
5.10 Dierential Equations
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5.10.1 Numerical Solutions to Di�erential Equations

First Order Di�erential Equations

What  is a di�erent ial equat ion?

A di�erential equatio n is simply an equatio n that co ntains derivatives

Fo r example 
dy
dx =12xy

2  is a di�erential equatio n

And so  is 
d2x
dt2 −5

dx
dt +7x=5sint

What  is a �rst  order di�erent ial equat ion?

A �rst o rder di�erential equatio n is a di�erential equatio n that co ntains �rst derivatives but no

seco nd (o r higher) derivatives

Fo r example 
dy
dx =12xy

2  is a �rst o rder di�erential equatio n

But 
d2x
dt2 −5

dx
dt +7x=5sint  is no t  a �rst o rder di�erential equatio n, because it

co ntains the seco nd derivative 
d2x
dt2

Wait  – haven’t  I seen �rst  order di�erent ial equat ions bef ore?

Yes yo u have!

Fo r example 
dy
dx =3x

2  is also  a �rst o rder di�erential equatio n, because it co ntains a �rst

derivative and no  seco nd (o r higher) derivatives

But fo r that equatio n yo u can just integrate to  �nd the so lutio n y = x  + c (where c is a co nstant

o f integratio n)

In this sectio n o f the co urse yo u learn ho w to  so lve di�erential equatio ns that can’t just be

so lved right away by integrating

3
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Euler’s Method: First Order

What  is Euler’s m et hod?

Euler’s metho d  is a numerical metho d fo r �nding appro ximate so lutio ns to  di�erential

equatio ns

It treats the derivatives in the equatio n as being co nstant o ver sho rt ‘steps’

The accuracy o f the Euler’s Metho d appro ximatio n can be impro ved by making the step siz es

smaller

How do I use Euler’s m et hod wit h a �rst  order di�erent ial equat ion?

STEP 1: Make sure yo ur di�erential equatio n is in 
dy
dx = f ( )x, y  fo rm

STEP 2: Write do wn the recursio n equatio ns using the fo rmulae yn+1=yn+h× f ( )
xn , yn

 and xn+1=xn+h  fro m the exam fo rmula bo o klet

h in tho se equatio ns is the step siz e

the exam questio n will usually tell yo u the co rrect value o f h to  use 

STEP 3: Use the recursio n feature o n yo ur GDC to  calculate the Euler’s metho d appro ximatio n

o ver the co rrect number o f steps

the values fo r x0  and y0  will co me fro m the bo undary co nditio ns given in the questio n

Exam T ip

Be careful with letters – in the equatio ns in the exam, and in yo ur GDC’s recursio n calculato r,

the variables may no t be x and y

If an exam questio n asks yo u ho w to  impro ve an Euler’s metho d appro ximatio n, the answer

will almo st always have to  do  with decreasing the step siz e!
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a)

b)

Worked example

Co nsider the di�erential equatio n 
dy
dx +y=x+1  with the bo undary co nditio n y (0)=0 .5.

Apply Euler’s metho d with a step siz e o f h=0 .2  to  appro ximate the so lutio n to  the

di�erential equatio n at x=1.

Explain ho w the accuracy o f the appro ximatio n in part (a) co uld be impro ved.
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5.10.2 Analytical Solutions to Di�erential Equations

Separation of Variables

What  is separat ion of  variables?

Separatio n o f  variables  can be used to  so lve certain types o f �rst o rder di�erential equatio ns

Lo o k o ut fo r equatio ns o f the fo rm 
dy
dx =g (x)h (y)

i.e. 
dy
dx  is a functio n o f x  multiplied by a functio n o f y

be careful – the ‘functio n o f x ’ g (x)  may just be a co nstant!

Fo r example in 
dy
dx =6y , g (x)=6  and h (y)=y

If the equatio n is in that fo rm yo u can use separatio n o f variables to  try to  so lve it

If the equatio n is no t in that fo rm yo u will need to  use ano ther so lutio n metho d

How do I solve a di�erent ial equat ion using  separat ion of  variables?

STEP 1: Rearrange the equatio n into  the fo rm 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

1
h (y)

dy
dx =g (x)

STEP 2: Take the integral o f bo th sides to  change the equatio n into  the fo rm 

∫ 1
h (y)

dy=∫ g (x) dx

Yo u can think o f this step as ‘multiplying the dx  acro ss and integrating bo th sides’

Mathematically that’s no t quite what is actually happening, but it will get yo u the right

answer here!

STEP 3: Wo rk o ut the integrals o n bo th sides o f the equatio n to  �nd the general so lutio n to  the

di�erential equatio n

Do n’t fo rget to  include a co nstant o f integratio n

Altho ugh there are two  integrals, yo u o nly need to  include o ne co nstant o f integratio n

Lo o k o ut fo r integrals that require yo u to  use partial f ractio ns  to  so lve them

See ‘Integrating with Partial Fractio ns’ in 5.9 Advanced Integratio n

STEP 4: Use any bo undary o r initial co nditio ns in the questio n to  wo rk o ut the value o f the

integratio n co nstant

STEP 5: If necessary, rearrange the so lutio n into  the fo rm required by the questio n

Exam T ip

Be careful with letters – the equatio n o n an exam may no t use and  as the variables

Unless the questio n asks fo r it, yo u do n’t have to  change yo ur so lutio n into   fo rm –

so metimes it might be mo re co nvenient to  leave yo ur so lutio n in ano ther fo rm
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Worked example

Fo r each o f the fo llo wing di�erential equatio ns, either (i) so lve the equatio n by using separatio n

o f variables giving yo ur answer in the fo rm y= f (x) , o r (ii) state why the equatio n may no t be

so lved using separatio n o f variables.

a)       
dy
dx =

ex+4x
3y2 .

b)       
dy
dx =4xy−2ln x .

c)       
dy
dx =2y

2+2y , given that y=2  when x=0.
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Homogeneous Di�erential Equations

What  is a hom og eneous �rst  order di�erent ial equat ion?

If a �rst o rder di�erential equatio n can be written in the fo rm 
dy
dx = f

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

y
x  then it is said to  be

ho mo geneo us

How do I solve a hom og eneous �rst  order di�erent ial equat ion?

These equatio ns can be so lved using the substitutio n v=
y
x ⇔y=vx

STEP 1: If necessary, rearrange the equatio n into  the fo rm 
dy
dx = f

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

y
x

STEP 2: Replace all instances o f 
y
x  in yo ur equatio n with v

STEP 3: Use the pro duct rule and implicit di�erentiatio n to  replace 
dy
dx  in yo ur equatio n with 

v+x
dv
dx

This is because y=vx ⇒
dy
dx =

d
dx ( )vx =v

d
dx ( )x +x

d
dx ( )v =v+x

dv
dx

STEP 4: So lve yo ur new di�erential equatio n to  �nd the so lutio n in terms o f v and x

Yo u may need to  use o ther metho ds fo r di�erential equatio ns, such as separatio n o f

variables, at this stage

STEP 5: Substitute v=
y
x  into  the so lutio n fro m Step 4, in o rder to  �nd the so lutio n in terms o f y

and x

What  else should I know about  solving  hom og eneous �rst  order di�erent ial

equat ions?

After �nding the so lutio n in terms o f y and x yo u may be asked to  do  o ther things with the so lutio n

Fo r example yo u may be asked to  �nd the so lutio n co rrespo nding to  certain initial o r

bo undary co nditio ns

Or yo u may be asked to  express yo ur answer in a particular fo rm, such as y = f(x)

It is so metimes po ssible to  so lve di�erential equatio ns that are not ho mo geneo us by using the

substitutio n v=
y
x

Fo r such a situatio n in an exam questio n, yo u wo uld be to ld explicitly to  use the substitutio n

Yo u wo uld no t be expected to  kno w that yo u co uld use the substitutio n in a case where the

di�erential equatio n was no t ho mo geneo us

Exam T ip

Unless the questio n asks fo r it, yo u do n’t have to  change yo ur so lutio n into  y = f(x) fo rm –

so metimes it might be mo re co nvenient to  leave yo ur so lutio n in ano ther fo rm
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a)

b)

Worked example

Co nsider the di�erential equatio n xy
dy
dx =y

2−x2  where  y = 3  when  x = 1.

Sho w that the di�erential equatio n is ho mo geneo us.

Use the substitutio n v=
y
x  to  so lve the di�erential equatio n with the given bo undary

co nditio n.
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Integrating Factor

What  is an int eg rat ing  f act or?

An integrating f acto r can be used to  so lve a di�erential equatio n that can be written in the

standard f o rm 
dy
dx +p (x)y=q (x)

Be careful – the ‘functio ns o f x’ p(x) and q(x) may just be co nstants!

Fo r example in 
dy
dx +6y=e

−2x , p(x) = 6 and q(x) = e

While in 
dy
dx +

y
2x =12, p (x)=

1
2x   and q(x) = 12

Fo r an equatio n in standard fo rm, the integrating facto r is e ∫p ( )x dx

How do I use an int eg rat ing  f act or t o solve a di�erent ial equat ion?

STEP 1: If necessary, rearrange the di�erential equatio n into  standard fo rm

STEP 2: Find the integrating facto r

No te that yo u do n’t need to  include a co nstant o f integratio n here when yo u integrate  ∫p(x)

dx

STEP 3: Multiply bo th sides o f the di�erential equatio n by the integrating facto r

This will turn the equatio n into  an exact di�erential equatio n o f the fo rm 

d
dx

( )ye∫p ( )x dx =q ( )x e ∫p ( )x dx

STEP 4: Integrate bo th sides o f the equatio n with respect to  x

The left side will auto matically integrate to   ye∫p ( )x dx

Fo r the right side, integrate ∫q (x)e∫p (x )dxdx  using yo ur usual techniques fo r integratio n

Do n’t fo rget to  include a co nstant o f integratio n

Altho ugh there are two  integrals, yo u o nly need to  include o ne co nstant o f integratio n

STEP 5: Rearrange yo ur so lutio n to  get it in the fo rm y = f(x)

What  else should I know about  using  an int eg rat ing  f act or t o solve di�erent ial

equat ions?

After �nding the general so lutio n using the steps abo ve yo u may be asked to  do  o ther things with

the so lutio n

Fo r example yo u may be asked to  �nd the so lutio n co rrespo nding to  certain initial o r

bo undary co nditio ns

-2x
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Worked example

Co nsider the di�erential equatio n 
dy
dx =2xy+5e

x 2  where  y = 7  when  x = 0.

Use an integrating facto r to  �nd the so lutio n to  the di�erential equatio n with the given bo undary

co nditio n.
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5.10.3 Modelling with Di�erential Equations

Modelling with Di�erential Equations

Why are di�erent ial equat ions used t o m odel real-world sit uat ions?

A di�erential equatio n is an equatio n that co ntains o ne o r mo re derivatives

Derivatives deal with rates o f change, and with the way that variables change with respect to  o ne

ano ther

Therefo re di�erential equatio ns are a natural way to  mo del real-wo rld situatio ns invo lving change

Mo st frequently in real-wo rld situatio ns we are interested in ho w things change o ver time, so

the derivatives used will usually be with respect to  time t

How do I set  up a di�erent ial equat ion t o m odel a sit uat ion?

An exam questio n may require yo u to  create a di�erential equatio n fro m info rmatio n pro vided

The questio n will pro vide a co ntext fro m which the di�erential equatio n is to  be created

Mo st o ften this will invo lve the rate o f change o f a variable being pro po rtio nal to  so me functio n o f

the variable

Fo r example, the rate o f change o f a po pulatio n o f bacteria, P, at a particular time may be

pro po rtio nal to  the siz e o f the po pulatio n at that time

The expressio n ‘rate o f’ (‘rate o f change o f…’, ‘rate o f gro wth o f…’, etc.) in a mo delling questio n is a

stro ng hint that a di�erential equatio n is needed, invo lving derivatives with respect to  time t

So  with the bacteria example abo ve, the equatio n will invo lve the derivative  
dP
dt

Recall the basic equatio n o f pro po rtio nality

If y is pro po rtio nal to  x, then y = kx fo r so me co nstant o f  pro po rtio nality k

So  fo r the bacteria example abo ve the di�erential equatio n needed wo uld be 

dP
dt =kP

The precise value o f k will generally no t be kno wn at the start, but will need to  be fo und as part

o f the pro cess o f so lving the di�erential equatio n

It can o ften be useful to  assume that k > 0 when setting up yo ur equatio n

In this case, -k will be used in the di�erential equatio n in situatio ns where the rate o f

change is expected to  be negative

So  in the bacteria example, if it were kno wn that the po pulatio n o f bacteria was

decreasing, then the equatio n co uld instead be written 
dP
dt =−kP
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a)

b)

Worked example

In a particular po nd, the rate o f change o f the area co vered by algae, A, at any time t is

directly pro po rtio nal to  the square ro o t o f the area co vered by algae at that time.  Write

do wn a di�erential equatio n to  mo del this situatio n.

Newto n’s Law o f Co o ling states that the rate o f change o f the temperature o f an o bject, T,

at any time t is pro po rtio nal to  the di�erence between the temperature o f the o bject and

the ambient temperature o f its surro undings, T  , at that time.  Assuming that the o bject

starts o � warmer than its surro undings, write do wn the di�erential equatio n implied by

Newto n’s Law o f Co o ling.

a
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The Logistic Equation

What  is t he log ist ic equat ion?

The di�erential equatio n  
dN
dt =kN  is a very simple example o f a mo del in which the rate o f

change o f a po pulatio n at any mo ment in time is dependent o n the siz e o f the po pulatio n (N) at

that time

The so lutio n is N=Aekt  (where A > 0 is a co nstant)

If k > 0, this represents unlimited expo nential gro wth o f the variable N

In many real-wo rld co ntexts (fo r example when co nsidering po pulatio ns o f living o rganisms),

unlimited gro wth is no t a realistic mo delling assumptio n

Fo r repro ducing po pulatio ns it is lo gical to  assume that the rate o f change o f the po pulatio n

will be dependent o n the siz e o f the po pulatio n (mo re rabbits means mo re pro ductio n o f

baby rabbits!)

But there are generally limiting facto rs o n po pulatio ns that prevent them fro m gro wing

witho ut limits

Fo r example, availability o f fo o d o r o ther reso urces, o r the presence o f predato rs o r

o ther threats, may limit the po pulatio n that can exist in a given area

A lo gistic equatio n inco rpo rates such limiting facto rs into  the mo del, and therefo re can pro vide

a mo re realistic mo del fo r real-wo rld po pulatio ns

The standard lo gistic equatio n is o f the fo rm

dN
dt =kN (a−N)

t represents the time (since the mo ment de�ned as t = 0) that the po pulatio n has been

gro wing

N represents the siz e o f the po pulatio n at time t

k∈ℝ  is a co nstant determining the relative rate o f po pulatio n gro wth

Fo r the mo dels dealt with here it is mo st co mmo n to  have k > 0, with a larger value o f k

representing a faster rate o f change

a∈ℝ  is a co nstant that places a limit o n the maximum siz e to  which the po pulatio n N can

gro w

Fo r a po pulatio n mo del it can be assumed that a > 0

Fo r k > 0 and an initial po pulatio n N  such that 0 < N < a, the po pulatio n N will gro w and will

co nverge to  the value a as time t increases

Fo r k > 0 and an initial po pulatio n N  such that 0 < N < a, the po pulatio n N will shrink and

will co nverge to  the value a as time t increases

There are o ther fo rms o f lo gistic equatio n

The exact fo rm o f the lo gistic equatio n yo u are to  use will always be given in an exam questio n

0 0  

0 0  
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How do I solve problem s t hat  involve a log ist ic equat ion m odel?

So lving the di�erential equatio n will generally invo lve the technique o f separatio n o f  variables

Usually this will also  invo lve rearranging o ne o f the integrals using partial f ractio ns  (see the

wo rked example belo w fo r an example)

Yo u will usually be given ‘bo undary co nditio ns’ speci�c to  the co ntext o f the pro blem

Fo r example, yo u may be to ld the initial po pulatio n at time t = 0

These co nditio ns will allo w yo u to  wo rk o ut the exact value o f any integrating co nstants that

o ccur while so lving the di�erential equatio n

Yo u will need to  take acco unt o f the co ntext o f the questio n in answering the questio n o r in

co mmenting o n the mo del used

a)

Worked example

A gro up o f eco lo gists are studying a po pulatio n o f rabbits o n a particular island.  The po pulatio n

o f rabbits, N, o n the island is mo delled by the lo gistic equatio n

dN
dt =0 .0012N (1500−N)

where t represents the time in years since the eco lo gists began their study.  At the time the study

begins there are 300 rabbits o n the island.

Sho w that the po pulatio n o f rabbits at time t years is given by N=
1500e1 .8t

4+e1 .8t
.
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b) Find the po pulatio n o f rabbits that the mo del predicts will be o n the island two  years after

the beginning o f the study.
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c) Determine the maximum siz e that the mo del predicts the po pulatio n o f rabbits can gro w

to .  Justify yo ur answer by an appro priate analysis o f the equatio n in part (a).
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