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5.11.1 Maclaurin Series

Maclaurin Series of Standard Functions
What is a Maclaurin Series?

= AMaclaurin seriesis a way of representing a function as an infinite sum of increasing integer powers of
x (x!, x2, x3, etc)
= [fall of the infinite number of terms are included, then the Maclaurin series is exactly equal to the
original function
= |fwe truncate (i.e., shorten) the Maclaurin series by stopping at some particular power of X, then
the Maclaurin series is only an approximation of the original function

= Atruncated Maclaurin series will always be exactly equal to the original function for X = 0
= |ngeneral, the approximation from a truncated Maclaurin series becomes less accurate as the value of

X moves further away from zero
= Theaccuracy of atruncated Maclaurin series approximation can be improved by including more terms
from the complete infinite series

= So,forexample, aseries truncated at the x7 termwill give amore accurate approximationthan a

series truncated at the X term
How do | find the Maclaurin series of a function ‘from first principles’?

= Use the general Maclaurin series formula

)= F0) + x£(0) + ;—jf”(o)+...

This formula is in your exam formula booklet

STEP1: Find the values of £(0), £(0), £'(0), etc. for the function
= Anexam question will specify how many terms of the series you need to calculate (for example, “up

to andincluding the termin X4”)
= Youmay be able to use your GDC to find these values directly without actually having to find all the
necessary derivatives of the function first
= STEP 2: Putthe values from Step 1into the general Maclaurin series formula

= STEP 3: Simplify the coefficients as far as possible for each of the powers of X

Is there an easier way to find the Maclaurin series for standard functions?

= Yesthereis!
= The following Maclaurin series expansions of standard functions are contained in your exam formula
booklet:
x2
eX=1+X+2—!+...
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In(1 + x) 2 +
n X)=x——+—-—...
2 3
_ x3  x°
SINX=X-— 3] + 3] - ...
x2 x4
cosx=1- o + Al - ...
x3 x°
arctanx=x——_—+——...
3 5

= Unless a question specifically asks you to derive a Maclaurin series using the general Maclaurin series
formula, you can use those standard formulae from the exam formula booklet in your working

Is there a connection Maclaurin series expansions and binomial theorem series expansions?

= Yesthereis!
= Forafunctionlike (1 + X)“ the binomial theorem series expansion is exactly the same as the
Maclaurin series expansion for the same function
= Sounless aquestion specifically tells you to use the general Maclaurin series formula, you can use
the binomial theorem to find the Maclaurin series for functions of that type
= Orifyou've forgotten the binomial series expansion formula for(l + X)” where 11 is not a positive
integer, you can find the binomial theorem expansion by using the general Maclaurin series formula
to find the Maclaurin series expansion
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@ Worked example

a) Use the Maclaurin series formula to find the Maclaurin series for f(X) =4/ 1 +2x uptoand
including the term inx*.

£y = Jieax =(l+’lx):”‘
sTeEP1: f)=1 f'(o)=1 F70)=-1

()

£"(0)=3 £ (©)=-15

) 3
STEP 2: £ (x)= 1+ x(1) +—,’;—!(—l) +~§!—(3)+-$;-(-IS)+.‘.

STEP 3 Uf’ to the xq Lerm,
Jiv2x = |+x-='5_'x"*—'{xg-—%-x"‘
i

Note * This is the same a5 the WS il theocam

QXPmns;oﬁ a'lf (’I"?-'K)-{

b) Use your answer from part (a) to find an approximation for the value of 4/ 1.02 ,and compare

the approximation found to the actual value of the square root.
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Uf to tLe x‘* term,

ffam Pﬁft (0-)

Lel x=0.01. Tlen JH’L,; =J|""2.(0.0I) = _lned .

So
\*
1oz = \+(o.ot)—-—'{(o.ol)1+ -;-_(o.oi)g--%-(o.ol)

[loz = 1.009950%9375

TL& gxo.ct va..‘un af t\-\t 51'00.1‘1 reot ;5

’\_07_ = 1.00995041 93 89, !

The arrrox;mation 18 accurale

'to 10 clr of il S.f.

For more help, please visit www.exampaperspractice.co.uk
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Maclaurin Series of Composites & Products
How can | find the Maclaurin series for a composite function?

= Acomposite functionis a ‘function of a function’ or a “function within a function’
= Forexample sin(2x) is a composite function, with 2x as the ‘inside function’ which has been putinto
the simpler ‘outside function’ sin x

= Similarly eX2 isacomposite function, with X2 asthe ‘inside function’ and €X as the ‘outside
function’
= To find the Maclaurin series fora composite function:
= STEPT: Start with the Maclaurin series for the basic ‘outside function’
= Usually this will be one of the ‘standard functions’ whose Maclaurin series are givenin the exam
formulabooklet
= STEP 2: Substitute the ‘inside function’ every place that x appears in the Maclaurin series for the
‘outside function’
= Soforsin(2x), forexample, you would substitute 2x everywhere that x appears in the Maclaurin
series forsinx
= STEP 3: Expand the brackets and simplify the coefficients for the powers of xin the resultant
Maclaurin series
= This method can theoretically be used for quite complicated ‘inside’ and ‘outside’ functions
= Onyourexam, however, the ‘inside function’ will usually not be more complicated than something
like kx (for some constant k) or x" (for some constant power n)

How can | find the Maclaurin series for a product of two functions?

= To find the Maclaurin series for a product of two functions:
= STEPT1: Start with the Maclaurin series of the individual functions
= Foreach of these Maclaurin series you should only use terms up to an appropriately chosen
power of x (see the worked example below to see how thisis done!)
= STEP 2: Put each of the series into brackets and multiply them together
= Only keep termsin powers of x up to the power you are interested in
= STEP 3: Collect terms and simplify coefficients for the powers of xin the resultant Maclaurin series
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@ Worked example

a) Find the Maclaurin series for the function f(X) = 11’1(1 + 3X), up to andincluding the termin
4
X,

Maclaurin series for o1 i i ANy
special functions ln e T n( +x)—x—?+?—.‘.
from exom
3 5 2 4
sinx=x-§+%-... cosx=l-%+%-... formula
- y booklet
3 ¥
m‘ctanx:x—f——+~x——-...
S
. 3 -

K ¥
STEPL: | MMx) = x- -7

(3x)" , (3x) _ (3" .
7L 9 e

STEP 2: |a (1+3x)= 3x -
|
STEP 37 In(l+3x)=3x--%-x"*‘lxg“'s?xd'*...

b) Find the Maclaurin series for the function g(X) = eXsinx, up to andincluding the termin x4,
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Maclaurin series for o i T
special functions e’ =l+x+ 2!+... ln(l+x)-x—?+?—...
from exom
s 4
sinx«—-x—;i-%—... wsx=1—§+%—... formula
o booklet
arctanx=x——+§—

i H:,L!f powers of x here will
give powers Wigher than 4
when nult;rt:ﬂ_l ‘ny tle

S5in X secies

X " &« Don~'t need Tacms in powers of
x Wighar Thon %

]
V.
T
b
+
p|%.
*
9]73
+
-3
F o
*
]
e]xu
+
A

STEP 2: e sinax =

3 " ) Y
(o ) e A /’gc.

r — Y
g Discacrd terms for
Nole thal the R f,,.,gf’ 'L.:JLQ.P thH L"

tgrni Ce-nr.!.‘ out
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Differentiating & Integrating Maclaurin Series
How canl use differentiation to find Maclaurin Series?

= |f you differentiate the Maclaurin series for a function f(x) term by term, you get the Maclaurin series for
the function’s derivative f'(x)
= You canuse this to find new Maclaurin series from existing ones
= Forexample, the derivative of sinxis cos x
= Soif you differentiate the Maclaurin series for sin x term by term you will get the Maclaurin series for
CosX

How canl use integration to find Maclaurin series?

= |fyouintegrate the Maclaurin series for a derivative f'(x), you get the Maclaurin series for the function f(x)
= Be carefulhowever, as you will have a constant of integration to deal with
= Thevalue of the constant of integration will have to be chosen so that the series produces the
correct value for f(O)
= You canuse this to find new Maclaurin series from existing ones
= Forexample, the derivative of sin xis cos x
= Soif youintegrate the Maclaurin series for cos x (and correctly deal with the constant of
integration) you will get the Maclaurin series for sin x
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@ Worked example

a) 0] Write down the derivative of arctanx.
(if) 1
Hence use the Maclaurin series for arctanx to derive the Maclaurin series for <2
X

Standard derivatives

arctan x f(x)=arctanx = f'(x)=—=
1+x
from eroewm
Maclaurin series for : x? X \
special functions £ =]+“’§+'“ In(l+x)=x-7+?—... Foewidds:
booklet
; 2 X * x
Siny=x——+——... cosx=l—-—+4——_.
LSl 2! 4!
3 5
an:tanx:x——+x——...
A &
. d \
(1) (aﬂ'cto.n x) = 2
A +
X Rl
)(1 XS X-’
" o.rr_tan)c." Bl 3 - ¥
( ') 3 3 1

NS
1
[ .
/
X
]
‘x
"]
+
» 4
v
|
Y
-,
+
e o

S e ™ 3 5 3
| - % ©
‘+x1_ = \ R ER TR

Noti B TLns ‘|5 t\nﬂ Soome oh T_L\H_ \:'lnov-h;q..l

1
theoram BXFo-nslan o} (l*’xl)

b) (i) Write down the derivative of —SINX.

(ii) Hence derive the Maclaurin series for COSX, being sure to justify your method.
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Maclaurin series for P b In oo
special functions e =1+x+—2!+... (l+x)=x—?+?—...
'frem eRewm

{anulﬁ

booklet

(ii) - N s the b S o T cos X, 50 we can
‘ﬂttjfatﬁ tLQ_ Mo.r.‘o.ur:n ser'-es *or "'S.lﬂ\(
T.O ‘F:nJ t‘ng Mo.r.‘o.ur.tn sarles *or cos b

I Y @ 3
= _"-"' b —l'--..g——-—.l-.x __l_,,X =
C-ZTX YR Te st s T
= -iq-ﬁ_}:_.. 3‘(8_
c-a ! 6! g
1 4 o 8
0 o) o o
And cos (=1, 30 CogT T GT i gr .=l = csl

For more help, please visit www.exampaperspractice.co.uk
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5.11.2 Maclaurin Series from Differential Equations

Maclaurin Series for Differential Equations
Canl apply Maclaurin Series to solving differential equations?

dy
= |fyouhave a differential equation of the form — — = g(X,y) along with the value of y(()) itis

dx

possible to build up the Maclaurin series of the solution Yy = f(X) term by term

= This does not necessarily tell you the explicit function of X that corresponds to the Maclaurin series
you are finding
= But the Maclaurin series you find is the exact Maclaurin series for the solution to the differential
equation
= The Maclaurin series can be used to approximate the value of the solution y = f(x) for different values of

X
= Youcanincrease the accuracy of this approximation by calculating additional terms of the

Maclaurin series for higher powers of X

How can | find the Maclaurin Series for the solution to a differential equation?

= STEP1: Use implicit differentiation to find expressions fory”, y’ " etc.,interms of X, ¥ andlower-

order derivatives of ¥
= The number of derivatives you need to find depends on how many terms of the Maclaurin series
you want to find
= Forexample, if you want the Maclaurin series up to the term, then you will need to find derivatives

up to y<4) (the fourth derivative of ¥)

= STEP 2: Using the giveninitial value fory(O),ﬁnd the values ofy'(()), y”(()), y”'(O), etc., one by
one
= Eachvalue you find will then allow you to find the value for the next higher derivative
= STEP 3: Put the values found in STEP 2 into the general Maclaurin series formula

)= F0) + x£(0) + ;—jf”(o)+

= Thisformulaisinyourexam formula booklet
= YV= f(X) is the solution to the differential equation, so y(O) corresponds to f(O) inthe formula,

y' (0) corresponds to Id(O) andsoon

= STEP 4: Simplify the coefficients for each of the powers of X in the resultant Maclaurin series
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@ Worked example

Consider the differential equation y’ = y2 — X with the initial condition y(()) =2.

a) Useimplicit differentiation to find expressions fory” , y’” andy(4) :

STEP 1.3

b) Use the giveninitial condition to find the values of y' (0), y”(O), y”’(O) and y(4) =0.


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

=]
F

XAM PAPERS PRACTICE

STEP 2:

yo) =2, so y'()=2-0=4 y':y-x

Then  y'(0) e 2(8)(4) - 1

n

lS 7“7- 7.77'-|

n

y"(0) = 2(2)(15) + ()" =92 y"=2yy"e2G)"

n

7(41(0) = 6 (4)(15) + 2.(2)(92) = 1238 -5

Y il

Lety = f(X) be the solution to the differential equation with the given initial condition.

c) Find the first five terms of the Maclaurin series for f(X)

For more help, please visit www.exampaperspractice.co.uk
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2 fro-ﬂ exoewm
Maclaurin series f(x)=f(0)+x1'(0) gl f£"(0)+... formula
2t booklet

1 3 u
STEP 3: 'F(") — x(\l') 1"%(\5) +—::T(q7.) % %?(1?_8)4-."

STEP 4:

For more help, please visit www.exampaperspractice.co.uk
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