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5.1.1Introduction to Differentiation

Introductionto Derivatives
= Beforeintroducingaderivative,anunderstanding of alimit is helpful
Whatisalimit?

= Thelimit of afunctionis the value afunction(of X)approaches as X approaches a particularvalue
fromeitherside
= Limits are of interest whenthe functionis undefined at a particularvalue

x4-1
-1

below and above butis undefined at X = 1 as this would involve dividingbyzero

= Forexample,the function f(X) = willapproachalimit as X approaches 1fromboth

What might Ibe asked about limits?

= Youmaybe asked to predict orestimate limits froma table of functionvalues orfrom the graph

of y= f(X)

= Youmaybe asked to use your GDC to plot the graph and use values fromit to estimate alimit
Whatisaderivative?

= Calculusis aboutrates of change
= thewayacar's positiononaroad changesisits speed (velocity)
= the waythe car's speed changesisits acceleration

= The gradient (rate of change) of a(non-linear) functionvaries with X

= The derivative of afunctionis afunctionthatrelates the gradient to the value of X
= The derivativeis also called the gradient function

How arelimitsand derivativeslinked?

= ConsiderthepointPonthegraphofy=f(X)asshownbeIow
= [PQi] isaseriesofchords
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= The gradient of the function f(X) atthe point Pis equalto the gradient of the tangent at point
p
= The gradient of the tangent at point Pis the limit of the gradient of the chords [PQi] as point

Q ‘slides’down the curve and gets evercloserto point P
= The gradient of the functionchanges as X changes

= The derivativeis the functionthat calculates the gradient fromthe value X
Whatisthe notationforderivatives?

= Forthefunctiony = f(X),the derivative, withrespectto X,would be written as

Y

dx
= Differentvariables maybe used
dv
= eg.lf V= f(S) then ds =1d(S)
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@ Worked example

The graphof y = f(X) where l‘(X) =x3-2 passes throughthe points
P(2,6), A(2.3, 10.167), B(2.1, 7.261) ana ((2.05, 6.615125).

a)  Find the gradient of the chords [ PA], [ PB] and [ PC].

Gradieny o? a line Lc\ﬂorb&) ic " Y92y "

3y =3¢,

[PA]: toleT-€ - 1384
2-3-2

[Pa T26\-6 = \2:6\
24-2

Pc: eesvs-¢ = .3

2:05-2

GCradient & chorde ore: [PA] 1380
fPel 12:e
(Pc) 12-3c25

b) Estimate the gradient of the tangent to the curve at the point P.

There wit be o i the aodiedt & the dhord raches
oc the difference in Yhe x-coordindtes O\PPVOOC\\GS z=vo.

Eckircle of aroA\en'\‘ oy ‘\’anaen'\: o =g 12
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Differentiating Powers of x
Whatisdifferentiation?

= Differentiationis the process of findinganexpressionof the derivative (gradient function) from
the expressionofafunction

Howdoldifferentiate powersof x?

= Powers of X are differentiated accordingto the following formula:

w If f(X) = X" then ld(X) =nx?"lwheren €Q
= Thisis giveninthe formulabooklet

If the powerof X is multiplied by aconstant then the derivative is also multiplied by that constant

w If f(X) = ax" then ld(X) = anx” ~! where n € Q and ais aconstant

dy
= The alternative notation(to ld(X))is touse a
dy
s If y=ax"then —— = anx" !
Y dx
1 1 1
4xZ men Y = —axExx2 T o0y T2
= eg. lfy=—4X“ then 7= —4X XX = —2X
oy dx 2

= Don'tforgetthesetwo specialcases:

= |f f(X)=é1Xthen f(X)=3

dy
= eg. Ify—6Xthend—X—6
« if A{x)=athen £(x)=0
dy
= eg Ify—5thend—X—0

= Theseallowyouto differentiate linearterms in X and constants

= Functionsinvolvingroots willneed to be rewritten as fractional powers of X first
1

= eglf f(X) =2,/ X thenrewrite as f(x) =2x2 anddifferentiate
= Functionsinvolving fractions withdenominatorsinterms of X willneed to be rewrittenas

negative powers of X first

4
= eglf f(X) = ; thenrewrite as f(X) =4x~! and differentiate
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Howdoldifferentiate sumsand differences of powers of x?

= The formulae fordifferentiatingpowers of X applyto allrationalpowers so itis possible to

differentiate anyexpressionthatis asumordifference of powers of X
2

= eglf f(X) =5x%— 3X§ + 4 then

2
= -1

2
fl(x)=5x4x4"1-3x §X3 +0
1
f'(x)=20x3-2x 3
= Products and quotients cannot be differentiated inthis wayso would need
expanding/simplifying first
= eg.lf f(X) = (2X - 3)(X2 - 4) thenexpand to f(X) =2x3 —3x2—8x+ 12 whichisa

sum/difference of powers of X and canbe differentiated

O ExamTip

= Acommonmistakeis notsimplifying expressions before differentiating
= The derivative of (X2 + 3)(X3 -2x+ 1) cannot be found by multiplying the derivatives
of(X2 + 3) and (X3 -2x+ 1)

@ Worked example

The function f(X) is given by

4
l‘(X)=2X3 + —— wherex >0

Jx

Find the derivative of f(X)

Rewrite §lx) oo every Yera it o power & =
flo)= 2o + o

Differeckice \aj app\g\sﬁ e %o"mu\a
%‘k’x\ = bx - 2:&.3’&
- } ‘\‘?\ze core3 wih neeP‘S‘\veg

C\ﬁ'x, '1—\:-;

({,‘kﬂg 6301- 2363’1
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5.1.2 Applications of Differentiation

Finding Gradients
Howdo Ifind the gradient of acurveatapoint?

= Thegradientof acurve atapointis the gradient of the tangent to the curve at that point
= Find the gradient of acurve at apoint bysubstituting the value of X at that pointinto the curve's
derivative function

= Forexample,if f(X) =x2+3x—-4
« then f'(x)=2x+3
» andthe gradientof y = f(x)whenx=1is £(1)=2(1)+3=5
= andthe gradientof y = f(X) whenx = —2is ld(—2) = 2(—2) +3=-1

= Althoughyour GDC won't find a derivative functionforyou,itis possible to use yourGDC to

d
evaluate the derivative of afunctionatapoint,using d_( I:I )x _D
Ix =

@ Worked example

Afunctionis defined by l‘(X) =x3+6x2+5x—12.

(a)Find f'(x).

Fing C'{'x) l’j d(ff{rfn*lb{m\j

i) = B22 B 2 <Gadl g ?

P'lx) = 32 +12¢ +5

(b)Hence show that the gradientof Yy = f(X) whenx = 1 is 20.

Subshlule  x 21 ko '(x)
Frin =30 + 12(0) + 5
=3I +12+98

f'() = 20

(c)Find the gradientof y = f(X) whenx = —2.5.
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Use e GDC o evaluale  the derivolive of f(x) - X=-2.5
3] 1.1 I *Doc raD [l X

d
—(x3+6- x2+5- x—12)1x=-2.5
dx

f'(-2-5)=-¢25
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Increasing & Decreasing Functions

What areincreasingand decreasing functions?

= Afunction, f(X),is increasing if f’(X) >0

= This means the value of the function(‘'output’) increases as X increases
« Afunction, f(x),is decreasingif F'(x)<0

= This means the value of the function(‘output’) decreases as X increases

= Afunction, f(X),is stationary if f’(X) =0

Howdolfind where functionsareincreasing,decreasing or stationary?

= Toidentifytheintervals onwhichafunctionisincreasingordecreasing
STEP1
Find the derivative f'(x)

STEP2
Solve theinequalities
f’(X) > O(forincreasing intervals) and/or
f’(X) < 0 (fordecreasingintervals)
= Mostfunctions are acombinationofincreasing, decreasing and stationary
= arange of values of X (interval)is givenwhere afunctionsatisfies eachcondition

4
= e.g. Thefunction f(X) = X2 has derivative [ (X) =2Xxso
" f(X) is decreasingforx <0
= f(X) is stationary at X = 0

" f(X) is increasingforx >0
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@ Worked example
f(x)=x2-x-2

a) Determine whether f(X) isincreasingordecreasing at the points where X = Oandx=3.

Diferedtiate
o= Aoc-)
At xc=0, §'(0)= 2x0-1=-1 <O : decrenting

At =3, §(3): 2x3-1=5>0 .« nereosing

~ Akt x:=0, ﬂ'x) \S decreoling

At x=3, $lx) i increcding

b) Find the values of X forwhich f(X) isanincreasing function.

$ ) s increcging when i) >0
T'leg>0
2x-1>0

x"/,z

& -ﬂx) IS increaSing Yor 2> ;‘-
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Tangents & Normals
Whatisatangent?

= Atanypointonthe graphofa(non-linear) function,the tangent is the straight line thattouches
the graph atapoint without crossing throughit
= |ts gradientis givenbythe derivative function

Howdolfind the equation of atangent?

= To find the equationof astraight line,apoint and the gradient are needed
= The gradient, M, of the tangent to the function y = f(X) at (Xl, yl) is f’(Xl)

= Therefore find the equationof the tangent to the function y = f(X) at the point (Xl’ _yl) by
substituting the gradient, ld(Xl),and point (Xl’ yl) into y—_yl = m(x - Xl),giving:
e vy, = £ (x)x-x,)
» (Youcould also substituteinto ¥ = mX + Cbutitis usually quickerto substitute into
Y=y, =mx-x)
Whatisanormal?

= Atanypointonthe graphofa(non-linear) function,the normalis the straightline that passes
through that point and is perpendicular to the tangent
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Howdolfind the equation of anormal?

-1
= The gradient of the normalto the function y = f(X) at (Xl’ yl) IS 7y7 v\
f (Xl)

= Therefore find the equation ofthe normal to the function y = f(X) atthe point (Xl’ yl) byusing
-1

= TXI)(X—Xl)

Y=y

Q Exam Tip

= Youarenotgiventhe formulaforthe equationofatangentorthe equationofanormal
= Butbothcanbe derived fromthe equations of astraight line which are givenin the formula
booklet
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@ Worked example

The function f(X) is defined by
3
flx)=2x*+— x#0
X

a) Find anequationforthe tangent to the curve y = f(X) at the pointwhere X = 1, giving
youranswerinthe form y = mx + c.

Ficsk §ind §' () by éﬁ%ere«\m’ri“e
$le) = A% +3x72 Rewr:te ag powers & x
5 )= Bx> - 63
For q+ungsn¥, -l 3-3‘ : ?\o.“‘x-x.)"
At x=V, Ny 2(\)\"\- % =5
\)
P8’ - _€_ =2

o

“ 3-5 = 2\:&-\)

ﬁnaen‘\' ar x=\ ic S= dxc +3

b) Find an equationforthe normal at the point where X = 1, givingyouranswerin the form
ax+ by+ d=0,where a,b and d are integers.

for o norma), oz \ac-ac,\"
Ye)
Ug'\rs recuits sirom pov‘t Q)
3-5 e (x‘ \)
2

Y
Y= "aX g

25: -+ \\
E})d}\on OF norend) s 2c+2y-\ =0
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