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4.6.1Linear Combinations of Random Variables

Transformation of a Single Variable
Whatis Var(X)?

= Var(X)represents the variance of the randomvariable X
= Var(X) canbe calculated bythe formula

- Var(X) =E(X?) - [E(X)]?
= where E(Xz) = ZXzP(X= X)

= Youwillnotberequired to use this formulainthe exam
What arethe formulae for E(aX* b)and Var(aXzx b)?

= |f gand bare constants thenthe following formulae are true:

= E(aXxb)=aE(X)xb

= Var(aXz#b)=a?Var(X)

= These are giveninthe formulabooklet

= Thisis the same aslineartransformations of data

= The meanis affected by multiplication and addition/subtraction

= Thevarianceis affected by multiplication but notaddition/subtraction
= Rememberdivisioncanbe writtenas a multiplication

X 1

a a

@ Worked example
X is arandomvariable suchthat E(X) =Sand Var(X) =4

Find the value of:

i EBX+5)
(i Var(3X+5)
(i) Var(2 — X).

Formu\a bookld. Ljneor tronsforma'_cion of a E(aX it b) =aE(X)+b
single random variable Var(aX +b) =P Var(X)

E(3x+5) = 3E(X) +5 = 3(5) +5 |E(3%X +5)= 20
Vor (3X+5) = 3*Var (K) = A (&) Var(3X+5) = 3p
Var(2-X) = () Var (¥) = 1(%) Var(2-X): &

Page 1 of 7
For more help visit our website www.exampaperspractice.co.uk




=

Exam Papers Practice

Transformation of Multiple Variables
Whatisthe meanand variance of aX+ bY?

= |et Xand Ybe two randomyvariables and let aand bbe two constants
= E(aX+bY)=aE(X) + bE(Y)
= Thisis true forany randomvariables Xand Y

= Var(aX+bY)=a2Var(X) + b2Var(Y)

= Thisis true if Xand Yare independent
E(aX- bY) = aE(X) - bE(Y)
Var(aX-bY)=a2Var(X) + b2Var(Y)

= Notice thatyoustilladd the two terms togetherontheright hand side

= Thisis because b2is positive evenif bis negative
= Therefore the variances of aX+ bYand aX- bYare the same

Whatisthe meanandvarianceof alinearcombinationof nrandom variables?

= LetX; X, ..., X,be nrandomyvariables and a; a,, ..., a,be nconstants

E(ale ta, X, % .t aHXH) = alE(Xl) + 32E(X2) + ..t aHE(XH)

= Thisis giveninthe formulabooklet
= This canbe writtenas E(ZaIXI.) = ZaIE(Xi)
= Thisis true forany randomyvariable

Var(ale ta,X,t .t aHXH) = alear(Xl) + aszar(Xz) + ..+ aHZVar(XH)

= Thisis giveninthe formulabooklet
= This canbe writtenas Var(ZaIXI.) 5 Za?Var(Xj)

= Thisis true if the randomvariables are independent
= Notice that the constants get squared so the terms onthe right-hand side will always be
positive

Foragivenrandom variable X, whatis the differencebetween 2 Xand X; + X,?

= 2Xmeans one observationof Xis takenand thendoubled
= X7+ Xomeans two observations of Xare takenand thenadded together
= 2 Xand X7+ X2have the same expected values
= E(2X)=2E(X)
= E(X7+X2)=E(X7)+E(X2)=2E(X)
= 2Xand Xj+ X>2have different variances
= Var(2X)=22Var(X)=4Var(X)
= Var(Xj+ X2) =Var(Xj) + Var(X2) =2Var(X)
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= To seethedistinction:
= Suppose Xcould take the values O and 1
= 2Xcould thentake the values O and 2
= X;+Xocould thentake the values O,Tand 2
= Questions are likelyto describe the variables in context
= Forexample:The mass of acartoncontaining 6 eggs is the mass of the carton plus the mass
of the 6 individual eggs
= Thiscanbe modelled by M= C+ Ej+ Ex+ Ez+ E4+ E5s+ Eswhere
= (Cisthemassofacarton
= Fisthe massofanegg
= Jtisnot C+6Ebecause the masses of the 6 eggs could be different

O Exam Tip

= |nanexamwhendealingwith multiple variables ask yourself whichof the two cases is true
= Youare addingtogetherdifferent observations using the same variable: Xj+ Xo +... + X,,
= Youare takingasingle observationof avariable and multiplyingit bya constant: nX

0 Worked example
X and Yareindependent random variables such that
E(X) =53 Var(X) =3,
E(Y)= —2& Var(Y)=4.
Find the value of:

0 EQX+5Y),
(@ Var(2X+5Y),
(i) Var(4X-Y).

Linear combinations of n | E(q,X, +a,X, t..+a,X,)=aE(X,)£a,E(X,)*..£a,E(X,

Fo \ b kl {_ independent random
rmula 00 Kie' variables, X,, X, , ..., X, Var(a,X, +a,X, £..2a,X,)

=a’ Var(X,)+a,’ Var(X,)+...+a, Var(X,)

E(2X45Y) = 2E(x) +E() - 2(5) +5(-2) |E(X+5Y) = O

Var(2459) = 2*Var(X)+5 Var(Y) <4 (3)225(8)  [Var(2x+5Y)=112
Vae (4X=Y) = 4*Vlae () + Var(Y) <1603) + & [Var(4X-Y)=52
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4.6.2Unbiased Estimates

Unbiased Estimates
Whatisanunbiased estimatorof a populationparameter?

= Anestimatoris arandomyvariable thatis used to estimate apopulationparameter
= Anestimateis the value produced bythe estimatorwhenasampleis used
= Anestimatoris called unbiased ifits expected value is equal to the population parameter
= Anestimate fromanunbiased estimatoris called anunbiased estimate
= This means that the meanof the unbiased estimates will get closer to the population
parameter as more samples are taken
= The sample meanis anunbiased estimate forthe populationmean
= The sample variance is not anunbiased estimate forthe populationvariance
= Onaverage the sample variance willunderestimate the populationvariance
= Asthe sample size increases the sample variance gets closer to the unbiased estimate

What arethe formulae forunbiased estimates of the meanand varianceofa
population?

= Asample of ndatavalues (x;, xo, ...etc) canbe used to find unbiased estimates forthe meanand
variance of the population
= Anunbiased estimate forthe meany of apopulationcanbe calculated using

_Xx

n X=—
n
= Anunbiased estimate forthe variance 02 of apopulationcanbe calculated using
n
) = 2

S
n-1 n—1n
= Thisis giveninthe formulabooklet

= 52 isthe variance of the sample data
n

_ZG-R_Z

n n

= S

_()—()2
" Dif'feren'ccalculatorscanusedif‘ferentnotationsforS2 |
n—

- 02 5252
n-—1

= Youmayalso seethesquareroots of these

are notations youmight see

Is s,-ianunbiased estimate forthe standard deviation?
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= Unfortunately s,jis notanunbiased estimate forthe standard deviation of the population
= |tis betterto work with the unbiased variance ratherthanstandard deviation
= Thereisnotaformulaforanunbiased estimate forthe standard deviationthat works forall
populations
= Thereforeyouwillnotbe asked to find one inyourexam

Howdolshowthe sample meanisanunbiased estimate forthe populationmean?

= Youdo notneedtolearnthis proof
= |tis simplyhere to helpwithyourunderstanding
= Suppose the populationof Xhas mean pand variance o2
= Take asample of nobservations
- X]_Xz_...,Xn
= E(X)=p
= Usingthe formulaforalinearcombination of nindependent variables:

X +X + ..+X
1 2 n

E(X)=E .

(X)) +E(X)+ - +E(X,)

n
pHtut t+u
- n
ny
~n
=

As E(X) = U this shows the formulawillproduce anunbiased estimate forthe population mean

Whyis there adivisorof n-lintheunbiased estimate forthe variance?

= Youdo notneedtolearnthis proof

= |tis simplyhere to helpwithyourunderstanding
= Suppose the populationof Xhas mean pand variance o2
= Take asample of nobservations

L X7.X2.’Xf7
= E(X)=p
= Var(X) =c?

Using the formulaforalinearcombination of nindependent variables:
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. {X1+X2+...+XH1
Var(X)=Var\

n )
) Var(Xl) + Var(Xz) + ..+ Var(Xn)
= —

o’+c?+ ..+ 02

H2

no?

2
— (o)
» |tcanbe shownthat E(Xz) =12+ —

= This comes fromrearranging Var(X) = E(B—( ) - [E(X)]2
» It canbe shown that E(X2) = E(ij) = 12 + o2

= Thiscomes fromrearranging Var(X) = E(Xz) - [E()O]2

= Usingthe formulaforalinearcombinationof nindependent variables:

= E(X?
2 k@)
_2W+od) ()
B n \,u n)
n(u2 + o?) 5 o2
62\
= 2+62_( 24—
K )
2
o
=2 — —
n
_1102—02
B n
n—1
= o2
n
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= As E(S2) # G2 this shows that the sample variance is notunbiased
n

n
= Youneed to multiplyby =™
plyoy n—1
[ = 2
B(S,-1)=0
O Exam Tip
= Checkthewordingofthe exam question carefullyto determine which of the followingyou
are given:

= The populationvariance: o2

= The sample variance: 5121

= Anunbiased estimate forthe populationvariance: 5121 1

@ Worked example

The times, X minutes, spenton dailyrevisionofarandomsample of 50 IB students from the UK
are summarised as follows.

n=50 > x=6174 si=1384.3

Calculate unbiased estimates of the populationmean and variance of the times spentondaily
revisionbyIB students inthe UK.

Unbiosed estimate of -~ population.mean o2 L

Lo B 12308

L3 minutes (3sf)

R

’

X

Unbiased estimate of : n

Fom\u\a bookle,+ population variance s>, | Sr-1 ,1_1"5

2 50 i
Sha® g~ 1383 = 1412.55..

sy, = 1410 minutes® (3sf)
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