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4.9.1Sample Mean Distribution

Combinations of Normal Variables

Whatis alinearcombinationof normalrandom variables?

= Supposeyouhave nindependent normalrandom variables Xi "*N(‘ui, (72) fori=12,3,...,n
1

» Alinearcombinationis of the form X = ale + 32X2 + ..+ 3HXH + b where a;and bare

constants
= The meanand variance canbe calculated usingresults fromrandomvariables

. = + + + +
E(X) ap taut ..tap+b
- Var(X)= 2R+ 2R+ ..+ a2 >
Var(X) ao;+ajo; a o
= The variables need to beindependent forthis result to be true
= Alinearcombinationof nindependent normalrandomvariables is also anormalrandom
variable itself

. X~ 252 + 2252 2 2
X N(a1u1+a2y2+ wta p +b alor+alol+ ...+ancrn)

= This canbe used to find probabilities when combining normal random variables
Whatismeantbythe sample meandistribution?

= Suppose youhave apopulationwith distribution Xand you take arandom sample with n
observations X, Xo, ..., X
= The sample meandistributionis the distribution of the values of the sample mean

X +X + ...+X
1 2 n

l)_(=
n

= Foranindividual sample the sample mean X can be calculated
= Thisisalso called apoint estimate

» X s the distribution of the point estimates

What doesthesample meandistributionlooklike when Xis normallydistributed?

If the populationis normally distributed thenthe sample meandistributionis also normally
distributed

. X +X,+ .+X | E(X)+E(X)+ ..+E(X)) gt p+ tp nu
+ EBX)=E—— - p =T =
_ X +X + .+X Var(X, )+ Var(X )+ ..+ Var(X ) 24 52 > > 2
. Var(X)=Var( 1 2 n)= ( 1) ( 22) o _ c’+o +2...+0 _ no; =i
n n n n n

Therefore youdivide the variance of the population by the size of the sample to get the variance
of the sample meandistribution

« X~N(u,0?) =3—(~N( ,%2)
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@ Worked example

Ambermakes acup of teausingahotdrink vending machine. Whenthe hotwaterbuttonis
pressed the machine dispenses Wmlofhotwaterand whenthe milk buttonis pressed the

machine dispenses M mlof milk.Itis knownthat W "*N(IOO, 152) and M NN(]O, 22).

To make acupofteaAmberpresses the hot waterbuttonthree times and the milk button twice.
The total amount of liquid in Amber's cup is modelled by C m.

a)  Writedownthe distributionof C.
C=WaW+Wos My M,
E(C)= EQ)+ E(Ws) + E(Ws) + E(m) + E(M,)
yo= 100 1100 0100+ 10 + 105320
Var(€) = Var (Wh) + Vor(uk) + Var (Ws) + Var (M) + Var (My)
g*= I5% + I8t + I5% w2t 2Y = b33
A lingor combination of normal variablesiszalso o nomal variable

C~ N(320, 683)

b) Find the probability that the totalamount of liquid in Amber's cup exceeds 360 ml.
Use normal distribution on GDC
M 320 U=JZ§
Lower =360 Upper = 9999...

30 360
P(¢ s 360) = 0.0629%9..

P(C >360) = 0.0629 (3sf)

<) Ambermakes 15 cups of tea and calculates the mean C. Write down the distribution of C.

C N, %)
C ~N (320 &)
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CentralLimit Theorem

Whatisthe CentralLimit Theorem?

The Central Limit Theoremssays that if a sufficientlylarge random sample is taken from any

distribution X thenthe sample meandistribution X can be approximated byanormal
distribution

= |Inyourexam n> 30 willbe considered sufficientlylarge forthe sample size

’)
— O
Therefore X canbe modelled byN( ,?}
= pisthemeanof X

= g2isthevariance of X

= nisthe size of the sample

Do lalways needtouse the CentralLimit Theorem when working withthe sample
meandistribution?

No - the Central Limit Theoremis not needed when the populationis normally distributed

If Xis normally distributed then_X is normally distributed
= Thisistrueregardless of the size of the sample
= The CentralLimit Theoremis not needed

= If Xis not normally distributed then X is approximately normally distributed

= Provided the sample sizeis large enough
= The CentralLimit Theoremis needed
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@ Worked example
Theintegers 1to 29 are writtenon counters and placed inabag. The expected value whenoneiis
picked atrandomis 15 and the variance is 70. Susie randomly picks 40 integers, returning the

counteraftereachselection.

a) Find the probability that the mean of Susie's 40 numbersis less than13.

let X be the mean of 40 numbers
nlage > K~N(u, T)  X~N(5,2)
Use normal distribution on GDC

fiis g [

Lover =<9, Ugper< 13

13 15

P(X <13) = 0.0652%5, .
P(X < 13) = 0.0653 (3sP)

b) Explain whetherit was necessaryto use the Central Limit Theorem inyour calculation.

;n\e (em‘ral Limit Theorem wag  necessary - as the
random variable for the aumber picked out of the baa
is not normo“g digtributed.
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4.9.2 Confidence Interval for the Mean

Confidence Interval for p
Whatis aconfidenceinterval?

= |tisimpossible to find the exact value of the populationmeanwhentakingasample
= The meanofasampleis called apoint estimate
= Thebestwecandois find anintervalforwhichthe exact value is likely to lie
= Thisis called the confidence interval for the mean
= Theconfidencelevelofaconfidenceintervalis the probability that the interval contains the
populationmean
= Be carefulwiththe wording - the populationmeanis afixed value so it does not make sense
to talk about the probability thatit lies withinaninterval
= Instead we talk about the probability of aninterval containing the mean
= Suppose samples were collected and a95% confidence interval forthe populationmean
was constructed foreach sample thenforevery100 intervals we would expect onaverage
950f themto containthe mean
= 950utoflO0isnot guaranteed -itis possible thatall of themcould containthe mean
= |tis also possible (thoughvery unlikely) that none of them contains the mean

Howdo Ifind aconfidenceinterval forthe population mean (u)?

= Youwillbe givendatausingasample fromapopulation
= The populationwillbe normally distributed
= [fnotthenthe sample size should be large enough so youcanuse the Central Limit
Theorem
= Youwilluse the intervalfunctions onyourcalculator
= Use a z-intervalif the populationvariance is known g2
= OnyourGDC enter:
= thestandard deviationoand the confidence level a%
= EITHERtheraw data

= ORthesample mean X and the sample size n
= Use a t-intervalif the populationvariance is unknown

= |nthis casethetestusesthe unbiased estimate forthe variance 52 -1

= OnyourGDC enter:
= the confidence level a%
= EITHER theraw data

] ORthesampIemean)_(,thevalueofs,,_yandthesamplesizen
= Your GDC will give youthe lowerand upperbounds of the interval
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= |tcanbewrittenasa<py<b
What affects the widthof aconfidenceinterval?

= Thewidthofaconfidenceintervalis the range of the valuesintheinterval
= The confidence levelaffects the width

= Increasingthe confidence levelwillincrease the width

= Decreasingthe confidence levelwithdecrease the width
= The size of the sample affects the width

= Increasing the sample size willdecrease the width

= Decreasingthe sample size willincrease the width

Howcanlinterpretaconfidenceinterval?

= Afteryouhave found aconfidenceinterval forpyoumight be expected to comment onthe claim
foravalue of y

= |f the claimed value is withinthe confidence interval thenthere is not enoughevidence to reject
the claim

= Therefore the claimis supported

= |fthe claimed value is outside the interval thenthere is sufficient evidence to reject the claim
= Thevalueisunlikely tobe correct
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@ Worked example

Carawants to check the meanweight of burgers sold by abutcher.The weights of the burgers are
assumed to be normally distributed. Caratakes arandomsample of 12 burgers and finds that the
meanweightis 293 grams and the standard deviationof the sample is 5.5 grams.

a) Find a95% confidence interval forthe population mean, giving youranswerto 4 significant
figures.

_nw, popu‘ahon variane is unkaown so use a t- interval
Unbiased esti f
Formula booklet ~ |omieresestmeest, 1y

Spa T 185" =33

L)

Enter data into GDC

(onfidence level =095 5 =293 5M=JS_3 n=ll
Lower: 289.35..
Upper- 296.64

1394 <pu<9%b6 (4sF)

b) The butcherclaims the burgers weigh 300 grams. Comment on this claimwithreference to
the confidence interval.

r?)700;5 ahove the (,on{'\(ience_ in’rerva| whic}\
Sug%es’rs that the butchers cdlaim is not true

Page 7 of 7
For more help visit our website www.exampaperspractice.co.uk



