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4.7.1 Hypothesis Testing

Language of Hypothesis Testing
What is a hypothesis test?

= Ahypothesis test uses a sample of data in an experiment to test a statement made about the
population
= The statementis either about a population parameter or the distribution of the population
= The hypothesis test will look at the probability of observed outcomes happening under set conditions
= The probability found willbe compared against a given significance level to determine whether there is
evidence to support the statement being made

What are the key terms used in statistical hypothesis testing?

= Every hypothesis test must begin with a clear null hypothesis (what we believe to already be true) and
alternative hypothesis (how we believe the data pattern or probability distribution might have
changed)
= Ahypothesisis an assumption thatis made about a particular population parameter or the
distribution of the population
= Apopulation parameteris a numerical characteristic which helps define a population
= Suchasthe mean value of the population

= The null hypothesisis denoted H0 and sets out the assumed population parameter or distribution

given that no change has happened
= The alternative hypothesisis denoted H1 and sets out how we think the population parameter or

distribution could have changed
= Aone-tailed testis used fortesting the distribution or testing whether the parameter has
increased (or decreased)
= Atwo-tailed testis used fortesting whetherthe parameterhas changed (eitherincreased or
decreased)
= When a hypothesis testis carried out, the null hypothesis is assumed to be true and this
assumption will either be accepted orrejected
= Whenanullhypothesisis accepted orrejected a statistical inference is made
= Ahypothesis test will always be carried out at an appropriate significance level
= Thessignificance level sets the smallest probability that an event could have occurred by chance
= Any probability smaller than the significance level would suggest that the eventis unlikely to
have happened by chance
= The significance level must be set before the hypothesis testis carried out
= The significance level will usually be 1%, 5% or 10%, however it may vary
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Conclusions of Hypothesis Testing

How do | decide whether to reject or accept the null hypothesis?

Asample of the populationis taken and the test statistic is calculated using the observations from the
sample

= Your GDC will calculate the test statistic foryou
To decide whether ornot toreject the null hypothesis you first need either the p-value or the critical
region
The p - value is the probability of a value being at least as extreme as the test statistic, assuming that
the null hypothesisis true

= Your GDC will give you the p-value

= |f the p-valueisless than the significance level then the null hypothesis would be rejected
The critical region is the range of values of the test statistic which willlead to the null hypothesis being
rejected

= |f the test statistic falls within the critical region then the null hypothesis would be rejected
The critical value is the boundary of the critical region

= |tistheleast extreme value that would lead to the rejection of the null hypothesis

= The critical value is determined by the significance level

= |nyourexamyou will be given the critical value if itis needed

How should a conclusion be written for a hypothesis test?

Your conclusion must be written in the context of the question
Use the wording in the question to help you write your conclusion
= |frejecting the null hypothesis your conclusion should state that there is sufficient evidence to
suggest that the null hypothesis is unlikely to be true
= |faccepting the null hypothesis your conclusion should state that there is not enough evidence to
suggest that the nullhypothesis is unlikely to be true
Your conclusion must not be definitive
= Thereisachance that the testhasledto anincorrect conclusion
= The outcomeis dependent on the sample
= adifferent sample mightlead to a different outcome
The conclusion of a two-tailed test can state if there is evidence of a change
= Youshould not state whether this changeis anincrease or decrease
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4.7.2 Chi-squared Test for Independence

Chi-Squared Test for Independence

What is a chi-squared test forindependence?

= Achi-squared ()(2) test forindependence is a hypothesis test used to test whether two variables are
independent of each other
= Thisis sometimescalleda }(2 two-way test
= Thisis anexample of a goodness of fit test
= We are testing whether the data fits the model that the variables are independent
= The chi-squared (Zz)distributionis used forthis test
= Youwilluse a contingency table

= Thisis atwo-way table that shows the observed frequencies for the different combinations of the
two variables

= Forexample:if the two variables are hair colour and eye colour then the contingency table will
show the frequencies of the different combinations

What are the degrees of freedom?

= There will be a minimum number of expected values you would need to know in order to be able to
calculate all the expected values
= This minimum numberis called the degrees of freedom and is often denoted by V
= Foratestforindependence withanm x ncontingency table
« v=(m-1)x(n-1)
= Forexample: If there are 5 rows and 3 columns then you only need to know 2 of the values in 4 of
the rows as therest can be calculated using the totals

What are the steps for a chi-squared test forindependence?

= STEP 1: Write the hypotheses
= Hg: Variable Xisindependent of variable Y
= H;:Variable Xis notindependent of variable Y
= Make sure you clearly write what the variables are and don’t just callthem Xand Y
= STEP 2: Calculate the degrees of freedom for the test
= Foranm xncontingency table
= Degrees of freedomis V= (m - 1) X (I] - 1)
= STEP 3: Enteryour observed frequencies into your GDC using the option for a 2-way test
= Enterthese asamatrix
= Your GDC will give you a matrix of the expected values (assuming the variables are independent)
= Your GDC will also give you the y2 statistic and its p-value

. The)(zstatisticisdenotedas)(z]
cailc

= STEP 4. Decide whetherthereis evidence to reject the null hypothesis
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= EITHER compare the y2 statistic with the given critical value
= |f y2 statistic > critical value thenreject Hg
= |f y2 statistic < critical value then accept Hg

= ORcompare the p-value with the given significance level
= |f p-value < significance level thenreject Hg
= |f p-value > significance level then accept Ho

= STEP 5: Write your conclusion

= [fyourejectHgp
= Thereis sufficient evidence to suggest that variable Xis notindependent of variable Y
= Therefore this suggests they are associated

= |fyouacceptHg
= Thereisinsufficient evidence to suggest that variable Xis notindependent of variable Y
= Therefore this suggests they areindependent

How do | calculate the chi-squared statistic?

= You are expected to be able to use your GDC to calculate the y2 statistic by inputting the matrix of the
observed frequencies
= Seeinghowitis done by hand might deepen yourunderstanding but you are not expected to use this
method
= STEP 1. Foreach observed frequency O, calculate its expected frequency E;
= Assuming the variables are independent
s E=P(X=x)xP(Y=y)xTotal
Row Total X Column Total
Overall Total
= STEP 2: Calculate the y2 statistic using the formula
(0.-E)>
L] Zz = Z T

calc .
i

= Which simplifies to Ei =

= Youdonotneedtolearnthis formula asyour GDC calculatesit foryou
= To calculate the p-value you would find the probability of a value being bigger than your y2 statistic
using a y2 distribution with v degrees of freedom
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@ Worked example

AtaschoolinParis, itis believed that favourite film genre is related to favourite subject. 500 students
were asked toindicate their favourite film genre and favourite subject from a selection and the results
areindicatedin the table below.

Comedy|]Action|Romance|Thriller|

Maths 51 52 37 55
Sports 59 63 41 55
Geography 35 31 28 15

Itis decided to test this hypothesis by using a}(z test forindependence at the 1% significance level.
The critical value is 16.812.

a) State the null and alternative hypotheses for this test.

HD- Favourite 5uBJecT is mclependenf of favourite. film genre

Hl - Favourite 3uBJed' is not mdependen’r of favourite film enre

b) Write down the number of degrees of freedom for this table.

y = (rows ‘\)* ([olumns *l) = (3-)x (L-1)
y:b

<) Calculate the}(2 test statistic for this data.
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Ttape matrix im0 GDC
X' cratistie = .81
X, =128 (3sh)

d) Write down the conclusion to the test. Give areason for your answer.

2.3 <16.812

Acept H, as X" stotistic < critical value.
There is insufficent evidence o s uggest that
fovourite Sul'{;ed‘ is not inc‘ependenf of fovourite
film geare. Therefore. this suggests ‘I‘hea are
independent.

For more help, please visit www.exampaperspractice.co.uk
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4.7.3 Goodness of Fit Test

Chi-Squared GOF: Uniform

What is a chi-squared goodness of fit test for a given distribution?

] Achi—squared(Zz)goodnessofﬁttestisusedtotestdatafromasamplewhichsuggeststhatthe
population has a given distribution
= This could be that:
= the proportions of the population for different categories follows a given ratio
= the population follows a uniform distribution
= This means all outcomes are equally likely

What are the steps for a chi-squared goodness of fit test for a given distribution?

= STEP 1: Write the hypotheses

= Hp: Variable X can be modelled by the given distribution

= Hj: Variable X cannot be modelled by the given distribution

= Make sure you clearly write what the variable is and don’tjust call it X

= STEP 2: Calculate the expected frequencies

= Splitthe total frequency using the givenratio

= Forauniformdistribution: divide the total frequency N by the number of possible outcomes k
= STEP 3: Calculate the degrees of freedom for the test

= Forkpossible outcomes

= Degrees of freedomis V= k-1

= STEP 4: Enter the frequencies and the degrees of freedom into your GDC
= Enterthe observed and expected frequencies as two separate lists
= Your GDC will then give you the y2 statistic and its p-value

. The)(zstatisticisdenotedas)(z1
calc

= STEP 5: Decide whether there is evidence to reject the null hypothesis
= EITHER compare the 2 statistic with the given critical value
= |f y2 statistic > critical value thenreject Hg
= |f y2 statistic < critical value then accept Hg
= ORcompare the p-value with the given significance level
= [f p-value < significance level thenreject Hg
= |f p-value > significance level thenaccept Ho
= STEP 6: Write your conclusion
= |[fyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the given distribution
= Therefore this suggests that the datais not distributed as claimed
= |fyouacceptHg
= Thereisinsufficient evidence to suggest that variable X does not follow the given distribution
= Therefore this suggests that the datais distributed as claimed
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@ Worked example

Acarsalesmanisinterested in how his sales are distributed and records his sales results over a period
of sixweeks. The datais shownin the table.

Week 1 2 3 4 5 6

Number of sales 15 17 1 21 14 12

A)(2 goodness of fit testis to be performed on the data at the 5% significance level to find out
whether the data fits a uniform distribution.

a) Find the expected frequency of sales for each week if the data were uniformly distributed.
'1[ un‘.ﬁormls distributed all exper.fed Frequendes are ecvm‘

ExpedeJ frequwuj: 15 + 13+ 1l LZH e+ 12

Expected frequency =15

b) Write down the null and alternative hypotheses.

Hy: Number of sales can be modelled 53 a
uniform digribution

H, : Number of sales can not be modelled bj a
uniform dishibution

c) Write down the number of degrees of freedom for this test.

p=6-l
y=5

d) Calculate the p-value.
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Tgpe fwo lists ilo  GDC

Obeerved 15 1+ 11 2 & 12
Expeded 15 1515 15 15 15
p: 0. 4933 .

p = 0.443 (3sF)

e) State the conclusion of the test. Give areason for your answer.

0.443 > 0.05

Auegt H, as p-value > sigaifiane lewel
There is insufficient evidence fo su%esi that
number of soles @ not be modelled by
a unform distibudion Therefore this sugests
it is waiformly distributed.

For more help, please visit www.exampaperspractice.co.uk
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Chi-Squared GOF: Binomial

What is a chi-squared goodness of fit test for a binomial distribution?

] Achi—squared()(Z)goodnessofﬁttestisusedtotestdatafromasamplesuggestingthatthe
population has a binomial distribution
= Youwillbe given the value of p for the binomial distribution

What are the steps for a chi-squared goodness of fit test for a binomial distribution?

= STEP 1: Write the hypotheses
= Ho: Variable X can be modelled by the binomial distribution B(#, p)

= Hj: Variable X cannot be modelled by the binomial distribution B(H, p)
= Make sure you clearly write what the variable is and don’tjust call it X
= State thevalues of nand p clearly
= STEP 2: Calculate the expected frequencies

» Findthe probability of the outcome using the binomial distribution P(X= X)
« Multiply the probability by the total frequency P(X = x) X N
= STEP 3: Calculate the degrees of freedom for the test
= Forkoutcomes
= Degrees of freedomis V= k-1
= STEP 4. Enter the frequencies and the degrees of freedom into your GDC
= Enterthe observed and expected frequencies as two separate lists
= Your GDC will then give you the y2 statistic and its p-value

. The)(2statisticisdenotedas){z]
calc

= STEP 5: Decide whether there is evidence to reject the null hypothesis
= EITHER compare the y2 statistic with the given critical value
= |f y2 statistic > critical value thenreject Hg
= |f y2 statistic < critical value then accept Hg
= ORcompare the p-value with the given significance level
= |f p-value < significance level thenreject Ho
= |f p-value > significance level then accept Ho
= STEP 6: Write your conclusion
= [fyourejectHgp
= Thereis sufficient evidence to suggest that variable X does not follow the binomial
distribution B(n1, p)
= Therefore this suggests that the data does not follow B(H, p)
= [fyouacceptHp
= Thereisinsufficient evidence to suggest that variable X does not follow the binomial

distribution B(n1, p)
= Therefore this suggests that the data follows B(H, p)
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@ Worked example

Astageinavideo game has three boss battles. 1000 people try this stage of the video game and the
number of bosses defeated by each playeris recorded.

Number of bosses defeated 0] 1 2 3

Frequency 490 384 1 15

AZZ goodness of fit test at the 5% significance level is used to decide whether the number of bosses
defeated canbe modelled by a binomial distribution with a 20% probability of success.

a) State the null and alternative hypotheses.

Ho: Number of bosses defested can be
modelled bj the biomial digribution  B(3,0.2)
H, : Number of bosses defested an not be
modelled by the boomial distribution  B(3,0.2)

b) Assuming the binomial distribution holds, find the expected number of people that would
defeat exactly one boss.

let X ~B(302)

Usng GDC  P(X=1)= 0.384
Expected 1000 x 0-38k = 38k
Expected frequencns of | =38k

c) Calculate the p-value for the test.
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Find the other expected frequencies
For O: 1000xP(X=0)= 000 x0.512 = 512

For 2: 1000x P(x=2) = 1000« 0.096 = 4b
For  3: 1000x P(X =3)7 1000 x 0.008 = 8

Tgpe two |\StS into (LDC

Observed ~ 4% 38k Wl 1S
Expected 5L 3%k A6 %
y = bk-1-:3

p= 0.0242% ...

p - 0.0243 (3sF)

d) State the conclusion of the test. Give areason for your answer.

0.0263< 0.05

.Rejed Ho as p-value < 5i3niﬁmgrvel
There is  sufficient evidence to s uggest that
the  number of bosses defeated can not be
modelled by the. binomial distribution B(3,02)

For more help, please visit www.exampaperspractice.co.uk
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Chi-Squared GOF: Normal
What is a chi-squared goodness of fit test for a normal distribution?

= Achi-squared ()(2) goodness of fit testis used to test data from a sample suggesting that the
population has a normal distribution

= Youwillbe given the value of yand o for the normal distribution

What are the steps for a chi-squared goodness of fit test for a normal distribution?
STEP 1: Write the hypotheses

= Hp: Variable Xcanbe modelled by the normal distribution N(u, 62)

] H1:VariabIeXcannotbemodelledbythenormaldistributionN(y, 62)

= Make sure you clearly write what the variable is and don’tjust call it X
= Statethevaluesof yandaclearly

STEP 2: Calculate the expected frequencies

» Find the probability of the outcome using the normal distribution P(a < X < b)

= Beware of unbounded inequalities P(X< b) or P(X > a) forthe classintervals onthe
‘ends’
= Multiply the probability by the total frequency P(a <X< b) X N
STEP 3: Calculate the degrees of freedom for the test
= Forkclassintervals

= Degrees of freedomis V= k-1

STEP 4: Enter the frequencies and the degrees of freedom into your GDC
= Enterthe observed and expected frequencies as two separate lists
= Your GDC will then give you the y2 statistic and its p-value

. The)(zstatisticisdenotedas)(z1
calc

= STEP 5: Decide whether there is evidence to reject the null hypothesis
= EITHER compare the 2 statistic with the given critical value
= |f y2 statistic > critical value thenreject Hg
= |f y2 statistic < critical value then accept Hg
= ORcompare the p-value with the given significance level
= |f p-value < significance level thenreject Hg

If p-value > significance level thenaccept Ho
STEP 6: Write your conclusion

= |fyourejectHg

= Thereis sufficient evidence to suggest that variable X does not follow the normal distribution

N(u, 0?)

= Therefore this suggests that the data does not follow N(u, 0'2)
= |fyouacceptHg
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= Thereisinsufficient evidence to suggest that variable X does not follow the normal
distribution N(xt, 62)
= Therefore this suggests that the data follows N(y, 0'2)
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@ Worked example

300 marbled ducks in Quacktown are weighed and the results are shown in the table below.

Mass (9) Frequency

m<470 10

470 < m<520 158

520<m<570 123

m>570 g

A){2 goodness of fit test at the 10% significance levelis used to decide whether the mass of a marbled
duck can be modelled by a normal distribution with mean 520 g and standard deviation 30 g.

a) Calculate the expected frequencies, giving your answers correct to 2 decimal places.

let X~ N(520,30%)
300 % probobility ;
Mass (9) Probability | Expected frequency
m<4&+0 | 0.061¥0.. | &34
430¢4m¢DH20 | 0.452204.. | |35 bb
520 m<S3D 0451204.. | |35 46

m2810  0.0430.. | (&34

b) Write down the null and alternative hypotheses.

Hy: Mos of the morbled ducks can be
modelled bj the normal digribution N(520,30)
H, : Mas of the morbld ducks c@n not be
modelled by the normol digiribution N(520,30)
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c) Calculate the ¥ statistic.

Erter the observed and expected frequencies o
GDC VE k- =3

A ddobshic = 8.062 ..

X = 816 (3

d) Given that the critical value is 6.251, state the conclusion of the test. Give areason for your
answer.

%16 > 6.25)

Reject Hy as X statistic > critical value.
There is  sufficient evidence T s uggest that the |
mass  of the macbled ducks can not be I

mdeud Lb the norma) distribution N(520, 30%).

N

For more help, please visit www.exampaperspractice.co.uk
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4.7.4 The t-test

Two-Sample Tests
What is a t-test?

= At-testisusedto compare the means of two normally distributed populations
= |nthe exam the population variance will always be unknown

What assumptions are needed for the t-test?

= Theunderlying distribution for each variable must be normal
= |nthe examyou willneed to assume the variance for the two groups are equal
= Youwillneedto use the pooled two-sample t-test

What are the steps for a pooled two-sample t-test?

= STEP 1: Write the hypotheses
= Hoipx=py
= Where pyand uy are the population means
= Make sure you make it clear which mean corresponds to each population
= |nwords this means the two population means are equal
= Hyipx< pyorHy: > pyorHy: pg# uy
= The alternative hypothesis will depend on what is being tested (see sections for one-tailed
and two-tailed tests)
= STEP 2: Enterthe datainto your GDC
= Entertwo lists of data - one foreach sample
= Choose the pooled option
= Your GDC will then give you the p-value
= STEP 3: Decide whether there is evidence to reject the null hypothesis
= Compare the p-value with the given significance level
= |f p-value < significance level thenreject Hg
= |f p-value > significance level then accept Ho
= STEP 4: Write your conclusion
= |fyourejectHg
= Thereis sufficient evidence to suggest that the population mean of Xis bigger than/smaller
than/different to the population mean of Y
= Thiswilldepend on the alternative hypothesis
= |fyouacceptHg
= Thereisinsufficient evidence to suggest that the population mean of Xis bigger than/small
than/different to the population mean of Y
= Therefore this suggests that the population means are equal
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One-tailed Tests
How do | perform a one-tailed t-test?

= Aone-tailed testis used to test one of the two following cases:
= The population mean of Xis bigger than the populationmean of Y
» Thealternative hypothesis willbe: Hy: pi, >y,
= ook outforwordssuchasincrease, bigger, higher, etc
= The population mean of Xis smaller than the population mean of Y
» Thealternative hypothesis willbe: H;: pi, <y,
= ook outforwords suchasdecrease, smaller, lower, etc
= |f youreject the null hypothesis then
= This suggests that the population mean of Xis bigger than the population mean of Y
= Ifthe alternative hypothesisis Hy: py > iy,
= This suggests that the population mean of Xis smaller than the population mean of Y
= Ifthe alternative hypothesisis Hy: y, < iy,
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@ Worked example

The times (in minutes) for children and adults to complete a puzzle are recorded below.

The creator of the puzzle claims children are generally faster at solving the puzzle than adults. A t-testis

children]3.112.713.51 3.1]2.913.2]3.0}2.9

Adults [3.1]3.6]3.5§3.6]2.913.6}3.4§3.6]3.7|3.0

to be performed at a1% significance level.

a)

Write down the null and alternative hypotheses.
Let Me be the population mean for children’s fimes
ond M, be the population mean for adults’ times

HO: M T Ma

H,: p (»ﬁ‘ | s daimed thet children o quicker

Find the p-value for this test.

Enfer the data as two lists in GDC
Use 2-samp\e poo|€d 1 -test
p= 0.004259..

p=0.00%26 (3sP

State whether the creator’s claimis supported by the test. Give areason for your answer.
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0.00326 < 0.0)

Rejedt Ho o5 p-volue < significance level
Ther is sufficiedt evidene to smaf that
children are generally foster at sohing the
puzk than odults. This  suppors the  Craor’

L\mm.

For more help, please visit www.exampaperspractice.co.uk
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Two-tailed Tests
How do | perform a two-tailed t-test?

= Atwo-tailed testis usedto test the following case:
= The population mean of Xis different to the population mean of Y
» Thealternative hypothesis willbe: Hy: pi, # i,
= ook outforwordssuchaschange, different, not the same, etc
= |f youreject the null hypothesis then
= This suggests that the population mean of Xis different to the population mean of Y
= You cannot state which one is bigger as you were not testing for that
= Allyoucanconcludeisthat thereis evidence that the means are not equal
= Totestwhethera specific oneis biggeryouwould need to use a one-tailed test
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@ Worked example

Ina school all students must study either French or Spanish as well as maths. 18 studentsin a maths
class complete a test and their scores are recorded along with which language they study.

Studies French 61 82 77 80 99 69 75 71 81

Studies Spanish 74 79 83 66 95 79 82 81 85

The maths teacher wants to investigate whether the scores are different between the students
studying eachlanguage. A t-testis to be performed at a 10% significance level.

a) Write down the null and alternative hypotheses.

Let pe be the population mean for sares of students of frnch
and g be the population mean for sores of students of Spansh

H,: Me s
H,: e },;; ' ""“Te.shna for o difference

b) Find the p-value for this test.

Enter the data as fwo lists in G
Use l-sample poo|ed t - test
P: 0 L"}Sﬂl.‘

p=0.43u  (3sP

c) Write down the conclusion to the test. Give areason for your answer.
0.4 >0
Auepf Hu as P—Va'l.le > Slﬁn'nfi(an(e |e\|e|
There is insuffident evidence to sugqest that ther

is o difference between the scores
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