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5.4.1Integrating Special Functions

Integrating Trig Functions
Howdolintegrate sin,cosand 1/cos??

= The antiderivatives forsine and cosine are

fsinxdx= —cos x+c¢

fcos xdx=sin x+c

where Cisthe constant of integration

Also,fromthe derivative of tan x

1
f—z dx=tan x+¢
COS“ X

Allthree of these standard integrals are inthe formulabooklet

Forthelinear function 8X + b,where a and bare constants,

1
fsin (ax+b) dx= ~ -~ cos (ax+b)+c

1
fcos (ax+b) dx=;sin (ax+b)+c

f ! dx=ltan(ax+b)+c
cos2 (ax +b) a

Forcalculus with trigonometric functions angles must be measured inradians
= Ensure youknow how to change the angle mode onyourGDC

O Exam Tip

= Make sure youhave acopyofthe formulabooklet duringrevisionbutdon't tryto remember
everythinginthe formulabooklet
= However,do be familiarwith the layout of the formulabooklet
= You'llbe able to quicklylocate whateveryou are after
= Youdo notwantto be searchingeveryline of everypage!
= Forformulae youthink youhave remembered, use the bookletto double-check
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@ Worked example

a) Find,inthe form F(X) + C,anexpressionforeachintegral

i fcosxdx

1
il f 2( _E) dX
cos” | 3x 3

ICoeoc dx = Sinx +¢

i,

\

J cog (30c-3)

dx = "‘g‘\"o.n (3:0—%) +c

\\.ineor %)nc\'im Orx,w%)

. T[\ The curve passes
b) Acurve has equation Yy = f2s1n 2x + gl dX-throughthe point

withcoordinates

T 3)
\3°V3)

Find anexpressionfor Y.

gy ;{}A gin( 20+ L) doc

Y- 2[-§w9 \2x+%)] tc

H\: I:E‘d-_é' Bz—wkg—g—-\-%)-\-c
B c= oo (Z)+3
c= I3
2

& 3: % -609(21*'%)
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Integratinge”*x & 1/x
Howdolintegrate exponentialsand 1/x?

» The antiderivativesinvolving €% and In xare

fex dx=ex+c¢

1
f— dx=I|x|+c¢
x

where Cis the constant of integration

= These are giveninthe formulabooklet
= Forthelinear function (3X+ b),where a and bare constants,

feax'*b dx= lea’”b +c
a

1 1
‘I‘m dx—;lnlax+b| +c

= |tfollows fromthelastresultthat

a
fm dx—]nlax+b|+c

= whichcanbe deduced usingReverse ChainRule
= WithlIn, it canbe useful to write the constant of integration, C,as alogarithm
= usingthelaws of logarithms, the answercanbe writtenas asingle term

1
" f; dx= ]n|x| +Ink=In lelwhere kis aconstant

= Thisis similarto the special case of differentiating In (ax + b) when b=0

Q ExamTip

= Whenrevising, familiarise yourself with the layout of this section of the formulabooklet,
make sure you know whatis and isn'tinthere and how to find it very quickly
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@ Worked example

3
3x+2

Acurve has the gradient function f(X) = +et—x,

Giventhe exactvalue of f(l) is In 10— €3 find an expressionfor f(X)

;lac = jk3i+l+ e‘*-t) dx
|

flao) 3] e =t jcw-x dxc

. 3[-‘5\,, \3x+2\] = e‘\--x +ec

)= tro -5, o |3a¥al=e” *eslqio-¢
2 c#ln0-1n 5
Cz\n K%)=\nl

o ¥\x\ = I \30(:'\’1\ - e“'-x a2
o 2\3x+2\-e“-x’)
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5.4.2Techniques of Integration

Integrating Composite Functions (ax+b)
Whatisa composite function?

= Acomposite functioninvolves one functionbeing applied afteranother
= Acomposite functionmaybe described as a “functionofafunction”

= This RevisionNote focuses onone of the functions beinglinear -i.e.of the form 8X + b

Howdolintegratelinear (ax+b)functions?

Alinear function(of X)is of the form ax + b
The special cases fortrigonometric functions and exponentialand logarithm functions are

1
fsin(ax+ b)dx= — ;cos(ax +b)+c

1
fcos(ax+ b) dx = ;sin(ax+ b)+c
1
- feaX+bdx=;eax+b+c

1 1
fm dx=;1n|ax+b|+c

Thereis one more specialcase

1
R n = &= n+l1 A
f(ax+b) dx a(ﬂ+1)(ax+b) *l+ cwhere n€EQ, n# — 1

C,inallcases,is the constant of integration
Allthe above canbe deduced usingreverse chainrule
= However,spottingthem canmake solutions more efficient

O Exam Tip

= Althoughthe specific formulaeinthis revisionnote are NOT inthe formulabooklet
= almostallof the informationyouwillneed to applyreverse chainrule is provided
= make sure you have the formulabooklet open at the right page(s) and practice usingit
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@ Worked example

Find the followingintegrals

f3(7—2x)§ dx

I‘I 3(17- 2x)5l3 do = 3 j (-2es1 )5'3 dx
USing j (o.ac+\:)n dar,= \mc-v\:)nﬂ *E

. 3[ -, kla“_l)/?,:“l'\sl

~T=- —U-lac) +c:|
1
f Ecos(3x—2) dx

1= j 12609 k?m-l) dx = lIJCog (31-2) Ax
Deing jcw (6oca) dac = Eoin(oac+b)+c

L= —‘i[ 9\0(390 2)1-\—5

LI —";g;n\sx-z)i—c
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Reverse ChainRule
Whatisreverse chainrule?

= The ChainRuleis awayof differentiatingtwo (ormore) functions
= Reverse ChainRule (RCR)refers to integrating byinspection
= spottingthat chainrule would be used inthe reverse (differentiating) process

Howdolknowwhentousereverse chainrule?

= Reverse chainruleis used whenwe have the product of acomposite functionand the
derivative of its second function
= |ntegrationis trickierthandifferentiation; manyofthe shortcuts do notwork

eflx)

= Forexample,ingeneral feﬂx) dx #

(x)
= However,thisresultis trueif f(x) is linear (aX + b)
= Formally,infunctionnotation,reverse chainrule is used forintegrands of the form

1= [ (x)Hg(x) dx

= thisdoesnothave to be strictlytrue, but ‘a/gebraically’it should be
= if coefficients do notmatch‘adjust and compensate’canbe used

= eq. 5x2isnot quite the derivative of 4x3
= the algebraicpart (XZ) is ‘correct’
= butthe coefficient5is ‘wrong’

= use ‘adjust and compensate’to ‘correct’it
= Aparticularlyusefulinstance ofreverse chainrule torecogniseis

I= f% dx=In|f(x)| +¢

= j.e.thenumeratoris (almost)the derivative of the denominator
= 'adjust and compensate'mayneed to be used to dealwithanycoefficients

= eg.

x2+1 x2+1 3x2+3 1
= | —— — — xX=— 34+ +
! fX3+3X -[ X3+3X fX3+3X 3ln [ +3x|+e

Howdolintegrateusingreverse chainrule?

= |fthe productcanbeidentified, the integrationcanbe done “byinspection”
= there maybe some “adjustingand compensating”to do
= Noticealotofthe "adjust and compensate method” happens mentally
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= thisisindicated inthe steps below byquote marks

STEP1
Spotthe ‘main’ function

eqg. I= [ x(5x2-2)6 dx

"the mainfunctionis ( )6 whichwould come from ( )7”

STEP2
‘Adjust’and ‘compensate’anycoefficients required intheintegral

eg." ( )7 would differentiate to 7( )6"

“chain rule says multiply by the derivative of 5x2 — 2, whichis 10x”
“thereisno '7'or10’inthe integrand so adjustand compensate”

1 1

- _ 2 _9)6
I 7X10X[7X10XX(5X 2)6 dx
STEP3

Integrate and simplify

1 1
e.g. I=7X1—OX(5X2—2)7+C

1
- 2 7+
I 70(5x 2)7+¢

Differentiationcanbe used as ameans of checking the finalanswer
Aftersome practice,youmayfind Step 2is notneeded

= Douseitonmore awkward questions (negatives and fractions!)
If the productcannot easilybe identified,use substitution

O Exam Tip

= Before the exam, practice this untilyou are confident with the patternand do notneed to
worryaboutthe formulaorsteps anymore
= This will save time inthe exam
= Youcanalways check yourwork bydifferentiating, if you have time
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@ Worked example
Acurve has the gradient function ld(X) = SXZSin(2X3).

Giventhat the curve passes through the point (0, 1),ﬁnd anexpressionfor f(X).

k)= jsxf i (2c?) e
fe)= 5 asia(20) dx  Toke Sodros o fcer

’m\g e o Proéuc\:, Aotk iothe Sfo\“c«-s 3‘ (9:\ S;'(Q\(:c))
STERP 1+ Spok the “moin’ unckien

* the main ?Uﬁc'\';on i Sin () which wodd
OO come %b\‘ﬂ Cecs () !

CTEP: l%josh ond CompenSd\'e' eoeﬁc\en*g
"ot (-..) woold di%eﬁ'\"\o'k'e'\'o =Cin (_) "’
L 2x woold Afferertide to 6 ’

)= 5= %] ~x 6 x 2 sin (2%} ae

CTEP 3 \n'\'eafa e 0nd Q'\vnp\'\?':s

Fl e S con (2) +
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Substitution: Reverse ChainRule
Whatisintegration by substitution?
= Whenreverse chainruleis difficult to spot orawkward to use thenintegration by substitution
canbeused
= substitutionsimplifies the integral by defining an alternative variable (usually U)interms of
the original variable (usually X)

= everything(including “dx” and limits for definite integrals) is thensubstituted which makes
theintegrationmucheasier

Howdolintegrate using substitution?

STEP1
Identify the substitutionto be used - it will be the secondaryfunctioninthe composite
function

So g(X) in f(g(X)) and U= g(X)

STEP2
Differentiate the substitutionand rearrange

du

— canbetreated like afraction

dx

(i.e.“multiply by dx”to getrid of fractions)

STEP3
Replace all parts of the integral

All X terms should be replaced with equivalent U terms,including dx

If inding a definite integral change the limits from X-valuesto U-valuestoo

STEP4
Integrate and either

substitute X backin
or

evaluate the definte integralusing the U limits (eitherusinga GDC ormanually)

STEP5

Find C,the constantofintegration,if needed

= Fordefinite integrals,a GDC should be able to process theintegral without the need fora
substitution
= beclearaboutwhetherworkingis required ornotinaquestion

O Exam Tip

= UseyourGDC to checkthe value of adefinite integral,evenincases where workingneeds to
be shown
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@ Worked example

a) Find the integral

f 6x+5
(3x2+5x—1)3 dx

STEP 1+ \denkfy the shetitotion
The ﬁ\'\e %unc:\"m e &3:', +5x - \)
The cecondory Junclion 6 Ahisie 3o+ 5 -)
s Leb 0= 3o +5x-1
sEP2: Oifferediide 0 ond fearTanog

éﬁ = 6x+5
dc
“ dos= LG':C‘\'B) doc
o1eP 3: Replace ol gor'\'g o? Yhe m‘\'ee\'a\
1- [ 6x+5  ax . do
L?m +Sx—\) 0>

=

~

o2 do

STEP W: ln\'e%r&\'e ocd sdechitule ¢ back in
(STEP 5 ndr necded, evo&:cﬁ'wg ¢ is odr requifed)
I ¢* +c
-2

I--3(3 +5q;-|) +c

Lo I: -1\ Fe
23+ G-ty

b) Evaluate the integral

f2 6x+5 d
L Bsx—1p
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givingyouransweras anexact fractioninits simplest terms.

Neve $har you cold e your 60C S:pr Ahis Pa\‘t
CGE\—Q'\AY e '\k '\'o check Yoo ontwer!

=2

Fom STEP 3 chore, I’j 0% A
x=\
C\ncw&e Niemiko +oo, xzl, o= 3&\)1-\- S(\W-1=7
x=2, v230a)+ 5(@)-)1=2\
STEP W \alegrele and em\ooi-e

I-[-15%]) - \2\)1 (—-U)]
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5.4.3Further Applications of Integration

Negative Integrals

= Theareaunderacurve mayappear fully orpartially underthe x-axis
= This occurs whenthe function f(X) takes negative values withinthe boundaries of the area
= The definite integrals used to find such areas
= willbe negative if the areais fully underthe X-axis
= possiblynegative if the areais partially underthe X-axis
= thisoccursif the negative area(s)is/are greaterthanthe positive area(s), theirsumwill be
negative

Howdolfindthe areaunderacurve whenthe curveisfullyunderthe x-axis?

STEP1

Write the expressionforthe definite integral to find the area as usual

This mayinvolve finding the lowerand upperlimits froma graph sketch or GDC and f(x) may
need to berewritteninanintegrable form

Page 13 of 27
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STEP2
The answerto the definite integral will be negative
Areamust always be positive so take the modulus (absolute value) of it

e.g. If I= —36thenthe areawould be 36 (square units)

Howdolfindthe areaunderacurve whenall,orsome, of thecurveis belowthe x-
axis?

= Use the modulus function
= The modulusis also called the absolute value (Abs)
= Essentiallythe modulus function makes allfunctionvalues positive

= Graphically, this means anynegative areas are reflected inthe X -axis

= AGDC willrecognise the modulus function
= |ookforakeyoron-screeniconthatsays 'Abs'(absolute value)

A= [yl dx

= Thisis giveninthe formulabooklet
STEP1

Ifadiagramis notgiven,use a GDC to draw the graphof Yy = f(X)
If notidentifiable fromthe question,use the graph to find the limits & and b

STEP2

Write down the definite integralneeded to find the required area
Rememberto include the modulus (]...|) symbols around the function
Use the GDC to evaluate it

O ExamTip

= [fno diagramis provided, quicklysketchone so thatyoucansee where the curve is above
and below the x - axis and splitup yourintegrals accordingly
= Youshould use yourGDC to do this
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@ Worked example

The diagram below shows the graphof Y = f(X) where f(X) = (X + 4)(X - 1)(X - 5).

y = f(x)

Ry P

Theregion R1 is bounded bythe curve Yy = f(X),the X -axis and the y-axis.
Theregion R2 is bounded bythe curve Yy = f(X),the x-axis and the line X = 3.

Find the totalarea of the shaded regions, R1 and RZ'

STEP1: Grogh gjven, ideriiy limits
a=0 (y-oxic)
b=3 (line x=3)

oTeP2: Write down the in'\-egra\ fequired
ond uee a GOC Yo evoludte ik

H=J: ‘ (ac+‘*)(,ac-\)[x—5) ’ doc

A= 43-166 666 ...

< A=432 Square onil \3 Ssl:)
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AreaBetweenCurve & y-axis

Whatismeantbythe areabetweenacurveandthey-axis?

= Theareareferred tois theregionbounded by
= thegraphof y = f(X)
= the y-axis
= the horizontalline y = a

= the horizontalline y = b
= The exact areacanbe found byevaluating adefinite integral

Howdo lIfindthe areabetweenacurve and the y-axis?

= Usetheformula

A=fb|x|dy

= Thisis giveninthe formulabooklet
= The functionis normally giveninthe form y = f(X)
= so willneedrearranginginto the form X = g(y)

Page 16 of 27
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= gand b maynotbe givendirectlyas could involve the the X -axis (Y = 0)and/orarootof

x=g(y)
= useaGDCtoplotthe curve and findroots as necessary
STEP1

If adiagramis not given,use a GDC to draw the graphof Yy = f(X)
(or X =g(y) if alreadyinthat form)
If notidentifiable fromthe question,use the graph to find the limits & and b

STEP 2
If needed,rearrange y = f(X) into theform X =g(y)

STEP3
Write down the definite integralneeded to find the required area
Use aGDC to evaluate it

AGDCis likelyto require the function written with ‘X’ as the variable (not‘y”)
Rememberto include the modulus (|..|) symbols around the function
Modulus maybe called ‘Absolute value (Abs)’onsome GDCs

= Intrickierproblems some (orall) of the areamaybe 'negative’
= thiswould be anyareathatis to the left of the y-axis (negative X values)
= |X| makes such areas 'positive' byrefiectingthemin the Yy -axis

= aGDCwillapply |X| automaticallyas long as the modulus (]|...|)symbols are included

Q Exam T Tip

= |fno diagramis provided, quicklysketchone so thatyoucansee where the curveis to the
leftand right of the y - axis and splitup yourintegrals accordingly
= Youshould use yourGDC to do this

@ Worked example

Find the areaenclosed by the curve withequation ¥y =2 + 1/ X +4 the y-axis and the
horizontal lines withequations Y =3 and y = 6.
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STeP \: GDC p\é\' Showt por’ﬁo\\i.) neso:\'-\ve oo limmie g’wen 0 c\ueQ\Ton

From 6OC. 63 .j:'lhgcx
-‘I‘. O| 7 X
SteP2: Rearr‘o.nﬂe 5=$(vc) 1o x'—g(«j))
y: 2+ vt
x= (g-2) -4 = G-ty -t
x= y'- by
STEP 3: Write down '\fi\'eaﬂ‘a\; uee GOC '\"o e\loﬁud\'e
¢
ﬂ_' X c- d 6
3 : \*bl - (Tﬁ:e“wsasj |oc2-\\~x| c\xooaGOC)
A= 12333 333.., N7 ,
m'\a\\‘c be 'Abe
| - e o0 o GoC

The exock anaver ic %3 batr cor GOC
was ndl ae 1o recogoice the, degpite
e ’srs\oﬁﬁa vee Yhe ©xack- pppraximae
borea LQ-D). Thic may vory behseen
makes[models and wl\ be doe Yo the
oloprthen weed Yo coleoloie iV eqrals.
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AreaBetweenaCurve and aline

= Areas whose boundariesinclude acurve and a(non-vertical) straight line canbe found using
integration
= Foranareaunderacurve adefinite integral willbe needed
= Foranareaunderaline the shape formed will be atrapeziumortriangle
= basic areaformulae canbe used ratherthanadefinite integral
= usinga GDC,one method is not particularly trickierthan the other
= Thetotalarearequired could be the sumordifference of the areaunderthe curve and the area
undertheline

Howdolfindthe areabetweenacurveandaline?

STEP1
If adiagramis not given,use a GDC to draw the graphs of the curve and line and identify the
areato be found

STEP2
Use aGDC to find theroot(s) of the curve,theroot of theline,and the x-coordinates of any
intersections between the curve and the line.
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STEP 3

Use the graphto determine whetherareas willneed adding orsubtracting

Deduce the limits and thus the definite integral(s) to find the area(s) underthe curve and the
line

Use aGDC to calculate the areaunderthe curve

[ 1yl ax

Rememberto include the modulus (|...[) symbols around the function
Use aGDC to calculate the areaundertheline - this could be anotherdefinite integral or

1 1
A= Eb]] foratriangleor A = Eb(a + b) foratrapezium

STEP4
Add orsubtractareas accordinglyto obtainafinalanswer

O ExamTip

= Addinformationto anydiagram provided

= Add axesintercepts,as wellasintercepts betweenlines and curves

= Markand shade the areayou’re trying to find

= |fno diagramis provided,use your GDC to graph one and if you have time copythe sketch
into yourworking

@ Worked example

Theregion R is bounded bythe curve with equation y = 10x — x2 — 16 and the line with
equation y =8 — X.

R lies entirelyinthe first quadrant.

Find the areaof theregion R.
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STep1: Sketeh the 3"&9\-\ %’om GdC p\é\' R iAen‘\'&% ofea fequired

4\%
N

[ / Tx
/
STEP 23 00\5 idferzectione are fequired (uee GDC)

Pointe ot iafersection are
(35) ana (8.0)

5TEP 3: Defermine +/= limis, 'm‘\’eam\s, e

8
Area vnder Curve=j ‘\O'Jc-xl-\Gl dac = 100
3
Aren onder line = 3% (8-3)16 =25
L

.-.gr&§R= \00 - 25 = |25
3 2 6

Area dfR = 125 squoreunite (208 3¢F)
€

— nNAre 12F=
I %né'\rﬁ the area oy R dire ec\'\ﬂ {rorn il 6oC
Yoo way Tod 1wl naf ghe on exod onsuwer
ladhic coge, an exoct ancwer wWos NoT demonded
co ether 2% or 208 (38F) ic occepioble
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Definite Integrals

Whatisadefiniteintegral?

[t ax=[F (12 =F () -F(a)

This is known as the FundamentalTheoremof Calculus
aand bare called limits

= agisthelowerlimit
= bis the upperlimit

f(X)is theintegrand
F(X) is anantiderivative of f(X)
The constant of integration(“+c¢”)isnotneeded indefinite integration

= “+c”would appearalongside bothF(a)and F(b)
= subtractingmeans the “+c”’s cancel

Howdolfind definiteintegralsanalytically (manually)?

STEP1
Give the integralaname to save having to rewrite the whole integral every time
If need be, rewrite the integralinto anintegrable form

1= fbf(x) dx

STEP 2
Integrate without applying the limits;youwillnotneed “+c¢”
Notation:use square brackets [Jwith limits placed at the end bracket

STEP 3
Substitute the limits into the functionand evaluate

Exam Tip

If aquestiondoesnotstate thatyoucanuse yourGDC thenyoumustshow allof your
working clearly,howeveritis always good practice to check youanswerbyusingyour GDC if
you haveitinthe exam
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@ Worked example

a) Show that

4
f 3x(x2-2) dx =144
2

CTEP \: Name 4he in‘\’esra\ and rewri¥e o an ic\‘\’eaﬁd\'o\a\e v
W
1’=j (3x- €2) o
2.

erep2: \aVegrate
T %x*-3x2]:
svP2: Evdudve
T (3™ a] {3 3ler)

I=w-0

Y
j 3o~ 2) = Wy
&

b) Use your GDC to evaluate

1 5.
f 3CX smde
0

givingyouranswerto three significant figures.

UG'ma GOC,

! 2_.
j eacgml AIL - 3%71q57

5 j 3= 4 =367 (3 %)

0
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5.4.4 Volumes of Revolution

Volumes of Revolution Around x-axis

Whatis avolumeofrevolutionaroundthe x-axis?

= Asolid ofrevolutionis formed whenanareabounded byafunction y = f(X)

(and otherboundaryequations)isrotated 2 T radians (360°) around the X -axis
= Thevolume ofrevolutionis the volume of this solid

» Be careful - the 'front’and ‘back’ of this solid are flat
= theywere created fromstraight (vertical) lines
= 3Dsketches canbe misleading

Howdolsolve problemsinvolving the volume of revolution around the x-axis?

= Usetheformula
b
V= T[f y?2 dx
a

= Thisis giveninthe formulabooklet
= YVisafunctionofX
» X=4gand X=Dbarethe equations of the (vertical) lines bounding the area
= If X=aand X = b are notstated inaquestion, the boundaries could involve the Y-axis (
x=0)and/ora rootof Yy = f(X)
= UseaGDC toplotthe curve,sketchitand highlight the areato help

= Visualising the solid created is helpful

= Trysketchingsome functions and theirsolids of revolutionto help
STEP1

If adiagramis not given,use a GDC to draw the graphof Yy = f(X)
If notidentifiable fromthe question,use the graph to find the limits @ and b

STEP2
Use a GDC and the formula to evaluate the integral
Thus find the volume of revolution

O Exam Tip

= Functionsinvolved canbe quite complicated so type theminto your GDC carefully
= Whetheradiagramis givenornot,usingyour GDC to plot the curve,limits, etc (where
possible) canhelpyouto visualise and make progress with problems
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Exam Papers Practice

@ Worked example

Find the volume of the solid ofrevolutionformed byrotating the regionbounded by the graph of

y= 3x2+2 the coordinate axes and the line X =3 by2 7T radians around the X -axis. Give
youransweras anexact multiple of TT.

oTer 1= Use 6oC Yo P\d\' 3=?kw) ; ﬁen'\'?% licio

From GOC.
3= 33+
— theVice x=3
/1 2 >C
(o )\ 3
bounded by Yhe = |
coord'm?e oxes +a=0, b-3

SEP 2: Use GOC ard ?O“m\& %:\nA Vdoene

2 2
V" n‘J- (\/39&*1) d = 331

(o)
N2 337 Cu\:i:un'v\'e (104 3¢%)

DepenA'u-ﬂ o0 Pna\<e,moée\ o yoor 6DC you
Moy oF may 06\‘ get on emcl\' ontuer.

I oo oo, g exludling the integgl
\N\“'\OO\T m (\30‘\' \’emem\:e\‘ ‘\b Po'\r 5 \30c\<
%r ::Pur wﬁ“\‘\'en onguber\.)
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Exam Papers Practice

Volumes of Revolution Around y-axis
Whatisavolumeofrevolutionaround the y-axis?

= Verysimilarto above, thisis asolid of revolutionwhichis formed whenanareabounded bya

function y = £(x) (and otherboundary equations) s rotated 2 T radians (360°) around the y-
axis
= The volume ofrevolutionis the volume of this solid

Howdo Isolve problemsinvolving the volume of revolution around y-axis?

= Usetheformula

V= 1'[be2 dy
a
= Thisis giveninthe formulabooklet
= Xisafunctionofy
= the functionis usuallygiveninthe form y = f(X)
= this willneed rearranginginto the form X =g(y)
= y=aandy= b are the equations of the (horizontal) lines bounding the area
s fy=adandy= b are notstated inthe question, the boundaries could involve the X -
axis (Y =0)and/orarootof X = g(y)
= UseaGDCtoplotthe curve,sketchitand highlight the areato help
= Visualisingthe solid created is helpful

= Trysketchingsome functions and theirsolids of revolutionto help
STEP1

If adiagramis notgiven,use a GDC to draw the graphof y = f(X)
(orX = g(y) if alreadyin that form)
If notidentifiable fromthe questionuse the graphto find the limits & and b

STEP2
If needed, rearrange y = f(X) into theform X =g(y)

STEP3
Use a GDC and the formula to evaluate the integral

AGDC willlikelyrequire the functionwritten with ' X" as the variable (not'y")
Thus find the volume of revolution

O Exam Tip

= Functionsinvolved canbe quite complicated so type theminto your GDC carefully
= Whetheradiagramis givenornot,usingyour GDC to plot the curve,limits, etc (where
possible) canhelpyouto visualise and make progress with problems
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Exam Papers Practice

@ Worked example

Find the volume of the solid ofrevolutionformed byrotating the regionbounded by the graph of

y= x3 + 8 and the coordinate axes by 2 Tt radians around the y-axis. Give youranswerto three
significant figures.

STerP\: USe Gm'\'o P\d\' 33%:\1),’ AQO\T% ‘\m\\'g
From GOC.

3: 7C3+8

N 2 2C

te ]
t?::i?e oxes +a:0,b=3

step 2+ Rearfange §* fle) into 2= qly)

5= x4+

x°=y-8

x 3,‘ 3-8
SiEP 3: Use BGOC ard Jormla, %né NOosne

8 . 2
Vo] (78] & (peas Rx5) onGog)

\/= 60-3\8 576G ...

+\V=60'3 cubic oonte k3 9-?")

Page 27 of 27
For more help visit our website www.exampaperspractice.co.uk



