
5.3 Integration



5.3.1 Trapezoid Rule: Numerical Integration

Trapezoid Rule: Numerical Integration

What  is t he t rapez oid rule?

The trapez o idal rule is a numerical metho d used to  find the appro ximate area enclo sed by a

curve, the x -axis and two  vertical lines

it is also  kno wn as ‘trapez o id rule’ and ‘trapez ium rule’

The trapez o idal rule finds an appro ximatio n o f the area by summing o f  the areas  o f trapez o ids

beneath the curve

y0= f (a), y1= f (a+h), y2= f (a+2h)  etc

∫
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where h=
b−a
n

No te that there are n trapez o ids (also  called strips) but (n+1)  functio n values (y i)

The trapez o idal rule is given in the f o rmula bo o klet

What  else can I be asked t o do wit h t he t rapez oid rule?

Co mparing the true  answer with the answer fro m the trapez o id rule

This may invo lve finding the percentage erro r in the appro ximatio n

The true answer may be given in the questio n, fo und fro m a GDC o r fro m wo rk o n integratio n

Exam T ip

Ensure yo u are clear abo ut the difference between the number o f data po ints (  values) and

the number o f strips (number o f trapez o ids) used in a Trapez o id Rule questio n

Altho ugh it sho uldn't be to o  much tro uble to  type the trapez o id rule into  yo ur GDC in o ne go ,

it may be wise to  wo rk parts o f it o ut separately and write these do wn as part o f yo ur wo rking

o ut
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a)

b)

Worked example

Using the trapez o idal rule, find an appro ximate value fo r

∫
0

4 6x2

x3+2
dx

to  3 decimal places, using n=4.

Given that the area bo unded by the curve , the x -axis and the lines x=0 and x=4 is

6.993 to  three decimal places, calculate the percentage erro r in the trapez o idal rule

appro ximatio n.
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5.3.2 Introduction to Integration

Introduction to Integration

What  is int egrat ion?

Integratio n is the o ppo site to  differentiatio n

Integratio n is referred to  as antidifferentiatio n

The result o f integratio n is referred to  as the antiderivative

Integratio n is the pro cess o f finding the expressio n o f a functio n (antiderivative) fro m an

expressio n o f the derivative (gradient f unctio n)

What  is t he not at ion f or int egrat ion?

An integral is no rmally written in the fo rm

∫f (x) dx

the large o perato r ∫  means “integrate”

“dx ” indicates which variable to  integrate with respect to

f (x)  is the functio n to  be integrated (so metimes called the integrand)

The antiderivative  is so metimes deno ted by F(x)

there’s then no  need to  keep writing the who le integral; refer to  it as F(x)

F(x)  may also  be called the indefinite integral o f f (x)

What  is t he const ant  of  int egrat ion?

Recall o ne o f the special cases fro m Differentiating Po wers o f  x

If f (x)=a then f '(x)=0
This means that integrating 0 will pro duce a co nstant  term in the antiderivative

a z ero  term wo uldn’t be written as part o f a functio n

every  functio n, when integrated, po tentially has a co nstant  term

This is called the co nstant  o f integratio n and is usually deno ted by the letter c
it is o ften referred to  as “plus c”

Witho ut mo re info rmatio n it is impo ssible to  deduce the value o f this co nstant

there are endless antiderivatives, F(x) , fo r a functio n f (x)
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Integrating Powers of x

How do I int egrat e powers of  x?

Po wers o f x  are integrated acco rding to  the fo llo wing fo rmulae:

If f (x)=xn then∫f (x) dx=
xn+1
n+1 +c where n∈ℚ, n≠−1 and c is the co nstant

o f integratio n

This is given in the f o rmula bo o klet

If the po wer o f x  is multiplied by a co nstant then the integral is also  multiplied by that co nstant

If f (x)=axn then∫f (x) dx=
axn+1
n+1 +c where n∈ℚ, n≠−1 and a  is a co nstant

and c is the co nstant  o f integratio n

dy
dx  no tatio n can still be used with integratio n

No te that the fo rmulae abo ve do  no t apply when x=−1 as this wo uld lead to  divisio n by z ero

Remember the special case:

∫a dx=ax+c

e.g. ∫4 dx=4x+c
This allo ws co nstant  terms to  be integrated

Functio ns invo lving ro o ts  will need to  be rewritten as f ractio nal po wers  o f x first

eg. If f (x)=53 x then rewrite as f (x)=5x
1
3 and integrate

Functio ns invo lving f ractio ns  with deno minato rs  in terms  o f x will need to  be rewritten as

negative po wers  o f x first

e.g.  If f (x)=
4
x2 +x2 then rewrite as f (x)=4x−2+x2 and integrate    

The fo rmulae fo r integrating po wers o f x apply to  all ratio nal numbers  so  it is po ssible to

integrate any expressio n that is a sum o r difference o f po wers o f x
e.g.  If f (x)=8x3−2x+4 then

∫f (x) dx=
8x3+1

3+1 −
2x1+1

1+1 +4x+c=2x4−x2+4x+c
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Pro ducts  and quo tients  canno t be integrated this way so  wo uld need expanding/simplif ying

first

e.g.  If f (x)=8x2(2x−3)  then

∫f (x) dx=∫ (16x3−24x2) dx=
16x4
4 −

24x3
3 +c=4x4−8x3+c

What  might  I be asked t o do once I’ve f ound t he ant i-derivat ive (int egrat ed)?

With mo re info rmatio n the co nstant o f integratio n, c , can be fo und

The area under a curve  can be fo und using integratio n

Exam T ip

Yo u can speed up the pro cess o f integratio n in the exam by co mmitting the pattern o f basic

integratio n to  memo ry

In general yo u can think o f it as 'raising the po wer by o ne and dividing by the new po wer'

Practice this lo ts befo re yo ur exam so  that it co mes quickly and naturally when do ing

mo re co mplicated integratio n questio ns
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Worked example

Given that

dy
dx =3x4−2x2+3−

1
x

find an expressio n fo r y  in terms o f x .
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5.3.3 Applications of Integration

Finding the Constant of Integration

What  is t he const ant  of  int eg rat ion?

When finding an anti-derivative  there is a co nstant term to  co nsider

this co nstant term, usually called c , is the co nstant  o f integratio n

In terms o f graphing an anti-derivative, there are endless po ssibilities

co llectively these may be referred to  as the f amily  o f antiderivatives  o r f amily  o f curves

the co nstant o f integratio n is determined by the exact  lo catio n o f the curve

if a po int  o n the curve  is kno wn, the co nstant  o f integratio n can be fo und

How do I find t he const ant  of  int egrat ion?

Fo r F(x)+c=∫f (x) dx , the co nstant  o f integratio n, c  - and so  the particular

antiderivative  - can be fo und if a po int the graph o f y=F(x)+c  passes thro ugh is kno wn

ST EP 1

If need be, rewrite f (x)  into  an integrable fo rm

Each term needs to  be a po wer o f x  (o r a co nstant)

ST EP 2

Integrate each term o f f '(x) , remembering the co nstant o f integratio n, “+c”

(Increase po wer by 1 and divide by new po wer)

ST EP 3

Substitute the x and y co o rdinates o f a given po int in to  F(x)+c  to  fo rm an equatio n in c
So lve the equatio n to  find c

Exam T ip

If a co nstant o f integratio n can be fo und then the questio n will need to  give yo u so me extra

info rmatio n

If this is given then make sure yo u use it to  find the value o f c
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Worked example

The graph o f y= f (x) passes thro ugh the po int (3,−4) .  The gradient functio n o f f (x)  is given

by f '(x)=3x2−4x−4.

Find f (x) .

Page 8 of 12
For more help visit our website www.exampaperspractice.co.uk



Area Under a Curve Basics

What  is m eant  by t he area under a curve?

The phrase “area under a curve” refers to  the area bo unded by

the graph o f y= f (x)

the x -axis

the vertical line x=a
the vertical line x=b

The exact area under a curve is fo und by evaluating a definite integral

The graph o f y= f (x) co uld be a straight line

the use o f integratio n described belo w wo uld still apply

but the shape created wo uld be a trapez o id

so  it is easier to  use “A=
1
2 h (a+b) ”

What  is a definit e int egral?

∫
a

b
f (x) dx=F(b)−F(a)

This is kno wn as the Fundamental T heo rem o f Calculus

a and b  are called limits

a is the lo wer limit

b  is the upper limit

f (x)  is the integrand
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F(x)  is an antiderivative  o f f (x)

The co nstant  o f integratio n (“+c”) is no t needed in definite integratio n

"+c” wo uld appear alo ngside bo th F(a) and F(b)

subtracting means the “+c”’s cancel

How do I f orm a definit e int egral t o find t he area under a curve?

The graph o f y= f (x) and the x -axis sho uld be o bvio us bo undaries fo r the area so  the key here

is in finding a  and b  - the lo wer and upper limits o f the integral

ST EP 1

Use the given sketch to  help lo cate the limits

Yo u may prefer to  plo t the graph o n yo ur GDC and find the limits fro m there

ST EP 2

Lo o k carefully where the ‘left’ and ‘right’ bo undaries o f the area lie

If the bo undaries are vertical lines, the limits will co me directly fro m their equatio ns

Lo o k o ut fo r the y -axis being o ne o f the (vertical) bo udnaries – in this case the limit (x ) will be 0

One, o r bo th, o f the limits, co uld be a ro o t o f the equatio n f (x)=0
i.e.  where the graph o f y= f (x) cro sses the x -axis

In this case so lve the equatio n f (x)=0  to  find the limit(s)

A GDC will so lve this equatio n, either fro m the graphing screen o r the equatio n so lver

ST EP 3

The definite integral fo r finding the area can no w be set up in the fo rm

A=∫
a

b
f (x) dx

Exam T ip

Lo o k o ut fo r questio ns that ask yo u to  find an indefinite  integral in o ne part (so  “+c”

needed), then in a later part use the same integral as a definite  integral (where “+c” is no t

needed)

Add info rmatio n to  any diagram pro vided in the questio n, as well as axes intercepts and

values o f limits

Mark and shade the area yo u’re trying to  find, and if no  diagram is pro vided, sketch o ne!
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Definite Integrals using GDC

Does my calculat or/GDC do definit e int egrals?

Mo dern graphic calculato rs (and so me ‘advanced’ scientific calculato rs) have the functio nality

to  evaluate definite integrals

i.e. they can calculate the area under a curve  (see abo ve)

If a calculato r has a butto n fo r evalutaing definite integrals it will lo o k so mething like

∫
□

□
□

This may be a physical butto n o r accessed via an o n-screen menu

So me GDCs may have the ability to  find the area under a curve fro m the graphing screen

Be careful with any  calculato r/GDC, they may no t pro duce an exact  answer

How do I use my GDC t o find definit e int egrals?

Witho ut graphing first …

Once yo u kno w the definite integral functio n yo ur calculato r will need three things in o rder to

evaluate it

The functio n to  be integrated (integrand) ( f (x) )

The lo wer limit (a fro m x=a )

The upper limit (b fro m x=b )

Have a play with the o rder in which yo ur calculato r expects these to  be entered – so me do  no t

always wo rk left to  right as it appears o n screen!

With graphing first ...

Plo t the graph o f y= f (x)

Yo u may also  wish to  plo t the vertical lines x=a and x=b
make sure yo ur GDC is expecting an "x= " style equatio n

Once yo u have plo tted the graph yo u need to  lo o k fo r an o ptio n regarding “area” o r a physical

butto n

it may appear as the integral symbo l (e.g. ∫dx )

yo ur GDC may allo w yo u to  select the lo wer and upper limits by mo ving a curso r alo ng the

curve - ho wever this may no t be very accurate

yo ur GDC may allo w yo u to  type the exact limits required fro m the keypad

the lo wer limit wo uld be typed in first

read any info rmatio n that appears o n screen carefully to  make sure

Exam T ip

When revising fo r yo ur exams always use yo ur GDC to  check any de�nite integrals yo u have

carried o ut by hand

This will ensure yo u are co n�dent using the calculato r yo u plan to  take into  the exam and

sho uld also  get yo u into  the habit o f using yo u GDC to  check yo ur wo rk, so mething yo u

sho uld do  if po ssible
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a)

b)

c)

Worked example

Using yo ur GDC to  help, o r o therwise, sketch the graphs o f

y=x4−2x2+5 ,

x=1  and

x=2  o n the same diagram

The area enclo sed by the three graphs fro m part (a) and the x -axis is to  be fo und.

Write do wn an integral that wo uld find this area.

Using yo ur GDC, o r o therwise, find the exact area described in part (b).

Give yo ur answer in the fo rm 
a
b  where a  and b  are integers.
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