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5.10.1Numerical Solutions to Differential Equations

First Order Differential Equations
Whatis a differentialequation?

= Adifferentialequationis simplyanequationthat contains derivatives

d
= Forexample d_X = 12Xy2 is adifferential equation
d?x  dx ,
» Andsois a2 - SE + 7x = 5sint

Whatis a first orderdifferentialequation?

= Afirst orderdifferential equationis a differential equationthat contains first derivatives but no
second (orhigher) derivatives

Y 2. . . .
» Forexample 57— = 12Xy“is afirst orderdifferential equation

dx
d’x  dx .
= But 12 - SE +7x = 5sintis not afirst orderdifferential equation, because it
d?x
contains the second derivative o
dr

Wait -haven’tlseen first order differentialequationsbefore?

= Yesyouhave!

dy

= Forexample d_X =3x2 is also afirst orderdifferential equation,becauseitcontains afirst

derivative and no second (orhigher) derivatives
= Butforthatequationyoucanjustintegrate to find the solution y=x>+ c(where cis aconstant
ofintegration)
= |nthissectionofthe courseyoulearnhow to solve differential equations thatcan’tjust be
solved right awaybyintegrating
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Euler’s Method: First Order
Whatis Euler’s method?

= Euler’s method is anumericalmethod forfinding approximate solutions to differential
equations

= |ttreats the derivativesinthe equationas beingconstantovershort ‘steps’

= Theaccuracyofthe Euler's Method approximation canbe improved by making the stepssizes
smaller

Howdo luse Euler’s method with a first order differential equation?
dy
dx

= STEP 2:Write downthe recursionequations using the formulae Y. +1 =yn +h X f(Xn, yn)

f(X, y) form

= STEP1:Make sure yourdifferential equationisin

and X =X =+ hfromthe examformulabooklet
n+l1 n

= hinthose equationsis the step size
= the examquestionwillusuallytellyouthe correctvalue of hto use

= STEP 3:Use therecursionfeature onyour GDC to calculate the Euler's method approximation
overthe correctnumberofsteps

= thevalues forXO and yO willcome from the boundaryconditions givenin the question

Q Exam Tip

= Be carefulwithletters - in the equations inthe exam, and inyour GDC’s recursion calculator,
the variables maynotbe xand y

= |fanexamquestionasks youhow to improve an Euler's method approximation, the answer
will almost always have to do withdecreasingthe stepsize!

Page 2 of 16
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

@ Worked example

dy
Considerthe differential equation E +y=x+ 1 withthe boundary condition y(O) =0.5.

a) Apply Euler's method withastepsize of h=0.2to approximate the solutionto the
differentialequationat X = 1.
= e feom
Euler's method Yut =Va thx f(x,,9,)5 X, =X, +h (step length) E ‘f;:::l:“:t
dy
STEP 1: A—x:x—y+|
£(x,y)
STEP 25y .\ = Ya* 0.2 8 (Xa= Yt b) %, =X,+0.2
el wa—
W (from
1_ves1.'mn) f (x“, 7“)
STEP 3: We aeed to 3“t % feom O 1o 1, so we
will need L5225 steps.
ee 2% f / \/(O)= 0:5
n Xa Ya
o Co__ [ o05)
| 0.2 0.6
2 0.4 0.72 feom GDC
l_
L 3 | 0.6 | 0.856
4. | o8 | 1oous |
g | 116384
y(D) =116 (3s.4.)
b) Explainhow the accuracyofthe approximationin part (a) could be improved.

Make the stv.\: size smallee.
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5.10.2 Analytical Solutions to Differential Equations

Separation of Variables
Whatis separationof variables?

= Separationof variables canbe used to solve certaintypes of first orderdifferential equations

d
= lookoutforequations ofthe form d_i(/ =g(X)b(y)

dy

" e, a is afunctionof X multiplied byafunctionof y

= be careful -the ‘functionof X’g(X) mayjustbe aconstant!
dy
= Forexamplein & = 6y,g(X) =6 and h(y) =y

= |fthe equationisinthatformyoucanuse separationofvariables to tryto solve it
= |fthe equationis notinthatformyouwillneed to use anothersolutionmethod

Howdo Isolve a differential equationusing separation of variables?
STEPTR th tioninto the f . (x)

L .Rearrange the equationintothetormt{ -~y |I=; —
o n(y) Jdx —®

= STEP 2:Take the integral of bothsides to change the equationinto the form
1
f —dy=f g(x) dx
h(y)

= Youcanthink of this step as ‘multiplying the dx across and integratingbothsides’

= Mathematicallythat’s not quitewhatis actuallyhappening, butit willgetyou the right
answerhere!

= STEP 3:Work out the integrals onbothsides of the equationto find the general solutionto the
differentialequation

= Don’tforgettoinclude aconstantofintegration

= Althoughthere are two integrals,youonlyneed to include one constant of integration
= Lookoutforintegrals thatrequire youto use partialfractions to solve them

= See ‘Integratingwith Partial Fractions’in 5.9 Advanced Integration

= STEP 4:Use anyboundaryorinitial conditions inthe questionto work out the value of the
integrationconstant

= STEP5:If necessary,rearrange the solutioninto the formrequired by the question

O Exam Tip

= Becarefulwithletters - the equationonanexammaynotuse Xand Y as the variables

= Unless the questionasks forit,youdon’'t have to change yoursolutioninto y = f(X) form -
sometimes it might be more convenientto leave yoursolutioninanotherform
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@ Worked example

Foreachofthe following differential equations, either(i) solve the equation byusing separation

ofvariables givingyouranswerinthe form y = f(X) ,or(ii) state whythe equationmaynotbe
solved using separation of variables.

dy eX+4x
a) = :
dx 3y2
A » |
STEPL: 3y gL =e+x  g=zelvdx hipraa
rer 28 S5y gy oy (
Don't ‘f'or5at con SN
STEP 3: 7,“ LI N of integration
STEP 4: No Louv\AoJ‘, COv\A'\t;cns J"vqn, so 5\‘;‘, stqr
STEPS: 7=3’Q“*2X1"’C 7:‘?(7()
—dy 4 21
b) =4xy—2inx.
dx Y

‘-lxy-' 2lnx is nol of the form S(x)\n(y),
so it may wol be so‘sz usin3 5¢Fo~ro.tion

o'f vof;aL|es.

d
c) d_.)}(/ =2y%+2y,giventhat y =2 whenx = 0.
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| d "
STEpl 7‘1‘_7 —A%(- = 2 3(7&):2 \.,(7):7 +7

STEP 2 ST‘TY dy = S“x

fb-ft val 'Fro.r.'t ;ons
A

wer: Sl xSl - bl

Don'l *ofjﬂt conslonl
‘n |-7)£—l\ = 2x+* C‘.[-'_ of \ntejro.'tion
g 7=?. when x=0
sre 4. Il 2(0) e ¢ - )

STEP S: For the Lounlo.rr PO 13, P 7=?_, -7—7:_1 >0,

Thecefoce we con Jror, tha emodulos sign feom \_\7)_1_‘

" LR

Lol O s () R) « 3o

y= Tt
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Homogeneous Differential Equations

Whatisahomogeneous first order differentialequation?

dy (¥
= Ifaﬁrstorderdif'ferentialequationcanbewrittenintheformE= ; thenitis said to be

homogeneous

Howdolsolveahomogeneous first order differential equation?

» Theseequations canbe solved usingthe substitution V=" < y = vX
X

d y
= STEPT:If necessary, rearrange the equationinto the form d_ =1—
X X

= STEP 2:Replace allinstances of — inyourequationwith v
X

dy
= STEP 3:Use the productrule and implicit differentiationto replace a inyourequationwith

dv
v+ x——
dx

Thisis b =vx = dy_ d(VX)—Vd(X)+Xd(V)—V+XdV

] isisbecause Y = - = =V T = -

Y dx dx dx dx dx

= STEP 4:Solve yournew differential equationto find the solutioninterms of vand x
= Youmayneed to use othermethods fordifferential equations,such as separationof
variables, at this stage

= STEP 5:Substitute V= — into the solutionfrom Step 4,inorderto find the solutioninterms of y
X
and x

What else shouldIlknowabout solvinghomogeneous first order differential
equations?

= Afterfindingthe solutioninterms of yand xyoumaybe asked to do otherthings with the solution
= Forexample youmaybe asked to find the solutioncorresponding to certaininitial or
boundaryconditions

= Oryoumaybe asked to express youranswerina particularform,suchas y=f(x)
= |tis sometimes possible to solve differential equations that are nothomogeneous byusing the

Yy

substitution v = —
X

= Forsuchasituationinanexamquestion,youwould be told explicitlyto use the substitution
= Youwould notbe expectedto know thatyoucould use the substitutioninacase where the
differentialequationwas nothomogeneous

Q Exam Tip

= Unless the questionasks forit,youdon’thave to change yoursolutioninto y=f(x) form -
sometimes it might be more convenientto leave yoursolutioninanotherform
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@ Worked example
dy

Considerthe differential equationxyd—X =y2 — X2 where y=3 when x=1.

a) Show that the differential equationis homogeneous.
d 2
o LR S
XY 1o =) " *
xy X

d ox*t X \
~p g =S J"T=(7/x)'(—,/:)=¥(—1—)

=> T"‘e 21—\-'0:‘-.;0-\ .IS Lombsenaous.

b)
Use the substitution V= — to solve the differential equation with the givenboundary

condition.

\

d
STEP 1: 'If‘ = (Y/x) - '(_7/:-) } from Pmrt (o)

sTEP 2¢ Let vz Then %=\,-—\‘;_
STEP 3: And yzvx = L )
! dx dx
Se v+x%=\/——}; :=>xj~:=~—\‘-/—
sTep e §2vdv = (22 A Sepacation of vaciables
\/L s - lElx 2 = 2= ol Don't Forgel conslonl

ejf' 'm'tqaro.t;en

2

STEP S (—Z(—) =c-la(x?) = 71 - x" (c- \n(xl))
Now vse the heunc\ary éoadh Tion

Rad 5()=3, 50 (3) () (c-1a(®) =¥ c= 19

71 = %" (9-1a(x?))

Q\Jﬁst;nn cloO.Sn"t o..'u'ﬂ ‘Fur so\uT_:on 'tg bg \n Y:'f(x) ‘Farm’
so \t's easiest jost to \cuf it like this,
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Integrating Factor
Whatisanintegrating factor?

= Anintegratingfactorcanbe usedto solve adifferentialequationthatcanbe writteninthe

d
standard form d_i(/ +p(X)_y= q(X)

= Be careful - the functions of X' p(x) and g(x) mayjust be constants!

y _
= Forexamplein a + 6y= e 2X,p(x) =6 and g(x) =e2X

dy y
n ilein— 4+ — = = — -
While in ix T ox 12,p(x) x and g(x) =12

fp(x) dx

= Foranequationinstandard form,theintegratingfactoris €

Howdoluseanintegrating factorto solve adifferentialequation?

= STEPT:If necessary,rearrange the differential equationinto standard form
STEP 2:Find the integrating factor

= Notethatyoudon’'tneed to include aconstant of integration here whenyouintegrate [p(x)

dx
= STEP 3:Multiplybothsides of the differential equation by the integratingfactor
= This willturnthe equationinto an exact differentialequationof the form

e fr a0)= g(ge S0 o
X

= STEP4:Integrate bothsides of the equationwithrespectto x

fp (x) dx

= Theleftside willautomaticallyintegrateto Y€

d
= Fortherightside,integrate fq(x)efp(x) XdX usingyourusualtechniques forintegration

= Don’tforgettoinclude aconstantofintegration

= Althoughthere are two integrals,youonlyneed to include one constant of integration

STEP 5:Rearrange yoursolutionto getitinthe form y=f(x)

What else shouldlknowaboutusing anintegrating factorto solve differential
equations?

= Afterfindingthe generalsolutionusingthe steps above youmaybe asked to do otherthings with

the solution
= Forexample youmaybe asked to find the solutioncorrespondingto certaininitial or
boundaryconditions
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@ Worked example

, , , @y 2
Considerthe differentialequation 7 — =2xy + 5€*X” where y=7 when x=0.

dx

Use anintegratingfactorto find the solutionto the differential equation with the givenboundary
condition.

Integrating factor for [ro {f"’"‘l
Y'+Px)y=0(x) © g
booklet

2
STEP 1: %-lx7/=5&x ?(X)=—’)_x i(x)=58*1
STEP 2. es'ld* -
. d . x> | -
STEP 3¢ (—ﬁ-—’?—v)e_% "(Se_ )ex
"‘I—él-—?.x - 5
e dx 79 -

duy, o i
£ GeX) =S B diffeatil st

Dearit '\"orjet consloantl

K
-Xx _
STEP 4 : 7’& 2 S S C\x N 5 A of 'mte:)ro.tian

2
STEP 5 7=e* (5x+c>
Now vse t\'\z l)ounglory LOﬂAIIt;Oﬂ

Tee (S0)+c) = c=7

Y = eX1(5x+7)
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5.10.3 Modelling with Differential EqQuations

Modelling with Differential Equations

Why are differentialequationsused to modelreal-world situations?

Adifferential equationis anequationthat contains one ormore derivatives
Derivatives deal withrates of change, and with the way that variables change withrespectto one
another
Therefore differential equations are anaturalwayto modelreal-world situations involving change
= Mostfrequentlyinreal-world situations we are interested inhow things change overtime, so
the derivatives used will usuallybe withrespectto time t

Howdo lsetup adifferentialequationto modelasituation?

Anexamquestionmayrequire youto create adifferential equation frominformation provided
The questionwill provide a context fromwhich the differential equationis to be created
Most oftenthis willinvolve the rate of change of avariable being proportional to some functionof
the variable

= Forexample,therate of change of apopulationof bacteria, P,at a particular time maybe

proportionalto the size of the population at that time

The expression ‘rate of’ (‘rate of change of..”, ‘rate of growth of../,etc.)inamodellingquestionis a
stronghintthat adifferentialequationis needed,involving derivatives withrespectto time ¢t

dP

= So withthe bacteriaexample above, the equationwill involve the derivative ——

dt

Recallthe basic equation of proportionality
= |f yis proportionalto x,then y=kxforsome constant of proportionality k
= So forthe bacteriaexample above the differentialequationneeded would be

thBors proy
dr

= The precise value of kwillgenerallynotbe known at the start, but willneed to be found as part
ofthe process of solving the differential equation
= |tcanoftenbeusefulto assume that k> O whensettingupyourequation
= Inthis case,-kwillbe usedinthe differential equationinsituations where the rate of
change is expected to be negative
= Sointhe bacteriaexample,ifitwere known that the population of bacteriawas
dP

decreasing,thenthe equationcould instead be written — = — kP

dt
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@ Worked example

a) Inaparticularpond, the rate of change of the areacovered byalgae, A, at any time tis
directlyproportionalto the squarerootof the areacovered byalgae at that time. Write
down adifferential equationto model this situation.

._j_-te— = kJ—'H_ (,,;L\Qre l( .IS - COnsT.au\t

of ?rofor[ionm\ st7)

b) Newton’s Law of Cooling states that the rate of change of the temperature of anobject, T,
atanytime tis proportional to the difference betweenthe temperature of the object and
the ambient temperature of its surroundings, 7, at that time. Assuming that the object
starts off warmerthanits surroundings, write down the differential equationimplied by
Newton’s Law of Cooling.

The ohject s assumed Lo be woarmeer than s
Surrouai(njsl se 1-T,70

{

i %=—\<(T—'ro,)

(v’\n&fe. k>0 is o constanl of ?Nfortiona.\i't7)

\

Ve exrect the IQHPQfo.tU\"E to be decreasing,
$0 '-k .Ir\ -tlv\q eldﬂ-‘t;ﬂﬂ com\);necl w;t\-‘ \«70

ossures thet —1\;{— s nesatlue_
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The Logistic Equation

Whatisthelogisticequation?

dN
= The differentialequation ? =kNis averysimple example of amodelinwhichtherate of
change of apopulationatanymomentintime is dependent onthe size of the population(N) at

thattime
= Thesolutionis N = Aekt (where A>Qis aconstant)
= |f k>0, thisrepresents unlimited exponential growth of the variable N
= |Inmanyreal-world contexts (forexample when considering populations of living organisms),
unlimited growthis notarealistic modellingassumption
= Forreproducingpopulationsitis logical to assume that the rate of change of the population
willbe dependent onthe size of the population(more rabbits means more productionof
babyrabbits!)
= Butthere are generallylimiting factors on populations that prevent them from growing
without limits
= Forexample,availabilityof food orotherresources,orthe presence of predators or
otherthreats, maylimit the populationthat canexistinagivenarea
= Alogistic equationincorporates suchlimiting factors into the model,and therefore can provide
amore realistic modelforreal-world populations
= The standardlogistic equationis of the form
dN
T kN(a— N)
= trepresents the time (since the moment defined as t=0) that the population has been
growing
= Nrepresents the size of the populationattime t
= k €Risaconstant determining the relative rate of population growth
= Forthe models dealtwithhereitis mostcommonto have k> 0O, withalargervalue of k
representingafasterrate of change
» a€Risaconstantthat places alimit onthe maximumssize to which the population Ncan
grow
= Forapopulationmodelitcanbe assumed thata>0
= Fork>O0and aninitial population Ny suchthat O < Nj < a,the population Nwill grow and will
converge to the value aas time tincreases
= Fork>O0and aninitial population Ny suchthat O < Ny < a,the population Nwill shrink and
willconverge to the value aas time tincreases
= There are otherforms of logistic equation
= Theexactformofthelogistic equationyouare to use will always be giveninanexam question
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Howdolsolve problems thatinvolve alogistic equation model?

= Solving the differential equation will generallyinvolve the technique of separationof variables
= Usuallythis willalso involve rearranging one of the integrals using partial fractions (see the
worked example below foranexample)
= Youwillusuallybe given ‘boundaryconditions’specific to the context of the problem
= Forexample,youmaybe told the initial populationat time t=0
= These conditions willallow youto work out the exactvalue of anyintegrating constants that
occurwhile solving the differential equation
= Youwillneedto take accountofthe context of the questioninansweringthe questionorin
commentingonthe modelused

@ Worked example

Agroupofecologists are studying apopulation of rabbits on a particularisland. The population
of rabbits, N,ontheisland is modelled bythe logistic equation

dN
- 0.0012N(1500 - N)

where trepresents the time inyears since the ecologists began theirstudy. At the time the study
begins there are 300 rabbits onthe island.

a) 1500e! 8¢
Show that the population of rabbits at time tyears is givenby N = —————.
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{
Sm 4N = 0.0012 {Jt

) (5 - wosss)dN = 18 Sat

Sefara't;on ol varim\::les

?mft;n‘ 'ffar.tians

~N Don't Forgel constaat
\“ \ N-\SOO\ "St te n“" 'ln‘\'.tSfo.t-lon
[-3
I‘/—‘f’\:e
N N 1.8t
1500-N ~ Ae
t S50 ___N_\ _ ___N _ N
04 N<«l , S0 \N-—lsoo = N-1S00 = 1500-N
2400 _ 1.8(0) oA Vse inilial
N(0) = 300, so \S00-300 Ae == % condition
— N v w8t s 4N .8t
— \s00-N 4w € = 1500-N e
LA _ A N \E 2 r‘
l.St ]
1500 ¢
=> } N - ‘1‘ R |-8t R.Qorfo-ﬂjl
e

Find the population of rabbits that the model predi
the beginning of the study.
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1.8 (2) 5.
\S00 e 1500 e
N (2‘) a Y + el-St’L) = Y o+ Q‘S.& = 352,210 ..

1352 cabbiTs! Rouad o maaces rabbit

c) Determine the maximum size that the model predicts the population of rabbits can grow
to. Justifyyouranswerbyanappropriate analysis of the equationin part (a).

To\ke_ \:m:t to Aqtecmlna \ontj"tenﬂ \oe\no.v"our

1.8T
i S04 _ limmd500 500
T-200 W*e"st ‘t—)oo 2 el T 0+ = 1308
e\.st

\SOO ro.\:\':;ts .lS ILQ MO Ximum ‘wfu“’*'t;on

?re.cl'u'.tQA L’ tLe. macle.\. ‘
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