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5.3.1Trapezoid Rule: Numerical Integration

Trapezoid Rule: Numerical Integration
Whatisthe trapezoidrule?

= Thetrapezoidalruleis anumericalmethod used to find the approximate areaenclosedbya
curve,the X-axis and two verticalllines
= jtisalso knownas ‘trapezoidrule’and ‘trapeziumrule’

= Thetrapezoidalrule finds anapproximationof the areabysumming of the areas of trapezoids
beneaththe curve

. y0=1‘(a), y1=1"(a+]1), y2=f(3+2b)etc
[ 100 ax= a5+, )2 )
a (x) dx~5b \_y0+yn)+2\yl+y2+...+_yn_l

b—a
n
= Note thatthere are N trapezoids (also called strips) but (11 + 1) functionvalues (yi)

where h =

= Thetrapezoidalruleis giveninthe formulabooklet
What elsecanlbe askedtodowiththetrapezoidrule?

= Comparing the true answerwith the answerfromthe trapezoid rule
= This mayinvolve findingthe percentage errorinthe approximation
= The true answermaybe giveninthe question,found fromaGDC orfromwork onintegration

O Exam Tip

= Ensureyouare clearaboutthe difference betweenthe numberof datapoints (¥ values) and
the numberof strips (numberof trapezoids)used inaTrapezoid Rule question

= Althoughitshouldn'tbe too muchtrouble to type the trapezoid rule into your GDC inone go,
it maybe wise to work parts of it out separatelyand write these down as part of yourworking
out
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@ Worked example

a) Using the trapezoidalrule, find an approximate value for
f4 6x2 d
- ~ dx
0 X342

STEP 1: FIND h=02=9

to 3decimalplaces,usingn = 4.

a) h=———=1 b=4
USING [ AND n=4

STEP 3: SETUP TABLE

STEP 2: USING
WIDTH h=1 0 AND USE EQUATION TO
VALUES ARE oo 5 = CALCULATE y VALUES
0,1,2,3,4 =2 | y,=2.4

x, =3 | y, =1.862...

x,=4 | y, =1.454...

STEP 4: USING
FORMULA FROM
FORMULA BOOKLET

Sydx ~ %h(m TP Dby P Yo s o)

a
SUBSTITUTE ALL VALUES

x1x(0+1.454...+ 2(2 + 2.4 +1.862...)

1

2
= 45(4.454... +12.524..)
=,

9893... =6.989 (3dp)

b) Giventhat the areabounded by the curve, the X-axis and the lines X = Oandx=4is
6.993 to three decimal places, calculate the percentage errorin the trapezoidal rule
approximation.

USING

 ERRER = o UVE = [DNACT

EXACT

100

- 6.989 - 6.993 400
6.993

IGNORE MINUS, YOU COULD
= —-0.057200 DO EXACT-ESTIMATE TO
GET RID OFF THIS

=0.067% (2dp)
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5.3.2Introductionto Integration

Introductionto Integration
Whatisintegration?

= Integrationis the opposite to differentiation
= Integrationisreferred to as antidifferentiation
= Theresultofintegrationisreferred to as the antiderivative
= Integrationis the process of finding the expressionof afunction (antiderivative) froman
expressionof the derivative (gradient function)

Whatisthenotationforintegration?

= Anintegralis normallywritteninthe form

f f(x) dx

= thelargeoperatorfmeans “integrate”

= “dx”indicates whichvariable tointegrate withrespectto

= f(X) is the functionto beintegrated (sometimes called the integrand)
= The antiderivative is sometimes denoted byF(X)

= there’sthenno need to keepwritingthe whole integral;referto it as F(X)
= F(X) may also be called the indefinite integral of f(X)

Whatisthe constant of integration?

= Recallone of the special cases from Differentiating Powers of x
= if f{x)=athen £(x)=0

= This means thatintegrating O willproduce aconstant termin the antiderivative
= azerotermwouldn’t be writtenas part of afunction
= every function,whenintegrated, potentiallyhas aconstant term

= Thisis called the constant of integrationand is usuallydenoted bytheletter C
= jtisoftenreferredto as “plus C”

= Without more informationitisimpossible to deduce the value of this constant
= thereareendless antiderivatives,F(X),forafunction l‘(X)
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Integrating Powers of x

Howdolintegrate powersof x?

= Powers of X areintegrated accordingto the following formulae:

« If f{x)= X" then ff(X) dx=

ofintegration

Xn+1

n+1 + cwhere n€Q, n# — 1 and Cisthe constant

= Thisis giveninthe formulabooklet

= [fthe powerof X is multiplied byaconstantthentheintegralis also multiplied bythat constant
axn +1

« If f(x) = ax” then ff(x) dx= o

and Cisthe constant of integration

+ cwhere n €Q, n# — 1 and aisaconstant

dy
= —— notationcanstillbe used withintegration
dx
= Note thatthe formulae above do notapplywhen X = — 1 as this would lead to division byzero

= Rememberthe specialcase:

. fadx=ax+c
" eg. f4dX=4X+C

= This allows constant terms to be integrated

= Functionsinvolvingroots willneed to be rewritten as fractional powers of X first
1

= eqg.lf f(X) = 5«3/ X thenrewrite as f(X) =5x3 and integrate
= Functionsinvolving fractions withdenominatorsinterms of X willneed to be rewrittenas

negative powers of X first

4
n eglf f(X) 5 + x2 thenrewrite as f(X) =4x~2 + x2 and integrate

X
= The formulae forintegratingpowers of X applyto allrationalnumbers so itis possible to

integrate anyexpressionthatisasumordifference of powers of X

= eg If f(x)= 8x3 —2x+4 then

gx3t+t1l oyl +1

ff(X)dX= 3rl 141 +4x+c=2x4-x2+4x+c
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= Products and quotients cannotbe integrated this wayso would need expanding/simplifying
first

= eg lf f(x)= 8X2(2x— 3) then
fﬁ(x) dx= f(16x3 —24x2) dx =

What might Ibe askedtodooncel’ve foundthe anti-derivative (integrated)?

16x%  24x3

— 1.4 3
+c= - 8x° +
4 3 c=4x"—-8x°+¢

= Withmoreinformationthe constant of integration, C,canbe found
= Theareaunderacurve canbe found usingintegration

Q ExamTip

= Youcanspeedupthe process ofintegrationinthe exambycommitting the patternof basic
integrationto memory
= Ingeneralyoucanthink ofit as 'raising the powerbyone and dividing by the new power'
= Practice thislots before yourexamso thatit comes quicklyand naturallywhendoing
more complicated integration questions
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@ Worked example

Giventhat

d I
L o34 05243 —

dx \/;

find anexpressionfor yinterms of X.

E\' 9\:\«3 \’ew(‘f\'e o\\ termnt 08 powet o(f ~
3—;’&0: i J - v - N ar:i «— Sroctiond) AND reactive)

Y g (330‘*-2354—3’3(:11) dx

g 3e -2 +3x - xl ke

53 0 s A esrsiadt §
Speciol cole j\ '\n‘\’ea Lo,
"'o.\‘eCo.rem\‘\\q
Pegpines, ~3+1=3

1 ‘j: és- 5—%:3*-3%-2\1;‘,.{—‘;

—

o rravuuc
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5.3.3 Applications of Integration

Finding the Constant of Integration
Whatistheconstantofintegration?

= Whenfinding ananti-derivative thereis aconstanttermto consider

= this constantterm,usuallycalled C,is the constant of integration
= |Interms of graphing an anti-derivative, there are endless possibilities
= collectivelythese maybe referred to as the family of antiderivatives orfamily of curves
= theconstantofintegrationis determined bythe exactlocationofthe curve
= ifapointonthe curveis known,the constant of integrationcanbe found

Howdolfind the constant of integration?

] ForF(X) +c= fl‘(X) dx the constant of integration, C - and so the particular
antiderivative - canbe found ifapoint the graphof y = F(X) + Cpasses throughis known
STEP1

If need be, rewrite f(X) into anintegrable form

Eachtermneeds to be apowerof X (oraconstant)

STEP2

Integrate eachtermof f(X) remembering the constant of integration, “+ ¢”
(Increase powerbyland divide by new power)

STEP3
Substitute the X and Y coordinates of agivenpointinto F(X) + Ctoformanequationin C

Solve the equationto find C

O ExamTip
= |faconstantofintegrationcanbe found thenthe questionwillneed to give yousome extra
information

= |fthisis giventhenmake sure youuseitto find the value of c
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@ Worked example

The graphof y = f(X) passes through the point (3, - 4). The gradient functionof f(X) is given
by £(x)=3x2—4x—4.

Find ().

=G %’ Lac) ie o\ eo.d\/ i on 'm\’eam\a\e S\?orm
$loc)® 3o~ Woe -\
STEP 2 \h‘\‘eam‘\'e, \"emem\oeﬁng “4c!
Flor)= 3% - B — b +c
3 Py
¥oc) = 2= Qo= Mo + ¢
cser3  Sowehitole o and VY coordinaee 1o %nd c
Fe@)=-%
. (3)-2(3)-%(a) +e =W
27-\%-12At+c=-%
c=-\

* Yoe)= %25 Y -\"
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AreaUnder a Curve Basics

Whatismeantbytheareaunderacurve?

= The phrase “areaunderacurve”refers to the areabounded by
= thegraphof y = f(X)
= the X-axis
= theverticallne X = a
= theverticallineX =0
= The exact areaunderacurveis found byevaluating adefinite integral

= Thegraphofy = f(X) could be astraight line
= theuseofintegrationdescribed below would stillapply
= butthe shape created would be atrapezoid

1
= soitiseasiertouse“A = Eb(a + b)”

Whatisadefiniteintegral?
b
[ f(x) dx=F(b) - F(a)

= Thisis knownas the FundamentalTheoremof Calculus
= aandb are called limits

= aisthelowerlimit

= bistheupperlimit

= f(X) is the integrand
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= F(X) is anantiderivative of f(X)
= The constant of integration(“+C”)is notneeded indefinite integration
= "+ C”would appearalongside both F(a)and F(b)

= subtracting means the “+ C”’s cancel
Howdolformadefiniteintegraltofindtheareaunderacurve?

= Thegraphof Yy = f(X) and the X-axis should be obvious boundaries forthe areaso the keyhere

isinfinding @ and b -thelowerand upperlimits of the integral

STEP1
Use the givensketchto helplocate the limits
Youmay preferto plotthe graph onyour GDC and find the limits from there

STEP 2
Look carefullywhere the ‘left’and ‘right’ boundaries of the arealie
If the boundaries are vertical lines, the limits willcome directlyfromtheirequations

Lookout forthe y-axis being one of the (vertical) boudnaries - inthis case the limit (X) willbe O
One,orboth,of thelimits,could be aroot of the equation f(X) =0
i.e. where the graphof Yy = f(X) crosses the X-axis

Inthis case solve the equation f(X) = () to find the limit(s)
AGDC will solve this equation, eitherfromthe graphingscreenorthe equationsolver

STEP3
The definite integral forfinding the areacannow be setupinthe form

A= fbf(x) dx

O ExamTip

= |lookoutforquestionsthataskyouto find anindefinite integralinone part(so “+c”
needed),theninalaterpartuse the same integral as adefinite integral (where “+c”is not
needed)

= Addinformationto anydiagram provided inthe question, as well as axes intercepts and

values of limits
= Markand shade the areayou’re trying to find, and if no diagramis provided, sketchone!
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Definite Integrals using GDC
Doesmy calculator/GDC dodefiniteintegrals?

= Moderngraphic calculators (and some ‘advanced’ scientific calculators) have the functionality
to evaluate definite integrals
= je.theycancalculate the areaunderacurve (see above)
= |facalculatorhas abuttonforevalutaingdefinite integrals it willlook something like

[
O

= This maybe aphysicalbuttonoraccessedviaanon-screenmenu
= Some GDCs mayhave the abilityto find the areaundera curve from the graphingscreen
= Be carefulwithany calculator/GDC, theymaynotproduce anexact answer

Howdoluse my GDC tofind definiteintegrals?

Without graphing first ...

= Onceyouknow the definite integral functionyourcalculatorwillneed three thingsinorderto
evaluate it

= The functionto beintegrated (integrand) ( f(X))
= Thelowerlimit(dfromX = a)

= Theupperlimit (b fromXx = b)
= Have aplaywiththe orderinwhichyourcalculatorexpects these to be entered -some do not
always work left to right as it appears onscreen!
With graphing first ...

= Plotthe graphof Yy = f(X)
= Youmayalso wishto plotthe verticallines X = daand X = b

= make sure your GDC is expectingan"X = "style equation
= _Onceyouhave plotted the graphyouneed to lookforanoptionregarding “area” oraphysical
button

= itmayappearastheintegralsymbol(e.g.de)

= yourGDC mayallowyouto selectthelowerand upperlimits bymovingacursoralongthe
curve - howeverthis maynotbe veryaccurate
= yourGDC mayallow youto type the exactlimits required fromthe keypad
= thelowerlimitwould be typedinfirst
= read anyinformationthat appears onscreencarefullyto make sure

O Exam Tip

= Whenrevisingforyourexams always use your GDC to check any definite integrals you have
carried out byhand
= This willensure you are confident using the calculatoryou planto take into the examand
should also getyouinto the habit of usingyou GDC to check yourwork,somethingyou
should do if possible
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a)

b)

c)
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Usingyour GDC to help,orotherwise, sketchthe graphs of

y=x*-2x2+5,

x=1and

X =2 onthe same diagram

Use ¥he ‘gragh’ mecw on yeor 60C to plot y= x*- 2o+ 5
Yoo tnay then need Yo C\nar‘o& bhe inpatiype ko 'ac=’

to enter =l ard x=2.

Plet the %FQP\'\ on yoor E0C and ekelth the recdl, eneut‘lns
1o inclode o\ the maia pr?:pe\‘\‘ses o eoch Sro.p\w.

~4 ) x=2 ‘j: x"— 2o +5

The areaenclosed bythe three graphs from part (a) and the X -axis is to be found.
Write down anintegral that would find this area.

(x“'— 273 +5) ax

2

Usingyour GDC, orotherwise, find the exact areadescribed inpart (b).

a
Give youranswerinthe form =~ where 4 and bare integers.

b

A
ﬂ\'ea'-g (ac“'— 2’Jc2+5> doe = C]_S. ng.re 00'\\'9
' \S

From Yhe sraé-ms Screen on oor 60C the 'm‘\’ea\a\
voloe wos given og 653333333 - not exack!
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