Boost your performance and confidence
E with these topic-based exam questions
Practice questions created by actual

EXAM PAPERS PRACTICE examiners and assessment experts

Detailed mark scheme
Suitable for all boards

Designed to test your ability and
thoroughly prepare you

5.1 Differentiation

2&
AP

o

jl[(\
LAY

IB Maths - Revision Notes




E=l

Exam Papers Practice

5.1.1Introduction to Differentiation

Introductionto Derivatives
= Beforeintroducingaderivative,anunderstanding of alimit is helpful
Whatisalimit?

= Thelimit of afunctionis the value afunction(of X)approaches as X approaches a particularvalue
fromeitherside
= Limits are of interest whenthe functionis undefined at a particularvalue

x4-1
-1

below and above butis undefined at X = 1 as this would involve dividingbyzero

= Forexample,the function f(X) = willapproachalimit as X approaches 1fromboth

What might Ibe asked about limits?

= Youmaybe asked to predict orestimate limits froma table of functionvalues orfrom the graph

of y= f(X)

= Youmaybe asked to use your GDC to plot the graph and use values fromit to estimate alimit
Whatisaderivative?

= Calculusis aboutrates of change
= thewayacar's positiononaroad changesisits speed (velocity)
= the waythe car's speed changesisits acceleration

= The gradient (rate of change) of a(non-linear) functionvaries with X

= The derivative of afunctionis afunctionthatrelates the gradient to the value of X
= The derivativeis also called the gradient function

How arelimitsand derivativeslinked?

= ConsiderthepointPonthegraphofy=f(X)asshownbeIow
= [PQi] isaseriesofchords
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= The gradient of the function f(X) atthe point Pis equalto the gradient of the tangent at point
p
= The gradient of the tangent at point Pis the limit of the gradient of the chords [PQi] as point

Q ‘slides’down the curve and gets evercloserto point P
= The gradient of the functionchanges as X changes

= The derivativeis the functionthat calculates the gradient from the value X
Whatisthe notationforderivatives?

= Forthefunctiony = f(X),the derivative, withrespectto X,would be written as

Y

dx
= Differentvariables maybe used
dv
= eglf V= f(S) then —/— = Id(s)
ds
Page 2 of 20
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@ Worked example

The graphof y = f(X) where f(X) =x3-2 passes through the points
P(2,6), A(2.3, 10.167), B(2.1, 7.261) and C(2.05, 6.615125).

a)  Findthe gradient of the chords [ PA], [ PB] and [ PC].

Gradieny o? a line Lc\worc«)) ic " 92y "

3y =3¢,

[PA]: toleT-€ - 1384
2-3-2

[Pﬂ T2¢\-6 = \2-6\
24-2

Pc: e€esvs-¢ = o3

2:05-2

Gradien & chords oret [PA] 13-4
Pel 12-:e
(Pc] 12-3c25

b) Estimate the gradient of the tangent to the curve at the point P.

’WW@' e wl\ \>e o \'\m\\: ‘\‘\\e %TDA\ET\'\' é% ‘\'\\e C)\OTA TQQC.\WQS
e the A'\Werence i Yhe x-cootdinaes oppf‘ooc\xes 2cvo.

Eekircle of aroA\eﬁ\‘ oy ‘\’ahaen'\: o =g 12
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Differentiating Powers of x
Whatisdifferentiation?

= Differentiationis the process of findinganexpressionof the derivative (gradient function) from
the expressionofafunction

Howdoldifferentiate powersof x?

= Powers of X are differentiated accordingto the following formula:

u If f(X) = X" then Id(X) =nx" " lwheren €EQ
= Thisis giveninthe formulabooklet

If the powerof X is multiplied by a constant thenthe derivative is also multiplied by that constant

u If f(X) = ax™ then Id(X) = anx” ~! where n € Q and ais aconstant

dy
= The alternative notation(to f(X))is touse d_X
dy
« If y=ax” then —— = anx” " !
Y dx
1 1 1
4x2 then—= = —4 ZaR PR
= g fy= —4X“ then 7— = —4 X = XX = —2X
oy dx 2

Don'tforgetthese two special cases:

= f f(X) = ax then f'(X) =a

dy
= eg. Ify—6Xthend—X—6
« if flx)=athen £(x)=0
dy
= e.g. Ify—5then§—0

= Theseallowyouto differentiate linearterms in X and constants

= Functionsinvolvingroots willneed to be rewritten as fractionalpowers of X first
1

= eg.lf f(X) =2./ X thenrewrite as f(X) =2x2 and differentiate
= Functionsinvolving fractions withdenominatorsinterms of X willneed to be rewrittenas

negative powers of X first

4
= eg.lf f(X) = ; thenrewrite as f(X) =4x~1 and differentiate
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Howdoldifferentiate sumsand differences of powers of x?

= Theformulae fordifferentiatingpowers of X applyto allrational powers so itis possible to

differentiate anyexpressionthatis asumordifference of powers of X
2

" eg lIf f(X) =5x4 —3X§ + 4 then

2
2 =-1
ld(X)=5X4X4_1—3X§X3 +0

1
f'(x)=20x3-2x 3

= Products and quotients cannot be differentiated in this wayso would need
expanding/simplifying first

= eglf KX) = (2X - 3)(X2 - 4) thenexpand to f(X) =2x3 —3x2—8x+ 12 whichisa

sum/difference of powers of X and can be differentiated

O ExamTip

= Acommonmistakeis notsimplifying expressions before differentiating
= The derivative of (X2 + 3)(X3 -2x+ 1) cannot be found by multiplying the derivatives
of (X2 + 3) and (X3 —-2x+ 1)

@ Worked example

The function KX) is given by

4
f(X)=2X3+ —— , where x>0

Jx

Find the derivative of f(X)

Rewrite Hx) co every Yera € o powler &
Flo)= 28 &

Di??ere aYide \’3 &PP\:geﬁ the %ofm\a
%‘k’x\ = 6x - lx.a'/"\
- ) “‘o'.\le core; t.S\*\\ nega*wleg

C\\'\‘X‘, 'I— :-;.

({,‘bq-_- Coc'™ Qx'al"
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5.1.2 Applications of Differentiation

Finding Gradients
Howdo Ifind the gradient of acurveatapoint?

= Thegradientof acurve atapointis the gradient of the tangent to the curve at that point
= Find the gradient of acurve at apoint bysubstituting the value of X at that pointinto the curve's
derivative function

= Forexample,if f(X) =x2+3x—-4
« then f'(x)=2x+3
» andthe gradientof y = f(x)whenx=1is £(1)=2(1)+3=5
= andthe gradientof y = f(X) whenx = —2is ld(—2) = 2(—2) +3=-1

= Althoughyour GDC won't find a derivative functionforyou,itis possible to use yourGDC to

d
evaluate the derivative of afunctionatapoint,using d_( I:I )x _D
Ix =

@ Worked example

Afunctionis defined byl‘(X) =x3+6x2+5x—12.
(a)Find f'(x).
F\y\d C'{’I) ljj d;frtreﬂlbjn}\j

le) = B2 K7 <Gl Ihal??

P'lxy = 322 + 122 +5

(b)Hence show that the gradient of y = f(X) whenXx =1 is 20.

Sl =1 indo (2
Oy =30 + 1200+ 5
L ES

ute

f'0) = 20

(c)Find the gradientof y = f(X) whenx = —2.5.
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Use e 6NC to cuwlucle the derivolive of Nﬁf) ot x=-2.5

ol 1.1 L *Doc RAD D X

i(x3+6- 245 x—12)1x=-2.5
dx

f'(-2-5)=-¢26
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Increasing & Decreasing Functions

What areincreasing and decreasing functions?

= Afunction, f(X),is increasingif f’(X) >0

= This means the value of the function (‘output’) increases as X increases
« Afunction, f(x),is decreasingif F'(x)<0

= This means the value of the function(‘output’) decreases as X increases

= Afunction, l‘(X),is stationary if f’(X) =0

Howdolfind where functionsareincreasing,decreasing or stationary?

= Toidentifytheintervals onwhichafunctionisincreasingordecreasing
STEP1
Find the derivative f'(x)

STEP2
Solve theinequalities
f’(X) > O(forincreasing intervals) and/or
f’(X) < O(fordecreasing intervals)
= Mostfunctions are acombinationofincreasing, decreasing and stationary
= arange of values of X (interval)is givenwhere afunctionsatisfies eachcondition

4
= e.g. The function f(X) = X2 has derivative (X) =2Xso
" f(X) is decreasing forx <0
= f(X) is stationary at X =0

. f(X) is increasing forx >0
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@ Worked example
f(x)=x2-x-2
a) Determine whether f(X) is increasing ordecreasing at the points where X =0 and X = 3.

Differestiste
£(oc)= 2oc-)
At oc=0, §'(0)= 2x0-1 =-) <O = decrenCing

At =3, §(3)7 243-126>0 - increasing

» Ak 220, {(x) ic decrecSing
At x=3, $ld) i increcSing |
b) Find the values of X forwhich f(X) is anincreasing function.
Tle) i incressing whea §'(x)> 0
A e
2x-V >0

x> Yy

& f\x) IS increoSing Yor x> %
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Tangents & Normals
Whatisatangent?

= Atanypointonthe graphofa(non-linear) function, the tangent is the straightline that touches
the graph at only that point
= |ts gradientis givenbythe derivative function

Howdolfind the equation of atangent?

= To find the equationof astraight line,apoint and the gradient are needed

= The gradient, M, of the tangent to the function Yy = f(X) at (Xl, yl) is f’(Xl)
= Therefore find the equationof the tangent to the function y = f(X) at the point (Xl , yl) by
substituting the gradient, ld(Xl),and point (Xl’ yl) into y_yl = m(x - Xl),giving:
e vy, = £x)x-x,)
= (Youcould also substitute into Yy = mX + Cbutitis usually quickerto substitute into
y=y, =m(x—x,)
Whatisanormal?

= Atanypointonthe graphofa(non-linear) function,the normalis the straightline that passes
through that point and is perpendicular to the tangent
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Howdolfindthe equation of anormal?

-1
= The gradient of the normalto the function y = f(X) at (Xl’ yl) IS —Zq7 N
f (xl)

= Therefore find the equationof the normal to the function y = f(X) at the point (Xl , yl) byusing
-1

IZTXI)(X_XI)

y-y

O Exam Tip

= Youarenotgiventhe formulaforthe equationofatangentorthe equationofanormal
= Butbothcanbe derived fromthe equations of astraight line which are givenin the formula
booklet
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@ Worked example

The function f(X) is defined by
3
f(x)=2x%+ —~ xZ0
X

a) Find anequationforthe tangent to the curve y = f(X) at the point where X = 1, giving
youranswerinthe formy =mx + C.

Firek $n& ¥ x) \:y é’\?%&mﬁ\(oi\’ine
$e) = 2x* +3x72 Rewrite 08 powers & x
$'lee) = 8 - 63
For a+m§n¥, N Y9 ?Ke}\x-x.)"
At x-=\, 8 2(\)"*- % =5
)
=8y’ - £ _=a

O

s 3-5 = 2\:&-\3

’\T:mgen‘\' ar x=\ ic y: I +3ﬂ

b) Find an equation forthe normal at the point where X = 1, giving youranswerin the form

ax + by + d=0,where a, b and d areintegers.

For oﬁo\‘ma\, B :\-3\ = =\ \x-x,\"
T
USE(B recults %\‘om pov’t Q)
8-5 = =l Lac- \)
2
\

Sl
Y= "Xty

23: - +\\
E})d}m OF norend) s 2c+2y-\ =0

Page 12 of 20
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

Local Minimum & Maximum Points
What arelocal minimumand maximumpoints?

= | ocalminimumand maximumpoints are two types of stationary point
= The gradient function(derivative) at such points equals zero

ie. ld(X) =0
= Alocal minimum point,(X, f(X)) will be the lowest value of f(X) inthe localvicinity of the value
of X
= The functionmayreachalower value furtherafield
= Similarly, alocalmaximum point,(X, f(X)) will be the greatest value of f(X) inthe localvicinity
ofthevalue of X
= The functionmayreachagreater value furtherafield
= The graphs of manyfunctions tend to infinityforlarge values of X
(and/orminus infinity forlarge negative values of X)
= The nature of astationarypointrefers to whetheritis alocalminimumorlocal maximumpoint

Howdolfindthe coordinatesand nature of stationary points?

= Theinstructions below describe how to find local minimum and maximum points usingaGDC on
the graph of the function y = f(X)
STEP1
Plotthe graphof y = f(X)
Sketchthe graph as part of the solution

STEP2

Use the options from the graphing screento “solve forminimum”

The GDC will display the X and ¥ coordinates of the first minimum point
Scrollonwards to see there are anymore minimum points

Note downthe coordinates and the type of stationarypoint

STEP3
Repeat STEP 2 but use “solve formaximum” onyourGDC

= |InSTEP 2 the nature of the stationarypoint should be easyto tell fromthe graph
= alocalminimumchanges the functionfromdecreasingto increasing
= the gradient changes fromnegative to positive
= alocalmaximumchanges the functionfromincreasing to decreasing
= the gradientchanges frompositive to negative
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@ Worked example

Find the stationary points of f(X) = X(Xz— 27), and state theirnature.

PloY +he gro\p\r\ or y* x(x2—27) on GOC and Skeich here.

locol
MmoxXvaum T 3

locol
minitom

oo g‘\’d\’iono\'y Poin‘\'s ose

(3,-54%) LocAr mwmum PornT |
(-3, 5%) LocAL mAXimum POINT
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5.1.3Modelling with Differentiation

Modelling with Differentiation
What can be modelled with differentiation?

= Recallthat differentiationis about the rate of change of afunctionand provides awayof finding
minimum and maximumvalues of afunction
= Anything that involves maximising or minimising a quantitycanbe modelled using differentiation;
forexample
= minimising the cost of raw materials in manufacturingaproduct
= the maximumheightafootballcould reachwhenkicked
= These are called optimisationproblems

What modelling assumptionsare used in optimisation problems?

= The quantitybeingoptimised needs to be dependent onasingle variable
= |f othervariables are initiallyinvolved, constraints orassumptions about themwillneed to be
made;forexample
= minimising the cost of the mainraw material - timberin manufacturing furniture say - the
costofscrews,glue,varnish,etc canbe fixed orconsidered negligible
= Othermodellingassumptions mayhave to be made too;forexample
= jgnoringairresistance and wind whenmodelling the path of akicked football

Howdolsolve optimisation problems?

= Inoptimisation problems, letters otherthan X, ¥ and f are oftenused including capital letters
= Visoftenused forvolume, S forsurface area
= rforradiusifacircle,cylinderorsphereisinvolved
= Derivatives canstillbe found but be clearabout which variable is independent (X) and whichis
dependent(y)

= aGDC mayalwaysuse X and Yy butensure youuse the correctvariable throughout your
working and finalanswer
= Problems oftenstart bylinkingtwo connected quantities together-forexample volume and
surface area
= where more thanone variable is involved, constraints will be given such that the quantityof
interestcanberewritteninterms of a single variable
= Oncethe quantityofinterestis writtenas afunction of asingle variable, differentiationcanbe
used to maximise or minimise the quantity as required
STEP1
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Rewrite the quantityto be optimised as asingle variable,usingany constraints giveninthe
question

STEP2
Use your GDC to find the (local) maximum orminimum points as required
Plotthe graph of the functionand use the graphing features of the GDC to “solve for
minimum/maximum” as required

STEP3
Note downthe solutionfromyour GDC and interpret the answer(s) inthe context of the
question

Q Exam Tip

= The first part of rewriting a quantity as a single variable is oftena “show that” question - this
means youmay stillbe able to access laterparts of the questionevenif youcan’t do this bit

@ Worked example

Alarge allotmentbed is beingdesigned as arectangle witha semicircle oneachend,as shownin
the diagrambelow.

7 cm

The total area of the bed is to be 100 71T m2.

a) Show that the perimeterofthe bed is givenbythe formula

( 100)
P=mlr+ —
r
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me WiA‘\’\') o? '\'\we Vec'\'aﬁﬂ\e © Arem O \'\9 bns'\'\w [N
The AREA & Yhe bed, 1007 o i gven by

3TE + 2rk + 37 = 100
T 1) N Yokl osea
Semi-cide  fedfande  Semi-cie (thic icthe condraist)

ST+ 2l =\ 00T

2r\.= \OOr -7+ Wete L inYerc S
L=50m -~
C b

The PERMETER 6t the bed is

P= 7 +7v + 21
}‘ ]‘ \+WO S\\'oﬂ\i\'
Sermi-ovTu\or oSte b%\\s

Oce \-%\"om he area CDGG\'('OL\Q‘\‘ Yo write P
'm‘\'ermg o? rcx\\3

P= 21+ 2 Sgr-lr)

r o}

P= 7 + |00

T

s P= rr(r‘- \%0)
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- ap
b) Find dr

Rewrite P 0o powert & r

P= r(r+100)
aP _ .
- —ﬂ'(\-\OOrn)

- n'(l- \19)

ar 2

c) Find the value of I' that minimises the perimeter.

Use 60C Yo plot \/=7T\3c+lgq) ond

X
cketoh the reco\t
3 /N

(o) 10 7

GOC indicares the ONLY
locel minimom po'm‘\" ic o x=10

& The vdue o? ¢ Yhah minimices
*he perimeter i £=10

d) Hence find the minimum perimeter.
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ﬁwe Mipimom peﬁmé\'er will be the y-coord'md\'e
o? Fhe locol minimom pok\‘\' %ouné o port Lc)
fom 60C, y=62-831853..  (when x=10)

o Minimom perimeler is
€2:8Sm (3 s¥)
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