofthe word distance needs to be considered carefullyand could referto
= the distance travelled by a particle
= the (straightline)distance the particle is fromaparticular point
= Becarefulnotto confuse displacement withdistance
= ifabusroute starts and ends atabus depot,whenthe bus has returned to the depot,its
displacement will be zero but the distance the bus has travelled will be the length of the
route
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= Distance is always positive

Velocity vms™!

= Thevelocity of aparticle is the rate of change of its displacement at time
= Velocity will be negative if the particle is movinginthe negative direction
» Avelocity of zero means the particle is stationary V=10

speed |v|ms-

= Speedisthe magnitude (a.k.a.absolute value ormodulus) of velocity
= as the particle is movingin a straight line, speed is the velocity ignoring the direction
- ifv=4,|v|=4
= ifv=—6,|v]|=6

Acceleration @ ms-2

= Theaccelerationof aparticle is the rate of change of its velocity at time
= Accelerationcanbe negative but this alone cannot fullydescribe the particle’s motion
= if velocity and accelerationhave the same sign the particle is accelerating (speeding up)
= ifvelocity and accelerationhave different signs then the particle is decelerating (slowing
down)
» ifaccelerationiszero 8 =0 the particle is movingwith constant velocity
= inallcasesthedirectionofmotionis determined bythe signofvelocity

Arethereanyother wordsor phrasesinkinematicsl|should know?

= Certainwords and phrases canimplyvalues ordirections inkinematics
= aparticle described as “atrest” means thatits velocityiszero, V= 0
= aparticle described as moving “due east” or “right” orwould be movinginthe positive
horizontaldirection
= thisalso means that V>0
= aparticle “dropped fromthe top of acliff’or “down” would be movingin the negative
vertical direction
= thisalso meansthat V<0

What arethe keyfeaturesof avelocity-timegraph?

= The gradient of the graph equals the acceleration of anobject

= Astraight line shows that the objectis accelerating ataconstant rate

= Ahorizontalline shows that the objectis movingat aconstant velocity

= The areabetweengraphand the x-axis tells us the change indisplacement of the object
= Graphabove the x-axis means the objectis moving forwards
= Graphbelow the x-axis means the objectis movingbackwards
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The totaldisplacement of the object fromits starting pointis the sumof the areas above the x-
axis minus the sum of the areas below the x-axis

The totaldistance travelled by the objectis the sumofallthe areas

If the graphtouches the x-axis thenthe objectis stationary at that time

If the graphis above the x-axis thenthe object has positive velocityand is travelling forwards

If the graphis below the x-axis thenthe object has negative velocityand is travellingbackwards

Q Exam Tip

= |nanexamifyouare givenanexpressionforthe velocitythensketchingavelocity-time graph
canhelpvisualise the problem
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@ Worked example

Aparticleis projected verticallyupwards from ground level, taking 8 seconds to returnto the
ground.

The velocity-time graph below illustrates the motion of the particle forthese 8 seconds.
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i) How manyseconds does the particle take to reachits maximum height?
Give areasonforyouranswer.

if) State,withareason, whetherthe particle is accelerating ordecelerating at time = 3.

i. Rt moxicmom \-veia\\\':, ve\od\'\'\, 8 2ev0
v=0 ok t:=4
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Acce\eralion is the grediest er veocity
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)
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5.5.2 Calculus for Kinematics

Differentiation for Kinematics
Howisdifferentiation usedinkinematics?

= Displacement, velocity and accelerationare related by calculus
= |Interms of differentiationand derivatives
= velocityis therate of change of displacement

ds :
v= E or V(t)=S (t)

= accelerationis therate of change of velocity

dv :
a=E ora(t)=v(t)

= so accelerationis also the second derivative of displacement

d?s
a=-jy o a(t)=s"(¢

= Sometimes velocity maybe afunctionof displacement ratherthantime
" V(S) ratherthan V(t)
dv

ds

= insuchcircumstances,accelerationis a=V

= thisresultis derived fromthe chainrule
= Allaccelerationformulae are giveninthe formulabooklet
= Evenifamotiongraphis given,if possible,use your GDC to draw one
= youcanthenuseyourGDC'’s graphing features to find gradients
= velocityis the gradient onadisplacement (-time) graph
= accelerationis the gradient onavelocity (-time) graph
= Dotnotationis oftenused toindicate time derivatives

= Xissometimesused as displacement(ratherthan S)insuchcircumstances

.odx
= X=—",s50Xisvelocity
dt
" d2X n
= X= so X is acceleration

de
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@ Worked example

a) The displacement, X m, of aparticle at f seconds,is modelled by the function

x(6)=28-27F + 84t.

"

Find expressions forX and X.

K= 23- 272 + 8wk

x=de o o= 6F -ShE 8%
de x = 6(E-Ak +1%)

%z 6LE-A\ET) | |Uigraressetiel o Soedorse ortuer

x:d & %= 12t-5%

av

x= 6(ac-)

b) The velocity, Vms™, of aparticle is given as V(S) =6s5— 552 — 4 where S mis the
displacement of the particle.

Find anexpression,interms of S, forthe acceleration of the particle.

v = bg-5¢-\
a= Vvdv » a=| 6s-5¢™-W)(6-105)
1 0
% W) ow
a3
a=2(3-59)| 6-5¢ W)
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Integration for Kinematics
Howisintegrationusedin kinematics?

ds

= Since velocity is the derivative of displacement (V = E )it follows that

s=fvdt

= Similarly, velocity will be an antiderivative of acceleration

V=fadt

= Youmight be giventhe accelerationinterms of the velocity and/or the displacement
= |nthis case youcansolve adifferentialequationto find anexpressionforthe velocity in
terms of the displacement

dv
a=v—

ds

HowwouldIfindthe constant of integrationin kinematicsproblems?

= Aboundary orinitial conditionwould need to be known
= phrases involving the word “initial”, or “initially ” are referring to time beingzero,ie. t=0
= youmightalso be giveninformationabout the objectat some othertime (thisis called a

boundary condition)
= substitutingthe values in fromthe initial or boundary conditionwould allow the constant

ofintegrationto be found
How are definiteintegralsusedin kinematics?

= Definite integrals canbe used to find the displacement of a particle between two points in time
t
2
= f V(t) dfwould give the displacement of the particle betweenthe times = tl and

.

t= t2
= This canbe found using avelocity-time graph by subtracting the totalareabelow the
horizontal axis fromthe totalareaabove

t
2
" f |V(l‘) | dt gives the distance a particle has travelled between the times = tl and

= Thiscanbe foundusingavelocityvelocity-time graph byadding the totalareabelow the
horizontal axis to the totalareaabove

= UseaGDCto plotthe modulus graph Yy = |V(t)|
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O Exam Tip

= Sketchingthe velocity-time graph canhelp youvisualise the distances travelled using areas
between the graph and the horizontal axis

@ Worked example

Aparticle movingina straight horizontal line has velocity (Vv m S_2) attime [seconds modelled

by v(£) =88 — 122 - 2¢,

i.Giventhat theinitial position of the particle is at the origin, find an expressionforits
displacement fromthe originattime fseconds.

ii. Find the displacement of the particle fromthe originin the first five seconds of its motion.
iii. Find the distance travelled by the particle inthe first five seconds of its motion.
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