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4.8.1The Normal Distribution

Properties of Normal Distribution

The binomial distributionis anexample of adiscrete probability distribution. The normal distributionis
anexample of acontinuous probability distribution.

Whatis acontinuousrandom variable?

= Acontinuous randomyvariable (oftenabbreviated to CRV)is arandom variable that cantake any
value withinarange of infinite values
= Continuous randomyvariables usually measure something
= Forexample, height,weight,time, etc

Whatis acontinuous probabilitydistribution?

= Acontinuous probabilitydistribution s a probability distribution in which the random variable X is
continuous

= The probabilityof X being a particular value is always zero
» P(X=k)=0foranyvalue k

= |nstead wedeﬁnetheprobabilitydensityfunctionf(X) foraspecific value
= Thisisafunctionthatdescribes the relative likelihood that the random variable would be
close to thatvalue

= We talk about the probability of X being within a certainrange
= Acontinuous probabilitydistribution can be represented by a continuous graph (the values for X
alongthe horizontal axis and probabilitydensity onthe vertical axis)

» The areaunderthe graphbetweenthe points X = @ and X = bis equalto P(a <X< b)
= Thetotalareaunderthe graphequals

= As P(X= k) = (foranyvalue k,itdoes not matterif we use strict orweak inequalities
= P(XS k) = P(X< k)foranyvalue kwhen Xis acontinuous randomyvariable

Whatis anormaldistribution?

= Anormaldistributionis acontinuous probability distribution

= The continuous randomvariable X canfollow anormal distribution if:
= Thedistributionis symmetrical
= The distributionis bell-shaped

= If X follows anormaldistributionthenitis denoted X~N(y, 62)

= yisthe mean
= ¢?is the variance
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= oisthe standard deviation
= |f the meanchanges thenthe graphis translated horizontally

= |f the variance increases thenthe graphis widened horizontally and made taller vertically to
maintainthe same area

= Asmallvariance leads to atall curve withanarrow centre
= Alarge variance leads to ashort curve withawide centre

What aretheimportant properties of anormaldistribution?

= Themeanis
= The variance is 02
= |fyouneed the standard deviationrememberto square root this
= The normaldistributionis symmetrical about
= Mean=Median=Mode =y
= There are theresults:
= Approximatelytwo-thirds (68%)ofthe datalies withinone standard deviationof the mean
(L+0)
= Approximately95% of the datalies withintwo standard deviations of the mean (y £ 20)
= Nearlyallof the data(99.7%)lies within three standard deviations of the mean (y +30)
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Modelling with Normal Distribution

What canbe modelledusing anormaldistribution?

Alotofreal-life continuous variables canbe modelled byanormal distribution provided that the
populationis large enough and that the variable is symmetrical withone mode

Foranormal distribution X cantake anyrealvalue,howevervalues farfrom the mean (more than 4
standard deviations away from the mean) have a probabilitydensity of practically zero

= Thisfactallows usto modelvariables thatare notdefined forallreal values such as height
and weight

Whatcannot be modelledusing anormaldistribution?

= Variables whichhave more thanone mode orno mode

= Forexample:the numbergivenbyarandomnumbergenerator
= Variables which are not symmetrical

= Forexample:howlongahumanlives for

O Exam Tip

= Anexamquestionmightinvolve different types of distributions so make it clearwhich
distributionis beingused foreachvariable

@ Worked example

The randomvariable S represents the speeds (mph) of acertainspecies of cheetahs whenthey
run. The variable is modelled using N(40, 100).

a) Write down the mean and standard deviation of the running speeds of cheetahs.

M= 40 uﬂd O’l - |00

!

Square root to get standard deviation
Mean p=40
Standard deviation ¢ =10

b) State two assumptions that have beenmade inorderto use this model.

We assume #hot the distribution of the speeds is
. swnmd’r’:d

* bell-shaped
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4.8.2 Calculations with Normal Distribution

Calculating Normal Probabilities

Throughout this sectionwe willuse the random variable X"'N(ﬂ, 0'2).Foeristributed normally, X
cantake anyrealnumber.Therefore anyvalues mentioned in this sectionwillbe assumed to be real
numbers.

Howdo I find probabilities using a normal distribution?

= Theareaunderanormalcurve betweenthe points X = gand X = bis equalto the probability
P(a< X<b)
= Rememberforanormaldistributionyoudo notneed to worryabout whetherthe inequalityis
strict(<or>)orweak (<or>)
= P(a<X<b)=PlasX<bh)
= Youwillbe expected to use distributionfunctions onyourGDC to find the probabilities when
working withanormal distribution

Howdolcalculate P(X= x): the probabilityof asingle value foranormal
distribution?

= The probabilityof asingle value is always zero foranormal distribution
= Youcanpicture this as the areaofasinglelineis zero
« P(X=x)=0
= YourGDC s likelyto have a "Normal Probability Density" function
= Thisis sometimes shortened to NPD,Normal PD orNormal Pdf
= IGNORE THIS FUNCTION for this course!
= This calculates the probability density functionat apoint NOT the probability

Howdolcalculate P(a< X< b): the probabilityof arange of values foranormal
distribution?

= Youneed aGDC that cancalculate cumulative normal probabilities
= Youwantto use the "Normal Cumulative Distribution” function
= Thisis sometimes shortened to NCD,NormalCDorNormal Cdf
= Youwillneedto enter:
= The'lowerbound'-thisis the value a
= The 'upperbound'-thisis the value b
= The'y'value - thisis the mean
= The'c'value -thisis the standard deviation
= Checkthe ordercarefully as some calculators ask forstandard deviationbefore mean
= Rememberitis the standard deviation
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= soifyouhave the variance thensquareroot it
= Always sketchaquick diagramto visualise whichareayouare lookingfor

Howdolcalculate P(X> a)orP(X< b)foranormaldistribution?

= Youwill stilluse the "Normal Cumulative Distribution" function
= P(X> 3) canbe estimated usinganupperbound that is sufficiently bigger than the mean

= Usingavalue thatis more than 4 standard deviations bigger thanthe meanis quite accurate
= Oraneasieroptionisjusttoinputlots of 9's forthe upperbound (99999999...0r1099)

= P(X< b) canbe estimated usingalower bound that is sufficiently smaller than the mean
= Usingavalue thatis more than 4 standard deviations smaller thanthe meanis quite accurate
= Oraneasieroptionisjusttoinputlots of 9's forthe lowerbound with a negative sign
(-99999999...0r-1099)

Are there anyusefulidentities?

« P(X<u)=P(X>u)=0.5
« AsP(X'=a)=0youcanuse:
- P(X<a)+P(X>a)=1
- P(X>a)=1-P(X<a)
» P(a<X<b)=P(X<b)-P(X<a)
= These areusefulwhen:
= The meanand/orstandard deviation are unknown

= Youonlyhave adiagram
= Youare workingwiththe inverse distribution

O ExamTip

= Checkcarefullywhetheryouhave entered the standard deviation orvariance into your GDC
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@ Worked example
The randomvariable Y ~N(20,52).Calculate:
) P(Y=20).

|o\enﬁf\5 M oand o
p= 20 05" 0 o9

Skerth!
P(¥=20)=0
20 Y
i P(18<Y<27).
Sketth! Using GD(
Lowre‘er‘ =19
UPPerﬁyue Ll L
%20 27 y P(18<Y<23)= 0.534665..
g (B
i) P(Y>29)
Skeerth! \XS’\(\(& GdL

Lower = 29
Upper = 494949

P(Y>24):0.035430..
20 29

N upye Bound o ) 0.0354 (3s¢)
toose 0 \1&3 number
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Inverse Normal Distribution
Giventhevalueof P(X<a)howdo Il find the value of a?

= Your GDC willhave afunctioncalled "Inverse Normal Distribution”
= Some calculators callthis InvN

= Giventhat P(X< a) = p youwillneed to enter:
= The 'area'-thisis the value p
= Some calculators might ask forthe 'tail' - this is the left tail as youknow the area to the left
ofa
= The 'y'value - thisis the mean
= The'c'value - thisis the standard deviation

Giventhevalue of P(X> a) howdo Il find the value of a?

= |fyourcalculatordoes have the tailoption(left,right orcentre) thenyoucanuse the "Inverse
Normal Distribution" function straightaway by:
= Selecting'right' forthe tail
= Enteringtheareaas p’
= |fyourcalculatordoes not have the tailoption(left, right orcentre) then:
« GivenP(X > a) =p
= Use P(X< a) =]- P(X> a) to rewrite this as
- P(X<a)=1 -p

= Thenusethe method forP(X<a)to find a

O ExamTip

= Always checkyouranswer makes sense
s [fP(X<a)islessthan0.5then ashould be smaller thanthe mean
= |f P(X<a)is morethan0.5then ashould be biggerthanthe mean
= Asketchwillhelpyousee this
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@ Worked example
The randomvariable W ~N(50, 36).

Find the value of W suchthat P(W> W) =0.175.

ldentify p and o
P:SO 36 s o:6

Sketth!
w\= 1~ )
P\ 0

NESt

P(W>w) = 015

L P(W>w) is less then 0.5

S0 Wis bigaer than the meon

Aren from leH is 0.825

Use \averseNopral Distribubion fanckion ron-GDC
wz 55.60%S...

w=556 (3sf)

Page 8 of 8
For more help visit our website www.exampaperspractice.co.uk



