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5.1.1Introduction to Differentiation

Introduction to Derivatives

= Beforeintroducing a derivative, an understanding of alimit is helpful
Whatis a limit?

= Thelimit of a functionis the value a function (of X) approaches as X approaches a particularvalue from
eitherside
= Limits are of interest when the functionis undefined at a particular value

x4-1
-1

below and above but is undefined at X = 1 as this would involve dividing by zero

= Forexample, the function f(X) = willapproach alimitas X approaches1from both

What might | be asked about limits?

= Youmay be asked to predict or estimate limits from a table of function values or from the graph of

y=f(x)

= Youmay be asked to use your GDC to plot the graph and use values from it to estimate a limit

What is a derivative?

= Calculusis aboutrates of change
= thewayacar’'s positiononaroad changesisits speed (velocity)
= theway the car’'s speed changesisits acceleration

= The gradient (rate of change) of a (non-linear) function varies with X

= Thederivative of a functionis a function that relates the gradient to the value of X
= Thederivative is also called the gradient function

How are limits and derivatives linked?

= Considerthe point P onthe graph of y = f(X) as shown below
. [PQi] is a series of chords
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= The gradient of the function f(X) at the point Pis equal to the gradient of the tangent at point P
» The gradient of the tangent at point Pis the limit of the gradient of the chords [PQj] aspoint

‘slides’ down the curve and gets ever closer to point P
= The gradient of the function changes as X changes

= Thederivativeis the function that calculates the gradient from the value X
What is the notation for derivatives?

= Forthefunction Yy = f(X) the derivative, withrespectto X, would be written as

dy_
d—X—f'(X)

= Differentvariables may be used

dv
s eglf V= f(S) then ds = ld(S)
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@ Worked example

The graphof y = f(X) where f(X) =x3-2 passes through the points
P(2,6), A(2.3,10.167), B(2.1,7.261) and C(2.05, 6.615125).

a) Find the gradient of the chords [ PA], [ PB]and [PC].

Gradieny o?- a \ine Lc\norb!) ic " Y29 "

Ky =3¢,

[Pgl e-\c7-6€ = \a-gq
2-3-2

[Pel; T-26\-6 = \2:6\
2\=-2

[Pd-_ €6-6\S\25-€ = |q.3

2:05-2

Cradient & chords ore: [PA] 13-81
Pel 12-en
[°c] 12-3cas

o) Estimate the gradient of the tangent to the curve at the point P.

There will be o ik the %fbé'\en'\‘ é:' the chord reaches
ce the difference in Yhe x-coordinaiee appreaches zeve.

Eckioncke of a\'oc&xen‘\‘ oy +an&eu¥ & x=2ie 12
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Differentiating Powers of x
What is differentiation?

= Differentiationis the process of finding an expression of the derivative (gradient function) from the
expression of a function

How do | differentiate powers of x?

= Powers of X are differentiated according to the following formula:
« 1f f(x)=x"then f'(x)=nx?"1wheren €Q
= Thisis givenin the formula booklet

= |fthe power of X is multiplied by a constant then the derivative is also multiplied by that constant

. If f(X) = ax" then ld(X) = anx” ~ ! where n € Q and aisaconstant

dy
= The alternative notation (to ld(X)) istouse d_X
dy
s If y=ax"then —— = anx" !
Y dx
1 1 1
4x2 men Y = Cgx2xx2 o spy2
= eg. Ify= —4X“4 then—7T—= —4X — XX = —2X
oy dx 2

= Don'tforget these two special cases:

« 1f f(x)=axthen f'(x)=a

dy
= eg. Ify=6Xthen a =6
= |f f(X)=athen f(X)=O
dy
= eg. Ify=>5then dx =0

= These allow you to differentiate linear termsin X and constants

= Functionsinvolving roots will need to be rewritten as fractional powers of X first
1

= eg.lf f(X) = 2./ X thenrewrite as f(X) =2x 2 and differentiate
= Functionsinvolving fractions with denominators in terms of X will need to be rewritten as negative

powers of X first

4
= eg.lf f(X) = ; thenrewrite as f(X) =4 x~1 and differentiate

How do | differentiate sums and differences of powers of x?
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= The formulae for differentiating powers of X apply to all rational powers soitis possible to

differentiate any expression that is a sum or difference of powers of X
2

" eqglIf f(X) =5x4— 3X§ + 4 then

2
=-1

2
F(X)=5X4X4_1—3X§X3 +0
_1
f'(x)=20x3-2x 3

= Products and quotients cannot be differentiatedin this way so would need expanding/simplifying
first

= egIf f(X) = (2X - 3)(X2 - 4) then expandto f(X) =2x3—3x2—8x+ 12 whichisa

sum/difference of powers of X and can be differentiated
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@ Worked example

The function f(X) is given by

4
f(X)=2X3 + —— wherex >0
X

Find the derivative of ()

RewriYe flx) o every Yerm i€ o powser & x

i
?(x\: 213 + H‘: =

Differectice \‘S OPP\'S“Q e %d'm\a

)= 6x* - ax"fi
4 ) Yoke core Wt neoglives

Oﬁx "1-‘3-'5.

?L’x) = G - 2o
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5.1.2 Applications of Differentiation

Finding Gradients
How do | find the gradient of a curve at a point?

= The gradient of a curve at a pointis the gradient of the tangent to the curve at that point

= Find the gradient of a curve at a point by substituting the value of X at that pointinto the curve's
derivative function

= Forexample, if f(X) =x2+3x—4
« then f1(x)=2x+3
= andthe gradientof y = f(X) whenx =1 is f(l) = 2(1) +3=5
= andthe gradientof y = f(X) whenx = —2is f(—Z) = 2(—2) +3=-1

= Althoughyour GDC won't find a derivative function foryou, itis possible to use your GDC to evaluate

d
the derivative of a function at a point, using E( I:I )X =|:|
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@ Worked example

Afunctionis defined by f(X) =x3+6x2+5x—12.

(@ Find £ (x).
Find  0'() Bj di[r(rﬁnlllajrmj
f'lloc) = 32% + 2x67' +5%°
r‘{'x\ =3%x* +12x +§

(b)Hence show that the gradient of Y = f(X) when X = 1is20.

Sul‘bsliku\lﬂl % & l'rﬁlo rl(ﬂ
(Y= 3GY ¢ 120) %6

=3 +124+§

F'(00) = 20

(c)Find the gradient of Yy = f(X) whenx = —2.5.
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Use {he  GNC o evalucde  the derivolive of P(‘IJ of x=-2.5

d
4 (3,6 x245. x-12)jx=-2.5
dx

{'(-2-5)=-¢ 26
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Increasing & Decreasing Functions

What are increasing and decreasing functions?
. L R !
= Afunction, f(X),lsmcreasmg it £ (X) >0
= This means the value of the function (‘output’) increases as X increases
» Afunction, f(X),is decreasing if f’(X) <0
= This means the value of the function (‘output’) decreases as X increases

= Afunction, f(X),isstationaryif £'(x)=0

., Increasing — %/ is +ve
- Decreasing — %/, is -ve

How do | find where functions are increasing, decreasing or stationary?

= Toidentify the intervals on which a functionisincreasing or decreasing
STEP1
Find the derivative f'(x)

STEP 2
Solve the inequalities
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f’(X) > O(forincreasing intervals) and/or
f’(X) < O(fordecreasing intervals)

= Most functions are acombination of increasing, decreasing and stationary

= arange of values of X (interval)is given where a function satisfies each condition

= e.g. Thefunction f(X) = X2 has derivative f’(X) =2Xxso0
. f(X) is decreasing for X < ()
= f(X) is stationary at X =0
" f(X) isincreasing for X >0
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@ Worked example
f(x)= x2-x-2

a)  Determine whether f(X) isincreasing or decreasing at the points where X = 0 and x = 3.
Differentiate
Floo)= 2o
At =0, §'(0)= 2x0-1 =-| €0 decrenCing

At <=3 §'(3): 2x3-1=5>0 = ncreosing

« At =0, i—bc) ¢ decrecCing
At x=3, $lx) i increcSing
o) Find the values of X forwhich f(X) isanincreasing function.
Sﬂx) S increnSing whea Sf'bc) >0
Flgro
2¢-\ >0

x> Yy

& -ﬂx\ IS increaSing Yor > -i-
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Tangents & Normals
What is a tangent?

= Atany point onthe graph of a(non-linear) function, the tangentis the straight line that touches the
graph at a point without crossing through it
= |tsgradientis given by the derivative function

Y
A
Tangent line
x
< — >
v

How do | find the equation of atangent?

= To find the equation of a straight line, a point and the gradient are needed

= Thegradient, M, of the tangent to the function y = f(X) at (Xl, yl) is f’ (Xl)
= Therefore find the equation of the tangent to the function y = f(X) at the point (X1 , _yl) by
substituting the gradient, Id(Xl), and point (Xl, yl) intoy — -yl = m(x =3 Xl) , giving:
- y-y, =f (x)(x-x))
* (Youcouldalso substituteinto ¥ = mX + Cbutitis usually quicker to substitute into
y=y, =mx—x,)
What is a normal?

= Atany pointonthe graph of a(non-linear) function, the normalis the straight line that passes through
that point and is perpendicular to the tangent
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Mormal

Curve

Tangent

How do | find the equation of a normal?

-1
= The gradient of the normal to the function y = f(X) at (Xl’ yl) IS g7\
f (xl)

= Therefore find the equation of the normal to the function y = f(X) at the point (X1 , yl) by using
-1
=
f (xl)

Y=y (x—x,)
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@ Worked example

The function f(X) is defined by
3
f(x)=2x4+ — x=0
X

a) Find an equation for the tangent to the curve Yy = f(X) atthe pointwhere X = 1, giving your
answerintheformy = mx + C.

Firsk $ad §' () by di?feren\ioﬁ'ins
?(:c) = 2x% +3x72 Rewrte 08 powerS of x
? b::) =B~ 63
For q“’myn’c, * Y9 S[\a“ac -x;)"
At x=\, = 2[\)"1-_2_ =5

= o

Fly=8()’ - £ =2

o

v Y- 5= ka-\)

Engen-\-d\' x=\ is 4 dx +3

o) Find an equation for the normal at the point where X = 1, giving your answerin the form

ax + by + d=0,where a, b and d areintegers.
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XAM PAPERS PRACTICE

for onormdl, “yryy = 2 \x-x,)"
Yl
US\rB resu'ts sf\'m por\‘. Q)
3-5 5 =k (:r.- |)
b

Y
Y= "Xtz

19:-)(;-\'“

* Fouation 6 nornd) is 2+2y-W =0

For more help, please visit www.exampaperspractice.co.uk
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