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5.2.1Differentiating Special Functions

Differentiating Trig Functions

How do | differentiate sin, cos and tan?

. dy
= Thederivativeof y = sl X'is a =CO0S X
dy __ .
= Thederivativeof ¥y = COS Xiis a =—Ssm Xx

dy 1
= Thederivativeof y =tan Xis —— = —
dx  cos? x

= Thisresult canbe derived using quotient rule
All three of these derivatives are given in the formula booklet

Forthelinear function 8X + b, where @ and b are constants,

» thederivativeof y =sin(ax+b)is % = acos(ax+b)

d .
= thederivativeof y = cos(ax+b)is d—';’ = — asin(ax +b)

dy a
= thederivativeof y = tan(ax+b) is —=——F7F—"+<
4 dx cos? (ax+b)
= Forthe general function f(X)

» the derivative of y = sin(£(x))is % = £ (x) cos(f(x))

» the derivative of y = cos(f(x))is % = — f'(x)sin(£(x))
dy f'(x)

dx cos? (f(x))

= Theselast three results can be derived using the chain rule

= For calculus with trigonometric functions angles must be measured in radians
= Ensure you know how to change the angle mode onyour GDC

= thederivativeof ¥y = tan(f(x)) is
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@ Worked example

a) Find f(X) for the functions

. f{x)=sinx
i. f(x)=cos(5x+1)

§' () = cet
tlx): '59‘“\6”“) kLinear %Ur\':\io‘-\ Bor. +\3>

TT
b) Acurvehasequation Yy = tan (6X2 - Z) .

Tt
Find the gradient of the tangent to the curve at the pointwhere X = ———.

2

Give youranswer as an exact value.
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Differentiating e*x & Inx

How do | differentiate exponentials and logarithms?

dy
= Thederivativeof Yy =€%Xis —— =€Xwherex €R
dx
dy 1
» Thederivativeof ¥y =1In Xis —— =— where x>0
dx x

= Forthelinearfunction ax + b, where @ and b are constants,
dy
= thederivativeof Y= elax+b) dx = gelax+b)

d
» thederivativeof y =In(ax+b)is d_i’ = (ax—ib)

dy

= inthe special case b=0, — = — (A'scancel)
dx x
= Forthe general function f(X)
d
= the derivative of y=ef(x) is d—';’ =f'(X)ef(X)

dy f'(x)
dx = f(x)

= Thelast two sets of results can be derived using the chain rule

» thederivativeof y =1In(f(x))is
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@ Worked example
Acurve has the equation y = e 33X+ 14010 5x,

Find the gradient of the curve at the point where X = 2 gving your answer in the fomy=a+ bec,

where a4, band care integers to be found.

gz €71+ 2{1n 5a)

C a3 (L)

dx
I i K > Y* o (ooe+b), specio)
s 5; eax*,b__ d*'= aeuJ“a co%e b=0, g;i

At =2, :_\iz =334 %_ R . |

Ty e Do

* Grodied ok x=2is 1-37 t %rﬁ 3‘06&&&8 b
ie. as\, b=-3 ¢=-5 proboldy not '\t\'?h&
: exoc'\'%rm Teqited.
\k \Q Q\T“ \'Yépc‘}u\'\ﬁd'ﬁc

appainaie orwer

thoudh.
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5.2.2 Techniques of Differentiation

Chain Rule

What is the chainrule?

» Thechainrulestatesif Yisafunctionof Uand Uisafunctionof Xthen
y = f(u(x))
dy dy du
= X
dx du dx

= Thisis givenin the formula booklet

= |nfunction notation this could be written

y = flg(x))

L (e ()

How do | know when to use the chainrule?

= Thechainruleisused whenwe are trying to differentiate composite functions
= “function of a function”

= these canbeidentified as the variable (usually X)does not ‘appearalone’
= SIN X -nota composite function, X ‘appears alone’
] sin(3X + 2) is a composite function; X is tripled and has 2 added to it before the sine

functionis applied

How do l use the chainrule?

STEP1
Identify the two functions

Rewrite Y asafunctionof U; Y= f(u)
Write U as afunctionof X; U= g(X)

STEP 2
dy

Differentiate Y withrespectto U toget —5—

du
du

Differentiate U withrespectto X toget —5—

dx

STEP 3
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dy dy dy du ()
Obtain 7 by applying the formula —7—— = —— X —/ and substitute U backinfor 2\ X
dx Y ePPYIne dx du dx g

= |ntrickier problems chain rule may have to be applied more than once
Are there any standard results for using chain rule?
= There are five general results that can be useful
dy

« If y=(f(x))?then e nf ’(X)f(X)H -1

d
« Ify=e (%) then d_i/ =f'(x)e £(x)

1t y=In(e(x) hen L = 1;((;‘))
e 1t y = sin(#(x)) then % = £ (x)eos(F(x)

o 1 y = cos(F(x)) then % -~ (sin(F(x)
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@ Worked example

8  Findthe derivativeof y = (x2—5x+7)7.

STee \den’n?b e two %Jnc\'{orﬂ ond rewrite

y: o ie. Y=o’
V=2 -5xal ve. gle)= G+ T
sTEP2 Find dy ond do.
dv s

3:7‘,6 d—u-z 1'5
do doc

ser3 Ppply chainle, dy . dy, do
& dv o<

Chain role igin The formda bodklet
ﬁ = 706 Lnx- 5)
doc

ond sobshtote v back Jor ofor)

f ” ]
%ﬂx— _ 7(290*5)\30-55\:&—7)

rw

o) Find the derivative of y = sin(eZX).

For more help, please visit www.exampaperspractice.co.uk
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ProductRule

Whatis the productrule?

= The productrule statesif Yy is the product of two functions U(X) and V(X) then

y=uv
dy _ dV+ du
dx  Ydx " Vidx

= Thisis givenin the formula booklet
= |nfunctionnotation this could be written as

y=1f(x)g(x)
L = f(x)e () + 2 ()

= ‘Dash notation’ may be used as a shorter way of writing the rule

y=uv
4 4 7
y =uv +vu

= Final answers should match the notation used throughout the question

How do | know when to use the productrule?

= The productruleis used whenwe are trying to differentiate the product of two functions
= these can easily be confused with composite functions (see chain rule)

] Sin(COS X) isa composite function, “sin of cos of X~
= SINn XCOS Xisa product, “sinx times cos X”

How doluse the productrule?

= Makeitclearwhat U, V, u' and V' are
= arranging theminasquare canhelp
= opposite diagonals match up

STEP1
Identify the two functions, U and V

Differentiate both U and V withrespectto X tofind u' and V'

STEP 2
dy dy dv

Obtain a by applying the productrule formula —— =u—— +

dx dx

Simplify the answer if straightforward to do so orif the question requires a particular form

= |ntrickier problems chain rule may have to be used when finding u' and v/
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@ Worked example

a) Findthe derivative of y =eXsin x.

y= exSin P
STEP 1 ldechy Jorctions and differecide
v=e VEGia x
Ve’ v'=Coex

K 0Tanging vy, U,V in 0 Souore
makes preduct e 'dicopnol QoIS

ctrera A BACY T\ 44 . vdv 4 vdo
PP P Ao v

(Reikic gue o ¥he smh‘mo\(\e\:)

5' E excos o exs‘m <
C oy | exLCDQ o 5B x) l \tic s\'ré.sa\\\%mniﬁ"tb
Ao | Yeke 0 Yodter & €° ot

s

2 2

b) Findthe derivative of y =5x% cos 3x~.

y Sac cos
StErP V= 5x1><\t‘ cos3x1 chain rUle
0= |0x v'= '9&\3:‘3 ,‘Gvc

v'z-6xsin 3>

STEP 2 y'=-30x39in3x3‘+ \Oxces 3>

: -:— = \0:;(0:9 3¢ - 3xSin 30(3')

For more help, please visit www.exampaperspractice.co.uk
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Quotient Rule

Whatis the quotient rule?

u(x)

(x
= The quotientrule statesif yisthe quotient —7~ then
v(x)

u
Y Vv
du dv
V5, _ —u,_
dy ~dx dx
dx V2
= Thisis givenin the formula booklet
= |nfunction notation this could be written
(x)
y=—"x
2(x)
14
dy  gl)f (x)-flxg'(x)
dx [ g(X)]z
= Aswith productrule, ‘dash notation’ may be used
u
Y 14
.ovu' —uy
Y V2

= Finalanswers should match the notation used throughout the question
How do | know when to use the quotient rule?

= The quotientrule is used when trying to differentiate a fraction where both the numerator and
denominator are functions of X
= if the numeratoris a constant, negative powers can be used
= if the denominatoris a constant, treat it as a factor of the expression

How doluse the quotient rule?
= Makeitclearwhat U, V, u' and V' are

= arranging theminasquare can help
= opposite diagonals match up (like they do for product rule)

STEP1
Identify the two functions, U and V
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Differentiate both U and V withrespectto X tofind Ll’ and V'

STEP 2

du_ dv
d dy Vdx Ydx

Obtain =7 by applying the quotientrule formula —— =
dx y applying q dx V2

Be carefulusing the formula - because of the minus sign in the numerator, the order of the
functionsisimportant
Simplify the answer if straightforward or if the questionrequires a particular form

= |ntrickier problems chain rule may have to be used when finding u' and V',
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@ Worked example

CcoS 2x
3x+2

Differentiate f(X) = withrespectto X.

CTEP) \den‘\'i?'a vond v, c\'\ﬁeve%‘\o‘\'e

U= Ces 2 V= 3o
v'= =20 A ><

T
oe diaspnae
chain role m\: op

[ e p 'u% ‘
ser 2 Rpdy qudtient e b _jé?___
(Re b is g in the Termula boddet)
S‘t'\x) = (3x+2)28in 2c) - (ee 2x)(2)
L3DC‘\'2)‘

v'=

+ Pl -2(3=+2)sin 20 - e 2. |

(3c+2)°

\Nothiog dbvieus|esty To Sinplify @nd qpestion
dceS n¥ Qpecu?a o pnr\:ico\nr %o\'m)

For more help, please visit www.exampaperspractice.co.uk
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5.2.3 Related Rates of Change

Related Rates of Change
What is meant by rates of change?

= Arate of changeis a measure of how a quantity is changing with respect to another quantity
= Mathematically rates of change are derivatives

dv

=  — couldbe therate at which the volume of a sphere changes relative to howits radiusis

dr
changing
= Contextisimportant wheninterpreting positive and negative rates of change
= Apositive rate of change would indicate anincrease
= e.g.thechangeinvolume of water as a bathtub fills
= Anegativerate of change would indicate a decrease
= e.g.thechangeinvolume of waterin aleaking bucket

What is meant by related rates of change?

= Relatedrates of change are connected by alinking variable or parameter
= thisis usually time, represented by
= secondsis the standard unit for time but this will depend on context
= e.g. Waterrunninginto alarge bowl
= boththe height and volume of waterin the bowl change with time
= timeisthe linking parameter

How do solve problems involving related rates of change?

= Use of chainrule
dy dy du
y—g(u) u=1x) = dx  du % dx

= Chainruleis givenin the formula booklet in the format above
= Differentletters may be used relative to the context
= eg. Vforvolume, Sforsurfacearea, bforheight, I'forradius
= Problems ofteninvolve one quantity being constant
= soanother quantity can be expressedinterms of a single variable
= thismakes finding a derivative alot easier
= Fortime problems atleast, itis more convenient to use
dy dx dy
dt ~dr " dx
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dx dy

andif itis more convenient to find —/— than —— thenuse chainruleinthe form

dy dx
ﬂ 3 dx dx

dt dt ~dy
= Neither of these alternative versions of chainrule are in the formula booklet
STEP1
Write down the rate of change given and the rate of change required
(If unsure of the rates of change involved, use the units given as a clue

d/

ar’

eg. m s~! (metres persecond)would be the rate of change of length, per time,

STEP 2
Use chainrule to form an equation connecting these rates of change with a third rate
The third rate of change will come from a related quantity such as volume, surface area, perimeter

STEP 3
Write down the formula for the related quantity (volume, etc) accounting for any fixed quantities
Find the third rate of change of the related quantity (derivative) using differentiation

STEP4
Substitute the derivative and known rate of change into the equation and solve it
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@ Worked example

A cuboid has a square cross-sectional area of side length X cm and a fixed height of 5cm.
The volume of the cuboidisincreasing at arate of 20 cm3s-!.
Find the rate at which the side lengthisincreasing at the point whenits side lengthis 3cm.

STeP s Wite down r@Yes cﬁ'd'angf gven and fequired

. 20 (Uniks o con® WNelome) 6" per Secona))
dat

d._x 18 i'equir'ed

o\

Cree2: Form equcA‘uon Sfl'om chain ile and a third 'Comec‘\ingl Ve

AV e, &
ak At d=x

67Ee 3 Formolo Jor linking quarily, and it detivalive
Vohume |} o.coveid) is Hhe ek
V= oy5:52  (Crem-ceckion & Sqpase, heiht & constact)
Differectide, dV . \Ox
dx
oEP w: Sobshiute ond odve

N, dx v
\3 dk dx

dc R— x, ide length ic 3

S g
dk

2 -\
== CMmSs
3
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5.2.4 Second Order Derivatives

Second Order Derivatives
What is the second order derivative of a function?

= [fyou differentiate the derivative of a function (i.e. differentiate the function a second time) you get
the second order derivative of the function
= There are two forms of notation for the second order derivative

- y=1x)

dy
= —=1d(X) (First order derivative)
dx
d2y
= —2=f”(X) (Second order derivative)
dx

= Note the position of the superscript2’s

= differentiating twice (so d2)with respectto X twice (so X2)
= The second order derivative can be referred to simply as the second derivative
= Similarly, the first order derivative can be just the first derivative
= Afirst orderderivative is the rate of change of a function
= asecond order derivative is the rate of change of the rate of change of a function
= j.e.therate of change of the function’s gradient
= Second order derivatives canbe used to

= testforlocal minimum and maximum points

= help determine the nature of stationary points
= determine the concavity of a function

= graphderivatives

How do | find a second order derivative of a function?

= By differentiating twice!
= Thismayinvolve
= rewriting fractions, roots, etc as negative and/or fractional powers
= differentiating trigonometric functions, exponentials and logarithms
= usingchainrule
= using product or quotientrule
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@ Worked example

3
Giventhat ﬂx) =4 - \/; + ﬁ

@ Find £'(x)and ''(x).

/—E REWRITE AS POWERS OF x

q) f(x) = —x +3x

. B8
2

1.4
flx) = —(Px* +3(=Dx
/E DIFFERENTIATE ONCE
¥
fix) = gx TO FIND fi(x)

4
-5_1

3
" _ 1 _-i __3,, —_3— -39
fix)=—-5(=3)X 5 (=35)x
#) = AxE 4 93 DIFFERENTIATE A
* G SECOND TIME
TO FIND f(x)

b) Evaluate f”(3).

Give your answer in the form 84/ b, where b isanintegerand d&is arational number.

I} _25_ i
b) fix) = 4)”,_‘ 4x2F ve_,—E &
" 1 o]
f(3)= +
1243 3643
_ 12 _1 ,FB_3T
3643 343" {3 9
£'13) = ig@ RATIONALISE
DENOMINATOR
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5.2.5 Further Applications of Differentiation

Stationary Points & Turning Points
What is the difference between a stationary point and a turning point?

= Astationary pointis a point at which the gradient functionis equal to zero
= Thetangent to the curve of the functionis horizontal
= Aturning pointis a type of stationary point, butin addition the function changes fromincreasing to
decreasing, or vice versa
= The curve ‘turns’ from ‘going upwards’ to ‘going downwards’ or vice versa
= Turning points will either be (local) minimum or maximum points
= Apoint of inflection could also be a stationary point but is not a turning point

How do | find stationary points and turning points?

= Forthefunction y = f(X) stationary points can be found using the following process

STEP1
dy

Find the gradient function, ——7—— = Id(X)
dx

STEP 2

Solve the equation ld(X) = () to find the X -coordiante(s) of any stationary points

STEP 3

If the Y-coordinates of the stationary points are also required then substitute the X-coordinate(s)

into f(X)

= AGDCwillsolve ld(X) = () and most will find the coordinates of turning points (minimum and
maximum points) in graphing mode
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Testing for Local Minimum & Maximum Points
What are local minimum and maximum points?

= | ocal minimum and maximum points are two types of stationary point
= The gradient function (derivative) at such points equals zero

= je. ld(X)=O

= Alocal minimum point, (X, f(X)) will be the lowest value of f(X) in the local vicinity of the value of
X
= The function may reach alower value further afield

= Similarly, alocal maximum point, (X, f(X)) will be the highest value of f(X) in the local vicinity of

the value of X
= Thefunction mayreach a greater value further afield
= The graphs of many functions tend to infinity forlarge values of X
(and/or minus infinity for large negative values of X)

= The nature of a stationary point refers to whetheritis a local minimum point, alocal maximum point or
apoint of inflection

= Aglobal minimum point would represent the lowest value of f(X) forall values of X
= similar for a global maximum point

How do | find local minimum & maximum points?

= The nature of a stationary point can be determined using the first derivative but itis usually quicker
and easier to use the second derivative
= onlyincaseswhenthe second derivative is zerois the first derivative method needed

= Forthefunction f(X)
STEP1

Find ld(X) and solve f(X) = () to find the X-coordinates of any stationary points

STEP 2 (Second derivative)
Find f"(X) and evaluate it at each of the stationary points found in STEP 1

STEP 3 (Second derivative)

= |f f"(X) = () then the nature of the stationary point cannot be determined:; use the first
derivative method (STEP 4)

= |f f”(X) > () then the curve of the graphof y = f(X) is concave up and the stationary pointis a
local minimum point

= |f f”(X) < 0 thenthe curve of the graph of y= f(X) is concave down and the stationary point
is alocal maximum point
STEP 4 (First derivative)

Find the sign of the first derivative just either side of the stationary point; i.e. evaluate f’(X“ h)

and f(X + h) forsmall h
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= Alocal minimum point changes the function from decreasing to increasing
= the gradient changes from negative to positive

- f(x—h)<0, f(x)=0, f(x+h)>0
= Alocal maximum point changes the function from increasing to decreasing
= the gradient changes from positive to negative

- f(x—-h)>0, f(x)=0, f'(x+h)<0

= Astationary point of inflection results from the function either increasing or decreasing on
both sides of the stationary point
= the gradient does not change sign

« f(x—h)>0, f(x+h)>0 or f(x—h)<0, f(x+h)<0
= apointofinflection does not necessarily have Id(X) =0

= this method will only find those that do - and are often called horizontal
points of inflection
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@ Worked example

Find the coordinates and the nature of any stationary points onthe graph of y = f(X) where

(x)=2x3-3x2-36x+25.
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oy

AY G'\?S\'ionnry Po'\é\'g’ {(x)=0
¥ )= 6o - 63c -36 = 6 -2- G)
6(od-x-€)=0
toc-3)(oc4-l)=0
x=3  y=§(3)= 203)*3(3) - 3e(3) +25 - -5¢
x=-2, y= §l2)= 2k2)- 3(2)-3¢ka) +25 - €
Using the second derivative To delerimine their nafure
£ ()= 125- 6= €25 )
$'(3)= 6(2x3-1)=30>0
“axxz=3i¢ a \oco) MOV po'm‘\'
¢ (-2)= 6(ax-2-1)=-30<0
% =22 ie a \ocal moxienwen point
LN:S"&‘ \n ¥his cote, both Stalionary peicte are tuming peicts)
Torning peints are:
(3.-5€) local minimum po'm"'
-2, €0) locad maximom point
Use o 6DC Yo Srap\-n =¥c) and the
max}min Qo\vina %ed’fofe o check the anowere.

For more help, please visit www.exampaperspractice.co.uk
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5.2.6 Concavity & Points of Inflection

Concavity of a Function
What is concavity?

= Concavityis the way in which a curve (or surface) bends
= Mathematically,
= acurveis CONCAVEDOWN if f"(X) <0 forallvalues of X inaninterval

= acurveis CONCAVEUP if f"(X) > () forallvalues of X inaninterval

Ay vy
Concave Upward

Concaye Downward

¥

&
Concave Upward ¥ Concave Downward

y=1{x)
y=1(x)

¥
¥
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@ Worked example
The function f(X) is given by f(X) =x3—-3x+2.

a) Determine whether the curve of the graph of ¥y = f(X) isconcave down or concave up at the

pointswhere X= —2and X =2.
¥(ac) = - 3o +2

§ lec): -3

le): x

;“ L_l) = 6)‘-2:. -2 <0 LConcaue dOWn)

T'):=62:1270  (concave )

Ak x=-2, y=Flx) is concave down
Rt =2, y:=§(x)ic concave vp

Uge yoor 60C Yo plot the amp\'\ ot 3=?(:c)
and 1o help cee i} Yoo ONSWETS ofe sensible

o) Find the values of X forwhich the curve of the graph Yy = f(X) of isconcave up.

flx)=6x from port )
Concove vp is §*(x) >0
6x >0 when x>0

A f(x) iS Cencave vp ‘i-ur' % >0

Use yoor 60C to check your answer
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Points of Inflection

What is a point of inflection?

= Apointatwhichthe curve of the graphof Yy = f(X) changes concavity is a point of inflection
= The alternative spelling, inflexion, may sometimes be used

What are the conditions for a point of inflection?
= Apointofinflection requires BOTH of the following two conditions to hold

= the second derivative is zero
- f'(x)=0

AND

= thegraphof y= f(X) changes concavity
] f"(X) changes sign through a point of inflection

= [tisimportant to understand that the first condition is not sufficient onits own to locate a point of
inflection

= pointswhere f”(X) = () could be local minimum or maximum points
= the first derivative test would be needed

= However, ifitis already known f(X) has apoint of inflectionat X = &, say, then f"(a) =0
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What about the first derivative, like with turning points?

= Apoint of inflection, unlike a turning point, does not necessarily have to have a first derivative value of
o f(x)=0)

= [fitdoes,itis also astationary point andis often called a horizontal point of inflection
= thetangentto the curve at this point would be horizontal
= The normal distribution is an example of acommonly used function that has a graph with two non-
stationary points of inflection

How do | find the coordinates of a point of inflection?

= Forthefunction f(X)
STEP1

Differentiate f(X) twice to find f”(X) and solve f”(X) = () to find the X -coordinates of

possible points of inflection

STEP 2
Use the second derivative to test the concavity of f(X) eithersideof X = a

n If f”(X) <0 then f(X) is concave down
n If f”(X) >0 then f(X) is concave up

If concavity changes, X = ais a point of inflection

STEP 3

Ifrequired, the y-coordinate of a point of inflection can be found by substituting the X -coordinate

into f(X)
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@ Worked example

Find the coordinates of the point of inflection on the graph of ¥ =2x3 — 18x% +24x+ 5,
Fully justify that your answeris a point of inflection.

stee 1 Differentiare twice, scve {'lx)=0
£loc)= e 18" + M 46
§'(x)z 62" = 36 + 2%
$" ()= 122c-36
22 -36:0 when %23

STEP 2: Ute the Second derivative Yo test concavily
?t l3) =0
§*(29)<0  (concove down)
§'(@1)20  (concove up)
COnCON'\\'Y c\mnaes -H\t'éogn x=3

cer3: The y-Coordinale i¢ Fegquired
'i'b)" 2\3)348(3)1 % 2\\-\3)4-5 = -3)

3 ?(e $'(3):0 Aano %93‘-‘}‘_‘\’:‘ o?\-.

: chanqes concowe r
1;:;)'\'\\9 Pgin"' (3 -3\)*?9 o v
point of inflection.

.

Uce yoor GOC o plet the goph o 3=$(x)
and Yo help cee i} Yoo answer iS sensible

For more help, please visit www.exampaperspractice.co.uk
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