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5.11.1Maclaurin Series

Maclaurin Series of Standard Functions

What is a Maclaurin Series?

AMaclaurinseries is awayofrepresentingafunctionas aninfinite sumofincreasinginteger
powers ofX(Xl, X2, X3, etc.)
= [fallof the infinite numberof terms are included, thenthe Maclaurinseries is exactlyequal to
the original function

= [fwe truncate (i.e.,shorten)the Maclaurinseries by stopping at some particularpowerof X,
thenthe Maclaurin series is onlyan approximation of the original function

Atruncated Maclaurin series will always be exactlyequalto the original functionfor X = 0
Ingeneral, the approximationfromatruncated Maclaurin series becomes less accurate as the
value of X moves furtherawayfromzero

The accuracyofatruncated Maclaurin series approximation can be improved byincludingmore
terms fromthe complete infinite series

= So,forexample,aseries truncated atthe x7 termwill give amore accurate approximation

thanaseries truncated at the X3 term

Howdo I find the Maclaurin series of a function ‘from first principles’?

Use the general Maclaurinseries formula

) = 1(0) + x£'(0) + ;—jf”(o)+...

This formulais inyourexam formulabooklet
STEP1:Find the values of f(()), Id(O), f”(()), etc.forthe function
= Anexamquestionwill specifyhow manyterms of the series youneed to calculate (for
example, “up to and including the term inX4”)
= Youmaybe able to use your GDC to find these values directly without actually having to find

allthe necessaryderivatives of the function first
STEP 2:Put the values from Step linto the general Maclaurin series formula

STEP 3:Simplifythe coefficients as faras possible foreachof the powers of X

Isthere aneasierwayto find the Maclaurinseries forstandard functions?

Yes there is!
The following Maclaurin series expansions of standard functions are contained inyourexam
formulabooklet:

Page 1 of 13
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

1 X
=]l+x+—+
eX X oy T
nl+x)=x——+—-"—...
2 3
. x3 X
= ——+—_
SIN X=X 3 57
. x2 x4
= -t — -
COS X X a1
x3 x
arctanx=x——+——...
3 5

= Unless aquestionspecificallyasks youto derive aMaclaurin series using the general Maclaurin
series formula,you canuse those standard formulae from the exam formulabookletinyour
working

IsthereaconnectionMaclaurinseries expansions and binomialtheorem series
expansions?

= Yesthereis!

= Forafunctionlike (1 + X)“ the binomialtheorem series expansionis exactly the same as the
Maclaurin series expansionforthe same function
= Sounlessaquestionspecificallytells youto use the general Maclaurinseries formula,you can
use the binomialtheoremto find the Maclaurinseries forfunctions of that type
= Orifyou’'ve forgottenthe binomial series expansionformula for(l + X)“ where Nisnota
positive integer,you can find the binomial theorem expansion by using the general Maclaurin
series formulato find the Maclaurin series expansion
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@ Worked example

a) Use the Maclaurinseries formula to find the Maclaurinseries for f(X) =4/ 1+2x upto
and including the termin x4

fx) = Jiezx = (v 2x)?

sTEP1: F(o)=1 f'(0)=1 F7(0)=-1

(4)

f(0)=3 “F(0)=-15

STEP 2 ‘F(x) =1+ x(!) +‘?§}~(-\) + ;? (3)+ :T (—lS)*...

STEP 3: U? 1o 1l ¢ xl* term,

. RTE N W BT
JI*?.x—I*x Z% LT X g X

i

male, & Thig T4 Thit fomE of The binonied Thamtsn

exFo.nsion of (\ + 'Lx)-’:

b) Use youranswerfrom part (a) to find an approximationforthe value of 1/ 1.02 ,and

compare the approximationfound to the actual value of the square root.
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Maclaurin Series of Composites & Products
Howcanlfind the Maclaurinseries foracomposite function?

= Acomposite functionis a‘functionofafunction’ora‘functionwithinafunction’
= Forexample sin(2x) is acomposite function, with 2xas the ‘inside function’which has been

putinto the simpler‘outside function’sin x
2
= Similarly€* is acomposite function, with X2 as the ‘inside function’and €X as the ‘outside

function’
= To find the Maclaurinseries foracomposite function:

= STEP1:Start with the Maclaurinseries forthe basic ‘outside function’

= Usuallythis willbe one of the ‘standard functions’ whose Maclaurin series are giveninthe
examformulabooklet

= STEP 2:Substitute the ‘inside function’everyplace that xappears inthe Maclaurin series for
the ‘outside function’
= So forsin(2x),forexample,youwould substitute 2xeverywhere that xappears inthe

Maclaurinseries forsin x
= STEP 3:Expand the brackets and simplifythe coefficients forthe powers of xin the resultant
Maclaurinseries
= This method cantheoreticallybe used forquite complicated ‘inside’ and ‘outside’ functions
= Onyourexam,however, the ‘inside function’ willusuallynotbe more complicated than
somethinglike kx(forsome constant k) or x?(forsome constant power n)

Howcanlfind the Maclaurin series foraproduct of two functions?

= To find the Maclaurinseries foraproductoftwo functions:
= STEP 1:Start with the Maclaurin series of the individual functions
= ForeachoftheseMaclaurinseries youshould onlyuse terms up to anappropriately
chosenpowerof x(see the worked example below to see how thisis donel)
= STEP 2:Puteachofthe seriesinto brackets and multiplythemtogether
= Onlykeeptermsinpowers of xup to the poweryouare interestedin
= STEP 3:Collectterms and simplifycoefficients forthe powers of xin the resultant Maclaurin

series
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@ Worked example

a) Find the Maclaurin series forthe function f(X) = ln(l + 3X),upto and including the

terminX4.

Maclaurin series for ; x* w5
specialfunctions c =1+X+E+... h‘l(l+x)=x—7+?—‘..
& 5 2 4 fro‘“ e
sinx=x—%+%—... cosx=l—%+%—... foemula
’ ' ’ ’ \:aak\et
x3 x5
arctanx = x ——+——...
3 5
2 ¢ k|
3 4 *x
STEP 1 : ln(1+x)=x--;_—+—3—*-..t N ...
1 Y
(3x) (3x) (3x)
: + = - + F — +
STEP 2 [ (\ 3)() DR 2 3 o

. \
STEP 3: ln(l+3x)=3x’%Xz*qxg‘%x‘**ﬂ..

b) Find the Maclaurin series forthe function g(X) = eXsinx, upto andincluding the termin
4
X
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i < R weed Torms in powers of
. R \'\.‘j\nﬂ.f T.,LO-\ ‘+

K‘L xg xa
e sinx = (‘*x"T*‘cT*---)(x-‘cr*---)

STEP 2
9 Yy 9 9
3 1, % i__j__zs__;Z.%
= RER v b 7 B 2 306
| o= [ 2
I Discacd terms for
Nole thal the x powars \\:j\.e..r than L‘
tgems co-ﬂf.e‘ O\Jt
xo. 2 3
STEP 3 @ sinx = X+ X *+7 X *+ |
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Differentiating & Integrating Maclaurin Series
Howcanlusedifferentiationto find Maclaurin Series?

= |fyoudifferentiate the Maclaurinseries forafunction f(x) term by term,you get the Maclaurin
series forthe function’s derivative f{x)
= Youcanuse this to find new Maclaurinseries from existingones
= Forexample,the derivative of sin xiscos x
= Soif youdifferentiate the Maclaurinseries forsin xtermbytermyouwill get the Maclaurin
seriesforcos x

Howcanluseintegrationto find Maclaurin series?

= |fyouintegrate the Maclaurinseries foraderivative f{x), yougetthe Maclaurin series forthe
function f(x)
= Becarefulhowever, as youwillhave aconstant of integrationto deal with
= Thevalue of the constant of integrationwillhave to be chosenso that the series produces
the correctvalue for 0)
= Youcanuse this to find new Maclaurin series from existingones
= Forexample, the derivative of sin xis cos x
= Soifyouintegrate the Maclaurinseries forcos x(and correctlydeal withthe constant of
integration) youwill get the Maclaurinseries forsin x
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@ Worked example

a) (i) Write down the derivative of arctanx.
(if) Hence use the Maclaurin series for arctanx to derive the Maclaurin series for

1
1+x2

Standard derivatives
1

arctan x f(x)=arctanx = f'(x):] -
R
from QRowm
Maclaurin series for - i | s 5 |
special functions e’ =l+x+ 2'+"' n(1+x)—x—'?+?—... ormulo
booklet
. IJ IS x2 )_'4
sinx=x——+——_.. cosx=1—-—+——_.
31 s PIRT
3] xS
arctanx=x——+—-—...
3 5

I

L0 d \
2 Shsb- e v+ x|l
-—
Xg XS !
(ii) acclom S S 3 % € - %-' =

_— \ - 3 % x° x
=7 L * x> JK(X"B +5 ‘_""...

O'te- s TLHS .ls t\ne Sovme o5 tLQ \:lllna-n:o.‘

-1
tveorem exPo-ns;on n'Y (“‘K‘l)

b) (i) Write down the derivative of —SINX.
(i) Hence derive the Maclaurinseries for COSX, being sure to justifyyourmethod.
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5.11.2 Maclaurin Series from Differential Equations

Maclaurin Series for Differential EqQuations
CanlapplyMaclaurin Series to solving differential equations?

dy

= Ifyouhave adifferential equationof the form E =g(X,y) along with the value of_y(()) itis

possible to build up the Maclaurinseries of the solution Yy = f(X) termbyterm

= Thisdoesnotnecessarilytellyouthe explicit functionof X that corresponds to the Maclaurin
series youare finding

= Butthe Maclaurinseries you find is the exact Maclaurin series forthe solutionto the
differential equation

= The Maclaurinseries canbe used to approximate the value of the solution y= f(x) fordifferent
values of X

= Youcanincrease the accuracyof this approximation by calculating additionalterms of the
Maclaurinseries forhigherpowers of X

Howcanlfind the Maclaurin Series forthe solutionto a differentialequation?

= STEP1.Use implicit differentiationto find expressions fory”, y”’ etc,interms of X, y and
lower-orderderivatives of ¥
= The numberofderivatives youneed to find depends onhow manyterms of the Maclaurin
series youwant to find
Forexample,if youwant the Maclaurin series up to the term,thenyouwillneed to find
derivatives up to y(4) (the fourth derivative of ¥)
= STEP 2;Using the giveninitial value fory(()),ﬁnd the values ofy’(()), y”(()), y”'(()), etc.,one
byone

= Eachvalue you find will then allow you to find the value forthe next higherderivative
= STEP 3:Putthe values found in STEP 2into the general Maclaurinseries formula

) = F0) + x£(0) + ;—jf"(o) ‘.

= This formulais inyourexamformulabooklet
= Y= f(X) is the solutionto the differential equation, so y(O) corresponds to f(()) inthe
formula,y'(O) corresponds to Id(O),and soon

= STEP 4:Simplifythe coefficients foreachof the powers of X inthe resultant Maclaurin series
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@ Worked example
. . . . r_ .2 _ . . . —
Considerthe differential equation Y = y= — X with the initial condltlony(O) =2.

a) Use implicit differentiationto find expressions fory”,y”' and _)/(4).

STEP 1
i d . 2 y
" E e W) A ) s 2yt
y = Zyy' -
AR VRS IR ISP O )

A LA

7(4): :ﬁ:’(?’m) : i“ (277" + 2(7)2)

Syt

Y AIEEAZEE

b) Use the giveninitial condition to find the values ofy'(()), _y”(O), y’”(O) and y(4) =0.
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STEP 2

y0) =2, so 7'(o)=21—0=t+ 3=yt x

s 7"(0) = 2(2)()-1 =15 Y= 2yy -
y'(0) = 208)+ 2(M) =92 "2yt e2 ()

yP) = Ns) +2(2)(92) = 128 =Gy s 1yy"

7'(0) Y4 7"(0)= VS

y (0)

n

92|y (0)= 728

Llety = f(X) be the solutionto the differential equation with the giveninitial condition.

c) Find the first five terms of the Maclaurin series for l‘(X)

2 from exem
Maclaurin series F)= £0)+x £/ (0)+2= £"(0) +... 1] My
2! booklet

kS

STEP 30 F(x) = 2+ x(4) + 25 (15) + 57 (92) + Az (28) + .

STEP 4

|
=2+ dn+ = x e 2o 00 Iy
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