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5.12.1Further Limits

I'Hopital's Rule
Whatis|’Hopital’s Rule?

= |’Hopital’s rule is amethod involving calculus that allows us to find the value of certain limits

f(x)

= Specifically,itallows us to attempt to evaluate the limit of aquotient g(X) forwhich ourusual

0 + oo
limit evaluation techniques would returnone of the indeterminate forms —_ or

0

oo

I+

Howdo levaluate alimit using I’Hopital’s Rule?

= STEPT:Checkthat the limit of the quotientresultsinone of the indeterminate forms givenabove
. fix) fla) 0 +oco
= le,checkthatllM~—F7 ~y=——F7 = s or——
X_,ag(x) gla) 0 oo

= STEP 2:Find the derivatives of the numeratorand denominatorof the quotient

- ')
= STEP 3:Checkwhetherthe limit lim —7— exists
x>a8 (%)

flx) . f'(x)

= STEP4:Ifthatlimitdoes exist,then lim —7—~ = lim —;
28X L, e'(%)
 flx) f(a) 0 +o00
= STEPS5:If lim = = —or—— thenyoumayrepeat the process byconsidering

' o Y

a8 (x) gla 0 #oo

i "'(x)
m — -, (

r

xoa8(x)

= Aslongas thelimits continue givingindeterminate forms you may continue applying
I'H6 pital’s rule
= Eachtime this happens find the next set of derivatives and considerthe limit again

and possiblyhigherorderderivatives afterthat)

O Exam Tip

= Somelimits of anindeterminate formcanalso be evaluated using the Maclaurinseries for
the numeratorand denominator

= Ifanexamquestiondoesnotspecifyamethod to use,thenyouare free to use whichever
method you prefer
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@ Worked example

Use I’'HO6pital’s rule to evaluate each of the following limits:

" sin x
a) m——.
X —
x-0° 1
If(ﬂ
 lim Sinx _ sia(0) o swdatarsiwed
STEP 1: _ o reaTii e = 5 o -
9(x)
STEP 2: f’:(s:n x) = cos x :‘AT(Q"- \) = o
. i COS X ces(O) _ U . ;
STER G ity o= = S22 >0 =T = | euait exists
lim  SI0X
STEP 4 : _ -
X0 e*-| \ '
l X
b) 1m N .
-0 ~2x+sin2x
3 3
. *r 0 Io) cad .
I = P (e Qter-v-lna:te
STEP 1: o S0505: 2 x ARG o Faren

STEP 2: T‘L(Xa) = 3x" A—i— (-2x + 5'-n7_x) = -0+ LecosLx

O TS 1) N

[o)
X=20 -2%*2cos2x -L*2cs0 O

STEP 3: i

STEP U(’: T\-st ‘;"\‘It ;5 .st-” on 'nm:lettrm-lno-te ’?orrn, 50

?roceeé I. STEP 5.

J = =
TN

EREF BY oth TRinn T oland — o

Thal's 5ti“ on '\ﬂAEtefﬂ;natQ ‘form, so rerﬁmt asa;n'-

4 s

T G _ Co . q ™ (.(97‘) (D

WeNSEICes o = gl = A (Hsindx)= -8 eos X
BTS

And thot limit exists, so
3
liem X S
X=20 ~Lx+sinln Y%
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Limits Using a Maclaurin Series

Howdo levaluate alimitusing Maclaurinseries?

) fx)
= Limits of the form l1m ﬂ or lim ﬁ may sometimes be evaluated by using Maclaurin
X—>a X >0

series
= Usuallythis willbe inasituationwhere attempting to evaluate the limitin the usual wayreturns an
0 +oo

indeterminate form —— or .
0 + 00

= Insuchacase:
= STEPT:Find the Maclaurinseries forf(X) and g(X)

f(x)
= STEP 2:Rewrite (X) using the Maclaurin series in the numeratorand denominator
(x)
2(x)

= STEP 4:Evaluate the limit usingyoursimplified form of the expression

= STEP 3:Use algebrato simplifyyournew expressionfor as faras possible

O Exam Tip

= Somelimits of anindeterminate formcan also be evaluated usingl’Hopital’s Rule
= |fanexamqguestiondoes notspecifyamethodto use,thenyouare free to use whichever
method you prefer
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@ Worked example

Use Maclaurinseries to evaluate the limit

l x
m X
x>0 —2x*sin2x
Maclaurin series for . o D
special functions e =l+x+ = +.. ln(l+x)=x—T+?—‘..
from exom
; S 57 F \
smx=x—5+?—... cosx=1—§+?—,., formula
: . . : Look\et
=5
arctanx=x——+—-—...
5
k] 3
‘ltﬂ g = 0 = __..O & ‘\-ﬂéﬂtﬂfﬂ;n&te
=20 -~Lx*einlx -2(0)+ a0 (0] foem

STEP 1@ -2%* sin2x

= 2x + (7_x = (2x)1 + (Zx)s = )

3! S!
Y 4 s
= - — + — -
3 X 15 X
e &
STEP 2: > = ¥ 3. 4.5
"LX"’Sln’LK --E'X “"Ex -
3 .—‘—
:]
STEP 3: L —
- \ . T T
o Tl = - e
Tien l l l .
STEP 2 L = 3 = R
., SV 48 - ) u" 4 4%
LA L -5+ (o) E]

\ \n;s\.er pewers of x

w'\“ c.‘}o Lt zero
lien X = 2
X=20 “2Lx+sinZx b 3
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