
4.7 Further Probability Distributions
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4.7.1 Probability Density Function

Calculating Probabilities using PDF

A co ntinuo us rando m variable  can take any value in an interval so  is typically used when co ntinuo us

quantities are invo lved (time, distance, weight, etc)

What  is a probabilit y densit y f unct ion (p.d.f .)?

Fo r a co ntinuo us rando m variable, a functio n can be used to  mo del pro babilities

This functio n is called a pro bability density f unctio n (p.d.f.), deno ted by f(x)

Fo r f(x) to  represent a p.d.f. the fo llo wing co nditio ns must apply

f(x) ≥ 0 fo r all values o f x

The area under the graph o f y = f(x) must to tal 1

In mo st pro blems, the do main o f x is restricted to  an interval, a ≤ X ≤ b say, with all values o f x

o utside o f the interval having f(x)=0

How do I �nd probabilit ies using  a probabilit y densit y f unct ion (p.d.f .)?

The pro bability that the co ntinuo us rando m variable X lies in the interval a ≤ X ≤ b, where X has the

pro bability density functio n f(x), is given by

P(a≤X≤b)=∫
a

b
f (x) dx

P(a ≤ X ≤ b) = P(a < X < b)

Fo r any  co ntinuo us rando m variable (including the no rmal distributio n) P(X = n) = 0

One way to  think o f this is that a = b in the integral abo ve

Fo r linear functio ns it can be easier to  �nd the pro bability using the area o f geo metric shapes

Rectangles: A = bh

Triangles: A = ½(bh)

Trapez o ids: A = ½(a+b)h

How do I det erm ine whet her a f unct ion is a pdf ?

So me questio ns may ask fo r justi�catio n o f the use o f a given functio n fo r a pro bability density

functio n

In such cases check that the functio n meets the two  co nditio ns

f(x) ≥ 0 fo r all values o f x

to tal area under the graph is 1

How do I use a pdf  t o �nd probabilit ies?

ST EP 1
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Identify the pro bability density f unctio n, f(x) - this may be given as a graph, an equatio n o r as

a piecewise f unctio n

e.g.   f (x)=
⎧
⎪
⎪
⎨
⎪
⎪
⎩

0 .02x 0≤x≤10
0 otherwise

Identify the limits  o f X fo r a particular pro blem

Remember that P(a ≤ X ≤ b) = P(a < X < b)

ST EP 2

Sketch, o r use yo ur GDC to  draw, the graph o f y = f(x)

Lo o k fo r basic shapes (rectangles, triangles and trapez o ids) as �nding these areas is easier

witho ut using integratio n

Lo o k fo r symmetry in the graph that may make the pro blem easier

Break the area required into  two  o r mo re parts if it makes the pro blem easier

ST EP 3

Find the area(s) required using basic shapes o r integratio n and answer the questio n

Trickier pro blems may invo lve �nding a limit o f the integral given its value

i.e. Find o ne o f the bo undaries in the do main o f X, given the pro bability

e.g. Find the value o f a given that P(0 ≤ X ≤ a) = 0.09

a)

b)

Worked example

The co ntinuo us rando m variable, X, has pro bability density functio n.

{"language":"en","fo ntFamily":"Times New Ro man","fo ntSiz e":"18"}

Sho w that f(x) can represent a pro bability density functio n.

Find, bo th geo metrically and using integratio n, P(0 ≤ X ≤ 2).
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c) Write do wn P(X = 3.2).
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Median & Mode of a CRV

What  is m eant  by t he m edian of  a cont inuous random  variable?

The median, m, o f a co ntinuo us rando m variable, X, with pro bability density f unctio n f(x) is

de�ned as the value o f X such that

P (X<m)=P (X>m)=0.5

Since P(X = m) = 0 this can also  be written as  P (X≤m)=P (X≥m)=0.5
If  the p.d.f. is symmetrical (i.e. the graph o f y = f(x) is symmetrical) then the median will be half way

between the lo wer and upper limits o f x

In such cases the graph o f y = f(x) has axis  o f symmetry  in the line x = m

How do I �nd t he m edian of  a cont inuous random  variable?

The median, m, o f a co ntinuo us rando m variable, X, with pro bability density functio n f(x) is de�ned

as the value o f X such that

∫
−∞

m
f (x) dx=

1
2

o r

∫
m

∞
f (x) dx=

1
2

The equatio n that sho uld be used will depend o n the inf o rmatio n in the questio n

If the graph o f y = f(x) is symmetrical, symmetry may be used to  deduce  the median

This may o ften be the case if f(x) is linear and the area under the graph is a basic shape  such

as a rectangle

How do I �nd t he median of  a cont inuous random variable wit h a piecewise p.d.f .?

Fo r piecewise f unctio ns, the lo catio n o f the median will determine which equatio n to  use in

o rder to  �nd it

Fo r example

if  f (x)=

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1
5
x 0≤ x≤ 2

2
15

( )5−x 2≤ x≤ 5

0 otherwise

then ∫
0

2 1
5 x dx=0 .4  so  the median must lie in the interval 2 ≤ x ≤ 5
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so  to  �nd the median, m, so lve ∫
2

m 2
15 (5−x) dx=0 .1

('0.4 o f the area' already used fo r 0 ≤ x ≤ 2)

Use a GDC to  plo t the functio n and evalutae integral(s)

What  is m eant  by t he m ode of  a cont inuous random  variable?

The mo de  o f a co ntinuo us rando m variable, X, with pro bability density f unctio n f(x) is the value

o f x that pro duces the greatest value  o f f(x)

How do I �nd t he m ode of  a cont inuous random  variable?

This will depend o n the type  o f f unctio n f(x); the easiest way to  �nd the mo de  is by co nsidering

the shape  o f the graph o f y = f(x)

If the graph is a curve  with a maximum po int, the mo de  can be f o und  by di�erentiating and

so lving f’(x) = 0

If there is mo re than o ne so lutio n to  f’(x) = 0 then f urther wo rk may be needed in deducing

the mo de

There co uld be mo re than o ne  mo de

Lo o k fo r valid values  o f x fro m the do main o f the p.d.f.

Use the seco nd derivative  (f’’(x)) to  deduce  the nature  o f each statio nary po int

Check the values  o f f(x) at the lo wer and upper limits  o f x, o ne o f these co uld be the

maximum value f(x) reaches

a)

Worked example

The co ntinuo us rando m variable X has pro bability functio n f(x) de�ned as

f (x)=
1
64 (16x−x3) 0≤ x≤ 4

Find the median o f X, giving yo ur answer to  three signi�cant �gures.
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b) Find the exact value o f the mo de o f X.
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Mean & Variance of a CRV

What  are t he m ean and variance of  a cont inuous random  variable?

E(X) is the expected value, o r mean, o f the co ntinuo us rando m variable X

E(X) can also  be deno ted by μ
Var(X) is the variance  o f the co ntinuo us rando m variable X

Var(X) can also  be deno ted by σ
The standard deviatio n, σ, is the square ro o t  o f the variance

How do I �nd t he m ean and variance of  a cont inuous random  variable?

The mean is given by

μ=E(X)=∫
−∞

∞
xf (x) dx

This is given in the f o rmula bo o klet

If the graph o f y = f(x) has axis  o f symmetry, x = a, then E(X) = a

The variance  is given by

σ2=Var (X )=E(X2
)−

⎡
⎢
⎣E( )X ⎤

⎥
⎦

2

where  E(X2
)=∫

−∞

∞
x2f (x) dx

This is given in the f o rmula bo o klet

Ano ther versio n o f the variance is given in the f o rmula bo o klet

Var (x)=∫
−∞

∞
(x−μ)

2 f (x) dx=∫
−∞

∞
x2f (x) dx−μ2

but the �rst versio n abo ve is usually mo re practical fo r so lving pro blems

Be careful abo ut co nfusing E(X ) and [E(X)]

mean o f the squares"

⎡
⎢
⎣

⎤
⎥
⎦

E(X)
2=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∫
−∞

∞
xf (x) dx

2
   "square o f the mean"

How do I �nd t he m ean and variance of  a linear t ransf orm at ion of  a cont inuous

random  variable?

Fo r the co ntinuo us rando m variable, X, with mean E(X) and variance  Var(X) then

E(aX+b)=aE(X)+b

2

2 2

E(X2
)=∫

−∞

∞
x2f (x) dx "

and

Var (aX+b)=a2Var (X)

Exam T ip

Using yo ur GDC  to  draw the graph o f y = f(x) can highlight  any symmetrical pro perties which

reduce  the wo rk invo lved in �nding the mean and variance
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a)

b)

Worked example

A co ntinuo us rando m variable, X, is mo delled by the pro bability distributio n functio n, f(x), such

that

f (x)=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

1.5x2( )1−0.5x 0≤ x≤ 2
0 otherwise

Find the mean o f X.

Find standard deviatio n o f X.
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