
4.6 Random Variables



4.6.1 Linear Combinations of Random Variables

Transformation of a Single Variable

What  is Var(X)?

Var(X) represents the variance o f the rando m variable X

Var(X) can be calculated by the fo rmula

Var (X)=E( )X2 − ⎡
⎢
⎣

⎤
⎥
⎦

E( )X 2

where E( )X2 =∑x2P(X=x)

Yo u will no t be required  to  use this fo rmula in the exam

What  are t he f orm ulae f or E(aX ± b) and Var(aX ± b)?

If a and b are co nstants then the fo llo wing fo rmulae are true:

E(aX ± b) = aE(X) ± b

Var(aX ± b) = a²  Var(X)

These are given in the f o rmula bo o klet

This is the same as linear transfo rmatio ns o f data

The mean is a�ected by multiplicatio n and additio n/subtractio n

The variance is a�ected by multiplicatio n but no t additio n/subtractio n

Remember divisio n can be written as a multiplicatio n

X
a =

1
a X

(i)

(ii)

(iii)

Worked example

X  is a rando m variable such that E(X)=5and Var (X)=4.

Find the value o f:

E(3X+5)

Var (3X+5)

Var (2−X) .
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Transformation of Multiple Variables

What  is t he m ean and variance of  aX + bY?

Let X and Y be two  rando m variables and let a and b be two  co nstants

E(aX + bY) = aE(X) + bE(Y)

This is true fo r any rando m variables X and Y

Var(aX + bY) = a² Var(X) + b² Var(Y)

This is true if X and Y are independent

E(aX - bY) = aE(X) - bE(Y)

Var(aX - bY) = a² Var(X) + b² Var(Y)

No tice that yo u still add the two  terms to gether o n the right hand side

This is because b² is po sitive even if b is negative

Therefo re the variances o f aX + bY and aX - bY are the same

What  is t he m ean and variance of  a linear com binat ion of  n random  variables?

Let X , X , ..., X be n rando m variables and a , a , ..., a be n co nstants

E
( )
a1X1±a2X2± …±anXn =a1E ( )

X1 ±a2E ( )
X2 ± …±anE ( )

Xn

This is given in the f o rmula bo o klet

This can be written as E
( )∑aiX i =∑aiE( )

X i
This is true fo r any rando m variable

Var
( )
a1X1±a2X2± …±anXn =a1²Var ( )

X1 +a2²Var ( )
X2 + …+an ²Var ( )

Xn

This is given in the f o rmula bo o klet

This can be written as Var
( )∑aiX i =∑a

i
2Var

( )
X i

This is true if the rando m variables are independent

No tice that the co nstants get squared so  the terms o n the right-hand side will always be

po sitive

For a g iven random  variable X, what  is t he di�erence bet ween 2X and X  + X ?

2X means o ne o bservatio n o f X is taken and then do ubled

X  + X means two  o bservatio ns  o f X are taken and then added to gether

2X and X  + X have the same expected values

E(2X) = 2E(X)

E(X  + X ) = E(X ) + E(X ) = 2E(X)

2X and X  + X have di�erent variances

Var(2X) = 2² Var(X) = 4 Var(X)

Var(X  + X ) = Var(X ) + Var(X ) = 2Var(X)

1 2 n 1 2 n

1 2

1 2

1 2 

1 2 1 2

1 2 

1 2 1 2
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To  see the distinctio n:

Suppo se X co uld take the values 0 and 1

2X co uld then take the values 0 and 2

X  + X co uld then take the values 0, 1 and 2

Questio ns are likely to  describe the variables in co ntext

Fo r example: The mass o f a carto n co ntaining 6 eggs is the mass o f the carto n plus the mass

o f the 6 individual eggs

This can be mo delled by M = C + E + E + E + E + E + E where

C is the mass o f a carto n

E is the mass o f an egg

It is no t C + 6E because the masses o f the 6 eggs co uld be di�erent

Exam T ip

In an exam when dealing with multiple variables ask yo urself which o f the two  cases is true

Yo u are adding to gether di�erent o bservatio ns  using the same variable: X  + X + ... + X

Yo u are taking a single o bservatio n o f a variable and multiplying it by a co nstant: nX

1 2 

1 2 3 4 5 6 

1 2  n

(i)

(ii)

(iii)

Worked example

X  and Yare independent rando m variables such that 

E(X)=5  & Var (X)=3 ,

E(Y)=−2  & Var (Y)=4.

Find the value o f:

E(2X+5Y) ,

Var (2X+5Y) ,

Var (4X−Y) .
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4.6.2 Unbiased Estimates

Unbiased Estimates

What  is an unbiased est im at or of  a populat ion param et er?

An estimato r is a rando m variable  that is used to  estimate a po pulatio n parameter

An estimate  is the value pro duced by the estimato r when a sample is used

An estimato r is called unbiased if its expected value is equal to  the po pulatio n parameter

An estimate fro m an unbiased estimato r is called an unbiased estimate

This means that the mean o f the unbiased estimates  will get clo ser to  the po pulatio n

parameter as mo re samples  are taken

The sample mean is an unbiased estimate  fo r the po pulatio n mean

The sample variance  is no t an unbiased estimate  fo r the po pulatio n variance

On average the sample variance will underestimate  the po pulatio n variance

As the sample siz e increases  the sample variance gets clo ser to  the unbiased estimate

What  are t he f orm ulae f or unbiased est im at es of  t he m ean and variance of  a

populat ion?

A sample o f n data values (x , x , ... etc) can be used to  �nd unbiased estimates fo r the mean and

variance o f the po pulatio n

An unbiased estimate fo r the mean μ o f a po pulatio n can be calculated using

⎯⎯x=
∑x
n

An unbiased estimate fo r the variance σ² o f a po pulatio n can be calculated using

s
n−1
2 =

n
n−1 sn

2

This is given in the f o rmula bo o klet

s
n
2  is the variance o f the sample data

s
n
2=
∑(x− ⎯⎯x)

2

n =
∑x2

n − ( )
⎯⎯x 2

Di�erent calculato rs can use di�erent no tatio ns fo r s
n−1
2

σ
n−1
2 , s2 , s2  are no tatio ns yo u might see

Yo u may also  see the square ro o ts o f these

Is s  an unbiased est im at e f or t he st andard deviat ion?

1 2

n-1
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Unfo rtunately s is no t an unbiased estimate fo r the standard deviatio n o f the po pulatio n

It is better to  wo rk with the unbiased variance rather than standard deviatio n

There is no t a fo rmula fo r an unbiased estimate fo r the standard deviatio n that wo rks fo r all

po pulatio ns

Therefo re yo u will no t be asked to  �nd o ne in yo ur exam

How do I show t he sam ple m ean is an unbiased est im at e f or t he populat ion m ean?

Yo u do  no t need to  learn this pro o f

It is simply here to  help with yo ur understanding

Suppo se the po pulatio n o f X has mean μ and variance σ²  

Take a sample o f n o bservatio ns

X X ..., X

E(X ) = μ
Using the fo rmula fo r a linear co mbinatio n o f n independent variables:

E( )

⎯⎯⎯X =E
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

X1+X2+ …+Xn

n

=
E

( )
X1 +E( )

X2 + …+E
( )
Xn

n

=
μ+μ+ …+μ

n

=
nμ
n

=μ
As E( )

⎯⎯⎯X =μ  this sho ws the fo rmula will pro duce an unbiased estimate  fo r the po pulatio n mean

Why is t here a divisor of  n-1 in t he unbiased est im at e f or t he variance?

Yo u do  no t need to  learn this pro o f

It is simply here to  help with yo ur understanding

Suppo se the po pulatio n o f X has mean μ and variance σ²  

Take a sample o f n o bservatio ns

X X ..., X

E(X ) = μ
Var(X ) = σ

Using the fo rmula fo r a linear co mbinatio n o f n independent variables:

n-1 

1, 2, n

i

1, 2, n

i

i
2
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Var ( )

⎯⎯⎯X =Var
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

X1+X2+ …+Xn

n

=
Var

( )
X1 +Var

( )
X2 + …+Var

( )
Xn

n2

=
σ2+σ2+ …+σ2

n2

=
nσ2

n2

=
σ2
n

It can be sho wn that E(

⎯⎯⎯X2
)=μ2+

σ2
n

This co mes fro m rearranging Var ( )

⎯⎯⎯X =E( )

⎯⎯⎯X2 −
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

E( )

⎯⎯⎯X 2

It can be sho wn that E(X2
)=E

( )
X i

2 =μ2+σ2

This co mes fro m rearranging Var ( )X =E( )X2 − ⎡
⎢
⎣

⎤
⎥
⎦

E( )X 2

Using the fo rmula fo r a linear co mbinatio n o f n independent variables:

E
( )
S
n
2 =E

⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

∑X
i
2

n −
−
X

2

=
∑E(X

i
2

)

n −E( )

⎯⎯⎯X2

=
∑( )μ2+σ2

n −
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
μ2+

σ2
n

=
n ( )μ2+σ2

n −
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
μ2+

σ2
n

=μ2+σ2−
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
μ2+

σ2
n

=σ2−
σ2
n

=
nσ2−σ2

n

=
n−1
n σ ²
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As E
( )
S
n
2 ≠σ2  this sho ws that the sample variance is no t unbiased

Yo u need to  multiply by 
n

n−1
E

( )
S
n−1
2 =σ2

Exam T ip

Check the wo rding o f the exam questio n carefully to  determine which o f the fo llo wing yo u

are given:

The po pulatio n variance: 

The sample variance: 

An unbiased estimate  fo r the po pulatio n variance: 

Worked example

The times, X  minutes, spent o n daily revisio n o f a rando m sample o f 50 IB students fro m the UK

are summarised as fo llo ws.

n=50 ∑x=6174 s
n
2=1384.3

Calculate unbiased estimates o f the po pulatio n mean and variance o f the times spent o n daily

revisio n by IB students in the UK.
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