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Exam Papers Practice

5.2.1Differentiating Special Functions

Differentiating Trig Functions

Howdoldifferentiate sin,cosandtan?

) d
= Thederivative of ¥y = SIN X is d—';’ = COS X
dy _ .
= Thederivative of ¥ = COS X is a = —8§h X

The derivati f tan xi dy 1
L] e derivative o = s —— = ——F——
4 dx cos?x

= Thisresult canbe derived using quotient rule
= Allthree of these derivatives are giveninthe formulabooklet

= Forthe linear function ax + b,where dand bare constants,

= thederivativeof y = sin(ax+b) is % = acos(ax+b)

d
= thederivative of y = cos(ax +b)is d—';’ = —asin(ax+b)

= thederivative of y = tan(ax+b)is % = W:X_I_b)

= Forthe generalfunction f(X)

« thederivative of y = sin(f(x))is % =f (x) cos(f(x))

« thederivative of y = cos(f(x))is % = — f'(x)sin(£(x))

» the derivative of y = tan(£(x)) is % = ﬁ

= Theselastthree results canbe derived using the chainrule
= Forcalculus withtrigonometric functions angles must be measured inradians
= Ensure youknowhow to change the angle mode onyourGDC

O Exam Tip

= Assoonasyouseeaquestioninvolvingdifferentiationand trigonometry put your GDC into
radians mode
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@ Worked example

a) Find Id(X) forthe functions

i, f{x)=sin x
i f(x)=cos(5x+1)

\.

s' \x\ = Cot ¢

fley= -5sin(5x +) \Linear Jundtion coc+b)

Tt
b) Acurve has equation y = tan (6X2 i —) .

Uh T4
AN

Find the gradient of the tangent to the curve at the pointwhere X = — .

2

Give youransweras an exactvalue.

Theie og— Pre ?’c\’m Y= fan u{x\)
So dy = Y(T’)
dec Coslk?(x»
flo): €

g’ %‘(x): \20c
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Differentiating e *x & Inx

Howdoldifferentiate exponentialsandlogarithms?

Y
= Thederivativeof Yy =€%Xis —— =eXwherex ER

dx
dy 1
» Thederivativeof ¥y =1In Xis a = X where x>0

= Forthelinear function 8X + b,where dand b are constants,

dy
= the derivative of y=e(‘“+b)is dx = gelax+b)

o ~dy a
= the derivative of y—]n(ax+ b) is dx - (ax+b)
y 1
= inthe specialcase b=0, — = — (d'scancel)
dx x

= Forthe generalfunction f(X)
d
= thederivative of y = ef(x)is d—;’ =f'(X)ef(X)

dy f'(x)
dx  f(x)

= Thelasttwo sets ofresults canbe derived usingthe chainrule

» thederivativeof y=In(f(x))is

O Exam Tip

= Rememberto avoid the commonmistakes:

1 k

= the derivative of In kXWithrespecttoXis — ,NOT —
X X

= the derivative of kX withrespect to X is kekX NOT kxekx —1
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@ Worked example
Acurve has the equation y = e 3x+ 1401 5x.

Find the gradient of the curve at the pointwhere X = 2 gvingyouranswerinthe form

y=a+t bec,where a, b and careintegers to be found.

4 €7 +2(ln 5a)

S 3= ea( )

dx
J - Novyetaeserty, special
. " euxﬂ:’ i’ ™™ o co%e b=0. s:: ’L‘

Bboe=2 dy. _3-3)+ 4 2 - 3,74

dx 2
A ,lSOor GDC woy bedbdle
“ GraA'leﬂt & =2 e |-3e:5 ‘\'o %DA 3—06'\86\3 ‘)ok
ie. a=\, b=-3 €=-5 PE\DOHSM\C '\(\'.\'\’&
I O N W GXQC'\' VQC\U\Y'ed.
oo chl W o check
OPPEXINESE OrEwers

thoush.
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5.2.2Techniques of Differentiation

ChainRule

Whatisthe chainrule?

» Thechainrule statesif Yisafunctionof Wand WUisafunctionof Xthen
y = f(u(x))
dy dy du
= X
dx du dx

= Thisis giveninthe formulabooklet

= |Infunctionnotationthis could be written

y = flg(x))

= (e )

Howdo lknowwhentousethechainrule?

= Thechainruleisused whenwe are tryingto differentiate composite functions
= “functionofafunction”

= these canbe identified as the variable (usually X) does not ‘appearalone’
= Sin X-nota composite function, X ‘appears alone’

« sin(3x +2) is acomposite function; X is tripled and has 2 added to it before the sine
functionis applied

Howdolusethechainrule?

STEP1
Identify the two functions

Rewrite Y as afunctionof U; Y= f(u)
Write U as afunctionof X; U =g(X)

STEP2
dy
Differentiate Yy withrespectto U to get d_
u
Page 5 of 27
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du
Differentiate U withrespectto X to get d_
X
STEP3
dy dy dy du
Obtain 7 byapplyingthe formula 5 — = —7— X —— and substitute U backinforg(X)
dx dx du dx

= Intrickierproblems chainrule mayhave to be applied more thanonce
Arethere anystandardresultsforusing chainrule?

= There are five generalresults that canbe useful

i y= () then 1 =t ()G

d ’
. Ify=ef(X)then d_i(/ =f (x)e £(x)

1 y=In(r() then L = 1;((;‘))
e 1t y = sin(f(x)) then % = £ (x)eos(F(x))
e 1t = cos(F(x)) then % = — £ (sin(F(x)

O ExamTip

= Youshould aimto be able to spotand carryout the chainrule mentally (ratherthanuse
substitution)
= everytimeyouuseit,sayitto yourselfinyourhead
“differentiate the first function ignoring the second, then muitiply by the derivative of the
second function”
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@ Worked example

a) Find the derivative of y = (x2-5x+7)7.

STee \den‘\'\% e two ?‘unc\"one and recarice

3 = 07 ie. ?‘u\-"o-r
0= o -5+ \e. s(xy % -6+
seP2 Fed dy and du.
v .

d
% = 1,° ;': = 2¢-5
cer3  Ppply chainole, dy dy , do
ot du &<
Chain role i¢ in the Jormdla bocklet

d
3. 7 (ae-5)
ond sobshove o back Sor of=)

V. X .
;ﬂ; = 7\290-5)\30 - 5x+7)

E S VTUA WA AR e v

b) Find the derivative of y = sin(ezx).

P N
Y = Gin (e ) diﬁa‘eﬁ\‘ud\'e Sin [, \anore eh'

fa} 2 92 \ "
6_3 = CoS ke x) % 28 * ' oo W“"u‘)\y \7y det‘ivoi‘-ue & eh...
2T

l& N oxtbe 9.‘.:[. oxth !l
j’ c , dCL= ae
or \Jﬂ C\pp\ﬂ\ﬂa cAhoin O\e Ogcfm
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Product Rule

Whatisthe productrule?

= Theproductrulestatesif Vis the productoftwo functions U(X) and V(X) then

y=uv
dy _ dV+ du
dx  Ydx " Vidx

= Thisis giveninthe formulabooklet
= |nfunctionnotationthis could be writtenas

y=fx)g(x)

L = (e () + 2 ()

= ‘Dashnotation’maybe used as ashorterwayof writing the rule
y=uv

I4 4 ’
y =uv +vu

= Finalanswers should match the notationused throughout the question

Howdolknowwhentouse the productrule?

= The productruleisused whenwe are trying to differentiate the product of two functions
= these caneasilybe confused withcomposite functions (see chainrule)

] sin(cos X) isacomposite function, “sinofcos of X”
= SIN XCOS Xisa product, “sin xtimes cos X”

Howdolusethe productrule?

= Makeitclearwhat U, V, u' and V' are
= arrangingtheminasquare canhelp
= opposite diagonals matchup

STEP1
Identifythe two functions, Uand V

Differentiate both 11 and V withrespectto X to find u and v'

STEP 2
dy dy dv

Obtain d_ byapplyingthe productrule formula = =u—— +v——
X

dx dx

du
dx

Simplify the answerif straightforward to do so orif the questionrequires a particularform

= Intrickierproblems chainrule mayhave to be used when finding u' and V'

Page 8 of 27
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O ExamTip

= Usel, V, Ll' and V' forthe elements of productrule
= laythemoutina'square'(imagine a 2x2 grid)

. . . ! !
= those thatare paired togetherare thenonopposite diagonals (I and V', Vand U )
= Fortrickierfunctions chainrule maybe reuqgired inside productrule
= j.e. chainrule maybe needed to differentiate  and V

@ Worked example

a) Find the derivative of y =eXsin x.
%
y=e Sinx
STEP ) \dea‘\‘ﬁ\—j %uw*‘mg ond d'\??e\’en\"\d\é

o=e’°><v=6in:c

J:=e* v'=Ccoexe
& osTanging vV, o,V i 0 Squose
mokes preduct e ‘dicapnc poire

2 A Froe: d av 4 vdo'
CTer P%Pﬁaw e _d{ﬂ;u;ﬁ.\.\la

(Reikie S'Neﬁ nthe Si'mm\a ‘aoo\(\e\:)

T 2T,
g'=ec«>esc+e S\wn C

L . |

&y . ex(w e} ¥ x) : eic s\"aia\w\%mma\‘\b
doc Yeke o Jod¥er & €* ot

o

b) Find the derivative of y = 5X2 coS 3X2.
y St cos
2
STEP v=5x V= CoS 3:{k chain rUle

0'= 10 ><v'= -sin 3 4 6x

‘- - GxSin 3t

STEP 2 y' =-'3O::,3f5in3ar,’L + \0xcoes 3

25 | ot 3 3P 3]
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Quotient Rule

Whatisthe quotientrule?

u(x)

= The quotientrule statesif yisthe quotient then
v(x)

_u

y_V

du _ dv
Q_de udx
dx v2

= Thisis giveninthe formulabooklet
= |nfunctionnotationthis could be written

_w
ey
dy _ g(x)f’(x) -f(x)g'(x)

dx [e(x)]?

= Aswithproductrule, ‘dashnotation’ maybe used

_u
"

v —uv!
y E—
V2

= Finalanswers should matchthe notationused throughout the question

Howdolknowwhentouse the quotientrule?

= The quotientruleis used whentryingto differentiate afraction where boththe numeratorand
denominator are functions of X

= jfthe numeratoris aconstant,negative powers canbe used
= jfthe denominatoris aconstant,treatitas afactorofthe expression

Howdoluse the quotientrule?

= Makeitclearwhat U, V, u' and V' are
= arrangingtheminasquare canhelp
= opposite diagonals matchup (like theydo forproductrule)

Page 10 of 27
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STEP1
Identify the two functions, Uand V

Differentiate both U and V withrespectto X to find Ll' and V’

STEP2
du dv
Vv —u—;
dy dy dx dx
Obtain —5— byapplyingthe quotientruleformula —4— = ———(—
dx dx V2
Be carefulusing the formula - because of the minus signin the numerator, the order of the
functionsis important

Simplify the answerif straightforward orif the questionrequires a particularform

= Intrickierproblems chainrule mayhave to be used when finding u' and V',

O Exam Tip

= Usel, V, U'and V' forthe elements of quotient rule
= |laythemoutina'square'(imagine a2x2 grid)

= those thatare paired togetherare thenonopposite diagonals (V and U', U and V')

= Lookoutforfunctionsoftheform y = f(X)(g(X))_l
= These canbe differentiated usingacombinationof chainrule and product rule
(itwould be good practice to try!)
= . butitcanalsobeseenasaquotientrule questionindisguise
= _.andvice versal!

= Aquotientcould be seenas aproductbyrewritingthe denominatoras (g(X))_1

Page 11 of 27
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@ Worked example

CcoS 2Xx
3x+2

Differentiate f(X)= withrespectto X.

STER) \39“'\"‘?3 vond v, A'\ﬁeren\'toi’e
V= cos 2x VERC L}

v'= =2A80in A ><
) \
oppog'ke d'\cefmnh

choin role ondYth op
cer 2 Peg ienr rle oy Y-t
Py opoi b

v'=

2
v

(“S tie s'weﬁ nthe %mm\o‘ \aoo\(\e\:)

S‘(\x) = (Bxa2)l2sin )~ (cos2o)(3)
L?nt:-\—'.l)1

“ ¥l ‘QE"—*J) sin 2oc = 3ce8 2
(3 22)"

\No\'\\irﬁ o\)v'\ouglecey Yo Q'\mp\'\?a ond D@)&‘\'\Dﬁ
AceS oot cpec% o posticolos %orm)
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5.2.3Related Rates of Change

Related Rates of Change
What is meant by rates of change?

= Arate of changeis ameasure of how a quantityis changingwithrespectto anotherquantity
= Mathematicallyrates of change are derivatives

dv

] could be the rate at which the volume of a sphere changes relative to how its radius is

dr
changing
= Contextisimportant wheninterpreting positive and negative rates of change
= Apositiverate of change would indicate anincrease
= e.g.thechangeinvolume of wateras abathtub fills
= Anegativerate of change would indicate adecrease
= e.g.thechangeinvolume of waterinaleakingbucket

Whatismeantbyrelatedrates of change?

= Relatedrates of change are connected byalinking variable or parameter
= thisis usuallytime,represented by
= secondsis the standard unit fortime but this willdepend oncontext
= e.g. Waterrunninginto alarge bowl
= boththe heightand volume of waterinthe bowlchange with time
= timeis thelinking parameter

Howdo Isolve problemsinvolvingrelatedrates of change?

= Useofchainrule
—ow) u=fl) » L=
Y=g dx du dx
= Chainruleis giveninthe formulabooklet inthe formatabove
= Differentletters maybe used relative to the context
= eg. Vforvolume, S forsurface area, hforheight, I'forradius
= Problems ofteninvolve one quantity being constant
= so anotherquantitycanbe expressedinterms of a single variable
= this makes findingaderivative aloteasier
= Fortime problems atleast,itis more convenientto use
dy dx dy
- - =
dt dt dx

Page 13 of 27
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dx dy
and ifitis more convenientto find —7— than —5—thenuse chainruleinthe form
dy dx
dy dx dx
dt dr ~dy

= Neither of these alternative versions of chainrule are inthe formulabooklet

STEP1
Write downthe rate of change givenand the rate of change required
(If unsure of therates of change involved, use the units givenas aclue

d/

dt

e.g. m s~! (metres persecond)would be therate of change of length, pertime,

STEP2

Use chainrule to formanequationconnectingthese rates of change with a third rate
The third rate of change will come from arelated quantity such as volume, surface area,
perimeter

STEP3

Write down the formula forthe related quantity(volume, etc) accounting forany fixed
quantities

Find the third rate of change of the related quantity (derivative) using differentiation

STEP4
Substitute the derivative and knownrate of change into the equationand solve it

O Exam Tip

If youstruggle to determine whichrate to useinanexamthenyoucanlookat the units to help

dVv

= e.g. Arateof 5cm3 persecond implies volume pertime so the rate would be ——

dt

Page 14 of 27
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@ Worked example

Acuboid has asquare cross-sectional areaof side length X cmand afixed height of 5cm.
The volume of the cuboid is increasing at arate of 20 cm3s-1.
Find the rate at which the side lengthis increasing at the point whenits side lengthis 3 cm.

oTer 1 Wite down rates o%d'\anae gven and Tequired

N . 10 (Unite ore o Welome) & (per cecona))
ac

dx is fequired

ok

creen: Form eqﬁ‘-on 'from chain rle 0nd & $hird ‘c°"‘“e°'\f"‘.’.\' e
AV _ dx &N

dt At dw

oree 3 Formola for koRing qooﬂ’f‘c\y, ond its defivaive
Nidume koﬁ—uw\ao'\é) ic ¥he Yok
V= o550 (Croms-ceckion & oqpose, heidht & Cong‘\'an\-)
Diﬁe"ed\’ioﬂ'e, cﬂ = \Ox
da

otee w: Sobehiute ond sdlve

&N dx v
& db dx

20= %= x 10(3)
dt R— x, de leaghhic 3

... d

dk

2 -\
== CMmSs
3
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5.2.4 Second Order Derivatives

Second Order Derivatives
Whatisthe second orderderivative of a function?

= |fyoudifferentiate the derivative of afunction(i.e.differentiate the functionasecond time)you
getthe second orderderivative of the function
= There are two forms of notationforthe second orderderivative

- y=1x)

dy
. =1d(X) (First orderderivative)
dx
d2y
—2 = f”(X) (Second orderderivative)
dx

= Note the positionofthe superscript2’s

= differentiatingtwice (so d2)withrespectto X twice (so X2)
= The secondorderderivative canbereferred to simplyas the second derivative
= Similarly, the first order derivative canbe just the first derivative
= Afirstorderderivative is therate of change of a function
= asecondorderderivativeis therate of change of the rate of change of afunction
= j.e.therate of change of the function’s gradient
= Secondorderderivatives canbe usedto

= testforlocalminimumand maximum points

= helpdetermine the nature of stationarypoints
= determine the concavityofafunction

= graphderivatives

Howdolfind asecond orderderivative of afunction?

= Bydifferentiating twice!

= This mayinvolve
= rewritingfractions,roots, etc as negative and/orfractionalpowers
= differentiating trigonometric functions, exponentials and logarithms
= usingchainrule
= usingproduct orquotientrule

Page 16 of 27
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O Exam Tip

Negative and/orfractional powers can cause problems when finding second derivatives so
work carefullythrougheachterm

@ Worked example

3
Giventhat ﬂx) =4 —\/;+ ﬁ

3  Find £(x)and £'(x).
A flx) =4 —xP +3x2 /_EREWR'TE AS POWERS OF x

14 A

Flx) = =% + 3 Dix*
/*‘ DIFFERENTIATE ONCE

1 3 /
nov_ 1,2 3.2 TO FIND fix)
fix)=-—2%x"—35Xx

A 3B

i = ~ ST = 3=

3
F = 25% + 9x DIFFERENTIATE A
SECOND TIME

TO FIND x)

b) Evaluate f”(3).
Give youranswerinthe form a+/ b where bis anintegerand ais arationalnumber.

u 1 9 3 5
b) f(X)=W+W 4)8:)«6? x2=x24x"

" 1 9
3 =—= + ==
3 1243 3643
_ 12 _ 1 A3 _dA3
3693 343 {3 9
£13) = 4@@ RATIONALISE

DENOMINATOR
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5.2.5Further Applications of Differentiation

Stationary Points & Turning Points
What is the difference betweenastationary point and aturningpoint?

= Astationary pointis apoint at which the gradient functionis equalto zero
= The tangent to the curve of the functionis horizontal
= Aturningpointis atype of stationarypoint, butinaddition the functionchanges fromincreasing
to decreasing, orvice versa
= The curve ‘turns’from ‘goingupwards’to ‘goingdownwards’ orvice versa
= Turning points will eitherbe (local) minimum ormaximum points
= Apoint ofinflection couldalso be astationary point butis not a turning point

How do I find stationary points and turning points?

= Forthefunctiony = f(X),stationary points canbe found using the followingprocess

STEP1
dy_

3 ')

Find the gradient function,

STEP2
Solve the equation f(X) =0 to find the X-coordiante(s) of anystationary points

STEP3
If the Y-coordaintes of the stationarypoints are also required then substitute the X -
coordinate(s)into f(X)

= AGDCwillsolve ld(X) = () and most will find the coordinates of turning points (minimum and
maximum points) in graphingmode

Page 18 of 27
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Testing for Local Minimum & Maximum Points
What are local minimum and maximumpoints?

= |ocal minimumand maximumpoints are two types of stationary point
= The gradient function(derivative) at such points equals zero

= je. ld(X) =0
= Alocalminimumpoint, (X, f(X)) will be the lowest value of f(X) inthe localvicinity of the value
of X
= The functionmayreachalowervalue furtherafield
= Similarly, alocal maximum point, (X, f(X)) will be the lowest value of f(X) inthe localvicinityof
the value of X
= The functionmayreachagreater value furtherafield
= The graphs of manyfunctions tend to infinity forlarge values of X
(and/orminus infinity forlarge negative values of X)

= The nature of astationarypointrefers to whetheritis alocalminimum point, alocalmaximum
pointorapoint of inflection

= Aglobalminimum pointwould represent the lowest value of f(X) forallvalues of X
= similarforaglobal maximum point

How do | find local minimum & maximumpoints?

= The nature of astationary point canbe determined using the first derivative butitis usually
quickerand easierto use the second derivative
= onlyincases whenthe second derivative is zero is the first derivative method needed

= Forthe function f(X)
STEP1

Find f(X) and solve ld(X) =0 to find the X-coordinates of anystationary points

STEP 2 (Second derivative)
Find f"(X) and evaluate itateach of the stationarypoints found in STEP 1

STEP 3 (Second derivative)

= |f f”(X) = () thenthe nature of the stationary point cannot be determined;use the first
derivative method (STEP 4)

= |f f”(X) > () thenthe curve of the graphof y = f(X) isconcave up and the stationary point
is alocalminimum point

= |f f”(X) <0 thenthe curve of the graphof y= f(X) isconcave downand the stationary

pointis alocal maximum point
STEP 4 (First derivative)

Page 19 of 27
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Find the signof the first derivative just eitherside of the stationarypoint; i.e. evaluate

f(X—h) and ld(X+b)forsmaII]1

= Alocalminimumpoint changes the functionfrom decreasing to increasing
= the gradient changes fromnegative to positive

- f(x—-h)<0, f'(x)=0, f(x+h)>0
= Alocalmaximumpoint changes the functionfromincreasingto decreasing
= the gradient changes from positive to negative

« f'(x—h)>0, f(x)=0, f(x+h)<0

= Astationary point of inflectionresults fromthe function eitherincreasingordecreasing
onbothsides of the stationarypoint
= the gradient does not change sign

« f(x-h)>0, f'(x+h)>0 or f(x—h)<0, f(x+h)<0

Page 20 of 27
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= apointofinflectiondoesnot necessarilyhave Id(X) =0
= this method willonlyfind those thatdo -and are often
called horizontal points of inflection

O Exam Tip

= Examquestions mayuse the phrase “classifyturning points”instead of “find the nature of
turning points”

= UsingyourGDC to sketchthe curveis avalid testforthe nature of astationarypointinan
examunless the questionsays "show that..." orasks foran algebraic method

= Evenifrequired to show afullalgebraic solutionyoucanstilluse your GDC to tellyouwhat
you’re aiming forand to check yourwork

@ Worked example

Find the coordinates and the nature of any stationary points onthe graphof y = f(X) where

(x)=2x3-3x2-36x+25.

Page 21 of 27
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At chshionary poiatd {'(x)=0
Y () = 6> - 6o -36 = 6(>¢-2- G)
€(oc-x-€)=0
bc-3)kac+1) =0
x=3  y=§(3)= 203)>3(3) - 3e(3) ~ 25 - - 56
x=-2, ye §la)= 202)-3(a) -3¢k2) +25 - 69
Usa«.a the cecond defivative To delerimine their ncture
()= 122c- €= 6(25c 1)
S;—“ (3\ = 6(243-1)=30>0
%223 ig o Voco) micieom point
$(2)= 6(2x-2-1)=-30<0
% 2=2-2 is a \ocol moxitnoen point
(Né\'e'- \n this cose, bt S\'d\'xomfy po'm‘\g ofe ‘\'urh'ms po'm‘\'s)
| Tt'n'nins pcin‘\‘s ofe: 1
|.---\3,-56) local minimum poiot
-2, €8) locad maximom point

Use o 60C to gr’ap\—u =$(oc) ond the
mco(,m'm Qo\v'ma %:ed‘wfe o dwec\< the anowere.
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5.2.6 Concavity & Points of Inflection

Concavity of aFunction
What is concavity?

= Concavity is the wayinwhichacurve (orsurface)bends
= Mathematically,

= acurve is CONCAVE DOWN if f”(X) <O forallvalues of X inaninterval
= acurveis CONCAVE UPif f”(X) > (0 forallvalues of X inaninterval

O ExamTip

= Inanexamaneasywaytorememberthe differenceis:

= Concavedownis the shape of (the mouth of)asad smiley ®

= Concaveup is the shape of (the mouth of) ahappysmiley @
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@ Worked example

The function f(X) is given by f(X) =x3-3x+2.
a) Determine whetherthe curve of the graphof y = f(X) isconcave downorconcave up at
the points where X = —2and X =2.

“oc) = - 3 +2
?(xy 3>-3
Tbe)= 6

;.u (_2) = 6x-22-12 <0 (concove dOWn>

?“ \2) 26x2:1220 kConcave up)

—
At x=-2, y=?(x) is Concave down
A =2, y=§(x)ic Concave up

Uce yoor GOC o plot the gogh o 3=$(x)
and Yo help see it Yoo anewers ofe sensible

o) Find the values of X forwhichthe curve of the graph Yy = f(X) ofis concave up.

s'“ \‘x) =0 fom pork @
Concone vp i¢ {-“ (vc) >0

6x >0 when x>0
& ye¥(x) is cencave vp for x>0

Use yoor 6OC to check your answer
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Points of Inflection

What is apoint of inflection?

= Apointatwhichthe curve of the graphof y = f(X) changes concavity is apoint of inflection
= The alternative spelling,inflexion, maysometimes be used

What are the conditions forapoint of inflection?
= Apointofinflectionrequires BOTHof the followingtwo conditions to hold

= the second derivativeiszero
« f'(x)=0

AND

= thegraphof y = f(X) changes concavity
] f”(X) changes signthrough apoint of inflection

= [tisimportantto understand thatthe first conditionis not sufficient onits ownto locate apoint
ofinflection

. ' . . .
= points where f (X) =0 could be local minimum or maximum points
= the first derivative test would be needed

= However,ifitis alreadyknown f(X) has apointofinflectionat X = &,say, then f"'(a) =0
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What about the first derivative, like withturningpoints?

= Apoint ofinflection, unlike aturning point,does notnecessarilyhave to have afirst derivative

value of O ( F(X) =0)
= Ifitdoes,itisalso astationary point andis oftencalled ahorizontal point of inflection
= the tangentto the curve at this point would be horizontal
= The normaldistributionis anexample of acommonlyused functionthat has a graphwithtwo
non-stationarypoints of inflection

Howdo Ifind the coordinates of apoint of inflection?

= Forthe function f(X)
STEP1

Differentiate ﬂx) twice to find f”(X) and solve Id’(X) =0 to find the X-coordinates of

possible points of inflection

STEP2

Use the second derivative to test the concavity of f(X) eithersideof X = a4

o f f”(X) <0 then f(X) is concave down
w f f”(X) >0 then f(X) is concave up

If concavitychanges, X = dis apoint of inflection

STEP3
Ifrequired,the Y-coordinate of apointofinflectioncanbe found by substitutingthe X-
coordinateinto f(X)

O ExamTip

= Youcanfind the x-coordinates of the point of inflections of Yy = f(X) by drawing the graph
y= f(X) and finding the x-coordinates of anylocal maximum orlocal minimum points

= Anotherwayis to draw the graph y = f”(X) and find the x-coordinates of the points where
the graphcrosses (notjusttouches)the x-axis

@ Worked example

Find the coordinates of the point ofinflectiononthe graphof y = 2x3 — 18x2+24x +5.
Fullyjustifythat youransweris apoint of inflection.
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stee 1. Differentidre twice, scve §"(x)=0
() = 23c® = 182> + e +5
§'(e)z 6= 36 + 20
£ )= 12c-36
122¢-36:0 when x=3

STEP 2: Utethe Second derivative Yo Yest concovity
;o\ \3) =0
£ (29)< 0 (concove down)
" (31)>0 (concove up)
COﬁco.v‘\‘\'Y c\namaes -“'\rbus\w =3

oer 3 The y‘Coor’Aﬁncﬂ'e \¢ Feguited
%(3): 1\3)3'\9(3)3 + M (3)+5=-3)

Cince §'(2):0 Ann the §aph o
\f'ﬂ‘x) changes concovity through
|23, dhe poink (3,-31) i a {

point of inflection.

IS riavuce

Uce yoor GOC Yo p\d\‘ the Scbp\'o o? 3=¥(9c)
and Yo help see 1} Yoor antwer is sensible

Page 27 of 27
For more help visit our website www.exampaperspractice.co.uk



