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5.1.1Introduction to Differentiation

Introduction to Derivatives

= Beforeintroducing a derivative, an understanding of alimit is helpful
Whatis a limit?

= Thelimit of a functionis the value a function (of X) approaches as X approaches a particularvalue from
eitherside
= Limits are of interest when the functionis undefined at a particular value

x4-1
-1

below and above but is undefined at X = 1 as this would involve dividing by zero

= Forexample, the function f(X) = willapproach alimit as X approaches1from both

What might | be asked about limits?

= Youmay be asked to predict or estimate limits from a table of function values or from the graph of

y=f(x)

= Youmay be asked to use your GDC to plot the graph and use values from it to estimate a limit

What is a derivative?

= Calculusis aboutrates of change
= thewayacar’'s positiononaroad changesisits speed
= theway the car’'s speed changesisits acceleration

= The gradient (rate of change) of a (non-linear) function varies with X

= Thederivative of a functionis a function that relates the gradient to the value of X
= |tisalso called the gradient function

What is the notation for derivatives?

= Forthefunction y = f(X) the derivative, withrespectto X, would be written as

dy_
a—l"(X)

= Differentvariables may be used

dVv
« e.q.If V=1(s) then E =1'(s)


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

The graphof y = f(X) where f(X) =x3-2 passes through the points
P(2,6), A(2.3,10.167), B(2.1,7.261) and C(2.05, 6.615125).

a) Find the gradient of the chords [ PA], [ PB]and [PC].

Gradieny o?- a \ine Lc\norb!) ic " Y29 "

Ky =3¢,

[Pgl e-\c7-6€ = \a-gq
2-3-2

[Pel; T-26\-6 = \2:6\
2\=-2

[Pd-_ €6-6\S\25-€ = |q.3

2:05-2

Cradient & chords ore: [PA] 13-81
Pel 12-en
[°c] 12-3cas

o) Estimate the gradient of the tangent to the curve at the point P.

There will be o ik the %fbé'\en'\‘ é:' the chord reaches
ce the difference in Yhe x-coordinaiee appreaches zeve.

Eckioncke of a\'oc&xen‘\‘ oy +an&eu¥ & x=2ie 12
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Differentiating Powers of x
What is differentiation?

= Differentiationis the process of finding an expression of the derivative (gradient function) from the
expression of a function

How do | differentiate powers of x?

= Powers of X are differentiated according to the following formula:

« 1f A(x)=x"then £ (x) = nx? " wheren €7
= Thisis givenin the formula booklet

If the power of X is multiplied by a constant then the derivative is also multiplied by that constant

. If f(X) = ax" then f(X) = anx" ! where n € Z and ais a constant

dy
= The alternative notation (to f(X)) istouse _d
X
dy .
s fy=ax?then —— =anx?~
Y dx

d
" oeg lfy= —4X5thend_i/= —4x5x371=-20x4

= Don'tforgetthese two special cases:

« fAx)=axthenf(x)=2a

d
" eqg. Ify=6Xthend_i/=6
« fAx)=athen f(x)=0
d
" eqg. Ify=5then£=0

= These allow you to differentiate linear termsin X and constants
= Functionsinvolving fractions with denominators in terms of X willneed to be rewritten as negative

powers of X first

4
= |f f(X) = — thenrewriteas f(X) =4x~! and differentiate
X

How do | differentiate sums and differences of powers of x?

= The formulae for differentiating powers of X apply to allinteger powers soitis possible to
differentiate any expression that is a sum or difference of powers of X
v eg If A{x)=5x%+2x3=3x+4 then
fl(x)=5x4x4"142x3x3"1=-3+0
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f'(x)=20x3+6x2-3
= Products and quotients cannot be differentiated in this way so would need expanding/simplifying
first

= egqlf f(X) = (2X - 3)(X2 - 4) thenexpandto f(X) =2x3—3x2—8x+ 12 whichisa

sum/difference of powers of X and can be differentiated

@ Worked example

The function f(X) is given by
4
fx)=x3-2x2+3— —
X

Find the derivative of f(X) .
RewriYe §lx) So every Yorn ¢ o power & x
o) = x2- 2t + 3 W?
Di??efe a¥idke L\'S QPPh:gna the %o!'m\a t3 i &QpeCiO& CDQE’)
Flo)= 3oc* ~Woc +126™

1{
nxn-l } Tn_‘ +a\!e core ith neefs\iueg
ane

= §e)= 3o W + 12

~x%*
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5.1.2 Applications of Differentiation

Finding Gradients
How do | find the gradient of a curve at a point?

= The gradient of a curve at a pointis the gradient of the tangent to the curve at that point

= Find the gradient of a curve at a point by substituting the value of X at that pointinto the curve's
derivative function

= Forexample, if f(X) =x2+3x—4
« then f1(x)=2x+3
= andthe gradientof y = f(X) whenx =1 is f(l) = 2(1) +3=5
= andthe gradientof y = f(X) whenx = —2is f(—Z) = 2(—2) +3=-1

= Althoughyour GDC won't find a derivative function foryou, itis possible to use your GDC to evaluate

d
the derivative of a function at a point, using E( I:I )X =|:|
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@ Worked example

Afunctionis defined by f(X) =x3+6x2+5x—12.

(@ Find £ (x).
Find  0'() Bj di[r(rﬁnlllajrmj
f'lloc) = 32% + 2x67' +5%°
r‘{'x\ =3%x* +12x +§

(b)Hence show that the gradient of Y = f(X) when X = 1is20.

Sul‘bsliku\lﬂl % & l'rﬁlo rl(ﬂ
(Y= 3GY ¢ 120) %6

=3 +124+§

F'(00) = 20

(c)Find the gradient of Yy = f(X) whenx = —2.5.
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Use {he  GNC o evalucde  the derivolive of P(‘IJ of x=-2.5

d
4 (3,6 x245. x-12)jx=-2.5
dx

{'(-2-5)=-¢ 26
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Increasing & Decreasing Functions
What are increasing and decreasing functions?

= Afunction, f(x), isincreasingif f'(x) > O

= This means the value of the function (‘output’) increases as xincreases
= Afunction, f(x), is decreasingif f'(x) < O

= This means the value of the function (‘output’) decreases as xincreases
= Afunction, f(x), is stationary if f'(x) = 0

How do | find where functions are increasing, decreasing or stationary?

= Toidentify the intervals on which a functionisincreasing or decreasing
STEP1 Find the derivative f'(x)
STEP 2 Solve theinequalities f'(x) > O (forincreasing intervals) and/or f'(x) < O (for decreasing
intervals)

= Most functions are acombination of increasing, decreasing and stationary
= arange of values of x (interval) is given where a function satisfies each condition

14
= e.g. Thefunctionf(x) = x2 has derivative (x)=2xso

» f(x) isdecreasingfor x <0
= f(X) is stationary at X = 0
" f(X) is increasing for X > (
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@ Worked example

f(x)= x2-x-2
a) Determine whether f(X) is increasing or decreasing at the points where X = 0 and X = 3.
D\?%L-T(:'oﬁ'i:ffe
£loc)= -1

At =0, }'(0)= 2x0-1=-1 <0 - decreoting

At =3 §(3)7 243-1=5>0 +increosing

~ Akt x=0, §(x) i decrecting
At x=3, $l) e increcding

b) Find the values of X forwhich f(X) isanincreasing function.
flo) & increnging when Ye)>0
'Floc) *0
Ax-1>0

x?s'g

& -H‘:c) iS intreaSing for x> :;-
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Tangents & Normals
What is a tangent?

= Atany point onthe graph of a(non-linear) function, the tangentis the straight line that touches the
graph at a point without crossing through it
= |tsgradientis given by the derivative function

L

How do | find the equation of atangent?

= To find the equation of a straight line, a point and the gradient are needed

= Thegradient, M, of the tangent to the function y = f(X) at (Xl, yl) is f’ (Xl)
= Therefore find the equation of the tangent to the function y = f(X) at the point (X1 , _yl) by
substituting the gradient, Id(Xl), and point (Xl, yl) intoy — -yl = m(x =3 Xl) , giving:
« y-y, = (x)(x-x,)
* (Youcouldalso substituteinto ¥ = mX + Cbutitis usually quicker to substitute into
y=y, =mx—x,)
What is a normal?

= Atany pointonthe graph of a(non-linear) function, the normalis the straight line that passes through
that point and is perpendicular to the tangent
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How do | find the equation of a normal?

-1
= The gradient of the normal to the function y = f(X) at (Xl’ yl) IS 747\
f (xl)

= Therefore find the equation of the normal to the function y = f(X) at the point (Xl’ yl) by using
-1
y=y, =7 &-x)
1 £ (x1) 1
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@ Worked example

The function f(X) is defined by
3
f(x)=2x4+ — x=0
X

a) Find an equation for the tangent to the curve Yy = f(X) atthe pointwhere X = 1, giving your
answerintheformy = mx + C.

Firsk $ad §' () by di?feren\ioﬁ'ins
?(:c) = 2x% +3x72 Rewrte 08 powerS of x
? b::) =B~ 63
For q“’myn’c, * Y9 S[\a“ac -x;)"
At x=\, = 2[\)"1-_2_ =5

= o

Fly=8()’ - £ =2

o

v Y- 5= ka-\)

Engen-\-d\' x=\ is 4 dx +3

o) Find an equation for the normal at the point where X = 1, giving your answerin the form

ax + by + d=0,where a, b and d areintegers.
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for onormdl, “yryy = 2 \x-x,)"
Yl
US\rB resu'ts sf\'m por\‘. Q)
3-5 5 =k (:r.- |)
b

Y
Y= "Xtz

19:-)(;-\'“

* Fouation 6 nornd) is 2+2y-W =0

For more help, please visit www.exampaperspractice.co.uk
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Local Minimum & Maximum Points
What are local minimum and maximum points?

= |Local minimum and maximum points are two types of stationary point
= The gradient function (derivative) at such points equals zero

i.e. Id(X) =0
= Alocal minimum point, (X, f(X)) will be the lowest value of f(X) in the local vicinity of the value of
X
= Thefunction mayreach alower value further afield
= Similarly, alocal maximum point,(X, f(X)) will be the greatest value of f(X) in the local vicinity of
the value of X
= Thefunction mayreach a greater value further afield
= The graphs of many functions tend to infinity for large values of X
(and/orminus infinity for large negative values of X)
= The nature of a stationary point refers to whetheritis alocal minimum or local maximum point

How do | find the coordinates and nature of stationary points?

= Theinstructions below describe how to find local minimum and maximum points using a GDC on the
graph of the function Yy = f(X)
STEP1
Plotthe graphof y = f(X)
Sketch the graph as part of the solution

STEP 2

Use the options from the graphing screen to “solve for minimum”

The GDC will display the X and ¥ coordinates of the first minimum point
Scrollonwards to see there are anymore minimum points

Note down the coordinates and the type of stationary point

STEP 3
Repeat STEP 2 but use “solve formaximum” onyour GDC

= |nSTEP 2 the nature of the stationary point should be easy to tell from the graph
= alocal minimum changes the function from decreasing to increasing
= the gradient changes from negative to positive
= alocalmaximum changes the function fromincreasing to decreasing
= the gradient changes from positive to negative
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@ Worked example

Find the stationary points of f(X) = X(X2 - 27), and state their nature.

Plet the a‘l‘np\\ o ¥ Ikxl-i?) o0 GOC aad Skelch here

lecal ~y
X

locel
Mo

& Strekicnary Poin‘h ot

(3,-5%) LocAL Mwiaom PonT
(+3,5%) LocAL MmAXImum POVNT
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5.1.3 Modelling with Differentiation

Modelling with Differentiation
What can be modelled with differentiation?

= Recallthat differentiationis about the rate of change of a function and provides a way of finding

minimum and maximum values of a function
= Anything thatinvolves maximising or minimising a quantity can be modelled using differentiation; for

example
= minimising the cost of raw materials in manufacturing a product
= the maximum height a football could reach when kicked
= These are called optimisation problems

What modelling assumptions are used in optimisation problems?

= The quantity being optimised needs to be dependent on a single variable
= |f othervariables are initially involved, constraints or assumptions about them will need to be

made; forexample
= minimising the cost of the main raw material - timberin manufacturing furniture say - the cost

of screws, glue, varnish, etc can be fixed or considered negligible
= Othermodelling assumptions may have to be made too; forexample
= ignoring airresistance and wind when modelling the path of a kicked football

How do | solve optimisation problems?

= Inoptimisation problems, letters otherthan X, ¥ and £ are oftenused including capital letters
» Visoftenusedforvolume, S forsurface area
= ['forradiusif acircle, cylinder or sphereisinvolved

= Derivatives can still be found but be clear about which variable isindependent (X) and whichiis

dependent (y)
= aGDCmayalwaysuse X and Y butensure you use the correct variable throughout your working
and final answer
= Problems often start by linking two connected quantities together - for example volume and surface

area
= where more than one variable is involved, constraints will be given such that the quantity of interest
can berewrittenin terms of a single variable
= Once the quantity of interestis written as a function of a single variable, differentiation can be used to
maximise or minimise the quantity as required
STEP1
Rewrite the quantity to be optimised as a single variable, using any constraints givenin the question

STEP 2
Use your GDC to find the (local) maximum or minimum points as required
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Plot the graph of the function and use the graphing features of the GDC to “solve for
minimum/maximum” as required

STEP 3
Note down the solution from your GDC and interpret the answer(s) in the context of the question

O Examiner Tip

= The first part of rewriting a quantity as a single variable is often a “show that” question - this means
you may still be able to access later parts of the question evenif you can’t do this bit
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@ Worked example

Alarge allotment bedis being designed as a rectangle with a semicircle on each end, as shownin the
diagram below.

rcm

The total area of the bedis to be 100 7T mz.

a) Show that the perimeter of the bed is given by the formula

100
P= ﬂ(l‘+ T)
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The width of Yhe cfonge i€ 2r m ond WS \ength L =
The AREA of the bed, 1007 o ie guen by

ST+ 2rk + 37 = |00
T 0 N N fohol osea

ST+ 20k =\ 00T
2r\.= \OOmr -7 Wete L inYervc S5 v
BePrr -1 -
- > |

The PERMETER 6 the bed is

P= 7 +7v + 21

) f ‘\“'WOS\TGQ*

Semi-Cirevlor aree lengihe

Oge & Srom the area. contimoiat o wite P
in+e\"nng O? I"On\d

P= 27+ 2{5&- -_'J,'l_'_r)

- 2

P= 7+ 0O
r

o P= n'(r-t \_?) |

For more help, please visit www.exampaperspractice.co.uk



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

=]
F

XAM PAPERS PRACTICE

~dp
b) Find dr

Rewrbe P ogpoweﬂj@r

P=m Lr % \OOr")

QP _ .
A -TFL\-\OOrn)

c) Find the value of I that minimises the perimeter.

For more help, please visit www.exampaperspractice.co.uk
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Use GOC Yo P\o'\' y=ﬂkx+@) ond
=

cketoh the reco\e
5 /N

(o) 10 7

GOC indicares the ONLY
\ocal micigmom poin'\' ¢ aF =10

& The value of r ¥har minimices

*he perimeter is r=10

d) Hence find the minimum perimeter.

For more help, please visit www.exampaperspractice.co.uk
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The minimom perimeter will be the Y- coodinate
oﬁ: Fhe locol minimom ot %wn& o port Lc)
o 60C, ¢=62-831853..  (when x=10)

s Minimom perimeler is

€2:8m (3sf)

For more help, please visit www.exampaperspractice.co.uk
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