
5.1 Differentiation



5.1.1 Introduction to Differentiation

Introduction to Derivatives

Befo re intro ducing a derivative, an understanding o f a limit  is helpful

What  is a lim it ?

The limit  o f a f unctio n is the value a functio n (o f x ) appro aches as x  appro aches a particular value

fro m either side

Limits are o f interest when the functio n is undefined at a particular value

Fo r example, the functio n f (x)=
x4−1
x−1 will appro ach a limit as x  appro aches 1 fro m bo th

belo w and abo ve but is undefined at x=1 as this wo uld invo lve dividing by z ero

What  might  I be asked about  limit s?

Yo u may be asked to  predict o r estimate limits fro m a table o f functio n values o r fro m the graph

o f y= f (x)

Yo u may be asked to  use yo ur GDC to  plo t the graph and use values fro m it to  estimate a limit

What  is a derivat ive?

Calculus  is abo ut rates  o f change

the way a car’s po sitio n o n a ro ad changes is its speed (velo city)

the way the car’s speed changes is its acceleratio n

The gradient  (rate o f change) o f a (no n-linear) f unctio n varies with x
The derivative  o f a functio n is a functio n that relates the gradient  to  the value o f x
The derivative is also  called the gradient f unctio n

How are limit s and derivat ives linked?

Co nsider the po int P  o n the graph o f y= f (x) as sho wn belo w

[PQ i] is a series o f cho rds
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The gradient  o f the f unctio n f (x)  at the po int P  is equal to  the gradient  o f the tangent at po int 

P
The gradient  o f the tangent  at po int P  is the limit  o f the gradient  o f the cho rds [PQ i] as po int 

Q  ‘slides’ do wn the curve and gets ever clo ser to  po int P
The gradient  o f the functio n changes as x  changes

The derivative  is the functio n that calculates the gradient fro m the value x

What  is t he not at ion f or derivat ives?

Fo r the functio n y= f (x) , the derivative, with respect to  x , wo uld be written as

dy
dx = f '(x)

Different variables may be used

e.g. If V= f (s) then 
dV
ds = f '(s)
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a)

b)

Worked example

The graph o f y= f (x) where f (x)=x3−2 passes thro ugh the po ints 

P (2, 6), A (2 .3, 10.167), B (2 .1, 7 .261) and C (2 .05, 6 .615125) .

Find the gradient o f the cho rds [PA], [PB] and [PC].

Estimate the gradient o f the tangent to  the curve at the po int P .
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Differentiating Powers of x

What  is different iat ion?

Differentiatio n is the pro cess o f finding an expressio n o f the derivative  (gradient f unctio n) fro m

the expressio n o f a functio n

How do I different iat e powers of  x?

Po wers  o f x  are differentiated  acco rding to  the fo llo wing fo rmula:

If f (x)=xn then f '(x)=nxn−1 where n∈ℚ
This is given in the f o rmula bo o klet

If the po wer o f x is multiplied  by a co nstant  then the derivative is also  multiplied by that co nstant

If f (x)=axn then f '(x)=anxn−1 where n∈ℚ and a is a co nstant

The alternative no tatio n (to f '(x) ) is to  use 
dy
dx

If y=axn then 
dy
dx =anxn−1

e.g.  If y=−4x
1
2 then 

dy
dx =−4×

1
2 ×x

1
2
−1
=−2x

−
1
2

Do n't fo rget these two  special cases:

If f (x)=ax then f '(x)=a

e.g.  If y=6x then 
dy
dx =6

If f (x)=a then f '(x)=0

e.g.  If y=5 then 
dy
dx =0

These allo w yo u to  differentiate linear terms  in x  and co nstants

Functio ns invo lving ro o ts  will need to  be rewritten as f ractio nal po wers  o f x  first

e.g.  If  f (x)=2 x  then rewrite as f (x)=2x
1
2  and differentiate

Functio ns invo lving f ractio ns  with deno minato rs  in terms o f x will need to  be rewritten as

negative po wers  o f x  first

e.g.  If f (x)=
4
x then rewrite as f (x)=4x−1 and differentiate
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How do I different iat e sums and differences of  powers of  x?

The fo rmulae fo r differentiating po wers o f x apply to  all ratio nal po wers so  it is po ssible to

differentiate any expressio n that is a sum o r difference  o f po wers  o f x

e.g.  If f (x)=5x4−3x
2
3 +4 then

f '(x)=5×4x4−1−3×
2
3 x

2
3
−1
+0

f '(x)=20x3−2x
−
1
3

Pro ducts  and quo tients canno t  be differentiated in this way so  wo uld need

expanding/simplif ying first

e.g.  If f (x)= (2x−3) (x2−4)  then expand to f (x)=2x3−3x2−8x+12which is  a

sum/difference  o f po wers o f x  and can be differentiated

Exam T ip

A co mmo n mistake is no t simplifying expressio ns befo re differentiating

The derivative o f   can no t  be fo und by multiplying the derivatives

o f  and 

Find the derivative o f f (x)

Worked example

The functio n f (x)  is given by

f (x)=2x3+
4
x

,  where x>0
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5.1.2 Applications of Differentiation

Finding Gradients

How do I find t he g radient  of  a curve at  a point ?

The gradient o f  a curve  at a po int is the gradient o f  the tangent  to  the curve at that po int

Find the gradient o f a curve at a po int by substituting the value o f  x at that po int into  the curve's

derivative f unctio n

Fo r example, if f ( )x =x2+3x−4
then f '( )x =2x+3
and the gradient o f y= f ( )x  when x=1  is  f '( )1 =2( )1 +3=5
and the gradient o f y= f ( )x  when x=−2  is  f '( )−2 =2( )−2 +3=−1

Altho ugh yo ur GDC wo n't find a derivative functio n fo r yo u, it is po ssible to  use yo ur GDC  to

evaluate the derivative  o f a functio n at a po int, using 
d
dx ( )x=

Worked example

A functio n is de�ned by f ( )x =x3+6x2+5x−12.

(a) Find f '( )x .

(b) Hence sho w that the gradient o f y= f ( )x  when x=1  is 20.

(c) Find the gradient o f y= f ( )x  when x=−2 .5.
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Increasing & Decreasing Functions

What  are increasing and decreasing f unct ions?

A functio n, f (x) , is increasing if f ' (x ) > 0
This means the value  o f the f unctio n (‘o utput’) increases  as x increases

A functio n, f (x) , is decreasing if f ' (x ) < 0
This means the value  o f the f unctio n (‘o utput’) decreases  as x increases

A functio n, f (x) , is statio nary  if f ' (x ) =0

How do I find where f unct ions are increasing, decreasing or st at ionary?

To  identify the intervals  o n which a functio n is increasing o r decreasing

ST EP 1

Find the derivative f '(x)

ST EP 2

So lve the inequalities

f ' (x ) > 0  (fo r increasing intervals) and/o r

f ' (x ) < 0  (fo r decreasing intervals)

Mo st functio ns are a co mbinatio n o f increasing, decreasing and statio nary

a range o f values o f x  (interval) is given where a functio n satisfies each co nditio n

e.g.  The functio n f (x)=x2 has derivative f ' (x)=2x  so

f (x) is decreasing fo r x<0
f (x) is statio nary  at x=0

f (x)  is increasing fo r x>0
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a)

b)

Worked example

f (x)=x2−x−2

Determine whether f (x)  is increasing o r decreasing at the po ints where x=0  and x=3.

Find the values o f x  fo r which f (x)  is an increasing functio n.
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Tangents & Normals

What  is a t angent ?

At any po int o n the graph o f a (no n-linear) f unctio n, the tangent  is the straight line that to uches

the graph at o nly that po int

Its gradient  is given by the derivative f unctio n

How do I find t he equat ion of  a t angent ?

To  find the equatio n o f  a straight line, a po int  and the gradient  are needed

The gradient , m , o f the tangent  to  the functio n y= f ( )x at (x1, y1)  is f ' (x1 )

Therefo re find the equatio n o f the tangent  to  the functio n y= f (x) at the po int (x1, y1)  by

substituting the gradient, f '
( )
x1 , and po int (x1, y1)  into  y−y1=m

( )
x−x1 , giving:

y−y1= f ' (x 1) (x−x1)

(Yo u co uld also  substitute into  y=mx+c  but it is usually quicker to  substitute into  

y−y1=m
( )
x−x1 )

What  is a normal?

At any po int o n the graph o f a (no n-linear) functio n, the no rmal is the straight line that passes

thro ugh that po int and is perpendicular to  the tangent
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How do I find t he equat ion of  a normal?

The gradient  o f the no rmal to  the functio n y= f ( )x at (x1, y1)  is 
−1

f ' (x1 )

Therefo re find the equatio n o f the no rmal to  the functio n y= f (x) at the po int (x1, y1)  by using 

y−y1=
−1

f ' (x 1)

(x−x1)

Exam T ip

Yo u are no t given the fo rmula fo r the equatio n o f a tangent o r the equatio n o f a no rmal

But bo th can be derived fro m the equatio ns o f a straight line which are given in the fo rmula

bo o klet
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a)

b)

Worked example

The functio n f (x) is defined by

f (x)=2x4+
3
x2

x≠0

Find an equatio n fo r the tangent to  the curve y= f (x)  at the po int where x=1 , giving

yo ur answer in the fo rm y=mx+c .

Find an equatio n fo r the no rmal at the po int where x=1 , giving yo ur answer in the fo rm 

ax+by+d=0 , where a ,b and d are integers.
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Local Minimum & Maximum Points

What  are local minimum and maximum point s?

Lo cal minimum and maximum po ints are two  types o f statio nary  po int

The gradient f unctio n (derivative) at such po ints equals z ero

i.e. f '(x)=0
A lo cal minimum po int, (x, f (x) ) will be the lo west  value o f f (x)  in the lo cal vicinity o f the value

o f x
The functio n may reach a lo wer value further afield

Similarly, a lo cal maximum po int, (x, f (x) ) will be the greatest  value o f f (x)  in the lo cal vicinity

o f the value o f x
The functio n may reach a greater value further afield

The graphs o f many functio ns tend to  infinity fo r large values o f x
(and/o r minus infinity fo r large negative values o f x )

The nature  o f a statio nary po int refers to  whether it is a lo cal minimum o r lo cal maximum po int

How do I find t he coordinat es and nat ure of  st at ionary point s?

The instructio ns belo w describe ho w to  find lo cal minimum and maximum po ints  using a GDC  o n

the graph o f the functio n y= f (x) .

ST EP 1

Plo t the graph o f y= f (x)

Sketch the graph as part o f the so lutio n

ST EP 2

Use the o ptio ns fro m the graphing screen to  “so lve fo r minimum”

The GDC will display the x  and y co o rdinates o f the first minimum po int

Scro ll o nwards to  see there are anymo re minimum po ints

No te do wn the co o rdinates and the type o f statio nary po int

ST EP 3

Repeat ST EP 2  but use “so lve fo r maximum” o n yo ur GDC

In ST EP 2  the nature  o f the statio nary po int sho uld be easy to  tell fro m the graph

a lo cal minimum changes the functio n fro m decreasing to  increasing

the gradient changes fro m negative  to  po sitive

a lo cal maximum changes the functio n fro m increasing to  decreasing

the gradient changes fro m po sitive  to  negative
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Worked example

Find the statio nary po ints o f f (x)=x (x2−27) , and state their nature.
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5.1.3 Modelling with Differentiation

Modelling with Differentiation

What  can be modelled wit h different iat ion?

Recall that differentiatio n is abo ut the rate  o f change  o f a functio n and pro vides a way o f finding

minimum and maximum values o f a functio n

Anything that invo lves maximising o r minimising a quantity can be mo delled using differentiatio n;

fo r example

minimising the co st o f raw materials in manufacturing a pro duct

the maximum height a fo o tball co uld reach when kicked

These are called o ptimisatio n pro blems

What  modelling assumpt ions are used in opt imisat ion problems?

The quantity being o ptimised  needs to  be dependent o n a single  variable

If o ther variables are initially invo lved, co nstraints  o r assumptio ns  abo ut them will need to  be

made; fo r example

minimising the co st o f the main raw material – timber in manufacturing furniture say – the

co st o f screws, glue, varnish, etc can be fixed o r co nsidered negligible

Other mo delling assumptio ns  may have to  be made to o ; fo r example

igno ring air resistance and wind when mo delling the path o f a kicked fo o tball

How do I solve opt imisat ion problems?

In o ptimisatio n pro blems, letters o ther than x, y  and f  are o ften used including capital letters

V  is o ften used fo r vo lume, S  fo r surface area

r fo r radius if a circle, cylinder o r sphere is invo lved

Derivatives  can still be fo und but be clear abo ut which variable is independent (x ) and which is

dependent (y )

a GDC may always use x and y  but ensure yo u use the co rrect variable thro ugho ut yo ur

wo rking and final answer

Pro blems o ften start by linking two  co nnected  quantities to gether – fo r example vo lume  and

surf ace area

where mo re than o ne variable is invo lved, co nstraints  will be given such that the quantity o f

interest can be rewritten in terms o f a single  variable

Once the quantity o f interest is written as a functio n o f a single  variable, differentiatio n can be

used to  maximise  o r minimise  the quantity as required

ST EP 1
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Rewrite the quantity to  be o ptimised as a single variable, using any co nstraints given in the

questio n

ST EP 2

Use yo ur GDC to  find the (lo cal) maximum o r minimum po ints as required

Plo t the graph o f the functio n and use the graphing features o f the GDC to  “so lve fo r

minimum/maximum” as required

ST EP 3

No te do wn the so lutio n fro m yo ur GDC and interpret the answer(s) in the co ntext o f the

questio n

Exam T ip

The first part o f rewriting a quantity as a single variable is o ften a “sho w that” questio n – this

means yo u may still be able to  access later parts o f the questio n even if yo u can’t do  this bit

a)

Worked example

A large allo tment bed is being designed as a rectangle with a semicircle o n each end, as sho wn in

the diagram belo w.

The to tal area o f the bed is to  be 100π m2 .

Sho w that the perimeter o f the bed is given by the fo rmula

P=π
⎛
⎜
⎜

⎝
r+

100
r

⎞
⎟
⎟

⎠
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b) Find 
dP
dr .

c) Find the value o f r  that minimises the perimeter.

d) Hence �nd the minimum perimeter.
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