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5.4.1Integrating Special Functions

Integrating Trig Functions
How dolintegrate sin, cos and sec*2?

= The antiderivatives for sine and cosine are

fsinxdx=—cos x+c

fcos xdx=sin x+c¢c

where € is the constant of integration
= Also, fromthe derivative of tan x

fseczxdx=tan x+c

= The derivatives of SIN X, COS X and tan X arein the formula booklet
= sothese antiderivatives can be easily deduced

= Forthelinearfunction 83X + b,where a and bare constants,

1
fsin (ax+b) dx= ~— cos (ax+b)+c
1,
fcos (ax+b) dx=;sm (ax+b)+c

1
fsec2 (ax+b) dx=;tan(ax+ b)+c

= Forcalculus with trigonometric functions angles must be measured inradians
= Ensure you know how to change the angle mode onyour GDC
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@ Worked example

a) Find, in the form F(X) + ¢, an expression for eachintegral

. fcosxdx

i, ‘/-sec2 (3x— %) dx

{Coeoc dx = Sinx +¢

J 9862(3:&‘%)61 B "§+ank3x-%)+c

\L'mear SI:Unc\'iOn ax+\:)

. T
b) Acurvehasequation Y = fzsln(ZX + g) dX-The curve
passes through

TU
the point with coordinates (? RV 3 )

Find an expressionfor y.
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Integratinge”x & 1/x
How do lintegrate exponentials and 1/x?

» The antiderivativesinvolving €% and In xare

fex dx=eX+¢

1
f— dx=In|x|+¢
x

where Cis the constant of integration

= These are givenin the formula booklet
= Forthelinearfunction (3X+ b),where aand bare constants,

fe"”“‘b dx= lea’“‘b +c
a

f#d —llnl +b| +
ax+b X_a ax c

= |t follows from the last result that

a
fm dx—]nlax+b|+c

= which can be deduced using Reverse Chain Rule
= WithlIn, it can be useful to write the constant of integration, C, asalogarithm
= usingthelaws of logarithms, the answer can be written as a single term

1
. f; dx= ]n|x| +1nk=]nk|X|wherekisaconstant

= Thisis similarto the special case of differentiating In (ax + b) when b=0
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@ Worked example

3
3x+2

A curve has the gradient function ld(X) = +etx,

Given the exactvalue of f(l) is In 10— €3 find an expression for f(X)

floey = I(i—*—; "7 ax
flo) 3}3::4-1 e jc‘rx d=xc

. 3[%\,, \3x+2\] - e“\--x *e

%L\\'— \n\O-ea, ‘n\3x\+2\'2&}4 *c = \n lO-z
~cxlal0-n5
C=‘n k%)’\n 2.

5 Hloh® In J2era) - ™ vl N
G e 2\3x+2\-e“-x)
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5.4.2 Techniques of Integration

Integrating Composite Functions (ax+b)
What is a composite function?

=  Acomposite functioninvolves one function being applied after another
= Acomposite function may be described as a “function of a function”

» This Revision Note focuses on one of the functions being linear - i.e. of the form 48X + b
How dolintegrate linear (ax+b) functions?

= Alinear function (of X)is of the form ax + b
= The special cases for trigonometric functions and exponential and logarithm functions are

1
. fsin(ax+b)dx=—;cos(ax+b)+c
1
. fcos(ax+b) dx=;sin(ax+b)+c
1
. feax+bdX=_eax+b+C
a

1 1
. [m dx=;1n|ax+b|+c

= Thereis one more special case
1
. ax+b)idx=—F—=(ax+b)"* 1+ cwhere n€Q, n= — 1
J(@x+ by dx= s (ax+ b) Q

= C,inallcases,isthe constant of integration
= Allthe above canbe deduced usingreverse chainrule
= However, spotting them can make solutions more efficient
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@ Worked example

Find the following integrals

f3(7 - 2X)§ dx

I‘]- 3(7- 231:)5,3 dx * 3I ('2::-\-1)5’3 dx
USina I [mc+ia)" d-x,= kmu\:)““ +cC

9! S5
L 3[-:1;‘ -2247) 3] =

L I: - —-U I'x) +C

1
f ) cos(3x—2) dx

I= j L:C,os L?m-l) dx = L,_J-Cog L3:r.-2) dx
UQina jcog (mc«t\:) doc = ésinto.x&b)-t-c

Le 1.1[ 9mk39f— 21*’6

. T= gsin(3x-2)+c

For more help, please visit www.exampaperspractice.co.uk
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Reverse Chain Rule
What is reverse chainrule?

= The ChainRuleis a way of differentiating two (or more) functions
= Reverse ChainRule (RCR) refers to integrating by inspection
= spotting that chainrule would be used in the reverse (differentiating) process

How do | know when to use reverse chainrule?

= Reverse chainruleis used whenwe have the product of a composite function and the derivative of its
secondary function
= Integrationis trickier than differentiation; many of the shortcuts do not work

ef(X)

= Forexample,ingeneral fef(x) dx #

f'(x)
= However, thisresultis true if f(X) islinear (ax + b)
= Formally, in function notation, reverse chainrule is used forintegrands of the form

1= [ (0 r(e(x)) dx

= thisdoesnot have to be strictly true, but ‘algebraically’it should be
= if coefficients do not match ‘adjust and compensate’ can be used

= eg. 5x2isnot quite the derivative of 4x3
= thealgebraic part (Xz) is ‘correct’
= but the coefficient 5is ‘wrong’

= use ‘adjust and compensate’ to ‘correct’it
= Aparticularly usefulinstance of reverse chainrule torecognise is

I= f% dx=In|Ax)|+¢

= j.e. thenumeratoris (almost) the derivative of the denominator
= 'adjust and compensate' may need to be used to deal with any coefficients

= eg.

x2+1 1 x2+1 3x2+3 1
= [——— =— [3—— — xX=— 3+ +
1 fX3+3X dx 3f3x3+3x fx3+3x 3lnlx 3x|+¢

How dolintegrate using reverse chainrule?

= |fthe product can beidentified, the integration can be done “by inspection”
= there may be some “adjusting and compensating” to do

= Notice alot of the "adjust and compensate method” happens mentally
= thisisindicatedinthe steps below by quote marks

STEP1
Spot the ‘main’ function
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eq. I= | x(5x2-2)6dx

"the main functionis ( )6 which would come from ( )7”

STEP 2
‘Adjust’ and ‘compensate’ any coefficients requiredin the integral

e.g." (... )7 would differentiate to 7( ... )6
“chainrule says multiply by the derivative of 5x2 - 2 whichis 10x”

“thereisno'7' or ‘10’ in the integrand so adjust and compensate”

1 1
- 2-9)6
I - X 10><f7><10><x(5x 2)6 dx

STEP 3
Integrate and simplify

e.g. 7 10 X C

I= 1(5 2-2)7 +
—70 X C

Differentiation can be used as a means of checking the final answer
= Aftersome practice, youmay find Step 2 is not needed

Do useit on more awkward questions (negatives and fractions!)

If the product cannot easily be identified, use substitution
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@ Worked example
Acurve has the gradient function ' (x) = 5x2sin(2x3).

Find an expression for f(X) .

fo)= j 5o 5in (22¢) doc
Hx)= 5 j‘ € Sia LQUC?) dx Toke S oot 08 o Jpcter

Theic o produck, dmeek inthe Jorem q () ?Lq[—:c))
STEP 1 Spot the ‘main’ unckien

* the enain Junctien i8 Sin (..) which wodd

e 2: lgc\iue\i ond Compen&ﬁ'e' Coecﬁ'\cien'\'g
" 008 (...) woo\d d'\%‘e“'\id&é‘\'o =Cin L) \
Y 22 Wold differecyideto 6x

CTEP 2 lnv eqrate and QimP\i?b

He) = ‘%Cos (2%) +¢
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Substitution: Reverse Chain Rule
What is integration by substitution?
= Whenreverse chainrule is difficult to spot or awkward to use thenintegration by substitution can be
used
= substitution simplifies the integral by defining an alternative variable (usually U)interms of the
original variable (usually X)

= everything (including “dx " and limits for definite integrals) is then substituted which makes the
integration much easier

How do lintegrate using substitution?

STEP1
Identify the substitution to be used - it will be the secondary functionin the composite function

So g(X) in f(g(X)) and U =g(X)

STEP 2
Differentiate the substitution and rearrange

du

—— canbe treated like a fraction

dx

(i.e. “multiply by dx”to getrid of fractions)

STEP 3
Replace all parts of the integral

All X terms should be replaced with equivalent U terms, including dx

If finding a definite integral change the limits from X-valuesto U-valuestoo

STEP 4
Integrate and either

substitute X backin
or

evaluate the definte integral using the U limits (either usinga GDC or manually)

STEP 5

Find C,the constant of integration, if needed

= Fordefinite integrals, a GDC should be able to process the integral without the need for a substitution
= be clearabout whetherworkingisrequired ornotina question
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@ Worked example

a) Find the integral

f 6x+5 dx
(3x2+5x—-1)3
STEP 1+ \denhify the sdutitution
The m\‘e SEUnd\‘m [ k3:c +5x- l)
The secondary fundiion & thisis 32 +5x -
2 Leb 0= 3o +5x -1
ser2: Oifjeredtide 0 ond eofTonoe

.-6_..0 = 67‘.*‘5
doc
s dos LG:(;+5) doc
otep 3: Reploce o\ 90:*9@'“1&%
1- 6x+5  ax _ | do
(2245x-\) o?

o~

5 do

STEP W+ |n\'e%ca‘§'e ord soectitule % back e

tSTEP 5 ndr oeeded evo\ui\‘kgc, ic odr I"eqmmc\)
I- gj'i—c

-2

AL M

1= -1
2386t

+c

For more help, please visit www.exampaperspractice.co.uk



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

b) Evaluate the integral

f2 6x+5 d
X

. (3x2+5x—1)3

giving your answer as an exact fractioninits simplest terms.

N&B’r\\cﬁ'\)wm&éweymrm%%ispoﬂ:
Ca‘\'d\n\f uge'k Jﬁ.'.» c&-ec\twow\

x=2
Fom STEP 3 chowe, T.’j 6% &
x=\

C\'nn&e biike teo, =1, 0230\ +S(\)-1=7
222, v=3L)+ 5@)-1=2)
STEP W \dleorale ond evcludYe

r{30]; e aer]
21 W

Wi

For more help, please visit www.exampaperspractice.co.uk
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5.4.3 Definite Integrals

Definite Integrals

What is a definite integral?
b
[ t() ax=[F(x)1°=F () - F(a)

= Thisis known as the Fundamental Theorem of Calculus
= aandb are calledlimits
= aisthelowerlimit
= bistheupperlimit
f(X) istheintegrand
F(X) is an antiderivative of f(X)
= The constant of integration (“+c”) is not needed in definite integration
= “+c” would appearalongside both F(a) and F(b)
= subtracting meansthe “+c”’s cancel

How do | find definite integrals analytically (manually)?

STEP1
Give the integral a name to save having to rewrite the whole integral every time
If need be, rewrite the integralinto anintegrable form

I= fbf(x) dx

STEP 2
Integrate without applying the limits; you willnot need “+c”
Notation: use square brackets [] with limits placed at the end bracket

STEP 3
Substitute the limitsinto the function and evaluate
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@ Worked example

a) Show that

4
f 3x(x2-2) dx=144
2

STEP 1: Name the infeg) and rewrite i¥o an iVegra¥eble form
Y
I=j (3x°- 6x) ax
2,

CreP 2: \n‘\'earo‘\‘e
1= [ %_:n" -3:::{_\:

nP3: Evdudve
- [ 23] 220
I=w-0

b
j 3™ 2) = iy
F 3

b) Use your GDC to evaluate
1 ).
[ 3ex%inx dx
0

giving your answer to three significant figures.
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Properties of Definite Integrals

Fundamental Theorem of Calculus
b
[ t() ax=[F(x)1°=F () - F(a)
a

= Formally,
. f(X) is continuous intheinterval a< X < b
»  F(x)is an antiderivative of f(x)

What are the properties of definite integrals?

= Some of these have been encountered already and some may seem obvious ...
= taking constant factors outside the integral

b b
] f kf(X) dx= kf f(X) dx where k is aconstant
a a

= usefulwhen fractional and/or negative valuesinvolved
= integrating term by term

o [0 +g1dx= [ dx+ [Celx) dx

a a a
= the above works for subtraction of terms/functions too
= equalupperand lowerlimits

o [5(x) dx=0

a
= onevaluating, thiswould be avalue, subtractitself!
= swapping limits gives the same, but negative, result

b a
. ff(x)dx=—ff(x)dx
a b
= compare 8 subtract 5 say, with 5 subtract 8 ...

= splitting the interval

b b
. ff(x)dx=fcf(x)dx+f f(x) dx where a<c<b

= thisis particularly useful for areas under multiple curves or areas under the X -axis
= horizontal translations

b b-k
. f f(X) dx= f f(X + k) dx where kisaconstant
a a—-k
= thegraphof Y= f(X + k) is a horizontal translation of the graph of Y = f(X)
(f(X + k) translates left, f(X - k) translatesright)
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@ Worked example

f(x) is a continuous functioninthe interval 5 < x < 15 .

10 15
Itis known that f f(X) dx =12 andthat f f(X) dx=5.
5

a) Write down the values of

! f7f(x) dx

7

fsf(x) dx

10

(T S

b) Find the values of

! flsf(x) dx

5

10
f 6F(x +5) dx
5

ii)

10

“eC\uo\ \'\m'\tsu
a
L o) e =0

" Swopped Y .
J, Fe o = =] 5 e
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REEN RTINS

j:s S‘:"x\ & = T

b T, 6% ers) ej:;(ﬁ_q) i

Yodters
[ i) ek ey
\o+S

1- 6 S‘:(x)éoc

S+5S
" bzt forddin

}: Doer doe = ::‘ Hae) &=

IS
1= Gjlo $Lx\ &e = 6x5=30

+ J, 6%bers) ax = 30

For more help, please visit www.exampaperspractice.co.uk
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5.4.4 Further Applications of Integration

Negative Integrals

= Theareaundera curve may appear fully or partially under the x-axis

= This occurs when the function f(X) takes negative values within the boundaries of the area
= The definite integrals used to find such areas

= willbe negative if the areais fully under the X -axis

= possibly negative if the areais partially under the X-axis
= thisoccursif the negative area(s)is/are greater than the positive area(s), their sum will be
negative
= Whenusing a GDC use the modulus (absolute value) function so that all definite integrals have a
positive value

A= [Ty ds
a

= Thisis givenin the formula booklet
How do | find the area under a curve when the curve is fully under the x-axis?

If the curve lies entirely below the x-axis, use definite integration and take the absolute value:

b
Area = f f(z)dz

Example:
Let f(z) = —a2%fromz = —2toz = 2:

1. Integrate:

2. Evaluate:

Key Point:

Always take the absolute value when the curve is below the x-axis to get a positive area.

STEP1
Write the expression for the definite integral to find the area as usual
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This may involve finding the lower and upper limits from a graph sketch or GDC and f(x) may need to
berewrittenin anintegrable form

STEP 2
The answer to the definite integral will be negative
Area must always be positive so take the modulus (absolute value) of it

e.g. If I= — 36 thenthe areawould be 36 (square units)

How do | find the area under a curve when the curve is partially under the x-axis?

= Forquestions that allow the use of a GDC you can stilluse

A= [F10)1dx

= To find the area analytically (manually) use the following method
STEP1
Split the areainto parts - the area(s) that are above the x-axis and the area(s) that are below the x-
axis

STEP 2
Write the expression for the definite integral for each part (give each partaname, I;, I, etc)
This may involve finding the lower and upper limits of each part from a graph sketch ora GDC, finding

theroots of the function (i.e. where f(X) = (0)and rewriting f(X) inanintegrable form

STEP 3
Find the value of each definite integral separately

STEP 4
Find the area by summing the modulus (absolute values) of eachintegral

(Mathematically this would be written A = |11 | + |12| + |I3| +...)
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@ Worked example

The diagram below shows the graphof Y = f(X) where f(X) = (X + 4)(X - 1)(X - 5).

y = f(x)

R\ P

Theregion R1 isbounded by the curve y = f(X) , the X -axis and the y-axis.
Theregion R2 isboundedby the curve Yy = f(X) ,thex-axis and the line X = 3.

a) Determine the coordinates of the point labelled P.

The x-coordingle & P is o oy & §lx)
fla)=0

e+ W)l -1y x-5)=0

x=-%, x=), x=5

Clearly from the grogh, x=\ ok poick P

= Pl),0)

b) i) Find a definite integral that would help find the area of the shaded region R2 and briefly
explain why this would not give the area of the region RZ'

if) Find the exact area of the shaded region RZ'
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V) s
I’l = [ (2 +W)(ze-1)(x-5) dx

1
R, is undernecth the x-amis to the

value o +he AcTinite ick will be
nead"-\u‘e. Aren connot be necgtive.

g s Be) ledles) e

g:f (o432 -W)le-5) e Rewdte in on ieecpeiie Frn
t,-j_’ (o®-222 19 ¥ 20) &=
3 a 3 negt

T-a’[x—i: '3% -HT=+29::1‘ 'afﬁ‘eﬁm‘letmﬁeai% j
e A e T
L=-B -

MY
Teiroc

3

STEP 2 |4 Area of Ry, n,=\_3g sqpore onits

Find the exact total area of the shaded regions, Rl and R2 .

\
9 owp 2 “-'I.’j oc*- 2" -1c +.20) dx Use $he rlevard
1O a2 ; FeBdYS Srom ) )
== -2x" -0 A0
el e
STEP 3: I,=la -0
2
STEP %: & Rl"“&‘ 12 +\oo = i:__!
12 o 2
~ Tofol area shoded = 52V squofe unite
2

You can check the finel ancwer vging your EOC
and he formula. (o bookdet) A= [° || de.

Here, A= I: | Gew)(ae-) (x-5) | O
A= W3-41666...

(Nete +that cur 60C wes nct ddleto
praduce Hhe exack arower..)

For more help, please visit www.exampaperspractice.co.uk
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Area Between a Curve and aline

= Areas whose boundariesinclude a curve and a (non-vertical) straight line can be found using
integration
= Foranareaundera curve a definite integral will be needed
= Foranareaunderaline the shape formed will be a trapezium or triangle
= basic areaformulae can be used rather than a definite integral
= (although a definite integral would still work)
= The arearequired could be the sum or difference of areas under the curve andline

How do | find the area between a curve and aline?

STEP1
If not given, sketch the graphs of the curve and line on the same diagram
Use a GDC to help with this step

STEP 2
Find the intersections of the curve and the line
If no diagramis given this will help identify the area(s) to be found

STEP 3

Determine whether the arearequiredis the sum or difference of the area under the curve and the
areaundertheline

Calculate the area under a curve using aintegral of the form

fbydx
1

1
Calculate the areaunder aline using either A= E bhfora triangle or A= Eb(a + b) fora

trapezium (y-coordinates will be needed)

STEP 4
Evaluate the definite integrals and find their sum or difference as necessary to obtain the area
required
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@ Worked example

Theregion R isbounded by the curve with equation y = 10x

X2 — 16 and the line with equation
y=8—x.

R lies entirely in the first quadrant.
a) Using your GDC, or otherwise, sketch the graphs of the curve and the line on the same diagram

Identify and label the region R onyour sketch and use your GDC to find the X -coordinates of
the points of intersection between the curve and the line

STEP

STEP 2:

Point of inYerseckion are
(35) ana (8.0)

o) i) Write down an integral that would find the area of the region R
if) Find the area of the region R.

) e 2 Curve s .;JH:?r. loc\:uﬁ(_\l‘Y oF‘E A
¥, = 10x -x™16

¥a = B-x

Yi-¥a = 10 == -16 - (B-x) = Nae = -2
. 2

« Area cf R, Ag = I Ll\x-x -2%) dx
3

5
W) oTER W n,‘{ (Moe - = 20) o
3

A * [L - l‘ﬂjl
3
B : [ ney - LBL J.u-lgi} [\\\1)‘-[33}"-2%3}]
3 -
Rg =3 =63
3 2

% Prea ot fegion Ris 125 Squale units
[
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Area Between 2 Curves

= Areaswhose boundariesinclude two curves can be found by integration
= The areabetween two curves will be the difference of the areas under the two curves
= pothareas will require a definite integral
= Finding points of intersection may involve a more awkward equation than solving fora curve and a
line

How do | find the area between two curves?

STEP1
If not given, sketch the graphs of both curves on the same diagram
Use a GDC to help with this step

STEP 2
Find the intersections of the two curves
If no diagramis given this will help identify the area(s) to be found
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STEP 3
Foreach area (there may only be one) determine which curve is the ‘upper’ boundary
Foreach area, write a definite integral of the form

f b(yl —y,) dx

where Y, is the function for the ‘upper’ boundary and Y, is the function for the ‘lower’ boundary

Be carefulwhen there is more than one region - the ‘upper’ and ‘lower’ boundaries will swap

STEP4
Evaluate the definite integrals and sum them up to find the total area
(Step 3 means no definite integral will have a negative value)
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@ Worked example

The diagram below shows the curves with equations y = f(X) and Yy = g(X) where

f(x)=(x-2)(x-3)

g(x)=x2-5x+6

Find the area of the shaded region.
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