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5.4.1Integrating Special Functions

Integrating Trig Functions
How dolintegrate sin, cos and 1/cos??

= The antiderivatives for sine and cosine are

fsinxdx=—cos x+c

fcos xdx=sin x+c¢c

where € is the constant of integration

= Also, from the derivative of tan x

1
f—2 dx=tan x+c¢
COoS“ X

= Allthree of these standard integrals are in the formula booklet
= Forthelinear function 8Xx + b,where dand bare constants,

1
fsin (ax+b) dx= — - cos (ax+b)+c

1
fcos (ax+b) dx=;sin (ax+b)+c

f L dx=1tan(ax+b)+c
cos2 (ax +b) a

= Forcalculus with trigonometric functions angles must be measured inradians
= Ensure you know how to change the angle mode onyour GDC
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@ Worked example

a) Find, in the form F(X) + ¢, an expression for eachintegral

i fcosxdx
|
||.f 2( _l) dx
cos” |3x 3

[cOex dx = Sinx +¢

)

J cos’(3ac-3)

A= * _!3_.\.0“_1(3 --'—Té-)-h-c_

U_inear %Jr\c\'iorw (lx+\:>)

. ( T[\ The curve
b) Acurvehasequation y = 2s1n\2x+ gj dX-passes through

the point with
Tt
coordinates (?, v/ 3).

Find an expressionfor y.
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y: ;ljcinL’lcc*«g-) doc
[ 305\ 2 +% Sj’fc
Bt x= rj-r N [2g+1g)+c

c= c::@-(&’)hfé
c= 3
2

For more help, please visit www.exampaperspractice.co.uk
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Integratinge”x & 1/x
How do lintegrate exponentials and 1/x?

» The antiderivativesinvolving €% and In xare

fex dx=eX+¢

1
f— dx=In|x|+¢
x

where Cis the constant of integration

= These are givenin the formula booklet
= Forthelinearfunction (3X+ b),where aand bare constants,

fe"”“‘b dx= lea’“‘b +c
a

f#d —llnl +b| +
ax+b X_a ax c

= |t follows from the last result that

a
fm dx—]nlax+b|+c

= which can be deduced using Reverse Chain Rule
= WithlIn, it can be useful to write the constant of integration, C, asalogarithm
= usingthelaws of logarithms, the answer can be written as a single term

1
. f; dx= ]n|x| +1nk=]nk|X|wherekisaconstant

= Thisis similarto the special case of differentiating In (ax + b) when b=0


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

3
3x+2

A curve has the gradient function ld(X) = +etx,

Given the exactvalue of f(l) is In 10— €3 find an expression for f(X)

floey = I(i—*—; "7 ax
flo) 3}3::4-1 e jc‘rx d=xc

. 3[%\,, \3x+2\] - e“\--x *e

%L\\'— \n\O-ea, ‘n\3x\+2\'2&}4 *c = \n lO-z
~cxlal0-n5
C=‘n k%)’\n 2.

5 Hloh® In J2era) - ™ vl N
G e 2\3x+2\-e“-x)
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5.4.2 Techniques of Integration

Integrating Composite Functions (ax+b)
What is a composite function?

=  Acomposite functioninvolves one function being applied after another
= Acomposite function may be described as a “function of a function”

» This Revision Note focuses on one of the functions being linear - i.e. of the form 48X + b
How dolintegrate linear (ax+b) functions?

= Alinear function (of X)is of the form ax + b
= The special cases for trigonometric functions and exponential and logarithm functions are

1
. fsin(ax+b)dx=—;cos(ax+b)+c
1
. fcos(ax+b) dx=;sin(ax+b)+c
1
. feax+bdX=_eax+b+C
a

1 1
. [m dx=;1n|ax+b|+c

= Thereis one more special case
1
. ax+b)idx=—F—=(ax+b)"* 1+ cwhere n€Q, n= — 1
J(@x+ by dx= s (ax+ b) Q

= C,inallcases,isthe constant of integration
= Allthe above canbe deduced usingreverse chainrule
= However, spotting them can make solutions more efficient
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@ Worked example

Find the following integrals

f3(7 - 2X)§ dx

I‘]- 3(7- 231:)5,3 dx * 3I ('2::-\-1)5’3 dx
USina I [mc+ia)" d-x,= kmu\:)““ +cC

9! S5
L 3[-:1;‘ -2247) 3] =

L I: - —-U I'x) +C

1
f ) cos(3x—2) dx

I= j L:C,os L?m-l) dx = L,_J-Cog L3:r.-2) dx
UQina jcog (mc«t\:) doc = ésinto.x&b)-t-c

Le 1.1[ 9mk39f— 21*’6

. T= gsin(3x-2)+c

For more help, please visit www.exampaperspractice.co.uk
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Reverse Chain Rule
What is reverse chainrule?

= The ChainRuleis a way of differentiating two (or more) functions
= Reverse ChainRule (RCR) refers to integrating by inspection
= spotting that chainrule would be used in the reverse (differentiating) process

How do | know when to use reverse chainrule?

= Reverse chainruleis used whenwe have the product of a composite function and the derivative of its
secondary function
= Integrationis trickier than differentiation; many of the shortcuts do not work

ef(X)

= Forexample,ingeneral fef(x) dx #

f'(x)
= However, thisresultis true if f(X) islinear (ax + b)
= Formally, in function notation, reverse chainrule is used forintegrands of the form

1= [ (0 r(e(x)) dx

= thisdoesnot have to be strictly true, but ‘algebraically’it should be
= if coefficients do not match ‘adjust and compensate’ can be used

= eg. 5x2isnot quite the derivative of 4x3
= thealgebraic part (Xz) is ‘correct’
= but the coefficient 5is ‘wrong’

= use ‘adjust and compensate’ to ‘correct’it
= Aparticularly usefulinstance of reverse chainrule torecognise is

I= f% dx=In|Ax)|+¢

= j.e. thenumeratoris (almost) the derivative of the denominator
= 'adjust and compensate' may need to be used to deal with any coefficients

= eg.

x2+1 1 x2+1 3x2+3 1
= [——— =— [3—— — xX=— 3+ +
1 fX3+3X dx 3f3x3+3x fx3+3x 3lnlx 3x|+¢

How dolintegrate using reverse chainrule?

= |fthe product can beidentified, the integration can be done “by inspection”
= there may be some “adjusting and compensating” to do

= Notice alot of the "adjust and compensate method” happens mentally
= thisisindicatedinthe steps below by quote marks

STEP1
Spot the ‘main’ function
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eq. I= | x(5x2-2)6dx

"the main functionis ( )6 which would come from ( )7”

STEP 2
‘Adjust’ and ‘compensate’ any coefficients requiredin the integral

e.g." (... )7 would differentiate to 7( ... )6
“chainrule says multiply by the derivative of 5x2 - 2 whichis 10x”

“thereisno'7' or ‘10’ in the integrand so adjust and compensate”

1 1
- 2-9)6
I - X 10><f7><10><x(5x 2)6 dx

STEP 3
Integrate and simplify

e.g. 7 10 X C

I= 1(5 2-2)7 +
—70 X C

Differentiation can be used as a means of checking the final answer
= Aftersome practice, youmay find Step 2 is not needed

Do useit on more awkward questions (negatives and fractions!)

If the product cannot easily be identified, use substitution
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@ Worked example
Acurve has the gradient function ' (x) = 5x2sin(2x3).

Find an expression for f(X) .

fo)= j 5o 5in (22¢) doc
Hx)= 5 j‘ € Sia LQUC?) dx Toke S oot 08 o Jpcter

Theic o produck, dmeek inthe Jorem q () ?Lq[—:c))
STEP 1 Spot the ‘main’ unckien

* the enain Junctien i8 Sin (..) which wodd

e 2: lgc\iue\i ond Compen&ﬁ'e' Coecﬁ'\cien'\'g
" 008 (...) woo\d d'\%‘e“'\id&é‘\'o =Cin L) \
Y 22 Wold differecyideto 6x

CTEP 2 lnv eqrate and QimP\i?b

He) = ‘%Cos (2%) +¢
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Substitution: Reverse Chain Rule
What is integration by substitution?
= Whenreverse chainrule is difficult to spot or awkward to use thenintegration by substitution can be
used
= substitution simplifies the integral by defining an alternative variable (usually U)interms of the
original variable (usually X)

= everything (including “dx " and limits for definite integrals) is then substituted which makes the
integration much easier

How do lintegrate using substitution?

STEP1
Identify the substitution to be used - it will be the secondary functionin the composite function

So g(X) in f(g(X)) and U =g(X)

STEP 2
Differentiate the substitution and rearrange

du

—— canbe treated like a fraction

dx

(i.e. “multiply by dx”to getrid of fractions)

STEP 3
Replace all parts of the integral

All X terms should be replaced with equivalent U terms, including dx

If finding a definite integral change the limits from X-valuesto U-valuestoo

STEP 4
Integrate and either

substitute X backin
or

evaluate the definte integral using the U limits (either usinga GDC or manually)

STEP 5

Find C,the constant of integration, if needed

= Fordefinite integrals, a GDC should be able to process the integral without the need for a substitution
= be clearabout whetherworkingisrequired ornotina question
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@ Worked example

a) Find the integral

f 6x+5 dx
(3x2+5x—-1)3
STEP 1+ \denhify the sdutitution
The m\‘e SEUnd\‘m [ k3:c +5x- l)
The secondary fundiion & thisis 32 +5x -
2 Leb 0= 3o +5x -1
ser2: Oifjeredtide 0 ond eofTonoe

.-6_..0 = 67‘.*‘5
doc
s dos LG:(;+5) doc
otep 3: Reploce o\ 90:*9@'“1&%
1- 6x+5  ax _ | do
(2245x-\) o?

o~

5 do

STEP W+ |n\'e%ca‘§'e ord soectitule % back e

tSTEP 5 ndr oeeded evo\ui\‘kgc, ic odr I"eqmmc\)
I- gj'i—c

-2

AL M

1= -1
2386t

+c

For more help, please visit www.exampaperspractice.co.uk
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b) Evaluate the integral

f2 6x+5 d
X

. (3x2+5x—1)3

giving your answer as an exact fractioninits simplest terms.

N&B’r\\cﬁ'\)wm&éweymrm%%ispoﬂ:
Ca‘\'d\n\f uge'k Jﬁ.'.» c&-ec\twow\

x=2
Fom STEP 3 chowe, T.’j 6% &
x=\

C\'nn&e biike teo, =1, 0230\ +S(\)-1=7
222, v=3L)+ 5@)-1=2)
STEP W \dleorale ond evcludYe

r{30]; e aer]
21 W

Wi

For more help, please visit www.exampaperspractice.co.uk
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5.4.3 Further Applications of Integration

Negative Integrals

= Theareaundera curve may appear fully or partially under the x-axis

= This occurs when the function f(X) takes negative values within the boundaries of the area
= The definite integrals used to find such areas

= willbe negative if the areais fully under the X -axis

= possibly negative if the areais partially under the X-axis

= thisoccursif the negative area(s) is/are greater than the positive area(s), their sum will be
negative

How do | find the area under a curve when the curve is fully under the x-axis?

A Y-axis

STEP1

Write the expression for the definite integral to find the area as usual

This may involve finding the lower and upper limits from a graph sketch or GDC and f(x) may need to
berewritteninanintegrable form

STEP 2
The answer to the definite integral will be negative
Area must always be positive so take the modulus (absolute value) of it
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e.g. If I= — 36 thenthe areawould be 36 (square units)

How do | find the area under a curve when all, or some, of the curve is below the x-axis?

= Use the modulus function
= Themodulusis also called the absolute value (Abs)
= Essentially the modulus function makes all function values positive

= Graphically, thismeans any negative areas are reflected in the X -axis

A Yy-axis

X-axis

= AGDC willrecognise the modulus function
= |ook forakeyoron-screenicon that says 'Abs' (absolute value)

A= [lax
a

= Thisis givenin the formula booklet
STEP1

If adiagramis not given, use a GDC to draw the graphof ¥y = f(X)
If not identifiable from the question, use the graph to find the limits @ and b

STEP 2

Write down the definite integral needed to find the required area
Remember to include the modulus (] ... |) symbols around the function
Use the GDC to evaluate it
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@ Worked example

The diagram below shows the graphof Yy = f(X) where f(X) = (X + 4)(X - 1)(X - 5).

y = f(x)

R\ P

Theregion Rl isbounded by the curve y = f(X) , the X -axis and the Y -axis.
Theregion R2 isbounded by the curve y = f(X) ,the x-axis and theline X = 3.

Find the total area of the shaded regions, R1 and Rz.
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STeP: G\'op\w g'\\len, ic\E'n‘\i&) limnits
a=0 (3-0xic)
b=3 (line 'x=3)

oTeP2: Write down the infegrel fequired
ond e a 6OC 1o evoludie ik

H=J: [ (esmlzniee) | e

A= k3166 666 ...

< A=k32 Squose onits t3 9‘?)

For more help, please visit www.exampaperspractice.co.uk
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AreaBetween Curve & y-axis /

What is meant by the area between a curve and the y-axis? Your notes

Yy N YN

X

.

8V
o N\
8

= Theareareferredtois the region bounded by
= thegraphof Y= f(X)
= the y-axis
= thehorizontalline Y= a

= thehorizontalline y = b
= The exactareacanbe found by evaluating a definite integral

How do | find the area between a curve and the y-axis?

= Usethe formula
b
A=f |x| dy
a

= Thisis givenin the formula booklet
= Thefunctionis normally giveninthe form y = f(X)
= sowillneedrearranginginto the form X = g(y)
= aandb may not be given directly as couldinvolve the the X-axis (Y = O) and/oraroot of

x=g(y)

= use aGDCtoplotthe curve and findroots as necessary
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STEP1

If adiagramis not given, use a GDC to draw the graph of y = f(X)

(orX= g(y) if already inthat form)

If not identifiable from the question, use the graph to find the limits @ and b

STEP 2
If needed, rearrange y = f(X) into the form X = g(y)

STEP 3
Write down the definite integral needed to find the required area
Use a GDC to evaluate it

AGDCi s likely to require the function written with ‘X" as the variable (not ‘' y’)
Remember to include the modulus (| ... |) symbols around the function
Modulus may be called ‘Absolute value (Abs)’ on some GDCs

= [ntrickier problems some (or all) of the area may be 'negative'
= thiswould be any area thatis to the left of the y'-axis (negative X values)
. |X| makes such areas 'positive’ by reflecting themin the y-axis

= aGDCwillapply |X| automatically aslong as the modulus (| ... | )symbols are included
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@ Worked example

Find the area enclosed by the curve with equation Yy =2 + 4/ X + 4 , the y -axis and the horizontal
lines with equations Yy =3 and y = 6.
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STEP \: GDC o Shows pﬁ‘no‘s\b neac:\"-ue oo liende gven in que@.\'im
Fl'om GOC, 53 Y Q;J;;:

1
R

STepamy Rearr'anae Yy ?—(ac) o 2= 3(3)

Yy 2+ x+

= (y-2) -4 = by -l

2= -4y

STEP 3¢ White dowe iﬁ‘feara\; uee GOC Yo evalode
4

ﬂ:‘i a'\"& d 6

A= 12333 333... ‘A ¢ ‘
mia\k":e ‘A

onaGoC

“A=123 gqoare onits (3¢f)

The exock ancuer i %3 bt cor GOC
wag nd” e 1o recognice the, degpite
we ‘\TS“-\S'\B vee the emc\:- o.pp\'a(amoﬁe
buben LQ-D)_ Thic may vary between
makes/models and will be dve To the
oloprthm weed o colco\ove in'\‘egra\e_

For more help, please visit www.exampaperspractice.co.uk
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Area Between a Curve and alLine

= Areas whose boundariesinclude a curve and a (non-vertical) straight line can be found using
integration
= Foranareaundera curve a definite integral will be needed
= Foranareaunderaline the shape formed will be a trapezium or triangle
= basic areaformulae can be used rather than a definite integral
= usingaGDC, one methodis not particularly trickier than the other
= The total arearequired could be the sum or difference of the area under the curve and the area under
theline

Area="7

A
»
¥
=



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

How do | find the area between a curve and aline?

STEP1
If adiagramis not given, use a GDC to draw the graphs of the curve and line and identify the areato
be found

STEP 2
Use a GDC to find the root(s) of the curve, the root of the line, and the x-coordinates of any
intersections between the curve and the line.

STEP 3

Use the graph to determine whether areas will need adding or subtracting

Deduce the limits and thus the definite integral(s) to find the area(s) under the curve and the line
Use a GDC to calculate the area under the curve

[*1vlax
a

Remember to include the modulus (|...|) symbols around the function
Use a GDC to calculate the area under the line - this could be another definite integral or

1 1
A= Ebh foratriangleor A = Eh(a + b) foratrapezium

STEP 4
Add or subtract areas accordingly to obtain a final answer
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@ Worked example

Theregion R is bounded by the curve with equation Yy = 10x — x2 — 16 and the line with equation
y=8—x.

R lies entirely in the first quadrant.

Find the area of the regionR.
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STep1: Skeleh the gragh $rom GOC plet; idediy orea reqpired

l\“
~

/

sTep 2 Only idtersections are required luee GDC)

Pointe ot intersection are
(35) ana (8.0)

STEP 3¢ Determaine +/- limiYs, uni'esrﬂs. e

8
Aren vnder cu'ue‘-j ||Oan-x°'-lG| dx = )
y %

Area onder lire = 3% (8-3)165 = %

“Area oy Rz 100 - 25 = 125
3 1 6

AradR= 135 sqoreunts (206 35F)

I ?mé'mﬁ-“se orea oy R directy S\ oo GoC
Yoo vy %nA T s\ ooy S'Ne, O exod onsuer
lndhic coge, on exoct ancwer wos ot demonded
co ether 2% or 208 (3cf) i accepiolle

For more help, please visit www.exampaperspractice.co.uk
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Definite Integrals

What is a definite integral?
b
[ t() ax=[F(x)1°=F () - F(a)
a

= Thisis known as the Fundamental Theorem of Calculus
= aandb are calledlimits
= aisthelowerlimit
= bistheupperlimit
f(X) isthe integrand
F(X) is an antiderivative of f(X)
= The constant of integration (“+c¢”)is not needed in definite integration
= “4+c”would appearalongside both F(a) and F(b)
= subtracting meansthe “+c”’s cancel

How do | find definite integrals analytically (manually)?

STEP1
Give the integral aname to save having to rewrite the whole integral every time
If need be, rewrite the integralinto anintegrable form

1= fbf(x) dx

STEP 2
Integrate without applying the limits; you willnot need “+c”
Notation: use square brackets [] with limits placed at the end bracket

STEP 3
Substitute the limitsinto the function and evaluate
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@ Worked example

a) Show that

4
f 3x(x2-2) dx=144
2

STEP 1: Name the iofegl and rewrite i¥o an iVegra¥ele form
Y
I=j (3x°- 6x) ax
2,

crer 2: \6\'@9\3\'&
1= [ %_m" -315_\‘:

nP2: Evdudve
- [ 23] 220
I=w-0

b
j 3™ 2) = iy
A

b) Use your GDC to evaluate
1 ).
[ 3ex%inx dx
0

giving your answer to three significant figures.
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UQina GoC,

! F
j 367" &x = 3ETR95T..

' 2,
A Io %x S\ox dx's 3-9-’ k3 S?)

For more help, please visit www.exampaperspractice.co.uk
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5.4.4 Volumes of Revolution

Volumes of Revolution Around x-axis

What is a volume of revolution around the x-axis?

= Asolid of revolutionis formed when an area bounded by a function Yy = f(X)
(and other boundary equations)is rotated 2 T radians (360 °) around the X -axis
= The volume of revolution is the volume of this solid

= Becareful - the 'front’ and ‘back’ of this solid are flat
= theywere created from straight (vertical) lines
= 3D sketches canbe misleading

How do | solve problems involving the volume of revolution around the x-axis?

= Usetheformula

= Thisis givenin the formula booklet
= Visafunctionof X
» X=4gandX= barethe equations of the (vertical) lines bounding the area
» If X=4and X = barenotstatedina question, the boundaries couldinvolve the Yy -axis (
X =0)and/oraroot of y = f(X)
= UseaGDCtoplotthe curve, sketchitand highlight the area to help
= Visualising the solid created is helpful

= Try sketching some functions and their solids of revolution to help
STEP1

If adiagramis not given, use a GDC to draw the graph of ¥y = f(X)
If not identifiable from the question, use the graph to find the limits 4 and b

STEP 2
Use a GDC and the formula to evaluate the integral
Thus find the volume of revolution


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

=
F

XAM PAPERS PRACTICE

@ Worked example

Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y=4/3x2+ 2 the coordinate axes and the line X = 3 by 2 TT radians around the X-axis. Give your
answer as an exact multiple of TT.

STEP 1+ Use 6oC Yo ot 3=$(m) ; k:\en“ﬁ% licmio
Fl‘om G‘DC

H

coevrdindie oxes +a=0 b-3
STEP 2 Use GOC ard Jortnda, iod Wume

L 2
= n—j (\/3902*1) dx = 337
0

2\=33r cobiconte  (1ow 3;’) ‘

DepenAuﬁ o0 makefmode\ of yoor GOC you
MOy or may DA ge\lonemd'aremer.

¥ Yo donk, ‘\'ra eda\ucﬁTrg the iﬁ\'eam\
withoot 77 U:u‘\‘ femember 16 pu’l’ it back
for vpor written ar&ner'!)

For more help, please visit www.exampaperspractice.co.uk
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Volumes of Revolution Around y-axis
What is a volume of revolution around the y-axis?

= Verysimilarto above, thisis a solid of revolution which is formed when an area bounded by a function

y= f(X) (and otherboundary equations)isrotated 2 T radians (360°) aroundthe Yy -axis
= The volume of revolution is the volume of this solid

How do | solve problems involving the volume of revolution around y-axis?

= Usetheformula

V= T[fb)(2 dy
a

= Thisis givenin the formula booklet
= Xisafunctionof y

= the functionisusually giveninthe form y = f(X)

= thiswillneedrearranginginto the form X = g(y)
= Yy=aandy= b arethe equations of the (horizontal) lines bounding the area

» If ¥y = aand y = b are not stated in the question, the boundaries could involve the X -axis (

y=0)and/orarootof X = g(y)
= UseaGDCtoplotthe curve, sketchitand highlight the area to help
= Visualising the solid created is helpful
= Try sketching some functions and their solids of revolution to help
STEP1

If adiagramis not given, use a GDC to draw the graph of y = f(X)
(orx= g(y) if already in that form)
If not identifiable from the question use the graph to find the limits & and b

STEP 2
If needed, rearrange y = f(X) into the form X = g(y)

STEP 3
Use a GDC and the formula to evaluate the integral

A GDC willlikely require the function written with 'X ' as the variable (not ' ")
Thus find the volume of revolution
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@ Worked example

Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= x3 + 8 and the coordinate axes by 2Tt radians around the ¥ -axis. Give your answer to three
significant figures.
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For more help, please visit www.exampaperspractice.co.uk
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