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Exam Papers Practice

5.2.1Differentiating Special Functions

Differentiating Trig Functions

Howdoldifferentiate sin,cosandtan?

) d
= Thederivative of ¥y = SIN X is d—';, = CO0S X
dy __ .
= Thederivative of ¥ = COS X is a =—8sm Xx

dy 5
= Thederivative of y =tan Xis d_ =sec“x
X

= Thisresultcanbe derived usingquotient rule
= Forthelinearfunction 8X + b,where aand bare constants,

= the derivative of y = sin(ax+b)is % = acos(ax+b)

dy

= thederivativeof y = cos(ax+ b)is a = —asin(ax+ b)

= thederivative of y = tan(ax+b)is % = asec2(ax+b)

= Forthe generalfunction f(X),

= the derivative of y = sin(f(x))is % = f’(x)cos(f(x))

= the derivative of y = cos(f(x))is % = —f’(x)sin(f(x))

wrtnaasnvaivsse y = an(£(x) i % = £'(x)sec2(£(x))

= Theselastthreeresults canbe derived using the chainrule
= Forcalculus withtrigonometric functions angles must be measured inradians
= Ensure youknow how to change the angle mode onyourGDC

O ExamTip

= Assoonasyouseeaquestioninvolvingdifferentiationand trigonometry put yourGDC into

radians mode
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@ Worked example

a) Find Id(X) forthe functions

i, f(x)=sinx
i f{x)=cos(5x+1)

\.

;’ \x\ =CoS 3¢
¥le)= - 56in(5x "‘) U.inear Si'Ur\C\T'On o +\3>

).
/

b) Acurve has equation y = tan (6X2 i

NP

Find the gradient of the tangent to the curve at the point where X =

Vn
=

Give youransweras an exactvalue.

Theie 03} the ?'O\’m Y* faa “’(x\)
So A_‘:S_ # ;'(x)‘éeca k?(ﬂ)

d'r,
i—&‘!‘,)" G'ch-%_
s ;‘(x): \2oc.

éi = \D\'acSecl (ze-%)
dx

At x'—f’f, dy . \2\4%:) Seﬂl[é@t)i- Tﬂ

dx
= Gﬁ 98(‘,2 x = \ )
COQ1 \%} CDSQI

...93-=\N? oF x=
doc

»|S
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Differentiating e *x & Inx

Howdoldifferentiate exponentialsandlogarithms?

4
= Thederivativeof Yy =€%Xis —w— =eXwherex ER

dx
dy 1
= Thederivativeof ¥ =1In Xis a = < where x>0

= Forthelinearfunction @Xx + b,where aand b are constants,
dy
= the derivative of y=e(‘”‘+b)is dx = ge(ax+b)

a

= the derivative of y = In(ax+b)is a = m

= inthespecialcase b=0, —3 = — (d'scancel)
dx x
= Forthe generalfunction f(X)
d
= thederivative of y = ef(X) is d—';’ =f'(X)ef(X)

dy f'(x)
dx = f(x)

= Thelasttwo sets of results canbe derived using the chainrule

= thederivativeof y=m(f(x))is

Q ExamTip

= Rememberto avoid the common mistakes:

1 k

» the derivative of In kx with respectto Xis — ,NOT —
X X

= the derivative of €KX withrespect to X is kekX NOT kxekx —1
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@ Worked example
Acurve has the equation y = e 3x+ 14010 5x.

Find the gradient of the curve at the pointwhere X = 2 gvingyouranswerinthe form

y=a+t bec, where a, b and careintegers to be found.

g €7+ 2(ln 5a)

}‘ Ko 3=\n(gx+\5), specio)

S Xt oo ¥’ coteb:=0 &4 1 "
, i ae bt

At 2e=2, t%:t: _353\2)*«\ + %. - -39:5*’\

y 1300( GDC woy beddle

* Grodiedk ok x=2i0 1-36° Yo $iod oppdients bic
ie a=\, b=-3 €=-5 PVD\Dob\ﬁ\\o\c 'm"\'\‘e
EER - B - A — exoct TQC\U\Fed.

\bie il Welg Yo check
OPPEXINESE CrEwers

thoudh,
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5.2.2Techniques of Differentiation

ChainRule

Whatisthe chainrule?

= Thechainrule statesif Yisafunctionof UWand Uisafunctionof Xthen
y = f(u(x))
dy dy du
= X
dx du dx

= Thisis giveninthe formulabooklet

= |nfunctionnotationthis could be written

y = (g(x))

& = (e )

Howdolknowwhento use the chainrule?

= The chainruleis used whenwe are trying to differentiate composite functions
= “functionofafunction”

= these canbeidentified as the variable (usually X) does not ‘appearalone’
= SiN X -nota composite function, X ‘appears alone’

» sin(3x +2) is acomposite function; X is tripled and has 2 added to it before the sine
functionis applied

Howdo luse the chainrule?
STEP1

Identify the two functions

Rewrite Y as afunctionof U; Yy = f(u)
Write U as afunctionof X; U =g(X)

STEP2
dy
Differentiate Y withrespectto U to get d_
u
Page 5 of 31
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du
Differentiate U withrespectto X to get

dx
STEP3

dy dy dy du
Obtain d_X byapplyingthe formula —7—

and substitute U backinfor (X)
dx ~ du dX g

Intrickier problems chainrule mayhave to be applied more thanonce

Arethereanystandardresultsforusing chainrule?

= There are five generalresults that canbe useful

o 1t y=((x) then % _ ot () ()n =]

fy=c f(X)then i f (X)e £
= If y=In(f(x)) then - i“((XX))
« ty=sin(rC)nen 2

ix =f ,(X)COS(f (x))

< 1t y = cos(F(x)) then % = — £ ()sin(F(x)

Q Exam Tip

= Youshould aimto be able to spotand carryout the chainrule mentally (ratherthanuse
substitution)

everytime youuseit,sayitto yourselfinyourhead

differentiate the first function ignoring the second, then multiply by the derivative of the
second function”
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@ Worked example

a) Find the derivative of y = (X2 -5x+ 7)7.

STee \den‘\'\% he two ?unc\'ione ond recarice

y: o ie. $l0)=0"
0= o5t \e. SL;CY x-S +T
oeP2 Fed dy ond du.
av doc

d
% = [° d—:c = 2x-5
cter3  Ppply chainle, dy . dy, do
ot du &
Chain role S in the ermola bodklet

i:-\i = T.° (23&5)
ond sobshitse v back Jor o)

b) Find the derivative of ¥y = sin(ezx).

) = Gin (enx) A\ﬁe'eﬁ‘\'id\‘e Sin O, \3\'\0@ P

6_3 : Cos te:!x) % 2323'; “... mo\‘\".p\y \ay 69\*\\102\"Ne éi' e’“... '
W 4 +h 0
,& 3= eo:r, \a' %= Qeax
or \";\ OPP\t'l“ﬂ Sroin e oaa'm

& 2_% . QeixCog (e%)
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Product Rule

Whatisthe productrule?

= Theproductrulestatesif Vis the productoftwo functions LI(X) and V(X) then

y=uv
dy _ dV+ du
dx  Ydx " Vdx

= Thisis giveninthe formulabooklet
= |nfunctionnotationthis could be writtenas

y=f(x)g(x)
dy ’ ’
Iy = W () +2(x)r (x)
X
= ‘Dashnotation’maybe used as ashorterwayof writing the rule
y=uv
14 4 ’
y =uv +vu
= Finalanswers should match the notationused throughout the question

Howdolknowwhentouse the productrule?

= The productruleis used whenwe are trying to differentiate the product of two functions
= these caneasilybe confused withcomposite functions (see chainrule)
= sin(cos X) isacomposite function, “sinofcos of X”

= SIN XCOS Xisa product, “sin xtimes cos X”

Howdolusethe productrule?

= Makeitclearwhat U, V, u' and V' are
= arrangingtheminasquare canhelp
= opposite diagonals matchup

STEP1
Identifythe two functions, Uand V

Differentiate both 11 and V withrespectto X to find u and v'

STEP2

Ob dy b | h d le f | dy dv + du
tain —//— a ingthe productrule formula —— =u—— +v——
dx yeppyingthep dx dx dx

Page 8 of 31
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Simplify the answerif straightforward to do so orif the questionrequires a particularform

= Intrickierproblems chainrule mayhave to be used when finding u' and V'

Q Exam Tip

= Usel, V, U' and V' forthe elements of productrule

= |Jaythemoutina'square'(imagine a2x2 grid)

= those thatare paired togetherare thenonopposite diagonals (U and V', Vand U')
= Fortrickierfunctions chainrule maybe reuqgired inside productrule

= j.e.chainrule maybe needed to differentiate U and V

Page 9 of 31
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@ Worked example
a) Find the derivative of y =eXsin x.
2
y=e Sin ¢
STEP) \deﬁ‘\'\?a %uw*‘mg ond dmeren\"\dé

L& .
V=e ><V=S‘ﬁx

v':e* v'= s
& osTanging vV, v,V in o couore
mokes preduct e ‘dicapnol poirs

ctera A AT T\e: 44 - udv 4 vdu
PFBP ;Ek"’a” &

(Reibic gveninthe fomla boddet)

| X =
5=6Coeac+e Swn C

C oy | ex(w 2+ Sie ) leis stoighioruosd 1
coc teke 0 Yoder & € ot

b) Find the derivative of y = 5x2 cos 3x2.
3= ‘.;::t'.z(:osgaél
2
StEP \ v=5x V= CoS 3:8 chain rU\e

0'= 10x ><v'= ~8in 3 6

v'z-6xsin 3t

STEP A y' :- '30:&39&\ 3:: +\0xces 3

- % : |0x kcos 3 - 3osin 303)
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Quotient Rule

Whatisthe quotientrule?

u(x)

= The quotientrule statesif Yyisthe quotient then
v(x)

u
Y |4
du dv
Vo, —u,_
dy ~dx dx
dx v2
= Thisis giveninthe formulabooklet
= |nfunctionnotationthis could be written
A(x)
y=—"x
2(x)
14
dy  glf (x)-flx)g'(x)
dx [g(X)]z
= Aswithproductrule, ‘dashnotation’ maybe used
u
Y |4
, v -
Y )

= Finalanswers should match the notationused throughout the question

Howdolknowwhentouse the quotientrule?

= The quotientruleis used whentryingto differentiate afraction where boththe numeratorand
denominator are functions of X

= ifthe numeratoris aconstant,negative powers canbe used
= ifthe denominatoris aconstant,treatitas afactorofthe expression

Howdolusethe quotientrule?

= Makeitclearwhat U, V, u' and V' are
= arrangingtheminasquare canhelp
= opposite diagonals matchup (like theydo forproductrule)

Page 11 of 31
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STEP1
Identifythe two functions, U and V

Differentiate both U and V withrespectto X to find Ll’ and V'

STEP2
du dv
vV —u,
dy dy dx dx
Obtain 47— byapplyingthe quotientrule formula -4 = ———(——
dx dx v2
Be carefulusing the formula - because of the minus signinthe numerator, the order of the
functions is important

Simplify the answerif straightforward orif the questionrequires a particularform

= |ntrickierproblems chainrule mayhave to be used when finding u' and V’,

O Exam Tip

= Usel, V, U' and V' forthe elements of quotient rule
= |aythemoutina'square'(imagine a2x2 grid)

= those thatare paired togetherare thenonopposite diagonals (V and U', U and V')

= Lookoutforfunctionsoftheform y = f(X)(g(X))_l
= These canbe differentiated usingacombination of chainrule and product rule
(itwould be good practice to try!)
= . butitcanalsobeseenasaquotientrule questionindisguise
= ..andviceversal!

= Aquotientcould be seenas aproduct byrewritingthe denominatoras (g(X))_1

Page 12 of 31
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@ Worked example

CoS 2Xx
3x+2

Differentiate f(X)= withrespectto X.

91 \Aen'\"s%j vand v, A'\ﬁeren*ioi‘e
v=cee 2x VERC LS

v'= =20 A ><
1 \
oppocite diospnda

v'=

choin role ch b
eee 2 Rpp S PR .
PP'Y qoo\' enl e %&x __ﬁ
(“S ie 3§\Ien inthe %’Rm)\& Boo\(\e\:)
Clocy= 32 42)(02in20) - (o8 2)(3)
L?:x-\—n)a

N %‘,‘ \m) - -ng*i) sin ¢ = 3ce8 2
(32x42)"

|
\No‘\'\\inﬁ o\:v'\ouQ}eon Yo Q'\mp\'ﬁ—a ond q:w\'\on
deeS ¥ epecs\?3 o posticolos %om)
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5.2.3Higher Order Derivatives

Second Order Derivatives
Whatisthe second orderderivative of afunction?

= |fyoudifferentiate the derivative of afunction(i.e.differentiate the functionasecond time)you
getthe second orderderivative of the function
= There are two forms of notationforthe second order derivative

- y=1f(x)
d

. el =f'(X) (First orderderivative)
dx
d?y

F = f"(X) (Second orderderivative)
X

= Note the positionofthe superscript2’s

= differentiatingtwice (so d2)withrespecttothice(so X2)
= The secondorderderivative canbe referred to simplyas the second derivative
= Similarly, the first order derivative can be just the first derivative
= Afirst orderderivative is the rate of change of afunction
= asecondorderderivativeis the rate of change of the rate of change of a function
= j.e.therate of change of the function’s gradient
= Second orderderivatives canbe usedto
= testforlocal minimumand maximum points
= helpdetermine the nature of stationary points
= helpdetermine the concavityofafunction
= graphderivatives

Howdolfind asecond orderderivative of afunction?

= Bydifferentiating twice!

= This mayinvolve
= rewritingfractions,roots, etc as negative and/orfractionalpowers
= differentiating trigonometric functions, exponentials and logarithms
= usingchainrule
= usingproduct orquotient rule

Page 14 of 31
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O Exam Tip

= Negative and/orfractional powers cancause problems when finding second derivatives so
work carefullythrougheachterm

@ Worked example
3
Giventhat f(X) =4 - \/; +—

Jx

. ' "
a) Find (X) and f (X)
P /—EREWRITE AS POWERS OF x
a f(x) =4 - x*+3x*

1
11

11
) = =%+ 3(- Hx
/E DIFFERENTIATE ONCE
1 3 /,
Loy _ 157372 TO FIND fix)
fix)=-—3X"=35Xx

-1
2

= -2t = 3=

3
moy_ 132, 9
fix)= 7%+ 7x

Vi

DIFFERENTIATE A
SECOND TIME
TO FIND f(x)

b) Evaluate f”(3).

Give youranswerinthe form ./ b where bis anintegerand ais arationalnumber.

// 9 3 5
b) f(x)=;:ﬁ+m$—/E =Gl =%

p 1 9
fRl=—=+—=
. 1243 3643
12 _ 1 BB _A3F
3643 33 3 9
#3)= 143 RATIONALISE

DENOMINATOR

Page 15 of 31
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Higher Order Derivatives
Whatismeant by higher order derivativesof a function?

= Manyfunctions canbe differentiated numerous times
= The third,fourth, fifth,etc derivatives of afunction are generally called higher order
derivatives
= |tmaynotbe possible,orpracticalto (algebraically) differentiate complicated functions more
thanonce ortwice
= Polynomials will, eventually, have higherorderderivatives of zero
= Since powers of xreduce byleachtime

Whatisthe notationforhigherorderderivatives?
= Thenotationforhigherorderderivatives follows the logic from the first and second derivatives

A o 42X

dx?

exceptthe ‘dash’(prime) notationis replaced with numbers as this would become
cumbersome afterthe first few
= e.g.the fifthderivative would be

500 or £

dx
Howdolfind a higherorderderivative of a function?

= Bydifferentiatingas manytimes as required!

= This mayinvolve
= rewriting fractions,roots, etc as negative and/orfractional powers
= differentiating trigonometric functions, exponentials and logarithms
= usingchainrule
= usingproductorquotientrule

O Exam Tip

= |fyouarerequired to evaluate ahigherorderderivative at aspecific point your GDC canhelp
= Typicallya GDC willonlywork out the firstand second derivative directly from the original
function
= But,if youwanted the fourth derivative, say,you onlyneed differentiate twice
algebraically, then call this the ‘original’ functiononyour GDC

Page 16 of 31
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@ Worked example

Itis giventhat f(x) = sin 2x.

a) Show that f4(X) = 16f(x).
I o) is Yhe FOURTH desvative
ﬁx) = Gin 2x
? (’JC) = 2cos A k\S'\n - CCQ, chain ru\e)
‘f“ (x\ = =WGin ¢ (‘ ot = -Sin, chain ro\e>
;3 \x) : -8cos 2x Yoo Shod\d netice o pattem by now...
%w kx\ = {68in 22
-F' (x\= 6%in 2 = ‘Gg?c) oS Feqo'\rec\
b)

Without furtherworking, write down an expressionfor fg(X) .

We can cee Yrom port @)
* the coeﬁ-ic\en'\‘ o? eoch devivalive i€ o power o 2
* Sin A (%{x}) i€ firolved i Jeveryy even demualive
= Sin Q¢ ¢ peSitive in every Giher even derivalive

AUIEIN AL

oo %9('3(5'- 2566\~ A
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5.2.4 Further Applications of Dieffentiation

Stationary Points & Turning Points
What is the difference betweenastationary point and aturningpoint?

= Astationary pointis apointatwhichthe gradient functionis equalto zero
= The tangent to the curve of the functionis horizontal
= Aturningpointis atype of stationarypoint,butinadditionthe functionchanges fromincreasing
to decreasing, orvice versa
= The curve ‘turns’from ‘goingupwards’to ‘goingdownwards’ orvice versa
= Turning points will eitherbe (local) minimum ormaximumpoints
= Apoint ofinflection couldalso be astationary point butis not a turning point

How do I find stationary points and turning points?

= Forthe functiony = f(X) ,stationary points canbe found using the followingprocess

STEP1

dy
Find the gradient function, d_X = f(X)

STEP2

Solve the equation Id(X) =0 to find the X-coordiante(s) of anystationary points

STEP 3
If the Y-coordaintes of the stationarypoints are also required then substitute the X -
coordinate(s)into f(X)

= AGDCwillsolve ld(X) = (0 and most will find the coordinates of turning points (minimum and
maximum points) in graphingmode

Page 18 of 31
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Testing for Local Minimum & Maximum Points
What are local minimum and maximumpoints?

= |ocalminimumand maximumpoints are two types of stationary point
= The gradient function(derivative) at such points equals zero

= je. f(X)=O
= Alocal minimumpoint, (X, f(X)) willbe the lowest value of f(X) inthe localvicinity of the value

of X
= The functionmayreachalowervalue furtherafield

= Similarly, alocalmaximum point, (X, f(X)) will be the lowest value of f(X) inthe localvicinityof

the value of X
= The functionmayreachagreatervalue furtherafield
= The graphs of manyfunctions tend to infinity forlarge values of X
(and/orminus infinity forlarge negative values of X)

= The nature of astationarypoint refers to whetheritis alocal minimum point, alocal maximum
pointorapoint of inflection

= Aglobalminimum pointwould represent the lowest value of f(X) forallvalues of X
= similarforaglobal maximum point

How do | find local minimum & maximum points?

= The nature of astationary point canbe determined using the first derivative butitis usually
quickerand easierto use the second derivative
= onlyincases whenthe second derivative is zero is the first derivative method needed

= Forthe function f(X)
STEP1

Find ld(X) and solve f(X) =0 to find the X-coordinates of anystationary points

STEP 2 (Second derivative)
Find f”(X) and evaluate itat each of the stationary points found in STEP1

STEP 3 (Second derivative)

= |f ld’(X) = () thenthe nature of the stationary point cannot be determined;use the first
derivative method (STEP 4)

= |f f"(X) > () thenthe curve of the graphof y = f(X) isconcave up and the stationary point
is alocalminimum point

= |f f”(X) <0 thenthe curve of the graph of y= f(X) isconcave downand the stationary
pointis alocalmaximumpoint
STEP 4 (First derivative)

Page 19 of 31
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Find the signofthe first derivative just eitherside of the stationarypoint; i.e. evaluate

ld(X—b) and ld(X+b) forsmall h

= Alocalminimumpoint changes the functionfrom decreasing to increasing
= the gradient changes fromnegative to positive

- f(x—h)<0, f'(x)=0, F(x+h)>0
= Alocalmaximumpoint changes the functionfromincreasingto decreasing
= the gradient changes from positive to negative

- f'(x—h)>0, f(x)=0, f(x+h)<0

= Astationary point of inflectionresults fromthe function eitherincreasingordecreasing
onbothsides of the stationarypoint
= the gradient does not change sign

« f(x—h)>0, f'(x+h)>0 or f(x—h)<0, f(x+h)<0

Page 20 of 31
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= apointofinflectiondoesnot necessarilyhave f(X) =0
= this method willonlyfind those thatdo -and are often
called horizontal points of inflection

O Exam Tip

= Examquestions mayuse the phrase “classifyturning points”instead of “find the nature of
turning points”

= UsingyourGDC to sketchthe curveis avalid test forthe nature of astationarypointinan
examunless the questionsays "show that..." orasks foran algebraic method

= Evenifrequired to show afull algebraic solutionyoucanstilluse your GDC to tellyouwhat
you're aiming forand to check yourwork

@ Worked example

Find the coordinates and the nature of any stationary points onthe graphof y = f(X) where

f(x)=2x3-3x2-36x+25.

Page 21 of 31
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At ettionary poiad  '(x)=0
¥ () = 6oc* - 6oc -36 = 6(c-2- G)
€(o-x-€)=0
k.,c-3)kx+1) =0
x=3  y=§(3)= 203)™3(3) - 3el3) + 25 - - 56
x=-2, ye “.1): 1(.1)3- 3[-2)2-3(;(-2) +25 = €9
USina the cecond denivative To determine their nafure
()= 122- €2 6 (2 V)
$'(3)= 6(2x3-1)=30>0
s 2e=3 ig a Vool minieom po'm‘\'
¢ (-2)= 6(ax-2-1)=-30+0
% 22-2 is a \oco) moxienum point
(No‘\'e‘ \n ¥his cose, bath S\b‘\'xoaofy po'm‘\'g Q\'e‘\'urh'ms po'\n‘\'s)
I Torni nog-p Om‘\'s ofe:
ook 3,-56) local mipimuen po\n'\'
-2, €8) locad maximom point

Use o 6DC o srap\w =$(oc) ond the
max,m'm Qo\v'mﬂ %ed\'ure o check the ancwere.
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5.2.5Concavity & Points of Inflection

Concavity of aFunction
What is concavity?

= Concavity is the wayinwhichacurve (orsurface)bends
= Mathematically,

= acurve is CONCAVE DOWN if f”(X) <O forallvalues of X inaninterval
= acurveis CONCAVE UPif f”(X) > (0 forallvalues of X inaninterval

O ExamTip

= Inanexamaneasywaytorememberthe differenceis:

= Concavedownis the shape of (the mouth of)asad smiley ®

= Concaveup is the shape of (the mouth of) ahappysmiley @

Page 23 of 31
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@ Worked example

The function f(X) is given by f(X) =x3-3x+2.
a) Determine whetherthe curve of the graphof y = f(X) isconcave downorconcave up at
the points where X = —2and X =2.

“oc) = - 3 +2
?(xy 3>-3
Tbe)= 6

;.u (_2) = 6x-22-12 <0 (concove dOWn>

?“ \2) 26x2:1220 kConcave up)

—
At x=-2, y=?(x) is Concave down
A =2, y=§(x)ic Concave up

Uce yoor GOC o plot the gogh o 3=$(x)
and Yo help see it Yoo anewers ofe sensible

o) Find the values of X forwhichthe curve of the graph Yy = f(X) ofis concave up.

s'“ \‘x) =0 fom pork @
Concone vp i¢ {-“ (vc) >0

6x >0 when x>0
& ye¥(x) is cencave vp for x>0

Use yoor 6OC to check your answer
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Points of Inflection

What is apoint of inflection?

= Apointatwhichthe curve of the graphof y = f(X) changes concavity is apoint of inflection
= The alternative spelling,inflexion, maysometimes be used

What are the conditions forapoint of inflection?
= Apointofinflectionrequires BOTHof the followingtwo conditions to hold

= the second derivativeiszero
« f'(x)=0

AND

= thegraphof y = f(X) changes concavity
] f”(X) changes signthrough apoint of inflection

= [tisimportantto understand thatthe first conditionis not sufficient onits ownto locate apoint
ofinflection

. ' . . .
= points where f (X) =0 could be local minimum or maximum points
= the first derivative test would be needed

= However,ifitis alreadyknown f(X) has apointofinflectionat X = &,say, then f"'(a) =0
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What about the first derivative, like withturning points?

= Apoint of inflection, unlike a turningpoint,does notnecessarilyhave to have afirst derivative

value of O ( ld(X) =0)
s [fitdoes,itisalso astationary point andis oftencalled ahorizontal point of inflection
= thetangentto the curve at this point would be horizontal
= The normaldistributionis anexample of acommonlyused functionthat has a graphwithtwo
non-stationarypoints of inflection

Howdo Ifind the coordinates of apoint of inflection?

= Forthe function f(X)
STEP1

Differentiate f(X) twice to find f”(X) and solve f"(X) =( to find the X-coordinates of

possible points of inflection

STEP2

Use the second derivative to test the concavity of f(x) eithersideof X = a

n If f”(X) <0 then f(X) is concave down
o f f”(X) >0 then f(X) is concave up

If concavitychanges, X = ais apoint of inflection

STEP 3
Ifrequired,the Y-coordinate of apointofinflectioncanbe found by substitutingthe X-
coordinate into f(X)

O Exam Tip

= Youcanfind the x-coordinates of the point ofinflectionsof Yy = f(X) by drawing the graph
y= f(X) and finding the x-coordinates of anylocal maximum orlocal minimum points

= Anotherwayis to drawthe graph y = f”(X) and find the x-coordinates of the points where
the graphcrosses (notjusttouches)the x-axis

@ Worked example

Find the coordinates of the point ofinflectiononthe graphof y = 2x3 — 18x2+24x +5.
Fullyjustifythat youransweris apoint of inflection.
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stee 1 Differentidre twice, scve §"(x)=0
ﬂx\% Q3¢ = 182> + e +5
§'(x)z 6a¢" = 36 + 20
£ ()= 12c-36
12 -36:0 when x=3

STeP 2: Utethe Second derivative Yo teal concovity
i'“ l3) =0
£ (29)< 0 (concave down)
" (31)>0 (concove up)
- CO\'\COM'\'\’Y c\womges ‘\'\'sféua\s x=3

STEP 3 The y-coordinae is fequired
§3)= 203y’ -18(2)* + 2w(3)+ 5 = -3

Cince §'(2)z0 Ang the gaph o
={lax) changes concovity. through
| =3, 4he poink (3,-3)) ic0 I
point of inflection.

Use yoor 60C o plot the gogh o 3=$(ac)
and Yo help see 1} Yoor answer is Sensible

Page 27 of 31
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

5.2.6 Derivatives & Graphs

Derivatives & Graphs

Howare derivativesand graphsconnected?

= Ifthe graphofafunction Y= f(X) is known,orcanbe sketched, thenitis also possible to

sketchthe graphs of the derivatives Yy = f(X) and y= ld'(X)
= The keyproperties of agraphinclude

= the Y-axisintercept
= the X-axisintercepts -theroots of the function;where f(X) =0

= stationary points;where ld(X) =0
= turning points - (local) minimum and maximum points
= (horizontal) points of inflection

= (non-stationary, f’(X) # () points of inflection
= asymptotes - verticaland horizontal
= intervals where the graphis increasing and decreasing
= intervals where the graphis concave downand concave up
= Not all graphs have all of these properties and not all can be determined without knowing the
expressionof the function
= Howeverquestions will provide enoughinformationto sketch
= the shape ofthe graph
= some ofthe key properties suchasroots orturningpoints

Howdolsketchthe graphof y=f ‘(x)fromthe graph of y =f (x)?

The graphof y = ld(X) will have its
= X-axisintercepts atthe X-coordinates of the stationary points of y = f(X)
= turningpoints atthe X-coordinates of the points of inflectionof y = l‘(X)

= Forintervals where Yy = f(X) isconcaveup, Y = f(X) willbe increasing

= Forintervals where Yy = f(X) isconcavedown, Y= f'(X) willbe decreasing

= Forintervals where Yy = f(X) isincreasing, Y= f(X) willbe positive

= Forintervals where Yy = f(X) isdecreasing, Y = ld(X) will be negative

Howdolsketchthegraphof y=f "(x)fromthe graph of y =f (x)?

= Firstsketchthe graphof y = ld(X) from y = f(X),as perthe above process
= Then,usingthe same process,sketchthe graphof Yy = f"(X) fromthe graphof y = f'(X)
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= There are acouple of things youcandeduce about the graphof y = f”(X) directlyfromthe
graphof y = f(X)

= Thegraphof Yy = f”(X) will have its X -axis intercepts at the X-coordinates of the points
of inflectionof Yy = f(X)

= Forintervals where Yy = f(X) isconcaveup, Y = f”(X) willbe positive

= Forintervals where Yy = f(X) isconcavedown, Y= f”(X) willbe negative

Isit possibleto sketchthegraphof y =f (x)from the graph of aderivative?
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Itis possible to sketchagraphof Yy = f(X) byconsidering the reverse of the above
= Forintervals where Yy = Id(X) is positive, Y = f(X) will be increasing butis not necessarily
positive
= Forintervals where Yy = Id(X) is negative, Yy = f(X) willbe decreasing butis not
necessarilynegative
= Rootsof y= f(X) give the X-coordinates of the stationary points of Yy = l‘(X)
There are some properties of the graphof Yy = f(X) that cannot be determined from the graph
of y=1£'(x)
= the Y-axisintercept
= theintervals forwhich y = f(X) is positive and negative

= theroots ofy=f(X)
Unless aspecific point the curve passes throughis known, the constant of integrationcannot
be determined

= the exactlocationof the curve willremainunknown

= bputitwill stillbe possible to sketchits shape

If starting from the graph of the second derivative, y = f"(X), itis easierto sketchthe graphof
Y= ld(X) first,thensketch y = 1(X)

@ Worked example

The graphof y = f(X) is showninthe diagram below.

4 y = f(x)

Onseparate diagrams sketchthe graphs of y = ld(X) and y = f”(X),IabeIIing anyroots and
turning points.
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KC\/ ‘?eot\'u\' [S3) %Bm 8rop\~. o? 3‘-? (fx) ofe:

® loca\ moxinom and local miovenum
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