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Density

* Densityis the mass per unit volume of an object
o Objects made fromlow-density materials typically have a lowermass
o Forexample, a balloonis less dense than a small barof lead despite occupying a larger
volume

¢ Theunits of density depend on the units used for mass andvolume:
o Ifthemassis measuredin gand volumein em?, then the density willbeing /em?®
o Ifthemassis measuredin kg and volumein m3, then the density will be in kg / m3

E MASS (kg)

p — m
DENSITY [kgm‘ﬂ%j &E VOLUME (mo)

OO
D@(E

LESS DENSE MORE DENSE

Gases areless dense than asolid

« Thevolume of an object may not always be given directly, but can be calculated with the
appropriate equation depending on the object’s shape
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Volumes of common 3D shapes

‘, Worked Example
®

A pavingslab has a mass of 73kgand dimensions 40 mm x 500 mm x 850 mm.

Calculate the density, in kg m™3 of the material from which the paving slab is made.

73 kg @ 40 mm
850 mm
Page 2 of 28
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STEP 1 EQUATION FOR DENSITY

M
P57

STEP 2 CALCULATE THE VOLUME

V = 40 mm x 500 mm x 850 mm = 1.7 x 10" mm®

STEP 3 CONVERT mm3 TO m3

1mm =0.001m=1x10"m
1mm3 = (0.001°m® = (1 x 107V’ m® = 1 x107° 3

V=17x10"x1x10"%=47x102m

STEP 4 SUBSTITUTE MASS AND. VOLUME INTO DENSITY EQUATION

73 kg

- W = 4300 kgm-3 (2 s.f)
o m

O Exam Tip

-
» When converting alarger unit to a smaller one, you multiply (x)

o E.g.125m=125x100=12500cm

* Whenyou convert a smallerunit to alarger one, you divide (<)
o E.g.5g=5/1000=0.0050r5 x103kg

» When dealing with squared or cubic conversions, cube orsquare the
conversion factor too
o E.g.1mm3=1/(1000)3=1x10"m3
o E.g.1ecm®=1/(100)*=1x10"¢m?
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Hooke's Law

* \When aforce Fis added to the bottom of a vertical metal wire of length L, the wire stretches
s Amaterial obeys Hooke's Law if:

The extension of the materialiis directly proportional to the applied force (load) up
to thelimit of proportionality

e This linearrelationshipis represented by the Hooke’s law equation:
F=kAL

s Where:
o F=force(N)
o k=springconstant(Nm™)
o AL =extension(m)

* Thespring constantis a property of the material being stretched and measures the
stiffness of a material
o Thelargerthe spring constant, the stiffer the material

¢ Hooke's Law applies to both extensions and compressions:
o Theextension of an objectis determined by how muchithas increased inlength
o The compression of an objectis determined by how much it has decreased inlength

s

Y
D

EXTENSION

FORCE

Stretching a spring with aload produces a force that leads to an extension

Force-Extension Graphs
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The way a materialresponds to a given force can be shown on a force-extension graph
Every material will have a unique force-extension graph depending on how brittle orductile
itis
Amaterial may obey Hooke's Law up to a point

o Thisis shown onits force-extension graph by a straight line through the origin

As more forceis added, the graph may start to curve slightly

FORCE F/N A\ \{EELASTEC LIMIT

&ELIM’IT OF PROPORTIONALITY

s
= AL
0 =
- HOOKE’S LAW—] EXTENSION AL/m
REGION
F /AL

TheHooke's Law region of a force-extension graphis a straight line. The spring constant is
the gradient of that region

» Thekeyfeatures of the graph are:

o Thelimit of proportionality: The point beyond which Hooke's lawis nolonger true

when stretching a materiali.e. the extension is no longer proportional to the applied
force

= The pointis identified on the graph where theline starts to curve (flattens out)

o Elasticlimit: The maximum amount a material can be stretched and stillreturn toits
original length (above which the material will no longer be elastic). This pointis always
afterthelimit of proportionality

= The gradient of this graphis equal to the spring constant k

Page 5 of 28
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‘, Worked Example
8]

A springwas stretchedwith increasingload.
The graph of the results is shown below.

15

Length / cm

10

03 04 05
Load / N

Whatis the spring constant?
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REARRANGE FROM HOOKE’S LAW, THE SPRING

CONSTANT IS

THE GRADIENT OF A FORCE-EXTENSION GRAPH IS

THE SPRING CONSTANT
AF

k==

Al

THIS PARTICULAR GRAPH HAS THE LENGTH ON
THE y—AXIS AND THE FORCE ON THE x—AXIS,

1
THEREFORE THE SPRING CONSTANT IS GRADIENT
15 . ..__.__,.._.i_. I 2 1 T 1 ,145
Length / cm B meccamm t |
1= !
10 -—H ‘ ' I : o HEE ,’10
PH ! !
5 |
| |
o 0.1 0.2 0.3 0.360.4 0.5

Load /N

FIND THE GRADIENT

Al (0.145 — 0.10)m 4

A
\E» GRADIENT = 2%

1

SPRING CONSTANT = ———————
GRADIENT

i W =
1+ 50 8.0 N
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() ExamTip
' Always double check the axes before finding the spring constant as the gradient of a
force-extension graph.Exam questions often swap the force (orload) onto the x-
axis and extension (orlength) on the y-axis. In this case, the gradient is not the spring
constant, itis 1+ gradientinstead.

Page 8 of 28
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Tensile Stress & Strain

* Opposite forces candeforman object

* [fthe forces stretchthe object, then they are tensile forces

« Tensile forces lead to the two properties of materials known as tensile stress and tensile
strain

Tensile Stress

* Tensilestressis defined as the force exerted per unit cross-sectional area of a material

g F
Tensile stress, o = A

¢ Where:
o o=tensile stress (Pa)
o F=forceapplied(N)
o A=cross-sectionalarea (m?)

» Theultimate tensile stress is the maximum force per original cross-sectional area a wireis
able to supportuntilit breaks

* cgisthegreekletterlower-case 'sigma’

* cghastheunits of pascals (Pa), which is the same units as pressure (also force + area)

Tensile Strain

+ Strainis the extension perunitlength
This is a deformation of a solid due to stress in the form of elongation or contraction

_ . AL
Tensile strain = T

*« Where:
o AL =extension(m)
o L=originallength(m)

The strainis a dimensionless unit becauseit’s theratio of lengths

¢ Sometimes strain might be written as a percentage

o Forexample, extendinga O.1mwire by 0.005 mwould produce a strain of (0.005 =
0.1)x100=5%
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9 Worked Example

o
Abrass wire oflength 4.50 mand aradius of 0.2 mmis extended to a total length of

4.53when a tensile force of 50 Nis applied.Calculate for the brass wire:(i) The
tensile stress(ii) The tensile strain

(i) Calculate the tensile stress
Step 1: Write down the tensile stress equation
Tensile stress = Force + Cross-sectional area
Step 2: Calculate the cross-sectional area, A of the wire
o Awirehas a circular cross-sectional area =2
Area =1 x(0.2x107%)2=1.2566 x 107" m?
Step 3: Substitute values in the tensile stress equation
Tensile stress = 50 +(1.2566 x1077) = 397.899 x 10 Pa = 400 MPa
(ii) Calculate the tensile strain
Step 1: Write down the tensile strain equation
Tensile strain = Extension + Original length
Step 2: Determine the extension
o Theextensionis totallength - the original length
Extension=4.53-4.50=0.03m
Step 3: Substitute values in the tensile strain equation
Tensile strain=0.03+4.50=6.7x1073
¢) ExamTip
“ Since strainis aratio, the extension and originallength do not have to be calculated
inmetres. As long as they both have the same units, the strain will be correct

Page 10 of 28
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Stress-Strain Curves

» Stress-strain curves describe the properties of materials such as whether they are brittle,
ductile and up towhat stress and strain they obey Hooke's Law and have elasticand / or
plastic behaviour

* Eachmaterialwillhave a unique stress-strain curve

N

CERAMIC
10004(*

HIGH-CARBON STEEL

500 GLASS
/ __» COPPER

0 = T —
0.01 Cudd 8

STRAIN

STRESS/MPa

Stress-strain graph for different materials up to their breaking stress

¢ Thereareimportant points on the stress-strain graph, some are similar to the force-
extension graph

|

LIMIT OF D\_&
PROPORTIONALITY = A (BReAKING
STRESS POINT

ELASTIC PLASTIC
REGION REGION

\'4

A

STRESS/Pa

&5
é) & | AREA =ENERGY STORED (OR WORK
T DONE) PER UNIT VOLUME

““““-.
-

STRAIN

Theimportant points shown on a stress-straingraph
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* Thekey points that areunique to the stress-strain graph are:

o Yield Stress: The force perunit area at which the material extends plastically forno/a
smallincreasein stress

o Theelastic strain energy stored per unitvolumeis the area underthe Hooke's Law
(straight line) region of the graph

o Breakingpoint: The stress at this pointis the breaking stress. This is the maximum
stress a materialcan stand before it fractures

o Elasticregion: Theregion of the graph up tillthe elastic limit. In this region, the material
willreturn to its original shape when the applied forceis removed

o Plasticregion: Theregion of the graph after the elastic limit. In this region, the material
has deformed permanently and will not return toits original shape when the applied
forceis removed

9 Worked Example

The graph below shows a stress-strain curve fora copper wire.
200

180
160
140
120

100

STRESS/10° Pa

80

60

40

20

0 05 10 15 2.0 25 30 35 40 45 50 55 6.0
STRAIN/107°

From the graph state thevalue of:
(i) The breaking stress

(ii) The stress at which plastic deformation begins

(i) The breaking stress
Step 1: Define breaking stress

The breaking stress is the maximum stress a material can stand beforeit fractures.
This is the stress at the final point on the graph

Page 12 of 28
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Step 2: Determine breaking stress from the graph

Draw aline to the y axis at the point of fracture

200
(90  |e e R

180
160

140

-~
.}
o

100 - . N

80 | —

STRESS/10°Pa

60

40

20

0O 05 10 15 20 25 30 35 40 45 50 55 6.0
STRAIN/1073

The breaking stressis 190 MPa
(i) The stress at which plastic deformation begins
Step 1: Define plastic formation

Plastic deformation is when the material is deformed permanently and willnot return
toits original shape once the applied force is removed. This is shown on the graph
whereitis curved

Step 2: Determine the stress of where plastic deformation beings onthe graph

Draw aline to the y axis at the point where the graph starts to curve

Page 13 of 28
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05 10 15 20 25 3.0 35 40 45 5.0
STRAIN/1072

Plastic deformation begins at a stress of 130 MPa
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Elastic Strain Energy

* Workhas tobe doneto stretch a material

* Before a materialreaches its elasticlimit (whilst it obeys Hooke's Law), allthe work is done s
stored as elastic strain energy

¢ Theworkdone, orthe elastic strain energy is the area under the force-extension graph

HOOKE’S LAW NON-HOOKE’S LAW
YA YN
= | =
~ S 1
L L |
L L |
] O |
o o
(@) O 1
L L |
I
1
> i~
0 EXTENSION alL/m X O EXTENSION al/m X
WORK DONE = %FAL WORK DONE = AREA UNDER GRAPH

Work done is the area under the force-extension graph

» This is true for whether the material obeys Hooke's law ornot
o Fortheregion wherethe material obeys Hooke's law, the work doneis the area of a
right-angled triangle underthe graph
o Fortheregionwherethe materialdoesn’t obey Hooke's law, the area is the full region
under the graph.To calculate this area, split the graphinto separate segments and add
up theindividualareas of each

+ When a material does obey Hooke's law, the elastic strain energy, E can be calculated with
an equation
o The equationis the area of aright-angled triangle under the force-extension graph

= p
2

* Where:
o E=elastic strain energy (orwork done) (J)
o F=averageforce(N)
o AL =extension(m)

Page 15 of 28
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* SinceHooke's Law states that F = kAL, the elastic strain energy can also be written as:

1
= 2
= 2k(AL)

* Where:
o k=springconstant(Nm™)

Breaking Stress

» Asgreaterforceis applied on a material, the stress onitincreases
* The breaking stress is the maximum stress a material canstand beforeit fractures
(breaks)
o Amaterial with high breaking stress is considered ductile, which means it can extend
more before breaking because of plastic deformation
o Acommonexample of this is copper, as well as beinga good electrical conductor,
copperis ductile soitis a suitable material for making wires

* Theultimate tensile stress (UTS) is sometimes also marked on a stress-strain graph
o Thisis the maximum stress that the material can withstand

* The UTS andbreaking stress can depend on the condition of the material such as its
temperature
o Thisis veryimportant for engineers when considering materials for a particular
structure
o Thematerialmight need to stand extreme temperatures and loads which are taken into
consideration

AN ULTIMATE TENSILE
STRESS (UTS)

BREAKING
SERESY | T F AR T TEE N e "
BREAKING
o POINT
e
)
wu
w
o
1_
w

\
=

STRAIN

Theultimate breaking stress is the point on the stress-strain graph of maximum stress. The
breaking point is where the material fractures
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9 Worked Example
o

The graph shows the behaviour of a sample of a metalwhen itis stretched until it
starts toundergo plastic deformation.

Force /N

6001 == === ========== Y
4501 ----=--==----- <

11.0 135
Extension / mm

What is the totalwork done in stretching the sample fromzero to 13.5 mm
extension?

Simplify the calculation by treating the curve XY as a straightline.

Page 17 of 28
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WORK DONE = AREA UNDER THE FORCE-EXTENSION GRAPH

SPLIT GRAPH INTO THE TWO AREAS

Force / N

G Y
4501 -~ --=---~~~=-~~ <

|
|
|
|
|
|
|
|
B
|
|
|
i
|
|

11 0 185
Extension / mm

CALCULATE AREA A
AREA OF A RIGHT: ANGLED TRIANGLE = 15 x BASE * HEIGHT

AREA = % x 1M x107% x 450 = 2.475)

CALCULATE AREA B
a

s /T

b

AREA OF TRAPEZIUM =

450 + 600

AREA =
EA ( 5

) x2.5 x1072 =1.313 J

TOTAL AREA = 2.475+1.313 = 3.79J (3 s.f.)
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) Worked Example
L]

Aspringis extended with varying forces; the graph below shows the results.

10.0
F/N

8.0

6.0

4.0

20

0 10 20 30 40 50
Extension / mm

What is the energy storedin the spring when the extensionis 40 mm?

STER 1

STEP 2

STEP 3

ENERGY STORED = AREA UNDER.. THE. GRAPH

CALCULATE AREA UNDER /GRAPH FOR EXTENSION OF 40mm

10.0
F/N -

8.0 T

6.0 |
HEIGHT

4.0 = -
2.0
R .
0 10 20 30 40 50

Extension / mm

AREA OF TRIANGLE = % x BASE = HEIGHT

AREA = % x 40 x 105m x 84N = 046 J

ENERGY STORED = 0.16 J
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Spring Energy

When a vertical spring is extended and contracted, its energy is converted into other forms
Although the total energy of the spring willremain constant, it willhave changing amounts
of:

o Elastic potential energy (EPE)

o Kineticenergy (KE)

o Gravitational potential energy (GPE)

When a vertical mass is hanging on a spring and it moves up and down, its energy will
convert between the threein various amounts

A B C

EPE = max

At position A:
o Thespring has some EPE sinceitis slightly compressed
o ItsKEis O sinceitis stationary
o |ts GPEis at amaximumbecause the massis atits highest point

At position B:
o Thespringhas some EPEsinceitis slightly stretched
o Its KEis at amaximumasitpasses through the equilibrium position atits maximum
speed
o Ithas some GPEsincethe massis stillabove the ground

At position C:
o Thespring hasits maximum EPE becauseitis atits maximum extension
o ItsKEis O sinceitis stationary
o lts GPEis ataminimumbecauseitis atits lowest point above the Earth's surface

Forahorizontalmass on a spring system, there is no gravitational potential energy to
consider. The spring only converts between kinetic and elastic potential energy

Page 20 of 28
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¢) ExamTip
- Itisimportant toremember at which position the mass has the greatest amount of
which type of energy (and which type of energy is 0).
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Plastic Behaviour

Materials can undergo two types of deformations:

Elastic deformation
o When theloadis removed, the object will return toits original shape
o Thisis showninthe elastic region of the graph

Plastic deformation
o Thematerialis permanently deformed
o When theloadis removed, the object will not return toits original shape orlength
o This is beyond the elastic limit andis shown in the plastic region of the graph

These regions can be determined from a Force-Extension graph:

A \(E |
LIMIT OF e
PROPORTIONALITY PLASTIC REGION
=z
b
L
0
<
©
=1
ELASTIC REGION

<V

0) EXTENSION AL/m

Below the elastic limit, the material exhibits elastic behaviour. Above the elastic limit, the
material exhibits plastic behaviour

¢ Theelasticregionis where the extension is proportional to the force applied to the material
(straightline)
* Theplastic regionis where the extensionis nolonger proportional to the force applied to
the material (graph starts to curve)
o Theseregions are divided by the elastic limit

* Theplasticregion starts at the elastic limitand ends at the point of fracture (the material
breaks)

Brittle and Ductile Materials

« Brittle materials have very little to no plastic region e.g. glass, concrete

Page 22 of 28
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o Thematerial breaks with little elastic andinsignificant plastic deformation

¢ Ductile materials have a larger plastic region e.g. rubber, copper
o Thematerial stretches into a new shape before breaking

YA BRITTLE

DUCTILE

STRESS/Pa

xV

0] STRAIN

Brittle and ductile materials on a stress-strain graph. These arethesameonaforce-
extensiongraphtoo

» Toidentify these materials on a stress-strain or force-extension graph up to their breaking
point:
o Abrittle material is represented by a straight line through the origins with no or
negligible curvedregion
o Aductile materialis represented with a straight line through the origin then curving
towards the x-axis
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Asample of metal wire is subjected to a force which increases as a series of masses
are added to the wire. The extension is measured and a force-extension graph of
the datais plotted as shown below.

FORCE N
Y
X
~
D -
EXTENSION

When thewire has been extended to Y, the point just before the wire fractures, the
masses areremoved one by one and the extension is re-measured.(i) Describe the

behaviour of the metal

between X and Y .(ii) On the graph, sketch the result

obtained afterthe masses are removed and explain why the graph has this shape.

FORCE /

-

~,

-
EXTENSION

« Sincethe graphis a straight line and the metal almost fractures, the point after X must beits

elastic limit

« The graph starts to curve afterthis and would fracture beyond point Y
« This curve between XandY denotes plastic behaviour
* Therefore, the metal exhibits plastic behaviour, but not elastic behaviour

* Plastic deformation has oc

curred which results in permanent extension

* Astheloadis decreased, thebondsinthe metal arere-alignedhence the y-interceptis now

not through the origin

For more h
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* The gradientremains the samebecause theintermolecular forces (the forces between
bonds) areidenticalto before

() ExamTip
= Avoid describing plastic deformation as 'does not obey Hooke's law'. Although this
is mostly correct, it should be described as the material being permanently

deformed
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Conservation of Energy in Deformation

Loading and Unloading a Metal Wire

» When a metalwireis loaded with a force and stretched beyond its limit of proportionality, it
willundergo plastic deformation
» Whentheforceisremoved, the wireis unloaded, this causes the extensionto decrease
» Theunloadinglineis parallel to theloading line (since k does not change) however, it does
not go through the origin
o Ifthewireis permanently deformed, it willnot be at zero extension when thereis no
force as itis now permanently extended

s Theareabetweentheloadingandunloadinglines represents the work done to
permanently deform the wire

FORCE /l\ PLASTIC DEFORMATION |
/
ELASTIC ’
DEFORMATION y
4
4
/!
/
WORK ~/
LOADING /* DONE /
/
7/
/
/" UNLOADING
4
4
y

Vi ~
0 il
EXTENSION

WHEN THE FORCE IS DECREASED
BACK TO ZERO, THERE IS STILL
SOME EXTENSION

Force-extension graph of a material that has undergone plastic deformation

Loading and Unloading a Rubber Band

» The force-extension graph fora material may not always be the same when loading (adding
aforce) andunloading (removing a force)
» Theforce-extension curve forstretching and contracting arubber band is shown below
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YN
LOADING
(STRETCHING)
=
.
LL
O
o X
o)
LL.
UNLOADING
(CONTRACTION)
i
S
O EXTENSION AL/m X

Loading and unloading ona force-extension graph

Since therubberband has no extension when theloadis fully removed, it has no permanent
extension
o This means that the rubber bandis elastic

The graph shows the rubber band stores a greateramount of strain energy whenitis loaded
(stretched) than whenitis being unloaded (contracted)
The curve for contractionis always belowthe curve for stretching
The key features of the area under the graph are:
o Area Xisthework donein heating the rubber(ortheincreasein thermal energy)
o AreaYisthework doneby the rubberwhenitis returned to its original shape
o Area X+ Y represents thework done in stretching the rubber band originally

However, due to the conservation of energy, the difference in strain energy when loading
andunloading mustbe accountedfor

Arubberbandbecomes warmwhen itis stretched and contracted hence some energy is
transferredto heat energy
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Energy ConservationlIssues

» Vehicle suspension systems are made up of tires, springs and shock absorbers which
provide comfortable handling of a vehicle and improve the comfort of passengers
» Roads are often very bumpy filled with potholes and speedbumps
o Abumpintheroadcauses the wheel of a vehicle to move up and down perpendicular
totheroadsurface.
o |fawheelloses contact with theroadsurface, it will slam back down again causing
large vibrations within the car and potentially damage the vehicle
o Aswell as this itwould be very uncomfortable for the passengers and the driver could
lose control of the vehicle

° SPRING |

_SHOCK
ABSORBER

>*CAR WHEEL

Vehicle suspension, springs and shock absorbers above the wheel help absorb any impact
forces

» This energyis absorbed by shock absorbers
o These are elastic objects designed to absorb ordampen the compression and
rebound of the springs above a vehicle’'s tires
o They help keep the tires on theroad at all times

» When avehiclehits abumpin aroad, the shock absorbers dampen the movement of the
springs in the suspension system
o Theydo this by converting kinetic energy, from the movement of the car, into thermal
energy whichis dissipated

s Thefasterthesprings inthe suspension system move (say, if a vehicle hits abump at a high
velocity), the more resistance the shock absorber provides
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