
5.12 Further Limits (inc l'Hôpital's Rule)

AA HL



5.12.1 Further Limits

l'Hôpital's Rule

What  is l’Hôpit al’s Rule?

l’Hô pital’s rule  is a metho d invo lving calculus that allo ws us to  find the value o f certain limits

Specifically, it allo ws us to  attempt to  evaluate the limit o f a quo tient 
f (x)

g (x)

 fo r which o ur usual

limit evaluatio n techniques wo uld return o ne o f the indeterminate f o rms
0
0  o r 

±∞
±∞

.

How do I evaluat e a lim it  using  l’Hôpit al’s Rule?

STEP 1: Check that the limit o f the quo tient results in o ne o f the indeterminate fo rms given abo ve

I.e., check that lim
x→a

f (x)

g (x)

=
f (a)

g (a)

=
0
0  o r 

±∞
±∞

STEP 2: Find the derivatives o f the numerato r and deno minato r o f the quo tient

STEP 3: Check whether the limit lim
x→a

f '(x)

g'(x)

 exists

STEP 4: If that limit do es exist, then  lim
x→a

f (x)

g (x)

= lim
x→a

f '(x)

g'(x)

STEP 5: If lim
x→a

f '(x)

g'(x)

=
f '(a)

g'(a)

=
0
0 o r 

±∞
±∞

 then yo u may repeat the pro cess by co nsidering 

lim
x→a

f ''(x)

g''(x)

 (and po ssibly higher o rder derivatives after that)

As lo ng as the limits co ntinue giving indeterminate fo rms yo u may co ntinue applying

l’Hô pital’s rule

Each time this happens find the next set o f derivatives and co nsider the limit again

Exam T ip

So me limits o f an indeterminate fo rm can also  be evaluated using the Maclaurin series  fo r

the numerato r and deno minato r

If an exam questio n do es no t specify a metho d to  use, then yo u are free to  use whichever

metho d yo u prefer
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Worked example

Use l’Hô pital’s rule to  evaluate each o f the fo llo wing limits:

a)        lim
x→0

sin x
ex−1

.

b)        lim
x→0

x3

−2x+sin 2x .
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Limits Using a Maclaurin Series

How do I evaluat e a lim it  using  Maclaurin series?

Limits o f the fo rm lim
x→a

f (x)

g (x)

 o r lim
x→∞

f (x)

g (x)

 may so metimes be evaluated by using Maclaurin

series

Usually this will be in a situatio n where attempting to  evaluate the limit in the usual way returns an

indeterminate f o rm
0
0  o r 

±∞
±∞

.

In such a case:

STEP 1: Find the Maclaurin series fo r f (x)  and g (x)

STEP 2: Rewrite 
f (x)

g (x)

 using the Maclaurin series in the numerato r and deno minato r

STEP 3: Use algebra to  simplify yo ur new expressio n fo r 
f (x)

g (x)

 as far as po ssible

STEP 4: Evaluate the limit using yo ur simplified fo rm o f the expressio n

Exam T ip

So me limits o f an indeterminate fo rm can also  be evaluated using l’Hô pital’s Rule

If an exam questio n do es no t specify a metho d to  use, then yo u are free to  use whichever

metho d yo u prefer
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Worked example

Use Maclaurin series to  evaluate the limit

lim
x→0

x3

−2x+sin 2x
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