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5.11.1 Maclaurin Series

Maclaurin Series of Standard Functions

What  is a Maclaurin Series?

A Maclaurin series is a way o f representing a functio n as an infinite sum o f increasing integer

po wers o f x  (x1, x2, x3,  etc.)

If all o f the infinite number o f terms are included, then the Maclaurin series is exactly equal to

the o riginal functio n

If we truncate  (i.e., sho rten) the Maclaurin series by sto pping at so me particular po wer o f x ,

then the Maclaurin series is o nly an appro ximatio n o f the o riginal functio n

A truncated Maclaurin series will always be exactly equal to  the o riginal functio n fo r x=0
In general, the appro ximatio n fro m a truncated Maclaurin series beco mes less accurate as the

value o f x mo ves further away fro m z ero

The accuracy o f a truncated Maclaurin series appro ximatio n can be impro ved by including mo re

terms fro m the co mplete infinite series

So , fo r example, a series truncated at the x7  term will give a mo re accurate appro ximatio n

than a series truncated at the x3  term

How do I find t he Maclaurin series of  a f unct ion ‘f rom  first  principles’?

Use the general Maclaurin series f o rmula

f (x)= f (0)+xf '(0)+
x2

2! f ''(0)+ . . .

This fo rmula is in yo ur exam fo rmula bo o klet

STEP 1: Find the values o f f (0), f '(0), f ''(0),  etc. fo r the functio n

An exam questio n will specify ho w many terms o f the series yo u need to  calculate (fo r

example, “up to  and including the term in x4”)

Yo u may be able to  use yo ur GDC to  find these values directly witho ut actually having to  find

all the necessary derivatives o f the functio n first

STEP 2: Put the values fro m Step 1 into  the general Maclaurin series fo rmula

STEP 3: Simplify the co efficients as far as po ssible fo r each o f the po wers o f x

Is t here an easier way t o find t he Maclaurin series f or st andard f unct ions?

Yes there is!

The fo llo wing Maclaurin series expansio ns o f standard functio ns are co ntained in yo ur exam

fo rmula bo o klet:
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ex=1+x+
x2

2! + . . .

ln(1+x)=x−
x2

2 +
x3

3 − . . .

sin x=x−
x3

3! +
x5

5! − . . .

cos x=1−
x2

2! +
x4

4! − . . .

arctan x=x−
x3

3 +
x5

5 − . . .

Unless a questio n specifically asks yo u to  derive a Maclaurin series using the general Maclaurin

series fo rmula, yo u can use tho se standard fo rmulae fro m the exam fo rmula bo o klet in yo ur

wo rking

Is t here a connect ion Maclaurin series expansions and binom ial t heorem  series
expansions?

Yes there is!

Fo r a functio n like (1+x)
n  the bino mial theo rem series expansio n is exactly the same  as the

Maclaurin series expansio n fo r the same functio n

So  unless a questio n specifically tells yo u to  use the general Maclaurin series fo rmula, yo u can

use the bino mial theo rem to  find the Maclaurin series fo r functio ns o f that type

Or if yo u’ve fo rgo tten the bino mial series expansio n fo rmula fo r (1+x)
n  where n  is no t a

po sitive integer, yo u can find the bino mial theo rem expansio n by using the general Maclaurin

series fo rmula to  find the Maclaurin series expansio n
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a)

b)

Worked example

Use the Maclaurin series fo rmula to  find the Maclaurin series fo r  f (x)= 1+2x  up to

and including the term in x4 .

Use yo ur answer fro m part (a) to  find an appro ximatio n fo r the value o f 1 .02 , and

co mpare the appro ximatio n fo und to  the actual value o f the square ro o t.
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Maclaurin Series of Composites & Products

How can I find t he Maclaurin series f or a com posit e f unct ion?

A co mpo site f unctio n is a ‘functio n o f a functio n’ o r a ‘functio n within a functio n’

Fo r example sin(2x) is a co mpo site functio n, with 2x as the ‘inside functio n’ which has been

put into  the simpler ‘o utside functio n’ sin x

Similarly ex 2
 is a co mpo site functio n, with x2  as the ‘inside functio n’ and ex  as the ‘o utside

functio n’

To  find the Maclaurin series fo r a co mpo site functio n:

STEP 1: Start with the Maclaurin series fo r the basic ‘o utside functio n’

Usually this will be o ne o f the ‘standard functio ns’ who se Maclaurin series are given in the

exam fo rmula bo o klet

STEP 2: Substitute the ‘inside functio n’ every place that x appears in the Maclaurin series fo r

the ‘o utside functio n’

So  fo r sin(2x), fo r example, yo u wo uld substitute 2x everywhere that x appears in the

Maclaurin series fo r sin x

STEP 3: Expand the brackets and simplify the co efficients fo r the po wers o f x in the resultant

Maclaurin series

This metho d can theo retically be used fo r quite co mplicated ‘inside’ and ‘o utside’ functio ns

On yo ur exam, ho wever, the ‘inside functio n’ will usually no t be mo re co mplicated than

so mething like kx (fo r so me co nstant k) o r x  (fo r so me co nstant po wer n)

How can I find t he Maclaurin series f or a product  of  t wo f unct ions?

To  find the Maclaurin series fo r a pro duct o f two  functio ns:

STEP 1: Start with the Maclaurin series o f the individual functio ns

Fo r each o f these Maclaurin series yo u sho uld o nly use terms up to  an appro priately

cho sen po wer o f x (see the wo rked example belo w to  see ho w this is do ne!)

STEP 2: Put each o f the series into  brackets and multiply them to gether

Only keep terms in po wers o f x up to  the po wer yo u are interested in

STEP 3: Co llect terms and simplify co efficients fo r the po wers o f x in the resultant Maclaurin

series

n
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a)

b)

Worked example

Find the Maclaurin series fo r the functio n  f (x)= ln( )1+3x , up to  and including the

term in x4 .

Find the Maclaurin series fo r the functio n  g (x)=exsinx , up to  and including the term in 

x4 .
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Differentiating & Integrating Maclaurin Series

How can I use different iat ion t o find Maclaurin Series?

If yo u differentiate the Maclaurin series fo r a functio n f(x) term by term, yo u get the Maclaurin

series fo r the functio n’s derivative f’(x)

Yo u can use this to  find new Maclaurin series fro m existing o nes

Fo r example, the derivative o f sin x is co s x

So  if yo u differentiate the Maclaurin series fo r sin x term by term yo u will get the Maclaurin

series fo r co s x

How can I use int eg rat ion t o find Maclaurin series?

If yo u integrate the Maclaurin series fo r a derivative f’(x), yo u get the Maclaurin series fo r the

functio n f(x)

Be careful ho wever, as yo u will have a co nstant o f integratio n to  deal with

The value o f the co nstant o f integratio n will have to  be cho sen so  that the series pro duces

the co rrect value fo r f(0)

Yo u can use this to  find new Maclaurin series fro m existing o nes

Fo r example, the derivative o f sin x is co s x

So  if yo u integrate the Maclaurin series fo r co s x (and co rrectly deal with the co nstant o f

integratio n) yo u will get the Maclaurin series fo r sin x
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(i)

(ii)

a)

Worked example

Write do wn the derivative o f arctanx .

Hence use the Maclaurin series fo r arctanx  to  derive the Maclaurin series fo r 

1
1+x2 .

(i)

(ii)

b) Write do wn the derivative o f −sinx .

Hence derive the Maclaurin series fo r cosx , being sure to  justify yo ur metho d.
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5.11.2 Maclaurin Series from Differential Equations

Maclaurin Series for Differential Equations

Can I apply Maclaurin Series t o solving  different ial equat ions?

If yo u have a differential equatio n o f the fo rm 
dy
dx =g (x,y)  alo ng with the value o f y (0)  it is

po ssible to  build up the Maclaurin series o f the so lutio n y= f (x)  term by term

This do es no t necessarily tell yo u the explicit functio n o f x  that co rrespo nds to  the Maclaurin

series yo u are finding

But the Maclaurin series yo u find is the exact Maclaurin series fo r the so lutio n to  the

differential equatio n

The Maclaurin series can be used to  appro ximate the value o f the so lutio n y = f(x) fo r different

values o f x
Yo u can increase the accuracy o f this appro ximatio n by calculating additio nal terms o f the

Maclaurin series fo r higher po wers o f x

How can I find t he Maclaurin Series f or t he solut ion t o a different ial equat ion?

STEP 1: Use implicit  differentiatio n to  find expressio ns fo r y'', y'''  etc., in terms o f x, y  and

lo wer-o rder derivatives o f y
The number o f derivatives yo u need to  find depends o n ho w many terms o f the Maclaurin

series yo u want to  find

Fo r example, if yo u want the Maclaurin series up to  the  term, then yo u will need to  find

derivatives up to  y (4)  (the fo urth derivative o f y )

STEP 2: Using the given initial value fo r y (0) , find the values o f y'(0), y''(0), y'''(0),  etc., o ne

by o ne 

Each value yo u find will then allo w yo u to  find the value fo r the next higher derivative

STEP 3: Put the values fo und in STEP 2 into  the general Maclaurin series f o rmula

f (x)= f (0)+xf '(0)+
x2

2! f ''(0)+ . . .

This fo rmula is in yo ur exam fo rmula bo o klet

y= f (x)  is the so lutio n to  the differential equatio n, so  y (0)  co rrespo nds to  f (0)  in the

fo rmula, y'(0)  co rrespo nds to  f '(0) , and so  o n

STEP 4: Simplify the co efficients fo r each o f the po wers o f x  in the resultant Maclaurin series
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a)

b)

Worked example

Co nsider the differential equatio n y'=y2−x  with the initial co nditio n y (0)=2.

Use implicit differentiatio n to  find expressio ns fo r y'', y'''  and y (4) .

Use the given initial co nditio n to  find the values o f y'(0), y''(0), y'''(0)  and y (4)=0.
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c)

Let y= f (x)  be the so lutio n to  the differential equatio n with the given initial co nditio n.

Find the first five terms o f the Maclaurin series fo r f (x) .
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