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5.1.1 Introduction to Differentiation

Introduction to Derivatives

Befo re intro ducing a derivative, an understanding o f a limit  is helpful

What  is a lim it ?

The limit  o f a f unctio n is the value a functio n (o f x ) appro aches as x  appro aches a particular value

fro m either side

Limits are o f interest when the functio n is undefined at a particular value

Fo r example, the functio n f (x)=
x4−1
x−1 will appro ach a limit as x  appro aches 1 fro m bo th

belo w and abo ve but is undefined at x=1 as this wo uld invo lve dividing by z ero

What  might  I be asked about  limit s?

Yo u may be asked to  predict o r estimate limits fro m a table o f functio n values o r fro m the graph

o f y= f (x)

Yo u may be asked to  use yo ur GDC to  plo t the graph and use values fro m it to  estimate a limit

What  is a derivat ive?

Calculus  is abo ut rates  o f change

the way a car’s po sitio n o n a ro ad changes is its speed (velo city)

the way the car’s speed changes is its acceleratio n

The gradient  (rate o f change) o f a (no n-linear) f unctio n varies with x
The derivative  o f a functio n is a functio n that relates the gradient  to  the value o f x
The derivative is also  called the gradient f unctio n

How are limit s and derivat ives linked?

Co nsider the po int P  o n the graph o f y= f (x) as sho wn belo w

[PQ i] is a series o f cho rds
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The gradient  o f the f unctio n f (x)  at the po int P  is equal to  the gradient  o f the tangent at po int 

P
The gradient  o f the tangent  at po int P  is the limit  o f the gradient  o f the cho rds [PQ i] as po int 

Q  ‘slides’ do wn the curve and gets ever clo ser to  po int P
The gradient  o f the functio n changes as x  changes

The derivative  is the functio n that calculates the gradient fro m the value x

What  is t he not at ion f or derivat ives?

Fo r the functio n y= f (x) , the derivative, with respect to  x , wo uld be written as

dy
dx = f '(x)

Different variables may be used

e.g. If V= f (s) then 
dV
ds = f '(s)
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a)

b)

Worked example

The graph o f y= f (x) where f (x)=x3−2 passes thro ugh the po ints 

P (2, 6), A (2 .3, 10.167), B (2 .1, 7 .261) and C (2 .05, 6 .615125) .

Find the gradient o f the cho rds [PA], [PB] and [PC].

Estimate the gradient o f the tangent to  the curve at the po int P .
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Differentiating Powers of x

What  is different iat ion?

Differentiatio n is the pro cess o f finding an expressio n o f the derivative  (gradient f unctio n) fro m

the expressio n o f a functio n

How do I different iat e powers of  x?

Po wers  o f x  are differentiated  acco rding to  the fo llo wing fo rmula:

If f (x)=xn then f '(x)=nxn−1 where n∈ℚ
This is given in the f o rmula bo o klet

If the po wer o f x is multiplied  by a co nstant  then the derivative is also  multiplied by that co nstant

If f (x)=axn then f '(x)=anxn−1 where n∈ℚ and a is a co nstant

The alternative no tatio n (to f '(x) ) is to  use 
dy
dx

If y=axn then 
dy
dx =anxn−1

e.g.  If y=−4x
1
2 then 

dy
dx =−4×

1
2 ×x

1
2
−1
=−2x

−
1
2

Do n't fo rget these two  special cases:

If f (x)=ax then f '(x)=a

e.g.  If y=6x then 
dy
dx =6

If f (x)=a then f '(x)=0

e.g.  If y=5 then 
dy
dx =0

These allo w yo u to  differentiate linear terms  in x  and co nstants

Functio ns invo lving ro o ts  will need to  be rewritten as f ractio nal po wers  o f x  first

e.g.  If  f (x)=2 x  then rewrite as f (x)=2x
1
2  and differentiate

Functio ns invo lving f ractio ns  with deno minato rs  in terms o f x will need to  be rewritten as

negative po wers  o f x  first

e.g.  If f (x)=
4
x then rewrite as f (x)=4x−1 and differentiate
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How do I different iat e sums and differences of  powers of  x?

The fo rmulae fo r differentiating po wers o f x apply to  all ratio nal po wers so  it is po ssible to

differentiate any expressio n that is a sum o r difference  o f po wers  o f x

e.g.  If f (x)=5x4−3x
2
3 +4 then

f '(x)=5×4x4−1−3×
2
3 x

2
3
−1
+0

f '(x)=20x3−2x
−
1
3

Pro ducts  and quo tients canno t  be differentiated in this way so  wo uld need

expanding/simplif ying first

e.g.  If f (x)= (2x−3) (x2−4)  then expand to f (x)=2x3−3x2−8x+12which is  a

sum/difference  o f po wers o f x  and can be differentiated

Exam T ip

A co mmo n mistake is no t simplifying expressio ns befo re differentiating

The derivative o f   can no t  be fo und by multiplying the derivatives

o f  and 

Find the derivative o f f (x)

Worked example

The functio n f (x)  is given by

f (x)=2x3+
4
x

,  where x>0
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5.1.2 Applications of Di�erentiation

Finding Gradients

How do I �nd t he g radient  of  a curve at  a point ?

The gradient o f  a curve  at a po int is the gradient o f  the tangent  to  the curve at that po int

Find the gradient o f a curve at a po int by substituting the value o f  x at that po int into  the curve's

derivative f unctio n

Fo r example, if f ( )x =x2+3x−4
then f '( )x =2x+3
and the gradient o f y= f ( )x  when x=1  is  f '( )1 =2( )1 +3=5
and the gradient o f y= f ( )x  when x=−2  is  f '( )−2 =2( )−2 +3=−1

Altho ugh yo ur GDC wo n't �nd a derivative functio n fo r yo u, it is po ssible to  use yo ur GDC  to

evaluate the derivative  o f a functio n at a po int, using 
d
dx ( )x=

Worked example

A functio n is de�ned by f ( )x =x3+6x2+5x−12.

(a) Find f '( )x .

(b) Hence sho w that the gradient o f y= f ( )x  when x=1  is 20.

(c) Find the gradient o f y= f ( )x  when x=−2 .5.
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Increasing & Decreasing Functions

What  are increasing and decreasing f unct ions?

A functio n, f (x) , is increasing if f ' (x ) > 0
This means the value  o f the f unctio n (‘o utput’) increases  as x increases

A functio n, f (x) , is decreasing if f ' (x ) < 0
This means the value  o f the f unctio n (‘o utput’) decreases  as x increases

A functio n, f (x) , is statio nary  if f ' (x ) =0

How do I �nd where f unct ions are increasing, decreasing or st at ionary?

To  identify the intervals  o n which a functio n is increasing o r decreasing

ST EP 1

Find the derivative f '(x)

ST EP 2

So lve the inequalities

f ' (x ) > 0  (fo r increasing intervals) and/o r

f ' (x ) < 0  (fo r decreasing intervals)

Mo st functio ns are a co mbinatio n o f increasing, decreasing and statio nary

a range o f values o f x  (interval) is given where a functio n satis�es each co nditio n

e.g.  The functio n f (x)=x2 has derivative f ' (x)=2x  so

f (x) is decreasing fo r x<0
f (x) is statio nary  at x=0

f (x)  is increasing fo r x>0
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a)

b)

Worked example

f (x)=x2−x−2

Determine whether f (x)  is increasing o r decreasing at the po ints where x=0  and x=3.

Find the values o f x  fo r which f (x)  is an increasing functio n.
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Tangents & Normals

What  is a t angent ?

At any po int o n the graph o f a (no n-linear) f unctio n, the tangent  is the straight line that to uches

the graph at a po int witho ut cro ssing thro ugh it

Its gradient  is given by the derivative f unctio n

How do I �nd t he equat ion of  a t angent ?

To  �nd the equatio n o f  a straight line, a po int  and the gradient  are needed

The gradient , m , o f the tangent  to  the functio n y= f ( )x at (x1, y1)  is f ' (x1 )

Therefo re �nd the equatio n o f the tangent  to  the functio n y= f (x) at the po int (x1, y1)  by

substituting the gradient, f '
( )
x1 , and po int (x1, y1)  into  y−y1=m

( )
x−x1 , giving:

y−y1= f ' (x 1) (x−x1)

(Yo u co uld also  substitute into  y=mx+c  but it is usually quicker to  substitute into  

y−y1=m
( )
x−x1 )

What  is a normal?

At any po int o n the graph o f a (no n-linear) functio n, the no rmal is the straight line that passes

thro ugh that po int and is perpendicular to  the tangent
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How do I �nd t he equat ion of  a normal?

The gradient  o f the no rmal to  the functio n y= f ( )x at (x1, y1)  is 
−1

f ' (x1 )

Therefo re �nd the equatio n o f the no rmal to  the functio n y= f (x) at the po int (x1, y1)  by using 

y−y1=
−1

f ' (x 1)

(x−x1)

Exam T ip

Yo u are no t given the fo rmula fo r the equatio n o f a tangent o r the equatio n o f a no rmal

But bo th can be derived fro m the equatio ns o f a straight line which are given in the fo rmula

bo o klet
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a)

b)

Worked example

The functio n f (x) is de�ned by

f (x)=2x4+
3
x2

x≠0

Find an equatio n fo r the tangent to  the curve y= f (x)  at the po int where x=1 , giving

yo ur answer in the fo rm y=mx+c .

Find an equatio n fo r the no rmal at the po int where x=1 , giving yo ur answer in the fo rm 

ax+by+d=0 , where a ,b and d are integers.
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