
4.9 Further Normal Distribution (inc
Central Limit Theorem)



4.9.1 Sample Mean Distribution

Combinations of Normal Variables

What  is a linear com binat ion of  norm al random  variables?

Suppo se yo u have n independent  no rmal rando m variables X i∼N( )
μ i, σ i

2  fo r i = 1,2,3, ..., n

A linear co mbinatio n is o f the fo rm X=a1X1+a2X2+ …+anXn+b  where a and b are

co nstants

The mean and variance can be calculated using results fro m rando m variables

E( )X =a1μ1+a2μ2+ …+anμn+b
Var ( )X =a
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The variables need to  be independent  fo r this result to  be true

A linear co mbinatio n o f  n independent no rmal rando m variables  is also  a no rmal rando m

variable  itself

X∼N
( )
a1μ1+a2μ2+ …+anμn+b, a1
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This can be used to  find pro babilities when co mbining no rmal rando m variables

What  is m eant  by t he sam ple m ean dist ribut ion?

Suppo se yo u have a po pulatio n with distributio n X and yo u take a rando m sample with n

o bservatio ns X , X , ..., X

The sample mean distributio n is the distributio n o f the values o f the sample mean

X=
X1+X2+ …+Xn

n
Fo r an individual sample the sample mean 

⎯⎯x  can be calculated

This is also  called a po int estimate

X  is the distributio n o f the po int estimates

What  does t he sam ple m ean dist ribut ion look like when X is norm ally dist ribut ed?

If the po pulatio n is no rmally distributed then the sample mean distributio n is also  no rmally

distributed

E( )

⎯⎯⎯X =E
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

X1+X2+ …+Xn

n =
E

( )
X1 +E( )

X2 + …+E(Xn )

n =
μ+μ+ …+μ

n =
nμ
n =μ

i

1 2 n

Var ( )

⎯⎯⎯X = Var
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

X1+X2+ …+Xn

n =
Var

( )
X1 + Var

( )
X2 + …+ Var (Xn)

n ² =
σ ²+σ ²+ …+σ ²

n ² =
nσ ²
n ² =

σ2
n

Therefo re yo u divide the variance o f the po pulatio n by the siz e o f the sample to  get the variance

o f the sample mean distributio n

X∼N( )μ,σ2 ⇒ ⎯⎯⎯X∼N
⎛
⎜
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a)

b)

c)

Worked example

Amber makes a cup o f tea using a ho t drink vending machine. When the ho t water butto n is

pressed the machine dispenses  Wml o f ho t water and when the milk butto n is pressed the

machine dispenses M  ml o f milk. It is kno wn that W ∼N( )100, 152  and M ∼N( )10, 22 . 

To  make a cup o f tea Amber presses the ho t water butto n three times and the milk butto n twice.

The to tal amo unt o f liquid in Amber’s cup is mo delled by C  ml.

Write do wn the distributio n o f C .

Find the pro bability that the to tal amo unt o f liquid in Amber's cup exceeds 360 ml.

Amber makes 15 cups o f tea and calculates the mean 
⎯⎯⎯C . Write do wn the distributio n o f 

⎯⎯⎯C .
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Central Limit Theorem

What  is t he Cent ral Lim it  T heorem ?

The Central Limit Theo rem says that if a sufficiently large rando m sample is taken fro m any

distributio n X  then the sample mean distributio n 
⎯⎯⎯X  can be appro ximated by a no rmal

distributio n

In yo ur exam n > 30 will be co nsidered sufficiently large fo r the sample siz e

Therefo re 
⎯⎯⎯X  can be mo delled by N
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μ is the mean o f X

σ² is the variance o f X

n is the siz e o f the sample

Do I always need t o use t he Cent ral Lim it  T heorem  when working  wit h t he sam ple
m ean dist ribut ion?

No  – the Central Limit Theo rem is no t needed when the po pulatio n is no rmally distributed

If X is no rmally distributed  then 
⎯⎯⎯X  is no rmally distributed

This is true regardless o f the siz e o f the sample

The Central Limit T heo rem is no t needed

If X is no t no rmally distributed  then 
⎯⎯⎯X  is appro ximately no rmally distributed

Pro vided the sample siz e is large eno ugh

The Central Limit T heo rem is needed
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a)

b)

Worked example

The integers 1 to  29 are written o n co unters and placed in a bag. The expected value when o ne is

picked at rando m is 15 and the variance is 70. Susie rando mly picks 40 integers, returning the

co unter after each selectio n.

Find the pro bability that the mean o f Susie's 40 numbers is less than 13.

Explain whether it was necessary to  use the Central Limit Theo rem in yo ur calculatio n.
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4.9.2 Confidence Interval for the Mean

Confidence Interval for μ
What  is a confidence int erval?

It is impo ssible  to  find the exact value  o f the po pulatio n mean when taking a sample

The mean o f a sample is called a po int estimate

The best we can do  is find an interval fo r which the exact value is likely to  lie

This is called the co nfidence interval f o r the mean

The co nfidence level o f a co nfidence interval is the pro bability  that the interval co ntains the

po pulatio n mean

Be careful with the wo rding – the po pulatio n mean is a fixed value so  it do es no t make sense

to  talk abo ut the pro bability that it lies within an interval

Instead we talk abo ut the pro bability o f an interval co ntaining the mean

Suppo se samples were co llected and a 95% co nfidence interval fo r the po pulatio n mean

was co nstructed fo r each sample then fo r every 100 intervals we wo uld expect o n average

95 o f  them to  co ntain the mean

95 o ut o f 100 is no t guaranteed  – it is po ssible that all o f them co uld co ntain the mean

It is also  po ssible (tho ugh very unlikely) that no ne o f them co ntains the mean

How do I find a confidence int erval f or t he populat ion m ean (μ)?

Yo u will be given data using a sample f ro m a po pulatio n

The po pulatio n will be no rmally distributed

If no t then the sample siz e sho uld be large eno ugh so  yo u can use the Central Limit

T heo rem

Yo u will use the interval f unctio ns  o n yo ur calculato r

Use a z-interval if the po pulatio n variance  is kno wnσ²

On yo ur GDC enter:

the standard deviatio n σ and the co nfidence level α%

EITHER the raw data

OR the sample mean 
⎯⎯x  and the sample siz e n

Use a t-interval if the po pulatio n variance  is unkno wn

In this case the test uses the unbiased estimate  fo r the variance s
n−1
2

On yo ur GDC enter:

the co nfidence level α%

EITHER the raw data

OR the sample mean 
⎯⎯x , the value o f s  and the sample siz e n

Yo ur GDC will give yo u the lo wer and upper bo unds o f the interval

n-1
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It can be written as a < μ < b

What  affect s t he widt h of  a confidence int erval?

The width o f a co nfidence interval is the range o f  the values  in the interval

The co nfidence level affects the width

Increasing the co nfidence level will increase the width

Decreasing the co nfidence level with decrease the width

The siz e o f  the sample  affects the width

Increasing the sample siz e will decrease the width

Decreasing the sample siz e will increase the width

How can I int erpret  a confidence int erval?

After yo u have fo und a co nfidence interval fo r μ yo u might be expected to  co mment o n the claim

fo r a value o f μ
If the claimed value is within the co nfidence interval then there is no t eno ugh evidence to  reject

the claim

Therefo re the claim is suppo rted

If the claimed value is o utside  the interval then there is sufficient evidence to reject the claim

The value is unlikely to  be co rrect
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a)

b)

Worked example

Cara wants to  check the mean weight o f burgers so ld by a butcher. The weights o f the burgers are

assumed to  be no rmally distributed. Cara takes a rando m sample o f 12 burgers and finds that the

mean weight is 293 grams and the standard deviatio n o f the sample is 5.5 grams.

Find a 95%  co nfidence interval fo r the po pulatio n mean, giving yo ur answer to  4 significant

figures.

The butcher claims the burgers weigh 300 grams. Co mment o n this claim with reference to

the co nfidence interval.
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